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Abstract

In the paper, the statistical distribution of the total strain and the fatigue life in

the low cycle fatigue (LCF)–high cycle fatigue (HCF) life range is analytically

derived starting from the Coffin–Manson and Morrow model. The maximum

likelihood principle is exploited for parameter estimation, thus allowing to

consider both failures and runout specimens. A straightforward procedure for

the estimation of the design curves based on the likelihood ratio confidence

lower bound has been also developed. The proposed model has been validated

with literature datasets obtained by testing steel and aluminum alloys, proving

its effectiveness and representing a reliable alternative to the currently adopted

literature models.
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Highlights

• A method for the strain–life design curves is proposed.

• Likelihood ratio lower confidence bound is exploited for the design curves.

• The analytical formulation of the statistical distribution of total strain is

derived.

• A procedure for parameter estimation based on maximum likelihood princi-

ple is proposed

1 | INTRODUCTION

The experimental assessment of the fatigue response of
materials, together with an appropriate statistical model-
ing of the large experimental variability, is fundamental

for the proper design of fatigue-resistant components.
Experimental tests are carried out to assess the relation-
ship between the applied load and the number of cycles
to failure and to reliably design structures with safe-life
methods. Two main experimental approaches are
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followed for assessing the fatigue response of specimens,
that is, the stress-life and the strain–life approaches.1–5

With the stress-life approach, the applied stress ampli-
tude is kept constant during the fatigue test and the rela-
tionship between the applied stress amplitude and the
number of cycles to failure is assessed. This testing meth-
odology is mainly employed to assess the fatigue response
in the high cycle fatigue (HCF) life region, with applied
stress amplitudes significantly below the yield stress.3 A
power law equation (i.e., Basquin's equation3,6) is typi-
cally used to model the relationship between the applied
stress amplitude and the number of cycles to failure,
corresponding to a linear trend in a log–log S-N plot.
Basquin's law, however, does not properly model the
fatigue response for large applied stress amplitude and
low fatigue life, that is, in the low cycle fatigue (LCF)
life range.3 Accordingly, when the LCF range is of inter-
est, a strain–life approach is more appropriate. Fatigue
tests are carried out by controlling and keeping the
applied strain amplitude constant during the test.7

Moreover, local strain–life methodologies are widely
employed to predict the fatigue life of components with
notches, welds or, in general, regions with local stress
concentration5,8,9 inducing large local deformations.
The relationship between the applied strain amplitude
and the number of cycles to failure is generally modeled
with the Coffin–Manson and Morrow model,3,7,9–14

which covers not only the LCF region but the whole
LCF-HCF range. The strain life approach is employed
for the design of components in service in many struc-
tural and critical applications, for example, in the auto-
motive sector,9 for nuclear applications,15 for turbine,16

and bridge components.17 The interest among the scien-
tific community mainly focuses on the assessment of the
design curves, that is, the strain–life curves that are to
be used for the design of components against the intrin-
sic variability of the fatigue phenomenon, thus ensuring
a statistical safety margin with respect to experimental
failures.

In the literature, different approaches have been pro-
posed to assess the allowable strain amplitude, the
“design strain amplitude” or in, general, “the design
curves” to be considered when components are designed.
For example, according to Keisler et al.15 and to ASME
Boiler and Pressure Vessel Code, the design curve is the
most conservative curve among the best fit curve
decreased by a factor of 2 considering the strain ampli-
tude or the best fit curve decreased by a factor of 20 by
considering the number of cycles to failure. In Williams
et al.,9 the design curves are assessed by separately esti-
mating the plastic and the elastic design strain–life curves
and then combining them, according to the Manson–
Coffin and Morrow model. The elastic and plastic design

curves are obtained with the approximate Owen toler-
ance limit.9 More recent papers have also addressed this
important subject. Harlow18 focused on the confidence
bounds for the median curve, suggesting that the mean
square error (MSE) should be preferred in their estima-
tion. Moreover, Harlow18 proposed a “Generalized Life-
time approach,” based on the Weibull cumulative
distribution function, which ensures a better estimation
of the confidence interval of the median curve with
respect to the methodologies based on the Coffin–
Manson and Morrow equation. In Beretta et al.,16 a
simplified log-normal format for calculating the failure
probability of components subjected to loads in the
LCF region is developed. The model is validated by
assessing the design point, the one ensuring the target
failure probability, of rotor steel and by computing the
safety factor to be applied for a safe life design. Simi-
larly, Zhu et al.19 focus on the definition of safety fac-
tors for components subjected to LCF multiaxial
stresses, based on the probabilistic assessment of the
material and load variability together with the life scat-
ter. In Castillo et al.,20 a Weibull regression model,
which considers directly the total strain amplitude
rather than computing it as the sum of the elastic and
the plastic strain amplitude, is proposed to estimate the
strain–life curves. With the proposed model, runout
specimens are also taken into account in the analysis.
Finally, in Gu and Ma,21 a method for the assessment
of the strain–life design curves for datasets with a small
number of data is proposed. The method is based on
the Coffin–Manson and Morrow model and on
repeated estimations of the unknown material parame-
ters by considering datasets obtained by gradually
removing data points from the original datasets.
According to this literature analysis, several models
addressing the assessment of the design strain–life
curves have been developed, attesting that this research
subject is of particular importance for industrial
applications.

