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Time-Varying Spectrum of the Random String'
L. Galleani® and L. CohenP:?2

2Department of Electronics and Telecommunications, Politecnico di Torino, Corso Duca degli Abruzzi 24,
10129 Torino, Italy
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NY 10065, USA

Abstract: We consider the response of a finite string to white noise and obtain the exact time-dependent
spectrum. The complete exact solution is obtained, that is, both the transient and steady-state solution. To
define the time-varying spectrum we ensemble average the Wigner distribution. We obtain the exact solution
by transforming the differential equation for the string into the phase space differential equation of time and
frequency and solve it directly. We also obtain the exact solution by an impulse response method which gives
a different form of the solution. Also, we obtain the time-dependent variance of the process at each position.
Limiting cases for small and large times are obtained. As a special case we obtain the results of van Lear Jr.
and Uhlenbeck and Lyon. A numerical example is given and the results plotted.
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1 Introduction

Some time after the classical theory of Brownian motion of particles was developed [3], Ornstein [13] and van
Lear Jr. and Uhlenbeck [9] considered the application of Brownian motion theory [16, 17] to extended bodies
and in particular to the finite string. Since that time the random finite string has become a model problem
for studying extended bodies acted on by random forces. Previous work involved the steady-state spectrum
solution and that was generally achieved by starting the system at minus infinity wherein, therefore, an infinite
time has gone by. In this paper we consider the random string problem and start at a finite time [9, 11]. We
obtain the complete solution to the time-varying spectrum. To define the time-dependent spectrum we use the
Wigner spectrum and obtain the exact solution.

This paper is organized as follows. In the next section we review the string equation with external forces.
Then, we discuss how to handle nonstationary noise by way of the Wigner spectrum. Subsequently, we obtain
the exact solution for the Wigner spectrum by two different methods and discuss how it approaches steady
state.

2 String equation with external force

In preparation for solving the random case, in this section we review the deterministic string equation and its
solution. We use the notation of Van Lear Jr. and Uhlenbeck and follow their approach. The only notational
difference is that we use 2y for their 3.

The string equation with damping for unit string density is [9]
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11t is a pleasure to dedicate this paper to Prof. Igor Jex, who has made fundamental contributions to quantum dynamics and
the interface with classical mechanics. In that spirit, this paper extends the results of van Lear Jr. and Uhlenbeck on the random
string to the nonstationary case using the Wigner distribution.
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where A(z,t) is the external applied force which subsequently we take to be the random force. The approach
[9] to solve Eq. (1) is to first solve the homogeneous equation
881—[

0%sy  0%sp Osy
_ -9 / =0 2

Poz o Mo TP o @
by separation of variables. This results in a complete set of eigenfunctions T,,(¢) and X,,(x) which are solutions
of

pX?”L,(x) "’p/X;L(CC) = _/\an(z) (3)
T/ (t) + 2uT) (t) = =\ Tn(t) (4)

and where —\,, are the eigenvalues. The eigenfunctions, X, (z), are orthogonal and complete and are assumed
to be normalized to one3

/ X5 (@) X () = S (5)
where d,,,,, is the Kronecker delta function. The general solution to the homogeneous equation is then
sp(z,t) = Z an T, (t) X0 (2) (6)

where

an :/SH(z,O)X;(x)d:c (7)

2.1 Inhomogeneous equation

To solve the inhomogeneous case, Eq. (1), one expands the unknown solution, s(z,t), and the known source
term, A(x,t), as

s(z,t) = Z Sy ()X () (8)
A(a:) t) = Z An(t)Xn (.13) (9)

where A, (t) are known and are calculated by way of
An(t) = /A(x, X (x)dx (10)

The equations for the unknowns, S,,(t), are obtained by substituting Eq. (8) and Eq. (9) into Eq. (1) to
obtain an ordinary differential equation for each S, (t)

Sy () + 2p8,, (1) + AnSn(t) = An(t) (11)
and which has to be solved for each S, (t). The solution is given by [9]

