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Abstract

Hybrid reinforced concrete (HRC) can be defined as a cementitious material in

which the reinforcing secondary phase consists of a combination of continuous

steel rebars and of short discontinuous fibers, randomly distributed within the

concrete matrix. For these structural elements, experimental flexural tests

highlight how the postcracking response of the composite is strongly affected

by the amount of steel bars together with reinforcing fibers. In the present

work, it is shown that the action of these two contributions can be clearly

interpreted in the framework of Fracture Mechanics through the Updated

Bridged Crack Model (UBCM). The model assumes nonlinear constitutive laws

to describe the toughening action of the reinforcing secondary phases, which

are related to the yielding of steel rebars and to the pull-out of the short fibers.

Under these assumptions, different postcracking regimes depending on

three scale-dependent dimensionless numbers can be predicted: the

bar-reinforcement brittleness number, NP, which is directly related to the steel

bar area percentage, ρ; the fiber-reinforcement brittleness number, NP,f, which is

directly related to the fiber volume fraction, Vf; and the pull-out brittleness

number, Nw, which depends on the critical embedment length of the fiber-rein-

forcement, wc. The couples of critical values of the two reinforcement brittle-

ness numbers define the minimum reinforcement conditions of the HRC

structural element—that is, the combination of ρmin and Vf,min required to

guarantee a stable post-cracking response—including its scale dependence. A

parametrical analysis is presented together with the modeling of an

experimental campaign reported in the literature in order to assess the

effectiveness of the UBCM.
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1 | INTRODUCTION

During the last 40 years, an extensive research work has
focused onto the beneficial influence of reinforcing fibers on
the mechanical behavior of cementitious composites. It is rel-
evant whether the fibers represent a single reinforcing
phase—that is, in the case of fiber-reinforced concrete (FRC)
elements—or they represent a supplementary reinforcement
in addition to the traditional steel-bars, leading to the defini-
tion of the so-called hybrid-reinforced concrete (HRC).

In the case of FRC, it is widely acknowledged that the
fibers provide an improvement of the mechanical proper-
ties of the composite with respect to plain concrete, includ-
ing fracture energy, tensile, compressive, and shear
strengths. Several experimental investigations evidenced
that the contribution of the reinforcing fibers depends on
several factors, among which: (i) the fiber volume fraction,
Vf

1,2; (ii) the mechanical and geometrical properties of the
reinforcing fibers (tensile strength, geometric profile, and
aspect ratio) and of the cementitious matrix (mainly, its
compression strength)3,4; (iii) the specimen sizes5; (iv) the
fiber distribution within the volume of the composite.6

In the case of HRC, the influence of the fibers should be
discussed by taking into account the interaction with ordi-
nary bar reinforcement. Considering an HRC beam sub-
jected to bending, the flexural behavior up to failure
depends, among other parameters, on the amount of rein-
forcement, that is, the steel-bar reinforcement ratio, ρ,
together with the fiber volume fraction, Vf (Figure 1). In the
case of low steel-bar reinforcement ratio, that is, lightly-

reinforced concrete beams, the flexural response is character-
ized by a plastic plateau due to the yielding of the longitudi-
nal steel-bars (see lower curves in Figure 1). Under these
circumstances, the addition of fibers provides an increase in
the load-bearing capacity of the specimen,7 together with a
variation in the deflection capacity, which is found to be
reduced or increased depending on the amount of longitudi-
nal steel bars. For very low reinforcement ratio, several
experimental investigations pointed out the reduction in the
deflection capacity of the HRC specimens in comparison to
the case of RC beams without fibers.8,9 This effect is related
to the beneficial influence of fibers on the bond behavior at
the concrete-bar interface, which does not allow the yielded
steel bar to develop plastic deformation, thus promoting
crack localization and early tensile failure of the bar.10,11 On
the other hand, this phenomenonmay not be observed when
the steel-bar reinforcement ratio is sufficient to develop the
gradual strain-hardening of the bar, which is found to be
enhanced by the presence of short fibers, leading to an
increase in the ultimate deflection of the specimen.7,12,13