In the present paper, a methodology for the assess-
ment of the strain–life design curves is proposed. The
methodology is based on the application of the maximum
likelihood principle and employs the Likelihood Ratio
Confidence lower Bound (LRCB) for the estimation of
the design curve. First, the statistical distribution of the
total strain and of the fatigue life of parts subjected to a
controlled strain amplitude is derived. Thereafter, the
procedure for parameter estimation, which allows for
taking into account failure and runout specimens and
estimating the design curve with the LRCB is explained
in detail. Finally, the proposed method is validated on lit-
erature datasets obtained through tests on steels and alu-
minum alloys.
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2 | STRAIN LIFE APPROACH:
METHODS

In this section, the model developed for the assessment of
the strain–life curves is described. In Section 2.1, the
cumulative distribution function (cdf) and the probability
density function (pdf) of the total strain amplitude and
the fatigue life are derived, whereas in Section 2.2, the
procedure for parameter estimation is described. Finally,
in Section 2.3, the methodology developed for the estima-
tion of the design curve is reported.

In the following, the subscript “e” refers to the elastic
deformation, whereas the subscript “p” refers to the plas-
tic deformation. According to the standard notation in
Halperin et al.,22 the upper case is used for random vari-
ables, whereas the lower case is used for the realization
of the random variable, that is, the random variable equal
to a specific value (for example an experimental value).

2.1 | Statistical distribution of the strain
amplitude and the fatigue life

The objective of the proposed methodology is to assess
the cdf of the total strain as a function of the number of
cycles to failure and, accordingly, the strain life curves at
the required failure probability. Similarly, the fatigue life
distribution as a function of the total strain amplitude
will be obtained. The starting point is the Coffin–Manson
and Morrow model,3,7,9–14 which models the dependency
between the total applied strain amplitude, εt, and the
number of cycles to failure, nf , with the expression
reported in Equation (1):

εt ¼ εeþ εp ¼
σ0f
E

2nf
� �bþ ε0f 2nf

� �c
, ð1Þ

being εe the elastic deformation, εp the plastic deforma-
tion, σ0f the fatigue strength coefficient, b the fatigue
strength exponent, E the material Young's modulus, ε0f
the fatigue ductility coefficient, and c the fatigue ductility
exponent. By assuming that the rvs elastic strain, Εe, and
total strain, Εt, are Lognormal (Beretta et al.16 and refer-
ences therein), then the plastic strain random variable Εp

is approximately Lognormal too. This result originates
from typical approximations for the sum of Lognormal
random variables23,24: Given that Εt ¼ΕeþΕp is Lognor-
mal and Εe is Lognormal, then also Εp is approximately
Lognormal.

According to Basquin's law, Εe is Lognormal with
constant standard deviation, σe, and mean, μe, that
depends on the fatigue life, y¼ ln nf

� �
:

FΕe εe;μe,σeð Þ¼ϕG
ln εeð Þ�μe

σe

� �

μe ¼ ln
σ0f
E

� �
þb ln 2nf

� �¼ aeþbe ln nf
� �¼ aeþbey

8>>><
>>>:

,

ð2Þ
being FΕe εe;μe,σeð Þ the cdf of the elastic strain, ae and be
two constant coefficients to be estimated from the experi-
mental data, and ϕG �ð Þ the standardized Normal cdf and
y¼ ln nf

� �
.

Similarly, Εp is Lognormal with constant standard
deviation, σp, and mean, μp, that depends on the fatigue
life, according to the Coffin–Manson model:

FΕp εp;μp,σp
� �

¼ϕG

ln εp
� ��μp
σp

 !

μp ¼ ln ε0f
� �

þ c ln 2nf
� �¼ apþbp ln nf

� �¼ apþbpy

8>>><
>>>:

:

ð3Þ
From the distributions of Εe and Εp, it is finally possi-

ble to compute the parameters of the Lognormal distribu-
tion followed by the total strain random variable Εt. In
particular, according to Abu-Dayya and Beaulieu,24 the
mean, μt, and the standard deviation, σt, of the logarithm
of Εt can be expressed according to Equation (4):

μt ¼ 2ln u1ð Þ� ln u2ð Þ=2
σt ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln u2ð Þ�2ln u1ð Þ

p
(

, ð4Þ

where u1 and u2 are given by

u1 ¼ eμeþσ2e=2þ eμpþσ2p=2

u2 ¼ e2μeþ2σ2e þ e2μpþ2σ2p þ2eμeþμpþ σ2eþσ2pþ2ρe,pσeσpð Þ=2

(
, ð5Þ

and ρe,p is the correlation coefficient between Εe and Εp.
The cdf followed by Εt for a given nf is Lognormal with
mean, μt, and standard deviation, σt:

FΕt jnf εt;μt,σtð Þ¼ϕG
ln εtð Þ�μt nf

� �
σt nf
� �

 !
: ð6Þ

Equation (6) can be also interpreted as the cdf of the
fatigue life life nf for a given total deformation εt:

FΕt jnf εt;μt nf
� �

,σt nf
� �� �¼FNf jεt nf ;εt

� �

¼ϕG
ln εtð Þ�μt nf

� �
σt nf
� �

 !
: ð7Þ
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An analytical expression for the pdf of the fatigue life
can be assessed starting from Equation (7). The pdf is the
derivative of Equation (7) with respect to the number of
cycles to failure nf :

f Nf jεt nf ;εt
� �¼ ∂FNf jεt nf ;εt

� �
∂nf

: ð8Þ

By rearranging Equation (8) and with easy passages,
the pdf of the fatigue life becomes

f Nf jεt nf ;εt
� �¼�μ0tσtþ μt� ln εtð Þð Þσ0t

σt
f G ln εtð Þ;μt,σtð Þ,

ð9Þ

where f G ln εtð Þ;μt,σtð Þ is the Normal pdf of ln Εtð Þ,

μ0t ¼ 2u01=u1�u02= 2u2ð Þ
σ0t ¼

u02=u2�2u01=u1
16σt

8<
: , ð10Þ

and

u01 ¼ be=nf e
μeþσ2e=2þbp=nf e

μpþσ2p=2

u02 ¼ 2 be=nf e
2μeþ2σ2e þbp=nf e

2μpþ2σ2p þ beþbp
� �

=nf e
μeþμpþ σ2eþσ2pþ2ρe,pσeσpð Þ=2� �

8<
: :

ð11Þ

The cdfs of the fatigue life and of the total strain are
therefore obtained starting from the Coffin–Manson and
Morrow model, thus modeling the contribution of the
elastic and the plastic strains in the total strain, in agree-
ment with the experimental evidence, rather than only
modeling the dependency of the total strain with the
number of cycles with an assumed statistical distribution
ensuring the best fitting for a specific dataset.18 The pro-
posed approach is statistical and phenomenological; that
is, it is based on an assumed log-normal distribution for
the elastic and the total stress amplitude. This choice of
the initial distribution, a log-normal or a Weibull distri-
bution, may affect the fitting capability and can have
implications on the estimation of the lower bound strain
life curve. However, the choice of a log-normal distribu-
tion has proven to properly work in the literature and
will be confirmed in the following validations (Section 3).
On the other hand, an approach based on physical
assumptions and the compatibility condition between the
probability distribution of the fatigue life and the applied
stress has shown that the Weibull distribution should be
employed for the fatigue analysis and the assessment of
lower bound confidence levels.25–27 Several literature

models, however, assumed the log-normal distribution
for describing the strain–life relationship and have been
successfully validated on many datasets, proving that it
can properly fit the experimental data, with limited dif-
ferences and approximations with respect to a Weibull
distribution.

Moreover the proposed approach cannot model an
asymptotic trend, that is, a fatigue or endurance limit, in
the HCF life region. Indeed, the strain–life relationship
is generally assessed through experimental tests run in
the LCF-HCF life region, with no data available in the
VHCF life region to confirm an asymptotic trend. Litera-
ture models, like the one in Castillo et al.,20 can model a
potential endurance limit. However, it is worth noting
that, thanks to its flexibility, the proposed model can
also properly fit datasets showing an “asymptotic-like”
trend in the HCF life range and with runout data occur-
ring at number of cycles significantly larger than fail-
ures. In this case, the elastic strain curve would tend to
a horizontal line, thus approaching an asymptotic trend.
However, neglecting the potential fatigue limit means
that failures at zero stress amplitude could occur, as
pointed out in Fern�andez-Canteli et al.,28 even if this
can occur at number of cycles significantly beyond the
VHCF life region and out of the range of interest for
design.

2.2 | Parameter estimation and design
curve

In this section, the procedure developed for the estimation
of the material parameters involved in the proposed model
is described. The set of material parameters to be esti-
mated from the experimental data are ae, be, σe, ap, bp, σp
and the correlation coefficient, ρe,p. The parameters ae, be
are estimated through the application of the least square
method between the logarithm of the applied elastic
strain amplitude associated to each experimental failure
and the corresponding logarithm of the number of cycles
to failure. ap, bp are estimated with the same procedure,
but by considering the plastic deformation. Plastic defor-
mation can be obtained as the difference between the
applied total deformation and the measured elastic defor-
mation. The plastic strain amplitude computed from all
the experimental data or from a subset not including
small plastic deformations for fatigue lives in the HCF
life range, especially if the excluded data deviate from lin-
earity in a log–log plot, can be considered to estimate the
material parameters ap, bp. For example, in Williams
et al.,9 a threshold for plastic strain amplitude is suggested
for the interpolation of plastic strain amplitude data with
respect to the number of cycles to failure.

