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An imaging-informed mechanical framework to
provide a quantitative description of brain
tumour growth and the subsequent deformation
of white matter tracts

Francesca Ballatore, Giulio Lucci, Andrea Borio, Chiara Giverso

Abstract The mathematical description of brain tumours is a challenging problem,
that may be fundamental to support medical observations and to build personalised
therapeutic treatments for the patients. In this respect, we propose a multiphase
model, based on ContinuumMechanics, where both the healthy and the diseased re-
gions are treated as mixtures, comprising a solid and a fluid phase. Moreover, we use
patient-specific imaging data to reconstruct the preferential directions for nutrient
diffusion, fluid and cell motion inside the brain, since they all follow the orientation of
white matter tracts. Then, given the mechanical deformation induced by the tumour
onto the healthy tissue, we employ it to properly modify the preferential directions of
white matter tracts. Our numerical simulations show that tumour-induced displace-
ments and stressesmay have a substantial impact on the tissue surrounding the cancer
mass, even in regions distant from the tumour position. Furthermore, the model is
able to highlight relevant changes in the preferential directions of nutrient diffusion
and cell motion, caused by the spread of the cancer. Finally, the proposed framework
may be a useful tool for the mechanical and computational modelling of other kinds
of tumours growing in highly anisotropic environments and for estimating the effect
of the expanding mass on the surrounding tissue.
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1 Introduction

Despite the relevant advances in clinical practice supported by novel therapies and
imaging techniques, the treatment of brain tumours remains not fully effective in
many cases, due to cancer aggressiveness and to the intrinsically fragile nature of
brain tissue. For this reason, in the last three decades, the mathematical modelling
of brain tumour growth started to attract research attention. The purpose of these
models is essentially twofold: first, they can help in understanding the progression
of the tumour, providing further support to medical observations; then, in silico
findings coming from simulationsmay be employed to build personalised therapeutic
strategies, which are particularly important in the case of brain cancers to maximize
the efficacy of treatments while minimizing side effects for the patients. In order to
obtain a realistic outcome, the interplay between models and clinical data is crucial,
as well as the accurate mathematical description of the brain environment, which is
known to strongly affect tumour progression [22, 48, 78, 80].

To achieve these goals, models of brain tumour growth have become increasingly
refined during the years: to give an overview, in Table 1 we summarise some of the
main contributions that appear in the literature. For detailed and extensive reviews
on brain cancer modelling, we refer the reader to [4, 37, 48, 66].

In particular, a first distinction between models can be made according to the
mathematical framework they use, which is strictly related to the scale that is consid-
ered. More specifically, microscopic and mesoscopic models provide a description
of phenomena taking place at the subcellular or cellular scale. These types of mod-
els mainly fulfill the objective of reproducing the early growth of brain tumours,
accounting explicitly for interactions at the cellular level: most of them are Cellular
Automata (CA), Agent-Based Models (ABM) or Ordinary Differential Equations
(ODE) models. On the other hand, macroscopic models based on Partial Differential
Equations (PDE) do not consider the intrinsically discrete nature of tumours, in ex-
change for a more flexible description performed through continuous variables. The
first works [84–88, 92, 94] using reaction-diffusion equations for the migration and
proliferation of gliomas paved the way for a number of subsequent studies, with an
increasing level of detail. Multi-scale formulations bridging the gap between the mi-
croscopic and the macroscopic levels, grounded on Kinetic Models (KM) and their
scaling [25, 26, 33–36, 52, 73, 83], also provided an interesting extension of purely
diffusive, phenomenological descriptions. Another approach recently proposed to
tackle the problem of brain tumour proliferation employs a Cahn-Hilliard-type (CH)
equation to deal with the infiltrative nature of some brain tumours, showing a good
agreement with real data [1–3,24, 37].

As discussed above, a fundamental improvement to build reliable models for
clinical applications is the inclusion of realistic imaging data, whichmay be used both
for the estimation of parameters and for performing simulations on real geometries.
In particular, the very first works [84–88, 92, 94] employed Computed Tomography
(CT) and Magnetic Resonance Imaging (MRI) to extrapolate numerical values for
the model parameters and to introduce a spatial distinction between white and grey
matter. Then, the progress in Diffusion Tensor Imaging (DTI) allowed to account for
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the intrinsic anisotropy of brain tissue and became of great interest in the modelling
process [54].

Nevertheless, the majority of the models mentioned so far does not take into ac-
count the mechanical impact of the growing tumour mass on the healthy brain tissue.
Instead, the deformation induced by the proliferating cancer onto the surrounding
areas may be harmful for the patient, since it may lead to damage in brain func-
tionalities. In this respect, recent experimental works [21,70,71,78] pointed out the
preeminent role of solid stresses due to brain tumour expansion, in addition to the
effects of fluid pressure. Moreover, the distribution of such stresses appears to be dif-
ferent even in tumours that exhibit similar imaging volumes [71,80]. Therefore, it is
important to have models that are able to capture the mechanical effects of a tumour
inside the skull, to precisely evaluate the brain area affected by the cancer and the
consequent possible risks for the patient. Motivated by these facts, some recent mod-
els exploited the framework of ContinuumMechanics to provide a description of the
so-called "mass effect" caused by the tumour. The first and simpler biomechanical
models considered the brain as a linear elastic (LE) medium [16,23,50], while non-
linearly elastic (NLE) constitutive equations (e.g. Neo-Hookean or Mooney-Rivlin)
have been employed in successive descriptions [9, 10, 30, 31, 62].

Another relevant feature that a quantitative mechanical model allows to introduce
is the modification of DTI imaging data as a consequence of tumour growth [62].
Indeed, the growing mass displaces and dislodges the surrounding white matter
fibres, causing a change in the preferential directions for water diffusion and cell
movement. Since for patients affected by aggressive brain cancers it is often difficult
to obtain multiple imaging scans at different times, the possibility of providing a
computational modification of DTI data by means of mechanics may have valuable
clinical implications.

Motivated by these observations, in this Chapter we propose a mechanical and
computational framework which may be used to describe brain tumour growth,
accounting both for a detailed mechanical representation and for the inclusion of
patient-specific data. Specifically, we derive amultiphasemodel based onContinuum
Mechanics which features the nonlinear elastic properties of brain tissue, being
then able to quantify the deformation and the solid stress induced by the growing
tumour. In our description, differently from previous models [62], the tumour is
sharply separated from the host tissue, leading to variables of the model which
are not necessarily continuous across the interface. It is therefore mandatory to
specify proper interface conditions between the healthy and the cancer tissues,
which also have distinct mechanical properties. Such a description is appropriate
to represent solid brain tumours with a sharp separation between the cancer and the
surrounding healthy area. Then, as already done in [62], we perform simulations on
a realistic three-dimensional brain geometry reconstructed from MRI and DTI data
and we employ the knowledge of the mechanical variables provided by our model to
modify the DTI data in time, by changing the orientation of white matter fibres as a
consequence of the deformation. We observe that the proposed framework may be
used, properly modified, for the mechanical and computational modelling of other
kinds of tumours growing in highly anisotropic environments.
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In detail, the structure of the Chapter is as follows. In Section 2 we present the
mathematical model and the governing equations, describing also the process of
DTI data modification following the mechanical deformation. We remark that the
introduction of discontinuous variables, due to the presence of two distinct domains,
requires to pay attention to the derivation of theweak formof the problem, rewritten in
the Lagrangian frame. Therefore, in Section 3 of the present work we provide details
on the derivation of the weak formulation of the problem and on its discretisation
in space and time. Then, always in Section 3, we provide a possible estimate for all
the parameters involved in the model and we define the procedure used to create the
patient-specific mesh. Section 4 is devoted to the presentation of some numerical
outcomes, showing the validity of the proposed framework as a proof-of-concept for
the mechanical description of brain tumours and DTI modification.