Considering an over-reinforced concrete beam, the
plastic plateau is followed by crushing (compression
damage) of concrete, which leads to the final failure of
the beam (see upper curves in Figure 1). In this case, the
addition of fiber has a negligible influence on the load
bearing capacity, considering that the major contribution
is given by the ordinary reinforcement. On the other
hand, the fibers strongly affect the crushing branch of the
response, which becomes significantly more gradual.12,14

This is due to the confinement action of the short fibers

FIGURE 1 Influence of fiber addition on the flexural response of lightly and over-reinforced concrete beams.
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that, in close analogy to the transverse reinforcement
(stirrups), enhances the concrete crushing energy.15–17

Due to the large number of variables affecting
the phenomenon, the FRC mechanical behavior at the
material level is typically described by a single constitutive
law of the composite—defined by a stress versus deforma-
tion (σ-ε) or a stress versus crack opening (σ-w)
relationship—which includes both the toughening contri-
butions of the concrete matrix and that of the reinforcing
fibers. This is the approach currently followed by the inter-
national design standards (ACI,18 Model Code 2010,19

RILEM Recommendations20,21), in which the FRC constitu-
tive law is defined on the basis of experimental flexural tests
by measuring the postcracking residual flexural strength at
a given crack opening displacement.22

A similar design-by-testing procedure has been also
applied by several investigators in different research works,
in which an inverse procedure is applied to identify the
global σ-w constitutive relationship starting from a load-
deflection or a load-CMOD experimental curve.23 This sin-
gle constitutive law could also be used in a sectional model
that is able, on the basis of equilibrium, constitutive, and
kinematic conditions, to predict the flexural response of
FRC and HRC elements.24–28 Among these models, some of
them were focused on the influence of fiber addition on the
minimum reinforcement condition for HRC members.26–28

In all cases, the main drawback of the above-
mentioned approach relies in the fact that the assumption
of a single constitutive law for the fibrous composite—
which is valid for a given percentage of reinforcing fibers,
Vf—does not allow to capture the influence in the post-
cracking regime of each single constituent of the com-
posite. As a direct consequence, these approaches do not
permit to predict directly the transition in the flexural
response due to the change in fiber volume fraction, Vf.

In the present work, the influence of steel-fiber addi-
tion on the flexural behavior of lightly RC members is
discussed in the framework of fracture mechanics by
means of the Bridged Crack Model.29–40 The focus is on
the minimum reinforcement condition, which is intended
to be obtained when the ultimate moment is equal to the
first cracking moment of the reinforced member.

The model, which was originally proposed for the case
of steel-bar RC elements,29–31 has been recently extended
by the authors to the case of FRC40–43 and HRC.44,45

2 | THE UPDATED BRIDGED
CRACK MODEL

2.1 | Fundamentals

In the case of lightly- or fiber-reinforced concrete beams,
the flexural response is mainly governed by the tensile

cracking of the concrete member, which generally pre-
cedes concrete crushing at the compression edge (occur-
ring for over-reinforced beams) as well as shear failure
(occurring for deep beams). Under these circumstances,
the following four regions can be identified in the critical
cross-section of the specimen, where the damage is local-
ized (see the left part of Figure 2): (i) ligament in com-
pression; (ii) uncracked ligament in tension;
(iii) reinforcement bridging zone, in which both short
fibers and steel bars bridge the crack faces; (iv) stress-free
crack zone, generally noticeable for large crack depths.

In this framework, the Updated Bridged Crack Model
(UBCM) describes the crack propagation phenomenon
by assuming that the tensile cracking precedes compres-
sion crushing and shear failure. The critical cross-section,
where damage is localized, is assumed to have a rectan-
gular shape, which is characterized by a thickness, b, a
depth, h, an initial crack depth, a0, and subjected to an
external bending moment, M (see the central part of
Figure 2).

The total number of reinforcing layers, each one char-
acterized by its own position ci, is given by the sum of
steel-bar reinforcement layers, nb, and reinforcing fibers
crossing the crack, nf. The quantity nb is known a priori,
whereas nf is strictly related to the fiber distribution
within the volume of the composite. The latter, nf, can be
calculated as:

nf ¼ αV f
bh
Af

, ð1Þ

where Af is the cross-sectional area of the single fiber,
and α the orientation factor. The latter, which is defined
as the ratio between the actual number of fibers in the
critical cross-section and the theoretical one, can be
experimentally found by investigating the specimen frac-
ture surface at the end of the experimental tests or pre-
dicted on the basis of statistical tools able to model the
fiber distribution within the volume of the specimen.
Among the total number of reinforcement layers in the
critical cross-section, some of them, m, can be considered
as active since they connect the two crack faces.