! t
Sn(t) = 150(0) + 5,,(0) sinwpt + S5, (0) cos wnt] e M+ i/ An(t)e ) sin w,, (¢ — ¢')dt! (12)
Wn, Wn Jo
where
Wy = VA — 12 (13)
where one must take
2 < A\, (14)

Once one obtains the S, (t)’s the general solution, s(z,t), is given by Eq. (8). Following Van Lear and Uhlenbeck
we consider the case of an initially flat string where S,,(0) = S},(0) = 0. Hence we take

t
Sn(t) = wi /0 A (e ) ginw,, (¢ — t')dt! (15)

We note that our method allows also to specify non-zero initial conditions of the string by setting proper
values for S,,(0) and S},(0) in Eq. (12). Moreover, in Eq. (12), we take A,(¢) = 0 for ¢t < 0, and, consequently,
the initial conditions S, (0) and S/,(0) hold for ¢ > 0 only.

3Unless specified, all integrals are from —oco to co and all summations are from 1 to co.



2.2 Statistics of A,(¢)

In the next section we will be finding the time-frequency spectrum for both the transient and steady state. We
shall need the statistics of A,,(¢) as given by Eq. (10). In Appendix A we show that if we take the driving force,
A(z,t), to be

Az, t) = u(t)n(z,t) (16)

where u(t) is the step function and 7(x,t) is white Gaussian noise in space and time, then A, (t) is white
Gaussian noise starting at t = 0, given by

An(t) = u(t)€n(t) (17)
where &, () is white Gaussian noise for each n, with zero mean and autocorrelation function
E[6n(t)&n(t")] = o(t' — t") (18)

where E is the ensemble averaging operator. Note that, since we are dealing with continuous time, white
Gaussian noise has infinite variance, as it can be seen by setting ¢’ = ¢ in Eq. (18).
3 Time-varying spectrum

Our aim is to calculate the time-varying spectrum for s(x,t) as given by Eq. (8) and Eq. (11). The Wigner
distribution W, for a deterministic time-dependent function z(t) is [18]

1 )
W, (t,w) = o /z*(t —In)z(t+ir)e ™ dr (19)

The Wigner distribution has found many applications in both time-frequency and position-momentum space
[1, 2, 10, 14, 15]. For the time-varying spectrum we use the Wigner spectrum, which, for a stochastic process
Z(t) is defined by [12, 6, 2],

- / E[Z°(t— 1) Z(t+ L1)] e dr (20)

where E [Z*(t1)Z(t2)] is the two-time autocorrelation function. Taking

7Z = s(x,t) ZS (21)

then substituting Eq. (21) into Eq. (20), taking the ensemble average and also breaking up the terms into self
terms and cross terms we obtain

W (t,w; x) Z )P W (t,w) + ZX (2)W i (£, w) (22)
n=1 n#k=1
where
Won(t,w) = /E [Si(t—47)Sk(t+ ir)] e ¥dr (23)

In Eq. (22) the prime signifies summation over all n, k, except for n = k.

Our aim is to obtain the time-frequency spectrum at position z on the string, that is W (t,w;z). We obtain
both the transient and steady-state solution. In Appendix B we show that for white noise the cross Wigner
spectrum is zero

Wk(t,w) =0 forn #k (24)

Therefore we only have to concern ourselves with the self terms

W () = / E[Si(t — 1r)Sa(t + 1r)] e dr (25)



and the position-dependent Wigner spectrum is then
o0
W(t,w;z) Z n(t,w) | X (2))? (26)

We note that if we integrate out frequency from W, (¢,w) we obtain

/ Won(t,w)dw = 27E {|Sn(t)\2] (27)

and the time-dependent position spectrum becomes

W(t:a) = 27 / S5 (152 (0] 1Xa () d (28)

which is the case considered by van Lear Jr. and Uhlenbeck [9].

3.1 Solution

There are three approaches we have developed to calculate W, (t,w). The first is to obtain the differential
equation that W, (t,w) satisfies and solve it. The second is to use an impulse response method. The third is
using the solution for Sy as given by Eq. (12), calculate E [S;(t — $7)Sn(t + £7)] and then obtain W, (¢, w)
by way of Eq. (12). We have found that the first two approaches are the most revealing and interesting.

