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Featured Application: The methodology presented in this paper can be applied to the design
and evaluation of torque vectoring systems in hybrid electric vehicles. Comparison of different
controllers is helpful in making design choices in these applications.

Abstract: In today’s automotive industry, electrification is a major trend. In-wheel electric motors are
among the most promising technologies yet to be fully developed. Indeed, the presence of multiple
in-wheel motors acting as independent actuators allows for the implementation of innovative active
systems and control strategies. This paper analyzes different design possibilities for a torque vectoring
system applied to an originally compact front-wheel drive hybrid electric vehicle with one internal
combustion engine for the front axle and two added electric motors integrated in the wheels of the
rear axle. A 14 degrees of freedom vehicle model is present o accurately reproduce the nonlinearities
of vehicle dynamic phenomena and exploited to obtain high-fidelity numerical simulation results.
Different control methods are compared, a PID, an LQR, and four different sliding mode control
strategies. All controllers achieve sufficiently good results in terms of lateral dynamics compared
with the basic hybrid version. The various aspects and features of the different strategies are analyzed
and discussed. Chattering reduction strategies are developed to improve the performance of sliding
mode controllers. For a complete overview, control systems are compared using a performance factor
that weighs control accuracy and effort in different driving maneuvers, i.e., ramp and step steering
maneuvers performed under quite different conditions ranging up to the limits.

Keywords: hybrid electric vehicles; vehicle dynamics; in-wheel motors; torque vectoring; direct yaw
control; PID; LQR; sliding mode control

1. Introduction

Electrification is a consolidated reality in the automotive sector. The use of electric
motors (EMs) can have an impact on the energy efficiency of vehicles [1], but also create sev-
eral interesting possibilities in terms of control. Especially when considering architectures
with in-wheel motors (IWMs), the presence of EMs allows for the adoption of layouts with
multiple power sources, a fact that would be unimaginable in vehicles with only internal
combustion engines (ICEs). IWMs are widely discussed in the literature; however, owing
to some important shortcomings, they are not yet an industry standard [2].

Direct yaw control (DYC) techniques such as torque vectoring (TV) are perfectly suited
to electric vehicles’ (EVs) layouts with multiple motors, as they rely on the imbalance
between the torques applied to the left and right sides of the vehicle.

The first technical applications based on this concept were implemented with the use
of asymmetric brake action, actuated differentials, as well as rear axle steering systems;
however, all these strategies have important limitations, which are in turn mitigated by
the action of EMs. The TV system can guarantee improvements in terms of dynamic
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response. In particular, the control objectives in terms of lateral dynamics are to increase
the maximum lateral acceleration of the vehicle, to extend the linear response region of the
steering system, and to improve the responsiveness of the steering system [2].

Figure 1 shows the graph of the input steering angle (δ) versus lateral acceleration (ay)
and how the curve is modified by the TV system action. The graph changes according to
the achievement of the TV control goals.
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Some control strategies particularly suitable to tackle the TV systems issue are present
in the relevant control literature, ranging from proportional, integral, derivative (PID) con-
trollers [2,3] to model predictive control (MPC) [4–6] and sliding mode control (SMC) [7–13].
Although, in recent years, there has been a sharp increase in the number of new contri-
butions that consider the TV control problem, there are still gaps in this area, particularly
when considering hybrid electric vehicles (HEVs) for which torque allocation controllers
usually address the issue of power management [1,14], instead of lateral dynamics. There
are few examples of general comparison papers [15].

This paper considers as a case study an A-segment passenger vehicle containing an
ICE in the front-wheel drive (FWD) layout, to which two independent EMs are added in
each wheel of the rear axle, thus creating an all-wheel drive (AWD) architecture. The two
EMs added to the rear axle are used to implement a DYC strategy. The P4 parallel hybrid
vehicle (also called “parallel through the road”) is intended to both improve the handling
and dynamic response of the HEV as well as give it better acceleration performance and
enable better fuel efficiency management.

A first study on the subject was presented in [15], where a comparison between two
controllers was performed, namely a PID strategy and a first-order sliding mode (FOSM).
The two methods proved to be adequate for the set objectives in terms of overall handling;
however, the FOSM exhibited pronounced chattering, which resulted in unacceptable
vibrations that adversely affected the performance. In this paper, the PID control remains
unchanged, while two different strategies are proposed to reduce the chattering in the
FOSM, namely, the introduction of a low-pass filter and the replacement with a continuous
approximation of the sign function are considered. To complete the discussion and com-
parison, a full-state linear-quadradic regulator (LQR) and two second-order sliding mode
(SOSM) algorithms, the twisting algorithm [16,17] and the suboptimal algorithm [18], are
also presented.

