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Abstract

The main purpose of this thesis is to investigate and to exploit the superconducting
properties of magnesium diboride (MgB2) bulk samples with the aim to develop mag-
netic shields meeting the practical requirements of both high shielding factors and
space-saving solutions. The project involves both an experimental and computational
point of view. Experiment outputs give a first hint on the shielding ability of specific
compositions/shapes as well as the parameters needed to model the material (e.g.
the magnetic field dependence of the critical current density, Jc(B)). The numerical
analysis aims to guide the design of more efficient magnetic shields and to predict
their performance as a function of the magnetic field and temperature.

In more detail, the shielding properties of an open and a single-capped MgB2

tube (the former henceforth denominated just tube and latter cup) with an aspect ratio
of height to diameter close to one were experimentally characterized by means of
cryogenic Hall probes. The samples were obtained by Spark Plasma Sintering (SPS)
[1] of commercial MgB2 powder of different purity mixed with hexagonal boron
nitride (BN). Moreover, the characterization of a hybrid tube-shaped shield, obtained
by superimposing a soft Fe shell on the MgB2 tube, was performed as well. The
magnetic flux density was measured at fixed positions along the axis of the shields in
both axial (AF) and transverse (TF) field orientations. These measurements allowed
the evaluation of the shielding efficiency providing the shielding factor, i.e. the ratio
of the applied magnetic field to the measured magnetic flux density. From the same
measurements, the dependence of the superconductor critical current on temperature
and magnetic flux density was calculated as well (needed also for modeling the
material). These measurements highlight two weaknesses of these shields: a huge
decrease of their shielding ability when the applied field is tilted away from the
screen axis and the occurrence of thermo-magnetic instabilities (namely, flux jumps)
that cause abrupt magnetic field penetration inside the samples.
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To investigate how overcoming these bottlenecks without useless experimental
trials, a computational approach was adopted. To model the electromagnetic be-
haviour of the superconductor, a computational approach able to predict the shielding
behaviour of the bulks placed either in the axial or transverse applied field orientation
was chosen. While the former orientation can be modelled by a 2D axisymmetric sim-
ulation, the latter needs a 3D approach. For this purpose, a 3D simulation study was
implemented by means of the commercial finite-element software COMSOL Multi-
physics® [2]. Therefore, a numerical procedure based on the 3D vector-potential (A)
formulation described in [3] was applied, assuming an electric field-current density
(E-J) relation approximating the critical state in the superconductor.

To validate this modeling approach, two strategies were adopted. At first, I nu-
merically analysed the shielding capability of superconducting tube- and cup-shaped
shields, with dimensions replicating that of the samples experimentally characterized.
Their shielding properties were calculated both in AF and TF orientations. In the
case of the superconducting tube, the effect of the superimposition of a shorter
ferromagnetic (FM) tube was also investigated. Simulation data were then compared
with those previously measured experimentally on the same shielding arrangements,
evidencing a good agreement. Then, I compared the results achieved on the tubular
geometry with the above-mentioned A-formulation approach with those attained
with the most used and already validated, 3D magnetic field (H) formulation (still
implemented by means of COMSOL Multiphysics®). A good agreement was again
obtained in AF, TF and intermediate field orientations, also evidencing how the
adopted A-formulation is more advantageous in terms of time consumption.

Afterwards, I applied this as-validated model for investigating the shielding
ability of new screening configurations. In particular, exploiting the peculiarity of
FM tubular samples to provide high SFs in transverse field geometry [4, 5], I focused
on hybrid arrangements, consisting of two coaxial cylindrical shields assumed made
of MgB2 (SC shield) and soft Fe (FM shield) having either equal or different heights.
This analysis evidenced that the positive/negative effect of the addition of the FM
shell strongly depends on the field orientation and on the relative height of the two
components. In particular, the comparison between the shielding performances
of these new hybrid configurations and the SC-only shields highlighted how the
superimposition of a ferromagnetic shell is very efficient in mitigating the strong
decrease of the superconductor shielding ability even for small tilt angle of the
applied field.
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The last numerical study focuses on the prediction of thermo-magnetic instabili-
ties via a numerical multiphysics analysis, coupling the magnetic study based on the
A-formulation with a thermal one. This approach allowed me to predict and study the
flux jumps phenomena, already observed during the experimental measurements. In
particular, taking advantage of the cylindrical symmetry of the investigated layouts
and since the flux jumps were experimentally observed only in the AF orientation,
a 2D axisymmetric model was implemented in the software package. The model
was validated by comparing the computational outputs with the experimental results
measured at different operational temperatures, namely 20 K, 25 K, and 30 K. The
analysis shows an excellent agreement between the measured and calculated data,
proving its reliability in reproducing the experimental shielding factor curves and
their abrupt decrease caused by the flux jump events. The as-validated model was
then used to investigate possible solutions to mitigate or even avoid the flux jump oc-
currence, such as enhancing the material thermal conductivity and the heat exchange
with the cooling stage.
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Chapter 1

Introduction

1.1 History of superconductivity

In 1908 Heike Kamerlingh-Onnes, who served as professor at the University of Lei-
den, reached the liquefaction of helium at the boiling point of 4.2 K [6]. This result
allowed him to explore the physical properties of materials in a wide temperature
range near the absolute zero point. Three years later, Kamerlingh-Onnes found out
that the DC resistance of mercury (Hg) dropped to zero below 4.2 K. This result
pointed out the first characteristic property of a superconductor, namely the zero
electrical resistance below a threshold temperature Tc, called critical temperature.
The superconducting behaviour was then discovered also for other elements, such as
lead (Pb) in 1913 and Niobium (Nb) in 1940.
After Kamerlingh Onnes results, the behaviour of the superconductors was exten-
sively studied. In 1933, Walther Meissner and Robert Ochsenfeld identified the
second distinguish characteristic of a superconductor: the perfect diamagnetism,
meaning that these materials have a magnetic susceptibility χ = -1. This property
results in the capability of a superconductor, placed in an external applied field Happ,
to expel the magnetic flux lines keeping the magnetic field inside the material at zero.
This characteristic is now called Meissner effect (see Section 1.1.2).
The discovery of the Meissner effect gave way to a theoretical study of the super-
conductivity. The first equations were proposed by the London brothers followed by
the Ginzburg-Landau theory (1950), which described superconductivity in terms of
an order parameter and provided a derivation for the London equations. Both the
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theories are macroscopic and only in 1957 Bardeen et al. [7] proposed a microscopic
theory (BCS) explaining the fundamental mechanism by which electrons can pair
up (pairing mechanism) through a phonon mediated interaction to form carriers that
propagate without dissipation. However, for 75 years the superconductivity was
accounted as a phenomenon limited to low temperature and only in 1986 Bednorz
and Müller [8] discovered superconductors based on copper oxide (belonging to the
cuprates class), initiating the era of the high-temperature superconductors. These
materials present electronic correlations and spin fluctuations and the BCS theory
cannot explain their high Tc. In 2001, superconductivity was reported in Magnesium
Diboride (MgB2) [9], whose peculiarity is that of being an intermetallic compound
with a transition temperature of 39K. MgB2 behaves like the “classical” metallic
superconductors, however with two energy gaps. More recently, a new family of
superconductors called iron-based superconductors (IBSs) was discovered [10], set-
ting another turning point for the study of the superconductivity. Figure 1.1 shows a
timeline of the superconductor discoveries.

Fig. 1.1 Historical overview of the superconductor discoveries.
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1.1.1 The critical surface

The first proof of superconductivity was the drop to zero of the electrical resistance
below the critical temperature, Tc. This critical value represents the point at which
the transition from the normal to the superconducting state occurs. Indeed, the
existence of superconductivity is ensured if the material is below Tc. However,
besides Tc, there are other critical parameters. One of them is the critical current
density, Jc, namely the maximum current density that can flow in a superconductor
before it reverts to the normal state. During his study on superconducting (SC)
materials, Kamerlingh-Onnes also reported a critical value of the magnetic field,
Hc, over which the materials go back to the normal state. Moreover, both Jc and Hc

depend on temperature, T, increasing as T decreases.
Hence, the critical behaviour of a superconductor could be described in terms of a
critical surface in a three-dimensional space formed by magnetic field H, electric
transport current density Jtr and temperature T, as shown in Figure 1.2. The material
is in the superconducting state if the values of temperature, field, and current are
below this surface.

Fig. 1.2 Critical surface separating the normal (above the surface) and the superconducting
states (below the surface).

1.1.2 The Meissner effect

As mentioned above, the second intrinsic characteristic of a superconductor is the
perfect diamagnetism, resulting in the capacity of the material to expel the flux
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lines of the applied magnetic field, Happ. From Maxwell equations, the relationship
between the B and H fields within a material of permeability µ is

B = µH = µ0(H+M) (1.1)

where M is the magnetization. Being the superconductor a perfect diamagnetic
material, its magnetic susceptibility is χ=-1, then

χ =
M
H

⇒ M =−H and B = 0 (1.2)

This is equivalent to the assertion that the magnetic field B inside the material
is zero because the magnetization M is directed opposite to the H field (Figure
1.3(a)-(b)).
Furthermore, the Meissner effect points out that a superconductor is not only a perfect
conductor. To highlight this difference, suppose to magnetize a superconductor and
a perfect conductor. Two ways of magnetization are possible, namely the Zero Field
Cooling (ZFC) and the Field Cooling (FC) processes. The former consists in cooling
the sample and then applying an external magnetic field, whereas the latter requires
the cooling of the sample while an external magnetic field is applied. Figure 1.3
shows the different behaviour of a superconductor and a perfect conductor in case of
a ZFC and FC process.
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Fig. 1.3 Comparison between the response of a superconductor (a-b) and a perfect conductor
(c-d) to a ZFC and FC magnetization process.

1.1.3 Superconducting materials classification

SC materials are generally classified in two ways: by temperature or by their magnetic
response to an external applied magnetic field.
The former criterion leads to definitions of low-temperature superconducting (LTS)
and high-temperature superconducting (HTS) materials. The LTS materials, typically
called conventional superconductors, have a critical temperature below 30 K and
their properties are fully explained by BCS and related theories. They usually refer to
the Nb-based alloys and A15 type superconductors. Conversely, the HTS materials
have a critical temperature above 30 K and their behaviour cannot be explained by
conventional superconductivity theories. It is worth mentioning that it is difficult to
insert MgB2 in this classification, since its critical temperature is Tc=39 K, but its
superconducting properties can be explained by conventional theories.
The second classification is based on the different response of the superconductor
to an external applied magnetic field, leading to definitions of Type I and Type II
superconductors. What defines the types of a superconductor is the number of states
that the material can have. If an external field is applied, the Type I superconductor
is in the Meissner state (perfect diamagnetism) below the critical field Hc. When
the applied field exceeds this value, the SC state reverts back to the normal state.
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In a Type II superconductor, an intermediate state, called mixed state, exists in the
region of the H-T diagram limited by the lower, Hc1, and the upper, Hc2, critical
magnetic field. Therefore, below Hc1, the superconductor is in the Meissner state,
but above Hc1 and below Hc2 the magnetic field partially penetrates the sample in
form of magnetic flux lines (fluxons) within which the material is in the normal
state, whereas outside of them the material remains in the superconducting state.
The flux lines are quantized and each quantum flux is surrounded by a screening
current (called vortex) giving rise to a repulsive force that forces the flux lines cores
to arrange themselves into a periodic array called the Abrikosov vortex lattice. As
long as the applied field increases, the normal state gains more and more space and
in correspondence to the upper critical field, Hc2, the material passes into the normal
state (Figure 1.4). In terms of applications, this is the key to increase the work field
range of a superconductor. Indeed, the use of Type I superconductors is limited by
the extremely low Tc and Hc values. On the other hand, Type II superconductors,
having a Hc2 hundred times larger than Hc, can carry much larger amounts of current
in higher magnetic fields.

Fig. 1.4 Phase diagram of Type I and Type II superconductor in the Jtr=0 plane.

Actually, the region of a Type II superconductor phase diagram useful for ap-
plications is limited by another characteristic quantity, the irreversible field, Hirr,
lower than the upper critical field Hc2 [11]. In the field range Hirr<H<Hc2, due
to the thermal fluctuation and instability of the vortex lattice, the current cannot
flow without losses, i.e., the resistance is not zero, even if the material is in the
superconducting state. For this reason, the knowledge of Hirr is a basic prerequisite
for applications of high-temperature superconductors.
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1.2 Superconductors applications

1.2.1 Wire, tapes and thin films superconductors

Because of their remarkable electric and magnetic properties, superconducting mate-
rials are nowadays an innovative solution for a wide range of applications, mostly as
wires, tapes, and thin films [12, 13]. The large-scale applications of the supercon-
ductors cover different fields, such as energy, health, and transportation. In fact, the
superconductor capability of carrying higher current density determines the possibil-
ity to produce magnetic fields much higher than the saturation field of ferromagnetic
materials, such as iron [14]. In this framework, in the 1980s, superconductors started
to be employed for Nuclear Magnetic Resonance (NMR) and Magnetic Resonance
Imaging (MRI) magnets, which became the most successful commercial applications
of superconductivity [15–17]. On the other hand, superconductors offer an oppor-
tunity for a change of pace in power system technology, improving the efficiency
and lowering the carbon emissions. Superconductors are promising candidates for
the fabrication of superconducting magnets in nuclear fusion reactors, which re-
quires large values of the magnetic field [18, 19]. The use of superconductor for
transformers and cables is also increasingly common, thanks to the possibility to
reduce the energy losses and the smaller dimensions of the facilities. Under this
perspective, the demand of more efficient solutions for energy supply and storage
points the attention on superconducting devices such as Superconducting Rotating
Machines (SRM) and Superconducting Magnetic Energy Storage (SMES) systems,
respectively [20]. Superconducting materials are also an essential component of
particle accelerators for high-energy physics, used, for instance, in experiments to
study the most fundamental constituents of matter and how they interact, such as
ATLAS, CMS and ALICE [21–23].

Additionally, superconducting thin films are widely exploited for small scale
applications. The most common use is in Josephson Junctions-based devices, such as
SQUIDs (Superconducting Quantum Interference Devices) or devices for terahertz
spectroscopy [24]. SC thin films are also employed for the fabrication of bolometers,
used to study extremely weak radiations in many environmental and astrophysical
experiments [25]. Moreover, microwave devices (especially high-performance filters)
using HTS films are very promising candidates for mobile communication systems,
radio astronomy, and meteorology [26].
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1.2.2 Bulk superconductors

In the last few years, also superconducting bulk materials have found a more
widespread use thanks to the improvement of both their growth techniques and
the cooling technologies required to exploit their potential. Nowadays, their appli-
cations have a wide scope, which – as suggested by Durrell et al. [27] - can fall
into three areas: i) flux pinning applications, ii) flux trapping applications and iii)
flux shielding applications. In each application field, the SC bulks are performing
candidates to replace traditional solutions, e.g. acting as conventional permanent
magnets [28–32] or competing with the ferromagnetic materials for low frequencies
(f < 1 kHz) magnetic shielding [33].
Regarding the first applications, exploiting the flux pinning forces generated in the
Type II superconductors greatly enhanced the stability of the levitation processes of a
permanent magnet (PM) above a SC bulk. One of the magnetic levitation challenges
is its application to magnetic levitated (MAGLEV) transportation, which provides
a minimal friction of the vehicles under which superconducting bulks are placed
with the PM guideway[34–36]. The PM-HTS arrangement was also proposed for
the fabrication of magnetic bearings and flywheel energy storage systems [37, 38].
Between the flux trapping applications, it is worth mentioning the magnetic separa-
tion, useful for the purification of water or other fluids of interest [39, 40], or rotating
machines [41, 42]. Following the same idea of flux trapping, portable NMR and
MRI, that provide reasonably uniform high magnetic fields, were developed as well
[43, 44].
The third application (flux shielding) will be treated in detail in the next section.

1.3 Magnetic shielding

Magnetic shielding is nowadays one of the most challenging perspectives for bulk
superconductors, with a high growth potential. The necessity of using shielding
solutions is twofold. The first aim is to protect ultra-sensitive devices, such as
SQUIDs, even from ultra-low magnetic field background. On the other hand, the
today’s extensive use of superconducting magnets and other machines generating
magnetic feelds of some tesla requires solutions for the protection of the surrounding
space. Typically, these sources work at a value of magnetic field above the saturation
field of the traditional solutions, generally employing ferromagnetic (FM) materials.
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Although FM shields have been widely used [45–47], to overcome the saturation
field of the ferromagnet is not the only challenge. The shielding capability of a FM
shield depends on the dimensions of the bulk and on the magnetic permeability (µr)
of the material [48]. To obtain high shielding performances with reasonable shield
thicknesses (lower than 1 cm), FM materials with a very high relative magnetic
permeability, µr ≥ 104, have to be used. In some commercial ferromagnetic shields,
µr values up to 450 000 can be achieved in the DC case [49, 50]. However, thermal
treatments are necessary to obtain so high values of µr, making the production of FM
shields costly. Moreover, the ferromagnet relative permeability decreases when the
frequency of the applied field, f, increases. For these reasons, the use of innovative
options is fundamental for suitable and efficient shielding solutions.
Under this perspective, in the last years, superconducting shields have attracted a
lot of interest. Indeed, they provided good results in several fields ranging from
biomedical engineering to high-sensitivity instrumentation [51–54]. In the last
few years, also the so-called hybrid solutions have gained many attentions [55,
56], mixing the shielding capability of both ferromagnetic and superconducting
materials to enhance the total shielding performances. Moreover, with the same end
in view, bulk superconductors can be combined with other SC layouts, such as coated
conductors [57] or SC tapes [51], and recently tested solutions including both active
[58] and passive layouts [27, 59, 60] have also been investigated. In 2010, it was first
demonstrated magnetic shielding above 1 T using Bi2Sr2CaCu2O8 (Bi-2212) tubes
at 10 K [61] or MgB2 bulk at 4.2 K [62]. More recently, magnetic shielding up to 1
T at 20 K and up to 1.8 T at 20 K was achieved with cup-shaped Y-Ba-Cu-O bulk
[63] and cup-shaped MgB2 bulk [64] respectively, having an aspect ratio of height to
diameter close to unity.
Although a lot of efforts have been made to improve the shielding performances of
the SC bulks, some demanding challenges still need to be addressed. In more detail,
the main aspects to be investigated are i) the shape and size of SC bulks and ii) the
physical limitations and properties of the SC shields [27]. Regarding the first point,
since the shield efficiency is related to the size of the induced macroscopic current
loops, geometric parameters providing as large as possible current loops are preferred.
Hence, to develop manufacturing process able to produce suitable, fashioned and
high homogeneous shields is needed. At the same time, the knowledge of the physical
behaviour of the samples can support innovative and efficient shielding solutions. For
instance, superconductors can be subjected to flux jumps or other thermo-magnetic



10 Introduction

instabilities that can lead to a worsening of the shielding ability or even destroy
the superconductors shield. In the same way, forces and torques exerted on the
shield need also to be considered carefully, especially when the superconductor is
subjected to a non-uniform field. Hence, a comprehensive understanding of the
in field behaviour of a superconductor is a powerful tool. Under this perspective,
developing characterisation and modeling techniques provides a good strategy to
fabricate superconducting shells with improved shielding ability.

