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Abstract: Motivated by the necessity of suitable state constraint mechanisms within linear
time-invariant (LTI) energy-maximising control of wave energy converters (WECs), this dis-
cussion paper presents an anti-windup (AW) scheme for state constraint satisfaction, where
the associated unconstrained controller is designed via impedance-matching theory for WEC
systems. As in the standard (input) AW scenario, the adopted technique provides a mechanism
for ‘informing’ the (unconstrained) controller when constraints are active, so that appropriate
modifications to future control actions can be taken accordingly. The overall adopted AW
technique is tested experimentally, on a prototype of the Wavestar WEC system, available

at Aalborg University (Denmark).
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1. MOTIVATION

In the light of the inherent requirement of effective state
constraint handling mechanisms for wave energy conver-
sion (WEC) systems (see e.g. (Faedo et al., 2020)), we
present, in this discussion paper, an anti-windup (AW)
scheme for state constraint satisfaction, where the asso-
ciated (unconstrained) energy-maximising control is de-
signed via linear impedance-matching theory. An AW
setup is discussed, based on the structure proposed in (Ro-
jas and Goodwin, 2002), which can be applied to a general
class of non-optimisation-based WEC strategies. The AW
scheme incorporates a tailored design for the associated
limiting circuit, able to map the defined state constraints
into an associated (time-varying) input constraint set. The
combination between LTI energy-maximising controller
and proposed AW technique, is tested experimentally, us-
ing a prototype of the Wavestar WEC system (Hansen and
Kramer, 2011), available within the tank-testing facilities
of Aalborg University, Denmark. We explicitly demon-
strate that the proposed AW scheme is able to consistently
respect the defined state constraints, having a mild impact
on the overall energy absorption performance when com-
pared to its unconstrained counterpart.

1.1 Notation

RT and C° are used to indicate the set of non-negative real
numbers, and the set of complex numbers with zero real-
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part, respectively, while C.y denotes the set of complex
numbers with negative real-part. The Laplace transform
of a function f, provided it exists, is denoted as F(s),
s € C. The Hermitian operator is denoted by F(jw)*, with
w € R. The saturation function is defined as sata(z) =
sign(z) min(|z|,A), A € RT, and z € R. Finally, given
a continuous-time signal g(¢), its discrete-time zero-order
hold equivalent is denoted as g[k].

2. EXPERIMENTAL WEC SYSTEM

The experimental system considered within this discussion
paper, illustrated in Figure 1, is a small-scale (1:20) pro-
totype of the Wavestar WEC device (Hansen and Kramer,
2011), tested within the basin facilities available at Aal-
borg University, Denmark, as part of a larger experimental
campaign in WEC modelling and control, executed in
September 2022. The system, which has been previously
selected as a benchmark case for WEC control assessment
within the first edition of the Wave Energy Control Com-
petition (WEC?*OMP) (Ringwood et al., 2017), is essen-
tially composed of a floater, connected through an arm to
a pivoting point fixed at a reference frame. In equilibrium
position, the arm sits at approximately 30° with respect to
the horizontal reference frame. The system is free to move
in a single degree-of-freedom, and extracts energy from
pitch motion (about the reference point - see Figure 1)
via the corresponding power take-off system (PTO, linear
motor/generator) sitting on the upper structural joint of
the device arm. Though we avoid a full description of each
of the WEC components for economy of space, we refer
the reader to (Ringwood et al., 2017) for further detail.
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Fig. 1. Experimental prototype of the Wavestar system
(left) and corresponding schematic (right).

3. ENERGY-MAXIMISING CONTROL DESIGN

Throughout this study, and adopting the arguments posed
within the WEC3OMP (Ringwood et al., 2017), we assume
that the prototype WEC system, described in Section 2,
can be modelled in terms of a representative linear map
G:C— C,s+— C(sl, — A)7'B € RHa, defined in terms

of a minimal state-space realisation as

. x(t) = Aac(t) + B(de(t) + ’Ltg(lf))7
661 = {0 — oat, )

with (A, B,CT) € R™" x R® x R", and where G(s) is
of relative degree 1. Equation (1) characterises the input-
output (I/0) relation

Yo(s) = G(s) (Do(s) + Us(s)) (2)
where yj is the device (pitch) velocity about the reference
point (see Figure 1), dp is the (uncontrollable) wave

excitation torque due to the action of the wave field, and
ug is the control torque, supplied via the PTO system.

Following the requirement of energy-maximisation in
WEC systems, and adopting a frequency-domain ap-
proach, the optimal control solution wug for maximum
power transfer can be derived via the so-called impedance-
matching principle (Faedo et al., 2022), where the WEC
system is essentially described in terms of an impedance,
analogously to standard circuit theory. Briefly summaris-
ing, let I : C® = R, jw ~— I(jw) be the impedance map of
the prototype WEC system, defined as

1(jw) = 1/G(w). 3)
With the definition in (3), the (frequency-domain) optimal
control solution (load), can be simply written as

Up(gw) = —1(jw) Yo (), (4)
which is, in essence, an output feedback structure.

