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Abstract: The paper is an introduction to the use of the classical Newton—Puiseux procedure, oriented
towards an algorithmic description of it. This procedure allows to obtain polynomial approximations
for parameterizations of branches of an algebraic plane curve at a singular point. We look for an
approach that can be easily grasped and is almost self-contained. We illustrate the use of the algorithm
first in a completely worked out example of a curve with a point of multiplicity 6, and secondly, in
the study of triple points on reduced plane curves.

Keywords: plane curves singularities; Newton-Puiseux algorithm; triple points

MSC: 14H20; 14B05; 13J05

1. Introduction

The study of singular points of algebraic plane curves is a very classical subject in
algebraic geometry, and a renewed interest in this subject has come from its connections
with applications (e.g., in CAD). Rational curves have been of particular interest from
this point of view, since they can be parameterized and so they are particularly suited for
plotting a design. Hence, finding ways to describe plane rational curves at their singular
points (more specifically, finding algorithms that can do that) has been quite a prominent
subject of research; many results have been obtained by attacking this problem from
different points of view (e.g., see [1-3]).

When the curve is not rational, one cannot rely on the advantage of a parameterized
curve, nevertheless, there are local parameterizations of the branches of the curve at one
of its points, albeit not given by polynomials, but rather by power series. Namely, if
the curve is defined by a polynomial f(x,y) € C[x,y|, with f(0,0) = 0, one can find
parameterizations T — (T™, p(T)), p(T) € C{T}, the ring of convergent power series in
T, such that f(T™, p(T)) = 0, p(0) = 0. Every such parameterization (where p(T) gives a
holomorphic function defined in a neighborhood of the point) describes a branch of f(x,y)
at (0,0). For example, the curve C, defined by 2xy? — > + x?y? — 2x° + x°y + x7 — x%y +
x® — x? = 0, has two branches at O = (0,0), given by (T,2T +...) and (T?,T° +...). The
first branch is a smooth one, while the second has a double point (a ramphoid cusp).

The way to obtain these parameterizations is via the Puiseux series and the Newton—
Puiseux algorithm; these are quite a classical subject of study (the idea goes back to Newton,
then was rediscovered by Puiseux, see [4-6]), but their knowledge is not so widespread.
Hence, we consider it worthwhile to present a concise and self-contained introduction to
their use which could be useful, especially for graduate students and young researchers.

We work on C and we consider a Puiseux series as a power series where positive
rational exponents also appear; we denote by C{{x}} the ring of such series (for this
ring there is not a standard symbol). In some texts, the name Puiseux series is used for
series where also a finite number of negative rational exponents is allowed and in this case,
Puiseux series would form a field K (namely, the quotient field of our ring C{{x}}). With
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this approach, the core result of this theory can be stated as The field K is algebraically closed.
This theorem, also called the Newton—Puiseux Theorem, can be found with a concise but
not constructive proof in [7] and with a different and somewhat simpler (but again non-
constructive) proof in [8]. From this point of view, the branches of an algebraic curve given
by f € Clx,y| are given by the linear factors of f as an element of K[y|: f = a[T/"4(y — 7;),
where a, and the ¥;’s (not necessarily distinct) are in K, while m is the multiplicity of C at O
(e.g., see the exposition in [9]).

Detailed treatises of the theory (apart from the early references of Newton and Puiseux
themselves) can be found for example in ([chs. 6, 7], [10]), ([chs. 7, 8 and appx. 4], [11]),
([ch. 1 sec. 3], [12]), ([ch. IV],[9]). A constructive approach, in order to find explicitly the
parameterization of the branches, is given by the Newton—Puiseux Algorithm; e.g., this is
the way the Newton-Puiseux Theorem is proved in [9] (but also there the algorithm is not
completely constructive, see ([Intro], [13])).

For a more constructive approach, which also considers non-algebrically closed fields
or finite ones instead of just C, one can consider [13-16], and the references therein, where
also discussions about the search for efficient computational versions of the algorithm can
be found.

The first aim of this paper is to expound a handy and compact version of the Newton-
Puiseux procedure (over C), which avoids involving negative exponents and is given by
an algorithm “as concise as possible”, together with a self-contained justification of why
it actually works (which avoids the proof of the Newton-Puiseux Theorem, although we
use [9] as the main reference for some details) and a “Stop criterion” which allows to obtain
good polynomial approximations of the series which give the local branches of the curve.

The plan of the paper is as follows: after a section of preliminaries (Section 2), in
Section 3, we describe our version of the Newton-Puiseux Algorithm for the branches of a
reduced algebraic curve at a singular point. The way we proceed is the following: first, we
describe two essential tools for the Algorithm: the x-procedure and a graph Gy associated
to the curve. Such a graph G will guide the steps of the Algorithm. The next essential
tool for the Algorithm is the “Stop criterion”, which we describe immediately after, and we
show how it works in making Gy a finite graph (so that the procedures can come to an end).
After that, we have all the main ingredients for the Algorithm and we have also pointed
out what is still missing to obtain a complete justification of why it works; in the following
Section 3.3, we present all the necessary lemmata which answer those remaining questions
(this subsection is quite technical, so a reader who is less interested in such matter can
skip it and still have a good understanding of how the Algorithm works). Eventually, in
Section 3.4, we write the formal Algorithm (Algorithm 1) and then an easier version of it
(Algorithm 2), which can be used in case one already knows the irreducible decomposition
of the curve, also when f is not reduced. In order to fully illustrate the way the given
Algorithm works, in Section 3.5, we present an example of its application on a curve which
possesses several branches at a point of multiplicity 6.

In Section 4, we present an application of Algorithm 1, which is the second aim of the
paper: in Theorem 4.3, we use it in order to obtain the description of all possible structures
of a triple point with a triple tangent (of course, one can apply the Algorithm also if the
triple point has two or three tangents, but in this case, the possibilities for its structure are
well known). Moreover, when C is of cuspidal type, i.e., it has only a 3-branch, we see
that its parameterization can be characterized by an invariant which we call its type (see
Definition 8). The type is a number s € N with s > 4 and s # 0 (mod 3) and the triple
point is of type s if and only if the curve is analytically equivalent to (T%,asT° +...) and
topologically equivalent to (T3, T%).

2. Preliminaries

In the following, C is a reduced plane algebraic curve in A%(C), of equation f = 0,
where f € C[x,y] (we write for short C: f = 0) and O := (0, 0) is a point of C; we denote
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with mo(C) the multiplicity of C at O. Given a formal power series s(T) € C[[T]], o(s)
denotes the order of s(T).

Definition 1. A formal parameterization of C at O is a pair (p(T),q(T)), with p(T),q(T) €
C[[T]], such that f(p(T),q(T)) = 0,p(0) = 0and q(0) = 0. Two formal parameterizations,
(p1,q1) and (pa,q2), are equivalent if there exists an invertible series s € C[[T]] such that
(p1,91) = (p2os,q205s). Moreover, a formal parameterization is called reduced if it is not
equivalent to a formal parameterization of the form (p(T™),q(T™)),m > 1.

Definition 2. A branch of C at O is a class of equivalent formal reduced parameterizations of C
at O.

Remark 1. It can be shown (see, for example, ([ch. 1V, Theorem 2.2], [9])) that in a suitable
coordinate system any given parameterization is equivalent to one of the type

(T",p(T))

where p(T) € C[[T]]. Moreover, two such parameterizations

(T, p(T)), (T",4(T))

are equivalent if and only if n = m and there exists an n-th root of the unity w such that p(wT) = q(T).

Remark 2. Sometimes, what we defined as a branch of C at O is called a place of C at O and it can
be viewed as the algebraic counterpart of the more usual analytical definition of branch. However,
the two definitions are equivalent; more details can be found in (pp. 96-97, [9]).

Definition 3. Let R = (p(T),q(T)) be a branch of C at O. We define the multiplicity of R at
O to be the number m = mp(R) := min{o(p),o0(q)} and we say that R is an m-branch of C.
Moreover, if c and d are the coefficients of T™, respectively, in p and g, the line passing through O
with direction (c,d) is called the tangent line of R.

Remark 3. It can be checked that the equation of the tangent cone to C at O is the product of the

tangent lines (possibly repeated) to the different branches of C at O, with each one raised to the

multiplicity of the corresponding branch. It follows that:

®  C has in each of its points a finite number of branches;

e Iftisatangent of C at O with multiplicity my and Ry, ..., Rs are the branches of C at O
whose tangent is t, then y;_; mo(R;) = m;

* IfRy,...,Ry arethe branches of C at O, then ;" ; mo(R;) = mo(C).

In order to find explicitly the branches of a curve, we will use the Newton—Puiseux
Algorithm, which uses the Newton polygon and Puiseux series, which are nothing but
power series where positive rational exponents are admitted. More formally, we have

Definition 4. A Puiseux series is an element p € C{{x}} := U2, C x7]|. The minimum r
p r=1

such that p € (C[[x%]] is called the lowest common denominator of p € C{{x}} (it is also called
order of polydromy, e.g., see [17]). The order of p is defined analogously to the formal series order.