Type of Model References Mechanics Imaging

CA [11,12, 17, 49, 55, 56, 91] No No
ODE [14,53] No No
ABM [63–65] No No
ABM – PDE – RD [42,43] No No
PDE – RD [76,84–89,92, 94] No Yes (CT+MRI)
PDE – RD [47,54] No Yes (MRI+DTI)
PDE – ARD [95] No No
PDE – ARD [82] No Yes (DTI)
PDE – ARD – KM [73,83] No Yes (DTI)
ODE – PDE – ARD – KM [25,26, 33–36,52] No Yes (DTI)
PDE – ARD – CM [16,23, 32, 50] Yes (LE) Yes (MRI+DTI)
PDE – CM [9,10, 30, 31, 59, 62] Yes (NLE) Yes (MRI+DTI)
PDE – CM [67] Yes (FL) No
PDE – CH [1–3,24, 37, 60] Yes (FL) Yes (MRI+DTI)
HYB [40,57, 58, 77] No No
HYB [90,96] No No

Table 1 Summary of previous contributions concerning brain tumour modelling. The models
are classified according to three criteria: (i) the mathematical framework employed to describe
the growth of the tumour mass (first column); (ii) the inclusion of tumour and tissue mechanics
with quantification of deformations and stresses (third column); (iii) the use of patient-specific
imaging data to perform simulations (fourth column). Abbreviations: CA = Cellular Automaton;
ABM = Agent-Based Model; ODE = Ordinary Differential Equations model; PDE-RD = Reaction-
Diffusion equations; PDE-ARD = Advection-Reaction-Diffusion equations; PDE-KM = Kinetic
model; PDE-CH = Cahn-Hilliard model; PDE-CM = Continuum-Mechanics-based model; HYB =
Hybrid model; FL = Fluid; LE = Linear elasticity; NLE = Nonlinear elasticity.
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2 A multiphase model for brain tumour growth

In this Section, we present a multiphase model for tumour growth and expansion,
based on the theory of mixtures [6, 19, 75] and consisting of a set of mass and
momentum balance equations. Even though the general framework of the proposed
model could be used, in principle, to describe the development of any kind of solid
tumour, we specialise it to account for brain tumour evolution in a patient-specific
setting. The aim of the mathematical model presented hereafter is to evaluate the
progression of this disease, in order to predict the evolution of tumour shape and to
quantify the extent and the position of damaged areas. We assume that the region
occupied by the tumour, denoted by Ωt(t), is completely separated from the healthy
host tissue, denoted by Ωh(t), so that the boundary between the tumour and the
surrounding environment can be described by a moving interface. Both these regions
are treated as saturated domains consisting of two distinct phases, representing the
cell population (labelled with subscript "s") and the interstitial fluid (labelled with
subscript "`"), which fill all the available space. Therefore, introducing the volumetric
fraction of the cell population, φs, and the volumetric fraction of the liquid, φ` , the
saturation constraint

φs + φ` = 1 (1)

holds at any time instant and at any point in the brain domain Ω(t) = Ωh(t) ∪ Ωt(t).
We remark that, in this description, the cellular phase represents healthy cells in
Ωh(t) and diseased cells in Ωt(t), whereas the fluid phase resumes interstitial brain
fluid, blood, and nutrients in both regions. Furthermore, we assume that the materi-
als composing the phases are incompressible, which means that both phases of the
mixture have constant true densities ρ̂α, with α ∈ {s, `}. Then, once the true density
ρ̂α is prescribed, the partial phase density ρα := ρ̂αφα of the material composing the
α-phase is totally defined by knowing φα. Finally, since cells are mainly composed
of water, we assume that the true densities of both phases are equal, i.e., ρ̂s = ρ̂` .
Throughout this Chapter, we will denote by Ω∗, Ω∗t and Ω∗h the reference config-
urations of the whole brain, the tumour and the host tissue, respectively, so that
Ω∗ = Ω∗h ∪ Ω

∗
t holds. It is important to underline that the tumour region Ω∗t in the

reference configuration does not evolve in time. For what concerns the differential
operators, Grad and Div will be used in the following to denote the material gradient
and material divergence with derivatives taken with respect to the material point in
the reference configuration. Instead, the notations ∇ and ∇· will denote the gradient
and the divergence with respect to the spatial variable in the current configuration
Ω(t). The deformation of the body from the reference configuration to the deformed
one can be described using the map χ(X, t), which assigns to each material point
X ∈ Ω∗ its position x in Ω(t). Introducing the displacement field of the solid phase,
defined by us(X, t) = χ(X, t) − X, we can define the deformation gradient tensor
of the solid phase as Fs = I + Grad us, where I is the second order identity ten-
sor. Moreover, the concept of evolving natural configurations is employed in the
following to properly describe the mechanics of the growing body. Resorting to the
modelling background proposed in [7,8] for growing tumours, this approach consists
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in splitting the evolution in pure elastic deformations and deformations subsequent
to anelastic distortions, such as growth and remodelling. In particular, if we assume
to cut a generic particle out of the body and to relieve its state of stress while keeping
the mass constant, we find the natural state of such particle at time t. The natural
configuration of the body at time t is then the collection of all the particles in their
natural states at time t and it is indicated by Ωn(t). In this way it is possible to
measure the deformation from the natural configuration Ωn(t) to Ω(t) through the
tensor Fe, which is connected to the stress response of the material, while the path
from the reference configuration Ω∗ to the natural configuration is described by the
tensor Fg, which is directly related to growth and it is therefore named growth ten-
sor. This decomposition is graphically shown in Fig. 1. To sum up, the deformation

Fig. 1 Multiplicative decomposition of the deformation gradient.

gradient Fs indicates how the body is deforming locally in going from the reference
configuration Ω∗ to Ω(t), while, in an analogous way, Fe tells how the body is de-
forming locally in going from the natural configuration Ωn(t) to Ω(t), and Fg tells
how the body is growing locally. The following multiplicative decomposition of the
deformation gradient is therefore valid:

Fs = FeFg . (2)

Furthermore, since the deformation gradient Fs is invertible, it follows that Fe and
Fg are invertible too. Indeed, the determinant of the deformation gradient can be
expressed as

Js = JeJg ,

where Je = det Fe and Jg = det Fg. In particular, since we are dealing with growth
processes, we have Jg ≥ 1.
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2.1 Eulerian formulation

2.1.1 Balance equations

Mass and momentum balance laws in the tumour region Ωt(t)

To derive the balance equations of our model, we firstly focus on the region occupied
by the tumour. We assume that, in this region, cells proliferate since the tumour is
growing. Hence, the mass and momentum balances for each phase α ∈ {s, `} read

∂φα
∂t
+ ∇ · (φαvα) = Γα , (3)

ρ̂αφα

(
∂vα
∂t
+ vα · ∇vα

)
= ∇ · T̃α + ρ̂αφαbα + m̃α , (4)

where vα is the velocity of the α-phase, T̃α is the partial Cauchy stress tensor of
that phase, Γα is the mass growth rate and m̃α represents the rate at which the
α-phase exchanges momentum with the other phase. Then, the mixture is assumed
to be closed with respect to mass, i.e., Γ` = −Γs, so that mass exchanges occur only
among the constituents taken into account. Moreover, external body forces (such as
the gravitational force) included in b as well as inertial effects are negligible, since
the motion of cells and interstitial fluid is very slow, when dealing with biological
growth phenomena. Thus, Equation (4) becomes

∇ · T̃α + m̃α = 0 . (5)

The term m̃α, with α ∈ {s, `}, can be decomposed, using thermodynamics arguments
[44], into a dissipative and a non-dissipative part as m̃α = mαβ + p∇φα, where p is
the pressure of the interstitial fluid and the term mαβ represents the dissipative force
acting on the α phase due to the other phase, denoted by subscript β. By invoking
the action-reaction principle and the saturation condition (1), it holds that

ms` = −m`s . (6)

We remark that, in defining the momentum exchange between phases, we neglected
the exchange rates associated with the mass sources and sinks Γα, α ∈ {s, `}. Such
an assumption is reasonable in the context of avascular tumour growth, in which the
velocities of both the solid and the fluid phase are small [44].

Following standard arguments in mixture theory, the Cauchy stress associated
with the α-phase of the mixture can be written as the sum of a purely hydrostatic
contribution, which indicates the amount of pressure sustained by the α-phase, and
an effective stress

T̃α = −φαpI + Tα .

Moreover, we require that the effective stress of the fluid phase T` is negligible with
respect to the pressure gradient and to the interaction forces between fluid and solid
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phase. As a consequence, Eq. (5), specialised for the two phases, becomes

−φs∇p + ∇ · Ts +ms` = 0 , (7)
−φ`∇p +m`s = 0 . (8)

The momentum balance for the mixture can then be obtained by summing (7) and
(8), recalling the saturation condition (1) and the action-reaction principle (6):

−∇p + ∇ · Ts = 0 . (9)

Furthermore, calling µ the dynamic viscosity of the fluid component, K (φ`) the
permeability tensor and taking m`s = −µφ

2
`K (φ`)

−1 (v` − vs) [44], it is possible to
derive from (8) the well-known Darcy’s law as a momentum balance for the fluid
phase

v` = vs −
K (φ`)

µφ`
∇p . (10)

To account for the anisotropy in the fluid motion due to the presence of white and
grey matter fibres in the brain tissue, we take the permeability tensor as

K (φ`) := K (φ`)A , (11)

whereA denotes the Eulerian preferential directions tensor [24], whose construction
will be discussed in Section 2.1.4.

Mass and momentum balance laws in the healthy region Ωh(t)

In the domain occupied by the healthy tissue we assume that the proliferation of cells
is compensated by natural cell death, so that the net rate of growth is equal to zero
(i.e. Γs = 0). The closed mixture assumption implies that also the source term Γ`
must be null. Hence, the mass balances in the healthy region can be written as

∂φα
∂t
+ ∇ · (φαvα) = 0 , withα ∈ {s, `} .