1.4 Numerical approaches for the study of the super-
conductors

The extensive use of superconducting bulks for different applications requires opti-
mization processes in order to maximize the performances of the superconducting
materials and to achieve a deeper understanding of the flux-lines dynamics. In this
framework, a wide range of models and numerical approaches have been proposed
since superconductivity has been discovered. To override the mathematical difficul-
ties of fundamental theories, the electromagnetic behaviour of the superconductor in
the mixed state is often described using phenomenological models based on constitu-
tive equations relating the local electric field E and the local current density J. The
most common approaches are the critical state model (CSM), which assumes the
balance between the Lorentz and pinning forces acting on fluxons, and the power-law
model that considers flux creep phenomena [65]. Both analytical [66] and numerical
[67] methods have been proposed to predict the electromagnetic behaviour of a super-
conducting device. Among the latter, the finite element method (FEM), has turned
out to be particularly suitable for complex geometries or when different elements
are present (e.g. hybrid solutions with superconductor and ferromagnetic materials).
Applying this method, current and magnetic field distribution can be calculated by
solving the Maxwell equations
Different solution approaches, exploiting different equation packages, have been
developed, such as the A–V formulation, based on the magnetic vector-electrostatic
potentials [68], the T–Ω formulation, based on the current vector-magnetostatic
potentials [69] and the H-formulation, based on the magnetic field [70]. Nonetheless,
different and mixed formulations such as A-φ , H-φ , H-A, T-A and T-φ have been
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implemented successfully in electromagnetic dedicated FEM software packages,
often in relation to a specific application [71–76].

1.5 Aim of the thesis

On the basis of the aforementioned considerations, the main purpose of this thesis is
to investigate and to exploit the superconducting properties of magnesium diboride
(MgB2) bulk samples aimed at the development of magnetic shields. The project
develops from both an experimental and a computational point of view. The shielding
properties of an open and a single-capped MgB2 tube (henceforth denominated tube
and cup, respectively) were indeed experimentally characterized by means of cryo-
genic Hall probes, for both axial (AF) and transverse (TF) orientations of the applied
field respect with to the shield axis. Relying on the experimental results, two critical
issues emerged: i) the dependence of the shielding capability on the orientation of
the applied magnetic field and ii) the presence of thermo-magnetic instabilities that
completely deteriorate the shielding performances of the samples. With the aim to
avoid unnecessary and time-consuming experimental procedures, possible solutions
to the issues mentioned above were explored using a computational approach based
on an A formulation. Firstly, the role of a FM layer superimposition on the supercon-
ducting shields was analyzed, aiming at the improvement of the screening abilities
of the SC shields, especially in the TF orientation where a FM shield is predicted to
be more powerful than the superconductor one. To this end, the shielding properties
of both the superconducting and the new hybrid (superconducting+ferromagnetic,
hereinafter SC+FM) layouts were investigated for different tilt angles (from 0° to
90°) of the applied magnetic field with respect to the shield axis. Then, I used a mul-
typhisics approach to study the evolution of the thermo-magnetic instabilities inside
the SC bulks and to explore possible solutions to mitigate or avoid this phenomenon
occurrence.

The thesis is organized as follows. Chapter 2 focuses on the main characteristics
of Type II superconductors and on the numerical models and formulations most
widely used to reproduce the electromagnetic and thermal behaviour of a supercon-
ductor. In Chapter 3 Materials and experimental procedures, I present the properties
of the employed materials and the experimental procedures followed for the shields
characterization. In particular, in the first section of this chapter, the peculiar char-
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acteristics of MgB2 are given, while the other sections illustrate the fabrication
route of the investigated samples, the experimental setup and the measurements
procedures. The experimental results obtained on both the tube- and cup-shaped
shields are discussed in Chapter 4. Chapter 5 addresses the 3D numerical model
based on the A-electromagnetic formulation, which was used to predict the screening
ability of both the SC and hybrid shields for different tilt angles of the applied field.
After presenting the procedure followed for the model validation, I focus on the
numerical results obtained with the novel and more efficient shielding layouts. The
multiphysics approach for the study of the thermo-magnetic instabilities and its
validation procedure are discussed in Chapter 6, where possible improvements to
mitigate/overcome this problem are also investigated. I summarize the main results
in Chapter 7.



Chapter 2

Type II superconductors

In Section 1.1.3 the difference between Type I and Type II superconductors was
introduced. Type II superconductors differ from Type I for the presence of a mixed
state between the two critical fields Hc1 and Hc2.
To deeper understand this difference under the perspective of this work, consider a
long SC cylinder to which a magnetic field Happ is applied, parallel to its axis. This
parallelism allows us to assume the boundary condition so that the H fields outside
the sample (Happ) and inside the superconductor (B) are equal (Happ = B/µ0) at
the surface of the sample, considering that the general expression 2.1 is valid both
outside and inside a superconducting sample:

B = µ0(H+M) (2.1)

Taking into account a Type I superconductor, below Hc (Meissner state), the field
inside the superconductor is zero. That means, from Equation 2.1

µ0M =−µ0Happ

B = 0

}
0 ≤ Happ ≤ Hc (2.2)

Above the critical field Hc the superconductor becomes normal, the magnetization
M becomes negligibly small and µ0Happ ≈ B.

The behaviour is different in the case of a Type II superconductor, which has two
critical fields. As in case of Type I superconductor, in the Meissner state, below Hc1,
the internal field and magnetization are given by:
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µ0M =−µ0Happ

B = 0

}
0 ≤ Happ ≤ Hc1 (2.3)

While, when the field exceeds the critical value Hc1, the internal field and magnetiza-
tion are given by:

µ0M =−(µ0Happ −B)

M = χ(H) ·Happ

}
Hc1 ≤ Happ ≤ Hc2 (2.4)

being B the magnitude of the inner magnetic flux density. The comparison of the
different behaviours of Type I and Type II superconductors is shown in Figure 2.1,
still referring to an ideal SC cylinder.

Fig. 2.1 Evolution of the magnetic flux density (black curves) and magnetization (red curves)
calculated in the volume of the superconductor, as a function of the applied magnetic field
for a Type I (left) and a Type II (right) superconductors.

In the next sections, the main characteristics of Type II superconductors are
presented.
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2.1 Characteristic lengths scale of superconductors

In 1950, a phenomenological approach for the study of superconductivity was
proposed by Ginzburg and Landau (GL) [77]. The GL theory assumes that in the
superconducting state the current is carried by super-electrons, whose density, ns

∗, is
defined as

ns
∗ =

1
2

ns (2.5)

where ns is its electron counterpart. The main assumption of the theory is the
description of the superconductivity in terms of a complex order parameter φ , which
is related to the fact that |φ |2 is proportional to the density ns

∗ of the super-electrons.

ns
∗ = |φ |2 (2.6)

Hence, the parameter φ increases continuously as the temperature decreases below
Tc and is zero above Tc.
In the GL theory, the behaviour of superconductivity is associated with two funda-
mental length-scales, namely the coherence length, ξ , and the penetration depth, λ .
The coherence length ξ is related to the distribution of the density of super-electron
ns

∗, which increases from zero at the boundary of the superconductor to a constant
value far inside the material. The penetration length λ characterizes the exponential
decay of an external applied field inside the superconductor.

Fig. 2.2 Behaviour of the coherence length, ξ , and the penetration depth, λ , in correspon-
dence to a boundary of a superconductor, delimiting the region outside and inside the
superconductor, for Type I (left) and Type II (right) superconductors.
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Figure 2.2 shows the typical behaviour of λ and ξ for Type I and II superconduc-
tors. Type I are characterized by a λ ≪ ξ , while, for the Type II, λ ≫ ξ . This means
that, for Type II superconductors, near the external surface of the superconductor a
high concentration of super-electrons coexists with a relatively large magnetic field
strengths.
When the applied field exceeds Hc1, Type II superconductor enters the mixed state.
Magnetic flux lines start entering the materials in the form of tubular regions of
quantized confined magnetic flux (the fluxons). In their core, having a radius equal
to ξ , the magnetic field reaches its highest value. The core is surrounded by screen-
ing current flowing around it (the vortices) on a radius given by the penetration
depth, λ . Therefore, the magnetic field around the core decays exponentially with
a dependence on λ (Figure 2.3). When the applied magnetic field increases, the
density of the fluxons/vortices increases and they begin to overlap, while preserving
the quantization condition. The meaning assumed by the coherence length and the
penetration depth makes clear the reason why the mixed state is not present in a
Type I superconductor. The fluxons only exist in Type II superconductor where λ

is greater than ξ : this concept becomes pointless in case of Type I superconductors
where λ ≪ ξ .

Fig. 2.3 Sketch of a magnetic fluxon surrounded by a vortex. The coherence radius of the
core and the decay of B at large distance, dependent on the penetration depth λ , are indicated.
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2.2 Pinning forces

When the mixed state takes place and the fluxons enter the superconductor, each
fluxon is subject to a mutual-repulsion Lorentz force, which, per unit volume, is
Ji ×B j due to the interaction between the current density Ji of one fluxon and the
magnetic field B j in the core of an adjacent fluxon. If the fluxons are not pinned or
trapped, this mutual repulsion causes the arrangement of the fluxons in a hexagonal
equilibrium configuration, called Abrikosov lattice. This situation corresponds to
a zero magnetic field gradient in the sample and so, in accordance to the Ampere
equation, to a zero critical current flow, meaning that Jc is effectively zero.

Let’s consider a Type II superconductor carrying a uniform current density J.
The local magnetic flux density is B ⊥ J. Hence, on each fluxon a Lorentz force is
exerted equal to FL = J×B per unit volume. This determines a displacement of the
fluxon which moves in the direction of FL. This means that, if each fluxon (carrying
its flux) moves across the sample with a constant velocity v, it generates an electric
field E (parallel to J) due to Faraday law, which in turn gives rise to an Ohmic loss,
so to a heat dissipation Q = J ·E.

For practical applications, pinning forces are needed in order to support the
current density flow in the superconductor without resistance. The pinning force
density, Fp balances the Lorentz force, keeping the fluxons in place: Fp =FL = J×B.
Actually, if pinning centres are present in the material, a magnetic field gradient is
established across the sample. Thus, in accordance to Ampere equation, Jc increases
as the pinning strength does. In particular, the pinning forces have to be strong
enough to prevent the flux motion and consequently the heat dissipation, but weak
enough to allow the starting fluxon motion to establish a magnetic flux gradient.
In practice, however, the fluxons are not able to freely move in a superconductor,
since non-superconducting phases, inhomogeneities, and defects within the material,
such as dislocations, voids, and grain boundaries act as pinning sites, determining
a frictional force preventing the motion of flux lines. If a prevalent type of defects
is present in the materials, a specific pinning regime can be established [78]. It is
possible to obtain single fluxon or fluxon bundle pinning. In the first case, only a
single line is pinned by the defect, whereas for the fluxon bundle situation, a bundle
of lines can be pinned by the collective action of many weak defects (weak collective
pinning) or the independent action of stronger defects [79]. A lot of efforts have
been made by several research teams in order to add pinning centres in the materials,
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both by fabrication processes or by adding them with extrinsic techniques, such as
irradiation [80–84].

In the case that the fluxons are free to move in the superconductor, the super-
conductor is said to be in a reversible regime; on the other hand, if the fluxons are
pinned by the pinning centres, the superconductor is in an irreversible regime. In the
next section, the characteristics of an irreversible superconductor are investigated.

2.3 Bean model

As said in the previous section, a superconductor in which the fluxons cannot freely
move in the material is in an irreversible state. That means that when a parameter,
such as temperature, current density or external applied field, changes its value, hys-
teretic effect occurs, and the system cannot reverse its former path. Moreover, due
to the pinning forces present in the material, the fluxons distribution strongly varies
from the equilibrium Abrikosov lattice. One of the first models developed in order
to describe the magnetization behaviour of Type II superconductors is the critical
state model (CSM). This model postulates that when an external field is applied to a
superconductor, only two regions can be distinguished: i) an external region, which
is in the critical state, with specific values of current density and not completely
shielded and ii) an internal region completely shielded from the external field within
which the current density related to fluxon penetration is zero. When the applied
field is increased, the first region extends in the superconductor and for sufficiently
strong fields fully penetrates the material. In this state, every macroscopic region
in the sample carries a critical or maximum current density J(B) determined by the
local magnetic field at that region [85].

The critical state model was originally proposed by Charles Bean in 1964. His
model, now known as the Bean critical state model, is able to describe the fluxon
distribution, or in other words the irreversible magnetisation behaviour of Type II
superconductors [86]. The model proposed by Bean is based on some fundamental
assumptions:

• the critical current Jc is field independent
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• the relative permeability of Type II superconductor, µr, in the mixed state is 1,
as in free space, i.e., B = µ0H;

• the Meissner state is considered as negligible

• the current induced by the applied field is zero where the field is not penetrated
and J = Jc in the region penetrated by the flux lines

Expressing the SC internal magnetic flux density B=µ0H as the average flux
density over regions containing several fluxons, the model allows calculating B as a
function of the position inside the material and the external applied magnetic field
Happ. Based on the above assumptions, the magnetic behaviour in the two regions
of the superconductor can be summarized by the following equations derived from
Ampere law:

∇×B = µ0Jc or ∇×B = 0 (2.7)

To better understand the field distribution proposed by Bean, we can consider the
infinitely long tube in the uniform axial magnetic field of Figure 2.4. The thickness
of the tube is d = a2 −a1 ≫ λ .

Fig. 2.4 Irreversible Type-II superconductor tube in a uniform axial applied magnetic field,
Happ, with height ℓ→ ∞.

Working with cylindrical coordinates and assuming Happ parallel to z-axis,
equations 2.7 can be written as
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∂Bz

∂ r
= µ0Jc or

∂Bz

∂ r
= 0 (2.8)

The latter equation establishes that, because of the spatial variation of B, a
macroscopic current flows in the superconductor. As known from the previous
section, this current determines a Lorentz force driving the fluxons to move. However,
due to the pinning mechanism, their motion is stopped if the pinning force FP equals
the Lorentz force FL (FP=FL).

Consider again the superconducting tube in Figure 2.4, previously cooled in
ZFC condition, and subjected to an applied magnetic field Happ ∥ z. Under these
conditions, the fluxons start to penetrate in the material from the outer surface but are
strongly pinned. For this reason, the distribution of Bz is non-uniform along the tube
thickness, reaching its maximum at r = a2. From Equation 2.8, this non uniformity
of Bz distribution determines a flowing current density Jc. As Bz increases, |FL| is
temporarily higher than |FP| and the fluxons start to move towards the centre of the
tube. Thus, the current density is ±Jc in the penetrated zones and zero elsewhere.
This continues until the full penetration of the sample is reached for Happ=Hp (Figure
2.5). If Happ is further increased above Hp, B(r) increases uniformly along the tube
thickness, and the current distribution is no longer changed. Since the currents flow
in such a way that in the inner zones of the sample the local magnetic flux density is
reduced – as shown in Figure 2.5 - they are also called shielding currents.
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Fig. 2.5 Magnetic field and current density distributions according to the Bean model in the
infinite tube of Figure 2.4 subjected to a uniform and increasing axial applied magnetic field,
Happ.

2.4 Limitation of the Bean model and the E-J power
law

In the Bean model, the magnitude of the current density that flows in the super-
conductor can take only the constant and maximum value J=Jc or zero. Since the
variation of the local magnetic flux density B induces an electromotive force which,
in turn, induces the current to flow locally, the relation between the electric field, E,
and the current density, J, is that shown in Figure 2.6: if J < Jc the electric field is
zero, otherwise if J > Jc then E → ∞.
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Fig. 2.6 E-J curve of an irreversible Type-II superconductor in according to the Bean model.

Another assumption of the Bean model is that only the Lorentz force, FL, can
depin the fluxons. While the distribution of fluxons in the Abrikosov lattice is an
equilibrium configuration, that of the pinned fluxons is a non-equilibrium state.
For HTSs some processes, such as thermal activation, quantum tunnelling or other
external activation (e.g. mechanical vibrations), could relax this non-equilibrium
configuration of fluxons causing the flux lines to spontaneously move out of their
pinning sites. However, once depinned, fluxons are affected by the Lorentz force
and driven in its direction. The interconnection of these two depinning mechanisms
establishes a different relation between the electric field and current density. As a
consequence, the E-J curve shown in Figure 2.6 is no longer a correct representation
of the E-J relationship.
To better explain the E-J behaviour, first consider the case of T=0 K. In this situation,
the Lorentz force FL dominates and only the FL can unpin the fluxons. When this
happens, the superconductor enters the so-called flux-flow regime. The fluxons
moving in the superconductor experience a viscous drag. Hence, the E-J relationship
can be expressed, as a first approximation as

E = ρ f f J (2.9)

where ρ f f is the flux-flow resistivity. Otherwise, if T ̸=0, the thermal activation
can depin the fluxons as well. For HTSs, pinning energies are quite small and the
working temperatures are usually high, making the thermal activation an important
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issue for their practical applications [87–90]. For working temperatures near the
critical one, Tc, a small value of the current density is needed to depin the fluxons.

In 1962, Anderson proposed the flux creep theory, which also considers the
thermal activation as the cause of fluxons hopping [91]. Anderson introduced a
hopping time t as a function of the potential-energy barrier height U, the Boltzmann
constant k, the temperature T and the effective hopping attempt time t0:

t = t0 exp
(
− U

kT

)
(2.10)

Since the hopping of fluxons is assisted by the Lorentz force, the barrier U should
be a decreasing function of J and, as a first approximation, one can write U as a
linear function of J:

U(J) =U0

(
1− J

Jc

)
(2.11)

where U0 is the barrier height in the absence of a driving force. Combining equa-
tions 2.10 and 2.11, one obtains the expression predicting the temporal logarithmic
decay of currents:

J = Jc

[
1− kT

U0
ln

t
t0

]
(2.12)

A later version of the flux creep theory was also proposed by Zeldov et al. [92]
taking into account a nonlinear U(J) dependence:

U(J) =U0ln
Jc

J
(2.13)

In order to establish a relation between the flux creep and the E-J curve, one has
to take into account that the moving fluxons, experiencing a Lorentz force, induce
an electric field E = B×v, where v is the average velocity of the flux lines in the
direction of the Lorentz force. The average velocity v can be associated with the
thermally activated flux lines, as:

v = v0 exp
[
−U(J)

kT

]
(2.14)
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where v0 is the velocity with no barrier. If the fluxons is moving perpendicular to the
field B, then E=Bv. Hence, using Equation 2.14, one obtains:

E = E0

(
J
Jc

)n

(2.15)

with n =U0/kT and E0 = Bv0.

n is called the creep factor and defines the steepness of the transition between
the superconducting state and the normal state. If n = 1, Equation 2.15 describes
a normal conducting material (linear Ohm law), whereas for n → ∞ it reduces to
the Bean model. Figure 2.7 shows a comparison among E-J curves obtained from
Equation 2.15 for different n values.