TRIDELLO and PAOLINO 2171
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Concurrently, the coefficient of correlation ρe,p can be
estimated as the correlation coefficient between the
experimental elastic and plastic strain amplitudes.
Accordingly, the ρe,p value is not assumed but estimated
from the experimental data for each investigated dataset.

The standard deviations σe and σp are finally esti-
mated by applying the maximum likelihood principle,
that is, by maximizing the Likelihood function L θ½ �
defined in Equation (12):

L θ½ � ¼
Yn

if¼1
f Nf jεt nf ,i;εt,i

� � �Ynr

j¼1
1�FNf jεt nf

�;εt,j
� �� �

,

ð12Þ

being θ the set of parameters to be estimated
(θ¼ σe,σp

� �
), if the counter for the experimental failures,

n the number of experimental failures (if ¼ 1…n), j the
counter for the experimental runout specimens, nr the
number of experimental runout specimens (if ¼ 1…nr),
and nf � the runout number of cycles. With this method,
runout specimens, neglected if the unknown parameters
of the Coffin Manson and Morrow model (Equation 1)
are estimated only by applying the least square method,9

are considered, preventing the loss of the important
information they contain. Indeed, even if the strain-based
approaches are generally adopted for the analysis of
strain-controlled LCF fatigue tests, they also properly
work for experimental data covering the LCF-HCF life
range20,21,29 and thus with possible runout specimens.
Figure 1 shows a flow chart of the described methodol-
ogy. In Figure 1 and in the following, the notation ~� indi-
cates the estimated parameters (e.g., ~ae , ~be are the
estimates of the parameters ae,be after the application of
the least square method or θ

~

is the set of maximum likeli-
hood estimates that satisfy Equation 12).

Once all the parameters have been estimated, the α-th
quantile of the strain–life curve can be assessed by
substituting FNf jεt nf ;εt

� �
with α in Equation (7), and by

solving numerically Equation (7) with respect to εt for
the nf of interest. Accordingly, by iteratively repeating
this procedure for the life range of interest, the strain–life
curve can be built point by point.

2.3 | Design curve with the LRCB

The design curves are here estimated as the LRCB of a
high-reliability quantile strain–life curve. Differently from
Williams et al.,9 where the design curves for the elastic and
the plastic strains are estimated separately with the approx-
imate Owen tolerance limit and then combined, with the
proposed procedure the design curve is estimated starting
from the quantile of the total strain amplitude curve,9 thus
being capable of adapting to the experimental data and to
the number of available data in each fatigue life range. On
the other hand, the proposed procedure can be more com-
plex to be applied, requiring an iterative procedure based
on multiple iterations, but its implementation can be easily
managed with the available numeric software. In the
following, the definition of design curves provided in
Williams et al.9 and Tridello et al.30 is considered, that is,
the design curve corresponds to the lower bound, at a high
confidence level, of a high-reliability quantile. According
to a standard notation,9,30 the design curve corresponds to
the RαCxC curve, that is, the curve ensuring that, for each
nf , there is a 1�αð Þ% failure probability (α reliability)
with the xC% confidence level. Accordingly, the com-
monly adopted R90C90 design curve ensures that for
each nf in the range of interest, 90% of the components
will not fail, with a 90% confidence level.

FIGURE 1 Procedure for the

estimation of the material parameters in

the proposed strain–life method. [Colour

figure can be viewed at

wileyonlinelibrary.com]
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According to Tridello et al.,30 the first step for the esti-
mation of the design curve with the LRCB is the assess-
ment of the profile likelihood function. In particular, for
a specific nf , the lower bound at the xC% confidence level
of the α quantile of the total strain, εt,α, is obtained by
solving Equation (13):

PL εt,α½ � ¼ max θ2 L εt,α,θ2½ �½ �
L ~θ
	 
 ≥ e�

χ2 1;1�βthð Þ
2 , ð13Þ

being PL εt,α½ � the profile likelihood function, θ2 one
parameter between σe or σp, as detailed in the following,
χ2 1;1�βthð Þ the 1�βthð Þ-th quantile of a chi-square dis-
tribution with 1 degree of freedom and L ~θ

	 

the Likeli-

hood function computed for the best-fitting parameters
(Section 2.2). According to Equation (13), the profile like-
lihood function must be a function of the α quantile of
the total deformation, εt,α. The numerator, L εt,α,θ2½ �, must
be thus rewritten in function of εt,α; that is, the cdf of the
fatigue life must be rewritten in function of εt,α. This can
be achieved according to the following steps:

1. From Equation (7), the α-th quantile of the total strain
can be obtained by replacing FNf jεt nf ;εt

� �
with α. By

solving this equation with respect to σe or σp, an
expression that correlates σe or σp with the α-th quan-
tile of the total strain can be obtained (i.e., σe εt,αð Þ or
σp εt,αð Þ, respectively). Differently from Pyttel et al.,26

an analytical closed-form solution for σe εt,αð Þ or
σp εt,αð Þ does not exist, but a numerical solution can be
easily obtained, according to Equation (14):

α¼ϕG
ln εt,αð Þ�μt nf ,α

� �
σt nf ,α
� �

 !
! σe εt,αð Þ¼ f e εt,αð Þor σp εt,αð Þ

¼ f p εt,αð Þ:
ð14Þ

2. By substituting σe εt,αð Þ or σp εt,αð Þ in Equation (7), the
cdf of the fatigue life in function of εt,α is obtained. In
the first case (σe εt,αð Þ in Equation 7), θ2 ¼ σp. In the
second case (σp εt,αð Þ in Equation 7) θ2 ¼ σe. By varying
εt,α in a reasonable range for the specific nf , the profile
likelihood function can be built point by point. The
εt,α solving Equation (13) provides the LRCB for the α
quantile of the total strain of interest.

Practically, a procedure similar to that developed in
Tridello et al.30 has been implemented, briefly recalled in

the following. The procedure involves iteratively varying
εt,α in a reasonable range to build the PL εt,α½ � function
and find the εt,α value solving Equation (13):

1. First, σe εt,αð Þ¼ f e εt,αð Þ is obtained by numerically solv-
ing Equation (14). The computed value is substituted
in Equations (7) and (9), to express the profile likeli-
hood as a function of εt,α.

2. PL εt,α½ � is thereafter built point by point. The first
point is εt,α ¼ fεt,α (i.e., fεt,α computed for the selected nf
by solving Equation (8) for the α quantile of interest).
For this value, PL fεt,α½ � ¼ 1. Thereafter, εt,α is iteratively
decreased with steps of 10�6 mm=mm½ �. The steps can
be adjusted, depending on the dataset. Accordingly,
for each εt,α, the PL εt,α½ � function can be computed.
The procedure is stopped when PL εt,α½ � falls below a

threshold set equal to e�
χ2 1;1�βthð Þ

2 =2.

3. PL εt,α½ � points with respect to εt,α are interpolated with
Piecewise Cubic Hermite Interpolating Polynomial
(PCHIP). The PCHIP interpolating function, with
which the data are interpolated with a cubic spline
satisfying the Hermite interpolation condition, has
been chosen since it ensures no overshoots and guar-
antees limited oscillation, being moreover computa-
tionally cheaper with respect to other interpolating
approaches.

4. The εt,α value, εt,α,xr , at which the interpolating PCHIP

function equals the e�
χ2 1;1�βthð Þ

2 value corresponds to the
LRCB of the investigated quantile of the total strain
amplitude for the selected nf . By iteratively repeating
points 1 to 4 for different nf , the design curve is built
point by point.

FIGURE 2 PL εt,α½ � function with respect to εt,α: Procedure for

the estimation of the design curves. [Colour figure can be viewed at

wileyonlinelibrary.com]
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Figure 2 helps clarifying the procedure developed for
the estimation of the design curve and shows the PL εt,α½ �
function with respect to εt,α.

It must be noted that, according to the procedure
shown in this section, the proposed design methodology
requires a rather complex implementation, involving sev-
eral iterations and optimizations. However, once it has
been implemented, the design curves can be reliably esti-
mated in a reasonable time. Other design methodologies,
not discussed in the present paper, like the bootstrap
method or the Bayesian approach implemented in the
OpenBUGS software,31 can be also adapted and
employed to perform the parameter estimation process.

3 | LITERATURE VALIDATION

In this Section, the methodology described in Section 2 is
validated with literature results. The procedure described
in Section 2.3 has been implemented step by step in a
Matlab script, which automatically estimates the design
curve. The numerical solution to Equation (14) is
obtained with the command fzero, whereas the maximi-
zation of the Likelihood function in Equations (12) and
(13) is carried out with the fminsearch algorithm, based
on the Nelder–Mead simplex algorithm.32 In the follow-
ing, the design curve corresponds to the R90C90 strain–
life curve.

The effectiveness of the parameter estimation with
the Maximum Likelihood Principle has been first investi-
gated. The experimental datasets available in tabular
form in Williams et al.9 and obtained by testing the SAE
1137 carbon steel alloy and the ferric steel SAE 4512 have
been considered. According to Williams et al.,9 the SAE
1137 is a mild carbon steel, with an average Young mod-
ulus of 209 GPa. The SAE D4512 is a ferric steel used in
industrial cast components, characterized by low ductility
and high strength. The reader is kindly asked to refer to
Williams et al.9 for more details on these two investigated
steels. Figure 3 shows the median curve and the 0.1-th
quantile strain–life curves estimated with the proposed

model, Figure 3A for the SAE 1137 carbon steel and
Figure 3B for the ferric steel SAE D4512. The blue curves
have been estimated by applying the least square method,
with the standard deviations σe and σp estimated as the
root mean square error (RMSE) of the plastic strain and
the elastic strain, respectively. The red curves have been
estimated by applying the maximum likelihood principle,
as detailed in Section 2.