As regards the momentum balance equations, they are the same as in the region
occupied by the tumour, namely Equations (9) and (10). The differences in the
mechanical properties between the healthy and the diseased tissues, affecting the
stress tensor Ts, will be provided through the constitutive equations.

2.1.2 Stress tensor and constitutive equations

In order to close the system of mass and momentum balance equations and to under-
stand how brain tumour growth influences mechanically the surrounding tissues, we
have to determine an appropriate evolution law for the effective part of the Cauchy
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stress tensor Ts, associated with the cellular population, both in the diseased and in
the healthy region. In analogy with [7], we assume that the mechanical response is
hyperelastic from the natural configuration, that is, both the healthy brain tissue and
the tumour are modelled as nonlinear elastic materials.

Effective stress tensor in Ωt(t)

In order to fully describe the elastic response, the generalized Ogden model [72]
is often considered appropriate to represent the mechanical behaviour of soft brain
tissue [69]. In particular, we take into account the Mooney-Rivlin model, which
represents a particular case of the generalized Ogden energy [13, 27, 69]. Let
Ce := J

− 2
3

e Ce be the isochoric part of the elastic right Cauchy-Green deforma-
tion tensor Ce := FT

e Fe. The strain energy density per unit volume of the natural
configuration Ŵsn can be written as a function of the first two invariants of Ce and
Je:

Ŵsn

(
Ce, Je

)
=

1
2
µ1t

(
ICe
− 3

)
+

1
2
µ2t

(
IICe
− 3

)
+

+ κt (1 − φsn)
2
(

Je − 1
1 − φsn

− ln
Je − φsn
1 − φsn

)
,

(12)

where
ICe

:= tr
(
Ce

)
, IICe

:=
1
2

[(
trCe

)2
− tr

(
C

2
e

)]
.

The last term on the right-hand side of Eq. (12), which is different from the one
employed in previous works (e.g. [62]), describes volumetric changes in the solid
skeleton, occurring below the compaction point, i.e., when all pores in the structure
are closed and further volume deformations are impeded due to the incompressibility
of the solid phase (see [29] for further details). Furthermore, φsn represents the
volumetric fraction of the cell phase in the natural state and it has a constant value.
Finally, µ1t and µ2t are the material parameters of the tumour tissue whereas κt
is the elastic parameter associated with the response of the tumour to volumetric
deformations. Given Ŵsn, we can express the Cauchy stress tensor of the cellular
phase as

Ts = 2J−1
e Fe

∂Ŵsn
∂Ce

FT
e in Ωt(t) . (13)

By working out the derivative in (13) we have

∂Ŵsn

(
Ce, Je

)
∂Ce

=
∂Ce
∂Ce

:
∂Ŵsn

∂Ce
+
∂Je
∂Ce

∂Ŵsn
∂Je

= J−2/3
e

(
I −

1
3
C
−1
e ⊗ Ce

)
:
∂Ŵsn

∂Ce
+

1
2

JeC
−1
e
∂Ŵsn
∂Je

,
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where I is the fourth-order identity tensor. For the particular choice of material
constitutive relation (12), we have

∂Ŵsn

∂Ce
=
∂Ŵsn
∂ICe

I +
∂Ŵsn
∂IICe

(
ICe
I − Ce

)
=

1
2
µ1tI +

1
2
µ2t

(
ICe
I − Ce

)
,

∂Ŵsn
∂Je

= κt (1 − φsn)

(
1 −

1 − φsn
Je − φsn

)
.

Thus, the constitutive expression of the Cauchy stress tensor Ts becomes

Ts = 2J−1
e Fe

[
J−2/3

e

(
I −

1
3
C
−1
e ⊗ Ce

)
:
(
γ1I + γ2Ce

)]
FT

e+

+κt (1 − φsn)

(
1 −

1 − φsn
Je − φsn

)
I,

(14)

where we have defined the quantities γ1 := 1
2 µ1t +

1
2 ICe

µ2t and γ2 := − 1
2 µ2t.

The constitutive expression of the Cauchy stress tensor should be accompanied by
equations determining Fs and Fg. The tensor Fs is entirely determined by the motion
of the cell phase and for this reason it is not an additional unknown for the model.
In fact, it satisfies

ÛFsF
−1
s = ∇vs.

So it remains to determine Fg by solving appropriate evolution equations. The
evolution of Fg can be derived from Eq. (3) with α = s. It is possible to show that
the following relation has to hold [44, 68]:

tr
(
Lg

)
=
Γs
φs
, (15)

where Lg := ÛFgF
−1
g is the strain rate tensor (or velocity gradient) associated with Fg.

In this work, we consider an isotropic growth tensor of the form

Fg = gI , (16)

with g being a scalar field to be determined. Therefore, Eq. (16) leads to
tr

(
Lg

)
= 3 Ûgg−1, which consequently yields [8]

Ûg

g
=

1
3
Γs
φs
, in Ωt(t) . (17)

Equation (17) is an ordinary differential equation that, equipped with an initial
condition, determines g uniquely. Hence, it completely determines the evolution of
the growth tensor Fg. Of course, this is true provided that Γs is given constitutively.
In particular, we assume the following constitutive equation for the latter:

Γs = νφs (φmax − φs) (cn − c0)+ , (18)
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where (·)+ denotes the positive part and ν is a positive coefficient. In particular, we
have that the proliferation rate depends linearly on the available concentration of
nutrients cn, provided that it is greater than the hypoxia threshold c0, below which
tumour cells stop duplicating. On the other hand, as long as cn > c0, the cell phase is
allowed to grow and the proliferation rate is proportional to the difference between the
actual nutrients concentration and the hypoxia threshold. Moreover, the growth rate
depends on the fraction of cells that is already present, since cell population grows
by duplication of existing cells, and on the availability of space that can be filled by
the cellular phase. Therefore proliferation reduces as φs approaches the maximum
admissible cell volume fraction φmax ∈ (0,1], for which contact inhibition of growth
occurs. For more details about the definition of Γs, see [24,62] and references therein.

Effective stress tensor in Ωh(t)

In the host healthy tissue, as stated before, the net source term Γs is null, since the
death of healthy cells is compensated by proliferation. This implies that, in principle,
the multiplicative decomposition (2) is not needed in Ωh(t). However, for simplicity,
in order to have all quantities defined on both the tumour and the healthy tissue,
it is possible to apply a fictitious multiplicative decomposition of the deformation
gradient Fs, by taking Fg = I inΩh(t). Then, even though the constitutive mechanical
model for the healthy tissuemight be taken as totally different from the one describing
the tumour, we assume that the solid phase is described by a Mooney-Rivlin strain
energy density function Ŵsn as in (12) also in the healthy domain. Nevertheless,
even assuming the same functional form, the material parameters could be different,
i.e., we could use µ1h, µ2h and κh different from µ1t, µ2t and κt, respectively.

2.1.3 Nutrients

The rate of tumour growth Γs is influenced by many different factors, but of course
the amount of nutrients plays a fundamental role, because it strongly affects the
cells capability to duplicate. Consequently, it is necessary to introduce in the model
an equation describing nutrients evolution in the domain. We assume that they are
transported by the fluid phase and they can diffuse into it. On the other side, they are
taken by the growing tumour and uniformly supplied by blood vessels. We introduce
the hypothesis that the nutrients absorbed by the healthy tissue are immediately re-
placed by the vasculature, whereas the nutrients uptake by the tumour tissue is not
negligible. Following these assumptions, we can write the mass balance equation
governing the concentration of available nutrients cn in Ω(t), normalising it with
respect to the physiological concentration taken at the border of the brain:

∂

∂t
(φ`cn) + ∇ · (φ`cnv`) = ∇ · (φ`D∇cn) + Γ`cn + Gn , (19)
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where D is the Eulerian diffusion tensor (discussed later in Section 2.1.4), the term
Γ`cn is related to the variation of the nutrients amount due to absorption/production
of the liquid in which the chemical is dissolved, and Gn is the chemical source term
occurring without net variation of the liquid amount. In particular, we will consider
the form

Gn =

{
−ζφsφ`cn + Sn (1 − cn) φ` in Ωt(t)

0 in Ωh(t)
. (20)

The expression of Gn in the tumour domain describes the fact that nutrients are
consumed by the tumour with a constant rate ζ . Furthermore, nutrients are supplied
at a rate Sn as far as their concentration is below the physiological value, whereas
above the physiological value they are absorbed. The consumption and the delivery
of nutrients is also weighted with a factor φ` to describe the fact that if there is a
higher availability of fluid phase, then a greater uptake or supply of nutrients can be
provided. On the other hand, in the healthy region we assume that production and
absorption of nutrients are reciprocally balanced. Using standard calculus techniques
and recalling the mass balance equation of the fluid phase, with Γ` = 0 in Ωh(t), we
can rewrite Eq. (19) in the tumour and in the healthy domain as