1
Notice that a finite sum of Puiseux series is a Puiseux series, since if s; € C[[x"1]],...,

1
su € Cl[x]], then sg + - -~ + s, € C[[x777]].
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Definition 5. A Puiseux y-polynomial is a polynomial f € C{{x}}[y] of the form
n .
fry) = Y pix)y
i=0

1
where each p;(x) has a finite number of terms, i.e., p1 € C[x"1],...,pn € C[x%]. Setting
1 , o 1
r =71ty wehave that py, ..., pn € Clx7], hence, f is polynomial in C[x7,y).

A root of f is a series p(x%) such that f(x, p(x%)) =0.

Definition 6. A Puiseux y-polynomial f € (C[x%,y] is called Newton convenient if f(O) = 0

and both x+ and y do not divide f (i.e., there are a,b € N such that the monomials x+ and y° appear
in f with non-zero coefficients).

We want to define the Newton polygon associated to such an f; the definition can ac-
tually be given for polynomials in any number of variables and, in general, is called Newton
diagram (e.g., see ([Definition 2.14 pp. 121-122],[12])). We use only the two-dimensional
Newton diagram for Newton-convenient Puiseux y-polynomials and we refer to it as
Newton polygon (see also [9]).

d
Definition 7. Let f = ) a;;(x
i+j=1
and let supp(f) := {(%,]) € Q?,aj; # 0} be the support of f. The Newton Polygon of f, denoted
by T(f), is defined as follows:

e Let Py be the leftmost point of supp(f) (notice that Py is on the y-axis; if there are more
points with abscissa 0, we choose the lowest one). From Py, we rotate a vertical downward ray
counterclockwise and stop rotating it when it meets the first point of supp(f). We call P, the
rightmost point of supp(f) met by this ray;

e From Py, we rotate a vertical downward ray counterclockwise and we stop rotating it when it
meets the first point of supp(f). We call P3 the rightmost point of supp(f) met by this ray;

*  We repeat this procedure until we reach a point Py, 1 on the x-axis.

%)iyj eC [x%, y] be a Newton-convenient Puiseux y-polynomial

For all Py, P, 1, we denote by by, the segment P, P, 1; we set T(f) = {by...by} and we say
that by, . .., by are the edges of T'(f). The difference between the ordinates of P, and Py, 11 is called
height of b,. For each b € T'(f), we define the b-truncation of f as

ff= ¥ ”ij(x%)iyj'

(1,j)ebn@?

Remark 4. We would like to point out a few easy properties of the Newton polygon which will be
useful in the following: in the notation of the previous definition, consider the unbounded subset N
of the first quadrant, x > 0,y > 0, whose border is given by the Newton Polygon, the ray from Py
on the y-axis and the ray from Py 1 on the x-axis. Then, by construction, N is convex. Hence, it
is clear that there are neither vertical nor horizontal edges in the Newton Polygon and that all the
edges have negative slope.

Example 1. Let us consider the following polynomial f & (C[x%, yl:

f=2y°+ x%y4 —3x%y% + x%y4 +3xty® — x%y2 + x%yz —4x7y? + x%y + x%y —7x12 4 axT

Its Newton Polygon is given in Figure 1:
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for =2y° 4 xdy

Figure 1. The Newton Polygon of f.

and we write I'(f) = {by, by, b3, by }. Moreover, we have:
4 sz _ x%y4 —323y% - x%yz, fb3 _ _xgyz +x%y, fh4 _ x?y— 7212

The next theorem is well known and it will be very useful in the following (its proof
can be found, for example, in ([Theorem 6.4], [10])).

Theorem 1 (Implicit Function Theorem for Puiseux series). Let

d .
f= ;)Pi(x)y’ € C{{x}}Myl-
If po(0) = 0 and p1((1)) # 0, then 3! p € C{{x}} sufh that p(0) = 0 and f(x,p(x)) = 0.
Moreover, if p; € C[[x7]] fori=1,...,d, then p € C[[x7]].

3. The Newton-Puiseux Algorithm

The aim of this section is to present our version of the Newton-Puiseux Algorithm: for
a reduced polynomial f = Z‘f +j—1 @ijx'y/, it yields an approximation of all the branches at
O of the algebraic plane curve C: f = 0. With this in mind, we present some preliminaries
needed for the algorithm.

3.1. The *-Procedure and the Graph G¢

In the following, h denotes a Puiseux y-polynomial with 1(O) =0, h € (C[x%, y], and
such that X7 1 h (recall that r € N,r > 0). Hence, we consider powers of x with rational
exponents, while the powers of i always have an integer exponent.

For the moment, we are just going to describe this procedure, which is the main tool
for our Algorithm; later on (Section 3.3), we shall give the needed justifications in detail. In
the procedure, we distinguish two cases, according to whether y |  or not.

Case y1{h:By assumption, X7 1 h, h(O) = 0and y 1 h, hence, h is Newton-convenient.
We consider the Newton Polygon I'(h) = {by,...,b;} of h. We set

Kb
xuiyvi 4

h) .= Vi=1,...k

where x" and y” are respectively the highest power of x and y such that h ¢ (C[x%, ).
Moreover, we have 1)) (O) = 0 (this will be proved later).
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We find all the s; roots g;1, . . . g;s, of h1), considered as a polynomial in y; if —% is the
slope of by, then 1(?) has all its roots in C[x"i] and each qij is of the form g;;(x) = c¢;;x" with
cij € C (this will be proved later).

We finally set

h(x, xri(cij +2))
xMi

W) = , Yi=1,...,k Vj=1,...,5
where m; is the greatest power of x such that h(/) € C{{x}}[z].

By construction, h(7) is a Puiseux z-polynomial, and if 101 is in, say, (C[x%,y], then
xb t h. Moreover, we have (%) (O) = 0 (this will be proved later). Therefore, the result of
the procedure is:

SiZSi(h), I]l]:ql](h), C,‘]':C,']'(h), ri:ri(h), h(l]), iZl,...,k, ].21,‘..,51'.

Case y | h: Let y° be the greatest power of y such that /1 := % € C{{x}}[y]. We have
two subcases: 1(0) # 0and /1(0) = 0.

e If1(O) # 0, we ignore /1 and we take into account uniquely the contribution given by
the root y = 0 of £, in the following way: we define a virtual Newton Polygon I'(h)
with just one edge and we set, with an abuse of notation:

F(h) = {b1}, S1 = 1, q11 == 0, 11 = 0, ro= 0, h(ll) :=0.

e If(O) = 0, we take into account the contribution given by /i as well as the one given
by the root y = 0, in the following way: /1 being Newton-convenient, we can consider
the Newton Polygon I'(h) = {b;...by} of h and apply the procedure defined in Case

PN

y 1 h to the Puiseux y-polynomial /1; we rename the results of the procedure as follows:

si(h) = si(h), q;j(h) = q;j(h), c;j(h) = cij(h), ri(h) == r;(h), W) = hW), i=1, .k j=1,...s;
Moreover, we add a further virtual edge by, 1 and we set, with an abuse of notation:

F(h) = {bl,. . .,bk,bk+1}, Sk1 = 1, 6](k+1)1 =0, C(k+1)l =0, Tky1 = 0, h((k-H)l) :=0.

Summarizing, the input of the x-procedure is a Puiseux y-polynomial 1 € (C[x%, v]
such that x7 {hand h(O) = 0, and the output is made of:

si=si(h) €N, ri=ri(h) €Qy, cij=cij(h)€C

and some Puiseux z-polynomials 1/} € C{{x}}[z], for any choice of the edge b; of T'(h)
and for any ¢;; relative to that edge.

Moreover, each polynomial h(i) in the output either satisfies the necessary conditions
to apply again the *-procedure, or h(#) = 0.

Example 2. Let us apply the *-procedure to the polynomial
h=y*(2y° + x%y4 3% + x%y4 +3xy® — x%y2 + x%y2 —4x7y? + x%y + x%y —7x12 4 4x%) € (C[x%,y].
Following the notation of the *-procedure, we are in case y|h with e = 2 and
h=2y° + x%y4 — 3%y + x%y4 +3xty® — x%y2 + x%y2 —4x7y? + xL’A‘Sy + x%y —7x12 4 4x 7

so 1(0) = 0 and we apply the *-procedure to i. By Example 1, we know the Newton
Polygon of hand I'(h) = {by, by, b3, by}, with
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P = 246 4 x%y‘l, fib2 = x%y4 — 3%y — x%yz, fibs = —x%yz + x%y, Jibs = x%y —7x12,

As a consequence, we have

(u1,v1) = (0,4), (uz,v2)

Il
VR
N
N
~__
—~
=
@
Q
w
N—
Il
VR
N[ O
[—
~__
—~
=
a
S
iy
SN—
Il
VR
—_
N &;
o
~_

and thus
6 4 3 4 3,3 2.2
NS EUMNE Y S S0 T IS Uk A A 5 SR
y x2y?
9 9 15 L 12
. —x2 2 ~ 2y —7
h(S):M:—y—I-XS, h(4):%:y—7x%.
X2y X2

By computing the roots of the i()’s, considered as polynomials in y, we find:

2.3 A 2.3

q11(ch) = 719(1, qia(h) = _Tlﬂ
A 3++V13 3 A 3—413 3
q21(h) = 5 X qn(h) = ;X

. - 9
g31(h) =%, qu(h) =7xz

and we can compute the 1(7)’s just applying the definition but, since they are very long
to write, we avoid giving them explicitly. At the end of the procedure, we add the virtual
edge b5 and we have our output:

the s;(h)’s:
Sl(l’l) =2, Sz(l’l) =2, 83(1’1) =1, S4(h) =1, S5(h) =1

the g;;(h)’s:

V2. 3 V2, 3 3+V13 3 3—413 3

qu(h) = —=ixi, qu(h) = ——=ixi, qu(h) = —5—x2, () = —F—x

9
ga1(h) = x°, qu(h) =7x2, gs1(h) =0
the C,‘j(h)’S:
V2, V2, 34413 3-V13
cu(h) = =i, cn(h) =——1i, lh) = —5—, bh)=—7

and the h(1)’s, with h(1) = 0] fori =1,2,3,4 and K5V = 0.