Fig. 2.7 Comparison of the E–J power laws (Equation 2.15) for n = 1 (linear Ohm law), 20
and 50, as well as for n → ∞ (corresponding to the Bean model).

2.5 A-V formulation

The description of the electromagnetic behaviour of HTSs is challenging, especially
in applications with variable magnetic fields, where one needs to be able to follow the
motion of the magnetic flux front. In order to better understand the electromagnetic
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and thermal behaviour of superconducting devices, in the last few years several
numerical models have gained a lot of popularity. These models provide a typical
approach to researching the electromagnetic response of HTSs, i.e. using finite
elements method to calculate a differential form of time-dependent Maxwell equa-
tions with a nonlinear resistivity (or conductivity) to characterize the superconductor
electrical behaviour [93]. Among the several formulations developed to this aim, the
H- and A-V formulations are the most common used. By using the A-V formulation,
the Maxwell equations are written in terms of the vector magnetic potential A and
the electric potential V. Expressing the electric conductivity σ(E) as a function of E
and remembering that E =−∂A/∂ t −∇V , the constitutive equation is

µσ(E)
∂A
∂ t

−∇×∇×A =−µσ(E)∇V (2.16)

In order to solve this equation and properly characterize the behaviour of the
superconductor, a relation between the electric field and the current density have
to be used. The conventional power law relation between E and J is commonly
used. Even if this relation can be implemented easily in commercial finite element
programs, for hard superconductors n usually takes a huge value that can lead to
numerical difficulties. Moreover, the true critical state, where n becomes infinite, is
not accessible. So smoother and more stable E-J relations are needed. In the next
section, the E-J relations proposed by Campbell and Gomory will be discussed.

2.5.1 Campbell model and hyperbolic-tangent approach

In 2007 Campbell [94] proposed a model based on the force-displacement of the
flux lines [95, 96]. According to the Campbell model, when the flux lines experience
a force, they move elastically for a short distance and then, when the flux lines start
to be unpinned, the force turns out to be a frictional force. Hence, the magnitude of
the force per unit volume f can be expressed as:

f = BJc

[
1− exp

(
−|s|

d

)]
(2.17)

where s is the fluxon displacement and d is a characteristic distance connected to the
fluxons distance. The displacement can be related to the vector potential taking into
account the following relation:



26 Type II superconductors

−∂A
∂ t

= E = B×v = B× ∂ s
∂ t

(2.18)

Since s is perpendicular to B, then the following scalar equation can been written:

s =−A
B

(2.19)

For the fluxons in a stationary condition, the Lorentz force must balance the pinning
force. Being B perpendicular to J and since both the Lorentz and pinning forces lie
on the same plane, the force magnitudes are related by:

BJ =−BJc

[
1− exp

(
−|s|

d

)]
(2.20)

where the left-hand side is the Lorentz force (per unit volume) and the right-hand side
is the force exerted by the pinning centres as a function of the fluxon displacement
[94]. Combining equations 2.19 and 2.20, the equation for positive displacements
can be obtained as:

J =−Jc

[
1− exp

(
−
∣∣∣∣ A
Bd

∣∣∣∣)] (2.21)

Next, in order to take into account both positive and negative displacements, Camp-
bell introduced the following equation:

J =−sgn(A)Jc

[
1− exp

(
−
∣∣∣∣ A
Bd

∣∣∣∣)] (2.22)

and, finally, considering the Maxwell equation ∇×∇×A = µ0J, the following
equation – only involving the vector potential – is achieved:

∇×∇×A =−sgn(A)µ0Jc

[
1− exp

(
−
∣∣∣∣ A
Bd

∣∣∣∣)]û (2.23)

The sign of A determines the sign of J with the exponential, giving a continuous
transition through zero. Then, this equation can be considered a reformulation of
the equation J = +Jc,0 or -Jc predicted in the critical state. The key point of this
approach is that the current density behaviour is expressed only in terms of the vector
potential A.
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Relying on the numerical method presented by Campbell [94], Gömöry et al.
[97, 98] proposed an alternative 2D form of the critical state formulation, still using
the vector potential A to model the behaviour of the SC materials. This approach
lies on two hypotheses: i) the external magnetic field increases monotonically and ii)
there is a neutral zone where the electric field vanishes. From Maxwell equations,
the electric field can be expressed as

E =−∂A
∂ t

−∇V (2.24)

In the case of a superconductor infinitely extended along the z axis, for symmetry
reasons, the electric field components in the xy plane vanish and its magnitude is
z independent. As a consequence, the current flows exclusively in the direction
perpendicular to the xy plane [3], ∇V has only z component and V takes the same
values in all the cross sections of the superconductor, thus it only depends on time.
Applying Equation 2.24 to the neutral zone, one obtains:

∇V =−∂Ac

∂ t
(2.25)

where Ac is the vector potential at the neutral zone. The existence of the neutral zone
allows defining a normalized vector potential

A′ = A−Ac (2.26)

so taking into account that A′
c is zero, the equation to be solved becomes:

E =−∂A′

∂ t
(2.27)

For a single shape with axial symmetry, there is always a neutral zone, validating
the use of the Equation 2.27. Moreover, for a 2D axisymmetric problem with
Happ=Hz Equation 2.27 can be simplified as:

Eφ =−
∂Aφ

∂ t
(2.28)
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In order to solve Equation 2.28, a non-linear E-J relation has to be introduced to
describe the superconducting behaviour. The following power-law dependence is
one of the most used relations:

Eφ = E0

(
Jφ

Jc

)n

(2.29)

Combining Equation 2.28 and 2.29 one obtain:

Jφ = Jc
n

√
−

∂A′
φ

∂ tE0
(2.30)

where E0 is usually set to 10−4 V m−1. From a computational point of view, this
equation presents two limits: i) it is defined only for odd n in case of negative
argument and ii) it is not smooth at zero. Since for hard superconductors, n usually
takes large value, i.e. n ≫ 1, Equation 2.30 converges to the signum function as
proposed by Campbell:

Jφ = Jcsign
(
−

∂Aφ

∂ tE0

)
(2.31)

which fully verifies the critical state model definition:

J =

{ +Jc f or ∂Aφ/∂ t < 0
0 f or ∂Aφ/∂ t = 0

−Jc f or ∂Aφ/∂ t > 0
(2.32)

However, this formulation still makes its use in computational problem not trivial,
having the derivative divergent at zero. For this reason, Gomory et al. [97, 98]
proposed the use of the hyperbolic tangent function instead of the signum function,
modifying the shape of J as:

Jφ = Jc tanh
(
− 1

E0

∂Aφ

∂ t

)
(2.33)

Figure 2.8 shows a comparison between the E-J curves discussed above.
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Fig. 2.8 A graphic comparison of the different functions that could be used to relate the
current density and the vector potential time derivative.

Very recently, Solovyov et al. [3] extended this formulation to solve a 3D prob-
lem, assuming that Equation 2.33 is valid for each component of the vectors A and J
separately (see Section 5.1). In addition, this approach was also successfully used to
model SC samples in SC+FM hybrid structures [99].

2.6 H-formulation

From a mathematical point of view, the H-formulation uses the finite-element method
to solve Faraday equation, which in terms of the magnetic field H takes the form:

∂ µ0µrH
∂ t

+∇× (ρ(J)∇×H) = 0 (2.34)

where µr is the relative magnetic permeability and ρ(J) the resistivity [100]. The
superconductor is usually modeled as a material with a non-linear electrical resistivity,
showing the power–law dependence on the current density (see Section 2.4):

ρ(J) =
E0

Jc

[
|J|
Jc

]n−1

(2.35)
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where E0 is the same conventional electric field as in Equation 2.15, whose value
is generally assumed E0 = 10−4 Vm−1, J is the current density, Jc is the critical
current density and the n value is a factor indicating the steepness of the transition
from the superconducting to the normal state (see Figure 2.7). In the last few
years, the H-formulation has been the most commonly used approach. Actually, its
implementation is quite simple, since no gauging or post-processing is required [72].
However, using the H-formulation implies some challenges, such as a higher number
of degrees of freedom that increases the computational time [101]. Furthermore,
a degradation of the matrix conditioning is caused by the requirement of an artificial
resistivity in non-conducting domains [72].

2.7 J-B relations

Several numerical approaches have been developed with the aim to properly describe
the superconductors and investigate new arrangements and applications [102]. In-
dependently of the mathematical formulation, software implementation or adopted
numerical method, a key aspect is to find a suitable relation between the electric
field E and the current density J. The most E-J relation used is the power law, where
E ∝ Jn (see Section 2.4). However, different constitutive laws are used in a wide
papers and works [65], as models based on the CSM [86, 66, 103, 104], the percola-
tion model [105] or the eta-beta model [106]. In 1963, Kim and Anderson [85, 91]
proposed an empirical equation that takes into account the strong dependence of the
critical current on the local magnetic field:

Jc(B) =
Jc0(

1+ B
B0

)α (2.36)

where B0 and α are material-dependent constants that can vary with temperature and
Jc0 is the magnitude of the critical current density when the local field is zero.
A different behaviour of Jc was observed in some HTSs and MgB2 [107–109], which
are typically represented by the following exponential law:

Jc(B) = Jc0exp
[
−
(

B
B0

)β]
(2.37)
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where B0 and β are material-dependent constants. In particular, the β parameter can
define different pinning regime according to the collective pinning theory as reported
in [110]. Table 2.1 summarizes the most common current-field relationship.

Jc(B) = Jc Bean [111, 86]

Jc(B) =
Jc0

|B|/B0
Fixed Pinning [112]

Jc(B) =
Jc0

|B/B0|1/2 Square Root [112]

Jc(B) =
Jc0

1+|B|/B0
Kim [85]

Jc(B) = Jc0 exp[−|B|/B0] Exponential [113]

Jc(B) = Jc0 − J′c0|B|/B0 Linear [114]

Jc(B) =
Jc0

[1+|B|/B0]α
Kim generalized [85, 91]

Jc(B) = Jc0 exp[(− B
B0
)β ]) Exponential generalized [110]

Table 2.1 Current-field relationships.

However, since the critical current density Jc is a crucial parameter for the
characterization of the superconductors, its dependence on temperature and, in the
anisotropic superconductors, on the angle between the applied field direction and the
axis of the crystal lattice must be accounted for, i.e. Jc(B,T,θ).

2.8 Thermo-magnetic instabilities

Sections 2.4 investigated the hopping mechanism of fluxons that can arise when the
superconductor is in the critical state [115, 116]. When the superconductor is in
this non-equilibrium state, some uncontrolled instabilities can arise, such as quench
phenomena or other thermo-magnetic instabilities [117]. Among the latter, the flux
jump phenomenon can totally compromise the superconducting properties of the
samples. When a flux-jumping process starts, it causes a flux redistribution towards
the equilibrium state, followed by a strong heating of the superconductor. From a
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macroscopic point of view, this means that a sudden penetration of the magnetic
field inside the superconductor occurs, which can even induce the SC material to
switch from superconducting to normal state. It is well known that the flux jump
occurrence is provoked, for instance, by small temperature fluctuations or variations
in the external magnetic field [115, 116]. Moreover, their occurrence probability is
affected by the ramp rate of the external applied magnetic field and by the working
temperature [118, 119]. In general, two types of flux jumps can be defined, namely
local and global flux jumps. The former occurs in a small fraction of the sample
volume, the latter involves vortices in motion in the entire volume of the sample
[120]. Moreover, depending on the initial perturbation and the driving parameters
there are two qualitatively different types of global flux jumps, namely, partial and
complete flux jumps. The former self-terminates when the temperature is still lower
than the critical temperature. The latter turns the superconductor to the normal state.

Several theories to explain flux-avalanche phenomena, based on the critical state
model and local adiabatic assumption, were developed during the last century. Swartz
and Bean [116] extended the critical state model proposed by Bean to include heating
effect, presenting their adiabatic critical-state model. One of the most important
results of this theory is the definition of the external magnetic field B f j correspond-
ing to the first flux jump. However, by not taking into account the magnetic field
dependence of the current density, they described the phenomenon only partially
and a more complex field-dependence relationship for the critical current density is
needed. Müller and Andrikidis [121] calculated the magnetization loops with flux
jumps for Y-Ba-Cu-O superconducting slabs, demonstrating that the assumption
of a magnetic field dependence of the critical current density in the calculations is
necessary to properly reproduce the experimental data. In 1996, Mints proposed an
approach based on the Bean critical state model introducing the instability criterion
δW > δQ, where δQ is the heat release due to the fluxon motion and δW is the
additional cooling heat flux to a cryogenic coolant at the sample surface [120]. From
this assumption, for an infinite Type II superconducting slab, B f j results to be propor-
tional to the ramp rate Ḣapp of the external applied magnetic field as B f j ∝ Ḣ−1/2

app .
According to the model proposed by Mints [120, 122], the mechanism underlying the
flux jump can be described as follows. To a first approximation, we can consider a
critical current density dependent only on temperature Jc = Jc(T ). In the framework
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of the Bean model, for a long superconducting cylinder subjected to an external
magnetic field, the spatial distribution of flux follows Equation 2.8, namely

∂Bz

∂ r
= µ0Jc or

∂Bz

∂ r
= 0 (2.38)

When the hopping mechanism arises, the moving fluxons can determine a local
heating of superconductor due to the viscous drag, in a similar way to the con-
ventional Joule heating. Suppose that, because of this amount of initial heat δQ0

released, the initial superconductor temperature T0 is increased by a small pertur-
bation δT0. From GL theory, we know that the critical current density Jc(T ) is a
decreasing function of temperature. Hence, the density of the screening current
decreases as the temperature increases, namely it is lower at T = T0 +δT0 than at
T = T0. This reduction allows the magnetic field to penetrate more deeply in the
superconductor (Figure 2.9).

Fig. 2.9 Magnetic-field B(r) distribution in a tube (see Figure 2.4) at different temperatures:
T = T0 (solid line), T = T0 +δT0 (dashed line).

Indeed, due to the motion of magnetic flux into the superconductor, an electric
field perturbation δE0 is induced, which in turns causes an additional heat release
δQ1. The former leads to an additional increase of temperature, δT1 which provokes
a reduction of the critical current. This iterative process can result in an avalanche-
type increase of the temperature and magnetic flux in the superconductor, i.e. in
a global flux jump. In order to properly characterize the correlation between the
temperature and electromagnetic field increasing during the flux jump, the magnetic
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and thermal diffusion coefficients, Dm and Dt respectively, can be introduced. Their
ratio, τ = Dt/Dm, is defined as:

τ = µ0
kσ

C
(2.39)

where k is the heat conductivity, σ is the electric conductivity, and C is the
heat capacity of the superconductor. Two limiting cases can be realized in a super-
conductor. The former, for τ ≪ 1 (Dt ≪ Dm), corresponds to a fast propagation
of flux with an adiabatic heating of the superconductor (adiabatic condition). For
τ ≫ 1 (Dt ≫ Dm), the spatial distribution of the flux is fixed during the rapid heating
(dynamics condition). Relying on these definitions, Mints and Rakhmanov [122]
identified the two conditions as peculiar to Type II and superconducting composites
(materials containing a combination of normal and superconducting materials), i.e.
Type II are characterized by τ ≪ 1 condition whereas superconducting composite
by τ ≫ 1. The dynamic condition τ ≫ 1 (Dt ≫ Dm) typical for the superconduct-
ing composite can be achieved with the characteristic value at low temperature of
Dm = 10−5 − 10−6 m2/s and Dt = 10−1 − 10 m2/s resulting in the rapid heating
stage taking place while the magnetic flux lines are stationary[120]. For Type II
superconductors, the adiabatic condition τ ≪ 1 (Dt ≪ Dm) can be reached with the
typical values at low temperature of Dm = 10−2 −10 m2/s and Dt = 10−4 −10−3

m2/s. This means that the magnetic flux diffusion is considerably faster than that
of the heat flux and consequently the heating of hard superconductors with a rapid
variation of magnetic flux can be assumed adiabatic [122].

From a practical point of view, the flux jump phenomenon represents a big
hurdle. Indeed, the abrupt penetration of the flux lines in the superconductor and
the possible consequent transition to the normal state lead to quench processes that
can deteriorate the material and device performances. The developing of normal
zones inside the HTSs is helped where local perturbations arise, such as a localized
thermal load (radiation heat, beam energy deposition, AC losses, inductive coupling
with another quenching magnet system, etc.) or microscopic conductor defects that
either pre-existed from manufacturing or suddenly or gradually developed under
mechanical stress [123, 124]. For this reason, a lot of efforts have been made in
order to reduce the flux-jump occurrence, both improving the material properties
such as the thermal conductivity and optimizing the manufact shape [125–127] and
its thermal contact with the coolant.
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With these aims, it is necessary to thoroughly investigate the flux avalanche
occurrence conditions as well as their evolution in order to strengthen the critical
state stability against flux-jumps. To do this, it is essential to understand and
simulate the in-field behaviour of a SC device in order to predict its characteristics
and optimize its thermal anchoring and architecture for the particular application.
Since relying on appropriate simulation tools can be a successful approach to fully
comprehend the inherent electromagnetic-thermal behaviour of SC materials [128],
computational approaches have been used in the past few years with the aim of
recreating and predicting the flux jump phenomenon [129–132]. The models are
based on the general idea that the electromagnetic equations (Maxwell equations) and
the thermal equations have to be coupled. The thermal behaviour and the changes in
the local value of temperature in the superconducting domain are usually described
by the heat diffusion equation:

∇(κ(T ) ·∇T )−C(T ) ·ρm · ∂T
∂ t

+Q = 0 (2.40)

where Q = E · J gives the volumetric heating rate and κ(T ), C(T ) and ρm are the
thermal conductivity, specific heat and mass density, respectively. Moreover, in
order to properly described the superconductor behaviour and the evolution of the
thermo-magnetic instabilities, both the current density dependence on the magnetic
field B and temperature T must be considered. This means that the parameter Jc0 in
the J-B relations reported in Table 2.1, or more in details in Equations 2.36 and 2.37,
has to be supposed dependent on the temperature, Jc0(T ) [130, 110].