∂cn
∂t
+ v` · ∇cn =

1
φ`
∇ · (φ`D∇cn) + [−ζφscn + Sn (1 − cn)] in Ωt(t) , (21a)

∂cn
∂t
+ v` · ∇cn =

1
φ`
∇ · (φ`D∇cn) in Ωh(t) . (21b)

2.1.4 Diffusion tensor D and preferential directions tensor A

We still need to provide a definition for the diffusion tensorD, appearing in Eq. (19),
and for the tensor of preferential directions A, which affects the permeability tensor
K in Eq. (11). Since the displacement induced by the tumour modifies the direction
of brain fibres in the surrounding environment and therefore alters the directions
along which diffusion and fluid motion happen, we take advantage of the mechanical
description included in our model to progressively modify these tensors as time
evolves. The diffusion tensor at the initial time instant D0 can be constructed from
DTI imaging data, through a computational processing summarised in Section 3.4.
Indeed, DTI scan quantifies the diffusion of water inside the brain and for this reason
it seems appropriate to employ such data to describe nutrients diffusion and to
determine the orientation of nerve tracts and other structures inside the brain. Thus,
we can write

D0 = λ
0
1e

0
1 ⊗ e0

1 + λ
0
2e

0
2 ⊗ e0

2 + λ
0
3e

0
3 ⊗ e0

3 ,

where we call λ0
1 > λ0

2 > λ0
3 the decreasing order eigenvalues and e0

1,e
0
2,e

0
3 the

corresponding orthogonal eigenvectors of the initial tensor D0, taken from DTI
images. The construction of A0, i.e. the initial value of tensor A, is also performed
using these data: the aim is to evaluate the preferential directions identified by the
presence of white matter tracts. In particular, it is assumed that A0 has the same
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eigenvectors as the diffusion tensor, while the eigenvalues are properly rescaled to
enhance anisotropy along the preferential directions, as described in [1, 2, 54]. The
tensor A0 is then defined as

A0 =
1

Aav
Â0, Â0 = a0

1(r)λ
0
1e0

1 ⊗ e0
1+a0

2(r)λ
0
2e0

2 ⊗ e0
2+λ

0
3e0

3 ⊗ e0
3, Aav =

1
3

tr(Â0),

where r is the tuning parameter of anisotropy and a0
i (r) are functions of r given by

a0
1(r) = rc0

l + rc0
p + c0

s , a0
2(r) = c0

l + rc0
p + c0

s , (22)

being c0
l
, c0

p , c0
s the linear, planar and spherical anisotropy coefficients, respectively,

defined as [54]:

c0
l =

λ0
1 − λ

0
2

λ0
1 + λ

0
2 + λ

0
3
, c0

p =
2(λ0

2 − λ
0
3)

λ0
1 + λ

0
2 + λ

0
3
, c0

s =
3λ0

3

λ0
1 + λ

0
2 + λ

0
3
.

Hence, the case r = 1 corresponds to a situationwhere the anisotropy is not increased,
and therefore the tensorA0 is simply given by a normalisation of the diffusion tensor
D0. Instead, if r > 1, then anisotropy is enhanced according to the values of the
anisotropic coefficients, as given by Eq. (22).
Themodification of tensorsD0 andA0 is then done considering only the reorientation
of the preferential directions and not their extension or compression. For this reason,
the deformation gradient Fs is used to deform the eigenvectors and the deformed
eigenvectors are normalized to account only for changes in the direction (see Fig. 2).
Hence, for the modified diffusion tensor we can use the expression

D = λ0
1
Fse0

1 ⊗ Fse0
1

|Fse0
1 |

2
+ λ0

2
Fse0

2 ⊗ Fse0
2

|Fse0
2 |

2
+ λ0

3
Fse0

3 ⊗ Fse0
3

|Fse0
3 |

2
,

where we observe that��Fse0
i

��2 = Fse0
i · Fse0

i = e0
i · Cse0

i , i = 1,2,3, Cs = F
T
s Fs.

The preferential directions tensor A can be derived in a similar way to D, i.e.
deforming the eigenvectors through the deformation gradient and normalizing them:

A =
1

Aav
Â , Aav =

1
3

tr(Â) ,

Â = a0
1(r)λ

0
1
Fse0

1 ⊗ Fse0
1

e0
1 · Cse0

1
+ a0

2(r)λ
0
2
Fse0

2 ⊗ Fse0
2

e0
2 · Cse0

2
+ λ0

3
Fse0

3 ⊗ Fse0
3

e0
3 · Cse0

3
.
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Fig. 2 Computational reconstruction and modification of the components of the diffusion tensor
taken from DTI data. On the left, a sample of the six components of the initial tensor D0 built
using medical imaging data is shown. In particular, a diffusion value is assigned to each brain mesh
cell, with higher values appearing in black. For a representative cell marked by the yellow triangle,
on the right we sketch the diffusion ellipsoid of the initial and modified tensors in the reference
configuration. Specifically, the smaller (yellow) ellipsoid represents the preferential directions and
values of diffusion at the initial time instant, i.e. the eigenvectors and eigenvalues ofD0, respectively.
The initial eigenvectors are then modified according to the deformation of the tissue to obtain the
current tensor D, as described in Section 2.1.4. In the Figure, we sketch (in blue) the pullback
D∗ := JsF

−1
s DF

−T
s of the modified diffusion tensor. We observe that both D0 and D∗ are defined

in the reference configuration and have the same eigenvectors, but different eigenvalues. For the
coloured version of the Figure, we refer the reader to the online version of the Chapter.

2.1.5 Interface conditions at the boundary between the tumour and the
healthy tissue

Since the material interface ∂Ωt(t) between the tumour and the healthy tissue moves
with the tumour cells with velocity vs |∂Ωt(t), we have to satisfy the following interface
conditions on the two sides of the boundary, in order to guarantee the continuity of
the normal displacement, the normal stress, chemical concentration and fluxes at the
interface:

nvs · no|∂Ωt(t) = 0 , (23a)
nφ` (v` − vs) · ndΣo|∂Ωt(t) = 0 , (23b)
npo|∂Ωt(t) = 0 , (23c)
ncno|∂Ωt(t) = 0 , (23d)
nTndΣo|∂Ωt(t) = 0 , (23e)
n(φ`cn (v` − vs) − φ`D∇cn) · ndΣo|∂Ωt(t) = 0 , (23f)

where n·o|∂Ωt(t) denotes the jump across the interface, n is the unit normal vector to
∂Ωt(t) pointing outwards and dΣ is the area element at the interface. In particular
we underline that, by combining the continuity across the interface of the total stress
T = −pI+Ts, prescribed by Eq. (23e), and the continuity of the pressure p, prescribed
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by Eq. (23c), it follows that also the effective stress Ts is continuous. Furthermore,
due to the presence in biological tissues of cell-cell and cell-extracellular matrix
adhesion molecules, it is physically reasonable to assume not only the continuity of
the velocity vs along the normal direction, but also that there are not breakages and
rotations between the tumour and the healthy tissue. This hypothesis requires that vs
is continuous also along the unit tangential component τ:

nvs · τo|∂Ωt(t) = 0 .

This assumption leads us to say that the displacement field us is continuous along
∂Ωt(t) and that the areas dΣ deform in the same way at the interface, but it does not
imply that also Fs and Js are continuous. We observe, as well, that the cell volumetric
fraction φs is in general discontinuous at the tumour interface since it is is related to
the inverse of the Jacobian Js. In the end, removing dΣ in (23b), (23e) and (23f) for
the assumption made above, the interface conditions that we impose are

nuso|∂Ωt(t) = 0 , (24a)
nφ` (v` − vs) · no|∂Ωt(t) = 0 , (24b)
npo|∂Ωt(t) = 0 , (24c)
ncno|∂Ωt(t) = 0 , (24d)
nTsno|∂Ωt(t) = 0 , (24e)
n(φ`cn (v` − vs) − φ`D∇cn) · no|∂Ωt(t) = 0 . (24f)

2.2 Lagrangian formulation of the model

To approach the numerical implementation of the model, our aim is to rewrite the
equations derived in Section 2.1 using a Lagrangian description of motion. In this
way, all the quantities of interest are considered in terms of material coordinates.
Henceforth, we will then use a superscript ∗ to denote any material element. Fur-
thermore, we will use the same symbols to denote the variables in the spatial and
material description, omitting the explicit spatial dependence. We recall the follow-
ing equalities, which will be useful in the successive computations:

dΣ = JsF
−T
s dΣ∗, dV = JsdV∗ , (25)

where dΣ = ndΣ and dV represent the infinitesimal element of area and volume
in spatial coordinates, respectively, dΣ∗ = NdΣ∗ and dV∗ denote the infinitesimal
element of area and volume in material coordinates, while N denotes the unit normal
vector to ∂Ω∗t pointing outwards [45].
Firstly, we integrate Equation (3) for α = s over the tumour domain Ωt(t) to obtain∫

Ωt(t )

[
∂φs
∂t
+ ∇ · (φsvs)

]
dV =

∫
Ωt(t )

Γs dV .
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Using Reynolds’ transport theorem, see for example [45], and moving the volume
elements to the reference configuration by means of (25), we obtain

d
dt

∫
Ω∗t

φsJs dV∗ =
∫
Ω∗t

ΓsJs dV∗ ,

which locally becomes
ÛJsφs = JsΓs . (26)

For what concerns Equation (3) for α = `, integrating over the tumour domain gives∫
Ωt(t )

[
∂φ`
∂t
+ ∇ · (φ`v`)

]
dV = −

∫
Ωt(t )

Γs dV .

