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Theoretical modeling of the pre-cutting system performance for the tunnel 
face stability in very weak rock masses 
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A B S T R A C T   

By forming continuous pre-lining around the tunnel’s perimeter, pre-cutting is a recognized tunneling technique 
that enables full-face excavation of a tunnel even in unfavorable ground conditions. In this study, a theoretical 
method is put out to simulate the performance of this kind of pre-support in squeezing conditions. The loading 
distribution on the pre-cutting shells is determined for this purpose using the LDP of an unsupported tunnel, and 
the non-linear stiffness of the pre-cutting shell is then determined using the shell theory. The convergence 
confinement method is used to calculate how much the pre-supported tunnel is deformed. The non-uniform 
loading distribution also results in the tangential and longitudinal bending moments on the pre-cutting shell. 
To show the effectiveness of pre-cutting shells in extreme squeezing conditions, several examples are solved. As a 
result, a few graphs for the preliminary design of a tunnel using this technique are given. The graphs show the 
overall tunnel displacement for various pre-cutting shells under various geological conditions. The outcomes 
demonstrate good agreement between FALC 3D results and the ones by the suggested analytical model. A pre-
liminary design can be made using the assessment of the proposed method on the loads on the pre-cutting 
system.   

Introduction 

Due to the serious repercussions can have, including the loss of lives, 
damage to property, and execution delays, tunnel face instability is a 
major worry under weak ground conditions. When the work is done at a 
shallow depth, it can also harm surface structures. 

There are a variety of methods that can be utilized to limit the tunnel 
face convergence for secure tunneling and the stability of underground 
constructions. To be more precise, a low-depth rock mass with good 
quality would only need a light support system, but a high-depth rock 
mass with weak quality would need advanced excavation techniques 
and pre-support systems installed before the main support system could 
be realized [3,4,6,7,12,16–19,28,36,43–45,47,50,51]. 

To overcome the instability of the tunnel face and of its perimeter in 
the safe excavation of soft rocks, various successful preserving and 
improving methods such as grouting and jet grouting, freezing, pipe 
arch umbrella, and fiberglass reinforcing elements can be employed 
according to the severity of geotechnical problems of the ground, cost, 
and possibility of construction. 

A tunnel support method utilized during the initial excavation is 
the pipe arch umbrella. To reinforce and support the rock mass, a 

structure must be built above and around the tunnel face. The interac-
tion between the support and the rock mass is the basis for this tech-
nique. Numerous research has been conducted to look at different facets 
of this type of pre-support system’s performance. Ranjbarnia et al. [32] 
investigated the behavior of the arch umbrella supporting system in 
deep tunnels using the longitudinal deformation profile (LDP) of an 
unsupported tunnel. The authors suggested an exponential load function 
on the arch umbrella supporting system by considering each element as 
a cantilever beam. Oke et al. [22] proposed a semi-analytical model for 
umbrella-arch systems in squeezing-ground conditions and suggested a 
second-order equation load distribution on the arch umbrella supporting 
system using a beam on the elastic foundation theory and the 
convergence-confinement method. Another attempt was made by Hei-
dari and Tonon [13], who offered a straightforward technique based on 
the LDP and took into account the hardening effect of jet-grouting um-
brella elements. In order to calculate the safety factor of a non-circular 
tunnel face supported by umbrella elements, Qian et al. [30] com-
bined the strength reduction method with the kinematic approach of the 
limit analysis. 

Bolting is a ground reinforcement method that is experiencing sig-
nificant growth. This technique provides enduring support to weak rocks 
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and is highly effective, especially for reinforcing the faces of tunnels. 
Many authors have conducted studies on the reinforcement of tunnels 
using fiberglass bolts. Considering a new interpretation of the ground 
response curve (GRC), Dias [10] used the convergence confinement 
method (CCM) to calculate the tunnel face deformation reinforced by 
dowels. Zaheri et al. [46] studied the performance of fiberglass dowels 
in reducing the deformation of the tunnel face in squeezing grounds 
analytically using the spherical symmetry hypothesis to obtain the stress 
distribution ahead of the tunnel face. Oreste [23] introduced an explicit 
procedure to analyze the dowel’s presence in the rock mass. The shear 
stress was obtained and applied to the dowel-rock interface. Pan and 
Dias [27] found the safety factor of the tunnel face utilizing both the 
limit analysis method’s kinematic approach and the strength reduction 
technique. 

The design of an umbrella-arch system and longitudinal elements, 
such as fiberglass bolts, composing single elements (or any other 
complicated structure) is actually frequently carried out in plain strain 
conditions to take into account their interaction with the ground. This is 
done to ensure the stability of the tunnel face. Pre-cutting shell systems 
are a type of support system that must be built using 3D simulation, 
either analytically or numerically, to take into account its complicated 
interaction with the ground. Because of its shell structure, this type of 
support cannot be designed using plane strain conditions. 

The pre-cutting method is a unique construction method that can be 
employed in soft and severe squeezing conditions, which can be char-
acterize the rock mass at a high depth [41]. It entails placing pre-lining 
in front of the tunnel face, cutting a nook around the tunnel profile, and 
pouring shotcrete into a pre-cut shell to create a super-strong roof shell 
that protects during tunnel driving [29]. However, the pre-cut approach 
has restrictions related to the size and dimensions that can be achieved 
as well as the requirement that the cut stays exposed until it is filled with 
shotcrete. This technique was first introduced in the mining industry in 
1950 [39] and used in France in the late seventies, while its application 
prevailed due to the fact that thirty tunnels were built in Italy and France 
during the 1980s–1990s. Some recent examples of application of the 
method allow to verify the technological evolution it has had over the 
years and its effectiveness in conditions considered difficult [21]. Due to 
fascinating and beneficial tunneling provided by this technique, such as 
the full-face excavation and the elimination of the free length during the 
advancement of the excavation face, its construction technique and 
application in different environments were studied by numerous re-
searchers (e.g., [20,11]). 