The 14 degrees of freedom (DoF) model of the vehicle is described in Section 2, while
Section 3 presents the control strategies that have been considered. The main obtained
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results are discussed in Section 4. Finally, Section 5 provides some concluding remarks on
the presented results and future developments.

2. Vehicle Modelling and Maneuvers
2.1. Vehicle Dynamics

The model used to represent the dynamic response of the vehicle is a 14 DoF model
widely exploited and presented in the literature [19,20], an application of which can be
found in [21].

The derivation of the 14 DoF model and its complete equations is beyond the scope
of this paper. The 14 DoF of the model are briefly introduced below, corresponding to the
scheme in Figure 2.
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• 6 DoF describe the free body motion of the vehicle sprung mass;
• 2 DoF for each of the four wheels represent the generalized position with respect to the

body of the vehicle ζ (derived from the suspension kinematics) and the longitudinal
slip of the tire.

The actual implementation of the model is performed using the CarRealTime software
(CRT) from VI-Grade. CRT’s interface allows a complete description of the studied vehicle,
including the characteristics of its many subsystems (steering, brakes, suspensions, body,
powertrain, and so on). Being so, it is possible to analyze a fully non-linear response,
especially when it comes to the limit driving conditions, with superior precision when
compared with lower DoF mathematical models. The studied vehicle is based on the
physical features of the Fiat 500, as shown in Table 1.

The vehicle model relies on custom damper, spring, and suspension curves; as far
as tires are concerned, the appropriate Pacejka models are implemented, widely used in
professional vehicle dynamics simulations [22]. The 14 DoF model, while suitable for the
complete description of the vehicle’s motion and dynamics, is rather inconvenient during
the implementation and theoretical calculations related to the control systems, owing to its
complexity and inherent non-linearity. For that purpose, a simpler model is used in the
preliminary phases of system setup, namely a 2 DoF bicycle model [19,20].
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Table 1. Parameters of the vehicle [15].

Property Symbol Value

Total mass M 1006 kg
Wheelbase l 2.3 m

Distance between CoG and front axle a 0.805 m
Distance between CoG and rear axle b 1.495 m

Track t 1.413 m
CoG height hcg 0.537 m
Yaw inertia Iz 965.6 kg·m2

Tire radius (no load) r 0.291 m
Lateral stiffness (front tires) Cf 21,094 N/rad
Lateral stiffness (rear tires) Cr 14,556 N/rad

Motor peak torque TEM 103 N·m
Motor peak power PEM 25 kW

This widely known model considers the automobile as a single-track vehicle (collaps-
ing the contribution of left–right wheels); Figure 3. It is valid under certain conditions such
as small steering angles and linear range of the tires and it neglects some contributions
such aerodynamic forces, suspension compliance, and load transfer.

Appl. Sci. 2023, 13, x FOR PEER REVIEW 4 of 20 
 

Tire radius (no load) r 0.291 m 
Lateral stiffness (front tires) Cf 21,094 N/rad 
Lateral stiffness (rear tires) Cr 14,556 N/rad 

Motor peak torque TEM 103 N·m 
Motor peak power PEM 25 kW 

The vehicle model relies on custom damper, spring, and suspension curves; as far as 
tires are concerned, the appropriate Pacejka models are implemented, widely used in 
professional vehicle dynamics simulations [22]. The 14 DoF model, while suitable for the 
complete description of the vehicle’s motion and dynamics, is rather inconvenient during 
the implementation and theoretical calculations related to the control systems, owing to 
its complexity and inherent non-linearity. For that purpose, a simpler model is used in the 
preliminary phases of system setup, namely a 2 DoF bicycle model [19,20]. 

This widely known model considers the automobile as a single-track vehicle 
(collapsing the contribution of left–right wheels); Figure 3. It is valid under certain 
conditions such as small steering angles and linear range of the tires and it neglects some 
contributions such aerodynamic forces, suspension compliance, and load transfer. 

 
Figure 3. Schematic representation of the 2 DoF bicycle model.  

In the bicycle model, the 2 DoF used to describe the behavior of the vehicle are the 
side slip angle 𝛽 and yaw rate 𝛾. By mild computations, which are not reported for the 
sake of brevity, the equations of motion can be written in a state-space representation as 
follows: 𝑥ሶ = 𝐴𝑥 + 𝐵𝑢 

𝑥 = ൬𝛽𝛾൰ , 𝐴 = ⎝⎜
⎛ 𝐶௙ + 𝐶௥𝑚𝑣௫ 𝑎𝐶௙ − 𝑏𝐶௥𝑚𝑣௫ଶ − 1𝑎𝐶௙ − 𝑏𝐶௥𝐼௭ 𝑎ଶ𝐶௙ + 𝑏ଶ𝐶௥𝐼௭𝑣௫ ⎠⎟

⎞ , 𝑢 = ൬ 𝛿𝑀௭൰ , 𝐵 = ⎝⎜
⎛− 𝐶௙𝑚𝑣௫ 0− 𝑎𝐶௙𝐼௭ 1𝐼௭⎠⎟

⎞
 

(1)

where the state vector x consists of the variables 𝛽 and 𝛾, while the input vector u is 
made up of the steering angle at the wheels 𝛿 and the external yaw moment 𝑀௭. The 
elements of the matrices A and B are calculated as functions of the physical parameters of 
the vehicle (as in Table 1) and of 𝑣௫, which is the longitudinal velocity of the vehicle. 