The UBCM assumes the composite as a multiphase
material, in which the cementitious matrix and the
reinforcing layers represent its primary and secondary
phases, both contributing to the global toughening of
the structural element. The concrete matrix is assumed
to be linear-elastic perfectly- brittle, considering other
nonlinear contributions (in tensile and compression
behaviors) as negligible.

Under these assumptions, a r�1/2 stress singularity is
considered at the crack tip (see the right part of Figure 2),
which is characterized by a global stress-intensity
factor, KI:

RUBINO ET AL. 3

 17517648, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/suco.202200674 by Politecnico D

i T
orino Sist. B

ibl D
el Polit D

i T
orino, W

iley O
nline L

ibrary on [05/05/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



K I ¼K IM�
Xm
i¼1

KIi ¼ M

bh3=2
YM� YFf gT Ff g

bh1=2
: ð2Þ

The crack propagation occurs when the stress-
intensity factor, KI, reaches its critical value, KIC, that is,
the fracture toughness of the plain matrix (unreinforced
material). In Equation (2), both the contribution related
to the applied bending moment, M, which tends to open
the crack faces, and that related to the distribution of
forces, {F}, which bridge the crack, appear.

The latter contribution represents the toughening
action of the reinforcing secondary phase, which is
described by a constitutive law of reinforcement. In the
framework of fracture mechanics, it is defined in terms of
stress versus crack opening displacement relationships,
which can be generally written as:

for i = 1,…, n

σi ¼ f wið Þ: ð3Þ

Equation (3) provides a set of n equations which
relate the stress acting in the ith reinforcement, σi, with
the corresponding crack opening displacement, wi.

A hardening-perfectly plastic constitutive law
(Figure 3) has been used to describe the yielding of the
steel-bar46:

for 0<w≤wy:

σi wið Þ¼ σy
wi

wy

� �0:5

, ð4aÞ

for w≥wy:

σi wið Þ¼ σy, ð4bÞ

where σy is the yield strength and wy the corresponding
crack opening. The latter can be estimated as follows:

wy ¼
σ2yϕ

4Esτm
, ð5Þ

where Φ is the steel-bar diameter, Es is the steel-bar
Young's modulus, and τm is the average shearing stress at
the concrete-steel interface.

On the other hand, a rigid-softening constitutive law
has been used to describe the slippage of the short fibers.
Following the suggestions reported in the literature on
the basis of experimental pull-out tests,47–49 different soft-
ening laws need to be considered in the case of straight

b

a

h

LEFM stress field
(  ∞ r-1/2)

Fibre
bridging zone

Stress-free
zone

Compression
region

Uncracked tensile
 region

Fibre
bridging forces

Bar reaction
Bar
bridging zone

M M

F1

Fm

Fi

ci

FIGURE 2 Critical cross-section in hybrid-reinforced concrete beam and stress distribution predicted by the Updated Bridged Crack

Model.

FIGURE 3 Steel-bar hardening-perfectly plastic

constitutive law.
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steel fibers and hooked-end steel fibers. In the case of a
straight fiber, the pull-out behavior is well described by a
descending power law (Figure 4a; n = 0.5). On the other
hand, a piecewise function—indicated as f in Figure 4b—
is suggested to describe the pull-out behavior of hooked-
end fibers. The analytical expression of the piecewise
function currently implemented in UBCM was recently
defined by the authors in Accornero et al.45 By keeping
unchanged the shape of the bridging law, which is
intended as a property of the fiber reinforcement, the
related toughening contribution can be synthetically
described by two parameters: (i) the slippage strength of
the fiber, σs, beyond which the fiber pull-out is triggered;
(ii) the fiber embedment length, wc, beyond which the
fiber bridging action is exhausted.