Based on the convergence-confinement method, Pelia et al. [29] 
provided a simple analytical method to design the pre-tunnelling shell. 
A numerical analysis of the pre-cutting technique, construction se-
quences, and the effects of various parameters was conducted by Sada-
ghani and Ebrahimi [34]. For a large-span metro station, Sadaghiani and 
Dadizadeh [35] presented a novel construction technique called as the 
Concrete Arc Pre-supporting system. In order to simulate the pre-cutting 
construction process and examine how the ground responds to the pre- 
arching in shallow tunnels, Wang et al. [41] tested a geo-mechanical 
model. The effect of the pre-cutting element’s length, thickness, lap 
length, and sequence of the cutting slots is investigated in this work 
using a 3D numerical model. 

Unlike studying the performance of longitudinal elements, such as 
umbrella arch systems and fiberglass bolts in stabilizing the tunnel face, 
there is not a comprehensive study on the performance of shell struc-
tures in controlling the convergence of tunnel faces. This paper focuses 
on the pre-cutting support system as a cylindrical shell and, therefore, 
employs equations based on the thin shell theory for analytical simu-
lations. Shell structures are also utilized for numerical simulations. In 
detail, the distribution of the load on this shell is obtained according to 
the ground squeezing potential and the shell stiffness. Additionally, the 
flexural moment of the pre-cut shell along the tunnel is also calculated as 
it may influence its design, and the reduced convergence of the tunnel is 
obtained at the end. 

Most of the previous works about pre-cutting systems have focused 
on machines, construction methods, and applicable conditions. There is 
no theoretical investigation nor numerical simulation to illustrate the 
performance of this system against tunnel face instability and its inter-
action with the surrounding ground. This study bridges this gap and 
investigates the role of influencing parameters using the shell theory for 
the structure of this system and using the principle of the convergence 
confinement method (the most conventional and rational method for 
tunneling design). 

Problem Definition and General Assumptions 

A circular opening is to be excavated with radius ri in an infinite, 
isotropic, homogenous weak rock mass subjected to hydrostatic in-situ 
stresses p0 [Fig. 1]. 

Prior to typical excavation, a slot is cut along the periphery of the 
tunnel, and then is quickly filled with concrete to form a pre-arching 
shell to provide strong protection (Fig. 2a). Based on rock mass qual-
ity and the tunnel depth and size, the shell thickness can be about 
7.5–30 cm while its length is from 2 m to 12 m [29]. The overlap in the 
longitudinal direction between two sequential rings of the shell can be 
0.5–1 m to create a tight connection, as shown in Fig. 2b. 

The tunnel face advances after the casting of concrete to form the 
pre-cutting shell. Therefore, the in-situ stresses are redistributed, which 
leads tunnel face confinement to diminish, and a plastic zone around the 
tunnel to develop. Although the pre-cutting system is present to confine 
the tunnel convergence, the surrounding ground is so squeezing that a 
plastic zone is inevitably developed around the tunnel as a consequence 
of excavation. That is, the plastic zone has been already developed 
before the complete activation of the pre-cutting system to apply pres-
sure on the tunnel wall (Fig. 3). In Fig. 3, R and p are respectively the 
plastic radius and the pressure applied by the pre-cutting shell to the 
tunnel wall. 

To simplify the simulation of the pre-cutting tunneling method, some 
assumptions are made as follows:  

- The pre-cutting shells are elastic;  
- The pre-cutting shells are installed with a slight angle with respect to 

the horizon (Fig. 2). However, its influence is ignored;  
- The effect of the sequence of cutting slots on the displacement of 

these pre-cutting shells is not considered;  
- The interaction between the pre-cutting shell and the surrounding 

rock mass is not considered in the study, which means that the shear 
stress being created between the ground and the structural element is 
ignored, and the connection between the shell and the surrounding 
ground is assumed to be rigid. Consequently, the stress principal 
direction will not rotate and will remain in radial and tangential 
directions; 

Fig. 1. A circular tunnel is to be excavated in an infinite medium.  
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- The deformation of the tunnel is only assumed because of the 
advancement of the working face. In other words, the time- 
dependent or creep displacements are neglected;  

- The impact of rock weight in the plastic area on the tunnel 
displacement and support pressures is not considered to retain 
axisymmetric conditions. 

Theoretical simulation 

Here, the first pre-cutting shell among the sequence of shells is 
simulated because it is the critical shell. That is, the beginning of the first 
shell is free whereas both ends of other shells along the tunnel are 
supported by an overlap length. 

The loading process of a single pre-cutting shell is depicted in Fig. 4, 
which only shows the deformation and loading process of the crown of 
the tunnel. The behavior of the pre-cutting shell element in the entrance 
section of the tunnel, i.e., point (A), in the weak ground is simulated in 
this study (Fig. 4a). As the tunnel excavation advances, the points A and 
B on the tunnel wall are more loaded in every stage of the excavation 
until the tunnel face reaches far distances (Fig. 4b, c, d). As much length 
of the pre-cutting shell is loaded in the sequence of excavations, the 
stiffness of the cylinder shell might decline, which indicates that the 
support characteristic curve (SCC) might be non-linear (Fig. 4d). 