Chapter 3

Materials and experimental
procedures

3.1 Magnesium diboride (MgB2)

In 2001 Nagamatsu et al. [133] discovered the superconducting behaviour of the
magnesium diboride (MgB2). In the last few years, MgB2 has gained much attention
for shielding applications [27, 60], due to the low-cost and non-toxic precursors
not including rare earth elements, the low weight density, and the long coherence
length. In particular, the last characteristic implies that clean grain-boundaries do
not prevent the flow of high current densities, thus opening the employment of
large polycrystalline manufacts - fabricated by in situ or ex situ sintering processes
[134–137, 64] or by infiltration processes [60, 138, 139] - for large scale applications.
MgB2 possesses a AlB2-type hexagonal crystal structure that belongs to P6/mmm
space group and the dimensions of the unit cell are a = b = 3.086 Å and c = 3.524 Å.
As shown in Figure 3.1, the boron atoms are arranged in layers, with layers of Mg
interleaved between them. The structure of MgB2 is composed of alternate boron
and magnesium hexagonal layers along the c axis [133]. The crystal structure of
MgB2 determines a theoretical density of 2.57 g/cm3 [133].

Since its discovery, different fabrication routes have been proposed in order to
optimize the superconducting properties of MgB2 samples. Between them, chemical
substitution and impurities addition have shown good results, enhanced the values of
the upper critical field Hc2 and the current density Jc introducing new point defects
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Fig. 3.1 Crystal structure of MgB2.

capable of pinning more vortices [140, 141]. The peculiar feature of MgB2 is the
presence of two bands and energy gaps, which causes the upper critical field in
clean MgB2 to be low and anisotropic. Typical Hc2 values at low temperatures are
around 3 T for H||c and 16 T for H||ab. From the relationship H||c

c2 = Φ0/(2πξ 2
ab)

and H||ab
c2 = Φ0/(2πξabξc), where Φ0 is the quantum magnetic flux in each vortex, it

follows that the coherence length has an anisotropic behaviour as well, in particular
along the ab plane ξab ≈ 10 nm and along the c axis ξc ≈ 4 nm. The values of ξ

results to be higher than both the interatomic spacing and the typical grain boundary
thickness, with a positive impact on the applications as detailed below. Conversely,
at low temperature the penetration depth, λ , presents an isotropic behaviour, with
a typical value of λ ≈ 100 nm. Moreover, according to the standard anisotropic
Ginzburg-Landau theory the bulk anisotropy γ = λc/λab = ξab/ξc = H ||ab

c2 /H ||c
c2 is

not universally constant, but it systematically decreases with increasing temperature
and shows a pronounced field dependence near Tc [142, 143].
The study of the trend of Jc(H,T ) in polycrystalline samples and in dispersed pow-
ders has shown that the microscopic current density in densified bulks is almost
identical to the intragranular, one relative to a powder: the current is therefore not
limited by the presence of grain boundaries, which in general severely limit the
performance of the HTSs. Since the MgB2 coherence length is larger than the typical
grain boundaries thickness, MgB2 shows to be free from weak link effects and the
connections between the grain is a key point to prevent a Jc reduction in polycrystals.
This property allows overcoming the limitations evidenced by the HTSs, which
require a grain alignment, achievable with epitaxial growth techniques.
In order to enhance the connectivity, a number of strategies have been pursued:
improving the density by the application of an external pressure during the synthesis;
limiting the presence of impurity phases at grain boundaries by using high-purity
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elements; limiting the formation of the amorphous MgO layer on the grain surface
by performing the synthesis in controlled atmosphere; increasing the grain size in
order to reduce the exposed surface of the grains; and texturing the MgB2 phase
by mechanical means or grain orientation under magnetic field [144–146]. Conse-
quently, the synthesis method highly affects the superconducting performances of
MgB2 samples.

The production methods for MgB2 bulk can be of two types:

• ex-situ processes: use the MgB2 powder to fabricate bulks through sintering;

• in-situ processes: the reaction between B and Mg occurs simultaneously with
the bulk formation.

Among the ex-situ processes, the most employed for MgB2 fabrication bulk are
Powder in-tube technique (PIT), Uniaxial Hot Pressing (HP) and Spark Plasma-
Sintering (SPS). The MgB2 powder is obtained through a milling process of MgB2

sample with great granulometry through Mg diffusion into boron. The resulting
powder shows different features depending on the precursor granulometry and
characteristics.
In PIT, a metallic capsule is filled in with powder and the capsule is subjected to
drawing/rolling followed by a thermal treatment. Using PIT techniques, Aldica et
al. [147] obtained MgB2 samples characterized by a nominal density of 2.55 g/cm3.
The Rietveld method allowed them to estimate the average crystallite size of MgB2,
i.e. 125 nm. The samples showed the presence of minority phases: MgB4 (10.1%)
and MgO (7.1%).
HP is performed in a rigid die using loading along the vertical axis on punches
pressurized from an external hydraulic system. Although the pressure is applied along
the vertical axis, there is a radial pressure against the die wall. The differential stress
between the axial and radial directions generates shear that is effective in particle
bonding. This shear stress is proportional to the applied stress. Initial densification
includes particle rearrangement and plastic flow. As densification progresses, creep
by grain boundary diffusion and volume diffusion becomes controlled [148].
The SPS method involves the consolidation of the samples, previously in the form of
powders, through the simultaneous use of current, pressure, and temperature. The
powders are placed inside a mould, typically made up of graphite. The passage
of current through the mould and the sample leads to a further local increase of
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temperature; at the same time, the sample is subject to a pressure causing the
formation of the bulk. The literature reports, among the various advantages in the
use of the SPS, a greater density of the obtained materials, a smaller grain dimension
and cleaner grain boundaries [149].
Häßler et al. [150] compared the features of MgB2 samples obtained through SPS
and HP. All the samples are characterized by the presence of MgB4 and MgO phases,
even if with different percentages. Both methods show a correlation with a previous
milling process of MgB2 powder, that could help to obtain better bulk. This work
suggests that the sample obtained with SPS technique has the best grain–grain
connections and mass density.
Despite the improvements in the fabrication processes, thermomagnetic instabilities
still occur at low operating temperatures. In MgB2, the adiabatic condition Dt ≪ Dm

(see Section 2.8) is verified at low temperatures due to the low heat capacity and
thermal conductivity of this compound [151–154, 64]. Chabanenko [155] estimated
the value of the thermal and magnetic diffusivity at 4.2 K, namely Dt(4.2K) ≈
6 · 10−4 m2/s and Dm(4.2K) ≈ 3.2 · 10−3 m2/s, demonstrating that the adiabatic
conditions are fulfilled also for a polycristalline MgB2 bulk.
Thermo-magnetic instability-driven flux avalanches in MgB2 have been revealed by
several techniques in films, tapes, and bulks [156–162]. Their occurrence probability
is affected by the ramp rate of the external applied magnetic field and by the working
temperature [118, 119]. Moreover, Aldica et al. [163] showed that fabrication
parameters, such as the heating temperature in Spark Plasma Sintering (SPS) process,
can influence the flux jump occurrence in bulk MgB2, as well. The flux-jump
occurrence drastically deteriorates the intrinsic capacity of a superconductor to
shield magnetic fields [131, 64], becoming the major factor limiting the shielding
performance at low temperatures [117].

3.2 MgB2 samples

For this PhD project, a tube- and a cup-shaped MgB2 bulks were manufactured at
the National Institute of Materials Physics in Magurele, Romania (Prof. Badica’s
group). The aim was to obtain superconducting vessels with an aspect ratio of height
to external diameter close to unity and characterized by high performing magnetic
shielding properties. Moreover, the low weight density of MgB2, make these shields
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suitable for applications where practical requirements of a small size, low weight
and a high shielding factor are needed, such as aerospace applications [27].

For both the geometries, commercial MgB2 powders were mixed with hexagonal
boron nitride powder (BNh). The powders were loaded into a graphite die system
of ≈20 mm inner diameter and processed by spark plasma sintering (SPS) (FCT
System GmbH—HP D 5, Germany) at 1150 °C for a dwell time of 8 min and the
maximum pressure applied on the sample during sintering was 95 MPa [1, 164, 165].
As demonstrated in [165, 166], the addition of the BNh improves the SPS bulk
machinability while leading to a reduction of the thermal conductivity that, as one
can see later, get the thermomagnetic instabilities problem worse. For tube-shaped
bulk, the cylinder was drilled by using bits with different radii. The inner radius
of the final product was obtained by means of a lathe machine. The final product
have the following dimensions: height h=17.5 mm, inner radius Ri=7.0 mm, external
radius Re=10.15 mm (Figure 3.2). The sample, obtained starting from MgB2 powder
with a pristine phase concentration of 87.9 [wt.%], presents a final density ≈ 2.45
g/cm3 and an aspect ratio AR=h/Re=1.75.

Fig. 3.2 Picture of the tube-shaped MgB2 shield (left) and its schematic view (right). Its
dimensions are: height h=17.5 mm, inner radius Ri=7.0 mm, external radius Re=10.15 mm.

The cup-shaped sample was obtained by a cylinder (25 mm in height) which
was partially bored by using drill bits, and then it was refined in the final cup-shape
by means of a lathe machine. The final dimensions of the sample are: inner radius
Ri=7.0 mm, external radius Re=10.15 mm, external height he=22.5 mm, internal
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depth di=18.3 mm (Figure 3.3). The sample presents a final density ≈ 2.50 g/cm3,
obtained with an MgB2 powder with a pristine phase concentration of 97 [wt.%],
and an aspect ratio AR=he/Re=2.25 and AR’=di/Re=1.83.

Fig. 3.3 Picture of the cup-shaped MgB2 shield (left and center) and its schematic view
(right). Its dimensions are: inner radius Ri=7.0 mm, external radius Re=10.15 mm, external
height he=22.5 mm, internal depth di=18.3 mm.

3.3 Experimental setup and characterization details

The samples were characterized following the same procedure. In both cases, the
MgB2 bulk samples were placed in tight thermal contact with the second cold stage
of a cryogen-free cryocooler. In order to guarantee an optimal thermal contact
between the sample and the sample holder, the sample was covered by an indium
layer, whose thermal properties are good enough to ensure an excellent thermal
contact. The second cold stage was inserted in a thermal shield in order to reduce
the heating by radiation. During the characterization, the sample was in vacuum and
the cryostat chamber was positioned in the bore of a superconducting cryogen-free
solenoid (CRYOMAGNETICS INC, 6T Cryo-Free Magnet System, W.O. # 3888-C)
(Figure 3.4).
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Fig. 3.4 Experimental setup. From left to right: the superconducting magnet, the vacuum
chamber and the sample holder on which the sample and the Hall probes are placed.

The shielding properties of the samples were investigated in both axial field (AF)
and transverse field (TF) orientation (Figure 3.5 (a) and (b) respectively). In the
former case, the sample was placed with its axis parallel to the coil axis, whereas for
the TF characterization the sample was placed with its axis perpendicular to the coil
axis (Figure 3.5).

Fig. 3.5 Schematic drawing of the experimental setup (not to scale) for the Axial (a) and
Transverse (b) magnetic field configurations.

The magnetic flux density was measured by cryogenic Ga–As Hall probes, with
a sensitivity of 5.2 Ω/T , located along the sample axis in the positions reported
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in Figure 3.6. For the cup-shaped sample the Hall probes (hp) were positioned
at different distances from the closed extremity of the cup (hp=0), namely hp1 =
1.0 mm, hp2 = 5.0 mm, hp3 = 9.2 mm (corresponding to the shield centre), hp4 =
13.7 mm, and hp5 = 18.3 mm (corresponding to the shield open extremity). The
positions were left unchanged for both the AF and TF orientations. Otherwise, for
the tube-shaped sample the Hall probes (hp) were positioned at different distances
from the centre of the tube, namely hp1 = 0 mm (SC shield centre), hp2 = 4.4 mm
and hp3 = 8.8 mm (SC shield edge coordinate), left unchanged both in AF and TF
orientation; hp4 = 13.1 mm and hp4 = 12 mm in AF and TF orientation respectively.
For both AF and TF orientations, the probes were always oriented to measure the
component of the magnetic flux density parallel to the applied magnetic field. The
Hall probes voltage was measured by a 2182 A Keithley nanovoltmeter coupled
to an 8-channel Keithley 7001 scanner and the acquisition system were controlled
and/or driven by a Labview interface. The measurements were collected in zero field
condition (ZFC), i.e. after cooling the sample in zero field, the applied field was
cycled keeping fixed the sample temperature while the magnetic flux density was
recorded.

Fig. 3.6 Sketch of the position of the Hall probes along the axis of the cup – (a) and tube-
shaped shields (b).
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3.4 Critical current density evaluation

In order to properly characterize the SC samples, the evaluation of the critical current
density, Jc, is needed. The aim of this estimation is twofold: the value of the critical
current density is a fundamental information to determine the potential application
of a superconducting sample; moreover, as it will be shown below, this parameter
is necessary to model the superconducting behaviour of the sample by a numerical
approach. In this work, taking advantage of the tubular geometry of the samples,
the value of Jc was calculated from the magnetic flux density cycles relying on
the approach proposed by Bartolomé et al. for finite superconducting rings [167].
Applying the Bean model to this specific geometry, they proposed to determine the
critical current density as:

Jc =
∆Bc

µ0 f (Re,Ri,h,z)
(3.1)

where ∆Bc = B+
c −B−

c is the magnetic flux density cycle width measured at a given
applied field in the axial field configuration (Figure 3.7 is reported as example) and
the function f provides the dependency of Jc on the geometry of the sample:
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Fig. 3.7 Example of a magnetic flux density loop measured while the external applied field
was cycling at axial field orientation. The cycle width ∆Bc is also shown.

For the tube-shaped bulk Re and Ri are the external and inner radii of the tube,
respectively, h is the tube height and z the distance from the tube centre (i.e. hp1 in
Figure 3.6(b)). The Jc calculations were made using the magnetic flux density cycles
measured in the centre of the tube, i.e. at hp1 position (Figure 3.6(b)). Conversely,
for the cup-shaped sample Re and Ri are the external and inner radii of the cup
respectively, z is the distance from the cup centre (i.e. hp3 in Figure 3.6(a)) and h
is the cup internal depth. In order to neglect the effects of the cup closure, Jc was
obtained applying Equation 3.1 to the magnetic flux density cycles measured in the
outer position of the cup, i.e. hp5 in Figure 3.6(a). The Jc vs. applied field curves
obtained with this procedure are plotted in Figure 3.8 (solid lines). This figure also
shows the Jc curves obtained from magnetic flux density measurements performed
at the National Institute of Materials Physics (Magurele, Romania) on two small
pieces (open symbols) cut from the same MgB2 cylinders as the tube/cup-shaped
shields, respectively. The agreement between the two sets of data is remarkable.
Notably, the cup shows higher critical current density values than the tube for the
same temperature and applied field values, which can be ascribed to the different
MgB2 phase concentrations presented in the starting powders (97 [wt.%] for the cup
against 87.9 [wt.%] for the tube).
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Fig. 3.8 Jc(B) calculated by Equation 3.1 (solid lines) and extracted from magnetic flux
density cycles performed on small pieces (open symbols) cut from the same MgB2 cylinders
as the tube/cup-shaped shields, respectively.

3.5 Ferromagnetic material and hybrid configuration

In order to improve the shielding properties of the superconducting sample, a coaxial
FM layer was superimposed on the tube-shaped shield shown in Figure 3.2. Figure
3.9 shows a sketch of this hybrid configuration. The centres of the two shields
coincide but the FM shield is shorter than the SC one, being the difference between
the edges ∆h=3.5 mm. This new configuration was experimentally characterized
with the same procedure used for the only SC tube-shaped bulk and the magnetic
flux density was measured in the same positions along the axis of the SC tube alone
(Figure 3.6(b)). On the other hand, the choice to investigate the addition of the FM
sheet with height lower than the SC one relied on previous studies, in which better
results were obtained when the SC shield protruded over the FM one [168, 169, 71].
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Fig. 3.9 Schematic view of the hybrid tube-shaped shield and of the position of the Hall
probe placed along its axis. The SC tube dimensions are the same as in Figure 3.6(b) while
the FM tube dimensions are: height h=10.5 mm, inner radius RiFM=11.5 mm, external radius
ReFM=14 mm. The Hall probe were placed at the same positions as for the characterization
of the SC tube alone (see Section 3.3).

The ferromagnetic shell experimentally characterized is made out of iron ARMCO
whose B–H characteristic curve is plotted in Figure 3.10. Its relative permeability at
low fields overcomes the value µr = 7500, while its saturation magnetic flux density
is ≈ 2.3 T. The sample was preliminary degaussed by means of a thermal treatment
in vacuum atmosphere at 760 °C for 1 hour. A degaussing procedure was also
performed before each characterization process, applying an alternating magnetic
field.

Fig. 3.10 B–H characteristic curve of the iron ARMCO used for the FM shield.



Chapter 4

Experimental results

In this chapter, the experimental results of the magnetic characterization are presented
for each configuration (SC tube, SC cup and SC+FM tubes Figure 3.6(a), (b) and
Figure 3.9 respectively) tested for the two applied field orientations, i.e. AF and TF
[137, 64]. The shielding ability of all the configurations were evaluated for different
operational temperatures in the range 20 - 35 K . However, for all the considered
geometries, I mainly focused on the results obtained at the operational temperature
TOP=30 K, which is a good compromise between the need to achieve high shielding
performance and the requirement of high working temperatures. In the next section,
the screening abilities of the SC shields are presented, specifically the SC tube
performance in Subsection 4.1.1 and that of the SC cup in Subsection 4.1.2. Finally,
the results obtained for the hybrid configuration, SC+FM tubes, are discussed in
Section 4.2.

4.1 Superconducting shields

4.1.1 Tube-shaped shield

In this first section, the results obtained with the only SC tube (Figure 3.2) are
presented. Figure 4.1 shows the magnetic flux densities measured at positions hp1

and hp3 positions (Figure 3.6) for different temperatures. From these pictures, two
aspects clearly emerge: at the same temperature, the shielding capability of the tube
gets worse as the temperature increases and it is much higher in AF orientation.
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Fig. 4.1 Magnetic flux density measured as a function of the applied field at position hp1 and
hp3 along the axis of the SC tube for the AF (left) and the TF (right) orientations and for
different operational temperatures.

Focusing on the working temperature of 30 K, the magnetic flux density measured
at different positions along the z-axis of the shield in both AF and TF orientations
are displayed in Figure 4.2.
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Fig. 4.2 Magnetic flux density measured at TOP= 30 K as function of the applied field by the
four Hall probes positioned along the tube axis.

