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Abstract
We prove a local 𝐿𝑝-Poincaré inequality, 1 ⩽ 𝑝 < ∞,
on non-compact Lie groups endowed with a sub-
Riemannian structure. We show that the constant
involved grows at most exponentially with respect to the
radius of the ball, and that if the group is non-doubling,
then its growth is indeed, in general, exponential.
We also prove a non-local 𝐿2-Poincaré inequality with
respect to suitable finite measures on the group.

MSC 2020
26D10, 43A80 (primary)

1 INTRODUCTION

The aim of this paper is to establish two forms of Poincaré inequality on non-compact connected
Lie groups. On the one hand, we shall obtain the Lie group analogue of the classical inequality
on ℝ𝑑

‖𝑓 − 𝑓𝐵‖𝐿𝑝(𝐵) ⩽ 𝐶𝑟‖∇𝑓‖𝐿𝑝(𝐵), (1.1)

where 𝑝 ∈ [1,∞), 𝑓 ∈ 𝐶∞(ℝ𝑑), 𝐵 is a ball of radius 𝑟 and 𝑓𝐵 is the average of 𝑓 on 𝐵. On the
other hand, we shall consider a non-local 𝐿2-version of such an inequality, which takes the form

‖𝑓‖𝐿2(ℝ𝑑, 𝜇) ⩽ 𝐶‖∇𝑓‖𝐿2(ℝ𝑑, 𝜇) (1.2)
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for certain finite measures 𝜇 which are absolutely continuous with respect to the Lebesgue
measure and whose densities satisfy a certain decay condition at infinity. One should think, for
example, to the case when 𝜇 is a Gaussian measure.
Extensions of the classical Poincaré inequality (1.1) to non-Euclidean settings have widely been

studied in the last decades. A thorough overview of the literature would go out of the scope of the
present paper, so we refer the reader to the milestone [11] and the references therein. For what
concerns Lie groups, a Poincaré inequality on unimodular groups can be obtained by combin-
ing [16, §8.3] and [11, Theorem 9.7]. In this paper we prove that a Poincaré inequality also holds on
non-unimodular Lie groups endowed with a relatively invariant measure, and we also describe
the behaviour of the Poincaré constant in a quantitative way. We show that this grows at most
exponentially with respect to the radius of the ball, and that if the group is non-doubling, then
such growth is, in general, exponential. More precisely, in a class of Lie groups including the real
hyperbolic spaces as a subclass, we estimate from below the constant involved in the Poincaré
inequality by a quantity which grows exponentially with respect to the radius of the ball.
Non-local inequalities such as (1.2) have been introduced more recently [2] onℝ𝑑, for densities

satisfying suitable differential inequalities expressed in terms of the Laplacian Δ (cf. [2, Corol-
lary 1.6]) whose prototype is a Gaussian function. After its establishment on ℝ𝑑, such non-local
inequalities were extended to unimodular Lie groups of polynomial growth in [15], where a sum-
of-squares subelliptic sub-Laplacian plays the role of Δ. In this paper, we extend their method
to the non-doubling regime where the sub-Laplacian has an additional drift term, in a setting
where we previously studied various function spaces [4–6] and the Sobolev andMoser–Trudinger
inequalities [7].
As a classical application of the local Poincaré inequality, we show the so-called local parabolic

Harnack principle for the sub-Laplacian with drift. Another application of our inequality is given
in [3] to the study of spectral properties of Schrödinger operators on Lie groups.

2 SETTING AND PRELIMINARIES

Let𝐺 be a non-compact connected Lie groupwith identity 𝑒.We denote by 𝜌 a rightHaarmeasure,
by 𝜒 a continuous positive character of 𝐺 and by 𝜇𝜒 the measure with density 𝜒 with respect to 𝜌.
As themodular function on𝐺, whichwe denote by 𝛿, is such a character, 𝜇𝛿 is a left Haarmeasure
on 𝐺. We denote it by 𝜆. Observe also that 𝜇1 = 𝜌.
Let𝐗 = {𝑋1, … , 𝑋𝓁} be a family of left-invariant linearly independent vector fields which satisfy

Hörmander’s condition. Let 𝑑𝐶( ⋅ , ⋅ ) be its associated left-invariant Carnot–Carathéodory dis-
tance. We let |𝑥| = 𝑑𝐶(𝑥, 𝑒), and denote by 𝐵𝑟 the ball centred at 𝑒 of radius 𝑟. The measure of 𝐵𝑟

with respect to 𝜌 will be denoted by 𝑉(𝑟) = 𝜌(𝐵𝑟); we recall that 𝑉(𝑟) = 𝜆(𝐵𝑟). It is well known,
cf. [10, 19], that there exist 𝑑 ∈ ℕ∗ depending on 𝐺 and 𝐗, and 𝐶 > 0, such that

𝐶−1𝑟𝑑 ⩽ 𝑉(𝑟) ⩽ 𝐶𝑟𝑑 ∀𝑟 ∈ (0, 1], (2.1)

and 𝐷0, 𝐷 > 0 depending only on 𝐺, such that, either 𝐶−1𝑟𝐷 ⩽ 𝑉(𝑟) ⩽ 𝐶𝑟𝐷 for all 𝑟 ⩾ 1, or

𝐶−1e𝐷0𝑟 ⩽ 𝑉(𝑟) ⩽ 𝐶e𝐷𝑟 (2.2)

for all 𝑟 ⩾ 1. In the former case, the group 𝐺 is said to be of polynomial growth, while in the latter
case of exponential growth.
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2164 BRUNO et al.