For the first method, consider the Wigner distribution corresponding to S, as given by Eq. (11). We
have to transform the differential equation for S;, into a differential equation for the Wigner distribution. A
general method to obtain the Wigner distribution that corresponds to the solution of an ordinary equation has
been developed [4, 5]. When this method is applied to Eq. (11) one obtains that the differential equation for

Won(t,w) is
(8875 pl) (gt p1> <§t p2> <§t _p5> Won(t,w) = 16Wy, (t,w) (29)

where W4, (t,w) is the Wigner distribution of A4,
W (tw) = / E[A%(t - 1r)An(t + 1r)] e-™dr (30)

and where p1, ps are defined by the equation
pr =2Revy, + 2i (Imy, — w) (31)
and
Y12 = —p Eiwy, (32)
The exact solution to Eq. (29) is

1 u(t)
27 (w? — Ap)? + 47202

2 n 2 S 2 n - t
w |1 e [P W) (w +wn) cos 2(wp, — w)t + p RS — W (wn = w)
dwwy, (wn —w)

_‘W (cos 2wy, + w)t + MW)” (33)

Won(t,w) =

For the second method we consider Eq. (11) with A, (¢) given by Eq. (17)

S (t) + 215, (t) + A Sn(t) = An(t) = u(t)&n(t) (34)



One can show that [7, §]

t
Won (t,w) :/ Wi (t —t',w)dt’ (35)
0
where
Wh(t,w) = e WL(t,w—wn) + W (t,w+ wy) — 2W (¢, w) cos 2w, t] (36)
and where Wp,(¢,w) is given by
in 2wt
Wit te2m T2 37
(1) = u(t)e2 2 (37)
Evaluating Eq. (35) results in
— 1 u(t) 1 oyt [ sin2(w — wp)t
W (f, ) = — 1 — et ST On )P 2w — wp)t
() 8 p? + (w — wp)? wwy, { ¢ - W, +cos2(w — wa)
1 u(t) 1 oyt [ sin2(w + wy)t
- 1 - e~2ut [ SAW T )7 2 )t
87 07 T (w o o, [ e 1 oo + cos 2(w + wy,) (38)

While it is not obvious that Eq. (33) is the same as Eq. (38) they are in fact equal. Both forms are useful
depending on the issues being addressed.

3.2 Steady-state solution and variance

Taking the limit t — oo in Eq. (33) we obtain the steady-state solution for W, (t,w),

1
i Won(b0) = 5 a2 T e

Therefore the steady-state solution for the position-dependent Wigner spectrum is

1 o0
W(w;z) = hrgOWth *Q—Z

o g @) (40)

The variance, o%(x), at position x for the steady-state solution is given by

o?(x) = /tli)rgo W (t,w;x)d =3~ Z/ +4u delen(x)lz (41)

The integral evaluates to

1 s
/ (w? — Ap)?2 +4p2w?  2ud, (42)
and therefore
2
o?(z) = /tlggo W (t,w;z)d -4 Zl ™ (43)

This is the result obtained by van Lear Jr. and Uhlenbeck [9]. However, in the next section we obtain the
variance as a function of time.

4 The time-dependent variance

We now obtain the variance at each position as a function of time. For a general zero-mean process, E[Z(t)] = 0,
the variance is given by

o%(t) = E[Z(t)?] = /Wz(t,w)dw (44)



For our case we take Z(t) = S, (t). Consider first

o} (1) = / W o (1, ) deo

Substituting Eq. (38) into Eq. (45) one has

2

0S,

1 t —+oo
(t) = = /O / Wr(t —t w—wy) + Wt —t' w+w,) — 2Wr(t —t',w) cos 2w,t'] dt’dw

Evaluation leads to

a5, (1)

The steady-state solution is given by

For small times we have

which simplifies to

U ~Y
Sn T 22N,

Therefore the variance as a function of position and time is

1 1 1 1
= M - w—%eﬂut [411 + m (W, sin 2wy, t — pcos ant)}
1
2 p—
05, (00) = Do
2 (1) 1 1( 2ut) 1 +2wflt
78 dpp w2 H 4 AN,

[ 1 1 1 1
o?(t,x) = ; {4)\71# - w—%e_Q”t [ + 5w (wp, sin 2wy, t — pcos 2wnt)} } | X (2)[?