In order to properly quantify and compare the shielding properties of the inves-
tigated shields, I introduced the Shielding Factor (SF), defined as the ratio of the
applied magnetic field and the magnetic flux density measured by the Hall probes.
Figure 4.3 shows the SF curves for each position along the tube axis evaluated in AF
and TF orientations. In AF orientation, SFs greater than 102 up to µ0Happ ≈ 0.4 T
were measured in the centre of the tube (position hp1). As expected, in TF orientation
the performances of the shield are worse than those obtained in AF and, considering
the innermost position hp1, the SF values lie between 4 and 5, for applied field lower
than 0.2 T.
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Fig. 4.3 SF curves measured at TOP= 30 K as function of the applied field by the four Hall
probes positioned along the tube axis.

4.1.2 Cup-shaped shield

Following the same procedure, the shielding ability of the cup-shaped shield was
evaluated at different temperatures in the range 20 - 35 K. Figure 4.4 shows the
magnetic flux density measured at position hp1, in both AF and TF orientations at
all the investigated temperature. As for the tube case, also in this case the shielding
ability of the cup is lessened when a transverse field is applied. Note that in the AF
orientation, the shielding performances experience an abrupt worsening, due to the
flux jump occurrence.



52 Experimental results

Fig. 4.4 Magnetic flux density measured at position hp1 along the axis of the SC cup for AF
(left) and TF (right) orientations and for different operational temperatures.

Focusing on the working temperature TOP=30 K, the magnetic flux density
dependence on the applied magnetic field measured by all the Hall probes is shown
in Figure 4.5, while Figure 4.6 illustrates the corresponding SF values.

In the AF orientation, despite the occurrence of a flux jump at µ0Happ = 1 T, SF
values grater than 104 up to µ0Happ = 1 T are obtained at the innermost position hp1.
Otherwise, a SF≈50 is achieved in TF orientation at position hp1 for µ0Happ < 0.2
T.
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Fig. 4.5 Magnetic flux density measured at TOP= 30 K as function of the applied field by the
five Hall probes positioned along the cup axis.
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Fig. 4.6 SF curves measured at TOP= 30 K by the five Hall probes positioned along the cup
axis as function of the applied field.

In order to better visualize the shielding capability evolution with temperature, let
me define a threshold field, µ0Happ,lim, as the applied field above which the shielding
factor drops below a reference value. Figure 4.7(a) shows the µ0Happ,lim dependence
on temperature in AF orientation, having chosen as reference values SF=104 for
position hp1, 103 for position hp2, and 102 for position hp3. Remarkably, at 20 K,
SF > 104 up to µ0Happ = 1.8 T was achieved near the closed extremity (Figure 4.7(a),
position hp1), while in the same range of applied fields, the SF values remain higher
than 102 all the inner half of the shield (Figure 4.7(a), position hp3).
In the same way, I specified three threshold fields for the TF orientation as the
applied field above which the shielding factor goes below 40 (for position hp1), 20
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(for position hp2) and 7 (for position hp3). In figure 4.7(b), these µ0Happ,lim values
are plotted as a function of temperature. As can be seen, near to the cup closed edge
(Figure 4.7(b), position hp1), at 20 K SF is over 40 up to µ0Happ = 0.8 T, while in
the same field range it is over 7 in correspondence to the cup centre (Figure 4.7(b),
position hp3).

Fig. 4.7 Temperature dependence of the threshold applied fields, µ0Happ,lim, above which
the shielding factor drops below (a) 104 (for position hp1), 103 (for position hp2) and 102

(for position hp3) in the AF orientation and (b) 40 (for position hp1), 20 (for position hp2)
and 7 (for position hp3) in the TF orientation.

4.2 Hybrid tube–shaped shield

It is well known that the superimposition of a ferromagnetic layer on the supercon-
ducting shield can enhance the shielding capability of the only superconducting
shield [170, 171, 169, 4]. Moreover, it was demonstrated that the FM shield results
to be more efficient when a transverse magnetic field is applied. Indeed, unlike
superconductors [5], long tubular shields of high-permeability materials are ex-
pected to mitigate transverse magnetic fields more effectively than axial ones [172],
and significant SF improvements were predicted in a transverse field for an ideal
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rectangular-shaped SC shield with an outer layer of µ-metal [52]. Taking advantage
of this peculiarity, the effect of the addition of a ferromagnetic tubular shell around
the superconducting tube-shaped shield was experimentally evaluated.
The shielding capability of this tubular hybrid configuration (SC+FM tube) at differ-
ent temperature is displayed in Figure 4.8.

Fig. 4.8 Magnetic flux density measured at positions hp1 and hp3 along the axis of the
SC+FM tube for the AF (left) and the TF (right) orientations and for different operational
temperatures.

Despite the FM tube superimposition, here as well, the magnetic field mitigation
ability of this hybrid shield is less powerful when a transverse field is applied, even
if it is improved compared to that obtained with the only SC tube. Focusing on the
results measured at 30 K, Figure 4.9 shows the magnetic flux density measured at
different positions along the hybrid shield axis, while in Figure 4.10 SF values of the
SC (open symbols) and SC+FM (solid symbols) configurations are compared. Note
that the hp4 shielding curve of the SC+FM shield in TF orientation is lacking, since
there were some wiring problems with the corresponding Hall probe.
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Fig. 4.9 Magnetic flux density measured at TOP= 30 K as function of the applied field by the
four Hall probes positioned along the hybrid shield axis.
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Fig. 4.10 Comparison of the SF curves measured at TOP= 30 K as function of the applied
field by the four Hall probes positioned along the SC (open symbols) and SC+FM (solid
symbols) tube axis.

From this comparison, it emerges a dependence of the effect of the FM shield
addition on the applied field orientation. In AF orientation at low fields (µ0Happ < 0.5
T) the only SC solution is the most efficient, whereas the addition of the FM shield
allows the persistence of a great-SF region at higher applied fields.
On the contrary, in the TF orientation the hybrid configuration ensures a better
shielding performance in the whole range of applied fields, reaching a SF=9 in the
shield centre (i.e. at position hp1) up to µ0Happ ≈ 0.1, namely nearly doubling the
SF obtained with the SC tube.
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4.3 Summary

The experimental characterization allowed me to study the shielding performances of
two different shield geometries (tube and cup) and to evaluate their shielding ability
in a wide range of working temperatures. The results show that, thanks to the closed
extremity, the cup-shaped shield is the most efficient layout even though flux-jump
phenomena were observed up to quite high temperature. They also highlight how the
magnetic mitigation capability of the SC shield strongly depends on the orientation
of the applied magnetic field. Under this perspective, it was demonstrated that the
addition of the FM shell can actually enhance the screening potential of the SC
shields in TF orientation, where superconducting layouts were proved to be the less
effective.

For these reasons, the collection of the experimental data lays the foundation for
a more comprehensive and detailed analysis on the shielding properties of hybrid
configurations also in dependence on the applied field orientation. In order to attain
optimized layouts avoiding costly experimental trials and taking advantage of the
computational analysis, new hybrid configurations are investigated by means of a
numerical approach under differently tilted applied field. To this aim I employed the
model based on the A-formulation, presented in Chapter 2, and, as will be shown in
Chapter 5.2, the experimental data are fundamental for the validation of the model.



Chapter 5

Electromagnetic model

As mentioned in Chapter 2, in the last few years, numerical modelling was proved
to be a powerful tool for the study of the electromagnetic behaviour of HTSs. In
this work, I employed two mathematical formulations to describe the behaviour of
the tube- and cup-shaped MgB2 shields, namely the A- and H-based formulations,
described in Section 2.5 and 2.6, respectively.
In the next section, the extension of the A-formulation to solve 3D shielding problems
is presented. In Section 5.2 and Section 5.3 I describe the validation of this model
through the comparison with the experimental results and the numerical output of a
benchmark problem solved employing the well-established H-formulation. Finally,
the numerical results obtained investigating new and more efficient hybrid layouts
are presented in Section 5.4.

5.1 3D problem: A-based electromagnetic formula-
tion

I implemented the numerical model based on the hyperbolic-tangent function (Sec-
tion 2.5.1) by means of COMSOL Multiphysics®, which is suitable for computing
magnetic fields and induced currents using Maxwell equations, expressed here in
terms of the magnetic vector potential A. The model was applied both to the tube-
and cup-shaped geometry and, initially, two orientations of the applied magnetic
field were investigated. i.e. the axial field and the transverse field orientations.
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The analysis was then enlarged to consider the intermediate tilt angle between the
applied field direction and the axis of the shield. The superconducting behaviour
of the two bulk shapes was described by means of the following non-linear E–J
relationship, which, as evidenced in Section 2.5.1 for the 2D approach, provides a
smooth approximation of the critical state model function [111, 97]:

J = Jc tanh
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z ). Here E0 is a

computation parameter that defines the sharpness of the transition function [3],
which, in the case of power-law relation, is defined by the n-factor. Therefore, I
would point out that the physical meaning of this parameter is not the same as the
criterion conventionally assumed to identify the value of the critical current density
from the I–V experimental curves [65]. Actually, the chosen value E0 = 10−4

Vm−1 gives a good compromise between the computation time performance and the
accuracy introducing the shielding behaviour of the investigated superconducting
object, also considering the chosen range of applied magnetic field and its growth
rate [173]. However, other configurations could require additional verification and
adjustment of E0 value. Equation (5.1) ensures the collinearity between the current
density and the electric field, expected in superconductors with isotropic properties,
such as the polycrystalline MgB2 bulks that I experimentally characterized [64].
In order to properly simulate the SC shielding behaviour, the Jc dependence on the
magnetic field needs to be taken into account. As introduced in Section 2.7, the Jc

behaviour in MgB2 sample is well described by an exponential function. For these
reasons, the experimental Jc(B) curves – obtained as explained in Section 3.4 - were
fitted by the following exponential relation in the range of applied fields higher than
the full penetration field:

Jc(B) = Jc,0exp
[
−
(
|B|
B0

)γ]
(5.2)

where Jc,0, B0, and γ are constant parameters obtained separately for tube- and cup-
shaped shields at each working temperature. The fit was only possible for applied
fields that went beyond the entire penetration field. However, the effectiveness of the
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fit parameters that emerged in defining Jc(B) across the entire spectrum of applied
fields under investigation was then presumed. (Figure 3.8) [137].
In all calculations, the source term for the applied magnetic field, Happl , was consid-
ered through the boundary conditions: at a large distance from the shield(s), B was
set equal to µ0Happl . The applied field was always assumed uniform and increasing
monotonically.

5.2 A-formulation approach validation: comparison
with experimental data

The model based on the A-formulation was implemented through the Magnetic
Field (mf ) interface of COMSOL Multiphysics® as reported in the Section 5.1. To
calculate the magnetic field penetration in both the superconducting tube and cup, I
assumed the JC(B) dependence reported in Equation 5.2, where the parameters Jc,0,
B0 and γ have the values summarized in Table 5.1.

Jc,0 (A/m2) B0 (T) γ

Tube 3.01×108 0.83 2.52

Cup 5.02×108 0.98 3.78

Table 5.1 Fitting parameters obtained by fitting the experimental critical current densities
(see Section 3.4) by Equation 5.2.

The ferromagnetic shield was modeled introducing the B-H curve reported in
Chapter 3, Section 3.5.

Figure 5.1 and 5.2 show the comparison between the experimental data and
the computational outputs for the tube-shaped shields, both superconducting and
hybrid, and for the two field orientations, AF and TF. The magnetic flux density was
calculated in the same positions along the shields axis in which the magnetic flux
density was measured during the experimental characterization (see Figure 3.6(b)).
In both cases, the model allowed me to replicate the experimental data remarkably
well.
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Fig. 5.1 Comparison between the magnetic flux density measured along the SC tube axis
by the Hall probes at TOP = 30 K (symbols) and the corresponding values computed by
numerical simulations (lines), both in AF (a) and TF (b) orientations.

Fig. 5.2 Comparison between the magnetic flux density measured along the SC+FM tube
axis by the Hall probes at TOP = 30 K (symbols) and the corresponding values computed
by numerical simulations (lines), both in AF (a) and TF (b) orientations. Note that the hp4
experimental shielding curve of the SC+FM shield in TF orientation is lacking, since there
were some wiring problems with the corresponding Hall probe.

The model was applied also to the superconducting cup-shaped shield and, also
in this case, the magnetic flux density was calculated in the same positions along the
shields axis in which the magnetic flux density was measured during the experimental
characterization (see Figure 3.6(a)). The comparison between experimental and
calculated magnetic flux density is reported in Figure 5.3, showing a valuable
correspondence here as well. However, in the AF orientation the calculation cannot
reproduce the occurrence of the flux jump at µ0Happl = 1.0 T. This outcome was
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expected considering that the model predicts a homogeneous field penetration in the
sample, pointing out that an extension of the model is needed in order to properly
described the SC behaviour taking into account the thermo-magnetic instabilities.
Moreover, some differences arise for the TF orientation when the magnetic flux
starts to enter the cup through the closed extremity. They could be cause by some
roughness of the inner surface of the cup base, which cannot be considered in the
calculation unless the simulation time increase significantly.

Fig. 5.3 Comparison between the magnetic flux density measured along the cup axis by the
Hall probes at TOP = 30 K (symbols) and the corresponding values computed by numerical
simulations (lines), both in AF (a) and TF (b) orientations.

All these comparisons demonstrate that the model is able to reproduce the
experimental data, and it is suitable to predict and investigate different geometries,
both SC and SC+FM, for the two orientations of the applied field.

5.3 A-formulation approach validation: comparison
with the H-formulation in the solution of a bench-
mark problem

The second validation was carried out by comparing the results obtained with the
A-formulation with those collected through the H-formulation, investigating the
shielding abilities of a tube-shaped superconducting shield, whose dimension cor-
responds to the SC sample experimentally characterized (Figure 3.2). The study
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focused on this shape since it is very advantageous from a computational time point
of view and allows addressing the peculiarity of a short axisymmetric structure.

For what concerned the A-formulation, I used the same numerical procedure
described in Section 5.1. Instead, the H-formulation was implemented by means of
the PDE module of COMSOL Multiphysics®, in which the magnetic permeability
µr was set to 1 in the whole space and the resistivity to 108 Ωm in the air domain.
The SC was modeled by Equation 2.34, in which n was set equal to 100 according to
[160].

Fig. 5.4 Schematic view of the shielding layout investigated with both the A- and H-
formulations.

The study was firstly carried out by applying the external field in the AF an TF
orientations, up to applied field values at which the superconductor is fully penetrated.
Then, I focused on the range 0 < µ0Happ < 0.5 T where the shielding effect is more
significant, calculating the magnetic flux density distribution inside the shield for
applied field tilted 7.5°, 15°, 30°, 45°, and 60° from the shield axis. This allows me
to validate the use of the A-formulation based model regardless of the applied field
direction. In Figure 5.5, the magnitude of the magnetic flux density calculated in the
tube axis centre O (corresponding to Hall probe position hp1) are shown.
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Fig. 5.5 Comparison between the magnetic flux density values calculated in the tube centre
O (whose coordinates were set to (0,0,0)) using the H-formulation (red curves) and the
A-formulation (black curves). Calculations were carried out in the axial and transverse field
orientations (a) and for different angles of the applied field (b).

As can be seen, the curves obtained by means of the two different formulations
display the same trend in the whole investigated magnitude range and for all the tilt
angles of the applied field.

In order to verify the validity of the model in the entire screened region, result
achieved at points out of axis of the tube were also compared. By way of example,
Figure 5.6 shows the magnitude values of the magnetic flux density found at position
O’ placed 4 mm away from the tube centre along the radial direction and 1 mm
away along the axial direction. Also in this case, the comparison between the results
obtained using the two formulations gives an excellent agreement for both the AF
and TF orientations and the intermediate tilt angles of the applied magnetic field.
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Fig. 5.6 Comparison between the magnetic flux density values calculated at point O’ (whose
coordinates related to point O are (0, 4, 1), i.e., 4 mm away from the tube centre along
the radial direction and 1 mm away along the axial one), using the H-formulation (red
curves) and the A-formulation (black curves). Calculations were carried out in the axial and
transverse field orientations (a) and for different angles of the applied field (a).

Relying on this comparison, some further considerations about the A- and H-
formulation based models can also been done. Despite both the numerical approaches
lead to the same results, the choice of a computational approach must also take into
account the computational effort required to solve the problem. Table 5.2 reports the
computational time required by each formulation and the respective number of mesh
elements [174]. As can be seen, for almost the same number of mesh elements, the
A-formulation drastically reduces the computational time.

Model number of elements Computation Time

H-formulation 42185 ≈120 h

A-formulation 42770 ≈24 h

Table 5.2 Comparison of the number of mesh elements and computation time of the models
based on the H- and A-formulations.

Therefore, the solution of this benchmark problem not only proves the viability
of the A-based approach for the solution of shielding problems, confirming the
positive outcome of the validation procedure in Section 5.2, but it also shows that
this approach is the most performing in terms of computational time
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5.4 Study of new hybrid configurations

After the twofold validation of the A-formulation approach in modeling the magnetic
field mitigation properties of both SC and SC+FM shields, I applied this numerical
procedure to predict the screening properties of new hybrid layouts. The effect of
the FM layer was studied as a function of the height of the FM layer with respect to
the SC shields.
First, I compared the behaviour of some configurations both in the AF and TF
orientations. Next, after identifying the most efficient tube- and cup-shaped hybrid
solutions, I focused on the effects of the orientations of the applied magnetic field,
considering magnetic field directions between 0°and 90° with respect to the shield
symmetry axis. The reasons of this study are twofold. On the one hand, the
computational and experimental analysis performed on the shields – both SC and
SC+FM – evidences a dependence of the shielding abilities on the orientation of the
applied field. Moreover, the study carried out for the benchmark problem, highlights
that the shielding ability of a short SC tube is strongly reduced already at small
tilting angles of the applied field with respect to the shield axis.
In all the investigated configurations, the SC tube and cup dimensions were assumed
to be the same as those of the samples characterized experimentally as well as the
parameters Jc,0, B0 and γ are the same employed in the first numerical study (see
Table 5.1). Similarly, the FM shield was supposed to be made of the same material
as that experimentally characterized and therefore the same B-H curve was used to
model it.

5.4.1 Tube–shaped shields

The effect of the FM shell addiction: comparative analysis of different layouts
in the AF and TF orientations

Two different configurations were compared, henceforth labelled hybrid tube con-
figuration HTC2 and hybrid tube configuration HTC3, shown in Figure 5.7. The
layout HTC2 is the same that was characterized experimentally (Figure 3.9). For
the sake of clarity, its sketch is again reported in Figure 5.7. Moreover, it is worth
mentioning that I did not consider combinations of SC and FM tubes with the same
height. This is due to the fact that previous investigations [168, 169] highlighted that
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the occurrence of a shift in the edge of the two shields is a key factor to optimize the
performances of the device.