Fig. 2. Schematic view of a pre-cutting tunneling system; a) in the tunnel cross-section, b) in the tunnel longitudinal direction.  

Fig. 3. Development of the plastic zone around the tunnel before pre- 
cutting activation. 
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The stiffness of a precutting shell element 

A comprehensive examination of the equations necessary for deter-
mining the support characteristic curve of a pre-cutting shell element is 
presented in this section. The support characteristic curve has been 
obtained for such a continuous support system but in the plain strain 

condition; however, this section presents a formula in the three- 
dimensional condition, i.e., it takes the longitudinal direction along 
the tunnel axis into consideration. 

Vlachopoulous and Diederichs [40] asserted that the LDP of a cir-
cular tunnel being subjected to the hydrostatic stress (i.e., axisymmetric 
condition) could be obtained by: 

Fig. 4. The loading process of pre-cutting shells in the foregoing excavation stages.  
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U(x) = u
(

1 −

(

1 −
1
3

exp
(

− 0.15
R
ri

)

exp
(
− 1.5

x
R

)))

for x ≥ 0 (1)  

where u and R are the ultimate deformation and the elastic–plastic 
boundary radius of an unsupported tunnel, respectively. R can be 
calculated by equations presented in standard analytical approaches 
explained in Section 3.3. The variables ri and x are respectively the 
tunnel radius and the distance of a desired section from the tunnel face. 
The longitudinal deformation profile (LDP) of a supported tunnel (by a 
continuous system such as shotcrete) is similar to an unsupported tunnel 
[13]. As a result, the modified LDP of the supported tunnels can be found 
by Eq. (2) 

Usup(x) = (C0×u)
(

1 −
(

1 −
1
3

exp
(

− 0.15
(C1×R)

ri

)

exp
(

− 1.5
x

(C1×R)

)))

for x ≥ 0 (2)  

where the parameters C0 and C1 are the reduction coefficients that can 
be obtained from Eq. (3) and Eq. (4) [13]. (SEE: Fig. 5.) 

C0 =
Uult− sup

u
(3)  

φ =
Usup(x)
U(x)

= 0.55+ 0.45C0 − 0.42(1 − C0)
3 (4)  

where Uult− sup and φ are the ultimate convergence of the tunnel with 
supports and the ratio of the LDP of supported tunnels and that of un-
supported ones. 

Due to axisymmetric conditions in any cross-section of the tunnel 
(the circular tunnel under hydrostatic stress conditions) (See Fig. 5), the 
theory of thin shells can be used to study the performance of pre-cutting 
shells in a weak rock mass [37]. 

Therefore, the load distribution on the shell can be calculated ac-
cording to Timoshenko and Woinowsky-Krieger [37] because the lon-
gitudinal displacement of the shell is overlooked and the radius of the 
tunnel will remain constant when the shell elements are subjected to 
load. 

p(x) = − D
d4(Usup(x))

dx4 (5)  

in which 

D =
Ectpre− cut

3

12(1 − ϑ2)

where tpre− cut is the shell thickness, and Ec and ϑ are the Elastic Modulus 
and passion’s ratio of the shell, respectively. Replacing Eq. (2) into Eq. 
(5) gives 

p(x) = C2exp(1.5
x
R
) (6)  

where the parameter C2 is a combination of C0 and C1. 
As noticed in Eq. (6), the trend of the radial displacement of the pre- 

cutting shell is transformed into the radial load distribution. In this re-
gard, Fig. 6 shows the load distribution on a single pre-cutting shell 
when the tunnel face reaches the beginning point of the subsequent 
element. 

The analytical solution presented in this study is derived from the 
basic assumption that the longitudinal deformation profile of an un-
supported tunnel is used to obtain the loading distribution on the pre- 
cutting shells. This is because the problems in the vicinity of a tunnel 
face are three-dimensional and cannot be solved by plane assumption 
because the convergence of tunnel sections is different from each other, 
depending on the distance to the tunnel face. The LDP is a tool that 
makes it possible to obtain the convergence of any tunnel section close to 
the tunnel face. That is, LDP gives tunnel convergence in the third 
dimension. 

As this paper aims to present a three-dimensional solution based on 
convergences (and convergence confinement by a pre-cutting system) 
along the tunnel axis, this approximation is used in developing the 
analytical solution. Furthermore, the coupling of the ground response 
curve (GRC) and the LDP gives an exponential relationship between the 
internal pressures acting on the tunnel wall in different sections along 
the tunnel axis [8]. 

In Fig. 6, ls indicates the length of a single pre-cutting shell, lo is the 
overlapping length of two adjacent pre-cutting shells, and lδ is the dis-
tance of the ending point of the overlapping zone from the point on the 
subsequent shell, which has not been deformed due to excavation and 
creates a fixed point, i.e., lδ from the overlapping zone (Figs. 6 and 7). 
The ground at lδ from the ending point of the overlapping zone is not 
impacted by the excavation. This is because the abrupt growth of the 
thickness of pre-support elements accompanied by tunnel face effect 
causes the appearance of the point, lδ from the ending point of the 
overlapping zone, and at this point, the radial displacements of the 
transverse sections are significantly lower than those of the adjacent 
sections [Oreste, [24]]. So, there is no pressure being exerted on the pre- 
cutting shell element, resulting in no deformation of the supported 
tunnel. Oreste [24] obtained this value with measuring and performing 
numerous back-analyses as 

lδ = 0.5 m to 0.8 m (7) 

The more pre-cutting shell thickness, the more lδ. That is, it is 0.5 and 
0.8 m, respectively, for 30 and 40-cm thicknesses. 