According to Figure 3, the two methodologies provide
the same median curve, as expected. For the SAE 1137
carbon steel (Figure 3A), the 0.1-th quantile curve esti-
mated with the maximum likelihood principle is closer to
the experimental data and above the “least square” curve
in the LCF life range, whereas an opposite trend is found
in the HCF life range. One datapoint out of 14 is below
the 0.1-th quantile, corresponding to about 10% of the
data, as expected. For the SAE D4512 steel, the median
and the 0.1-th quantile curves overlap, thus with the
same estimated parameters. This analysis confirms that
the procedure based on the Maximum Likelihood Princi-
ple provides reliable estimations of the standard devia-
tions, which can be different from those obtained by
simply applying the least square method to the elastic
and plastic strain data.

The design curves have been then estimated for the
same datasets9 and compared in Figure 4, Figure 4A for
the SAE 1137 carbon steel and Figure 4B for the SAE
D4512 ferritic steel. In particular, the median and the
design curves estimated with the methodology developed
in Williams et al.,9 based on the Owen tolerance interval,
and those estimated with the methodology proposed in
this paper are plotted. In Williams et al.,9 the design
curves have been estimated by considering a subset of
data for the plastic strain amplitude and a subset for the
elastic strain amplitude. For the SAE 1137, a transition
life is “roughly estimated” as 22000 reversals. All the data
below this transition life and the two data points immedi-
ately above have been considered for the LCF life range.
Similarly, all the data with fatigue life above the esti-
mated transition life and the two data immediately below
are considered for the estimation of the elastic strain–life

FIGURE 3 Median and 0.1-th

quantile curves estimated with the least

square method (blue curve) and with the

maximum likelihood principle (red

curve): (A) SAE 1137 carbon steel9;

(B) SAE D4512 ferritic steel.9 [Colour

figure can be viewed at

wileyonlinelibrary.com]
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curve. For the SAE D4512 steel, only the data showing a
plastic strain amplitude above 0:0005mm=mm are con-
sidered for the plastic strain curve, whereas all the avail-
able data have been considered for elastic analysis. The
elastic and plastic design curves are estimated by consid-
ering the approximate Owen tolerance limits. On the
other hand, the design curves estimated with the
approach developed in this work have been obtained by
considering all the available elastic and plastic strain
data. In the following figures, “ML” and “LRCB” refer to
curves estimated with the proposed methodology, that is,
the median curve estimated by applying the Maximum
Likelihood Principle and the design curve estimated with
the LRCB, respectively.

According to Figure 4, the approach in Williams
et al.9 and the one proposed in the present paper provide
similar results. For the SAE 1137 steel, the median
curves are close, with negligible differences. Similarly,
the difference between the design curves is quite limited
in the LCF range, with the curves being very close, and
tends to increase in the HCF life range, with the LRCB
curve being below that estimated in Williams et al.9 On
the other hand, a larger difference can be observed by
considering the SAE D4512 steel (Figure 4B). Indeed the
curve in Williams et al.9 is more conservative for the
whole LCF-HCF life range and below the LRCB design
curve. However, even if less conservative, the LRCB
design curve is below all the experimental failures too,
in agreement with the definition of “design curve,”
being capable of properly modeling the experimental
variability and adapting to the variability
experimental data.

In the following, the influence of runout specimens on
the design curves has been investigated by considering the
same datasets in Williams et al.9 Indeed, one of the
strengths of the approach based on the LRCB is that it can
take into account the influence of runout specimens by
applying the maximum likelihood principle for the mate-
rial parameter estimation. Indeed, if all the unknown con-
stant coefficients, that is, also the standard deviations for
the elastic and plastic life ranges, would have been

estimated with linear regressions, the important informa-
tion contained in runout specimens would have been
neglected. On the other hand, by applying the maximum
likelihood principle (Equation 12), runout data and the
important information they contain can be reliably consid-
ered. In Williams et al.,9 one runout specimen at 5 �106
reversals has been experimentally found by testing the
SAE 1137 steel. However, this experimental result has
not been considered in the analysis carried out in
Williams et al.,9 since the least square method does not
allow to take into account censored data (“If the sample
did not fail, the data point should be excluded from this
analysis because this analysis technique is only valid for
failure occurrence and the analysis of an endurance limit
involves a different approach,” according to Williams
et al.9). In Figure 5A, the experimental data for the SAE
1137 steel in Williams et al.9 have been reanalyzed by
considering also the runout specimen excluded in the
previous analysis. The median and the design curves esti-
mated with the LRCB and with the methodology in
Williams et al.9 are plotted. Moreover, to investigate also
the influence of the number of runout specimens on the
design curves, the dataset for the SAE 1137 steel has been
modified by considering as runout number of failures the
largest 2 �nf found experimentally (3:3 �106 cycles).
Accordingly, the dataset for the SAE 1137 steel analyzed
in Figure 5A has been modified, with one failure “trans-
formed” into runout specimens, with a total of two run-
out specimens at different total strain amplitude.
Figure 5B plots the median and the design curves esti-
mated with the model based on the Owen tolerance
limits9 and the one developed in the present paper by
considering the modified dataset which includes two run-
out specimens. It must be noted that the number of run-
out data should be limited. Indeed, as pointed out also in
previous works,28,30,33 low-stress amplitude runout data
do not improve the design curve estimation, but, on the
other hand, significantly increase the testing time.
Accordingly, the proper testing strategy should be
defined to avoid collecting large numbers of runout data.
If available, however, runout data should be considered,