Fig. 5.7 Schematic view of the tubular hybrid layouts consisting in SC+FM superimposed
tubes with the SC tube protruding above the FM one (HTC2) and in SC+FM superimposed
tubes with the FM tube protruding above the SC one (HTC3). The shield sizes are reported
in the picture; ∆h represents the height difference between the tubes edges.

Figure 5.8 shows the shielding factors of the single SC tube and of the configu-
rations HTC2 and HTC3 for the AF orientation. The positions match those chosen
for comparison with the experimental results. Therefore, the plotted curves were
calculated at the position: hp1 = 0 mm (SC shields centre), hp2 = 4.4 mm and hp3 =
8.8 mm (SC shield edge coordinate), left unchanged both in AF and TF orientation;
hp4 = 13.1 mm and hp4 = 12 mm in AF and TF orientation respectively.

Since the magnetic flux lines are attracted by the FM tube, the magnitude of the
magnetic flux density at the shield openings is greater than in the case of the single
SC tube. Consequently, in both case, the superimposition of the FM tube induces a
slight SF worsening at low applied field. Instead, by raising the applied field, the flux
penetration from the lateral wall becomes significant, and the screening effect by the
FM tube makes the SF of the hybrid configurations overcome that of the single SC
tube. Configuration HTC3 is the most efficient: using this configuration, the upper
limit of the region where high-SFs can be achieved is shifted from about 0.6 T (with
the SC alone) to about 0.8 T.
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Fig. 5.8 Comparison between the SFs calculated for the single SC tube (symbols) and for the
configurations HTC2 (solid lines) and HTC3 (dash dot lines) in the AF orientation.

Conversely, as shown in Figure 5.9, in TF orientation, the configuration HTC3
shows the best shielding performances in the whole investigated range of fields and
not only for µ0Happ > 0.5 T. Comparing the HTC3 shielding ability with that of
the only SC shield at low applied field, it can be seen that hybrid configuration
provides a SF = 40 against SF values lower than 10 obtained with the SC shield
alone. This improvement is again caused by the FM material property to accumulate
the magnetic flux lines inside. In this orientation, this effect provides a reduction
of the magnetic flux density at the superconducting shield openings, which, due to
the small aspect ratio of the tubes, affects the SF throughout the shield. Noticeably,
the longer the FM tube is, the greater the improvement is, as it appears from Figure
5.10 where the SF colour maps are shown for HTC2 and HTC3.
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Fig. 5.9 Comparison between the SFs of the single SC tube (symbols) and for the configura-
tions HTC2 (solid lines) and HTC3 (dash dot lines) in the TF mode.

Fig. 5.10 Comparison of the SF (colour) maps and the magnetic flux line distributions
computed for shields HTC2 (a) and HTC3 (b) after the external field, applied along the
y-direction, was ramped up to µ0Happl = 0.1 T. Data are related to the central cross-section
parallel to the applied field characterization. To better represent the full range of the SF
values, a logarithmic colour scale is used.

Usefulness of the FM shell superimposition at different tilt angle of the applied
field

The former study evidenced that the effect of the FM layer addition at low fields
strongly relies on the relative height of the FM and SC components and on the field
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orientation. For these reasons, since the hybrid configuration HTC3 turns out to
be the better performing, I focused on the comparison between the HTC3 and the
only SC tube shielding performances. With the aim of investigating the influence
of the FM shield superimposition under realistic operating conditions, the shielding
properties for applied magnetic field with intermediate inclinations with respect to
the shield axis, namely 7.5°, 15°, 30°, 45°, and 60°, were investigated. Furthermore,
I focused on the low applied field range (0 T < µ0Happ < 0.5 T), where the use of
the hybrid configuration could not guarantee an increase in the shielding abilities.
This comparison confirms the drastic dependence of the shielding effect on the ap-
plied magnetic field orientation. Figure 5.11(a)–(g) displays the SFs of the configura-
tion HTC3 (dash dot line), SFhybrid , and that of SC tube (dot symbols), SFsupercond , at
the same positions hp1, hp2, hp3, and hp4. Focusing in the range 0 T < µ0Happ < 0.2
T for the position hp1, one can see that a tilted field of 7.5° (Figure 5.11(b)) is enough
to make the hybrid arrangement 4 times more efficient than the only SC tube. To
better quantify this improvement, the ratio of the HTC3 SFs to the SC tube SFs
(SFhybrid/SFsupercond) are shown in Figure 5.12 as a function of the tilt angles of the
applied magnetic field. Focusing on position hp1, as the applied field inclination
increases, the ratio rises steadily until it reaches a maximum value of 8 for a 45° tilt
angle. Even though at the other positions along the shield axis the crossover between
a worsening to an enhancing effect of the FM shell addition is shifted to greater tilt
angles of the applied field, the trend of the SF ratios as a function of the inclination
angle is confirmed.

These findings enable me to draw the conclusion that the superimposition of a
ferromagnetic shield can successfully mitigate the abrupt drop of shielding factor
that occurs in a superconducting short tube, even for a small inclination of the applied
field.
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Fig. 5.11 Comparison between the SFs of the single SC tube (dot symbols) and the configu-
ration HTC3 (dash dot lines). Each frame (a)–(g) corresponds to a different tilt angle of the
applied magnetic field.
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Fig. 5.12 Dependence of the ratio between the SFs of the configuration HTC3 and those of
the single SC tube, SFhybrid/SFsupercond , on the tilt angle of the applied magnetic field having
magnitude 0.1 T. The data refer to positions hp1 (black dots), hp2 (red dots), hp3 (green
dots), and hp4 (blue dots) reported in Figure 5.11(h).

5.4.2 Cup–Shaped shields

The effect of the FM shell addiction: comparative analysis of different layouts
in the AF and TF orientations

Following the same procedure, I looked into how the superimposition of a coaxial
FM cup can modify the SF of the SC cup. As for the tube, at first the research was
conducted in relation to the FM cup height, as shown in Figure 5.13. Defining ∆h as
the difference between the FM internal depth dFM and the SC external height hSC,
three different values of ∆h are considered, namely ∆h=0 mm for the Hybrid cup
configuration 1 (HCC1), ∆h=-3.5 mm for the Hybrid cup configuration 2 (HCC2) and
∆h=3.5 mm for the Hybrid cup configuration 3 (HCC3). The study was carried out
in both AF and TF orientations. I assumed that the size and the physical properties of
the SC cup are the same as those of the cup experimentally characterized (see Figure
3.3) while the FM cup was considered to be made out of ARMCO iron with the same
B–H constitutive law as the FM tube experimentally characterised. The positions at
which the magnetic flux density is calculated match those chosen for comparison
with the experimental results. Therefore, defining hp = 0 to be the coordinate of the
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closed extremity of the SC cup, the plotted curves were calculated at the position:
hp1 = 1.0 mm, hp2 = 5.0 mm, hp3 = 9.2 mm (SC shield centre), hp4 = 13.7 mm,
and hp5 = 18.3 mm (SC shield open extremity).

Fig. 5.13 Schematic view of the cup-shaped hybrid layouts whose shielding properties were
calculated. From left to right: SC+FM superimposed cups with the open extremity at the
same height (HCC1; ∆h = 0 mm), SC+FM superimposed cups with the SC cup protruding
above the FM one (HCC2; ∆h = -3.5 mm) and SC+FM superimposed cups with the FM cup
protruding above the SC one (HCC3; ∆h = +3.5 mm).

As for the hybrid tube layouts, in the AF orientation the addition of the FM cup
induces a worsening in the shielding ability at low applied fields, as can be seen in
Figure 5.14. This can be attributed to the fact that the magnetic flux entrance from
the cup opening is predominant in such short shields. Therefore, the FM component,
modifying the curvature of the magnetic flux lines, induces a higher magnetic flux
density at the shield opening, which has an impact on the SF all throughout the shield.
However, when the FM cup edge protrudes beyond the SC edge, specifically with the
HCC3 layout, this SF worsening was partly mitigated. Conversely, the addition of
the FM shell reduces the magnetic flux penetration from the lateral wall of the shield,
thus increasing the range of applied fields for which elevated SFs can be obtained.
The most effective configuration, HCC3, ensures a SF greater than 100 in the entire
inner half of the SC cup up to µ0Happl = 1.1 T.
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Fig. 5.14 Comparison between the SFs of the single SC cup (symbols) and of the hybrid
configurations HCC1 (solid lines), HCC2 (dash lines) and HCC3 (dash dot lines) in the AF
mode.

Fig. 5.15 Comparison between the SFs of the single SC cup (symbols) and of the hybrid
configurations HCC1 (solid lines), HCC2 (dash lines) and HCC3 (dash dot lines) in the TF
mode.
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Figure 5.15 shows the SFs computed for the same shielding arrangements in the
TF orientation as a function of the applied field. Contrary to what was seen in the AF
orientation, the FM cup superimposition increases the SF values across the board for
all the examined applied fields. The range of applied fields with the greatest SFs is
that where in no zone of the FM shell the magnetic flux density exceed the saturation
value. In this range, the shielding capacity of the entire structure is significantly
influenced by the FM cup aspect ratio. Focusing on the most efficient configuration,
namely the HCC3, the addition of the FM cup causes the SF at location hp1 to rise
from 50 to 450 and leads to SFs greater than 100 in about half of the central volume
of the shield. The other two hybrid configurations with lower aspect ratios of height
to average diameter of the FM cup still yield notable improvements, even though they
are not as high. Due to the different heights of the FM cups, there is a variation in the
magnetic flux line organization near the open extremity of the hybrid shield (Figure
5.16). On the other hand, over µ0Happl = 0.2 T, some FM shield zones (specifically,
the outermost layer of the closing cap and the final section of the lateral wall close to
the open edge) experience magnetic saturation, and the benefit of superimposing the
FM shell begins to wane. However, even with partially saturated zones, the presence
of the FM cup still reduces the magnetic field applied to the SC cup. Accordingly,
the SFs of the hybrid shields are still greater than that of the SC cup. The SFs curves
of the three hybrid configurations collapse at µ0Happl = 0.6 T where the SFs stop
being reliant on the FM cup height.

Fig. 5.16 Comparison of the SF (colour) maps and the magnetic flux line distributions
computed for shields HCC1 (a), HCC2 (b) and HCC3 (c) after the external field, applied
perpendicular to the shield axis, was ramped up to µ0Happl = 0.1 T. Data are related to the
central cross-sections parallel to the applied field direction. To better represent the full range
of the SF values, a logarithmic colour scale is used.

Finally, still focusing on layout HCC3, I also investigate how the thickness of the
FM wall can affect the SF of the hybrid configuration. The study pointed out that this
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parameter plays a minor role. Figure 5.17 compares the shielding factors calculated
at µ0Happl = 0.1 T along the axis of the SC cup, for the hybrid configurations HCC1,
HCC2 and HCC3 and for two new configurations: HCC3_A and HCC3_B. The
configurations HCC3, HCC3_A and HCC3_B differ from each other only in the
lateral wall/base thickness, that is 2.5 mm for HCC3, 2.0 mm for HCC3_A and
3.0 mm for HCC3_B. Data refer to the transverse field orientation, where, at low
fields, the addition of the FM shell is especially helpful. As can be seen, a 20%
increase/reduction of the wall thickness of the FM cup provides an almost negligible
change compared to the change induced by a 15% increase/reduction of its height. Of
course, significant changes in the shielding factors values are expected for substantial
reduction of both the SC and FM cup thickness, but in this case the mechanical
stability of the whole structure should also be considered and this is beyond the aim
of this work.

Fig. 5.17 Comparison among the shielding factors calculated for the arrangements EC3,
HCC1, HCC2, HCC3, HCC3_A, HCC3_B as a function of the position along the cup
axis. Calculations were carried out assuming the external field, µ0Happl = 0.1 T, applied
perpendicular to the shield axis. The zero position corresponds to the SC cup close extremity.
The dimensions of the arrangements HCC1, HCC2, HCC3 are reported in Figure 5.13. The
configurations HCC3, HCC3_A and HCC3_B differ from each other only in the lateral
wall/base thickness that is 2.5 mm for HCC3, 2.0 mm for HCC3_A and 3.0 mm for HCC3_B
(note that the lateral gap between the SC and the FM shields was always keep constant).
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Usefulness of the FM shell superimposition at different tilt angle of the applied
field

The previous research shows that the shielding ability of the SC cup is greatly
improved by the superimposition of the FM. The hybrid cup arrangement HCC3
in particular proved to be the most effective, expanding the application field range
where shielding factors of the order of 104 can be attained in the AF direction up to
µ0Happ ≈ 1.2 T. Conversely, the shielding ability in the AF orientation is worsened
by the FM addition at low applied fields, whereas it is improved in the TF orientation,
where the SF rises from 50 to 450 at µ0Happ ≈ 0.1 T near the closed extremity. Thus,
focusing on the HCC3 configuration, I expanded the study of the shielding properties
to applied magnetic fields with inclinations of 7.5°, 15°, 30°, 45°, and 60° with
respect to the shield axis, in order to better comprehend the utility of the FM shell
superimposition. The shielding factor values for the hybrid configuration HCC3 and
the SC cup are plotted in Figure 5.18(a)–(g) at the five distinct hp positions along
the shield axis for the above-mentioned applied tilted fields.

The addition of the FM cup results in a notable gain even for very small tilt
angles, particularly when focusing on the inner positions hp1 and hp2, in the range
0 T < µ0Happ < 0.2 T. Indeed, the hybrid arrangement is ≈8 times more efficient
than the single SC cup even in a field tilted by 7.5° with respect to the shield axis, as
visible in Figure 5.19, where the ratio of the SFs of the configuration HCC3 to those
of the single SC cup (SFhybrid/SFsupercond) are plotted at µ0Happ = 0.1 T.

The SF ratio for the lowest hp positions remains constant also raising the tilt angle
of the applied field. On the other hand, the SF ratio values for the three outermost
locations, hp3, hp4, and hp5, are smaller at low applied field tilt angles and exhibit a
rising tendency as the field inclination increases. Except for position hp5, the ratio is
always higher than one, showing that the FM shell addition has a beneficial impact
even at low applied field tilt angles.
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Fig. 5.18 Comparison between the SFs of the single SC cup (dot symbols) and the configura-
tion HCC3 (dash dot lines). Each frame (a)-(g) corresponds to a different tilt angle of the
applied magnetic field.
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Fig. 5.19 Dependence of the ratio between the SFs of the configuration HCC3 and those of
the single SC cup, SFhybrid/SFsupercond , on the tilt angle of the applied magnetic field having
magnitude 0.1 T. The data refer to the positions hp1 (black dots), hp2 (red dots), hp3 (green
dots), hp4 (blue dots), and hp5 (magenta dots) reported in Figure 5.18(h).

5.5 Summary

In this chapter, the effect of the addition of a FM shell on the SC shield has been
addressed by a numerical approach. This numerical procedure was applied to predict
the screening ability of new hybrid shield layouts consisting of superimposed coaxial
SC and FM tube- and cup-shaped shields. The analysis showed that the addition
of a FM shell could be a successful method to mitigate the steep reduction of the
shielding capacity of short SC shields when the external field is rotated out of their
symmetry axis. The positive effect of the FM shell superimposition is stronger if the
open edge(s) of the FM shield protrudes (protrude) over the SC shield edge(s). By
contrast, the FM shield superimposition induced a slight worsening at low applied
field in the axial field orientation that, however, can be considered negligible.



Chapter 6

Electromagnetic-thermal model

The experimental characterization of the SC cup-shaped shield evidenced the occur-
rence of the flux jump instabilities when an AF is applied and for all the considered
operational temperatures below 35 K. As shown in Chapter 5, the first version of
the model based on the A-formulation cannot reproduce the effect of these thermo-
magnetic instabilities. For this reason, an upgrade of the model was needed. To this
aim, the electromagnetic equations were coupled with the heat diffusion equation.
This coupled model was then validated by comparing the computational outputs to
the experimental results obtained at three different operational temperatures, namely
20, 25 and 30 K. The theoretical basis of the model and the boundary condition
used to numerically define the experimental conditions are presented in Section 6.1,
while the computational results and their comparison with the experimental data are
discussed in Section 6.2. Finally, in Section 6.3 some possible improvements of the
experimental setup for the mitigation of the flux jump occurrence are investigated.

6.1 Electromagnetic-thermal model

Due to high concentration of the MgB2 in the starting powder [64], thermo-magnetic
instabilities can be experimentally observed in the cup-shaped shield, where, in the
AF orientation, flux jumps occur up to 32.5K introducing an abruptly worsening
of the shielding performances. However, the calculation with the model described
in the Sections 5.1 cannot reproduce these flux jump occurrence, since it predicts
a homogeneous magnetic field penetration. For this reason, a coupled approach
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combining the magnetic and thermal behaviour of the superconductor is needed
to accurately describe the superconducting behaviour. Since in the investigated
temperature range this phenomenon appears only in the AF orientation, in order to
reduce and simplify the computational effort of this coupled formulation, I chose a
2D approach in order to take advantage of the axial-symmetry of the shield.
To reproduce the effects of the thermo-magnetic instabilities on the shielding prop-
erties of the MgB2 cup-shaped bulk, I combined the magnetic vector potential
formulation discussed in Sections 5.1 with the heat balance Equation 2.40 [130, 132].
The modeling was implemented by the finite element software COMSOL 6.0 Mul-
tiphysics® [2] through the Magnetic Field (mf ) interface coupled with the Heat
Transfer (ht) module. To validate this numerical approach by comparing experi-
mental and computed data, I assumed that the sample here numerically investigated
has the same size and physical properties as the superconducting cup-shaped shield
experimentally characterized (Figure 3.3, Section 3.2). For easy viewing, a sketch of
the sample is again drawn in Figure 6.1(a). The sample was assumed subjected to the
external magnetic field Happ(t) applied parallel to the cup axis after the zero-field
cooling, established a cylindrical coordinate system (r, φ , z) with the origin placed
on the base centre of the sample and assumed the external field applied parallel to
the shield axis.

Fig. 6.1 Schematic view of the cup-shaped MgB2 bulk. The dimensions of the cup correspond
to those of the cup-shaped shield characterize experimentally (see Figure 3.3): outer diameter:
20.3 mm, inner diameter: 14.0 mm, external height: 22.5 mm, internal depth: 18.3 mm.
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6.1.1 Electromagnetic equations

As said before, the electromagnetic behaviour of the superconducting and the sur-
rounding domains is described by the Maxwell equations, which are formulated
using the magnetic vector potential A:

E =−∂A
∂ t

(6.1)

B = ∇×A (6.2)

However, as a consequence of the chosen axisymmetric approach, the vector
potential has only one component, Aφ , and equations (6.1) and (6.2) become:

Eφ =−
∂Aφ

∂ t
(6.3)

B =−
∂Aφ

∂ z
ρρρ +

1
r

[
∂

∂ r
(rAφ )

]
k (6.4)

being ρρρ and k the unit vectors along the r- and z-directions, respectively.

