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ABSTRACT: Wave energy converters (WECs) are most likely to be deployed in large arrays to reduce their
cost of energy. However, the energy production of such arrays can be both positively and negatively affected
by hydrodynamic interactions. Therefore, array layouts need to be carefully optimised. Such optimisation is
usually carried out via hydrodynamic models that neglect more complex descriptions of WECs (e.g. nonlinear
and non-ideal effects in the hydrodynamics and power take-off system) and the impact of advanced control.
However, the articulation of these effects is crucial, since they can strongly impact on the array performance,
questioning the conclusions drawn from simplistic linear assessments. This paper suggests the harmonic bal-
ance (HB) method to assess the behaviour of WEC arrays, which can efficiently articulate nonlinearities.
Results from the HB approach are identical to the steady-state solution of a traditional (nonlinear) time-
domain simulation, while highlighting the potential for a significant computational cost reduction.

1 INTRODUCTION

The technological maturity of floating offshore wind
turbines (FOWTs) has significantly increased in the
recent years, with several prototypes close to the
commercial stage. Nowadays, the sector is taking off
and the first semi-commercial projects have already
been assigned early this year in Scotland: 15GW out
of a total of 25GW offshore wind being assigned for
FOWT . In addition, two more FOWT farms are
expected to be announced in France and Norway,
demonstrating the positive trend towards the com-
mercialisation of FOWT technologies. The wave
energy sector, although slower than FOWTs, is also
reaching higher levels of maturity. Several wave
energy converter (WEC) technologies are getting

closer to the commercialisation stage and the first
pilot WEC array has already been announced in Por-
tugal. In any case, offshore renewable energy sys-
tems, including both FOWTs and WECs, have
a crucial role in the decarbonisation of the energy
sector. Yet, due to the relatively low power of iso-
lated FOWTs (about 10 MW) and WECs (below 1
MW), their future lies on large multi-MW arrays.
The behaviour of FOWTs and WECs in these arrays
can vary significantly due to the aero-hydrodynamic
interaction between the different devices and, thus,
the array layout needs to be carefully designed.
Apart from the aero/hydrodynamic interaction, other
aspects, such as shared mooring lines or electrical
cables, must be evaluated in order to optimise these
farms.
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In the case of WECs, most of the studies in the
literature focus on layout optimisation focused on
hydrodynamic interaction. In this sense, conven-
tional frequency-domain (FD) approaches have been
widely used in the literature. For example, (Babarit
2010) analyses the impact on the absorbed wave
power of the separating distance between WEC arrays
with two devices using a FD numerical model which
takes into account wave interaction. The simplicity and
low computational cost of the FD domain model
allows for studying the impact of different aspects on
WEC arrays. Borgarino (Borgarino et al. 2012) evalu-
ates the influence of hydrodynamic interaction between
bodies on the annual mean energy production of the
WEC array by means of a FD model, where different
sizes of WEC arrays are considered. The same numer-
ical model is also used in (Penalba et al. 2017), where
different WEC array configurations including different
WEC and array sizes are analysed, concluding that the
impact of inter-device hydrodynamic interaction in the
array tends to saturate as the size increases. Similarly,
(Penalba et al. 2020) analysed the impact of long-term
resource trends on the power generation capacity of
WEC arrays of different sizes. Finally, an alternative
approach in time-domain (TD) is suggested in (Gaebele
et al. 2020), where a state-space model for WEC arrays
that includes the PTO mechanism is presented.