Remark 1. Though one can be tempted to use the ana-
lytic continuation of I* to C, in order to implement the
control structure in (4), the resulting transfer function is
inherently non-causal, due to the nature of the analytic
continuation of the Hermitian operator (Scruggs, 2010).

Remark 1 refers to a well-known issue in design and syn-
thesis of wave energy control systems. One can, although,
approximate condition (4) by employing tailored causal

and stable control structures, i.e. implementable. In par-
ticular, within this study, we consider a first-order biproper
controller, defined as

K(s) = a15/(s + ag), (5)
where the set of parameters &/ = {a1,as} are uniquely
computed as the solution of the interpolation equation

K(pwz) = I(jwz)", (6)
with wz € RT a suitably selected interpolation frequency.
Remark 2. For the case of the prototype WEC system

considered, the set &7 C RT (see also Section 5), and hence
(5) is both stable and minimum-phase.

4. AW FOR STATE CONSTRAINT HANDLING

Within this section, we introduce the adopted AW scheme
for state constraint satisfaction, tailored for the WEC
prototype presented in Section 2, and the control structure
defined in Section 3. Throughout this section, we consider
the discrete-time equivalents {Gq(q), Ka(q)} (with g the
forward-shift operator) corresponding with the transfer
functions G(s) and K(s) in equations (2) and (5), respec-
tively, computed via a standard zero-order hold procedure
with a sufficiently small sampling time 7, € R*. Further-
more, we write (G4 in terms of a state-space realisation

_ fx[k+1] = Aqz[k] + Ba (do[k] + ug[k]) ,
Gat={" gy e @

where the triple of matrices (Aq, Bq,Cq) stem directly
from (1). We further assume that (7) is subject to a set of
state constraints defined in terms of the velocity yg, i.e.

yolk] = Caz[k] € Y 2 [-A,A],A € RT.  (8)

dy Yo
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Fig. 2. General AW scheme for input constraints.

Figure 2 illustrates a general scheme for AW in the (stan-
dard) case of input constraints (see e.g. (Galeani et al.,
2009)). In particular, following an analogous procedure to
that in (Rojas and Goodwin, 2002), and given that the
controller K4 is biproper, stable, and minimum-phase (see
Remark 2), we can decompose its transfer function as

Ka(q)™' = heo + H(q), (9)

where h. is the high frequency gain of K4(¢)~!, and H(q)
is both stable and strictly proper.

Focusing on the development of an AW scheme for the
WEC state constraint case, we note that the set Y defines a
corresponding input constraint set U. The latter, although,



is inherently time-varying, as discussed in the following.
Consider system (7) subject to the state constraint in (8).
Since Gy is strictly proper with relative degree 1, a one-
step ahead prediction of yy can be computed as

yolk + 1] = CaAqz[k] + CaBa (dg[k] + ue[k]),  (10)

where R 5 CyBq # 0. Solving for ug in equation (10), we
can define the following transition map I' : RxR" xR — R

P(ye,l',dg) = (CdBd)il (yg — CdAdLE) — d@. (11)

Note that the function I', as defined in (11), can be
effectively used to map the state constraint set Y to an
equivalent time-varying input constraint set U(x,dp) =
T(Y,z,dg). In particular, for a given value of yy, the
induced input constraint set can be explicitly written as

U £ [Al(z,dg), A"(z,dp)] C R, (12)

with
Al(z,dg) = (CqBa) ™" (A — CqAqz) — dg,
A%(x,dg) = (CaBa) " ( A — CqAaz) — dy,
where, clearly, it follows that yp € Y < up € U, Vk € N.

(13)

With the time-varying set derived in equation (13), an AW
scheme, effectively able to handle the state constraint Y in
(8), can be defined in terms of the limiting logic presented
in Figure 3. In particular, the adopted AW is, in essence, a
two-step procedure, which can be summarised as follows:

e Let z[k] and dp[k] be the current state of system (7)
and wave excitation input, respectively, and wuy[k] the
control law required by the controller Ky. A one-step
prediction gg[k + 1] can be computed via (10).

o Constraint violations in accordance with the set Y are
subsequently detected in the prediction g by applying
the saturation map sata(-). Based on the saturated
value of g[k + 1], an allowed control action ug[k] can
be back-calculated using the map I'(-,x,dp) in (11).

Remark 3. Clearly, if no constraint violation is detected,
Uy = Up, i.e. the unconstrained control solution, associ-
ated with the energy-maximising controller K, is directly
applied to the WEC. If, on the contrary, the constraint on
Yy is active, Uy takes yg to the limit of the set Y.