For any character 𝜒 and 𝑟 > 0, one has (see [12, Proposition 5.7])

sup
𝐵𝑟

𝜒 = e𝑐(𝜒)𝑟, where 𝑐(𝜒) =

(
𝓁∑

𝑗=1

|𝑋𝑗𝜒(𝑒)|2)1∕2

. (2.3)

Since 𝜒 is a character, by (2.3) one also has

inf
𝐵𝑟

𝜒 = e−𝑐(𝜒)𝑟. (2.4)

Given a ball 𝐵 with respect to 𝑑𝐶 , we denote by 𝑐𝐵 its center and by 𝑟𝐵 its radius, and we write
𝐵 = 𝐵(𝑐𝐵, 𝑟𝐵); we also set 2𝐵 = 𝐵(𝑐𝐵, 2𝑟𝐵). Moreover, for 𝑅 > 0 let 𝑅 be the family of all balls of
radius ⩽ 𝑅 and

𝐷(𝑅, 𝜒) = sup
𝐵∈𝑅

𝜇𝜒(2𝐵)

𝜇𝜒(𝐵)
= sup

0<𝑟⩽𝑅

𝜇𝜒(𝐵2𝑟)

𝜇𝜒(𝐵𝑟)
, (2.5)

where the latter equality holds since 𝜇𝜒(𝐵(𝑐𝐵, 𝑟)) = (𝜒𝛿−1)(𝑐𝐵)𝜇𝜒(𝐵𝑟) for all 𝑟 > 0 and 𝑐𝐵 ∈ 𝐺.
In the following lemma we estimate the local doubling constant 𝐷(𝑅, 𝜒).

Lemma 2.1. The metric measure space (𝐺, 𝑑𝐶, 𝜇𝜒) is doubling if and only if 𝜒 = 1 and (𝐺, 𝑑𝐶, 𝜌) is
doubling, in which case there exists 𝐶 > 0 such that𝐷(𝑅, 𝜒) ⩽ 𝐶. If 𝜒 ≠ 1 and (𝐺, 𝑑𝐶, 𝜌) is doubling,
then there exists 𝐶 > 0 such that

𝐷(𝑅, 𝜒) ⩽ 𝐶e3𝑐(𝜒)𝑅 ∀𝑅 > 0,

while if 𝜒 ≠ 1 and (𝐺, 𝑑𝐶, 𝜌) is non-doubling, then there exists 𝐶 > 0 such that

𝐷(𝑅, 𝜒) ⩽ 𝐶e(2𝐷−𝐷0+3𝑐(𝜒))𝑅 ∀𝑅 > 0.

Proof. If 𝜒 = 1, the first statement is obvious since 𝜇𝜒 = 𝜌.
Assume then that 𝜒 ≠ 1, so that there is 𝑥 ∈ 𝐺 with 𝜒(𝑥) > 1. If 𝑁 denotes the lowest integer

such that𝑁 ⩾ |𝑥|, then 𝐵𝑁𝑥𝑛 ⊆ 𝐵(𝑛+1)𝑁 . If 𝑟 > 𝑁 and 𝑛 is the largest integer such that (𝑛 + 1)𝑁 ⩽

[𝑟], then

𝜇𝜒(𝐵𝑟) ⩾ 𝜇𝜒(𝐵𝑁𝑥𝑛) = 𝜒(𝑥)𝑛𝜇𝜒(𝐵𝑁) ⩾ 𝜒(𝑥)[𝑟]∕𝑁−2𝜇𝜒(𝐵𝑁),

whence 𝜇𝜒(𝐵𝑟) grows exponentially with 𝑟 and the space (𝐺, 𝑑𝐶, 𝜇𝜒) is non-doubling.
We now show the two bounds on 𝐷(𝑅, 𝜒). First, observe that by (2.1), (2.3) and (2.4)

𝜇𝜒(𝐵2𝑟)

𝜇𝜒(𝐵𝑟)
⩽ 𝐶 ∀𝑟 ∈ (0, 1],

for some 𝐶 > 0. Moreover, if (𝐺, 𝑑𝐶, 𝜌) is doubling, then by (2.3) and (2.4)

𝜇𝜒(𝐵2𝑟)

𝜇𝜒(𝐵𝑟)
⩽ e3𝑐(𝜒)𝑟 𝑉(2𝑟)

𝑉(𝑟)
⩽ 𝐶e3𝑐(𝜒)𝑟 ∀𝑟 ⩾ 1,
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LOCAL AND NONLOCAL POINCARÉ INEQUALITIES ON LIE GROUPS 2165

while if (𝐺, 𝑑𝐶, 𝜌) is non-doubling, then the stated estimate follows similarly by (2.2), (2.3) and
(2.4). □