Since the interface does not move with the fluid, we have to make use of the
generalized Reynolds’ transport theorem [45] which, together with the divergence
theorem and Eq. (25), yields

d
dt

∫
Ω∗t

φ` Js dV∗ −
∫
Ω∗t

Div
[
Jsφ`F

−1
s (vs − v`)

]
dV∗ = −

∫
Ω∗t

ΓsJs dV∗ ,

which localized gives

ÛJsφ` + Div
[
Jsφ`F

−1
s (v` − vs)

]
= −ΓsJs . (27)

Then, if we recall that φsn is the volumetric fraction in the natural state and it is a
constant quantity, using (15) we can rewrite (26) as

Jsφs = Jgφsn ⇒ Jsφs = g3φsn .

As regards the momentum balance of the solid phase, if we integrate (9) over the
tumour domain and we remember that T = −pI + Ts is the Cauchy stress tensor of
the mixture, we obtain ∫

Ωt(t )

∇ · T dV = 0 .

Introducing the first Piola-Kirchhoff stress tensor P := JsTF
−T
s , the latter becomes∫

Ω∗t

DivP dV∗ = 0 =⇒ DivP = 0 .

Recalling that P = JsTF
−T
s = −JspF−T

s + Ps, we have

Div
[
−JspF−T

s + Ps
]
= 0 .

In order to rewrite (10) using the Lagrangian formulation, we integrate over a surface
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S

φ` (v` − vs) · dΣ = −
∫
S

K(φ`)

µ
∇p · dΣ .

Moving the integrals to the reference configuration, we get∫
S∗

[
K

µ
F−T

s Grad p + φ` (v` − vs)

]
· JsF

−T
s dΣ∗ = 0 .

Let us assume that all the involved quantities are regular, we have then the local form

v` − vs = −Fs
K∗

Jsµφ`
Grad p , (28)

defining the tensor pullback K∗ := JsF
−1
s KF

−T
s .

In the light of Eq. (28), it is then convenient to further reformulate the mass balances
by summing up Eqs. (26) and (27). Using the saturation condition and the closed
mixture assumption, the mass balance for the mixture therefore reads

ÛJs = Div
[
K∗

µ
Grad p

]
.

Referring to the nutrients balance equation (21a), integrating it over the tumour
domain and recalling the closed mixture assumption, we obtain∫

Ωt(t )

[
∂ (φ`cn)
∂t

+ ∇ · (φ`cnv`)
]

dV =∫
Ωt(t )

∇ · (φ`D∇cn) dV −
∫
Ωt(t )

(Γscn − Gn) dV ,

that localized by means of the generalized Reynolds’ transport theorem and the
Gauss theorem leads to

ÛJsφ`cn − Div
[
Jsφ`cnF−1

s (vs − v`)
]
− Div

[
Jsφ`F

−1
s DF

−T
s Grad cn

]
=

− ΓscnJs + GnJs .

If we defineD∗ := JsF
−1
s DF

−T
s and we recall the mass balance of the fluid phase (27),

substituting Darcy’s law in the reference configuration (28) we can rewrite it as

Jsφ` Ûcn −
K∗

µ
Grad p · Grad cn − Div [φ`D∗ Grad cn] = JsGn . (29)

In conclusion, the set of equations in Lagrangian form in the tumour reference
domain Ω∗t is
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ÛJs = Div
[
K∗

µ
Grad p

]
, (30a)

φs = J−1
s g3φsn , (30b)

φs + φ` = 1 , (30c)
Div

[
−JspF−T

s + Ps
]
= 0 , (30d)

Ûg

g
=

1
3
Γs
φs
, (30e)

Jsφ` Ûcn −
K∗

µ
Grad p · Grad cn − Div [φ`D∗ Grad cn] = JsGn . (30f)

A similar reasoning and analogous computations can be used to derive theLagrangian
equations in the healthy tissue reference domain, so that we end upwith the following
set of equations in Ω∗h

ÛJs = Div
[
K∗

µ
Grad p

]
, (31a)

φs = J−1
s g3φsn , (31b)

φs + φ` = 1 , (31c)
Div

[
−JspF−T

s + Ps
]
= 0 , (31d)

Ûg = 0 , (31e)

Jsφ` Ûcn −
K∗

µ
Grad p · Grad cn − Div [φ`D∗ Grad cn] = 0 . (31f)

The systems (30) and (31) allow to determine all the unknown fields, namely, the
displacement field us(X, t) and the scalar fields p(X, t), φs(X, t), φ`(X, t), g(X, t) and
cn(X, t), ∀X ∈ Ω∗ = Ω∗t ∪ Ω∗h and ∀t ∈ (0,T), if we provide proper interface, initial
and boundary conditions.

Interface conditions. The interface conditions derived in Section 2.1.5, i.e.
Eqs. (24a)-(24f), need to be reformulated in Lagrangian coordinates, by making
use of the relations (25). Then, the set of interface conditions we obtain are the
following:

nuso|∂Ω∗t = 0 , (32a)

nK
∗

µ
Grad p · No|∂Ω∗t = 0 , (32b)

nPsNo|∂Ω∗t = 0 , (32c)
npo|∂Ω∗t = 0 , (32d)
ncno|∂Ω∗t = 0 , (32e)
nφ`D∗ Grad cn · No|∂Ω∗t = 0 . (32f)
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Boundary conditions. Before imposing the boundary conditions, it is important
to remark that ∂Ω∗h = ∂Ω∗t ∪ ∂Ω

∗
out is the boundary of the healthy domain that

is composed by the interface with the tumour ∂Ω∗t and by the external boundary
corresponding to the cranial skull ∂Ω∗out. In our simulations for tumour growth in
the brain, we consider the following boundary conditions on ∂Ω∗out:

us = 0 on ∂Ω∗out , ∀t ∈ (0,T) , (33a)
p = 0 on ∂Ω∗out , ∀t ∈ (0,T) , (33b)

cn = 1 on ∂Ω∗out , ∀t ∈ (0,T) . (33c)

We impose a null Dirichlet boundary condition for the displacement us and for the
pressure p. For the nutrients concentration we suppose that the brain boundary is
sufficiently far from the tumour. Therefore, we can assume that, on the boundary, the
oxygen concentration is maintained constant at the physiological value of 1 by the
vasculature. When the tumour grows close to the boundary, the boundary conditions
proposed in [62] should be applied.

Initial conditions. At the beginning of the tumour growth process we assume that
the displacement and the pressure are equal to zero. Furthermore, we take the scalar
field g, related to the growth component of the deformation gradient, as equal to 1
everywhere in the domain at t = 0. We also assume that the volumetric fraction of
the cell phase is initially equal to the constant volumetric fraction in the natural state
φsn. Finally, in order to obtain the initial nutrients concentration c0

n(X), we solve the
steady version of the nutrients governing equation, neglecting advection:

−Div [φ`D0 Grad cn] = JsGn .

In conclusion, we have the following set of initial conditions:

us(X,0) = 0 ∀X ∈ Ω∗ ,
p(X,0) = 0 ∀X ∈ Ω∗ ,
g(X,0) = 1 ∀X ∈ Ω∗ ,
φs(X,0) = φsn ∀X ∈ Ω∗ ,
cn(X,0) = c0

n(X) ∀X ∈ Ω∗ .

3 Numerical implementation

In this Section, we discuss how the Lagrangian model for brain tumour growth,
equipped with proper boundary and initial conditions, is solved through numerical
simulations. First of all, we derive the weak formulation of the Lagrangian model.
Then, we discretise in time and space the weak formulation and we assess the values
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of the parameters that appear in the system. Finally, we describe how we manage to
generate the patient-specific mesh that has been used for the computation.