Finally, a set of compatibility conditions is needed to
calculate the crack opening, wi, at each ith active rein-
forcement level as a function of the applied bending
moment, M, and of the bridging forces, Fi. In matrix
form, we have:

wf g¼ λMf gM� λ½ � Ff g, ð6Þ

where {w} is the crack opening vector, {λM} is the vector
of the local compliances due to the bending moment, and
[λ] is the matrix of the local compliances due to the bridg-
ing forces.

For a given crack depth, the problem relies in the deter-
mination of the 2m + 1 unknowns, that is, the fracture
moment,MF, the profile of the crack opening displacements,
{w}, and the corresponding distribution of bridging forces,
{F}, related to both active steel bars and reinforcing fibers.
The solution is obtained by means of a numerical iterative
procedure based on the equilibrium (crack propagation)
condition (Equation 2), on the reinforcement constitutive
laws (Equation 3), and on the displacement compatibility
conditions (Equation 6). It leads to the complete evaluation
of the stress-profile represented in Figure 2.

Then, the local rotation of the HRC cross-section, φ,
can be calculated as follows:

φ¼ λMMM� λMf gT Ff g, ð7Þ

where λMM and λM,i represent the local rotation due to a
unit bending moment and to the ith bridging force,
respectively. By virtue of Betti's Theorem, the coefficient
λM,i coincides with the ith crack opening, wi, due to a unit
bending moment (Equation 4).

The global deflection of the beam, δ, can be calculated
by applying the superposition principle, according to
which the total deflection takes into account both the
nonlinear contribution related to the cracking process
occurring at the critical section (inelastic hinge) and that
related to the elastic behavior of the remaining part of
the specimen. This approach, which is typically suggested
in the case of cross-section models,21 implies that the
nonlinear features of the global response are restricted to
the critical cross-section of the specimen, where the dam-
age is assumed to be localized. The contribution related
to the development and growth of multiple cracks along
the beam specimen cannot be directly evaluated in the
framework of UBCM, although it could be accounted for
by introducing an equivalent inertia of the beam
section.50

2.2 | Dimensionless numbers

Considering the shape of the reinforcement constitutive
laws as a reinforcement property (Figures 3 and 4), the
HRC sectional response is found to be governed by
three scaling dimensionless numbers, that is, the bar-
reinforcement brittleness number, NP, the fiber-reinforce-
ment brittleness number, NP,f, and the pull-out brittleness
number, Nw:

(a) (b)

FIGURE 4 Steel-fiber rigid-

softening constitutive laws: (a) straight

fiber; (b) hooked-end fiber.
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NP ¼ ρ
σy
K IC

h1=2, ð8Þ

NP,f ¼V f
ασs
K IC

h1=2 ¼V f
σs
KIC

h1=2, ð9Þ

Nw ¼ Ewc

K ICh
1=2

: ð10Þ

The bar-reinforcement brittleness number, NP (Equation
8), depends on the steel-bar reinforcement percentage,
ρ, on the steel yield strength, σy, on the matrix fracture
toughness, KIC, as well as on the beam depth, h. An
analogous expression (Equation 9) can be obtained for
the fiber-reinforcement brittleness number, NP,f, by
replacing the bar-reinforcement parameters, ρ and σy,
with the fiber volume fraction, Vf, and the equivalent
slippage strength of the fiber, σs, respectively. It should
be noted that σs takes into account the orientation
factor, α. Finally, the pull-out brittleness number, Nw

(Equation 10), depends on the equivalent embedded
length of the fiber, wc, on the matrix Young's modulus, E,
on the matrix fracture toughness, KIC, and on the beam
depth, h.

It is worth emphasizing that these three brittleness
numbers, NP, NP,f, and Nw, encompass the influence of
the single involved variables, such as the amount of the
reinforcing phases and the structural size, in a compre-
hensive framework provided by UBCM. The influence of
NP, NP,f, and Nw on the flexural response of HRC beams
is discussed in the next section.