3 THE LOCAL POINCARÉ INEQUALITY ON LIE GROUPS

In this section we prove the 𝐿𝑝-Poincaré inequality for smooth functions on (𝐺, 𝑑𝐶, 𝜇𝜒). Given a
ball 𝐵 and 𝑓 ∈ 𝐶∞(𝐺), we denote by 𝑓

𝜒
𝐵
its average over 𝐵 with respect to 𝜇𝜒 ,

𝑓
𝜒
𝐵

=
1

𝜇𝜒(𝐵) ∫𝐵
𝑓 𝑑𝜇𝜒,

and we let |∇𝑓|2 =
∑𝓁

𝑗=1|𝑋𝑗𝑓|2. If 𝑆 is a set of variables, we denote by 𝐶(𝑆) a constant depending
only on the elements of 𝑆.

Theorem 3.1. There exist a constant 𝐶 = 𝐶(𝐺,𝐗) > 0 and a universal constant 𝛼 > 0 such that,
for all 𝑝 ∈ [1,∞), 𝑅 > 0, all balls 𝐵 of radius 𝑟 ∈ (0, 𝑅] and 𝑓 ∈ 𝐶∞(𝐺),

‖𝑓 − 𝑓
𝜒
𝐵
‖𝐿𝑝(𝐵,𝜇𝜒) ⩽ 𝐶 𝑒

1
𝑝
[2𝑐(𝜒)+𝑐(𝜒𝛿−1)]𝑅

𝐷(𝑅, 𝜒)𝛼 𝑟 ‖|∇𝑓|‖𝐿𝑝(𝐵,𝜇𝜒). (3.1)

Notice that the Poincaré constant grows at most exponentially with respect to the radius of
the ball. The exponential term cannot, in general, be removed. After establishing the theorem,
indeed, we show that when 𝐺 is the so-called “𝑎𝑥 + 𝑏” group and 𝜇𝜒 = 𝜆 is a left Haar measure,
the growth of the constant is indeed exponential.

Proof. Let 𝑝 ∈ [1,∞) be given. We shall prove that for every ball 𝐵 of radius 𝑟 > 0 and 𝑓 ∈ 𝐶∞(𝐺)

∫𝐵
|𝑓 − 𝑓

𝜒
𝐵
|𝑝 𝑑𝜇𝜒 ⩽ 2𝑝 e𝑐(𝜒𝛿−1)𝑟e2𝑐(𝜒)𝑟

𝜇𝜒(𝐵2𝑟)

𝜇𝜒(𝐵𝑟)
𝑟𝑝 ∫2𝐵

|∇𝑓|𝑝 𝑑𝜇𝜒. (3.2)

Once (3.2) is at disposal, the Poincaré inequality can be obtained by classical arguments, see, for
example, [11, Theorem 9.7]. A careful inspection of [13, Section 5], in particular, shows how a
Whitney decomposition of 𝐵 brings to the constant given in the statement. We omit the details,
which would be tedious and an almost verbatim repetition of the arguments that the reader can
find in [13].
We then show (3.2). For 𝑧 ∈ 𝐺, let 𝛾𝑧 ∶ [0, |𝑧|] → 𝐺 be a 𝐶1-geodesic such that 𝛾𝑧(0) = 𝑒,

𝛾𝑧(|𝑧|) = 𝑧, 𝛾𝑧(𝑠) ∈ 𝐵|𝑧| and |𝛾′
𝑧(𝑠)| ⩽ 1 for every 𝑠 ∈ [0, |𝑧|].

Let 𝐵 be a ball of radius 𝑟 > 0. Observe that if 𝑥, 𝑦 ∈ 𝐵, and 𝑧 = 𝑥−1𝑦, then |𝑧| < 2𝑟. For every
𝑥, 𝑧 ∈ 𝐺, by Hölder’s inequality

|𝑓(𝑥) − 𝑓(𝑥𝑧)|𝑝 ⩽

(
∫

|𝑧|
0

|∇𝑓(𝑥𝛾𝑧(𝑠))|𝑑𝑠
)𝑝

⩽ |𝑧|𝑝−1 ∫
|𝑧|

0
|∇𝑓(𝑥𝛾𝑧(𝑠))|𝑝 𝑑𝑠. (3.3)
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2166 BRUNO et al.

We then have

∫𝐵
|𝑓 − 𝑓

𝜒
𝐵
|𝑝 𝑑𝜇𝜒 = ∫𝐵

||||| 1

𝜇𝜒(𝐵) ∫𝐵
(𝑓(𝑥) − 𝑓(𝑦)) 𝑑𝜇𝜒(𝑦)

|||||
𝑝

𝑑𝜇𝜒(𝑥)

⩽
1

𝜇𝜒(𝐵) ∫𝐵 ∫𝐵

||𝑓(𝑥) − 𝑓(𝑦)||𝑝 𝑑𝜇𝜒(𝑦) 𝑑𝜇𝜒(𝑥),

and after the change of variables 𝑦 = 𝑥𝑧, we get

∫𝐵
|𝑓 − 𝑓

𝜒
𝐵
|𝑝 𝑑𝜇𝜒 ⩽

1

𝜇𝜒(𝐵) ∫𝐺 ∫𝐺
𝟏𝐵(𝑥)𝟏𝐵(𝑥𝑧)

||𝑓(𝑥) − 𝑓(𝑥𝑧)||𝑝(𝜒𝛿−1)(𝑥) 𝑑𝜇𝜒(𝑥) 𝑑𝜇𝜒(𝑧).