3.1 Weak formulation of the Lagrangian model

We will derive now a weak formulation of our Lagrangian model. We first write the
weak form in each domain Ω∗t and Ω∗h separately and then we extend the weak form
to the whole domain Ω∗ = Ω∗t ∪Ω∗h. At this point, we define the test functions space
that meets the Dirichlet conditions we impose on the external boundary for p (33b)
and cn (33c), recalling that p and cn are continuous functions over Ω∗:

H1
0,∂Ω∗out

(Ω∗) :=
{
q ∈ H1(Ω∗) : q = 0 on ∂Ω∗out

}
.

Furthermore, we establish the vector test functions space that meets the Dirichlet
conditions we impose on the external boundary for the continuous vector function
us (33a):

H1
0,∂Ω∗out

(Ω∗) :=
{
q ∈ H1(Ω∗) : q = 0 on ∂Ω∗out

}
.

Then, starting fromEq. (30a),wemultiply each side by a test function qt ∈ H1
0,∂Ω∗out

(Ω∗)

and we integrate the whole equation over the Lagrangian tumour domain:∫
Ω∗t

ÛJsqt dV∗ =
∫
Ω∗t

Div
[
K∗

µ
Grad p

]
qt dV∗ .

Integrating by parts the second order derivatives, we obtain∫
Ω∗t

ÛJsqt dV∗ = −
∫
Ω∗t

Grad qt ·
K∗

µ
Grad p dV∗ +

∫
∂Ω∗t

qt
K∗

µ
Grad p · NdΣ∗ .

In the healthy domain we take as test function qh ∈ H1
0,∂Ω∗out

(Ω∗) and we find∫
Ω∗h

ÛJsqh dV∗ = −
∫
Ω∗h

Grad qh ·
K∗

µ
Grad p dV∗ +

∫
∂Ω∗t

qh
K∗

µ
Grad p · NdΣ∗ ,

since the test function qh is required to vanish on the boundary ∂Ω∗out because
it belongs to H1

0,∂Ω∗out
(Ω∗). Summing up the equations in the healthy and tumour

domain taking q ∈ H1
0,∂Ω∗out

(Ω∗) we have∫
Ω∗

ÛJsq dV∗ = −
∫
Ω∗

Grad q ·
K∗

µ
Grad p dV∗ −

∫
∂Ω∗t

�
q
K∗

µ
Grad p

�
· NdΣ∗ .

Since the test function q belongs to H1
0,∂Ω∗out

(Ω∗) and so it is continuous inside the
domain, thanks to interface condition (32b) we finally have
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Ω∗

ÛJsq dV∗ = −
∫
Ω∗

Grad q ·
K∗

µ
Grad p dV∗ , (34)

for all test functions q ∈ H1
0,∂Ω∗out

(Ω∗).
Forwhat concerns themomentumbalance,wemultiply (30d) by a vector test function
qt ∈ H

1
0,∂Ω∗out

(Ω∗) and then we integrate over the tumour reference domain, obtaining∫
Ω∗t

Div
[
−JspF−T

s + Ps
]
· qt dV∗ = 0 .

Using tensor integration by parts, we get

−

∫
Ω∗t

(
−JspF−T

s + Ps

)
: Grad qt dV∗ +

∫
∂Ω∗t

(
−JspF−T

s + Ps

)
N · qt dΣ∗ = 0 .

If we do the same in the healthy domain and sum the two equations, with
q ∈ H1

0,∂Ω∗out
(Ω∗), the weak formulation on the whole domain is

−

∫
Ω∗

(
−JspF−T

s + Ps

)
: Grad q dV∗ −

∫
∂Ω∗t

�(
−JspF−T

s + Ps

)
N · q

�
dΣ∗ = 0 .

Recalling that the displacement is taken continuous in all directions (32a), the areas
deform in the same way at the interface. For this reason, the first relation in (25)
implies nJsF

−T
s No|∂Ω∗t = 0. Looking at this condition and at the interface conditions

(32c) and (32d), recalling that q ∈ H1
0,∂Ω∗out

(Ω∗), the jump vanishes and we are left
with

−

∫
Ω∗

(
−JspF−T

s + Ps

)
: Grad q dV∗ = 0 . (35)

We need then a weak formulation for the equation of the nutrients. In order to derive
it, we multiply (30f) by a test function qt ∈ H1

0,∂Ω∗out
(Ω∗) and we integrate by parts,

obtaining∫
Ω∗t

(
Jsφ` Ûcn −

K∗

µ
Grad p · Grad cn

)
qt dV∗ +

∫
Ω∗t

φ` Grad qt · D
∗ Grad cn dV∗+

−

∫
∂Ω∗t

qtφ`D
∗ Grad cn · NdΣ∗ =

∫
Ω∗t

JsGnqt dV∗ .

We follow the same approach in the healthy domain and then we sum the two equa-
tions. Taking q ∈ H1

0,∂Ω∗out
(Ω∗), the test function vanishes on the external boundary

and, recalling the interface condition (32f), we finally have
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Ω∗

(
Jsφ` Ûcn −

K∗

µ
Grad p · Grad cn

)
q dV∗ +

∫
Ω∗
φ` Grad q · D∗ Grad cn dV∗ =

=

∫
Ω∗

JsGnq dV∗ . (36)

We remark that, given the pressure p and the displacement us obtained by solving
(34) and (35), Eq. (36) represents a linear variational problem to be solved for the
unknown cn.

3.2 Discrete formulation of the continuous variational problems

We need now to introduce a time and spatial discrete formulation of the continuous
variational problems (34), (35) and (36). We make use of linear tetrahedron P1
elements, so we introduce the following finite element spaces:

Vh :=
{
qh ∈

[
C0

(
Ω∗

)]3
: qh |K ∈ [P1(K)]3 ∀K ∈ Th, qh = 0 on ∂Ω∗out

}
⊂ H1

0,∂Ω∗out
(Ω∗) ,

Wh0 :=
{
qh ∈ C0

(
Ω∗

)
: qh |K ∈ P1(K) ∀K ∈ Th, qh = 0 on ∂Ω∗out

}
⊂ H1

0,∂Ω∗out
(Ω∗) ,

Wh1 :=
{
qh ∈ C0

(
Ω∗

)
: qh |K ∈ P1(K) ∀K ∈ Th, qh = 1 on ∂Ω∗out

}
⊂ H1 (Ω∗) ,

where Th is a decomposition of the domain Ω∗ into tetrahedra K conforming to the
tumour boundary.
For what concerns the time discretization, given N time instants on the interval
(0,T), ∆t := T/N is the time step and we use a superscript k to denote the value
of a quantity at time tk = k∆t. In order to simplify the notation, we will drop the
superscript k + 1 to denote the value of a quantity of interest at the next time step.
Then, we can define the full discrete variational problem, summing (34) and (35) to
rewrite them into a single nonlinear variational problem.
Thus, we can formulate the problem as follows

for k = 1, ...,N , given
(
uk
h
, pk

h
, ck

h

)
∈ Vh×Wh0×Wh1 find (uh, ph, ch) ∈ Vh×Wh0×Wh1

such that ∀(vh, wh,qh) ∈ Vh ×Wh0 ×Wh0 it holds

(Js (uh) , wh) + ∆t
(
Grad wh,

K∗

µ
Grad ph

)
− (P (uh, ph) ,Grad vh) =

(
Jks

(
uk
h

)
, wh

)
,

(Js (uh) ch,qh) − ∆t
(
K∗

µφ`
Grad ph · Grad ch,qh

)
+ ∆t (Grad qh,D∗ Grad ch) =

=
(
Js (uh) ckh,qh

)
+ ∆t

(
Js (uh)

Gn (ch)
φ`

,qh

)
,

where for simplicity we have denoted by (·, ·) the standard scalar product on the
spaces L2(Ω∗), L2(Ω∗;R3) and L2(Ω∗;R3×3) when appropriate.
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The last step is to introduce a proper discretisation of the other equations involved,
namely the ordinary differential equation for g (17), the saturation condition (30c)
and the relation (30b). Let gh , φs,h and φ`,h be piecewise-constant functions approx-
imating g, φs and φ` , respectively. Regarding (17), it can be discretised in time using
the explicit Euler method, only in the nodes which belong to the tumour domain Ω∗t :

gh = gkh

(
1 + ∆t

Γs(ckh, φ
k
s,h)

3φks,h

)
.

Equation (30b) is discretized as

φs,h = J−1
s (uh)g

3
hφsn .

Once we have computed φs,h , we can derive φ`,h using the saturation condition

φ`,h = 1 − φs,h .

Furthermore, a time-step control was made, which allows us to ensure the conver-
gence of the numerical simulation.