Notice that the used 2 DoF bicycle model has 𝑀௭  as one of the two inputs. This 
variable is not commonly present in the standard representation of the model. Its addition 
is particularly well suited for describing the effects of the TV, in which a yaw moment is 
generated as a consequence of left/right torque imbalance (dimension not present in the 
“mono-track” approach of the bicycle model). 

  

Figure 3. Schematic representation of the 2 DoF bicycle model.

In the bicycle model, the 2 DoF used to describe the behavior of the vehicle are the
side slip angle β and yaw rate γ. By mild computations, which are not reported for the sake
of brevity, the equations of motion can be written in a state-space representation as follows:

.
x = Ax + Bu

x = (β
γ), A =


C f +Cr

mvx

aC f−bCr

mvx2 − 1

aC f−bCr
Iz

a2C f +b2Cr
Izvx

, u = ( δ
Mz

), B =

− C f
mvx

0

− aC f
Iz

1
Iz

 (1)

where the state vector x consists of the variables β and γ, while the input vector u is made
up of the steering angle at the wheels δ and the external yaw moment Mz. The elements of
the matrices A and B are calculated as functions of the physical parameters of the vehicle
(as in Table 1) and of vx, which is the longitudinal velocity of the vehicle.

Notice that the used 2 DoF bicycle model has Mz as one of the two inputs. This
variable is not commonly present in the standard representation of the model. Its addition
is particularly well suited for describing the effects of the TV, in which a yaw moment is
generated as a consequence of left/right torque imbalance (dimension not present in the
“mono-track” approach of the bicycle model).

2.2. Model and Torque Allocation of the Hybrid Powertrain

The components of the hybrid powertrain (PWT), as well as the control logic that
defines the distribution between ICE and EMs, are shown in Figure 4, where each block
represents a key element of the control system. This layout is presented in detail in [15],
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where a similar model is used for a preliminary analysis of the parallel hybrid P4 layout in
the Fiat 500. The central idea of the system is that the imbalance between torques applied
in the left and right wheel will create a yaw moment Mz on the vehicle, which will be the
main control action.
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The interface chosen is a co-simulation environment between MATLAB/Simulink and
VI-CRT. As displayed in Figure 4, the control system receives the torque request and EM
limitations from the plant and, with the block “hybrid logic”, (1) decides on the best split
between the front ICE and the rear EMs. The ICE torque request is directly sent to the plant
again, while the overall EM torque request passes through the block “torque vectoring”
(2), which will determine the split between left and right commands. Block (2) is then
composed of three internal logic subsystems: the “bicycle model” block (3) calculates the
ideal yaw rate using the 2 DoF handling model to estimate the yaw rate that a neutral vehicle
would present in a given status of steering angle and velocity; then the block “control
system” (4) obtains the reference yaw rate and compares it to the real yaw rate coming
from the plant observation and, through the various proposed logics, defines the desired
control action in terms of torque bias; finally, in the final “torque allocation” block (5), the
total EM torque and the torque bias requests are combined to calculate the effective left and
right torque requests for the EMs [15].

The ideal yaw rate is calculated by targeting the neutral understeer behavior charac-
terized by an understeer coefficient Ku with zero value. The ideal yaw rate can then be
determined as follows:

γ

δ
=

vx
l

1 + Kuvx
→ γi = δ·vx

l
(2)

The EM model is energetic, based on the maximum torque and power curves supplied
by the manufacturer, as well as the efficiency map. Regarding the battery, a simple satura-
tion strategy is put in place to restrain the current based on the series/parallel configuration
of the cells and their maximum discharge rates and nominal voltage. The characteristics of
the E-PWT are considered fixed for all values of state of charge and no thermal features are
considered.

Some implementations of TV systems are based on the application of braking action.
However, these strategies are less efficient because the braking power is dissipated (rather
than regenerated). Being able to control each EM individually, this paper does not consider
the actuation of the braking system as a control parameter.

After the definition of the individual torque requests, they are sent to CRT each with
a timestep of 0.001 s, depicting all significant dynamic quantities. This timestep is also
relevant to the dynamic response of the control system; all systems respond with the same
overall frequency, even if, in a real application, some differences in refresh times and
horizon would be expected.
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2.3. Steering Maneuver

Let us now introduce the maneuvering conditions to which the vehicle is subjected to
validate and compare the different control strategies under examination.