3 | PARAMETRIC ANALYSIS AND
MINIMUM REINFORCEMENT
CONDITIONS

In this section, the cross-sectional response of a lightly HRC
member is described in terms of dimensionless fracture
moment, ~MF ¼ MF

KICbh
3=2, versus local rotation, ~φ¼φEh1=2

KIC
, as

a function of the three brittleness numbers. The numeri-
cal results herein presented are obtained by considering a
single layer of reinforcing steel-bar (Figure 3), which is
placed at a distance from the beam intrados, c0, equal to
0.15h. In addition, hooked-end steel-fibers (Figure 4b) are
considered as uniformly spaced within the concrete liga-
ment. An initial notch, a0, equal to the concrete cover is
assumed (a0/h= c0/h= 0.15).

In Figure 5a, a family of curves is obtained by varying
NP, whereas the brittleness numbers related to the fiber-
reinforcement, NP,f and Nw, are kept unchanged
(NP,f = 0.20; Nw = 1225). It is evident how NP governs
the ductile-to-brittle transition in the whole postcracking

regime of the beam, thus providing a significant
contribution in terms of global toughening and structural
ductility/stability. In strong analogy to the case of FRC,
which has been discussed by the authors in previous
papers,40–43 the numerical curves suggest to identify three
stages being characterized by the flexural response of the
HRC beam. In Stage I, the specimen exhibits a linear
elastic behavior, until the first cracking moment
(red square marker) is reached. At the onset of the frac-
turing process, the post-cracking regime takes place,
which actually depends on the three dimensionless num-
bers. In the intermediate stage (Stage II) both steel bars
and fibers contribute to the load bearing capacity (circle
markers). In the final stage (Stage III), which describes
the gradual exhaustion of the fiber toughening contribu-
tion, the curves tend towards different plastic plateaus, each
one defined by its corresponding steel-bar reinforcement
brittleness number, NP.

The same discussion applies to the numerical curves
of Figure 5b, where a variation in the fiber-reinforcement
brittleness number, NP,f, affects just Stage II of the flex-
ural response. Consistently with previous discussions,
Stage III is characterized by an asymptotic convergence
of all the curves to a common plastic plateau, which is
defined by NP (=0.10).

It is worth noting that even if the amount of steel-bar
reinforcement, that is, NP, is not sufficient to provide a
stable postpeak response (NP < NPC = 0.28), the addi-
tional contribution represented by the reinforcing fibers,
that is, NP,f, permits to obtain an ultimate bending
moment greater than the first cracking moment (see the
green, cyan, blue, and purple curves in Figure 5b). In this
sense, the crucial point is that the minimum reinforce-
ment condition in HRC beams, as defined before, can be
obtained by an effective combination of NP and NP,f.

Finally, the set of curves in Figure 5c is obtained by
varying Nw and keeping unchanged the reinforcement
brittleness numbers, NP and NP,f (NP = 0.10; NP,f = 1.00).
Nw drives the decrement of the bearing capacity in the
final stage (Stage III) toward the final plastic plateau of
the response and, most importantly, does not affect the
maximum load experienced by the specimen.

For each curve in Figure 5, both the first cracking
moment (red square marker) and the ultimate bending
moment (circle markers) can be evaluated, leading to
define the minimum reinforcement conditions. The
cracking moment can be calculated by means of
Equation (2) by imposing KI = KIC, and considering that
reinforcements are not active in the elastic stage of the
response ({F} = 0). As a result, the dimensionless first
cracking moment is solely a function of the initial notch
depth, a0/h: eMF ¼ MF

KICbh
3=2 ¼ 1

YM a0=hð Þ. On the other hand, a
closed form expression cannot be found for the ultimate

6 RUBINO ET AL.
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bending moment, which actually depends on the rein-
forcement brittleness numbers, NP and NP,f, whereas the
influence of Nw is negligible (see Figure 5).

Therefore, the minimum reinforcement conditions
predicted by UBCM can be synthetically represented in a
nomograph (Figure 6), where each blue point corre-
sponds to a combination of the two reinforcement brittle-
ness numbers, NP and NP,f, required to guarantee a stable
post-peak response of the composite beam. Considering
the whole set of numerical data (blue points), it is found
that in the critical conditions NP and NP,f can be effec-
tively interpolated by a linear relation (red line), which
defines the minimum reinforcement condition of HRC
beams. In this sense, the regression curve works as a
dividing line between two domains in the proposed

(a) (b)

(c)

FIGURE 5 Dimensionless fracture moment versus local rotation of the hybrid-reinforced concrete beam: (a) influence of NP; (b)

influence of NP,f; (c) influence of Nw.