Observe now that by (3.3) and Fubini’s theorem, we get

∫𝐺
𝟏𝐵(𝑥)𝟏𝐵(𝑥𝑧)

||𝑓(𝑥) − 𝑓(𝑥𝑧)||𝑝(𝜒𝛿−1)(𝑥) 𝑑𝜇𝜒(𝑥)

⩽
1

𝜇𝜒(𝐵)
|𝑧|𝑝−1 ∫

|𝑧|
0 ∫𝐺

𝟏𝐵(𝑥)𝟏𝐵(𝑥𝑧)|∇𝑓(𝑥𝛾𝑧(𝑠))|𝑝 (𝜒𝛿−1)(𝑥) 𝑑𝜇𝜒(𝑥) 𝑑𝑠.

We make the change of variables 𝜁 = 𝑥𝛾𝑧(𝑠) and observe that by (2.3), if 𝑥 ∈ 𝐵, then

(𝜒𝛿−1)(𝑥) ⩽ (𝜒𝛿−1)(𝑐𝐵) sup
𝐵𝑟

(𝜒𝛿−1) ⩽ (𝜒𝛿−1)(𝑐𝐵) e
𝑐(𝜒𝛿−1)𝑟,

and 𝜒(𝛾𝑧(𝑠)) ⩽ e2𝑐(𝜒)𝑟. We obtain

∫𝐺
𝟏𝐵(𝑥)𝟏𝐵(𝑥𝑧)(𝜒𝛿−1)(𝑥)|∇𝑓(𝑥𝛾𝑧(𝑠))|𝑝 𝑑𝜇𝜒(𝑥)

⩽ (𝜒𝛿−1)(𝑐𝐵) e
𝑐(𝜒𝛿−1)𝑟 e2𝑐(𝜒)𝑟 ∫𝐺

𝟏𝐵𝛾𝑧(𝑠)
(𝜁)𝟏𝐵𝑧−1𝛾𝑧(𝑠)

(𝜁)|∇𝑓(𝜁)|𝑝 𝑑𝜇𝜒(𝜁).

Notice that 𝐵𝛾𝑧(𝑠) ∩ 𝐵𝑧−1𝛾𝑧(𝑠) ⊆ 2𝐵 for all 𝑠 ∈ [0, |𝑧|]. This is straightforward by the triangle
inequality when |𝑧| < 𝑟. Otherwise, let 𝑠0 ∈ [0, |𝑧|] be such that |𝛾𝑧(𝑠0)| = 𝑟. Then 𝐵𝛾𝑧(𝑠) ⊆ 2𝐵

for 𝑠 ∈ [0, 𝑠0] and 𝐵𝑧−1𝛾𝑧(𝑠) ⊆ 2𝐵 for 𝑠 ∈ (𝑠0, |𝑧|]. Therefore
∫𝐺

𝟏𝐵(𝑥)𝟏𝐵(𝑥𝑧)(𝜒𝛿−1)(𝑥)|∇𝑓(𝑥𝛾𝑧(𝑠))|𝑝 𝑑𝜇𝜒(𝑥)

⩽ (𝜒𝛿−1)(𝑐𝐵) e
𝑐(𝜒𝛿−1)𝑟 e2𝑐(𝜒)𝑟𝟏𝐵2𝑟

(𝑧)∫2𝐵
|∇𝑓(𝜁)|𝑝 𝑑𝜇𝜒(𝜁).

Since (𝜒𝛿−1)(𝑐𝐵)𝜇𝜒(𝐵2𝑟) = 𝜇𝜒(2𝐵), by integrating with respect to 𝑧 we get

∫𝐵
|𝑓 − 𝑓

𝜒
𝐵
|𝑝 𝑑𝜇𝜒 ⩽ e2𝑐(𝜒)𝑟e𝑐(𝜒𝛿−1)𝑟(2𝑟)𝑝

𝜇𝜒(2𝐵)

𝜇𝜒(𝐵) ∫2𝐵
|∇𝑓(𝜁)|𝑝 𝑑𝜇𝜒(𝜁),

which concludes the proof. □
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LOCAL AND NONLOCAL POINCARÉ INEQUALITIES ON LIE GROUPS 2167

As a corollary, we obtain the so-called local parabolic Harnack principle. We introduce the
operator

Δ𝜒 = −

𝓁∑
𝑗=1

(𝑋2
𝑗 + (𝑋𝑗𝜒)(𝑒)𝑋𝑗), (3.4)

which is essentially self-adjoint on 𝐿2(𝜇𝜒) and non-negative; see, for example, [4, 12]. We say
that Δ𝜒 satisfies the local parabolic Harnack principle up to distance 𝑅 > 0 if there is 𝐶(𝑅) >