Referring to Fig. 6, the tunnel face is located at ls where the load is 
not zero, but the cantilever support is located at ls +lo +lδ (i.e., behind 
the tunnel face, which is not excavated yet) where the load is zero. 

On the other hand, when the tunnel excavation advances and the 
face reaches sufficiently further distances, the loading on the first pre- 
cutting shell increases due to the diminished tunnel face confinement 
and may have almost the load distribution as shown in Fig. 8. However, 
there is no need to study this case because the non-uniform loading of 
Fig. 6 produces greater bending moments along the element than the 
loading of Fig. 8. Obviously, the triangular distribution is different from Fig. 5. Schematic of axisymmetric load distribution on a pre-cutting shell.  
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the exponential one, and these distributions cannot be replaced with 
each other. However, the triangular distribution was assumed here so as 
to it results in a slightly greater equivalent load than the exponential 
distribution. Therefore, the triangular load distribution causes a slightly 
greater deformation (and the bending moment on the pre-cutting sys-
tem) along the tunnel axis. This approximation does not calculate the 

deformation very exactly, but it provides a convenient way to develop 
analytical equations. 

Therefore, the first shell is studied with a triangular loading. As the 
shell displacement and the deformed angle are almost negligible at the 
end of lδ, the cantilever support is assumed for the boundary condition 
(Fig. 9). As the load distribution is considered a triangular distribution 
rather than a exponential distribution, for simplicity: 

Then, the load distribution on a single pre-cutting shell is: 

p(x′) = p − (px′/l) (8)  

where p is the load magnitude in the entrance section of the tunnel, and l 
is the total length of the shell obtained by 

l = ls + lo + lδ (9) 

The mechanical response equations for circular shells based on the 
thin shell theory are presented in Appendix A. This section explains and 
examines the primary equations used to calculate the longitudinal radial 
displacements, w (see Fig. 9). 

Appendix A shows that the radial displacement of the pre-cutting 
shell is: 

w = e− βx″
(
(sinβl)p
e− βlβlkc

cosβx″ −
(cosβl)p
e− βlβlkc

sinβx″
)

+
p − (px″/l)

kc
(10) 

Fig. 6. A) the load distribution acting on a single pre-cutting shell when the tunnel face is at the beginning of the subsequent element; b) consecutive pre-cutting 
shells and the developed fixed point on the subsequent element. 

Fig. 7. The deformation of the first pre-cutting shell (w) when the next pre- 
cutting shell is installed. 

Fig. 8. Load distribution on the first pre-cutting shell when the tunnel face is far from the first element.  
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Therefore, the total stiffness of the pre-cutting shell at any point can 
be computed with the following equation: 

Kt =
p
w

(11) 

Replacing Eq. (10) with Eq. (11) leads to 

Kt = [
kc(1 − 1

lx
″)

(sinβl)e− βx″cosβx″− (cosβl)e− βx″sinβx″
e− βlβl − 1

lx″ + 1
] (12) 

As l is not constant in each step of excavation, it is superseded by the 
variable x′ in Eq. (10), which is depicted in Fig. 10. 

Maximum support pressure by a shell element 

The primary equations for calculating the maximum tangential 
stress, σθt , and maximum pressure exerted on shells are presented and 
discussed in this section, as shown in Fig. B.1. In Appendix B, the 
equations for assessing the structural behavior of shells are provided 
based on the general equation of the radial displacement (Eq. (10)). 

Appendix B shows that the total tangential stress exerted on the pre- 
cutting shell is: 

σθt = Δσθ + σθ (13) 

where 

Δσθ = 12ϑMx′/tpre− cut
3(r−

(
ri −

tpre− cut

2

)
(14)  

σθ =

Ecri

(

1 +
(ri − tpre− cut)

2

r2

)

w

(1 + ϑ)[(1 − 2ϑ)ri
2 +

(
ri − tpre− cut

)2
]

(15) 

Appendix B shows that the bending moment (Mx′) is:  

To calculate the maximum pressure that can be exerted on a pre- 
cutting shell with a loading magnitude p in the entrance section, the 
total tangential stress from Eq. (13) should be equalized to σc (the uni-
axial compression strength of the shotcrete). For example, the maximum 
pressure (pmax) that can be exerted on a shell (with the thickness of tc) 
under constant load p can be obtained by (Fig. 11)[25]: 

σθmax = σc =
2Ecripmax

(1 + ϑ)[(1 − 2ϑ)ri
2 + (ri − tc

3)
2
]kc

(17)  

pmax =

σc

(

1 −
(ri − tc3)

2

ri2

)

2
(18) 

In this case, the deflection of any point on the shell in the longitu-
dinal direction can be calculated by [24]: 

w =
1

2β3D
(
M0βe− βx(cosβx − sinβx) − T0e− βx(cosβx)

)
+

p
kc

(19)  

where 

M0 =
2β2Dp

kc
and T0 =

4β3Dp
kc 

As shown in Fig. 11, a semi-infinite cylindrical pipe is subjected to 
the moment M0 and the shear force T0 at x = 0. 

Even though by twice deriving Eq. (19) and by substituting the 
expression obtained in Eq. (16), the bending moment can be calculated 
in the longitudinal direction, and its value will be zero [24]. 