{a[k], dp[k]} =-snnsnsmranansananens
v A v
ug|k ok
_QH—P Predictor > I > F(yg,:c,do)‘_ugp[ J
j&a[k—kl}

Limiting logic
Fig. 3. Adopted AW limiting logic.

Remark 4. Effective implementation of the discussed AW
structure requires instantaneous knowledge of the state-
vector x and the wave excitation torque dy, in order to
effectively back-calculate admissible control actions via
(11). Such estimates can be computed in following stan-
dard unknown-input estimation techniques (Pefia-Sanchez
et al., 2019).

5. EXPERIMENTAL RESULTS

We present, in this section, an experimental assessment
of the AW scheme detailed in Section 4, comprising the
energy-maximising control design as in Section 3, and
applied to the prototype described in Section 2. For
performance assessment, we consider an irregular sea-state
characterised in terms of a JONSWAP spectrum, with 2
a significant wave height Hy = 0.063 [m], typical peak
period T, = 1.412 [s], and enhancement factor v = 3.3.
The wave duration is set to 300 [s], which corresponds with
more than 150 typical peak periods. The sampling time,
considered both for data-acquisition, and corresponding
discretisation of system/controller, is set to Tg = 0.005 [s].

Within this study, the WEC model (1), characterising the
behaviour of the experimental prototype, is obtained using
black-box system identification procedures. To summarise,
a set of down-chirp signals with different amplitudes (in
the interval [1,4] [Nm]) is injected into the system as
input (torque) signals, generating a corresponding set of
output (velocity) responses. Each I/O pair is used to
compute a frequency-domain empirical transfer function
estimate (Ljung, 1998), and their corresponding average
is used as target data-set for subspace-based identification
techniques.

With respect to the energy-maximising controller K(s),
as defined in equation (5), the interpolation frequency wz
is chosen in terms of the energetic period associated with
the sea-state considered, i.e. wz = 27/(0.97},) producing a
corresponding set of parameters av; = 14.41 and ap = 5.11.

Concerning the specifics associated with the state AW
scheme itself, the constraint set Y, characterising the state
limitation in (8), is set to A = 0.4 [rad/s|. Note that this
value is conservative for this device (and sea-state), and
has been chosen to clearly illustrate the capabilities of
the proposed state AW in experimental scenarios, under
potentially severe constraint limits.

The results of applying the proposed AW scheme can be
appreciated in Figure 4, where both the unconstrained
(dotted), and constrained (solid), output response of the
WEC are illustrated, together with each associated control
input. Note that both responses are obtained in separate
experiments using the same wave realisation, being the
former only driven by the unconstrained controller K(s),
while the latter effectively incorporates the proposed AW,
with all its components (i.e. energy-maximising controller,
state/input observer, and associated constraint satisfac-
tion logic). It can be straightforwardly seen that the AW
technique is effectively able to enforce the imposed state
constraint, being always within the limit considered, while
the unconstrained controller consistently violates the max-
imum velocity value. Furthermore, note that, as expected
from the arguments posed in Remark 3, the AW strategy
provides an input correction only when the system is
close to attain the constraint limit, by requiring an ‘extra’
torque to assist constraint satisfaction, yet being virtually
the same as the unconstrained energy-maximising solution
when the state constraint is not active.

Remark 5. Though small differences can be noted between
unconstrained and constrained control solutions when the

2 This sea-state corresponds with sea-state N°5 of the WEC3OMP.
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Fig. 5. Absorbed mechanical energy.

state constraint is inactive, these can be explained by the
fact that both controllers are tested in separate experi-
ments, where the same wave has to be realised by the
associated wavemaker, which, although highly repetitive,
presents slight differences in the effective wave generation.

Finally, Figure 5 presents an appraisal in terms of energy
absorption, showing that the AW has a minimum influence
on the overall loop performance, by virtue of the specific
limitation logic, which modifies the unconstrained optimal
solution only when strictly necessary.

6. CONCLUSIONS

We present, in this discussion paper, an AW scheme for
state constraint handling in LTT energy-maximising con-
trol of WEC systems. The technique provides a mechanism
for ‘informing’ the (unconstrained) controller when state
constraints are active, so that appropriate modifications to
future control actions can be taken accordingly. The com-
bination between LTI energy-maximising controller and
proposed AW technique, is tested experimentally, using a
prototype of the Wavestar system. We demonstrate that
the proposed AW scheme is able to consistently respect
the defined state constraints, having a mild impact in the
overall energy absorption performance. Future work will
consider other LTI control structures for K(s), including
those of a broadbanded nature, reported in e.g. (Garcia-
Violini et al., 2020).
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