The first steering maneuver considered is ramp steering, in which the virtual driver
linearly increases the steering wheel angle (SWA) at a slow rate and at the same time
tries to keep the speed. Ramp steering requires a full range of lateral accelerations and
limited throttle input to maintain the target speed, so it is suitable for TV validation and for
assessing the quasi-static lateral behavior of vehicles.

The parameters used for ramp steering maneuver are shown in Table 2.

Table 2. Ramp steering maneuver parameters.

Property Value

Longitudinal velocity 15 m/s
Initial steering angle 0◦

SWA increment rate θ 8◦/s
Turning direction Left

Total maneuver time 25 s
Steering start 1 s
Steering end 22 s

Total maneuver time 25 s
Transmission gear Fixed 3rd
Turning direction Left

At the start of the simulation and during the first 1 s, the steering is held at zero to
allow the solver to stabilize. The final steering angle target is set above 1.0 g and above
the expected road and tire grip limits; therefore, all configurations must be saturated and
exhibit slip behavior by the end of the steering phase that occurs at 18 s. The simulation
continues for another 2 s to fully show the nonlinear response of the vehicle.

Ramp steering shows a quasi-static lateral response; therefore, a more dynamic maneu-
ver is chosen to highlight the transient behavior of the controlled vehicle, i.e., step steering.
In this standard open loop maneuver, the driver quickly passes from a null steering condi-
tion to a fixed value, as described in Table 3. The step steering is repeated in two conditions:
the first one far from the limit conditions with a steering angle of 50◦ (equivalent to a lateral
acceleration of around 0.5 g) and the second one with a higher steering (80◦) condition in
which the actuators are saturated and the tires near the maximum grip.

Table 3. Step steering maneuver parameters.

Property Value

Longitudinal velocity 15 m/s
Initial steering angle 0◦

Final SWA 50◦ and 80◦

Turning direction Left
Total maneuver time 5 s

Steering start 1 s
Step duration 1 s

Total maneuver time 5 s
Transmission gear Fixed 3rd
Turning direction Left

Figure 5 shows the imposed steering angle over time, in both the step steering and
ramp steering maneuvers. The chosen maneuvers are open-loop, meaning that the driver
inputs are predetermined and do not depend on the response of the system, which is
particularly useful for a direct comparison of controllers.
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The steering angle is used in (2) to compute the variation in the ideal yaw rate that
serves as a reference for the control systems.

3. Control Systems and Performance Evaluation

The control strategies to be implemented and used to carry out the analysis and
comparison are defined and briefly described below.

Four different control methodologies are considered, namely, PID, FOSM, LQR, and
SOSM. The individual control strategies (apart from the LQR, which is a full-state control
strategy) are implemented in a classic feedback control loop (Figure 6) based on the error
between the actual and ideal yaw rate. The control action u in the specific case is the yaw
moment induced by the torque bias between the left and right wheels.
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The HEV baseline corresponds to the system without torque bias, and it is obtained
by setting the control signal to zero. The HEV baseline is without the TV active and is
indicated as “OFF” in the following graphs. It is important to underline that, in the TV OFF
condition, the rear motors are not idle, but are operated according to a P4 hybrid logic. In
this case, the vehicle presents an AWD layout, with a 50% rear torque split for each side as
in an open differential.

For all controllers, a minimum steering angle threshold of δmin = 5·10−4 rad at the
wheels is required to activate the TV system, to eliminate undesired oscillations in straight-
line operation.

3.1. PID Controller

The PID strategy is a classic control, widely used in various sectors and applications,
and represents the main control reference because its application on direct yaw control
systems in the automotive sector is consolidated. The PID designs the control signal
according to the following law (3):

u = KP(γi − γa) + KI
1
s
(γi − γa) + KD

F
1 + F 1

s
(γi − γa) (3)

where the PID parameters KP, KI, KD, and F are the gains of the proportional, integral, and
derivative components, as well as the filtering frequency of the derivative term, respectively;
γi is the ideal reference yaw rate; and γa is the actual yaw rate.

The used parameters values, established by a standard tuning phase evaluating the
output performance in the different maneuvers to find an optimized performance, are
presented in Table 4.
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Table 4. PID controller parameters.

Property Unit Value

KP - 40
KI - 10
KD - 0.01
F Hz 100

As shown by [22], gain scheduling strategies are important during maneuvers with
wide speed ranges; however, this is not the case of the proposed study. Furthermore, the
work of [23] shows that adaptive PID controllers in DYC systems presents just marginal
improvements with respect to fixed gain PID; therefore, a simpler fixed gain control is
presented.