The bending moment caused by the rectangular load distribution is: 

Mx = e− βx
(

M0(cosβx) + (M0 +
T0

β
)(sinβx))

)

(20)  

The Ground Response Curve 

In the initial stages of designing the tunnel support, the convergence- 
confinement method is commonly used as an analytical-visual approach 
for estimating the necessary support [14]. To implement this method, it 
is necessary to create the ground reaction curve, which takes into ac-
count factors such as the tunnel’s diameter, the rock mass’s geo- 
mechanical properties, and in-situ stresses. More specifically, the GRC 
of a tunnel can be obtained by standard analytical approaches found 
elsewhere [1,2,9,26,31,33,42,48,49]. However, any chosen approach 
should be modified and rewritten according to the elastic-perfectly 
plastic stress and strain law because it is appropriate for weak rock 
masses, in which the Geological Strength Index (GSI) is lower than 30 
[15]. 

Fig. 9. The simplified distribution of loading on a single pre-cutting shell.  

Fig. 10. Superseding the length of the pre-cutting shell with x′ while computing 
the total stiffness of the shell. 

Mx′ = − D
d2w
dx′2

= − D(β2e− βx″
(
(sinβl)p
e− βlβlkc

cosβx″ −
(cosβl)p
e− βlβlkc

sinβx″
)

+ 2βe− βx″
(
(sinβl)p
e− βllkc

sinβx″ +
(cosβl)p
e− βllkc

cosβx″)+ e− βx″
(
(cosβl)p
e− βllkc

sinβx″ −
(sinβl)p
e− βllkc

cosβx″) (16)   
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It is noteworthy that the installation of a pre-support prior to exca-
vation is necessary for tunneling in very severe squeezing conditions, i. 
e., very weak rock mass at a great depth [16]. 

Numerical simulation 

The problem is simulated using a three-dimensional finite difference 
code, i.e., FLAC3D. The dimensions of the model subjected to hydrostatic 
stresses are considered 50 m for the width (x) and the height (z), and 80 
m for the length along the tunnel of radius ri = 5m (y) to eliminate 
boundary effects on the results. The mesh sizes increase in the radial 
direction of the tunnel (Fig. 12a), that is, the smallest elements are used 
near the tunnel boundary. 

The horizontal and vertical displacements of the model base as well 
as the horizontal displacement along the lateral sides are fixed to 
implement displacement boundary conditions. For the stress boundary 
of the numerical model, a uniform hydrostatic pressure is applied to the 
model. It should be noted that the stress variation with depth is not 
considered since the tunnel is located at a great depth. 

The following section discusses the ground characteristic, which is 
considered a linear elastic-perfectly plastic material with the Hoek- 
Brown failure criterion and a null dilatancy angle. 

Before tunneling, a thin pre-cutting shell is gradually excavated to 
the length of 3 m around the boundary of the assumed tunnel ahead of 
the excavation face. Then, the shell elements with a linear elastic ma-
terial (concrete) are placed in this gap to simulate the pre-cutting 
(Fig. 12b). In this procedure, the interface conditions between the pre- 
cutting shell and the surrounding ground are modeled as rigid to coin-
cide with the assumptions of the presented theoretical simulation. 
Therefore, there is no need to assign the normal stiffness (Kn) and the 
shear stiffness (Ks) of the ground-shotcrete interface. 

Thereafter, the full-face excavation of the tunnel is modeled by 
gradually removing the ground. The next pre-cutting shell in the over-
lapping length (as 0.5 m) is modeled by different IDs (numbers allocated 
to the different shells) for the next shell, i.e., no interface is considered 
between the two shells to have a rigid connection (Fig. 12c). 

To monitor the behavior of the pre-cutting system, ground settlement 
is measured at the critical point, as shown in Fig. 12c. 

Examples 

Comparison of the proposed method’s predictions with those of other 
approaches 

This paper mainly aims to find the stiffness of the pre-cutting system, 
which has been schematically shown as SCC in Fig. 4. Section 3.1, as the 
main part of the paper, provides such a solution. As can be observed in 

Fig. 4, however, it is required to calculate the GRC to find the tunnel 
convergence using conventional methods (such as Brown et al. [5] or 
Park et al. [26]), which consider the rock mass failure criterion and 
many other details of rock mass characteristics. This is explained in 
Section 3.3 concisely with no more detail. Therefore, the consideration 
of the Hoek-Brown failure criterion and the other rock mass properties 
were hidden in this manuscript. 

As a well-established fact, the predictions of a theoretical method 
should be evaluated to explore its accuracy and efficiency. In this regard, 
the results of analytical approaches can be verified with those of phys-
ical models or with the measured data of a practical project. In the 
absence of such data, however, the predictions of the suggested method 
are just compared with those of numerical simulation. Furthermore, the 
efficiency of the precutting support system with the proposed method is 
compared with that of an arch umbrella system as it might be considered 
a lower limit of the pre-cutting system to some extent. 

Here, some examples are solved to show the efficiency of the pre- 
cutting system in confining displacements by the presented theoretical 
model and by FLAC 3D. 

According to Hoek and Marinos [16], the degree of squeezing con-
ditions is identified by σcm

p0
, i.e., the ratio of uniaxial compressive strength 

of rock mass to the maximum in-situ stress. That is, the severe squeezing 
and the extreme squeezing conditions are identified as class D (in which 
σcm
p0 

is between 0.15 and 0.2) and class E (in which σcm
p0 

is less than 0.15), 
respectively. The installation of a pre-support is necessary for tunneling 
in these classes [16]. 

The application example involves a circular tunnel of radius ri = 5m 
excavated in a ground with uniform stress p0. The rock is considered to 
be intact with a compressive strength of σci = 10MPa, while the rock 
mass is assumed to be characterized by Hoek-Brown parameters GSI =

20, D = 0, mi = 10, mb = 0.5743, s = 0.00013, and a = 0.5 (see [15]). 
The characteristics of the rock mass’s deformability are assumed to be 
defined by specific parameters γ = 26KN/m3 and ϑ = 0.3, with a null 
dilation angle. It should be noted that the value of the in-situ stress can 
be found through σcm

p0 
because the uniaxial compressive strength of rock 

mass (σcm) can be determined through unconfined compressive strength, 
the GSI, and the constant mi [16]. 