0 such that, for all 𝑥 ∈ 𝐺, 𝑟 ∈ (0, 𝑅], 𝑠 ∈ ℝ, and any positive solutions 𝑢 of (𝜕𝑡 + Δ𝜒)𝑢 = 0 on
(𝑠, 𝑠 + 𝑟2) × 𝐵(𝑥, 𝑟), we have that

sup
𝑄−

𝑢 ⩽ 𝐶(𝑅) inf
𝑄+

𝑢,

where

𝑄− =
(
𝑠 + 𝑟2∕6, 𝑠 + 𝑟2∕3

)
× 𝐵(𝑥, 𝑟∕2), 𝑄+ =

(
𝑠 + 2𝑟2∕3, 𝑠 + 𝑟2

)
× 𝐵(𝑥, 𝑟∕2).

The following result follows at once from Theorem 3.1 and [16, Theorem 2.1].

Corollary 3.2. For every 𝑅 > 0, Δ𝜒 satisfies the local parabolic Harnack principle up to distance 𝑅.
In particular, the positive Δ𝜒-harmonic functions satisfy the local elliptic Harnack inequality.

3.1 Exponential growth of the constant

For 𝑟 > 0 and 𝑝 ∈ [1,∞), define

𝐶(𝑟, 𝑝) = inf
∫𝐵𝑟

|𝑓 − 𝑓
𝜒
𝐵
|𝑝 𝑑𝜇𝜒

∫𝐵𝑟
|∇𝑓|𝑝 𝑑𝜇𝜒

, (3.5)

where the infimum runs over all functions 𝑓 ∈ 𝐶∞(𝐺). In this section we show that the expo-
nential bound of 𝐶(𝑟, 𝑝) appearing in inequality (3.1) is in general optimal, in the sense that such
constant cannot grow less than exponentially with respect to 𝑟. Indeed, in the particular case of
𝑎𝑥 + 𝑏 groups of arbitrary dimension, we provide a lower bound of exponential type for 𝐶(𝑟, 𝑝).
For notational convenience, we shall write 𝐴 ≲ 𝐵 to indicate that there is a constant 𝐶 such that
𝐴 ⩽ 𝐶𝐵. If 𝐴 ≲ 𝐵 and 𝐵 ≲ 𝐴, then we write 𝐴 ≈ 𝐵.
Let 𝐺 = ℝ𝑛−1 ⋊ ℝ+ and let (𝑥, 𝑎) be its generic element. Recall that

𝑑𝜆(𝑥, 𝑎) =
𝑑𝑥 𝑑𝑎

𝑎𝑛
and 𝑑𝜌(𝑥, 𝑎) =

𝑑𝑥 𝑑𝑎

𝑎
,

since 𝛿(𝑥, 𝑎) = 𝑎−𝑛+1; all positive characters of𝐺 are of the form𝜒𝛾(𝑥, 𝑎) = 𝑎𝛾 for some 𝛾 ∈ ℝ.We
shall write 𝜇𝛾 for the measure 𝜇𝜒𝛾

. In particular, 𝜆 = 𝜇1−𝑛 is the hyperbolic measure. We consider
the left-invariant vector fields𝑋𝑖 = 𝑎𝜕𝑖 , 𝑖 = 1, … , 𝑛 − 1, and𝑋0 = 𝑎𝜕𝑎 which forma basis of the Lie
algebra of𝐺. The distance induced by such vector fields is the hyperbolicmetric which is given by

cosh |(𝑥, 𝑎)| = 1

2
(𝑎 + 𝑎−1 + 𝑎−1|𝑥|2),
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2168 BRUNO et al.

where |𝑥| is the Euclidean norm of 𝑥 ∈ ℝ𝑛−1 (see [1, (2.18)], [17, (1.1)]). Then

𝐵𝑟 =
{
(𝑥, 𝑎)∶ e−𝑟 < 𝑎 < e𝑟, |𝑥|2 < 2𝑎(cosh 𝑟 − cosh log 𝑎)

}
.

In the case of the real hyperbolic space, that is, the 𝑎𝑥 + 𝑏 group endowed with the measure
𝜆 and the metric defined above, the constant 𝐶(𝑟, 𝑝) in (3.5) was estimated from above in [11,
Section 10.1]. We now estimate such constant from below.
Consider the function 𝜙∶ 𝐺 → ℝ defined by

𝜙(𝑥, 𝑎) = 𝑥1, (𝑥, 𝑎) ∈ 𝐺.

Observe that ∫𝐵𝑟
𝜙 𝑑𝜇𝛾 = 0 for all 𝛾 ∈ ℝ and |∇𝜙(𝑥, 𝑎)|𝑝 = 𝑎𝑝. Moreover,

∫𝐵𝑟

|𝜙|𝑝 𝑑𝜇𝛾 ≈ ∫
e𝑟

e−𝑟
𝑎𝛾−1+

𝑝+𝑛−1

2 (cosh 𝑟 − cosh log 𝑎)
𝑝+𝑛−1

2 𝑑𝑎,

while

∫𝐵𝑟

|∇𝜙|𝑝 𝑑𝜇𝛾 ≈ ∫
e𝑟

e−𝑟
𝑎𝛾−1+𝑝+𝑛−1

2 (cosh 𝑟 − cosh log 𝑎)
𝑛−1
2 𝑑𝑎.