FIGURE 6 Minimum reinforcement design diagram for

hybrid-reinforced concrete beams.
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nomograph, for which the combination of NP and NP,f

provides a stable or unstable response, respectively. For a
given value of NP—that is, a certain percentage of steel-
bar reinforcement, ρ—, it is possible to obtain the corre-
sponding value of NP,f—that is, the fiber volume fraction,
Vf—required to guarantee the minimum reinforcement
condition, and vice-versa (see dashed black arrows in
Figure 6). Therefore, the diagram of Figure 6 can be used
as an effective tool for a quantitative evaluation of the
amount of reinforcing fibers necessary to a partial
(or total) replacement of steel bars in HRC structures in
flexure.

It is worth emphasizing that these predictions take
into account the variation of some crucial parameters for
the design of HRC members, such as the amount of the
reinforcing phases, ρ and Vf, and the beam depth, h,
which are englobed in the definition of the brittleness
numbers, NP, NP,f, and Nw. Consistently with Equa-
tions (8), (9), an increase in ρ and/or Vf provides a pro-
portional increase in the corresponding reinforcement
brittleness numbers, NP and/or NP,f, leading to the
ductile-to-brittle transition represented in Figure 5a,b,
respectively.

An analogous trend occurs when h increases,
whereby the related nonlinear increase in NP and NP,f

leads to a simultaneous increase in the load-bearing
capacity (circle marker) and in the level of the final plas-
tic plateau (horizontal asymptote), providing a greater
stability to the flexural response. This trend has a direct
effect on the HRC minimum reinforcement condition,
which is found to be scale-dependent. In other words, for
a given couple of critical values belonging to the regres-
sion line of Figure 6, NP and NP,f, it is found that ρmin /
h�1/2 and Vf,min / h�1/2, respectively.

Moreover, it should be noted that an increase in
h provides also a reduction in Nw (Equation 10), corre-
sponding to a quicker exhaustion of the fiber contribu-
tion in the final stage of the response, that is, a faster
convergence of the flexural curves toward the final plastic
plateau (Figure 5c).

4 | EXPERIMENTAL VALIDATION

In this section, an extensive experimental campaign
recently carried out by Holschemacher et al.51 is taken
into consideration. Four-point bending tests were per-
formed on high-strength concrete beams, characterized
by a span of 600 mm, a thickness of 150 mm, and a depth
of 150 mm, reinforced with steel bars and steel fibers.
The concrete mixture was characterized by a 28-day aver-
age cubic compression strength of 86 MPa. Three differ-
ent steel-fiber types are considered. Two hooked-end

steel-fiber types, F1 and F2, are characterized by the
same geometry but different nominal tensile strengths,
equal to 1100 and 1900 MPa, respectively. In addition,
one corrugated steel-fiber type, F3, was tested. For each
fiber type, four different fiber volume fractions were con-
sidered: 0, 20, 40, and 60 kg/m3. On the other hand, three
different steel-bar reinforcement percentages were
adopted: 0.00%, 0.25% (2Φ6), and 1.00% (2Φ12).

In this work, only the results obtained in the case of
fiber-type F1 are shown. In addition, the specimens with
ρ = 1.00% are excluded from the present investigation
due to the concrete crushing or shearing failure experi-
enced by these specimens. Further information about the
experimental testing can be found in Holschemacher
et al.51

4.1 | Identification of the constitutive
parameters

The application of the UBCM to HRC specimens requires
the identification of the mechanical parameters of the
matrix (concrete fracture toughness, KIC), of the steel bar
(yield strength, σy), and of the steel fibers (slippage
strength, σs, and the fiber embedment length, wc). There-
fore, an identification procedure is performed on the
basis of the experimental tests carried out on plain con-
crete, RC, and FRC specimens.

The concrete fracture toughness, KIC, has been identi-
fied by considering the peak load measured during the
flexural tests carried out on plain concrete (experimental
curve A-0 in Holschemacher et al.51). It is worth recalling
that specimens A-0 were nominally unnotched. Under
these circumstances, the application of UBCM requires
the introduction of a fictitious initial notch, a0/h, to
define the load at the onset of the cracking process.