Now, let f € C[x,y| be a given polynomial, with f(O) = 0 and x { f. We apply the
x-procedure successively to all the polynomials f, (1), fi) () obtaining a graph G r
as described in Figure 2.
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.................................................................................................................................................................................. 0-Level

Fan-aa flinin)

Figure 2. The graph Gy.

The 0-level consists only of the vertex f, the 1-level consists of the vertices f(/) and so
on, so that the n-level is composed of the vertices marked with 2# indices.

Since, in general, Puiseux series have infinite terms, the *-procedure, in general, does
not end without a stop criterion.

Stop criterion 3.1. In order to have that Gy is a finite graph, we stop the procedure every time
that we meet a polynomial f such that one of the following conditions occurs:

i f=0;
(ii)  f satysfies the assumptions of Theorem 1, i.e., the monomial z appears in f with a non-zero

coefficient (graphically, the Newton Polygon T'(f) has a unique edge of height one).

3.2. The Paths on Gy and the Branches of the Curve

We proceed considering every possible descending path 7 in Gy, starting from fo := f
and stopping when we reach an f(i1/1)-(injn) which satisfies (i) or (ii) of Section 3.1 above.
Notice that, in general, we obtain paths of different lengths.

For each path v, we call n-th step the passage from the n-level to the (n + 1)-level of
v; graphically, it is given by 3 vertices and 2 edges: the highest vertex is a polynomial
fl)-(injn) which from now on is denoted by f,,(y) and, since the *-procedure introduces a
new variable at each step, we consider f,(y) € C{{x}}[yx]. The middle vertex is associated
with an edge of I'(f,;) which is now called a,(y) and the lowest one is now called f;,11(7y).
When no confusion is possible, we will just write f,,, ay, fi, 41

Once a path is fixed, we use the following notation for the *-procedure at the n-th step,
assuming that f, € (C[x%, Yn], where r depends on v and #, and that a, is not a “virtual
edge” which sprouts from a zero root:

e x" and y;" are, respectively, the highest power of x and y,, such that:

an X,
oo = 0D ¢ gy
Yn
* gy = cyx'" is the chosen root of gy;
*  my is the highest power of x such that

fu (2, X" (cn + Yny1))

xMn

foi1 = € C{{x}}[ynral-
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If, instead, a, is a “virtual edge”, we only have c, =0, r, =0, f,+1 = 0 (so the path
7 stops here by the stop criterion).

3.2.1. Each Path  Gives the Approximation of a Branch

Let us consider an algebraic curve C, associated to f(x,y) = 0 and passing through
the origin. In the notation above, each path -y gives the approximation of a branch of C at O
in the following way:

If 71 is the lenght of the path 7y, we set

n
P'y(x) — Z CnxroJr'“Jrrn_
n=0

If no confusion arises we just write p(x) for p, (x).

Let r be the common lowest denominator of p(x); Theorem 1 guarantees that p(x) is
the truncation of a Puiseux series fi(x), with common lowest denominator r. Moreover,
the way the algorithm is constructed guarantees that f(x, j(x)) = 0 and p(0) = 0, so that
(T, p(T")) is the approximation of a branch (7", 5(T")) of C at O. For more details, see
(pp. 98-99, [9]).

The above procedure is summarized in the forthcoming Algorithm 1. Notice that in
the Algorithm we start with a reduced curve C : f(x,y) = 0, i.e., the polynomial f = f
is supposed to be without multiple factors. This, the forthcoming Lemma 6 implies that
the case relative to a “virtual edge” (which would occur when f5_1 has a zero root, forcing
the path < to stop) can never occur, unless C has a branch coming from a component that
is a rational curve, i.e., there is an algebraic branch at O. In other words, if (i) of the Stop
criterion 3.1 occurs, it means that y;_1 | f_1,1.e., 0 € C{{x}} is a root of f;_1: hence, we
can stop following the path in question because the corresponding Puiseux series has a
finite number of terms and we have found all of them.

Of course, the roots of f have, in general, infinite terms. Every time we apply the
x-procedure, we obtain a new polynomial which has a Newton Polygon whose height is
<the previous one by Lemma 3. The criterion actually yields to a stop on any descending
path in G because f is reduced and this implies that each path on the graph ends with
a step of height 1 (see also (p. 105, [9])), hence, we end in case (i7) of the step, unless we
ended in case (i) before.

If, once arrived at the 7" step, we are in case (ii) of the Stop criterion 3.1, i.e., fr(x, yr)
satisfies the hypothesis of Theorem 1, we have that for any n > 7, there is a unique choice
for ¢, and r,,. This means that the root p(x) does not split anymore, i.e., if we were to go
on along the path, from now on, there would be a unique possible choice at each step.
Hence, we have found enough terms of p,(x) to distinguish it from the other branches,
therefore, we can stop the algorithm. Clearly, if one wants to calculate more terms of p(x),
it is enough to continue the procedure.

In conclusion, the Stop criterion 3.1 is a good one.

3.2.2. Justification of the Procedure

There are several results that are needed in order to show that we can actually perform
the *-procedure described in Section 3.1, namely:
(1) In the *-procedure, we need AQ) (O) =0, and the roots g1, . . . q;s, of h() need to be in
(C[x%], with qij of the form ql](x) = cl-]-xri, Cij € C;
(2) Inorder to keep applying the *-procedure, we must show that the Puiseux z-polynomial
h\1) satisfies (1) (O) = 0.
Rephrasing (1) and (2) in the language used above in this Section 3.2, we must
show that:
(1) 8u(O) = 0, and the roots g1, . . . g;s, of gn need to be in C[x%
qij(x) = c;jx", ¢;; € C;

], with g;; of the form
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@) fut1(0) =0.

Finally, notice that we need to distinguish when the parameterizations we obtain in
the algorithm are equivalent, in which case they give the same branch. Lemma 1 provides
a criterion to do that. The fact that (1) and (2) above hold will be proved by Lemma 3 and
Lemma 2 in the next section, respectively.

3.3. The Lemmata

This subsection is of a more technical sort. We present the lemmata which justify why
the algorithm actually works.

Lemma 1. Let C : f(x,y) = 0 be a reduced curve such that x { f and let

be two roots of f. Moreover, let <y and ' be the paths associated to p and p’ with the respective
notation and set 1 = min{n € N | f,(x,y,) and f; (x,yn) satisfy Theorem 1}. Then the parame-
terizations

(T, p(T)),  (T",p(T))

are equivalent if and only if r = ' and it exists w such that w" = 1 and

Proof. If the parameterizations are equivalent, we conclude by Remark 1. By ([Ch. IV,

Theorem 4.1], [9]), it follows that since p(x%) is a root of f(x,y), then also p(wx%) is a root
of f(x,y), where w” = 1. Moreover, since f/; satisfies the assumptions of Theorem 1, there

exists a unique root q(x%) of f(x,y) such that

i
i

g(x ):écg(x Y.

1
r

hence, this root has to be p’(x7 ). By assumption, we have

plxt) = Tocilnty = Yailwrt ) oo = Yl +

1 1 1
r r r

so that p(wxr) = q(x%). Hence, we have p(wxr) = p’(x7) and the result follows by

Remark 1. O

Lemma 2. Notation as in Section 3.2. Let a, € T'(fy), let p denotes its slope, and let ¢y ... c;
be the distinct roots of gn(1,yn), of multiplicity my, ..., my. Then, g,(O) = 0, and the roots
of en(x,yn) € C{{x}}yn] are gu1(x) = c1x™, ..., gue(x) = cex™, where r,, = —%; more
precisely, there is a constant « such that

t
gn (X, yn) = “H(yn —csxm)Ms
s=1

where Y!_, m; is equal to the height of a,. We say that ms is the multiplicity of cs as a root of gn.

Proof. We can assume that y { f,,, hence f, is Newton-convenient and we can consider its
Newton Polygon I'( f,,); moreover, all its edges have strictly negative slopes by Remark 4.