For the steady-state we have

t—o0

m

lim o*(t.2) = 13 3= [Xal@)P

which is Eq. (43) and was obtained by van Lear Jr. and Uhlenbeck [9]. For small times

5 Undamped case

The undamped case is obtained by taking

and Eq. (1) becomes

with

The Wigner distribution then becomes

or

Won(t,w) =

1 u(t)

- "YU (1
27 (w? — w2)? (

Won (t, w)

2 oo
im 2 N
}gx(l)o (t,z) >t 5 Z_:l w%)\an(z)
pnw=0
0?%s ,0s 0?%s
— =p — +p—+A(z,t
a2~ P oy +p8x2+ (%)
Ay = w?
(w~+ wp)?
W) 2w, — _
o, (cos 2(wy, — w)t)
1 u(?)

2

(w—wp)?

dwwy,

(cos 2(wn + w)t))

8T wwy,

(

1—cos2(w—wp)t 1 cos2(w+wn)t)

(w—wn)?

(w+ wn)2

(45)

(46)

(47)

(48)



5.1 Steady-state solution for the undamped case

Taking the limit ¢t — oo in Eq. (57) we obtain the steady-state solution for W, (t,w),
1 1

Jon Won(tow) = 5005 s (%)
Therefore the position-dependent steady-state solution for the Wigner spectrum is
1 — 2
tligch (t,w;x) =5 Z:l E | X0 ()] (59)
5.2 Variance
For the damped case in Eq. (51) the time variance is
1 1
2 _ 2
o2 = /tlggo W (t,w: 2)dw = ) Z 27 el (60)

which goes to infinity for g — 0

6 Example

Of particular interest is the case of a string with p’ = 0 which was considered by van Lear Jr. and Uhlenbeck
[9]. Without loss of generality we take p = 1 in which case we have for the string equation, Eq. (1),

0?%s ds  0%s

and for Eq. (3) we have

X/(z) = =\ Xp(2) (62)
The normalized solutions are given by
2
Xn(z) =4/ 7 sin n%x (63)
with )
nw
w=(7) (64)
According to Eq. (14) we must choose p so that
9 nmH 2
= (5F) 65
p< T (65)

This must be the case for every n. Since the smallest A, is /L we must take

In that case we have that

2 o )
W (t,w;x) Z;Wnn(t,w) sin® —ux (68)
with
Won(t,w) = L u(t) ! 1—e 21t sin2(w = wn)t + cos 2(w — wy )t
TS 8 2 4 (W — wh)? wwy T Wn, "

1 u(t) 1 oyt [ sSin2(w + wy)t
S 1 e2mt (SRS T g0 )t 69
87ru2+(w+wn)2wwn{ e " oo + cos2(w + wy,) (69)



6.1 Steady-state solution

The steady-state solution is when ¢ — oo in which case

— 1 1
Win(t = oo,w) = o (w2 — \p)2 + 4p2w?

and hence the Wigner spectrum is

I & 2
W(t = oco,w;x) 2—2 5 | Xn(2)]

n:l

6.2 Undamped case

For the undamped case where we take p =0

where now

Won (t, (-‘J) =

_ 1 u(?) <1 —cos2(w —wp)t 1 —cos2(w+ wy)t

87 wwy, (W —wp)? B (W ~+ wp)?

Using Eq. (71) the steady-state solution is

1 oo
W (00, w; z) =7 Z ) E sin? n%rx
n=1 L

6.3 Numerical example

™

Following the example of van Lear and Uhlenbeck [9] we take L =1 and p = § in which case

X, (z) = V2sinnrz

with
An = 720

Wy = g\/64n2 -1

and

The Wigner spectrum is then
o0
W(t,w;x) =2 Z W (t, w) sin® nra
n=1

with

W () = > u(t) 1 [1 — e <7TSin2(ww”)t + cos2(w — wn)tﬂ

w2 4 64(w — wy)? wwy, 8 W — Wn
8 u(t) 1 {1 p— <7r sin 2(w + wy, )t

B ;W2+64(w+wn)2 Wy, 8 W+ wn

The steady-state solution is when ¢t — oo

— 1 1
Wpn(t = oo, = 5=
(t=o00,w) 27 (w? — 12n?)2 4+ 72w? /16

+ cos 2(w + wn)t)]