FIGURE 4 Median and design

curves estimated through the

methodology developed in Williams

et al.9 and in the present paper: (A) SAE

1137 carbon steel9; (B) SAE D4512

ferritic steel.9 [Colour figure can be

viewed at wileyonlinelibrary.com]
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and this is a strength of methodologies dealing with the
strain–life curves.20

According to Figure 5, neglecting runout specimens
can affect the estimated design curves, depending on the
datasets. The design curves in Figure 5A for the SAE
1137 steel estimated with the Owen tolerance limits9 and
the LRCB are close, with limited differences. The stan-
dard deviation estimated with the procedure developed
in the present paper varies by considering the runout
specimen (from 7:79 �10�2 to 8:08 �10�2 for the elastic
strain and from 4:12 �10�2 to 3:96 �10�2 for the plastic
strain), but this variation is too small to be appreciable in
Figure 5A. Indeed, one runout specimen with runout
number of reversals close to the number of reversals of
failed specimens has a limited influence on the estimated
strain–life curves. The design curve estimated with the
method in Williams et al.,9 on the other hand, does not
change.

The influence of runout specimens is more evident in
Figure 5B, where two runout specimens have been con-
sidered. The variation of the design curve in Williams
et al.9 is due to the reduction of the number of failures
for the elastic strain, thus increasing the multiplicative
factors considered for assessing the elastic design curve.
On the other hand, the LRCB design curve moves down-
ward, since also the runout specimens are included
within the analysis and with these two data having an
influence on the estimated parameters and on the confi-
dence bounds. The original dataset has been modified by
“transforming” one failure into a runout. Accordingly,
the number of failures in the dataset considered for esti-
mating the design curves in Figure 5B is different from
the number of failures in the original dataset. This jus-
tifies why the design curve counterintuitively moves
downward. Indeed, without one failure in that region,
the uncertainty associated to the strain–life curves
increases and, depending on the failure and runout data
available in that region, the design curve can move
upward or downward. The estimated design curve, there-
fore, modifies to adapt to the dataset including the run-
out specimens and to model the experimental

uncertainty, depending on the available failures and run-
out data in each life range. This analysis has proved that
runout specimens can affect the shape of the design
curve, depending on the dataset, and that they should be
included in the analysis, especially if more than one run-
out has been experimentally found. It must be noted that
runout data at low-stress amplitude or, in general, below
a fatigue limit, if estimated, may not be considered in the
analysis since not informative.33 However, in the present
paper, runout data occurred at strain amplitudes close to
the strain amplitudes of failed specimens. Accordingly, in
datasets like those considered in Figure 5A and in
Figure 5B for which a fatigue limit has not been esti-
mated, the removal of runout data would be arbitrary.
For this reason, runout data have been considered in the
analysis since they are informative and contain relevant
information on the strain life relationship in the HCF life
range, for which failures are generally not available.

The proposed methodology has been also validated
with the datasets available in Borrego et al.34 and in
Harlow.18 In Borrego et al.,34 strain-controlled tests have
been carried out on aluminum alloy 6082-T6 and 6060-T6
up to 106 number of reversals, thus investigating the
LCF-HCF life range. Figure 6A,B plots the median and
the design curves for the 6082-T6 and the 6060-T6 alloys,
respectively. The design curves have been estimated with
the models in Williams et al.9 and the one proposed in
the present paper, starting from data digitized with the
Engauge software from the images reported in the origi-
nal paper.34 This further analysis allows verifying the
effectiveness of the proposed methodology on datasets
obtained through tests of aluminum alloys. Finally, the
dataset in Harlow18 obtained with tests on ASTM A969
hot dipped galvanized sheet steel has been considered
since it is characterized by a large number of data for
each tested total strain amplitude. The experimental data
have been digitized from the εt-nf plot in the original
paper by using again the Engauge software. Due to the
large number of data, many of which overlapping in the
strain–life plot in the original paper, only the data for
which the elastic strain amplitude and the corresponding

FIGURE 5 Median and design

curves estimated through the

methodology developed in Williams

et al.9 and in the present paper to

highlight the influence of runout

specimens: (A) SAE 1137 carbon steel

with the runout data excluded in

Williams et al.9; (B) modified SAE 1137

carbon steel dataset9 with two runout

specimens. [Colour figure can be viewed

at wileyonlinelibrary.com]
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plastic strain amplitude can be reliably extracted have
been digitized. It is worth noting that the objective of this
analysis is to validate the proposed model on datasets
with different characteristics, and not to estimate the real
strain life curves. In total, 37 data have been considered
in the following analysis. Figure 6C plots the median and
the design curves estimated with the LRCB and the
methodology in Williams et al.9 It must be noted that the
objective of this further analysis is to prove the validity of
the proposed method for different types of materials
(steel and Al alloys) and for datasets with large number
of available data.