Lemma 3.3. Let 𝛿 ∈ ℝ and 𝜖 > 0. Then

∫
e𝑟

e−𝑟
𝑎𝛿(cosh 𝑟 − cosh log 𝑎)𝜖 𝑑𝑎 ≈ e𝑟(|𝛿+1|+𝜖).

Proof. We first make a change of variables

∫
e𝑟

e−𝑟
𝑎𝛿(cosh 𝑟 − cosh log 𝑎)𝜖 𝑑𝑎 = ∫

𝑟

−𝑟
e𝑡(𝛿+1)(cosh 𝑟 − cosh 𝑡)𝜖 𝑑𝑡.

Since cosh 𝑟 − cosh 𝑡 ≈ e𝑟 if |𝑡| < 𝑟 − 1, while cosh 𝑟 − cosh 𝑡 ≈ (𝑟 − |𝑡|)e𝑟 if 𝑟 − 1 < |𝑡| < 𝑟, we
get

∫
𝑟−1

−𝑟+1
e𝑡(𝛿+1)(cosh 𝑟 − cosh 𝑡)𝜖 𝑑𝑡 ≈ e𝜖𝑟 ∫

𝑟−1

−𝑟+1
e𝑡(𝛿+1) 𝑑𝑡 ≈ e(𝜖+|𝛿+1|)𝑟

while

∫𝑟−1<|𝑡|<𝑟
e𝑡(𝛿+1)(cosh 𝑟 − cosh 𝑡)𝜖 𝑑𝑡 ≈ e(𝜖+|𝛿+1|)𝑟 ∫𝑟−1<|𝑡|<𝑟

(𝑟 − |𝑡|)𝜖 𝑑𝑡 ≈ e(𝜖+|𝛿+1|)𝑟,
as required. □

From the lemma above, we get that

∫𝐵𝑟

|𝜙|𝑝 𝑑𝜇𝛾 ≈ e(|𝛾+𝑝+𝑛−1

2
|+𝑝+𝑛−1

2
)𝑟,
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LOCAL AND NONLOCAL POINCARÉ INEQUALITIES ON LIE GROUPS 2169

while

∫𝐵𝑟

|∇𝜙|𝑝 𝑑𝜇𝛾 ≈ e(|𝛾+𝑝+𝑛−1
2

|+𝑛−1
2

)𝑟.

We observe that, if 𝛾 < −
𝑝+𝑛−1

2
, then

||||𝛾 +
𝑝 + 𝑛 − 1

2

|||| + 𝑝 + 𝑛 − 1

2
>
||||𝛾 + 𝑝 +

𝑛 − 1

2

|||| + 𝑛 − 1

2
.

Thus for such 𝛾

𝐶(𝑟, 𝑝) ⩾ 𝐶e
𝑟
(|||𝛾+𝑝+𝑛−1

2

|||+𝑝

2
−
|||𝛾+𝑝+𝑛−1

2

|||).
If in particular 𝛾 = −𝑛 + 1, hence 𝜇𝛾 is the left measure, and 𝑛 > 𝑝 + 1, then

𝐶(𝑟, 𝑝)⩾ e

(|||−𝑛+𝑝+1

2

|||−|||−𝑛+1
2

+𝑝
|||+𝑝

2

)
𝑟
=

{
e𝑝𝑟 𝑛 ⩾ 2𝑝 + 1

e(𝑛−𝑝−1)𝑟 𝑝 + 1 < 𝑛 ⩽ 2𝑝 + 1.

4 NON-LOCAL POINCARÉ INEQUALITY

In this second part of the paper we prove a non-local 𝐿2-Poincaré inequality for suitable finite
measures on 𝐺 in the spirit of [14, 15]. More precisely, let 𝑀 be a positive 𝐶2-function in 𝐿1(𝜇𝜒)

and 𝜇𝜒,𝑀 be the finite measure whose density is 𝑀 with respect to 𝜇𝜒 . We shall prove 𝐿2-global
Poincaré inequalities for the measure 𝜇𝜒,𝑀 for a large family of functions𝑀. In order to do this,
we let

𝐿2
1(𝜇𝜒,𝑀) = {𝑓 ∈ 𝐿2(𝜇𝜒,𝑀)∶ |∇𝑓| ∈ 𝐿2(𝜇𝜒,𝑀)}

and introduce the operator

Δ𝜒,𝑀 = Δ𝜒 − ∇(log𝑀) ⋅∇, (4.1)

where Δ𝜒 is that of (3.4), Dom(Δ𝜒,𝑀) = {𝑓 ∈ 𝐿2
1
(𝜇𝜒,𝑀)∶ Δ𝜒,𝑀𝑓 ∈ 𝐿2(𝜇𝜒,𝑀)} and the derivatives

are meant in the distributional sense. Observe that Δ𝜒,𝑀 is symmetric on 𝐿2(𝜇𝜒,𝑀); in particular,
for all 𝑓 ∈ Dom(Δ𝜒,𝑀) and g ∈ 𝐿2