3.3 Parameters estimation

Before performing numerical simulations, we have to assess the values of the pa-
rameters that appear in the system. It is important to remark that the choice of the
parameters is fundamental to have a realistic outcome for the model. On the other
hand, when working in the field of mathematical biomedicine, it is often difficult to
have precise estimations of the parameters involved. In this Section, we review the
literature in order to assign a value or a range of admissible values to the parameters
introduced in our model.
Firstly, we deal with the mechanical parameters µ1h and µ2h that appear in the
Mooney-Rivlin energy density for the healthy tissue. In the article of Balbi et al. [13],
the authors propose asmean values for thematerial parameters µ1h = 3.06·10−4 MPa
and µ2h = 5.94 · 10−4 MPa, which we choose as references. For what concerns in-
stead the Mooney-Rivlin parameters in the diseased tissue, we will consider them
as ten times greater than the healthy ones, that means µ1t = 3.06 · 10−3 MPa and
µ2t = 5.94 · 10−3 MPa.
The volumetric moduli κt and κh penalise volumetric changes in the solid skeleton.
Unfortunately, it is difficult to estimate their numerical value, since in the majority of
the works available in the literature, both on the experimental and on the modelling
sides, the brain is not considered as a mixture. We take as a reference the work by
Prevost et al. [74], who estimate a range of 2 · 102 − 2 · 104 Pa for the volumet-
ric modulus. Therefore, taking into account that the brain is very soft, we choose
κt = 1.389 · 10−3 MPa and κh = 1.389 · 10−4 MPa.
Then, we have to provide values of the parameters involved in the growth rate Γs
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proposed in Eq. (18). The growth parameter ν is estimated using typical proliferation
times for glioma cells in vitro, which range between 24–48 hours: this corresponds
to values of 0.5−1 day−1. As underlined in [24,62], proliferation is strongly affected
by the availability of nutrients, allowing also smaller values to be appropriate for ν.
Having said that, in the following we will fix a value of ν = 0.5 day−1. For what
concerns the maximum cell volume fraction φmax, since we are not modelling the
formation of calcifications and necrotic regions, we assume that a minimum amount
of extracellular liquid is always present in the tissue to keep cells alive. Consequently,
φmax < 1. In the numerical simulations we set φmax = 0.95.
The values for the hypoxia threshold c0 which are found in the literature [1,40,41,90]
are quite different and cover a range from 0.15 to 0.5. We will consider c0 = 0.30 in
simulations, as done by Agosti et al. in [1]. Concerning the nutrients consumption
rate ζ that appears in Eq. (20), we follow the approach by Colombo et al. [24] and so
we know it can be estimated as ζ = 8640 day−1. For the estimation of the nutrients
supply rate Sn, we rely on the value of 104 day−1 proposed in [20], as done also
in [1, 24]. We need then to give an estimate of the cell volumetric fraction in the
natural state φsn, which is a constant given from the outset. Specifically, we consider
a value of φsn = 0.40, in accordance with the fact that the extra-cellular space, which
is complementary to the solid volume fraction, amounts approximately at 61% [18].
It is also necessary to introduce and estimate the function K (φ`) which appears in
the permeability tensor expression (11). For the saturation condition (1), it can be
equivalently expressed as a function of φs. As a functional form for such a permeabil-
ity function, we will consider the exponential Holmes-Mow expression [51], which
is frequently used in the modelling of soft tissues [28]

K (φ`) = K̃ (φs) = k0

[
φsn (1 − φs)

φs (1 − φsn)

]α0

e
m
2

(
φ2

sn−φ
2
s

φ2
s

)
,

in which α0 and m are model parameters, whereas k0 is a reference permeability
value taken in the natural state. In particular, for what concerns the value of k0,
in the literature it is often estimated the ratio kc := k0

µ , where µ is the dynamic
viscosity of the fluid phase. Following this definition and given the spatial and
temporal scales of our model, such a ratio has units mm2/(MPa · day). Values found
in the literature cover quite a wide range: Mascheroni et al. [68] consider a value of
4.2 · 104 mm2/(MPa · day) for the fluid phase in a mixture model for brain tumour
spheroids. On the other hand, the values 4.31 ·105−6.47 ·105mm2/(MPa · day)were
proposed by Basser [15] for the permeability of white and grey matter, respectively.
We consider an intermediate value, that corresponds to kc = 2.17 · 105 mm2/(MPa ·
day), as done also in [62]. Furthermore, the values α0 = 0.0848 and m = 4.638 are
considered, as it is usually done for theHolmes-Mowpermeability in soft tissues [28].
In Table 2 we report the complete list of all the used parameters, together with the
values employed in the simulations.
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Parameter Description Value

µ1h Mooney-Rivlin material parameter (healthy) 3.06 · 10−4 MPa
µ2h Mooney-Rivlin material parameter (healthy) 5.94 · 10−4 MPa
µ1t Mooney-Rivlin material parameter (tumour) 3.06 · 10−3 MPa
µ2t Mooney-Rivlin material parameter (tumour) 5.94 · 10−3 MPa
κh Volumetric modulus (healthy) 1.389 · 10−4 MPa
κt Volumetric modulus (tumour) 1.389 · 10−3 MPa
ν Cell proliferation constant 0.5 day−1

c0 Hypoxia threshold 0.30
ζ Nutrients consumption rate 8640 day−1

Sn Nutrients supply rate 104 day−1

φsn Cell volume fraction in the natural state 0.40
φmax Maximum cell volume fraction 0.95
kc Hydraulic conductivity 2.17 ·105 mm2 ·MPa−1 ·day−1

α0 Holmes-Mow permeability parameter 0.0848
m Holmes-Mow permeability parameter 4.638

Table 2 List of the values of the model parameters employed in the numerical simulations.

3.4 Mesh preparation

The last step needed to perform the numerical simulations is the introduction of
the computational brain mesh, containing the values of D0 and, consequently, the
values of A0. The mesh was constructed using the Magnetic Resonance Imaging
(MRI) data of a single patient, acquired in the context of normal clinical practice
by the Istituto Neurologico Carlo Besta in Milan (Italy). The main advantages of
MRI lie in its efficiency in detecting brain tumours and its capability to highlight
the different tissue types composing the brain. Nevertheless, MRI does not provide
any information concerning the micro-structural architecture of the brain and the
preferential direction ofwater diffusion. Therefore, the values ofD0 should be derived
from Diffusion Tensor Imaging (DTI) data. In this technique the water diffusivity
within each voxel of the brain is described through a symmetric and positive definite
tensor, whose diagonal elements are proportional to the apparent diffusivity along
the three measurement directions, while the other elements are the correlation terms
between molecular displacements in directions perpendicular to the measurement
direction at a given time. The capacity of DTI to determine the anisotropic diffusion
of water molecules provides a way to identify and visualise the orientation of white
matter tracts and, consequently, the direction of cell migration.
First, we performed the segmentation of MRI grey-scale images, i.e. the partitioning
into several image segments, by assigning a label to every pixel in order to reconstruct
the boundary of the brain and eventually distinguish different brain tissues. This
can be done using specific software packages, such as Slicer3D [79]. Once the
segmentation has been performed, the computational mesh was constructed using
Tetgen [46], which is able to generate tetrahedral meshes of any 3D polyhedral
domain. This software enables us to construct a tumour-conformal mesh, in order to
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clearly separate the healthy domain from the tumour domain. In the present work,
this latter is built as a sphere of radius 7 mm located in the healthy tissue of the
patient, in order to use DTI data that are not corrupted by the presence of the tumour.
Nevertheless, a similar procedure could be possibly implemented in those cases in
which the tumour boundary is reconstructed from MRI, identifying the cancerous
region during the segmentation process. Then, the mesh has been refined along the
tumour boundary, where the variables of our problem show the greatest variations.
Finally, we employ data fromDTI in order to build the diffusion tensorD0. In order to
include these data in our model, the six images coming from DTI and corresponding
to the six independent components of the diffusion tensor need to be aligned with
the ones from MRI (i.e., they should be shifted, rotated and eventually rescaled in
order to perfectly overlay with the MR images). This process can be done using the
software FSL (FMRIB Software Library) [39]. Once all the images are aligned, it is
possible to integrate the six components of the tensorD0 into the computational mesh
built upon MRI data, using the scripts implemented in VMTK software library [93].
A Z-normal slice of all components of D0 is reported in Fig. 2 on the left. For
further details about the construction of the computational mesh, we refer the reader
to [1, 24, 62].