According to Figure 6A,B, the developed model based
on LRCB agrees even with the experimental data
obtained by testing aluminum alloys. The median curve
crosses the experimental failures and the design curve is
below all the experimental failures, with a trend similar
to that estimated with the model based on the approxi-
mate Owen tolerance limits.9 In Figure 6A, one failure is
below the LRCB design curve, whereas an opposite
behavior is found for the Al6060 alloy, with the design
curve estimated according to Williams et al.9 being less

conservative (one data below the design curve). A similar
behavior can be found by analyzing Figure 6C, where a
large number of experimental data is available. Two data
and one data are below the design curve estimated
according to Williams et al.9 and with LRCB, respec-
tively. The two design curves show the same trend, up to
105 cycles, with the LRCB design curve being more con-
servative in the HCF life range, but with limited
differences.

It must be noted that, for the dataset reported in Fig-
ures 3 and 6B, the experimental data tend to be above the
median curve in the LCF life region and below the
median curve in the HCF life region. This criticality origi-
nates from the separate estimation of the parameters of
the elastic and the plastic strain amplitude-life curves,
without distinguishing between LCF and HCF life
ranges. The authors employed the standard procedure
commonly adopted in the literature9 for the parameter
estimation, whose main weakness is that the compatibil-
ity condition by the vertical and horizontal distributions
is not fulfilled.25 However, this criticality associated to
this strategy for parameter estimation and the median

FIGURE 6 Median and design curves estimated through the methodology developed in Williams et al.9 and in the present paper:

(A) 6082-T634; (B) 6060-T6 alloys34; (C) ASTM A969 hot dipped galvanized sheet steel.18 [Colour figure can be viewed at wileyonlinelibrary.

com]
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curve is well-known in the literature, whereas the focus
of the paper are the design curves and, in general, the
development and the validation of an innovative proce-
dure for the strain–life design curves, fundamental for
the design of components. To overcome this weakness for
the median curve, other methodologies, like the one
reported in previous studies,25,27,35 should be considered.

4 | CONCLUSIONS

In the present paper, a novel methodology for the estima-
tion of the design strain–life curves is proposed and vali-
dated with literature datasets. The following conclusions
can be drawn:

1. The statistical distribution of the total strain and of
the fatigue life is analytically derived. Starting from
the Manson–Coffin and Morrow model and by assum-
ing a Lognormal distribution for the elastic and the
total strain, the plastic strain has been considered
approximately as lognormally distributed and the
cumulative distribution function and the probability
density function of the fatigue life is derived. The dis-
tribution of the fatigue life is therefore not based on
an assumed statistical distribution for the total strain
amplitude, but it embeds the well-known Manson–
Coffin and Morrow model, which has proven to prop-
erly model the LCF-HCF range and the contribution
of the elastic and the plastic strain on the fatigue life.

2. A straightforward procedure for parameter estimation
based on the application of the maximum likelihood
principle has been developed, allowing to consider
both failures and runout data. The slope and the inter-
cept of the linear trend of the elastic and the plastic
strain are estimated by applying the least square
methods, the coefficient of correlation is estimated as
the correlation coefficient between the experimental
elastic and plastic strain amplitudes, whereas the stan-
dard deviations of the elastic and plastic strains are
estimated by maximizing the Likelihood function. The
design curve is assessed by estimating the Likelihood
Ratio Confidence bound (LRCB) of a high-reliability
quantile strain–life curve and is built point by point
through repeated optimizations to obtain the profile
likelihood function. This procedure is more complex
than those available in the literature, but it can be
implemented step by step in numeric software.

3. The effectiveness and the fitting capability of the
developed approach have been demonstrated through
a validation on aluminium and steel alloys with differ-
ent characteristics and sample sizes. The median
curve has been found to be close to that estimated

with literature models. The design curve, similarly,
has proven to properly model the experimental vari-
ability, being below the experimental failures and
close to literature models. The importance of taking
into account also runout specimens in the estimation
has been also demonstrated.

To conclude, the developed novel methodology for
the estimation of the design strain–life curves represents
a reliable alternative to widely adopted literature models.
The drawback concerning its complexity is compensated
by a straightforward implementation procedure and by
its fitting capability and flexibility in modeling the fatigue
response of datasets with different shapes and character-
istics and containing also runout specimens.
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