1
(𝜇𝜒,𝑀),

∫𝐺
∇𝑓 ⋅∇g 𝑑𝜇𝜒,𝑀 = ∫𝐺

Δ𝜒,𝑀𝑓 ⋅ g 𝑑𝜇𝜒,𝑀,

where ∇𝑓 ⋅∇g =
∑𝓁

𝑗=1(𝑋𝑗𝑓)(𝑋𝑗g).
We say that the couple (Δ𝜒,𝑀) admits a Lyapunov function if there exist a𝐶2 function𝑊∶ 𝐺 →

[1,∞) and constants 𝜃 > 0, 𝑏 ⩾ 0, 𝑅 > 0 such that

−Δ𝜒,𝑀𝑊(𝑥) ⩽ −𝜃𝑊(𝑥) + 𝑏𝟏𝐵𝑅
(𝑥) ∀𝑥 ∈ 𝐺. (4.2)
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2170 BRUNO et al.

Observe that the existence of a Lyapunov function depends on 𝐺, 𝐗, 𝜒 and𝑀. For 𝑓 ∈ 𝐿1(𝜇𝜒,𝑀)

we let

𝑓𝜒,𝑀 =
1

𝜇𝜒,𝑀(𝐺) ∫𝐺
𝑓 𝑑𝜇𝜒,𝑀.

Our second main result is the following global 𝐿2-Poincaré inequality for 𝜇𝜒,𝑀 .

Theorem 4.1. If (Δ𝜒,𝑀) admits a Lyapunov function, then there exists a constant
𝐶 = 𝐶(𝐺,𝐗, 𝜒,𝑀) such that for all 𝑓 ∈ 𝐿2

1
(𝜇𝜒,𝑀)

‖𝑓 − 𝑓𝜒,𝑀‖𝐿2(𝜇𝜒,𝑀) ⩽ 𝐶‖|∇𝑓|‖𝐿2(𝜇𝜒,𝑀). (4.3)

Theorem 4.1 is a generalization to any connected non-compact possibly non-unimodular Lie
group of the non-local 𝐿2-Poincaré inequalities proved in [2, Theorem 1.4] in the Euclidean setting
and in [15, Theorem 1.1] in unimodular Lie groups of polynomial growth, by which our proof is
inspired. The validity of other versions of non-local Poincaré inequalities in the current setting,
such as those in [15, Theorem 1.4], is still an open problem. More general versions of non-local
Poincaré inequalities of this kind were proved in [9] in the setting of a topological measure space
endowed with a family of sets which play the role of unit balls and satisfy suitable assumptions.
Recently in [8] non-local 𝐿𝑝-Poincaré inequalities were obtained on Carnot groups of Engel type
in the case when the density of the measure depends on a homogeneous norm of the group; we
note, however, that the case 𝑝 = 2 is always excluded.

Proof. Let 𝑓 ∈ 𝐿2
1
(𝜇𝜒,𝑀), and observe first that

∫𝐺

|||𝑓 − 𝑓𝜒,𝑀
|||2𝑑𝜇𝜒,𝑀 = min

𝑐∈ℝ ∫𝐺
|𝑓 − 𝑐|2𝑑𝜇𝜒,𝑀. (4.4)

Let now g = 𝑓 − 𝑐 for a positive 𝑐 to be determined, and𝑊 be a Lyapunov function for (Δ𝜒,𝑀).
By (4.2)

∫𝐺
|g|2 𝑑𝜇𝜒,𝑀 ⩽ ∫𝐺

|g|2 Δ𝜒,𝑀𝑊

𝜃𝑊
𝑑𝜇𝜒,𝑀 + ∫𝐵𝑅

|g|2 𝑏

𝜃𝑊
𝑑𝜇𝜒,𝑀. (4.5)

We treat the two terms separately.
Let us consider the first term and prove that

∫𝐺

Δ𝜒,𝑀𝑊

𝑊
g2𝑑𝜇𝜒,𝑀 ⩽ ∫𝐺

|∇g|2𝑑𝜇𝜒,𝑀. (4.6)

We prove it by density, and firstly assume that g is compactly supported. By definition of Δ𝜒,𝑀 ,

∫𝐺

Δ𝜒,𝑀𝑊

𝑊
g2 𝑑𝜇𝜒,𝑀 = ∫𝐺

∇

(
g2

𝑊

)
⋅∇𝑊 𝑑𝜇𝜒,𝑀

= 2∫𝐺

g
𝑊

∇g ⋅∇𝑊 𝑑𝜇𝜒,𝑀 − ∫𝐺

g2

𝑊2
|∇𝑊|2 𝑑𝜇𝜒,𝑀
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LOCAL AND NONLOCAL POINCARÉ INEQUALITIES ON LIE GROUPS 2171

= ∫𝐺
|∇g|2 𝑑𝜇𝜒,𝑀 − ∫𝐺

|∇g −
g
𝑊

∇𝑊|2 𝑑𝜇𝜒,𝑀

⩽ ∫𝐺
|∇g|2𝑑𝜇𝜒,𝑀.