Mathematics 2023, 11, 2324

11 of 31

Hence, if (i1,j1), .- -, (i, ]r) are the points of a,, ordered from left to right, we have i; < i; <

- <irandj; > jo > -+ > j,. Therefore, if we set

)= ¥ aly)

(i,j)€supp(fn)

we have

an

2 alk]kx ynr uj =1i1,0; = Js

which in turn gives
x y}’l Z azk] lk i ]k ]r

]r

so we can see that g, (O) = 0. The slope of a, is p = 7

en(x,yn) € C{{x}}yn] of the form y,, = ux™, u € (C, rn = —5. We have

T
8t ) = g (e, ") = Y7 gy Gl
k=1

Since (ik, jx) € an, k =1,...,r, the following equation holds:
(]1_]f)(lk_ll):(]k_]l)(ll_lr)/ kzlr-“/r
and therefore,

(ix —11) Gr —j1) — Gk —jr) Gr — 1)

i — i+ P — o) = =i—i, k=1

Jr—h
Hence, we have

. . r . .
gn(X,yn) = x"r 1 2 aikjku]k_]’.
k=1

Now, we define

h(yn) == gn(Lyn) Zazk]ky]k I

Since h(y,) € Cly,] and deg(h) = j1 — jr, h(yx) factorizes as

t
= ajj, H —cs)™s, withe; # cjand Y ms = ji — jr.
s=1

Thus, we have

x”n

. . . . t
S (X, yn) = X" h(u) = ag X [ ](u— o)™ = aj;,x"0 H
s=1

Since
t

n st = Vn(jl _jr) =iy — iy,
s=1

we obtain

t t
¥
gn (X, yn) = Birjy qxrnms(xir”n —c) = Girjy 1—[1(%1
5= 5=

L we c0n51der the possible roots of
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Therefore, the roots of g, are

T, 1,
Gn1 = C1X"™, .., qGut = X"

and we conclude the proof by observing that j; — j» = Y.!_; ms is exactly the height of
a;. U

Lemma 3. Notation as in Section 3.2. If cx™ is a root of gu(x,yn) of multiplicity m, then the
lowest pure power of Yy, 1 i1 fuy1(X,Yny1) is yy, 1. Moreover, f,11(0) = 0.

Proof. We use the same notation introduced in the proof of Lemma 2. We can write f; as
fo=fi+ (fu = fir) = Xy5ign + fa-
~
fu
Hence, it follows that

Fu(, 2 (¢ Y1) = 2 (0 ) g (3, 27 (€ + Yuin)) +fu (0,57 (€ + Ys))-
A

By Lemma 2

t ; t
(X (e 4 Y1) = gy, LTyt + (e = co)x)™ = gy T e = s + )™

s=1 s=1

and
i1 — iy
ry = —— and

t
Jr=h s=1

Mms :jl _jr'

Without loss of generality, we can suppose that ¢ = ¢ (and, as a consequence, that m = m;).
Therefore, we have

t

n (x/ an (C + _‘/n—i—l)) = ailjl xiy_ily;?:-‘rl H(C —Cs + yn-l—l)ms
5=2

and, by substituting this in A, we obtain

t

A= ailhx””'f*"’yn"ﬂrl GRS L H(c — s+ Yni1)™.
s=2

Now, let aifjx;y],'l be a monomial of f,. Its evaluation in (x, X (c + y,41)) is

A e+ ).

Since (7,7) € (supp(fu) \ ax), the point (i,) does not belong to a,. Let d, be the line
containing the edge a,; i, has equation i + r,j = i, + r,jr. Since I'( f,,) is part of the border
of the convex hull of supp( f,), the point (i, ) is in the half plane i 4 r,,j > i, + r4j,, hence,

[+ 1nj > iy + Ty (1)

This shows that the power of x for which we have to divide f,, (x, X" (¢ + y,,11)) is x™/rir
and that the pure powers of y,,41 in f,, 11 are uniquely the ones coming from

t

A .
i = WY (€ Ty T1(e = e+ yn)™.
5=2
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Hence, the monomial with the lowest pure power of y,,1 is

t
( T~ >> A
5=2
so the lowest pure power of y, 1 in f,11(x,Yu41) is ¥}, ;- We have

A fulox™ (e 4 Yni1))
frr1 (X, Yny1) = Y Tnirtir - T tir -

and —4— (0O) = 0 since it is divided by y,, 1,whﬂew0 =0by(1). O
Y Yn+ y

xnjr +ir xrnjr+ir

Lemma 4. Notation as in Section 3.2. Let n € N be the minimum such that there exists t € N,
t > 1such that y!, ;| fuy1. Then:

Vg | fasr in C{{x}}ynia] & (y — i:)Cixrf+’f‘1+"'+r°)t | fin C{{x}}[y]

Proof. Let

foltyn)= Y apx'vh s far (G yns) = ), bipx" vl
(i,j)€supp(fn) (¥,j") €supp(fur1)

and recall that the exponents of x are rationals, while those of y are integers.

=) Since ¥l | fur1(x,ynq1) it exists by € C{{x}}[yns1] such that f,, 11(x,y,11) =
Yt 1Pns1(X, yng1). Moreover, we have

fu(x,yn) = X" fuiq (x/ % - Cn) = xn (LZ - Cn>thn+1 (x, )]C/% - Cn) =

T\t My —tr Yn
= (Yn — cpx™)" x ”hn+1<x,ﬁ—cn).

hn(xryn)
Now, we want to show that &, (x,y) € C{{x}}[yx]. We have

X, RN
Ynt1 (") Esupp (fut1)
therefore,

_ _ il J—t
hn(xr ]/n) = x"n tr"hn+1 (x/ % - Cn) =yl 2 bi’j’xZ (i/i - Cn) =
(j") esupp(fu+1)

v - o
— Z bi/j,xmn—tr,,—&-z —ru(j—t) (yn _ Cnxr,, )] t.
(#",j) €supp(fu+1)

Since j/ — t > 0, it is enough to prove that
My — tru i —ra(f =) 20, ¥ (i) € supp(fus1). 2)
By definition

n(X, X" (cn + itirg—m i
Fran (%, Ypp1) = fu( ( Yni1)) _ Z a;x +jrn "(en 4 Yny1) =

X () €supp(fa)
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it LN ko gk
- Z ai]«xzﬂrrmn Z <k>]/n+lcﬂ

(i,j)esupp(fn) k=0

hence
(i',) € supp(fur1) = 3 (i,j) € supp(fn),k € N,k < j such thati’ =i+ jr, —my,and j’ = k.
Thus, in order that (2) holds, it suffices that
My —try +i+jin—mp—ru(k—t) =i+ (j—k)r, >0 VY (i,j) € supp(fu),0 <k <j
and this inequality holds because i,(j — k),r, > 0. Thus, we showed that

hn(x, yn) € C{{x}}[y].

Now, by the same reasoning, we have

t
My Yn-1 g [ Yn—1 r Yn-1
fu1(x,yn—1) = x" 1fn(x _Cnfl) =x 1( —Cn—1 — CnX ") hn(x/ o —Cp-1) =

’ x'n-1 xTn—1

— T IntTn— 1\t iy _q—tr,_ Yn—1
= (yn_l — Xl — gt ) xMn—-1—1t"n lhn<x,m _Cn—l) .

By 1 (X yn—1) €EC{{x} }yu—1]

Hence, since f = fp, iterating the same procedure, we find h(x,y) € C{{x}}[y] such that

n t
floy) = (y - Z)Cix"'”‘**“'*m) h(x,y)-

i=0

<) The proof is analogous to the previous one. [

Lemma 5. Let us consider f,g € Clu,v] such that g is irreducible, deg g > 0, and lett € N, > 0.
Then, ¢' | f if and only if g divides f and all its partial derivatives up to the order of t — 1.

Proof. =) Is trivial.
<) Let us prove the statement for t = 1. Let f = gh; since g | f, and g | fo, there exist
hi,hy € Clu,v] such that f, = ghy and f, = ghy. We have

g = fu=(gh)u = guh +ghu,  gha = fo = (gh)o = goh + gho.

Thus, we have that g(hy — hy) = guh and g(hy — hy) = goh so that ¢ | guh and g | goh.
Since ¢ is irreducible, it follows that either g | ¢, or ¢ | h and either g | g, or g | h. Since
deg gy < degg, we have that g | g, if and only if g, = 0, and similarly for g,. Now,
notice that since deg g > 0, at least one between g, and g, is not the zero polynomial and
hence, ¢ | h.

Now, let us suppose that f > 1 and that g divides f and all its derivatives up to the
order of t — 1. In particular, g divides all derivatives of order t — 2 and their first partial
derivatives. Thus, by the previous part of the proof, it follows that ¢> divides all partial
derivatives of f of order t — 2. By iterating this argument, we have that g* divides all partial
derivatives of f of order t — a and hence, ¢' | f. O

Lemma 6. Notation as in Section 3.2. Let t,tn € N, t > 1,n > 0, and let
Vi1 | fus1. Then, if v is the lowest common denominator of Y. c;x"it"i=1+"%70, we have
that R = (T', Y1 ¢; T Vit 7ic1t470)) s g branch of C = f = 0 at O. Moreover, if g(x,y) = 0 is
an equation of the parametric curve R, then g' | f in Clx,y].

Proof. We use the same notation introduced in the proof of Lemma 4.
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foa = MY cilai+ai -+ +ag) (xm) ittt tml(y

x i

n

i=0

By assumption y!_ ; | fu41, hence, by Lemma 4, we have that there exists
h € C{{x}}[y] suchthat f = h- (y — Y/, c;x"i =1+ +70)f In particular,

n
£, Y et o) — g
i=0

and hence, R is a branch of C at O.