The relationship between the local electric field and current density (E −J) in the
superconducting domain was again modelled by using the hyperbolic tangent func-
tion. Accordingly, the electrical conductivity of the superconductor σSC introduced
in the Ampere Law module in Comsol takes the form:

σSC =
1

|Eφ |
Jc(B,T ) · tanh

(
|Eφ |
E0

)
(6.5)

where, E0 is the computational parameter already introduced in Section 2.5.1.

Furthermore, to ensure an appropriate value of the electrical conductivity during
the transition between the superconducting- and normal-state, a term representing
the normal state conductivity σnorm (see Table 6.1) was added in parallel to that of
the superconductor, as proposed in [130]. The electrical conductivity, σ was then
modified as follows:



6.1 Electromagnetic-thermal model 85

σ =
1

|Eφ |
Jc(B,T ) · tanh

(
|Eφ |
E0

)
+σnorm (6.6)

In the equation above, the effect of the temperature on the superconducting
behaviour was introduced by defining the critical current density, Jc(B,T ), as depen-
dent on the local magnetic field and temperature through the following general form
[160, 130]:

Jc(B,T ) = Jc0(T ) · exp
[
−
(

B
B0(T )

)γ]
(6.7)

where
Jc0(T ) = α[1− (T/Tc)

α̃ ]a (6.8)

B0(T ) = β [1− (T/Tc)
β̃ ]b (6.9)

being α , β , α̃ , β̃ , a and b fit coefficients calculated by fitting the experimental
Jc0(T ) and B0(T ) curves, in turn achieved by fitting the experimental Jc −B curves
measured at different temperatures as explained in Section 3.4 and reported in [64].
The values of these coefficients are summarized in Table 6.1.

Although γ is usually assumed to be constant, its value rises with the temperature
[175, 137]. Therefore, to consider it appropriately, the following parabolic behaviour
of γ as a function of T was assumed:

γ(T ) = l ·T +g ·T 2 (6.10)

where l and g are still fitting parameters, listed in Table 6.1.

6.1.2 Boundary conditions and modeling constraints

To calculate the effect of the thermo-magnetic instabilities on the local magnetic field
inside the shield, the electromagnetic equations (Section 6.1.1) were solved for both
the SC (ΩSC) and the external domain (henceforth named vacuum domain, Ωvacuum)
(Figure 6.1 (b)). In contrast, the thermal equation (Equation 2.40, Section 2.8) was
solved only for the ΩSC domain. The value of the applied field as well as the thermal
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exchange between the superconductor and the cooling stage was accounted for by
means of the boundary conditions: at a large distance from the MgB2 shield, the
magnetic flux density B was supposed to be equal to µ0Happ and to increase with a
ramp rate of 0.035 T/s, i.e. referring to the boundaries labelled in Figure 6.1(b):

Bz = µ0Happ(t) on Γ1 (6.11)

Br = 0 on Γ1 ∪ Γ7 ∪ Γ8 ∪ Γ9 (6.12)

with the initial condition Bz = µ0Happ(t = 0) = 0. In the experiment, the shield
was in vacuum and cooled through the thermal contact with the cooling stage of a
cryogen-free cryocooler [137]. To improve this contact, all the external surfaces of
the cup (Γ2,Γ3,Γ4 boundaries in the cross-section scheme in Figure 6.1(b)) were
wrapped with an indium layer. Consequently, in the calculations, I assumed heat
exchange only across the surfaces covered by the indium layer whose temperature
was kept constant and set to TOP, i.e:

n · (−κ(T ) ·∇T ) = ϒ · (TOP −T ) on Γ2 ∪ Γ3 ∪ Γ4 (6.13)

n · (−κ(T ) ·∇T ) = 0 on Γ5 ∪ Γ6 (6.14)

where n is the unit vector normal to the sample surface and ϒ is a heat transfer
coefficient determined through iterative adjustments starting from the value reported
in [132, 176] for similar experimental conditions.

Since I could not carry out calorimetric measurements on the sample, I got the
temperature-dependent behaviour of the thermal conductivity, κ(T ), and the heat
capacity, C(T ), (Equation 2.40) from literature. However, the thermal characteriza-
tions of MgB2 bulks are, in general, not so comprehensive, and only a few papers
report complete studies of the thermal characteristics of MgB2 samples.

It is worth noting that, to the best of my knowledge, there is just one paper
reporting information on both the thermal conductivity and the specific heat of MgB2

samples obtained by an ex-situ technique [177]. However, the thermal conductivity
data reported in that paper did not allow me to reproduce the experimental data
successfully. Therefore, I also consider the κ(T ) and C(T ) behaviours presented
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Fig. 6.2 Comparison of (a) C(T ) and (b) κ(T ) curves taken from literature [152, 175, 177–
184].
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in other papers, independently of the fabrication techniques. In Figure 6.2(a)-(b)
the most relevant C(T ) and κ(T ) curves of MgB2 samples obtained with different
techniques, both in-situ and ex-situ [152, 175, 177–184] are collected, respectively.
The value chosen for our simulations are those corresponding to the sample HIP#38
presented in reference [175]. In more detail, the criterion that guided my choice was
the following. From Figure 6.2(a) one can see that the heat capacity curve of the
HIP#38 sample obtained by the in-situ techniques (orange symbols) collapses to the
curve reported by Anshukova et al. [177], for samples obtained by the HP ex-situ
technique (black symbols) [152, 175, 177–180]. Moreover, the sample HIP#38
[175], the sample of Ref. [177] and my sample have a comparable mass density
value, i.e. 2360 kg/m3, 2560 kg/m3 and 2500 kg/m3, respectively. Hence, I decided
to use the C(T ) curve reported in [175]. On the other hand, the comparison between
the κ(T ) curves (Figure 6.2(b)) shows a strong dependence of the thermal conduc-
tivity on the analysed samples and precursor used [175, 177, 181–184]. Indeed, the
κ(T ) behaviours are not comparable even for samples manufactured with the same
techniques, as in the case of reference [184] where the samples A, B and C were ob-
tained by Reactive Liquid Infiltration (RLI) but using different boron powders. Also,
SPS samples fabricated with MgB2 powders of different purity showed a different
thermo-magnetic instability occurrence (P. Badica, from private communication),
which can be the signature of a different thermal conductance. For these reasons, I
chose the κ(T ) reported in [175] and divide it by a factor 5 to take into account that
the addition of the BN powder degrades the thermal properties of the materials and
to better reproduce the experimental data. Table 6.1 summarizes all the parameters
used in this coupled electromagnetic-thermal model.
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Parameters Description Value

E0 Threshold electric field 10−5 V m−1

Tc Critical temperature (measured [64]) 38.9 K

σnorm normal state conductivity (Eq.6.6) 108 S m−1

α Parameter of Jc0(T ) (Eq.6.8) 4.841 × 109 A m−2

α̃ Parameter of Jc0(T ) (Eq.6.8) 1

a Parameter of Jc0(T ) (Eq.6.8) 1.507

β Parameter of B0(T ) (Eq.6.9) 1.658 T

β̃ Parameter of B0(T ) (Eq.6.9) 5

b Parameter of B0(T ) (Eq.6.9) 1.694

l Parameter of γ(T ) (Eq.6.10) 0.024 K−1

g Parameter of γ(T ) (Eq.6.10) 0.003 K−2

ρm MgB2 mass density (measured [64]) 2590 kg m−3

ϒ Heat transfer coefficient (Eq.6.13) 3000 Wm−2K−1

Table 6.1 Parameters used for the physical modeling of the MgB2 shield.

In the following sections, the numerical results obtained by means of the coupled
model will be shown, comparing the computational outputs with the experimental
data for different operational temperatures. After its validation, the model was em-
ployed to analyse and study possible solutions to mitigate the flux jump phenomenon.

6.2 Numerical simulation results and comparison with
experimental data

In order to validate the reliability of the model, the comparison between the mea-
sured magnetic flux density values (symbols) and those computed both using the
electromagnetic-thermal coupled approach (dashed lines) and the only electromag-
netic model (solid lines) is plotted in Figure 6.3. In the latter case, where only the
dependence of Jc on the local magnetic field was taken into consideration, the param-
eters Jc0, B0, and γ were deemed constant and equal to the outputs of equations (6.8),
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(6.9), and (6.10) where T was set to TOP = 30K. Moreover, as done in the previous
studies, the magnetic flux density values were calculated in the same positions along
the cup axis where the Hall probes were positioned during the experiment (see Figure
3.6(a)).

Fig. 6.3 Comparison between Bz values measured in the axial field orientation at TOP = 30 K
by Hall probes placed along the axis of the SC shield (open symbols) and the corresponding
curves calculated by numerical simulations (dashed and solid lines, see text).

Figure 6.3 illustrates how coupling the electromagnetic and thermal equations
enabled me to accurately reproduce the occurrence of the flux jump in the supercon-
ductor, which was not found when, considering a homogeneous field penetration,
only the electromagnetic equations were taken. In addition, Figure 6.4 displays the
corresponding SF curves determined through measurements (symbols) and numerical
computations (dashed and solid lines). Once more, it is clear that the numerical anal-
ysis carried out using the electromagnetic-thermal approach (dashed lines) accurately
predicts the abrupt deterioration of the shielding properties following the occurrence
of the flux jump at µ0Happ ≈ 1 T, in remarkable agreement with the measured values.
On the other hand, the results obtained with the electromagnetic-only model (solid
lines), which predicts a smooth weakening of the SF, does not replicate this severe
degradation of the cup shielding capacity.

As mentioned in Section 2.8, a flux jump occurs when the balance between
the Lorentz and pinning forces is not fulfilled, causing a flux avalanche and the
consequent Joule heating as a result. For this reason, I analysed the temperature
maps of the sample in a time frame around the occurrence of the flux jump. Actually,
the correlation of the evolution of the bulk temperature with the local values of
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Fig. 6.4 Shielding factors measured by the Hall probes placed along the cup axis (symbols)
and calculated at the same positions at TOP=30 K. Dashed and solid lines correspond to the
outputs of the coupled and electromagnetic-only models, respectively.

the field magnetic flux density can provide information on how to avoid or at least
reduce this phenomenon. The magnetic flux density computed in correspondence to
position hp1 is shown in the same plot with the sample average temperature (Figure
6.5), assuming TOP = 30 K. Using the Comsol-implemented Mean Probe function
defined within the superconducting region, the SC temperature is calculated as the
average of the variable T . It is evident that the flux jump happens when the bulk
average temperature (left red line) hits a maximum of 40.5 K. As a consequence, the
magnetic flux density increases as the applied magnetic field completely penetrating
the superconductor.

The detail of the evolution of the temperature peak and the magnetic flux density
B as a function of the applied magnetic field is depicted in the inset of Figure
6.5. I considered five distinct time points to locally link the change in temperature,
magnetic flux density, and current density during the jump, i.e. five different values
of the applied magnetic field, near the peak: 0.9765 T (corresponding to t=ta),
0.9800 T (t=tb, when the flux jump starts), 0.9817 T (t=tc, when the flux jump ends
and the sample has lost its shielding ability), 0.9835 T (t=td), and 0.9870 T (t=te,
when the starting temperature is nearly recovered). Figure 6.6 shows the temperature
distribution in the SC domain (colour maps) and the B(r,z) vector plotted at the above-
mentioned points in time. The corresponding current density maps are represented
in Figure 6.7.
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Fig. 6.5 Red curve: evolution of the mean temperature of the shield as a function of the
applied magnetic field µ0Happ. Blue curve: local magnetic flux density B calculated at
position hp1 along the axis of the cup-shaped shield at TOP=30 K.
Inset: detail of the temperature peak. The moments ta−e refer to the moments at which the
local temperature and current density distributions inside the bulk sample are mapped in
figures 6.6 and 6.7.

Fig. 6.6 Magnetic flux density vector plots (cone) and temperature distributions (colour
maps) for different values of applied magnetic field: 0.9765 T (t=ta), 0.9800 T (t=tb), 0.9817
T (t=tc), 0.9835 T (t=td) and 0.9870 T (t=te).
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Fig. 6.7 Current density distributions for different values of applied magnetic field: 0.9765 T
(t=ta), 0.9800 T (t=tb), 0.9817 T (t=tc), 0.9835 T (t=td) and 0.9870 T (t=te).

Figure 6.6 (a) and (b) demonstrates that the flux spike originates at a region along
the inner wall of the cup, close to its open edge, where the temperature begins to rise.
Indeed, as indicated by the B vector plot superimposed on the temperature map, there
is a remarkable gradient of the magnetic flux density in this region. Accordingly, in
the same region, the current density reaches its maximum value (Figure 6.7 (a) and
(b)). Taking into account the shielded field, it is clear that the flux lines have just
partially penetrated the superconductor before the flux-jump occurrence (Figure 6.6
(b)) and that the rapid rise in temperature (Figure 6.6 (c)) results in an instantaneous
field penetration in the whole shield inner region. Once the flux jump occurred, the
sample begins to cool down due to heat exchange with the cryocooler cooling stage,
progressively lowering its temperature down to the operating one, TOP=30 K (Figure
6.6 (d) and (e)). The shielding abilities, however, are no longer restored.

When the flux jump happens, the current density suddenly drops (t=tc, Figure 6.7
(c)) according to the temperature and magnetic flux density distributions. Actually,
the value of the current density decreases by more than three orders of magnitude.
When the temperature returns to 30 K (t=td and t=te, Figure 6.7 (d), (e)), it begins
to rise once more in the outermost sheet of the lateral wall of the shield due to
the establishment of a new magnetic flux density gradient, in turn induced by the
continuous increase of the applied magnetic field.
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Finally, to complete the study on the flux jump occurrence, I investigated the
effect of the ramp rate of the external applied magnetic field. It is well known that this
parameter affects the occurrence of the flux jump phenomenon, in particular higher
ramp rates determine the increase of the flux jump occurrence at fixed temperature
[130, 152]. In order to investigate this aspect, two further simulations with ramp
rates equal to 0.35 T/s and 3.5 T/s at the working temperature TOP = 30 K were
carried out. The following plots (Figure 6.8) show the shielding curves calculated in
the inner (hp1, black lines) and outer positions (hp5, magenta lines) along the cup
axis for all the investigated ramp rates. The results are consistent with the previous
study, i.e. the number of flux jumps increases as the ramp rate rises. I could not
investigate slower ramp rates due to the too long calculation time.

Fig. 6.8 Increasing frequency of the flux jump occurrence with increasing applied field
ramp rate, i.e. 0.035 T/s (a), 0.35 T/s (b) and 3.5 T/s (c). hp1 is located 1 mm above the
closed extremity, hp5 in correspondence to the shielding edge (i.e. 18.3 mm above the close
extremity).

To achieve a further validation of this numerical procedure, the magnetic flux
distribution along the shield axis at 25 K and 20 K was also calculated and com-
pared with the corresponding experimental data. Figures 6.9 and 6.10 show how
the coupling between the electromagnetic and thermal equations enables one to
accurately reproduce the occurrence of the flux jumps observed in the experimental
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tests, including the double flux jump occurrence at 20 K for the applied field values
µ0Happ=1.82 T and 2.52 T. The curves obtained using the only electromagnetic
model are also displayed to make a comparison.

Fig. 6.9 Comparison between Bz values measured in the axial field orientation at TOP

= 25 K by Hall probes located along the axis of the SC shield (open symbols) and the
corresponding curves calculated by numerical simulations (dashed line, coupled model; solid
line, electromagnetic model only).
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Fig. 6.10 Comparison between Bz values measured in the axial field orientation at TOP

= 20 K by Hall probes located along the axis of the SC shield (open symbols) and the
corresponding curves calculated by numerical simulations (dashed line, coupled model; solid
line, electromagnetic model only).

6.3 Influence of sample thermal conductivity and heat
exchange on the flux jump occurrence

The as-validated modeling approach allows the study of potential solutions and
enhancements to prevent or reduce the occurrence of thermo-magnetic instabilities
or to move them to higher applied fields. An increased thermal exchange with the
cooling system has been demonstrated to improve resilience against flux jumps
[119]. Furthermore, using precursors ensuring that the MgB2 bulk has better thermal
properties could also avoid the incidence of thermo-magnetic instabilities [139,
115]. For this reason, I quantitatively assessed how improvements in MgB2 thermal
conductivity and/or in the heat exchange with the cooling stage can affect the flux
jump occurrence and, consequently, the shielding factor of the cup, focusing on the
TOP=30 K. In order to handle the former issue higher κ(T ) value were assumed,
while to match the latter issue, it was decided to impose the boundary condition
(Equation 6.13) on the Γ5 boundary as well, i.e. to also consider a heat exchange
(cooling) across the inner lateral surface of the cup (Figure 6.1 (b)).

Figure 6.11 compares the Bz (Figure 6.11 (a)) and SF (Figure 6.11 (b)) curves
calculated in Section 6.2 in correspondence to positions hp1 and hp3 - i.e. considering
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κ(T ) values from [175] divided by 5 and the heat exchange as detailed in equation
6.13 (dot lines) – with those calculated assuming:

• κ(T ) values from [175] divided by 2 and the heat exchange as detailed in
equation 6.13 (solid lines)

• κ(T ) values from [175] and the heat exchange as detailed in equation 6.13
(dashed lines)

• κ(T ) values from [175] divided by 5 and the heat exchange (see equation 6.13)
on boundaries Γ2 ∪ Γ3 ∪ Γ4 ∪ Γ5 (triangular symbols)

• κ(T ) values from [175] and the heat exchange (see equation 6.13) on bound-
aries Γ2 ∪ Γ3 ∪ Γ4 ∪ Γ5 (circular symbols)

From this comparison, I can say that the flux jump occurs at slightly higher
values of the applied field when a greater value of κ(T ) is assumed. Consequently,
the SF deteriorates at 1.02 T under the assumption that κ(T ) = κ(T )[175] against
0.98 T assuming κ(T ) = κ(T )[175]/5. On the other hand, for all the κ(T ) values
considered, the assumption of a heat exchange across the shield inner wall completely
eliminates the occurrence of these thermo-magnetic instabilities.
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Fig. 6.11 Bz (a) and SF (b) values calculated assuming κ(T ) values from [175] divided by 5
(short dashed lines), κ(T ) values from [175] divided by 2 (solid lines), κ(T ) values from
[175] (dashed lines) and heat exchange across boundaries Γ2 ∪ Γ3 ∪ Γ4. Closed and open
symbols represents the curves evaluated assuming κ(T ) values from [175] divided by 5 and
pristine, respectively, and heat exchange across boundaries Γ2 ∪ Γ3 ∪ Γ4 ∪ Γ5. Black and
green curves refer to hp1 and hp3 positions, respectively.
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6.4 Preliminary study of the effect of the FM shield
superimposition on the flux jump occurrence

Exploiting the coupled model presented in the previous sections, the role of the
ferromagnetic layer addition to prevent the flux-jump occurrence will also have to
be studied numerically. The reasons of this investigation are based on experimental
results obtained at 20 K for the tube-shaped shields. Although at high temperatures
thermo-magnetic instabilities were not detected in the SC tube-shaped shield (Figure
4.1, Section 5.4.1), at 20 K flux-jumps also appear in it. This different behaviour can
be attributed to the different MgB2 concentration in the starting powder. Actually,
less MgB2 phase in the sample usually provides fewer flux-jumps and the MgB2

phase concentration in the starting powder used for the fabrication of the tube is
lower (87.9 wt.%) than that used for the fabrication of the cup (97 wt.%).