(71)
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Figure 1: The first 3 modes of the Wigner spectrum W (¢,w, z), as given by Eq. (79) computed at z = L/4.

and the Wigner spectrum at infinity is given by

1 & 1 9
W(t = o0,w;z) = o Z (w? —7m2n2)? 4 12w2 /16 [Xn(@)] (82)
n=1

In Fig. 1 we show the Wigner spectrum at position « = L/4 as given by Eq. (79). At ¢ = 0 the Wigner
spectrum is zero, then the energy increases for each mode and concentrates on the modal frequencies w,, for
n =1,2,3. After the initial transient, the Wigner spectrum reaches a steady state, as given by Eq. (82).

In Fig. 2 we take the position at © = L/2. For the range of w plotted one would expect the first four modes
as given by Eq. (79). However, the second and fourth mode are zero because sin nr/2 is zero when n = 2 or
4. In fact for that value of x = L/2 all the even modes are zero.

In Fig. 3 we take the position at z = L/ V5 and now we see all the modes for the range of frequencies
plotted. Not all of the modes are visible, as some are very small.

In Fig. 4 we take x = L/4 and show the first 12 modes of the Wigner spectrum W (t,w,x). The fourth,
eighth, and twelfth mode are zero because sin? n7/4 is zero for all of the modes whose n is a multiple of 4. In
Fig. 5 we show the Wigner spectrum at position x = L/10. For a given time, the energy of the higher modes
decreases slower than for the cases shown in Figs. 1-3. Note that the tenth mode is zero because sin® n/10 is
zero. Finally, in Fig. 6 the left plot is the Wigner spectrum at « = L/4, and the right plot is for = 3L/4. As
expected, the two Wigner spectra are identical because of the symmetry with respect to @ = L/2 of the sin?
term in Eq. (79). This shows the consistency of the calculation.

7 Summary of results

For the string equation
0?5 ds ds 0?%s
— +2u— =p — —+A
g T2 =0 g T pa s tA) (83)

where A(z,t) is the external applied random force the solution is

s(x,t) = Z Sp(t) X () (84)
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Figure 2: The first 4 modes of the Wigner spectrum computed at £ = L/2. The second and fourth mode are
zero because of the sin® term in Eq. (79), which zeros all of the even modes.

Figure 3: The Wigner spectrum at « = L/\/g
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W(t,w,z = L/4)

Figure 4: The first 12 modes of the Wigner spectrum W (t,w, x), computed for + = L/4. The fourth, eighth,
and twelfth mode are zero because of the sin® term in Eq. (79).
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Figure 6: The left plot is the Wigner spectrum at = L/4, whereas the right plot is for # = 3L/4. The two
spectra are identical because of the symmetry with respect to 2 = L/2 of the sin? in Eq. (70).

where X, are the eigenfunctions of the eigenvalue equation

pX,(x) + P/ X5 (2) = =An X () (85)
TI(6) + 20T () = ~ AT () (36)
The equation that S, (t) satisfies is
SU(t) + 2S5, (1) + A Sn(t) = An(t) (87)
where
An(t) = / A, )X (2)dz (88)
The exact Wigner spectrum is
W(twiz) = [Xn(@)]* Wn(t,w) (89)
n=1
where
— 1 u(t)
nn(t, = o
Wan(t,w) 21 (w? = A\p)? + 4pPw?
2 2 in2(w. —
w12 ezt [P @ EO)T (o o — )t 4 p 2 Z )t
dww,, (wn —w)
2 2 :
w4 (w— wy) sin 2(w,, + w)t
T\ ) 2 S A\Wn T )0
T, (cos (wn +wW)t+ (wn o) (90)
or
— 1 u(t) 1 ot [ Sin2(w —wpy)t
nn\l, = o_ 1- " —_— 2(w — wn,
Won (t, w) 87ru2+(w—wn)2wwn{ e i P— + cos 2(w — wy )t
1 u(t) 1 o [ sin2(w + wy)t
- 1— e 2wt (2 T n? 2 1
81 2 + (w + wp)? wwy, [ ¢ ¥, 008 2w + wn)t (01)
and where