3.2. First-Order Sliding Mode (FOSM)

The FOSM controllers [24] are well suited to address the control of nonlinear uncertain
systems [25]. In the design of an FOSM controller, a fundamental step is the definition
of the sliding surface [24], S = 0, on which the trajectories of the controlled system must
be steered in a finite time. For the considered TV control problem, the following sliding
output (4) is defined:

S = γi − γa (4)

The FOSM control law is then designed according to u = −K·sign(γi − γa), where
the control gain K > 0 is a suitably chosen positive constant. The application of the FOSM
control guarantees that the sliding surface S = 0 is reached in a finite time.

Consider the 2 DoF system (1) [19,20]. Reaching the sliding surface in a finite time, i.e.,
S(t)→0 in a finite time, guarantees the stability according to Lyapunov’s theory as well as
the achievement of the control objective for system (1).

The straightforward implementation of this SMC is presented in [15], performed by
applying symmetric sign function. The work shows that, even though the simple FOSM can
achieve the overall lateral performance for the system, it creates unacceptable vibrations to
the system. The work also describes the effects of a delay and a hysteresis band, concluding
that they are of small influence.

To attenuate the chattering effect and create suitable FOSM controllers for the proposed
problem, two strategies were tested and are presented in this paper.

3.2.1. FOSM with a Low-Pass Filter

The first proposed technique is the inclusion of a low-pass filter after the sign function.
As observed in [15], the output signal of the FOSM assumes a high-frequency oscillation
behavior to maintain the steady-state control of the vehicle, thus the presence of a low-pass
filter with a given dynamic response is expected to eliminate the discontinuity and improve
stability and, on the other hand, to create a slower response owing to its inherent delay.

The implementation of the FOSM with the low-pass filter strategy is achieved through
a relay function, imposing a zero-hysteresis system saturated at 100% of the maximum
available torque bias. The sign function is placed in series with a low-pass filter with time
constant equal to 1.2. The control law passing through the transfer function with an overall
gain of 0.8 is given by (5):

u = − 0.8
1.2s + 1

·sign(γi − γa) (5)

3.2.2. FOSM with Continuous Approximation of the Sign Function

The second strategy studied to reduce the chattering and vibration problems created
by the FOSM is the substitution of the sign function with an equivalent expression that is
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properly continuous. As proposed by [26] and implemented by [27] in relevant application,
the following function (6) is used:

cont(S) =
S

|S|+∅ (6)

where S is the sliding output as in (4) and ∅ is a positive variable. Note that, as ∅ tends
to zero, the function tends to the original sign function, while for high values of ∅, the
continuous function tends to zero, thus regulating the value of the constant can help
improve the sharpness/smoothness of the control output.

It is also possible to consider an adaptive method for the definition of ∅ as in (7):

∅ = ∅0 + |η|, (η ≈
∫

S dt) (7)

This strategy was tested in the studied system and no relevant advantage was ob-
served, so the results refer to the simpler case with ∅ = 2.5 and no adaptive term.

3.3. Linear-Quadratic Regulator (LQR)

The linear quadratic regulator strategy is part of the optimal control theory, in which
the control law is defined to minimize a cost function. This function is typically defined
through a quadratic cost function as in (8):

J =
∫ t1

t0

(
xTQx + uT Ru + 2xT Nu

)
dt (8)

where x is the state vector; u is the control vector; and Q, R, and N are the weight matrixes
related to the system states, to the control inputs, and to the cross-contribution of x and u,
respectively. The control law is defined by (9):

u = −Kx (9)

where K is the matrix that minimizes (8), defined by solving the continuous time Riccati
differential equation.

The control law is like the pole-placement strategy, but instead of choosing the ideal
poles of the system (not always a straightforward task), the challenge is to define relevant
matrixes Q, R, and N to balance the state error and control effort. For the studied system,
the used values of Q and R are as in (10), while no cross-contribution was included (N is
null):

R =

[
1× 105 0

0 1

]
, Q = 1× 106

[
1 0
0 1000

]
(10)

As the system state-space matrixes A and B are dependent on the vehicle’s speed, as
defined in (1), so will be the results of K after the cost function minimization. Therefore,
for the practical implementation of the LQR, the K matrix was calculated beforehand with
a dedicated MATLAB script for a wide range of discrete velocities (from 1 to 100 m/s)
and, during the simulations, the coefficients of the control were linearly interpolated from
the closest neighbors of the actual vehicle’s velocity for each time step. This approach
allowed for good precision of the control system without the requirement of excessive
computational power.