However, the WEC hydrodynamic model, and
controller descriptions, in these studies are too sim-
plistic for drawing definitive conclusions. In this
sense, (Garcia-Rosa et al. 2015) also analyses the
layout optimisation for small arrays, but includes an
advanced control strategy for energy maximisation,
while non-ideal effects in the WEC model are
ignored. Considering nonlinear and non-ideal
effects, and the impact of the controller, is crucial
for a precise assessment of WEC array layout. Yet,
incorporating nonlinear and non-ideal effects is
infeasible with traditional FD approaches, and com-
putationally prohibitive by using TD methods. In
this sense, the recent study presented in (Magana
et al. 2021) suggests a nonlinear Model Predictive
Control algorithm for the maximisation of the
energy absorbed from WEC arrays, where nonlineri-
ties of the oscillating water column chamber, due to
air compressibility and PTO dynamics, are included.
However, hydrodynamic nonlinearities are still neg-
lected in this study and cannot be captured by the
state-space model suggested by the authors. There-
fore, the accurate analysis of WEC arrays requires
a computationally inexpensive but precise modelling
technique that enables efficient articulation of non-
linear and non-ideal effects.

In this context, the Harmonic Balance (HB)
method seems an ideal choice, since it allows for the
articulation of nonlinear effects, but with low com-
putational burden by means of the hybrid frequency-
time-domain approach. This approach has already
been suggested in the literature for WEC modelling
(Mérigaud and Ringwood 2017, Giorgi and Faedo
2022), articulating nonlinear hydrodynamic effects,

and advanced controllers. In fact, the HB approach
is also suggested for the analysis of WEC arrays
(Wei et al. 2021), although nonlinear effects are
restricted to the power take-off (PTO) system.

The present paper also suggests the HB approach
for the assessment of WEC array layouts, but includes
nonlinear hydrodynamic effects as a distinguishing
factor compared to other studies in the literature. The
model presented here serves as the basis for future
articulation of other nonlinear hydrodynamic effects
(e.g. nonlinear Froude-Krylov effects), nonlinear and
non-ideal PTO effects, and advanced controllers.

The paper is organised as follows. Section 2
describes the mathematical model for WEC arrays,
including hydrodynamic interaction effects; Section 3
defines the theoretical framework for the HB approach;
Section 4 describes the case study analysed in this
study; Section 5 presents and discusses the main
results; and Section 6 draws the fundamental conclu-
sions of the study and suggests the main development
lines for future implementations of the HB approach.

2 WEC ARRAY SYSTEM

In this section, the basics behind WEC array modelling
are introduced. For the sake of simplicity, the devices
comprising the array are assumed to be geometrically
identical and move in a single degree-of-freedom
(DoF).

2.1 WEC motion in the array

Based on Newton’s second law, a WEC array com-
posed of nb devices can be numerically described as
follows,

m€zðtÞ ¼
XN
i

fiðtÞ; ð1Þ

where m ¼ m � Inb 2 R
nb�nb , m being the mass of

a considered isolated WEC, Inb 2 R
nb�nb the identity

matrix, f ðtÞ 2 R
nb�1 a vector with N different forces

acting on the N devices of the array, and zðtÞ; _zðtÞ; and
€zðtÞ 2 R

nb�1 the displacement, velocity, and acceler-
ation of the WECs, respectively. In this study, without
loss of generality, five different forces are considered,
namely the hydrodynamic excitation force (fex), radi-
ation force (fr), hydrostatic restoring force (fh), PTO
force (fpto), and viscous force (fv). All these forces are
considered as linear forces, except for the viscous
force, which is represented as a quadratic function.

The excitation force refers to the force that
the incoming waves exert on the devices. The
restoring force is defined as fh ¼ khzðtÞ, with
kh ¼ kh � Inb 2 R

nb�nb being a matrix containing the
information of the hydrostatic stiffness (kh) of all the
devices in the array. The radiation force is given as
described in Cummins’ equation (Cummins 1962),
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frðtÞ ¼ hr ? _zðtÞ þ μ€zðtÞ; ð2Þ

where the symbol ? denotes convolution, and
hr 2 R

nb�nb and μ 2 R
nb�nb correspond to the radiation

impulse response kernel and infinite frequency added
mass (μ ¼ limω!∞ ArðωÞ) of each body (diagonal
terms) and the interaction between devices (off-diagonal
terms), respectively. The radiation kernel hr can be com-
puted from the so-called radiation added-mass and
damping coefficients (ArðωÞ and BrðωÞ, respectively)
following Ogilvie’s relations (Ogilvie 1964). Note that
inter-device hydrodynamic interaction is included in the
radiation and excitation hydrodynamic coefficients, as
illustrated in (Penalba et al. 2017).