Since R has a polynomial parameterization, it is an algebraic rational curve and
therefore, there exists ¢ € Clx,y], g irreducible, such that R : ¢ = 0. In order to prove
that ¢ | f in C[x,y], we start proving that ¢’ | f in C{{x}}[y]. Notice that, by the proof
of Lemma 4, it follows that there exists m € N such that &, (y — Y/, ¢;x"iT7i-1+170) ¢
(C[x%,y]. As a consequence, we can prove that ¢' | f in (C[x%,y]. To do this, we apply

Lemmab5to f, g € (C[x%,y]. Let
P = (T, ) Tty e g,
i=0
then
F(P) = f(T, Y T4y _ 0 ype R = PeCY¥PER = g| f.
i=0

In order to calculate the partial derivatives of f with respect to x and y, that we denote
respectively by f 1 and f, , we set a; := mr; € Z and rewrite f as follows
xm

- i+a; -a 1
Flxm,y) = (y = Y ci(am)otat 4oyt p(xi y)
i=0

so that the first-order partial derivates of f are

Gilm ) )

1=

0

n

L\ gt et 1
= Y im0y ()

i=0 xm
and

n

1\ gt _ 1 L 1 gtg o 1
fy =ty =Y ci(am)tatta) =l (e y) 4 (y — Y oy (aom )t At a0y (e ).
=0 i=0

Therefore, we have
fx%(P):fy(P) =0 VPER:>g|fx% and g | fy.

In the same way, each partial derivative up to the order of ¢ — 1 is the sum of products
that have at least one factor (y — Y1 c;(x7 )@ +ai1++a0) thys, all of them vanish in each
P € R. As a consequence, by Lemma 5, we have that ¢’ | f in (C[x%, y], that is, there exists
p € C[xm,y] such that f = g'p. Since f, g € C[x,y] C C[x,y], in order to show that g' | f
in C[x, y] it is enough to show that p € Clx, y]. Let us write p as p = p; + pp, where each
monomial of p; is in C[x, y] and each monomial of p; is in (C[x%, y] \ C[x, y]. We have that

§m=Ff-¢m
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so that, since f,g,p1 € C[x,y], also ¢'pa € C|x,y]. Now, we observe that if x*y” is a
monomial of gt p2 then a is sum of an integer, coming from a monomial of gt, and of a
rational that is not an integer, coming from a monomial of p,, and thus a is a rational but

not an integer. As a consequence, we have that ¢'p, = 0. Hence, since (C[x%, y] is a domain
and g # 0, we have that p = 0 and p = p; € Clx,y] and this ends the proof. [

3.4. The Algorithm
The Newton-Puiseux Algorithm

Now, we present the Newton—Puiseux Algorithm based on the procedures described
and justified in the above sections. Notice that we suppose x { f, since we used this
hypothesis in the x-procedure; of course, if one wants to study a curve that has the y-axis
as a component, it is sufficient to remove the factor x from f and then to add the vertical
branch {x = 0} (parameterized by (0, T)) to the branches at O obtained by the Algorithm.

We gave Algorithm 1 for reduced curves; notice that when f is not irreducible, it can
be much easier, computationally, to work separately on its irreducible components (if they
are known, to find them is not computationally easy, e.g., see [18], where an algorithm is
given) and then consider the union of the branches of any such component.

Algorithm 1 Study of the branches at (0,0) of a reduced plane curve C of equation f =
Z‘ijﬂ:l al-jxiyf, a;j € C,such that x { f

Input: C: f = Z?H:l aijxiyj, 0 =(0,0).

1
Output: Integersry,...,rsand p; € C[x"1],...,ps € (C[x%
).

at O, and each branch is approximated by (T"i, p;(T")

| such that C possesses s branches

1. Apply the -procedure to f and go on with the f(171)--(injn)’s thus obtained. Form
the graph Gy, applying the Stop criterion.

1

2: For any descending path y in G, work as in 3.2, until you obtain a p, (x) € C[x™],
which yields an approximation of a branch of C at O.

3: Consider all p,,’s obtained at the previous step and find the ones that give equivalent
parameterizations. If p, and p,, are the truncations of Puiseux series j, and p./, they
give equivalent parameterizations if and only if they have the same lowest common
denominator r and it exists w, € C with w} = 1, such that ﬁ,y(x%) = Py (wrx%) up to
7, where n = min{n € N | f,(x,y,) and f},(x, y,) satisfy Theorem 1}.

Keep only one of the p,’s for each class of equivalence.
4: The number s of equivalence classes found at step 3 is the number of branches of

1
CatO. Thedatary,...,rsand p; € C[x1],,...,ps € (C[x%} obtained before are the
required output, and (T, p;(T")),i =1,...,s give approximations of the s branches
of our curve. END

We summarize this (quite obvious) procedure in the next algorithm, where we also
drop the “f reduced” hypothesis, by adding that any branch must be counted as “n-ple” if
obtained from a factor f/".

Notice that also in Algorithm 2, we suppose that x = 0 is not a component of C;
obviously, if there is a factor of f which is x", we just remove it before applying the
Algorithm and then we add the branch {x = 0} counted n times to the output.
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Algorithm 2 Study of the branches at (0, 0) of a plane curve C of equation f = ¥4 =1 aijxiyf ,
ajj € C, f = fi'" ... f" (the irreducible decomposition of f), with f; # x, £ =1,...,m

Input: C: f = Z?Jrj:l aijxiyj =fit... fu", O =(0,0).

1 1
Output: Integers r¢1,...,7,5, and pgy € C[x"1],...,pps, € Clx"™], £ =1,...,m" < m,
such that C possesses s = 51 + ...+ s, branches at O, and each branch is approximated by
(Tr“/ PZ,i(TrE’i))/ i€ {1r e /Sf}'

1: Foreach f;, ¢ =1,...,m,consider f;(O); let (up to reordering the f;’s) f1(0) = ... =
far (O) = 0, while f,(O) # 0for ¢ > m’.

1 1

2: Apply Algorithm 1 to any fy, 1 < £ < m’, soto get py1 € C[x"e1],...,pys, € C[x"0¢ ]
such that (T"%, py;(T"¢)) are the (non-equivalent) approximations of the s, branches
of Cy: {fy =0} atO.

3: Consider all (T", py;(T™)),i € {1,...,s;}, ¢ € {1,...,m'} obtained in the previous
step. They give the approximations of all the branches of C at O; each of them must
be considered 1, times.

4: END

3.5. An Example

The following example illustrates how the Algorithm works.

Example 3. Consider the integral curve C : f = 0, where

V3-2

=2y +6xy° — 83y +2:3y* + (2v3 +2)xty® + (4V3 — 4)x°y? + (V3 —2)x Ty + Txlo +2x11,

We have mp(C) = 6. The Newton polygon I'(fy) = I'(f) is given in Figure 3:

Figure 3. The Newton Polygon of fj.

We start setting fy = f. Let us analyze each possible choice individually:
i apg = a
We have
fo* = f0 =2 + 6xy” — 8%
ag
g0 = % =2(y® +3xy® — 4x%) = 2(y + 2%)%(y — x).
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Thus, we have two distinct roots of gp, namely, o = —2x double and ggp = x simple
and, as a consequence, two possible choice for gy:
* 4o = 4o1
We have
fo(x, x(=2+y1)) = x°(48y% — 88y + 60yT — 18y5 +2y8 + (8v/3 — 24)xy; + (—8V/3 + 32)xy3+
3 1
+(2v3 = 14)xy3 + 2xy] + (—2V3 +4)x% 4+ (V3 = 2)x%y; + (% - Z)x‘1 +2x%)

hence,

2
fi(x ) = Fo x(x6 TY)) _ gi2 sy + 60yt — 1895 + 298 + (8v/3 — 24)ys + (~8v3+ 32)xii+

3 01
+(2v3 — 14)xy3 +2xyf 4+ (=2v3 + 4)x% + (V3 — 2)x%y; + (% — Z)x4 +2x°.

The Newton polygon I'(f;) is given in Figure 4

TY1

1’2

Figure 4. Newton Polygon of f;.

We have an unique edge a; = d, therefore, we obtain

(4V3y + (—V3+1)x)%

g1 = fi' =48y} + (8vV3 — 24)xy; + (—2V3+4)x? =
There is an unique root of g1, which is
——_\@—i_lx— 3_ﬁx
Thus, we have
3-43 -3 1 83 V3 1., 2
filxx(m5— +12)) = X (485 + (—— TR +(T—4) X2 + (== = 2% +(14v3 = 34) x5+
23./3 413 2233 s o 35V3 27
+(_T+ 4) (ﬁ*‘@) — 88xy; + (—10v3 +18)x yz‘*‘(ﬁ—*) Y2t
5vV3 13 A 23 1 213 37, 5, 193 4 9 4
(=301 T 3056)° T (—18V3 + 46)x%y5 + (7 - (e + @)x Yo + 60x°y5+
41V3 5V3 2 15v3 41, 5 4 25\/3 43 3.5
(7 —13)x°y3 +(*j+ 96) (=5« y2+(7T+ 4)" Y2 — 18x"yr+
5
+(—i+2) 5+ (—V3+3)xtys +2x4y5)

X, X 3— \[
f(x ]/2) fl( ( xz +]/2))
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The Newton polygon I'(f,) is given in Figure 5.

X

Figure 5. Newton Polygon of f;.