Differently from the previous control systems PID and SMC, the LQR is a full-state
control, meaning that the control gains and strategy use as input not a single error signal,
but rather assume the availability of all of the relevant internal states of the plant. In the
case of the DYC problem using the 2 DoF bicycle model, this means knowing not only
the yaw rate γa as before, but in addition being able to observe the side-slip angle β. The
side-slip angle is a variable notoriously hard to directly measure, so its availability for
an actual control system would depend on the estimation of the variable based on other
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output signals. This estimation is not the focus of this paper, so it will be assumed that β is
available with sufficiently high precision, as it is demonstrated to be achievable by some
works present in the literature [28,29].

3.4. Second-Order Sliding Mode (SOSM)

The last control system category considered in this paper is the second-order sliding
mode controllers. This kind of strategy follows similar principles to the FOSM, maintaining
its typical features of robustness, but avoiding some of the main problems related to the
chattering, which renders it suitable for evaluation in the case of DYC.

In the case of the SOSM, the definition of the sliding surface S can follow the same
formulation as (4), being the difference between the real and target values of the yaw rate.
However, in the second-order system, the proposed algorithms are such that not only
the sliding output S tends to 0 in a finite time, but also its first time derivate

.
S [27]. Two

algorithms are proposed to accomplish this condition.

3.4.1. SOSM Twisting Algorithm

The first algorithm proposed is the so-called twisting algorithm. This classical ap-
proach [16,17], implemented in relevant application [23], can effectively steer both S and

.
S

to zero in a finite time.
The control law of the twisting algorithm [23], is defined by (11):

.
u =

{
−αmsign(S(t)), when S.

.
S ≤ 0

−αMsign(S(t)), when S.
.
S > 0

(11)

where αm and αM are control coefficients with αM > αm > 0.
To properly control the system, it is important to assure that αm and the ratio αM/αm

are sufficiently high.
In the present DYC, the values obtained are αm = 5.6 and αM = 64.1 after tuning the

system. The fact that the control law (11) defines
.
u instead of u itself means that the typical

discontinuities of the SMC systems are displaced to the derivative of the control input, not
its direct value, theoretically reducing the issues related to the vibration induced by the
FOSM.

3.4.2. SOSM Suboptimal Algorithm

The second algorithm that satisfies the conditions of the SOSM is the suboptimal
algorithm [18]. In this version of the sliding mode, the control law is defined as (12):

.
u = −kr·sign

[
S(t)− 1

2
S(tMk)

]
(12)

where tMk is defined as the last moment in which
.
S = 0. For the practical application of

the simulation environment, in which the timesteps are small yet discrete, tMk is updated
when there is a change of sign in the variation in S between two subsequent timesteps: S(t)
− S(t − 1). The simulation begins with tMk = tM0 = 0, and thus S1(tM0) equals the initial
value of (γi − γa).

The choice of the coefficient kr must be sufficiently high to guarantee stability [23]. In
the studied application, the chosen value to satisfy such a condition is kr = 28.8. To further
reduce some of the residual chattering, known as the “ringing effect”, especially during the
step steering maneuvers, the sign function was substituted with the continuous equivalent
with a value of ∅ = 4.5, as in (5).

3.5. Performance Evaluation

To properly compare the results of the control systems in an objective way, a perfor-
mance indicator was applied. This performance factor (PF) is composed of three indexes:
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• The control penalty (CP) is related to the effort of the controller in applying the control
law, meaning that control systems that require more torque bias to stabilize the vehicle
must be negatively evaluated.

• The error penalty (EP) directly evaluates the distance between the actual and target
yaw rate during the maneuver, in such a way that less precise controllers are the most
penalized.

• The timed error penalty (TEP) also takes into consideration the evolution of the error
in time, meaning that controllers can afford a higher overshoot or initial displacement
relative to the ideal behavior, if they are able to quickly eliminate the error. Steady-state
error is heavily penalized in this indicator.

The three indicators are then normalized with respect to the reference value obtained
by the original PID in the first step steering maneuver and combined through a weighted
sum to compose a single performance indicator, as in (13):

CP =
∫
|u(t)|dt

EP =
∫
|(γi(t)− γa(t))|dt

TEP =
∫

t|(γi(t)− γa(t))|dt

PF = 0.4CP + 0.4EP + 0.2TEP

(13)

4. Simulation Results

Simulations have been carried out for the case where no TV is applied and for all cases
where the different control methods previously introduced and taken into consideration
are applied, namely, PID, LQR, and the four versions of SMC strategies.

In the following section, the graphs of the obtained results are presented, which
include control signals, vehicle state, and driver inputs labelled according to the following:

• The baseline HEV without TV (OFF);
• The PID controller (PID);
• The FOSM controller with the low-pass filter (FOSM lowpass);
• The FOSM controller with continuous function (FOSM continuous);
• The LQR (LQR);
• The SOSM controller with the twisting algorithm (SOSM twisting);
• The SOSM controller with the suboptimal algorithm (SOSM suboptimal).