The support system for the tunnel involves a concrete shell, which is 
assumed to have a Young Modulus of Ec = 10GPa and ϑ = 0.3. The 
mechanical properties of rock masses and tunnels in classes D and E are 
available in Table 1. 

In Table 1, the various categories of weak rock masses are thoroughly 
examined in relation to distinct pre-cut shell elements. The proposed 
methodology was used to calculate the tunnel displacements for a cir-
cular tunnel excavated at various depths in weak rock masses (i.e., GSI 
= 20). Specifically, three kinds of pre-cut shell elements were utilized in 

Fig. 11. Static configuration of a shell exposed to a bending moment M0 and a transverse section shear force..T0  
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the calculations, resulting in obtaining the LDP of supported tunnels. 
Consequently, the pre-cutting system can effectively reduce tunnel 
convergence, as observed above. A good agreement can also be seen 
between the results of different approaches. 

In instances where the rock masses are extremely weak and at sig-
nificant depths, where the ratio of unconfined compressive strength to 
the in-situ stress is less than 0.10, unsupported tunnels are inherently 
unstable. Therefore, it is not feasible to compute the displacements of 
tunnel walls utilizing FLAC3D software in such scenarios. 

Even though different pre-cutting shell thicknesses can be used in the 

construction of underground structures, it is reasonable to use pre- 
cutting shell thicknesses in the range of 0.2 m-0.4 for deep tunnels. 

Next, the efficiency of pre-cutting shells in highly squeezed condi-
tions is compared with that of the arch umbrella system by considering 
the minimum distance between umbrella elements. The diameter of 
umbrella elements is assumed to be the same as the thickness of the pre- 
cutting shells. For comparison, the length of these two systems is also 
considered identical as 4 m. The input data (Table 2) are from Ranj-
barnia et al. [32] for the assessment of the efficiency of arch umbrella 
elements in deep tunnels by the theoretical approach. 

As can be observed in Table 2, the maximum deformations supported 
by the arch umbrella system are about 5.42 and 7.29 cm, while those of 
the pre-cutting method are less than 1.3 and 1.6 cm, when σcm

p0 
are 0.15 

and 0.13, respectively. The aim is to show that the proposed method 
predicts remarkably smaller convergence by the pre-cutting support 
system than the arch umbrella system. 

Furthermore, if the spacing of the outer surface of the umbrella el-
ements decreases from dt = 0.5 m to 0.05 m, the convergence will be 
reduced to 1.9 cm from 5.42 cm and 2.38 cm from 7.29 cm. These values 
(1.9 cm and 2.38 cm) are comparable to those of employing the pre-
cutting system (in which the convergences are 1.3 and 1.6 cm). It in-
dicates that if the spacing between the arch umbrella elements becomes 
very small, that system may approximately act as a pre-cutting shell 
system in the periphery of the tunnel. 

The proposed method is verified indirectly by comparing its results 
with the arch umbrella system and with numerical modeling by FLAC3D, 
but the proposed method seems to give the results with good accuracy. 

The influence of the parameters associated with the pre-cutting system 
stiffness 

In this section, the performance of the precutting system at different 
conditions is evaluated using the proposed analytical approach. The 
stiffness of each pre-cutting shell is sized by its thickness and elastic 
properties (See Eq. (A.4).). As observed in Fig. 13, the transverse-section 
stiffness of the tunnel increases significantly with the thickness of the 
shells, and the short time convergence of the tunnel in different 
squeezing conditions is markedly reduced by increasing pre-cutting 
shells stiffness. Therefore, the pre-cutting technique is efficient in tun-
nels of squeezing conditions where it is necessary to control the unstable 
rock mass. The performance of distinct types of pre-cutting shell ele-
ments in diverse weak ground conditions appears to exhibit comparable 
trends due to the simplifications made while creating the analytical 
mode. Fig. 14 exhibits the corresponding LDP of the supported tunnel 
with pre-cutting shell elements obtained by calculations performed by 
the proposed analytical approach for two types of pre-cutting shell el-
ements in the same geometrical configuration. 

Furthermore, the thickness of the pre-support directly influences the 
pre-cutting stiffness magnitude and, therefore, can decline dramatically 
the convergence of the tunnel wall. As shown in Eq. (12), the longitu-
dinal stiffness of the pre-cutting shell depends on the transverse stiffness 
of the tunnel cross-section. The foregoing formulation was used to 
evaluate the pre-cutting shell system for different mechanical and 
geometrical configurations. In Fig. 15, the effects of the transverse 
stiffness are investigated by considering three different scenarios to 
depict the reduced deformations of the tunnel wall (as the representative 
of tunnel stability) in terms of using typical values of pre-cutting 
thickness in the rock mass with GSI = 20 (as the representative of a 
weak ground) at conventional depths. It can be used for the fast- 
preliminary design of pre-tunneling shells provided that the concrete 
does not fail due to developed stresses. This issue is discussed in Section 
5.3. 

Fig. 12. The view of the 3D numerical model pre-cutting shell. a) Dimensions 
of the model; b) installation of the pre-cutting shell; c) implementing the 
overlapping zone and the next pre-cutting shell. 
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Structural Design of the pre-cutting system 

The preliminary design of the shotcrete layer in circular tunnels 
under a hydrostatic stress field can be obtained by the equation pro-
posed by Hoek and Brown [14]. This equation is appropriate for the 
plane strain condition (e.g., in the section located far from the tunnel 
face under uniform load), and the tangential stress acting on the shell is 
the only main factor. 