We have an unique edge a; = e and we obtain:

_ gap __ 2 _\@ 1
§2=fo" =483 + (g~ + ¢¥)

whose roots are

3-3

= —i 3- ﬁx%
864 12 = 86a

NI

X

go1 =1

By Lemma 3, choosing either g, = g1 or g2 = g2, the polynomial f3 satisfies the
hypothesis of Theorem 1; hence, by 3.1, we can stop. Since

1
ro s r1 ’ &) 2/
we obtain
3—-vV3 , . [3-3 s
pl—_2x+ 12 X +l sz‘i_...
3-V3, . [3-+3

pr=—2x = i\ g

Therefore, we have the following parameterizations

3-3 . [3=43
Ry = (T?%, —2T? T* R Sy SIS
1=(T7, +—0 +i Se +...)

3-v3
864
We have that p1(x) = p2(—x), at O, so by Step 3 of the Algorithm with w, = —1,

we conclude that Ry and R; are equivalent parameterizations of the same 2-
branch of C.

* qo = 402
We have

R, = (T%, —2T? 5 +...).

3-V3.4 .
+TT —1

fo(x,x(1+11)) = x0(18y1 + 6vV3x + 66y7 + (14v/3 + 6)xy; + (V3 — 2)x* + 9215 + (10V/3 + 14)xy3+

V3

1
+(V3 = 2)x%y1 + 60yT + (2v/3 +10)xy5 + (~= — ~)a* + 18y + 2xyt + 225 4+ 218)

8 4
and hence,
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,x(1
filx,y1) = w = 18y; + 6V/3x + 663 + (14V/3 + 6)xy1 + (V3 — 2)x + 923+

301
+(10V3 + 14)x2 + (V3 — 2)x%y; + 60y} + (23 +10)xy3 + (% -7 418y + 2xyf + 205 4 210).

The Newton polygon I'(f) is given in Figure 6.

Y1

T

Figure 6. Newton Polygon of f; (Case g9 = qop).

We can just choose a; = f obtaining

g1 = flf = 18y1 + 6\/§x

whose unique root is

_ V3
ql_ 3 .

Moreover, f; satisfies the hypothesis of Theorem 1, therefore, by Remark 3.1, we
can stop by obtaining the following root of f

3
p3(x) :x—gxz—i—....
Hence, we have the parameterization
3
Ry = (T, T— gTM...)

which is a 1-branch of C at O.
° ap = b
We have
fo! = 20 = =82y + (4V3 — 4)x°y* + (V3 —2)x7y

a0

$0= 13, = 8+ (V32 + (V32 = —(2V2y + L; V.p2

Hence, we have only one choice for g, that is,

V2—-v6 , V3-1,
qo = — x° = x°.
44/2 4

Proceeding, we obtain

3vV3 3 17+/3 227
+y1)) =27 ((—2v3+2)yi + (T - 1)95]/1 + (W + @)XZ — 8y + 3xyi+

93 65, , -15v3 13 , 3
Pt (g g V3w (g - )i+ (T - g

15v3 105 15v3 11 15v3 25
1+ (B2 10 (V3 Moy (V3 Bya eyt

33\/§_g)x22 33V3 57, 4
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L(BVeL B

1 7 )3yt + (3V3 — 3)x3y? + 2x3y(1’)

folx, (B 1)
x9 ’

filx,yr) =
The Newton Polygon I'(f1) is given in Figure 7:

T

.213'2

2( V31
Figure 7. The Newton Polynomial of w

We can only choose a; = g, obtaining

3\@ 3 17/3 227
_ (8 _ [ 2
g1=f=(2V3+2yi+ (=~ = P+ (g 1)

whose roots are

3— 3\f 3+24/35+48v/3

qu = 16(—v3+1)
B 3—3[ 2/35 + 481/3
2= 6(—3+1)

By Lemma 3, choosing either g1 = q11 or g1 = 412, the polynomial f, satisfies the
hypothesis of Theorem 1. Hence, by Remark 3.1, we can stop obtaining the following

roots of f
_ﬁ—1x2+3 3f+2\/35+48
3-1 3 —3v/3—24/35+483
PSZ\[ X+ V3 * fx3+....
4 16(—v3+1)

Hence we have the parameterizations

\/571T2+3 3f+2\/35+48

Ry = (T, .
V3-1_, 3f3f 21/35+48/3
Rs = (T, T + +...)
4 16(—v/3+1)
that give two distinct 1-branches of C at O.
b ag = C
We have
f5 = f = (Va— 2y + Y220

V3-2 4
—X".

80:%:(\/5—2)3/4‘ 8

We have just a choice for qo, that is,
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Proceeding, we obtain

1 3 31 1 3
o (k1)) = 2OV = 21 + (2 + 3 (VB Dy + S+ (V3 — ) - e
V3 1 3v3 3 2.3 3vV3 3 B4 3.3
+(_2576 — 2576)9( + 3x y1+( 32 + 32)9( 1 — 8x X“Y1 + (—T - Z) Uik + MX -+ (2\[+2)X y1+
1 Sy 3 A6 i 15 6 53 15 45 1 8,
V1 Tozar® T 16X V1T q0ss T V1 T XV T Tg ¥ Vit Tara7a% T2V 16X VI~ grozt it

15 55 6.5 O 83 15 g4 3 g5 8. 6
y1+2048 y1+6x yl 64:x y1+32x yl zx y1+2x yl

X,X3 -1
filxy) = fol (xlOS +yl))'

The Newton polygon I'(f1) is given in Figure 8.
We can only choose a; = h, obtaining

= fh = (V-2 + (24

whose unique root is
_ 33V3+65
e T
Moreover, f; satisfies the hypothesis of Theorem 1, therefore, by Remark 3.1, we can
stop obtaining the following root of f

1.5 33V3+65 4
Pe=—g¥ "1 7

which gives the parameterization

R6(T,—%T3—33\ff76+657"4+...)

which is a 1-branch of C at O.

n

x

3(—1
Figure 8. The Newton polygon of w

We have studied all possible choices so we can stop the analysis.
Since we saw that Ry and R; are equivalent parameterizations of the same 2-branch of

C, we have found five branches of C, see Figure 9.



Mathematics 2023, 11, 2324

23 of 31

Rs

/

Figure 9. The six branches of the curve at O.

4. Triple Points
4.1. Output of the Newton—Puiseux Algorithm for Triple Points

In this section, we use the Newton—Puiseux algorithm to study triple points for a
reduced algebraic plane curve. Let C: f = 0 be a plane curve of degree d and let P be a
triple point for C (i.e., mp(C) = 3).

We recall that, by Remark 3, the curve C can have three 1-branches, or one 2-branch
and one 1-branch, or a 3-branch at P. Anyway;, if the tangent cone is made up of three
distinct tangent lines, P is an ordinary singularity, and it is analytically equivalent to
y(y* — x2), while if there are two distinct tangents, the singularity is analytically equivalent
toy(y> — x"), n > 3, see [12].

Hence, we focus on the most interesting case, i.e., when C has a unique triple tangent
r at P (for an analysis modulo analytic equivalence of the branches at a triple point, see
[HH]). It is not restrictive to assume that P = O and that r is given by y = 0, hence,

d . .
f=v’+ Y apx'y.
itj=4

The cases where f is divisible by y are trivial, so we can assume that y { f, that is, f is

Newton-convenient. Notice that if C has one 3-branch at O, then its parameterization will

be of type (T%,%,>43,T") (this follows by Definition 3, since the unique tangent to the
branch is y = 0).

We use the notation of Section 3.2, with the unique exception that the g, associated to

1" will be denoted by g¢7", in order to specify which edge we refer to. Notice that if a, is an

edge of the Newton polygon, the height of a,, is denoted by /(a, ), while the height of the

Newton polygon, denoted by h(T'(fy)), is defined to be the sum of the heights of its edges.

We indicate with ,a;; the x'y), coefficient in f,. We also denote by A, ,, the sub-
algorithm of Algorithm 1 starting inside step n with the choice of the root g, = ¢, x™
for gy.
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In order to describe the output of the algorithm, we have to answer the following
questions:

1. Which are the possible choices of ¢, and r,, in each case?
2. When, for each choice of (c,, ), does the algorithm A, ,, stop?

The Stop Criterion 3.1 is an answer to question 2, but we can improve on it:

Remark 5. By Lemma 3, if ¢, has multiciplity 1 as a root of g,, then f,, satisfies the
hypothesis of Theorem 1, because in f,, 1, there is the monomial ¢, y,1. Hence, if ¢, has
multiplicity 1 as a root of g,, A, r, stops at the step n — 1, i.e., without calculating f,, 1.
From now on, we use this new Stop criterion because it is more efficient.

To answer question 1, we observe that the following statements hold:

(i) Since the height of the Newton Polygon decreases at each step, i.e., h(I'(f,11)) <
h(I'(fy)), and h(T(f)) = 3, we have to consider Newton Polygons of height < 3 only;

(ii) Ingeneral, f, € C{{x}}[y]. However, since f € C|x,y], there exists 77 € N such that
fn € Clx,y] V n < 7. Hence, for n < 7, the vertices of T'(f,,) are in N2.

We start answering question 1 just for n < 7i; we shall see later (see Remark 7) that this
is enough.