Considering the discussion in the previous section, a
given value of the cracking load (moment) can be
matched by means of different combinations of a0/h and
KIC: MF ¼ KIC

YM a0=hð Þbh
3=2. In this sense, in the case of

unnotched specimens KIC becomes a fictitious constitu-
tive parameter of the concrete matrix, considering that
for each value of a0/h that is assumed, a different value
of KIC can be defined. In other words, the variation of
these two parameters, a0/and KIC, is balanced so that the
experimentally observed cracking load is obtained. In
addition, the constitutive parameters of the reinforcing
phases are not affected by a0/h since they refer to the
post-cracking stage of the response. As a consequence,
the features of the flexural response (cracking and ulti-
mate loads, minimum reinforcement condition) are not
affected by the choice of a0/h, as recently discussed by
the authors in a recent research work.43 In the case under
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investigation, a fictitious notch equal to the concrete
cover is assumed (a0/h= c0/h= 0.15), leading to KIC

equal to 64MPamm1/2.
The yielding stress of the steel bar, σy, has been iden-

tified by considering the level of the plastic plateau in the
case of RC without steel fibers (experimental curve B-0 in
Holschemacher et al.14). The corresponding crack open-
ing, wy, is calculated by means of Equation (5) consider-
ing the mechanical properties declared in
Holschemacher et al.,51 and it is found to be equal to
0.60 mm.

Eventually, by considering the bridging law for
hooked-end steel fiber (Figure 4b), the related constitu-
tive parameters, σs and wc, have been identified by con-
sidering the flexural curve of the FRC specimens,
without steel bars (experimental curves A-1, A-2, and A-3
in Holschemacher et al.51). The average values of the
identified mechanical parameters are collected in
Table 1.

4.2 | Prediction of the HRC flexural
response

When the mechanical properties of each phase of the
composite are identified, the flexural response of HRC
specimens can be predicted as a function of the amount
of the reinforcing phases, that is, the fiber volume frac-
tion, Vf, and the steel-bar reinforcement percentage, ρ.
The superposition between experimental data (dotted
curves) and numerical predictions (continuous curves) is
represented in Figure 7 for the specimens under investi-
gation, characterized by ρ = 0.25%, and Vf equal to
0 Kg/m3 (curves B-0), 20 Kg/m3 (curves B-20), 40 Kg/m3

(curves B-40), and 60 Kg/m3 (curves B-60). In all cases, a
good agreement between numerical and experimental
curves is obtained, together with an accurate evaluation
of the cracking moment and of the ultimate bending
moment of the HRC beams.

Within the framework of UBCM, these different
behaviors can be synthetically described in terms of

brittleness numbers. It can be noted that, for given values
of the mechanical properties, the variation in Vf affects
NP,f according to Equation (9). NP,f is equal to 0, 0.22,
0.44, and 0.66 for specimens B-0, B-20, B-40, and B-60,
respectively. On the other hand, NP (=0.38) and Nw

(=531) remain unchanged for all specimens, according to
Equation (8) and Equation (10). In this sense, the influ-
ence of fibers on the response is consistently captured by
the model, considering the greater load-bearing capacity
of HRC specimens (curves B-20, B-40, B-60) with respect
to ordinary RC (curves B-0).

Considering the stability of the flexural response, in all
cases a stable postcracking response is experimentally
observed (ultimate load greater than cracking load), since
the amount of steel bar area was already sufficient to guar-
antee the minimum reinforcement condition regardless of
the addition of steel fibers (NP = 0.38 > 0.28 = NPC).

By means of the design nomograph (Figure 6), the
minimum reinforcement condition of the HRC beams—
that is, the combination of ρmin and Vf,min—can be pre-
dicted. Despite the minimum reinforcement can be
described by any point of the regression line, for the sake

TABLE 1 Identified mechanical properties.