However, the load on a pre-cutting shell is not uniform along the 
tunnel, and a bending moment is effective in addition to the tangential 
stress. 

To find the point at which the maximum bending moment is along 
the pre-cutting shell, the shear force should be zero. That is: 

Tx′ =
dM
dx′ = 0 then x′

Mmax =
arctg sinβl− cosβl

sinβl+cosβl

β
− lδ (21) 

Thus, the maximum bending moment can be obtained by replacing 
Eq. (21) with Eq. (16), and the stress created by the maximum bending 
moment can be calculated using Eq. (22) 

σθmax = 6ϑMx′max/tpre− cut
3 (22) 

As a result, the stress created by the maximum bending moment must 
be added to the tangential stress. 

A study was developed to understand whether or not the developed 
stress from the maximum bending moment is considerable. To be more 
specific, this section aims to show whether or not the influence of the 
bending moment is significant in the total amount of stress considered in 
the design of shells. Accordingly, attempts are implemented to find if the 
structural design of the pre-cutting shell (i.e., the required thickness of 
the shells) can be obtained simply using the equation of Hoek and Brown 
[14], or if it is necessary to consider the effect of the bending moment as 
well. 

Table 1 
The properties of pre-cutting shells and output results obtained by simulation based on CCM and FLAC3D models.  

σcm

p0  

GSI SqueezingClass Uun− supported × 10− 2(m) tpre− cutting UAnalytical × 10− 2(m) UFlac × 10− 2(m)

0.15 20 D  10.24  0.3  1.529 1. 518      
0.35  1.41 1. 41      
0.4  1.297 1. 299  

0.13 20 E  13.5  0.3  1.776 1. 77      
0.35  1.65 1. 63      
0.4  1.555 1. 509  

0.11 20 E  25.6  0.3  2.166 2. 145      
0.35  2.057 1. 965      
0.4  1.87 1. 815  

Table 2 
The comparisons between predictions of the umbrella element system and the pre-cutting tunneling system.  

σcm

p0  

class tpre− cutting(cm) D(m) t(cm) Uun− supported(cm) Uumb(cm) Upre− cutting(cm)

0.15 D 40  0.4 2  10.24  5.42  1.297 
0.13 E 40  0.4 2  13.5  7.29  1.555 

dt = 0.5m is the distance of the outer surface of two umbrella elements. 
*t is the thickness of arch umbrella elements. 

*D is the diameter of arch umbrella elements. .  

Fig. 13. The influence of pre-cutting stiffness (kc) on the confinement of tunnel wall convergence.  
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Table 3 gives the ratio of the stress created by the maximum bending 
moment to the circumferential stress calculated according to Hoek- 
Brown [14]. As observed, the developed stress from the bending 
moment is remarkable, and therefore, it is not possible to define the 
thickness of the pre-cutting shell only by the equation of Hoek-Brown 
[14]. 

Conclusions 

By using the pre-cutting tunneling technique, a theoretical model 
was shown to analyze the behavior of the ground and pre-lining, and the 
model results were strengthened by carrying out numerical calculations. 

Fig. 14. The longitudinal deformation profile (LDP) of the supported tunnel by the pre-cutting shell.  

Fig. 15. The performance of the pre-cutting shell in various squeezing conditions.  

Table 3 
The comparison of circumferential stress created by the bending moment in the 
proposed approach with the circumferential stress proposed by the classic 
approach.  

σcm

p0  

GSI class t(m) σθMmax(MPa) σθclassic(MPa) σθMmax

σθclassic
× 10− 2   

0.15 20 D  0.3  3.33  16.438 20  
0.13 20 E  0.35  3.654  21.437 17  
0.11 20 E  0.4  4.052  27.983 14. 5  
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In severely unstable and squeezing conditions, the analytical technique 
can be employed for the quick and preliminary design of a pre-cutting 
system. Thus, the findings were displayed in the form of a few graphs 
that expressed the displacement of the pre-supported tunnel as a func-
tion of the ratio of the uniaxial strength of the rock mass to the in-situ 
stress. Now that more advanced numerical techniques have been 
developed, these results can be used as the starting point for more ac-
curate modeling. 

Furthermore, the full set of equations needed to obtain the support 
characteristic curve for a pre-cutting shell element is presented in the 
preceding sections of this paper. The closed-form analytical approach 
can be easily used to obtain the longitudinal stiffness of shells, which can 
be used by practitioners as a first-order estimate for the structural design 
and analysis of the liner. 

The sensitive study concludes by demonstrating that the stiffness of 
pre-cutting shells—specifically, the thickness of the pre-cutting shell—is 
more effective than the other parameters in regulating tunnel dis-
placements. The analytical equation by [14] that was used for the initial 
design of the shotcrete layer results in an imprecise assessment of the 
pre-cutting system requirements as well. 