Remark 6. The possible shapes of the Newton Polygons arising when applying our algo-
rithm in the case of a triple point with a triple tangent and for n < 7 are described in the
Figure 10, and each of the corresponding cases is discussed below. Namely, in each case,
we write explicitly the g, associated with each edge and its roots ¢, x" with their relative
multiplicities, so that we have a complete answer to question 1 first; after that, we examine
the algorithms A, ;, for each (¢, 74).

Case 1: I'(f,,) = {a}, h(a) = 1, and we have

a __ i
gn - naOﬂ/n + nailox !

11”1'10
nao1

¢ has a unique root of multiplicity 1, c;x"t with ¢; =
1-branch of C, and the algorithm A, ; stops here.

Case 2.1: T(f,) = {a}, h(a) =2, and i; # 0 (mod 2), so we have

which by Remark 5, gives a

a __

2 .
8n = nA02Yn +ndi0X;

g3 has two distinct roots of multiplicity 1 each:

i i 1,0
C1x2, ox?2 where ¢? = - 112,
na02

Cr) = —(1.

nand A

’

By Remark 5, the algorithms A stop here; moreover, they give equivalent
1,

parameterizations of the same 2-branch of C, since, if that were not true, the sum of the
multiplicities of the branches at O would be > 4. The parameterization (T2, - - - + ¢; Tt +
... ), composed with the biolomorphic function T — —T, is equal to (Tz, Y L );
in fact, since they are equivalent, by Remark 1, there is an w, w? = 1, such that R, is
obtained from R; by substituting T — wT; since ¢q (—T)i1 = ¢, T, we obtain w = —1.

Case 2.2: T'(f,) = {a}, h(a) = 2, and i; = 0 (mod 2), so we have
g?[ = nagzyi + "a,-ilxilyn + n{}liloxil.
2

i i - .
Let c1x2,cox2 denote the roots of gj; we distinguish two cases:
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Case 2.2.1: If c; # ¢, i.e, if g& has two roots of multiplicity 1, they give two distinct
1-branches of C and the algorithms A g and A_ i stop here.
2

1,77 "y '
Notice that if ,a; , =0, we apparently are in the same situation as Case 2.1, but here k := %
7

is a positive integer, so the two simple roots are

clxk, —clxk

and the biolomorphic function T — —T used in 2.1 does not work here: it does not give the
equivalence of (T,---+c;TF4...) and (T,--- — ¢;T* +...). In fact, the two simple roots
correspond to two non-equivalent parameterizations, each one for a different 1-branch.

Case 1 Case 2.1

Case 2.2 Case 3

2
Yn

v Case 4.1 Case 4.2
L
a
zh
Y Case 5.1 v Case 5.2
a
2"y,
b 2
vy Case 6.1

T Case 7

Figure 10. Newton Polygons for a triple point with a triple tangent.
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Case 2.2.2: If c; = ¢, i.e,, if g§ has one double root, the algorithm AC i, goes on: it can
177

yield either two 1-branches or one 2-branch of C, hence, globally, we may find either three
1-branches or one 2-branch and one 1-branch. Notice that f, ;1 is still in C[x, y], since
il =0 (mod 2)

Case 3: I'(f,) = {a,b}, h(a) = 1,h(b) = 1, we have

i b ip—i
g% = nA02Yn + nfi1x L, 8n = nfij1Yn + nli0X 2
. RTI i1 g Air0  jn—i
Both g2 and g& have a unique root of multiplicity 1, — %x’l and — %x” 1; each of them

gives a different 1-branch of C, and the algorithms stops here.
Case 4.1: T(f,) = {a}, h(a) = 3, and i; # 0 (mod 3), so we have

a

8% = naoaYy, + ntiox"
g3 has three distinct roots of multiplicity 1, namely:

47

i i i nai;0 ;2 an
3 Z =¢%q, g=¢30¢

C1X3, (X3, (3x3, where ¢] = —

na03

and, as in Case 2.1, all of them give equivalent parameterizations of the same 3-branch
of C, since otherwise, the sum of the multiplicities of the branches at O would be > 6;
for example the parameterization (T3, - - +¢; T +...) composed with the biolomorphic
function T + ¢/ 3 Tis equalto (T3, - -+ ¢, T +...). Since the three roots have multiplicity
1, the algorithms stop.

Case 4.2: T(f,) = {a}, h(a) = 3, and i1 = 0 (mod 3), so we have
iy i :
g?l = na03y$'l + naizx 3 y% + naﬁ1x23 Yn + nal‘loxll.
3 3

Let c1x?1, czx?l, C3x?1 denote the roots of g3; we distinguish three cases:
Case 4.2.1: If c; # ¢y # c3 # ¢y, i.e., if g} has three roots of multiplicity 1, they give three

distinct 1-branches of C so the algorithms stop here.
Notice that if 4a;,, = na2; , = 0, we apparently are in the same situation as Case 4.1,
K 3

but here k := %1 is a positive integer, the three simple roots are

k

21
c1xk, el ot

, e cpak

and the biolomorphic function T +— ¢’ T used in 4.1 does not work here: it does not give

the equivalence of (T, ---+c¢;TF+...) and (T, - - + Tk +...). In fact, the three simple

roots correspond to three non-equivalent parameterizations (each of a different 1-branch).

Case 4.2.2: If ¢; # ¢ = c3,, i.e, if g3 has two roots, one double and one simple; the

algorithm A, stops and gives a 1-branch of C. On the other hand, A_;; does not stop
1 2/

i
because the relative root has multiplicity 2; continuing, it can give two 1-branches or one
2-branch of C. Notice that in this case f, 1 is still in C[x, y], since i1 = 0 (mod 3).

Case 4.2.3: If c; = cp = c3, i.e,, if g3 has one triple root, the algorithm A_ i goes on. Notice
13

that in this case, f,,+1 is still in C[x, y], since i1 = 0 (mod 3).

Case 5.1: T'(f,) = {a,b}, h(a) = 2,h(b) = 1and i; # 0 (mod 2), so we have

a 2 i b i—i
n = nd03Yn + ni1x?, Sn = nfij1Yn + nfipx2" "1
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. SR i i . aj N
g3 has two distinct roots of multiplicity 1: clx%, czx71, with C% = — : 0331 , C» = —c1, which
give equivalent parameterizations of the same 2-branch of C, while g5 has one root of
RT onfix0 g - .
multiplicity 1: T 271, giving one 1-branch. The algorithms stop here.

Case 5.2: T(f,) = {a,b}, h(a) = 2,h(b) = 1and i; = 0 (mod 2), so we have

a 2 Ut i b i—i
g8 = naosy;, + ”aizx 2y, + nfi1x L &n = nfij1Yn + naizon 1
2

¢® has one root of multiplicity 1, which gives a 1-branch of C and the relative algorithm

stops here, while, if c1x71, c2x71 denote the roots of g3, we distinguish two cases (notice that
nfiy , may be 0, in which case, we are apparently in the same situation as Case 5.1):
7

Case 5.2.1: If c; # ¢y, i.e., if g4 has two roots of multiplicity 1, each of them gives a 1-branch

of C, so we have three 1-branches of C and the algorithms stop here.

Case 5.2.2: If c; = ¢y, i.e., if g3 has the double root clx%, the algorithm AC i, does not
17

stop; continuing, it can give two 1-branches or one 2-branch of C, hence, we may find three

1-branches or one 2-branch and one 1-branch, in all. Notice that in this case, f;1 is still in

Clx,y], since iy = 0 (mod 2).

Case 6.1: T(f,) = {a,b}, h(a) = 1,h(b) =2 and i1 + i # 0 (mod 2), so we have

Sh = n03Yn + nailzxill gb = nﬂilzy%z + nﬂizoxizfil-

Since ip — i1 # 0 (mod 2), the discussion is analogous to Case 5.1: C has one 1-branch and

one 2-branch, and the algorithms stop here.

Case 6.2: T(f,) = {a,b}, h(a) = 1,h(b) =2 and i; +i; = 0 (mod 2), so we have

ip—i

a _ i b_ .2 L 2yt . yla—il
8 = ndo3Yn + ndi2xX ", 8n = nli;2Yy + nliy+iy 1x Yn + nfi0X :
2

Notice that the assumption i; + i, = 0 (mod 2) gives i —i; = 0 (mod 2), hence, the

discussion is analogous to Case 5.2, namely, we distinguish two cases:

Case 6.2.1: if ¢P has two roots of multiplicity 1, each of them gives a 1-branch of C, so

we have globally three 1-branches of C and the algorithms stop here. Notice that a1, 1
T

may be 0, in which case, we are apparently in the same situation as Case 6.1, but here
iz — i1 =0 (mod 2).

Case 6.2.2: if gE has one double root clx%, the relative algorithm does not stop; continuing,
it can give two 1-branches or one 2-branch of C, hence, globally, we may find three 1-
branches or one 2-branch and one 1-branch. Notice that in this case, f,;1 is still in C[x, y],
since i1 +ip = 0 (mod 2).

Case 7: I'(f,) = {a,b,c}, h(a) = h(b) = h(c) = 1 and we have

. b . o
8h = n03Yn + nai2x", n = ni2Yn + i1 x27", Sn = nliy1Yn + nfiox'3 "2
g3, g2 and g€ have one simple root each and the three roots give a 1-branch of C each: the

algorithms stop here.

Remark 7. Notice that, in all the cases we have just considered, we obtain a polynomial
fns1 (for the following step of the Algorithm) which is always in C[x, y], i.e., we are always
incasen < 7.