Let now g ∈ 𝐿2
1
(𝜇𝜒,𝑀), and consider a non-decreasing sequence of functions 𝜓𝑛 ∈ 𝐶∞

𝑐 (𝐺) such
that

𝟏𝐵𝑛𝑅
⩽ 𝜓𝑛 ⩽ 1, |∇𝜓𝑛| ⩽ 1.

By applying (4.6) to g𝜓𝑛, the monotone convergence theorem in the left-hand side and the
dominated convergence theorem in the right-hand side, one gets (4.6).
To deal with the second term, we choose 𝑐 such that ∫𝐵𝑅

g 𝑑𝜇𝜒 = 0. By (3.2) applied to g on 𝐵𝑅,
and the fact that𝑀 is bounded from above and below on 𝐵2𝑅, one has

∫𝐵𝑅

|g|2 𝑑𝜇𝜒,𝑀 ⩽ 𝐶 ∫𝐵𝑅

|g|2 𝑑𝜇𝜒 ⩽ 𝐶 ∫𝐵2𝑅

|∇g|2 𝑑𝜇𝜒 ⩽ 𝐶 ∫𝐵2𝑅

|∇g|2 𝑑𝜇𝜒,𝑀,

where the constant 𝐶 depends on 𝑅 and𝑀. Therefore, since𝑊 ⩾ 1,

∫𝐵𝑅

|g|2 𝑏

𝜃𝑊
𝑑𝜇𝜒,𝑀 ⩽ 𝐶 ∫𝐵2𝑅

|∇g|2 𝑑𝜇𝜒,𝑀 ⩽ 𝐶 ∫𝐺
|∇g|2 𝑑𝜇𝜒,𝑀,

which completes the proof. □

Corollary 4.2. Let 𝑣 = − log𝑀. If there exist 𝑎 ∈ (0, 1), 𝑐 > 0 and 𝑅 > 0 such that

𝑎|∇𝑣|2(𝑥) + Δ𝜒𝑣(𝑥) ⩾ 𝑐 ∀ 𝑥 ∈ 𝐵𝑐
𝑅, (4.7)

then (Δ𝜒,𝑀) admits a Lyapunov function, and (4.3) holds.

Proof. Let𝑊(𝑥) = e(1−𝑎)(𝑣(𝑥)−inf𝐺 𝑣), so that

−Δ𝜒,𝑀𝑊 = (1 − 𝑎)𝑊
(
−Δ𝜒𝑣 − 𝑎|∇𝑣|2).

Then𝑊 is a Lyapunov function with 𝜃 = 𝑐(1 − 𝑎) and 𝑏 = max𝐵𝑅
(−Δ𝜒,𝑀𝑊 + 𝜃𝑊). □

One can actually show that if (4.7) holds with 𝑎 < 1∕2, then (4.3) self-improves as follows.

Proposition 4.3. Let 𝑣 = − log𝑀. If there exist 𝑐 > 0, 𝑅 > 0 and 𝜖 ∈ (0, 1) such that

1 − 𝜖

2
|∇𝑣|2(𝑥) + Δ𝜒𝑣(𝑥) ⩾ 𝑐 ∀ 𝑥 ∈ 𝐵𝑐

𝑅, (4.8)

then there exists 𝐶 > 0 such that for all 𝑓 ∈ 𝐿2
1
(𝜇𝜒,𝑀)

‖|𝑓 − 𝑓𝜒,𝑀|(1 + |∇𝑣|)‖𝐿2(𝜇𝜒,𝑀) ⩽ 𝐶‖|∇𝑓|‖𝐿2(𝜇𝜒,𝑀). (4.9)
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Proof. Observe firstly that, since 𝑣 is 𝐶2 and (4.8) holds,

1 − 𝜖

2
|∇𝑣|2 − Δ𝜒𝑣 ⩾ 𝛼 (4.10)

for some 𝛼 ∈ ℝ. Let 𝑓 ∈ 𝐿2
1
(𝜇𝜒,𝑀) and let g = 𝑓

√
𝑀. Since

∇𝑓 =
1√
𝑀

∇g +
1

2
g 1√

𝑀
∇𝑣,

by (4.10)

∫𝐺
|∇𝑓|2 𝑑𝜇𝜒,𝑀 = ∫𝐺

(|∇g|2 +
1

4
|g|2|∇𝑣|2 + g∇g ⋅∇𝑣

)
𝑑𝜇𝜒

= ∫𝐺

(|∇g|2 +
1

4
|g|2|∇𝑣|2 +

1

2
∇(|g|2) ⋅∇𝑣

)
𝑑𝜇𝜒

⩾ ∫𝐺
|g|2(1

4
|∇𝑣|2 +

1

2
Δ𝜒𝑣

)
𝑑𝜇𝜒

⩾
1

2 ∫𝐺
|𝑓|2( 𝜖

2
|∇𝑣|2 + 𝛼

)
𝑑𝜇𝜒,𝑀.

Since (4.3) holds by (4.8) and Corollary 4.2, the conclusion follows. □
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