The analysis of the graphic interface is useful for the interpretation of the results and
for quick debugging and has been performed as the first step of the post processing. A
pronounced understeering behavior of the baseline HEV could be found in all maneuvers;
instead, all controlled versions are much closer together and can follow the desired yaw
rate for much longer, confirming the overall good performance achieved by the control
systems proposed. Let us now consider the main results of each maneuver.

4.1. 50◦ Step Steering

Figure 7 shows the graph of the right-side EM torque where it is possible to grasp the
effect of the different control systems.

The baseline plot shows the necessary torque requested to maintain the target speed
during the maneuver, in this case applied in a balanced manner between left and right,
while the other plots display the baseline contribution plus the bias.

FOSM lowpass shows the sharpest response after the threshold, quickly saturating the
actuator at the beginning of the step and establishing a persistent oscillatory behavior, with
a continuous signal but with a non-continuous derivative. This is an improvement with
respect to the simple FOSM [15] with discontinuous control, but nonetheless it is expected
to see a rough effect in terms of vibrations on the vehicle with such aggressive variations.

The actuation shape displayed by the PID, LQR, and FOSM continuous controllers are
quite similar, with a first peak value followed by a stabilized steady-state contribution. The
main difference between them is the intensity of the transient value, highest in the LQR
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and lowest in the PID. This difference is directly related to the optimized gains for each
controller, which should balance promptness and stability.
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Figure 7. The right-side EM torque during the 50◦ step steering.

The response of SOSM twisting is the slowest, achieving its peak only after 0.7 s,
while SOSM suboptimal presents a prompt actuation after the beginning of the step. Both
second-order SMC systems display sufficiently smooth and stable control outputs, as
expected.

Regarding the main goal of the control systems, Figure 8 shows the yaw rate of the
vehicle during the step steering and the error relative to the calculated ideal yaw rate.
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The relations between the control action and the yaw rate outcome are clear. FOSM
lowpass presents a high overcontrol peak and a persistent vibration throughout the maneu-
ver, while PID, FOSM continuous, and LQR display a similar shape of the response, even
if it can be noted that the PID controller fails to guarantee a zero error in the 4 s after the
step. SOSM twisting is relatively slow to respond and to stabilize while SOSM suboptimal
is very precise, with the lowest maximum yaw error.

Figure 9 shows the lateral acceleration of the vehicle and its relation to the imposed
steering angle, as in the goals presented in Figure 1.
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Figure 9. Steering angle vs. lateral acceleration during the 50◦ step steering.

As expected, the baseline vehicle displays the lowest lateral acceleration in each
steering condition. Apart from FOSM lowpass, all the other controllers create a similar
outcome, with smooth and linear curves. The controller with the biggest impact on the
understeering behavior is SOSM suboptimal, generating the most responsive dynamics;
however, the difference between it and the second-best results (LQR) is of just shy of 3%
lateral acceleration (at 0.04 rad/s steering) versus a 22% increase relative to the baseline.

4.2. 80◦ Step Steering

As opposed to the previous step steering where the controllers were able to achieve
the yaw rate goal without (almost) never saturating the actuators, in a more challenging
condition, this fact shall not hold any longer.

The equivalent results of torque and yaw rate can be observed in Figures 10 and 11,
respectively.
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Figure 11. Yaw rate (a) and yaw rate error (b) in the 80◦ step steering.

As predicted, the controllers take the right EM to its maximum torque value in all con-
figurations around 1.5 s. Unlike the 50◦ case, in this condition, the most disturbed controller
is the PID, displaying important oscillations after the completion of the steering action,
most likely due to the integrative term combined with the saturated condition. FOSM
lowpass instead reduced its vibrational behavior in the steady-state phase in the absence
of the changing sign of the error signal. Once again, SOSM suboptimal is very responsive
and quickly raises its torque level after the step input; however, this same promptness also
affects its behavior after the saturation period, with a pronounced reduction around 2.2 s.

The best performing control systems in this case are LQR and the FOSM continu-
ous, displaying a low maximum error and no significant overshoot or intense actuation
vibrations.

All controllers except the PID successfully take the error to zero in the 5 s period.
The PID controller continues to reduce the error very slowly, but the actuation vibrations
jeopardize its performance.

4.3. Ramp Steering

The last maneuver studied is ramp steering, highlighting the steady-state response of
the vehicle under a wide range of lateral accelerations.

As shown in Figure 12, the control systems present a first overshooting and slight
vibrations (due to the initial threshold) followed by a linear ascending phase and a satura-
tion around 12.5 s. Once again, the FOSM lowpass controller behaves poorly regarding the
actuation smoothness, presenting quite accentuated vibrations before saturation.
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Figure 13 displays the yaw rate and its error, while Figure 14 shows a zoomed-in
section of the error plot between 0 and 14 s.
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Figure 13. Yaw rate (a) and yaw rate error (b) in ramp steering.