4.2. A Theorem for Triple Points

Now we are ready to see what happens when we run the Newton-Puiseux Algorithm 1
in the case of a triple point with a triple tangent.
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Theorem 2. Let C: f(x,y) =0 bea plane curve of degree d, such that O is a triple point for C
and the x-axis is its triple tangent at O, so that

d .
floy) =y + Y ax'y.
P4

With the previous notation, the output of the Newton—Puiseux Algorithm 1 is as follows:
A finite sequence of n steps like case 4.2.3 with n > 0, and then the following four cases are possible:
(i) step n + 1 is a case 4.1; the algorithm stops: C has one 3-branch at O, and a parameterization for

it is of the form

(T3,b0T3h° 4o by T o T 4. ) s £ 0 (mod 3);

(ii) step n + 1 is one of the following cases: 4.2.1, 5.2.1, 6.2.1, 7; the algorithm stops:
C has three 1-branches at O, each of which with a parameterization of the form

(T, BT 4 -+ 4 by T 4 T . )

where q1 = q2 = q3 in case 4.2.1, q1 = q in cases 5.2.1, 6.2.1;

(iii) step n + 1 is one of the following cases: 5.1, 6.1; the algorithm stops:
C has one 1-branch and one 2-branch at O, with parameterizations of the form:

(T,bOThO o by T 4 oy TT +)
(TZ, boT20 4 oo 4 by T2 gy T2+ )

(iv) step n + 1 is one of the following cases: 4.2.2, 5.2.2, 6.2.2; in order to decide if C has one
1-branch and one 2-branch or three 1-branches at O, the sub-algorithm relative to the double root
must go on, so that we find a finite sequence of m > 0 steps like case 2.2.2, and then:

if the next step is a case 2.1, the algorithm stops: C has one 1-branch and one 2-branch at O, with
parameterizations of the form

(:r,boirh0+-~+bn:rhn+c1TP+...)

(TZ,bOTZhO Foe b b T 4 T2 4 Ay T2 4y, T 4 g TP 4 )

if the next step is a case 2.2.1 or 3, the algorithm stops: C has three 1-branches at O, with parameter-
izations of the form

(T,bOThO Foee by Tl +c1TP+...)
(T,bOThO S b T 4 TP+ dy TR 4 - dyy TF e T +)

(T,bOThU o by T 4 TP 4+ dy TR 4 - 4 dyy TR 4 gy T2 +)

where g1 = qp in case 2.2.1.

Proof. First, we claim that, in order to compute the number and multiplicities of the
branches of C at a triple point with a triple tangent, it is enough to consider Newton
polygons whose vertices are in N?; that is, applying the Newton-Puiseux Algorithm to f,
we encounter only the cases described in Remark 6 above.

Proof of the claim. This is true for n = 0, since f € C[x,y]. Now, we choose a path as
described in Algorithm 1, and assume the claim is true for the steps 1,...,n; then the
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fla, 2+ ) =

Newton Polygon of f; is one of those described above. If the algorithm does not stop, we
are in one of the following five cases: 2.2.2, 4.2.2, 4.2.3, 5.2.2, 6.2.2, and since in each of these
cases the vertices of the Newton Polygon of f,,, 1 are again in N?, the same is true for n + 1.
On the other hand, if the algorithm stops, we do not need to go any further, so the claim
is true.

Now, we are going to analyze what happens in the assumption that y, { fy; if, on the
contrary, i, | fu, there is a branch coming from an algebraic component of C, and thus, the
corresponding series is in fact a polynomial.

Assume that after n steps, we are in case 4.2.3. Since 3 > h(T'(f)) > h(T(fn)) >
h(T'(fy)) = 3 for m < n, we have h(I'(fy)) = 3 for m < n, hence, each previous step was
one of the cases between 4.1 and 7. If one of the previous steps was a case among 4.1, 4.2.1,
5.1, 5.2.1, 6.1, 6.2.1, 7, we would have already stopped. If one of the previous steps was
a case among 4.2.2, 5.2.2, 6.2.2, only the sub-algorithm relative to the double root would
have gone on, and in the next steps, the height of the Newton Polygon would have been 2.
Therefore, all the previous steps were of type 4.2.3.

Let us start with the step 0 which is a case 4.2.3, and set k = % ; since iy = 0 (mod 3), k
is a positive integer, and for a suitable coefficient b, we have

f=W- bxk)3 + z aijxiyf.
i+kj>3k

Applying the algorithm, we obtain: g% = 2 = (y — bx¥)3, o = bxk,

(Fb+y) =P+ Y ' (Fo+m)) =1+ Y xR (b )
1+k]>3k i+kj>3k

and since each power of x has an exponent > 3k, we find

R+ Tigsak aid RO+ )
fl = x3k - yl —+ ...

If f; is a case 4.2.3, again we have:

f1 = (y — blxh)3 + 2 bijxiyj
i-+hj>3h

and we find q; = b;x*1 with k; € N; hence, if the sequence of cases 4.2.3 goes on to step
n, we have a sequence of roots, setting by := b, ko := k (notice that kg > 2, otherwise, the
tangent cone of C at O would be different from i = 0)

go = boka, g1 = blxkl, o gn = bux*r, ko, k1,..., ks positive integers.

Let us assume that the algorithm does not stop and continutes with an infinite sequence of
cases 4.2.3; then, the Puiseux series

-y by, kot e

n>0

is in fact a power series giving a unique 1-branch counted 3 times, but our curve C is
reduced and this is not possible.

Hence, the only possible way in which 4.2.3 can appear is as follows: we have a finite
sequence of n steps 4.2.3 and then one of the other cases.

If the step n + 1 is a case 4.1, C has one 3-branch at O, we have found:

go = boxko, g1 = blxkl, eei n = byxkn, nt1 = clx%, ko, k1,...,kn > 0 integers,i; #Z 0 (mod 3)
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which gives us
n iy
p(x> — 2 b[xk()‘l*...k[ 4 Clxk0+"'+kn+§
=0

and since the common lowest denominator of p(x) is 3, a parameterization for the 3-branch is
(T3, boT30 + ... 4 b, T30t +kn) 4 T3kotthn)+i 4 )

with kg, k1, ..., k, > 0integers, and i1 # 0 (mod 3). Thus, we obtain (7).

If the step 1 4- 1 is not a case 4.1, then it has to be one of the cases from 4.2.1 to 7 (except
4.2.3), since the height of the Newton Polygon is still 3. It is easily seen that cases 4.2.1,
5.2.1, 6.2.1, 5.1, 6.1 give (ii) and (iii) just following the discussion in Remark 6.

If the step n + 1 is one of the cases 4.2.2, 5.2.2, 6.2.2, in order to decide if C has one
1-branch and one 2-branch or three 1-branches at O, the sub-algorithm relative to the double
root must go on; now, the height of the Newton Polygon is decreased to 2, so that we have
to use cases from 2.1 to 3, and again, it is immediate to see that (iv) holds following the
discussion in the previous Remark 6. [

We give two examples studied with the Algorithm as in the Theorem above.

Example 4. Let us consider the curve:

C: y3 — 2x2y2 + 4x3y2 + x4y — x4y2 — 4x5y + 3x5y2 + 6x6y — 11x7y — x84+ 12x8y + 72 — 16310 4 13211 — 3212 — 13 4 y14 =0.

We have that m¢(O) = 3 and the unique tangent of C at O is r : y = 0. By applying
Algorithm 1, one finds that C has at O one 2-branch given by (7%, T* —2T® + T7 +...) and
one 1-branch given by (T, T* +...).

Example 5. Let us consider the curve:
C: y3 - x2y2 + 2x3’y2 — 2x5y + x5y2 - x7y + 2x8y —2x10 4 ¥ =,

We have that m¢(O) = 3 and the unique tangent of C at O is r : y = 0. By applying the
Algorithm 1 one finds that C has three 1-branches at O givenby (T, T?> +...), (T, —=T® +...),
and (T, —T°+...).

Our last observation is oncuspidal triple points, i.e., case (i) of the theorem above.

Definition 8. In case (i), we say that the triple point O is of type s. Notice that this definition
is well-posed: if (T3, p(T)), (T3, #(T)) are two equivalent parameterization of the 3-branch,
by Remark 1, we have the same value of s for the two parameterizations.

Remark 8. We point out this definition because in case (i), the type s is an invariant which
determines the topological structure of the singularity; in fact, if a plane algebraic curve C
has a triple point with one 3-branch at O, of type s, then it is locally topologically equivalent,
see [19], to one of type (T2, T%), i.e., with equation y> — x°.

Notice that, in fact, a complete description of the analytical equivalence classes for this
kind of triple points can be given, see ([page 4], [20]).

Example 6. Let us consider the following curve:
C: y3 - ?vczy2 + 3x3y2 + 3x4y — 6x5y —x0+ 3x6y +3x7 =3x8 + % + 210 — y“ =0.

We have that m(O) = 3 and the unique tangent of C at O is r : y = 0. By applying
Algorithm 1, one finds that C has one 3-branch at O given by (T3, T — T? — T10 + . ..);
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thus, we are in case (i) of the theorem, and the triple point of C at O is of type 10, hence, it

is topologically equivalent to y> — x'°.
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