Figure 6.12 shows the magnetic flux density measured along the tube axis by
Hall probes located at the same positions as in Figure 3.6 for the only SC shield
(symbols) and for the hybrid SC+FM shields (lines) (for the layout schemes, see
Figure 3.2 and 3.9, respectively).

Fig. 6.12 Comparison between Bz values measured in the axial field orientation at TOP = 20
K by Hall probes located along the axis of the SC (open symbols) and the SC+FM shields
(solid lines ). For Hall probe position, refer to Figure 3.6.
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Remarkably, it can be seen that if the FM shield is added to the SC one, the flux-
jump event does not happen and the shielding capability of the hybrid configuration
is preserved.

This experimental evidence suggests that the FM shield could prevent the flux-
jump occurrence, probably because it ensures a lower magnetic pressure at the SC
shield wall. However, it is worth mentioning that the cryostat was equipped with
an aluminium thermal shield whose temperature was higher than 50 K. Hence the
FM shield, thermally anchored to the second cold stage of the cryocooler whose
temperature was kept at TOP = 20K, could also have worked as a further thermal
shield against thermal radiation avoiding the flux-jump occurrence.

Thus, to deeply investigate this possible improvement, the electromagnetic-
thermal model will be employed to explore the effect of the superimposition of a FM
shell on the occurrence of these thermo-magnetic instabilities in the SC shield.



Chapter 7

Conclusion

In this dissertation, a combined experimental and theoretical analysis of MgB2 and
hybrid solutions for magnetic shielding applications are presented, with a particular
focus on the effects of the shield geometry, the applied field orientation and the
thermo-magnetic instabilities. Experimentally, the shielding properties of MgB2

hollow cylinders without and with a closing cap and a MgB2+FM tube-shaped
shields were investigated at different operational temperatures for both axial and
transverse applied magnetic fields. Numerically, a 2D axisymmetric and a 3D model-
ing approaches based on the A-formulation were employed to analyse new shielding
configurations, to investigate the effect of a tilted applied magnetic field and to study
the flux jump occurrence experimentally detected.

In more detail, the first part of this work deals with the experimental characteri-
zation of the shields. For this purpose, the magnetic flux density was measured by
cryogenics Hall probes placed at different positions along the shield axis in both
axial and transverse magnetic field orientations. The characterization was carried
out in a temperature range between 20 and 35 K. However, after the analysis of the
shielding properties on temperature dependence, I focused on the results obtained at
30 K, for which the practical constraints well encounter the shielding abilities. At
this temperature, despite the flux jump occurrence, the cup-shaped shield turns out
to be the most efficient layout, reaching, in the AF orientation, SFs value greater
than 104 near the close extremity against the SF ≈ 150 at the centre of the SC tube.
Furthermore, the study highlighted a dependence of the shielding performances
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on the applied field orientation: indeed, for both the geometries, worse shielding
performances were obtained in the TF orientation. With the aim to improve the
shielding ability in this orientation, the role of a ferromagnetic shell superimposition
on the SC tube shield was experimentally investigated, as well. It turned out that the
addition of the FM shell can actually improve the shielding ability, enhancing the SF
of the hybrid configuration of ≈ 83% with respect to that obtained with the SC-only
shield.

Relying on these results and taking advantage of the computational tools, a 3D
numerical model based on the A-formulation was implemented to deeply investigate
the role of the FM addition on the SC shield properties and to extend the study also
to new hybrid layouts. Therefore, the second part of this dissertation focuses on the
development and validation of this numerical model. To this aim, two approaches
were used, i.e. the comparison of the as-computed magnetic flux density values
with the experimental data and with the numerical results achieved by solving a
benchmark problem employing the well established H-formulation. In both the cases,
a valuable agreement was found. This agreement guarantees that the model enables
a trustworthy SF calculation when the field penetration into the superconductor is
uniform.

Next, using this as-validated model, I calculated the screening ability of novel
hybrid shield layouts made up of SC and FM coaxial tubes and cups subjected to
applied fields tilted of different angles with respect to the shield axis. The effect
of the FM shield was investigated as a function of its height with respect to that
of the SC shield. The study revealed that the superimposition of FM shell is an
effective way to reduce the sharp decline of the shielding ability of short SC screens
when the external field is rotated away from their symmetry axis, even of a small
angle. Notably, if the FM shield open edge(s) protrude over the SC shield edge(s),
the positive influence of the FM addition is even amplified. Conversely, in the TF
orientation, the superimposition of the FM shield causes a small SF decrease at low
applied fields but, once again, when the FM cup protrudes above the SC one, this
worsening is minimized.
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Finally, the electromagnetic model based on the A-formulation was coupled with
the heat diffusion equation to predict the effects of the flux-jump occurrence on the
magnetic shielding performance of the MgB2 cup shield. Since flux jumps were
experimentally observed just in the AF orientation, taking advantage of the axial sym-
metry of the shield, a 2D axisymmetric coupled model was formulated and validated
by comparing the computational output with the experimental results, considering
as operational temperatures 20 K, 25 K and 30 K. The analysis demonstrates that
this model quantitatively reproduces the experimental shielding factor curves and
their sharp drop as a result of a flux jump occurrence. Moreover, focusing on 30 K, I
correlated the evolution of the local magnetic field, temperature, and current density
in the superconductor with the sudden worsening of the cup shielding performance.
The model was then employed to look into how the material thermal conductivity
and the thermal exchange with the coolant affect the shielding qualities. It turns out
that increasing the thermal conductivity has a far less effect on the shielding factor
than the thermal contact improvement, which can even prevent the occurrence of
flux jumps.

In summary, this work shows that the combination of experimental characteriza-
tion with the possibility to predict the superconducting behaviour by numerical tools
can be a key point to guide and optimize the shape of superconducting shielding
devices and their efficiency, identifying the most suitable solutions. The research
project relied on the results presented in this thesis is still ongoing. The role of FM
shield addition to prevent or mitigate the flux jump occurrence will be the next issue
to be addressed by the electromagnetic-thermal model. Additionally, I am working
on the implementation of a 3D fully-cryogenic scanning system to be mounted on
the experimental apparatus used for the shielding measurements. It will hold a Hall
probe array and allow us to map magnetic flux density distributions with micrometric
resolution. Actually, all the experimental measurements presented in this work were
obtained using Hall probes held in fixed positions. This new approach will result
in a substantial improvement since it will enable the construction of comprehensive
magnetic flux density maps, e.g. inside magnetic shields or close to permanent
magnets.



Appendix A

Bi-2223 cup-shaped shield

Relying on the results obtained with the MgB2 shields, during a two-months stay at
the University of Liege (in the group of Prof. Philippe Vanderbemden), I addressed
the study of the shielding ability of a Bi-2223 vessel (Figure A.1). According to the
approach followed in the MgB2 analysis, the experimental activity was coupled with
a numerical modelling work.

The Bi-2223 belongs to the Bismuth Strontium Calcium Copper Oxide (BSCCO)
family, having the generalized chemical formula Bi2Sr2Can−1CunO2n+4+x. It was
discovered in 1988 by Maeda et al. [185] and it was the first SC which did not
contain rare-earth elements. One of the main advantages of this material is the
possibility to grown and shape Bi-2223 samples as large vessels [52], making this
material suitable for magnetic shielding applications. Under this perspective, several
studied have been reported on its shielding capacity, investigating Bi-2223 shields of
various aspect ratios and subjected to axial and transverse applied magnetic fields
[51, 61, 63].

In this work, the shielding abilities of a commercial Pb-doped Bi-2223 polycrys-
talline vessel with a hemispherical bottom (CAN Superconductor, CSV-12), hereafter
referred to as cup, was investigated in both axial (AF) and transverse (TF) applied
magnetic field orientation with respect to the axis of the sample. The final target of
my investigation was the analysis and the comparison of the shielding properties
of the cup after zero field cooling and when crossed fields were applied (i.e. the
measurement of the SF in the axial field orientation after magnetizing the sample
in a transverse field and viceversa). However, due to some troubles with both the
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sample and the measuring system, I could not meet this target and to date I’ve only
completed the SF evaluation after zero field cooling, whose results are here reported.
However, I’m going to complete this work in a near future.
Actually, two cups with the same geometry and comparable dimension have been
characterized, since the first sample got damaged. For the sake of clarity, let me
define CUP-T as the cup characterized in TF orientation (the broken one) and CUP-A
as the cup characterized in AF orientation. I started the characterization of CUP-T in
TF orientation but, unfortunately, the cup was damaged after the first measurements
in axial field orientation. For this reason, a second cup, CUP-A, was characterized in
AF orientation. The main problem, as one can see in the next sections, is that all the
parameters needed to numerically described the sample are extrapolated from the
axial measurements, hence I did not have enough data to properly reproduce CUP-T
behaviours. In Table A.1 the dimension of the cups are listed, while Figure A.1
shows a picture and a schematic view of the sample and Hall probe (hp) positions.

Re [mm] Ri [mm] he [mm] hi [mm]

CUP-T 15.19 12.03 44. 90 43.33

CUP-A 15.19 12.04 44. 90 43.33

Table A.1 Dimension of the cups characterized in TF (CUP-T) and AF (CUP-A), where Re

is the external radius, Ri the inner radius, he the external height and hi the internal depth.
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Fig. A.1 Picture of a cup-shaped Bi-2223 shield (left) and its schematic view with the
positions of the Hall probes hp (right).

The shielding properties of the samples were investigated at 77 K, placing
the cups in the nitrogen bath. For the AF characterization I used an electromagnet
reaching a maximum applied field of 60 mT; while for TF characterization Helmholtz
coils generating magnetic field up to 250 mT were employed. The magnetic flux
density was measured by a cryogenic Arepoc® Axis-3S Hall probe at different
positions along the cup axis. The right part of Figure A.1 shows the schematic view
of the hp positions, placed at hp1=13.3 mm, hp2=18.3 mm, hp3=23.3 mm, hp4=28.3
mm, hp5=33.3 mm, hp6=38.3 mm and hp7=43.3 mm from the inside bottom of the
cups.

A.1 Numerical model

3D simulations were implemented in order to reproduce the experimental data in
both AF and TF orientations. The numerical model is based on the A-formulation
reported in Section 2.5 and the electromagnetic behaviour of the superconducting
and the surrounding domains is described solving the Maxwell equations by means
of Comsol Multyphisics®. Unlike the simulations on the MgB2 shields, the su-
perconducting behaviour was modelled using the power law expression (Equation
2.15) between the current density and the electric field, according to Ref. [186].
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However, since the equations are formulated as function of the vector potential A, a
not conventional form for the power law equation was used, i.e. the relation J = σE,
present in the Ampere Law module in Comsol, was customized introducing the
E-J power law dependence in the electrical conductivity (defined only for the SC
domain), which took the form:

σ =
Jc(B)

E0
·
∣∣∣∣ |E|E0

∣∣∣∣
1−n

n (A.1)

Taking advantage of the tubular geometry of the samples, the value of Jc, needed to
determine the Jc(B) dependence, was again calculated from the magnetic induction
cycles relying on the approach proposed by Bartolomé et al. for finite supercon-
ducting rings [167]. This procedure was applied to the magnetic flux density cycles
obtained in the AF orientation (i.e. on sample CUP-A) and I used the value measured
by the Hall probe, Bmeas, located at the open edge of the cup (hp7), since in that
position the effects of the cup closure can be disregarded. In agreement with Ref.
[187], the experimental Jc(B) curve was then fitted by Kim equation:

Jc(B) =
Jc0(

1+ B
B1

) (A.2)

obtaining the fit parameter values Jc0 = 1.3 ·107 A/m2 and B1= 0.00615 T.
Regarding the n parameter, I calculated it following two different procedures. The
first n estimation was achieved performing a relaxation creep experiment [61], from
which the normalized flux creep rate S, related to n by the equation:

S =
1

1−n
(A.3)

was calculated, obtaining S= -0.01318, hence n = 76.

The second evaluation procedure is based on the method proposed in Ref. [188].
According to this procedure, the magnetic flux density at position hp1 was measured
using different ramp rate of the applied field in AF orientation. Firstly, fitting the
measured data, an apparent exponent n’=55 was found. However, this value of n’ is
overestimated, being defined as:
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n′ = n(1+ γ) (A.4)

Taking the value of γ equal to 0.65, in agreement with Ref. [188], I obtain n = 33.
Calculations were carried out employing both the n-value. However, it is worth un-
derlying that the use of one value of n rather than the other one does not significantly
affect the result, as shown in Figure A.2 where the magnetic flux density curves,
Bcalc, calculated at position hp1,hp5 and hp7 for n=76, 55 and 33 are plotted.

Fig. A.2 Comparison among the magnetic flux density curves calculated at position hp1,hp5
and hp7 (Figure A.1) in the AF orientation. The SC domain was described by Equation 2.36
with Jc0 = 1.3 ·107 A/m2, B1= 0.00615 T, n=76 (green solid line), n’=55 (blue dashed line)
and n=33 (red solid line).
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A.2 Results

Figure A.3 shows the comparison between the experimental data (open symbols)
and the computational output (lines) at the positions hp1, hp5 and hp7 along the cup
axis when an axial field is applied. Actually, the magnetic flux density was measured
for all the seven positions along the axis, but here only three of them are shown
for clarity. The comparison reveals a good agreement between the two sets of data,
although some differences can be observed in the range 10-15 mT for position hp1.

Fig. A.3 Comparison between the magnetic flux density measured along the cup axis by Hall
probes hp1, hp5 and hp7 (symbols) and the corresponding values computed by numerical
simulations (lines) in the AF orientation.
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The parameters Jc0 and B1 extrapolated from the magnetization cycle in the AF
orientation should properly describe the superconducting behaviour of the sample in
the transverse field orientation as well. However, even though from a first analysis
the cups seemed to have the same characteristics, the simulated output obtained with
the parameter values calculated with the magnetic flux density of CUP-A (Jc0 = 1.3
·107 A/m2, B1= 0.00615 T and n=76) could not reproduce the experimental data in
the TF orientation, as shown in Figure A.4.

Fig. A.4 Comparison between the magnetic flux density measured along the cup axis by Hall
probes hp1, hp5 and hp7 (symbols) (Figure A.1) and the corresponding values computed by
numerical simulations (lines) in the TF orientation, where the numerical parameters extracted
by the analysis in the AF orientation were employed.
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This is probably due to the fact that samples CUP-A and CUP-T are not fully
comparable from a superconducting point of view. This could also be noted in Figure
A.5, where the shielding curves measured at hp1 position in both the AF (open
symbols) and TF (close symbols) orientations are shown. It can be seen that the two
curves intersect each other at ≈14 mT, while they should collapse when the applied
magnetic field exceed the full penetration value. This could be evidence that the
samples can not be described by the same parameters.

In order to try and define new parameters suitable also for the TF simulation, I
considered the AF data obtained from CUP-A but shifted of 1.4 mT (both along the
Bappl and Bmeas axis) to make the AF and TF curves overlap at high applied fields.
Indeed, the idea is to suitably shift the entire magnetic flux density cycle of CUP-A
so as to make it overlap with the CUP-T cycle at high fields and then employ the
shifted cycle to extract the proper Jc(B) parameters. The result is shown in Figure
A.5, where the shifted data are represented by the red solid line for the innermost
hall probe hp1. It is worth pointing out that the same shift provides the collapse of
the AF and TF curves for all the Hall probe positions, including the data referred
to the hp7 position used to calculate the Jc(B) parameters following the procedure
proposed by Bartolomé et al. [167].
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Fig. A.5 Comparison of the experimental data of CUP-A in the AF orientation (open
symbol), of CUP-T in the TF orientation (closed symbol) and shifted data of CUP-A in the
AF orientation (red solid line) measured in hp1 position (Figure A.1).

Using this new set of data, the new value of Jc0 and B1 for CUP-T are Jc0 =
1.3 ·107 A/m2 and B1= 0.02035 T. Before the CUP-T got damaged, I was able to
measure the magnetic flux density in the AF orientation just at position hp1 with
different ramp rate of the applied field. Therefore, I could determine the n parameter
following the already described procedure. The apparent exponent n’=46 was found
applying Equation A.4 and, with γ = 0.65, I obtained n=28. However, also in this
case, the value of n does not significantly affect the computational output as one can
see in Figure A.6

Table 6.1 summarizes the values of the parameters found for the two cups.

Jc0 [A/m2] B1 [T] n

CUP-A 1.30 ·107 0.00615 76, 33 (n’=55)

CUP-T 1.30 ·107 0.02035 28 (n’=46)

Table A.2 Jc(B) parameters found for CUP-A and CUP-T.
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Fig. A.6 Comparison among the magnetic flux density curves calculated at position hp1,hp5
and hp7 (Figure A.1) in the TF orientation. The SC domain was described by Equation 2.36
with Jc0 = 1.3 ·107 A/m2, B1= 0.0203 T, n’=46 (green solid line) and n=28 (red solid line).

Figure A.7 shows the comparison between the experimental data (open symbols)
and computational output (solid lines) calculated with the new parameters in the TF
orientation. Considering position hp1, the experimental and calculated curves are in
excellent agreement up to ≈12 mT, i.e. when the external field starts to penetrate the
shield. Over ≈12 mT the curves no longer overlap. In the same way, for position
hp5 the curves collapse on each other below ≈10 mT.

Despite the numerical results obtained in TF orientation are not in perfect agree-
ment with the experimental ones, this analysis lays the foundation for a more com-
prehensive analysis of the shielding capabilities of these Bi-2223 shields. Taking
advantage of the numerical tools, the further steps could be to investigate the effect
of the superimposition of a ferromagnetic shell on the superconducting one and
at the same time to explore the magnetic shielding properties of the “cross field”
configuration, i.e. the shielding properties of the hybrid and superconducting shields,
previously magnetized with an applied field perpendicular to the one used for the
study of magnetic mitigation properties. The numerical analysis results will also
guide the future shielding experiments in “crossed field”.
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Fig. A.7 Comparison between the magnetic flux density measured along the cup axis by Hall
probes hp1, hp5 and hp7 (symbols) and the corresponding values computed by numerical
simulations (lines) in the TF orientation.
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