The steady-state solution is given by



1 — 2
W(w;z) = thtw x :2—2 ()] (93)

+4u w2|

n=1
The variance as a function of position and time is
= 1 1 1 1
o*(t,x) = Z {4)\71/1 - w—%e”“t [4” + o (wy, sin 2w, t — 1 cos 2wnt)} } | X (2))? (94)

n=1

The undamped case is obtained by letting © — 0 and the explicit expressions are given in Sect. 5.

8 Conclusion

We have obtained the exact time-dependent spectrum for the random string where the forcing term is white
noise. The time spectrum is defined by way of the ensemble average of the Wigner distribution. Explicit
expressions have been derived which involve the transient and steady-state solution. The limiting value for time
going to infinity gives the standard spectrum and agrees with the result of van Lear and Uhlenbeck [9]. The
variance at each position was explicitly given.

9 Appendix A: The statistics of A,(t)

Following van Lear and G. E. Uhlenbeck, we take the random force A(x,t) to be white Gaussian noise in space
and time starting at t = 0,

Az, 1) = u(t)n(z, 1) (95)
where u(t) is the step function and 7n(z,t) is a white Gaussian noise in space and time with autocorrelation
function

En@’, t)n",t")] = é(z" — 2")o(t" —1") (96)
Consequently, the autocorrelation function of the random force is given by
E[A(2 YA, ¢ = ut)o(x — 2ot — ") (97)

where we have used the simplification u(¢')u(t")o(t' —t") = u(t')o (¢’ —t").
We now obtain the statistics of A, (t) as given by Eq. (10). For convenience we take X, (z) to be real and

write Eq. (10) as
t) = Z An(t)Xn(x) (98)

Now consider the autocorrelation function of the A, (¢) 's
E[A, (YA, (")) =F [/ A2, 1) X, (2" )da! / (2" ") X, (2" dz"” (99)
// A" "] X, (2" X (2" da' da” (100)

Using Eq. (95), and performing the delta function integrations and also using Eq. (5) we obtain that

E[An(t) An(t")] = u(t)o(t" - t") (101)
Moreover, since A(x,t) is Gaussian with mean zero, it also follows that A, (¢) is Gaussian with mean zero
E[A,(#)]=0 (102)
Consequently, A, (t) is a white Gaussian noise starting at t = 0, and we can write it as
An(t) = u(t)én(t) (103)
where &,(¢) is a white Gaussian noise for each n, with zero mean and autocorrelation function
B [6n(t)&n(t")] = 6(t — ") (104)
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10 Appendix B: Proof of W,;(t,w) =0

W pi(t,w) is given by

Wty ) / B[S, (t — 1) Sk (t + 47)] e"imdr (105)
For zero initial conditions where
I ,
=— / Ap(t)e M=) sing, (t — t')dt! (106)
W, 0
we have
o 1 1 t—7/2 ,
W (t,w) = o = / E /0 A, (e M2 sing,, (t — 7/2 — t')dt! (107)
t+71/2 . )
X / ARt e T2 ) sinw,, (t+ 7/2 — t")dt" | eV dr (108)
e e (=7 /2—t") —pt+7/2—t")
_ A // —u(t—7/2—t") —p(t+7/2—t" 1
v/l ] A e : (109)
X sinwy (t — 7/2 —t')sinwy, (t +7/2 —t")e " dt'dt" dr (110)
But
E[A, (YA (")) =E {/ (o, "dz' /A "N Xk (2" )dx” (111)
// A2 4] X (2") X (2" )d' dx”! (112)
= //u(t’)&(x' — 2ot —t") X, (2") X (2" ) dx' dx” (113)
=u(t)o(t —t" /X N Xk (2")dz' (114)
—0 (115)
and hence L
Wok(t,w) =0 (116)
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