4 Numerical simulations in the brain

We apply the model presented in Section 2.2 to describe the growth of a tumour
with an initial radius of 7 mm for a period of 80 days. The simulations have been
performed using the discretisation method described in Section 3.2, implemented
in the software FEniCS [5, 38, 61], which provides a high-level Python and C++
interface for solving PDEs through the Finite Element Method and allows to quickly
translate weak formulations into finite element code. In Fig. 3 we show the results
in terms of magnitude of the displacement vector ‖us‖, pressure p and nutrient
concentration cn, while in Fig. 4 we plot the scalar field g, the cell volume fraction
φs and the volumetric solid Cauchy stress σ := − 1

3 tr(Ts), along three sagittal, axial,
and coronal planes centered within the tumour.
All these results highlight the anisotropic evolution of the tumour inside the healthy
tissue. in particular, for what concerns the displacement, it presents an evident
anisotropic behaviour and the maximum of its magnitude reaches 6.4 mm. Hence, at
the end of the simulation, the final radius is almost doubled compared to the initial
one of 7 mm. In Table 3 we report the maximum and the minimum displacement
values along all directions of the axes. Furthermore, the final volume is significantly
increased, as it reaches the value of about 11.5 cm3, while the initial one was
eight times smaller. Using these data, it is possible to compute an average velocity
of radial expansion (VRE), which is based on the variation of the radius during
growth. Considering the tumour as a sphere, even if it is not exactly the case due to
anisotropy, we obtain a VRE value of about 31.94 mm/year, which is biologically
feasible and shows good agreement with experimental measurements reported in
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‖us ‖

p

cn

Fig. 3 Comparison between the displacement magnitude ‖us ‖, the pressure p and nutrients cn
after t = 80 days of tumour growth in the brain, clipped along three different planes (XY, XZ and
YZ respectively).
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g

φs

σ

Fig. 4 Comparison between the scalar field g, the cell volume fraction φs and the stress measure
σ after t = 80 days of tumour growth in the brain, clipped along three different planes (XY, XZ
and YZ respectively).
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[81]. Furthermore, the magnitude of displacement along different representative

X Y Z

Min −5.58 mm −5.30 mm −5.85 mm
Max 5.53 mm 6.16 mm 5.93 mm

Table 3 Maximum and minimum displacement values along each direction at time t = 80 days.

rays originating from the tumour center is shown in Fig. 5. First of all, it is possible
to notice the anisotropic behaviour of the growth, which is enhanced along certain
directions. In addition, the displacement has a peak at the tumour boundary and then
it undergoes a rapid decrease. However, the graph shows a slight displacement even at
30 mm from the tumour center, meaning that tumour growth affects the surrounding
brain tissue up to that distance. Moreover, for what concerns the pressure in Fig. 3,

Fig. 5 Comparison of the displacement along three different rays originating from the tumour
center.

negative values are shown in the tumour zone since the fluid is consumed during
the uncontrolled cellular proliferation. Regarding the concentration of nutrients, it
decreases inside the tumour and close to its boundary, while it is maintained at the
physiological value of 1 far from the cancer region. We observe that, for the chosen
set of parameters, the concentration of nutrients is never above the physiological
threshold. The volumetric fraction of the cell phase φs (Fig. 4) increases in an
anisotropic way, but it does not reach the value of φmax, for which the contact
inhibition of growth occurs. We remark that, since the growth in the tumour region
is assumed isotropic, the anisotropic distribution of the cell volume fraction in the
healthy tissue is determined by the motion of cells due to tissue solid compression
and to fluid pressure. This value is thus influenced by many factors, among which
the value of the permeability, the preferential directions of the fibres in the tissue,
the growth term and the mechanical properties of the healthy and tumour tissue. For
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Fig. 6 Frobenius norm about DTI data modification due to tumour growth

the parameters set in the numerical simulations and the patient-specific DTI data, in
regions where the tumour boundary displacements are the higher, the healthy cells
dislocate circumferentially and fluids tend to accumulate close to the tumour border.
Furthermore, the positive value of σ inside the tumour region denotes that the tissue
is in compression in this area, while the negative values of σ around the cancer mass
underline that the tissue is in traction.
In conclusion, we show some results related to the DTI data modification due to
tumour growth. In fact, the expansion of the mass and the induced displacement
alter the fibre tracts in the surroundings. Thanks to our model, we can quantify
these changes, which significantly affect the diffusion and the preferential directions
tensor. In order to compare the differences between D0 and D at the last time step
(t = 80 days), we plot in Fig. 6 the Frobenius norm

‖D − D0‖F
‖D0‖F

.

It can be noted that the variations in the diffusion data are non-uniform in the tumour
area, with the highest variations occurring close to the boundary of the growing
cancer, where the tissue experiences the most relevant displacements. Moreover,
we also investigate the variation in the eigenvector direction e0

1 associated with the
greatest eigenvalue λ0

1 of the diffusion tensor D0. With the aim of reconstructing
how much the principal direction is deformed, we express e0

1 and the eigenvector
associated with the greatest eigenvalue ofD using the spherical coordinates (r, ϕ, θ),
where ϕ ∈ [0, π] is the polar angle and θ ∈ [−π, π] is the azimuthal angle. Then we
compute the absolute variations of the angles ϕ and θ between the two eigenvectors,
identifying among themselves the polar and azimuthal angles differing by multiples
of π. Furthermore, we have properly rescaled the angles variation between 0 and
π
2 . As we can notice in Fig. 7, there exist regions in which the two angles defining
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Fig. 7 Variation during tumour growth of the eigenvector associated with the greatest eigenvalue
of the diffusion tensor D, quantified in terms of absolute variations of the polar angle |∆ϕ | and the
azimuthal angle |∆θ |.

the spherical coordinates of the two eigenvectors have significant variations. Hence,
this leads to relevant changes in the arrangement of fibres and in the preferential
direction of nutrients diffusion.

Conclusions and future developments

The investigation of brain tumour growth through mathematical models has attracted
a great interest in recent years. However, the quantification of the mechanical impact
due to a neoplastic mass inside the brain is still a challenging problem, which has
not been addressed extensively. To shed light on this issue, we have proposed a
mathematical and computational framework, grounded on Continuum Mechanics
and mixture theory, which is able to incorporate medical imaging data. In particular,
our model is able to provide a detailed description of brain tumour mass effect, by
quantifying the displacements, the solid stress, and the fluid pressure associated with
cancer growth in a realistic brain geometry. Such mechanical quantities are usually
very difficult to be evaluated in vivo. However, their knowledge is fundamental to
understand how the growing tumour affects the surrounding tissues, as well as to
capture the brain area influenced by the cancer.

An additional feature embedded in our framework is the possibility of incorpo-
rating DTI data to account for real diffusion patterns and for the anisotropy of white
matter fibres inside the brain. This allows to build diffusion and permeability ten-
sors based on neuroimaging data, which is a relevant step towards a patient-specific
personalisation of the model. Moreover, we have shown that our mechanical set-up
can be advantageously employed to describe how such tensors are modified due
to the tumour mass expansion. Indeed, the growth of the cancer modifies the sur-
rounding orientation of white matter fibres, along which diffusion and fluid motion
preferentially happen. A detailed knowledge of all the mechanical variables permits
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then to keep track of such changes, which otherwise should be evaluated directly
through several imaging scans at different instants of time. Finally, we have pro-
vided a numerical algorithm able to represent discontinuous deformation gradients,
through the use of a mesh conforming to the sharp host-tumour material interface.
Simulations have been performed using the Python-based platform FEniCS, which
allows to implement a weak formulation of the equations in a flexible way.

Our results on a prototype brain mesh, reconstructed from real medical data, sug-
gest the feasibility of the model to reproduce anisotropic growth patterns. Moreover,
a quantification of tumour-induced displacements and solid stresses clearly high-
lights the substantial mechanical impact that a proliferating mass may exert onto the
surrounding healthy tissue. In particular, our simulations show a displacement mag-
nitude due to tumour growth of about 6.4 mm after 80 days, which may have harmful
effects on a patient. Moreover, a displacement of a few millimetres can be found
also in regions even 20 mm distant from the tumour boundary. As a consequence,
even distal areas of the brain might be affected by the growing mass and withstand
unnatural deformations. Finally, we have highlighted how the diffusion tensor and
the preferential directions of diffusion are altered by the spread of the cancer.

Although the framework presented in the Chapter is focused on brain tumours, its
mathematical foundations remain very general. Therefore, it could also be adapted
to other tissues exhibiting anisotropic structures, which may undergo changes sub-
sequent to tumour proliferation.

However, there are still some issues that should be addressed in future research
developments. First of all, the prediction of the model should be validated by sim-
ulating the growth of a tumour located in the diagnosed region and by comparing
the in-silico evolution with the clinical one. This task would require the acquisition
of different images during the clinical evolution of the pathology, possibly starting
from a tumour in the early stage, so that the DTI data will not be corrupted by the
growing mass yet. Indeed, the problem of reconstructing DTI coefficients, and con-
sequently a realistic anisotropy inside and close to the tumour region, is not trivial,
since medical imaging data are often isotropic in the diseased region due to fibres
disruption. Then, it would be interesting to model therapies, in order to evaluate their
effects in the treatment of brain tumours. In addition, simulations of resection may
take advantage of the proposed mechanical description, to account for deformations
happening when the tumour mass is surgically removed. Finally, another possible
improvement might be represented by the inclusion of an anisotropic growth tensor.
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