The controlled vehicles clearly change their behavior and follow quite well the yaw
goal for the first part of the maneuver. After the saturation of the actuators, the controlled
vehicles see their behavior move closer to the baseline version, as it is no longer possible to
supply the required yaw moment to create a perfectly neutral vehicle.

At around 16 s, the baseline vehicle achieves its maximum lateral performance, as
shown by the yaw rate peaking, corresponding to the reduction in the requested torque
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presented before. The same peak effect is displayed at around 17 s for all controlled systems,
at a yaw rate of 40.3 rad/s vs. the 35.5 rad/s baseline.
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After this peak, a highly non-linear response is observed, as expected, as the tires are
no longer in their preferred working zone. It is hard to draw meaningful conclusions from
the results after the tire saturation because the mechanical models tend to be much less
precise.

A closer look at the first section of the maneuver allows for a more interesting discus-
sion of the controller.

The plots confirm some previously stated conclusions, such as the high sensitivity and
vibrational response of the FOSM lowpass controller; the quick settling time and prompt
response of SOSM suboptimal; the PID controller with good transient behavior but finding
it difficult to eliminate small steady-state error; the slower but smooth response of the
SOSM twisting algorithm; and the similar smooth response of LQR and FOSM continuous.

Lastly, Figure 15 presents the lateral acceleration and steering angle.
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Figure 15. Steering angle vs. lateral acceleration during ramp steering.

In Figures 9 and 15, the advantage of all control systems over the baseline vehicle is
clear. Higher maximum lateral acceleration and more responsive behavior can be observed
in the plot. It is interesting to observe that the linearity goal is not completely achieved; in
fact after the saturation of the EMs at 0.8 g, the slope of the plot changes significantly.

As can be noted in Figure 9, SOSM suboptimal exhibited more responsive behavior. In
this case, the SOSM twisting and LQR controllers are much closer and have a higher lateral
acceleration in several zones of the plot. This suggests that the SOSM suboptimal controller
performs better in transient situations but gives no significant advantage in less dynamic
conditions.
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In [15], the constant radius corner condition was studied. In this paper, both of the
presented maneuvers are open loop.

Finally, Table 5 shows, for comparison purposes, the numerical results obtained by
the control systems considered in the three conditions studied and with reference to the
proposed PF.

Table 5. Numerical comparison of the control systems in the three conditions studied using the
proposed PF.

Controller Step 50◦ Step 80◦ Ramp Steering

OFF 3.740 7.258 58.543
PID 1.000 1.469 35.981

FOSM lowpass 0.926 1.577 35.445
FOSM continuous 0.641 1.009 35.011

LQR 0.608 1.104 35.042
SOSM twisting 0.728 2.084 34.776

SOSM suboptimal 0.525 1.491 34.802

The time considered for the step steering maneuvers is the total simulation time, while
for ramp steering, the PF was calculated until 17 s of simulation, because, after that, the
systems behave similarly, and the simulation precision is lower.

It is interesting to notice that the PID controller and FOSM lowpass generally display a
lower level of performance than the other controllers, while SOSM twisting presents a good
response in two simulations, but very poor performance in the 80◦ step. FOSM continuous,
LQR, and SOSM suboptimal are the most consistent throughout the tested conditions.

5. Conclusions

In this paper, a comprehensive study of TV systems for an HEV based on different
control methodologies was addressed. Analysis and comparison of the performances
obtained were conducted using PID, LQR, and different SMC strategies for the TV applied
to an FWD HEV with two electric motors integrated in the rear wheels. All the considered
control architectures proved to be suitable for achieving the DYC objectives corresponding
to increasing lateral acceleration and improving vehicle responsiveness. The extension of
the steering linear region is conditioned by the saturation of the Ems, which generates the
torque bias.

The chattering issue was encountered when plain FOSM was applied and it was
successfully reduced by the proposed techniques, especially when the continuous FOSM
algorithm was used. The best controllers with respect to the proposed PF were continuous
FOSM, LQR, and suboptimal SOSM. Interestingly, the SMC with properly tuned control
gains achieved performances very similar to those obtained by LQR, which theoretically
should provide important advantages, being a full-state controller. The application of the
SMC strategies with a continuous approximation of the sign proved to be particularly
effective in terms of reducing the chattering as well as complexity of the controller, proving
to be a valid option for the DYC.

Future work will be devoted to the development of TV systems for HEVs based on
innovative and compliant SMC strategies, such as Simplex-based algorithms [25]. Attention
will be paid to the inclusion of strategies based on MPC or machine learning, as well as to
the experimental and DiL validation [30] of the obtained results.
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