It should be emphasized that the findings drawn above are strictly 
theoretical in nature and do not account for variables like the actual slot- 

cutting rate, the schedule for filling, intermittent construction practices, 
etc. The planned model and the actual building may thus have some 
specific differences. 
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Fig. B1. An infinitesimal element of the shell in the longitudinal direction.  
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Appendix A. . Elastic solution of a circular shell subjected to a triangular distributed load 

The solution presented in this appendix is derived from the formulation of thin elastic shells described in Timoshenko and Woinowsky-Krieger 
[37]. The main text provides a description of the variables used in this formulation. Fig. 9 illustrates the problem to be solved, which involves a 
circular shell with a radius of ri and a length of l (Eq. (9)). The overall deformation of a shell can be determined with Eq. (A.1) [37]. 

w = eβx′
(C3cosβx′ +C4sinβx′)+ e− βx′

(C5cosβx′ +C6sinβx′) (A.1) 

As the shell being analyzed is exposed to an external load, an added heterogeneous term, which accounts for the load distribution, is incorporated 
into Eq. (A.1) to have: 

w = eβx″
(C4cosβx″+C5sinβx″)+ e− βx″

(C6cosβx″+C7sinβx″)+
p(x″)

kc
(A.2)  

in which 
β4 =

3(1− ϑ2)

r2(tpre− cut)
2,x″ = x′ + lδ, and.where the parameter kc is the tangential stiffness of a transverse section of the cylindrical shell, depending on the 

stage of excavation. In the case in which the tunnel face is near a desired section, it is (Timoshenko and Woinowsky-Krieger, [37]): 

kc =
Ectpre− cut

ri
2 (A.3) 

However, in the case in which the tunnel face is far from the desired section, it is [24]: 

kc =
Ec(ri

2 −
(
ri − tpre− cut

)2
)

ri(1 + ϑ)[(1 − 2ϑ)ri
2 +

(
ri − tpre− cut

)2
]

(A.4) 

The coefficients C4, C5, C6, and C7 can be calculated through the boundary condition shown in Fig. 9. As the shell thickness is smaller than its radius 
and length, the shell can be considered infinitely long [37]. Consequently,  

- the constants C4 and C5 are zero since Saint and Venant’s principle can be applied for this simulation [38]. That is, the effect of stress applied to a 
small part of a long shell will dissipate at farther distances [38], making the first term of Eq. (A.2) negligible.  

- the constants C6 and C7 can be obtained by the boundary condition of overlapping length that treats as cantilever support. Hence; 

(w)x′=l = 0→C6 =
(sinβl)p

e− βlβ((sinβl)2
+
(
cosβl)2)lkc

=
(sinβl)p
e− βlβlkc

(A.5)  

(
dw
dx′)x′=l = 0→C7 = −

(cosβl)p
e− βlβ((sinβl)2

+
(
cosβl)2)lkc

= −
(cosβl)p
e− βlβlkc

(A.6) 

Eq. (A.2) then becomes 

w = e− βx″
(
(sinβl)p
e− βlβlkc

cosβx″ −
(cosβl)p
e− βlβlkc

sinβx″
)

+
p − (px″/l)

kc
(A.7)  

Appendix B. . Solution of circular elastic shells according to the theory of thin shells 

This appendix provides a demonstration of equations for the analysis of shells. If a cylindrical shell is exposed to hydrostatic pressure, i.e., the 
development of the axisymmetric condition (see Fig. 5), the variation of the bending moment in the tangential direction (Mθ) is null (see Fig. B.1), and 
the produced tangential stress is found according to Brown et al. [5]: 

σθ =

Ecri

(

1 +
(ri − tpre− cut)

2

r2

)

w

(1 + ϑ)[(1 − 2ϑ)ri
2 +

(
ri − tpre− cut

)2
]

(B.1)  

in which r is the generic coordinate (distance from the tunnel axis). 
As w is variable, the tangential stress is variable in the longitudinal direction. 
The tangential bending moment Mθ is calculated by 

Mθ =

∫ ri

ri − tpre− cut

σθ(r−
(

ri −
tpre− cut

2

)
dr

=
Ecriw

(1 + ϑ)
[
(1 − 2ϑ)ri

2 +
(
ri − tpre− cut

)2
] (

ri

2
+
(
ri − tpre− cut

)2
(

ln
ri

ri − tpre− cut
−

1
2

)

−
(

ri −
tpre− cut

2

)(
ri − tpre− cut

) tpre− cut

ri
+ tpre− cut) (B.2) 

On the other hand, the relationship between the bending moment in the longitudinal direction, i.e., Mx′, and the longitudinal stress Δσx′ is: 

Mx′ =

∫ ri

ri − tpre− cut

Δσx′(r−
(

ri −
tpre− cut

2

)
dr (B.3) 
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Thus, 

Δσx′ = 12Mx′/tpre− cut
3(r −

(
ri −

tpre− cut

2

))
(B.4) 

The bending moment can be obtained from the second derivative of Eq. (10): 

Mx′ = − D
d2w
dx′2

= − D(β2e− βx″
(
(sinβl)p
e− βlβlkc

cosβx″ −
(cosβl)p
e− βlβlkc

sinβx″
)

+ 2βe− βx″
(
(sinβl)p
e− βllkc

sinβx″ +
(cosβl)p
e− βllkc

cosβx″)+ e− βx″
(
(cosβl)p
e− βllkc

sinβx″ −
(sinβl)p
e− βllkc

cosβx″) (B.5) 

Then, ΔMθ is produced by Eq. (B.4), which should be added to.Mϑ 

The increase of tangential stress when the tangential displacements are prevented is found by Δσθ = ϑΔσx′. Therefore, 

ΔMθ =

∫ ri

ri − tpre− cut

ϑΔσx′(r−
(

ri −
tpre− cut

2

)
dr = ϑMx′ (B.6) 

As a result, the total tangential stress is obtained by 

σθt = Δσθ + σθ (B.7)  

in which 

Δσθ = 12ϑMx′/tpre− cut
3(r−

(
ri −

tpre− cut

2

)
(B.8) 

In fact, Eq. (B.8) is the result of the variable moment in the longitudinal direction, i.e., Mx′. 
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