ID Fiber-type ρ (%) Vf γf(kg/m3) KIC (MPa mm1/2) σy (MPa) σs (MPa) wc (mm)

A-0 F1 0.00 0 64 – – –

B-0 0.25 0 – 800 – –

A-1 0.00 20 – – 524 12.5

A-2 0.00 40 – – 454 9

A-3 0.00 60 – – 408 9.5

Avg. – – – 64 800 462 10

FIGURE 7 Prediction of the hybrid-reinforced concrete

experimental curves.
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of simplicity two limit conditions are taken into account.
They correspond to the case of RC, in which the minimum
reinforcement is obtained only by means of longitudinal
steel bars, and to the case of FRC, in which the minimum
reinforcement is given only by means of short steel fibers.
In Figure 6, these two conditions correspond to two points
given by the intersection of the regression line with the
axes of the nomograph, and they are characterized
by the coordinates (0; NP = 0.28) and (NP,f = 0.56; 0),
respectively.

Considering the identified mechanical properties of
the composite (Table 1), the two limit conditions corre-
spond to ρmin equal to 0.19%, and Vf,min equal to 0.63%,
respectively. The related UBCM numerical predictions
are represented in Figure 8 (continuous thick lines),
together with the experimental curves (dashed lines). The
other critical conditions, which are defined by the other
points of the regression line of Figure 6, lead to flexural
curves included between the two previous ones.

5 | CONCLUSIONS

The minimum reinforcement condition in HRC beams is
interpreted in the framework of fracture mechanics by
means of the UBCM. The model assumes the reinforced
element as a multi-phase composite, in which the cementi-
tious matrix (primary phase) is assumed to be linear-elastic
perfectly brittle. On the other hand, different nonlinear
constitutive laws are used to model the behavior of the rein-
forcing phases, considering the yielding of the steel-bar
reinforcements and the slippage of the short fibers.

The ductile-to-brittle transitions characterizing
the structural behavior are governed by three scaling
dimensionless numbers: the bar-reinforcement brittleness

number, NP, which describes the toughening contribution
of the steel-bar reinforcement; the fiber-reinforcement
brittleness number, NP,f, and the pull-out brittleness num-
ber, Nw, which both describe the toughening contribution
of the reinforcing fibers. The minimum reinforcement
condition in HRC structures is proven to be obtained by
an effective combination of NP and NP,f.

The effectiveness of the model is discussed on the
basis of a recent experimental campaign, in which the
structural behavior of HRC beams is investigated. The
substantial overlapping between numerical predictions
and experimental results suggests the applicability of the
model as a design-by-testing procedure to determine the
minimum reinforcement conditions for HRC beams, thus
promoting the fibers as an effective partial or total
replacement of traditional steel bars.

NOTATION

Af fiber cross-section area
a actual crack depth
a0 initial crack depth
b beam thickness
ci ith reinforcement layer position
c0 concrete cover
E concrete Young's modulus
Es steel-bar Young's modulus
Fi ith bridging force
{F} bridging forces vector
h beam depth
KI stress-intensity factor
KIC concrete fracture toughness
KIi stress-intensity factor due to the i-th bridging

force
KIM stress-intensity factor due to the applied bend-

ing moment
M applied bending moment
MF fracture moment
~MF dimensionless fracture moment
m number of active reinforcement layers in the

cross-section
NP bar-reinforcement brittleness number
NP,f fiber-reinforcement brittleness number
NPC critical value of the reinforcement brittleness

number
Nw pull-out brittleness number
nb number of steel-bar reinforcement layers in the

cross-section
nf total number of fibers in the cross-section
Vf fiber volume fraction
Vf, min minimum fiber volume fraction
wi ith crack opening displacement
{w} crack opening displacements vector

FIGURE 8 Prediction of the minimum reinforcement

conditions.
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wc critical crack opening at the fiber-reinforce-
ment, or fiber embedment length

wy crack opening displacement at the steel-bar
yielding

{YF} bridging force shape function vector
YM shape function due to the applied bending

moment
α orientation factor
φ local rotation
~φ dimensionless local rotation
λMM local rotation compliance
[λ] matrix of the bridging force local compliances
{λM} vector of the bending moment local

compliances
ρ steel bar area percentage
ρmin minimum steel bar area percentage
σi ith bridging stress
σs fiber slippage strength
σs equivalent fiber slippage strength
σy steel yielding strength
τm average shearing stress at the concrete-steel

interface
Φ steel-bar diameter
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