For this analysis, the PTO force is computed as
follows,

fpto ¼ hpto _zþ kptoz; ð3Þ

where hpto ¼ hptoInb and kptokptoInb , with hpto and
kpto the PTO damping and stiffness coefficients,
respectively. Finally, the nonlinear viscous force is
defined following the well-known Morison’s equa-
tion (Morison et al. 1950) as,

fv ¼ hd _zðtÞj_zðtÞj ð4Þ

where hd ¼ hd � Inb 2 R
nb�nb and hd is the viscous

drag coefficient. Thus, Equation (1) can be re-written as,

M€zðtÞ ¼ fexðtÞ � ðkh þ kptoÞzðtÞ � hr ? _zðtÞ
�hpto _zðtÞ � hd _zðtÞj_zðtÞj; ð5Þ

where M ¼ mþ μ.
Finally, it should be noted that additional forces in

the WEC array description could be considered with-
out loss of generality of the proposed HB strategy
and negligible impact on the computational cost.

2.2 WEC array power absorption

Finally, the power production of the WEC array can
be computed based on the motion of the devices in
the array. Absorbed power is defined as the mech-
anical power absorbed by the WEC from ocean
waves, where further conversion into other forms of
mechanical energy (i.e. pneumatic energy in oscil-
lating water column devices or hydraulic energy in
hydraulic PTO systems) and electricity is neglected.
Hence, the time-average power absorbed by the
WEC array is given as follows:

Pav ¼
Z tsim

0
fpto � _zðtÞdt: ð6Þ

The impact of the inter-array hydrodynamic inter-
action on device behaviour can be analysed by com-
paring the body motion of a WEC in the array with
an isolated WEC. However, comparison of the power
absorption is not as straightforward, since the power
absorption of each device in the array is not necessar-
ily the same. Therefore, in the case of WEC arrays,
a gain-factor or q-factor is usually employed, which
allows for the study of absorbed power variations in
percentage terms. The q-factor is defined between the
power absorbed by an isolated device (Pisolated), the
number of WECs in the array and the power absorbed
by the complete array (Parray) as follows:

q ¼ Parray

N � Pisolated
: ð7Þ

This q-factor can take any value, with q ¼ 1
meaning that the hydrodynamic interaction is neutral,
q41 meaning that interaction is constructive and
q51 destructive. Constructive interaction means that
the WECs in the array are able to absorb more
energy than when isolated, due to the hydrodynamic
interaction. In contrast, destructive interaction appears
when the hydrodynamic interaction hampers the
motion of the WECs in the arrays, resulting in lower
power absorption compared to an isolated WEC.

3 HARMONIC BALANCE APPROACH

This section briefly describes the HB implementation
considered in this study, which is based on the
theory presented in (Giorgi and Faedo 2022). Har-
monic balance is a well-known approach used to
analyse the dynamics of nonlinear systems using an
approximate harmonic representation of the corres-
ponding system variables (Krack and Gross 2019).

Note that Equation (5) can be re-written in terms
of a continuous-time state-space system as

_xðtÞ ¼ f ðxðtÞ; fexðtÞÞ; ð8Þ

where xðtÞ ¼ ½zðtÞT _zðtÞðtÞT�T 2 R
2nb�1, and zðtÞ

defined as in Equation (5) with f being the corres-
ponding state-transition map, which can be derived
from Equation (5). The excitation force fexðtÞ can be
assumed to be described based on harmonic func-
tions as follows:

fexðtÞ ¼ Fex cosðωtÞ; ð9Þ

where Fex 2 R
þ is the amplitude of the excitation

force signal and ω the associated fundamental fre-
quency. From now on, T ¼ 2π=ω is referred to as the
fundamental period of Equation (9). According to
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standard HB theory, it is assumed that the steady-state
solution of Equation (5) can be approximated using
a finite-dimensional space H ¼ spanðXÞ, where the set

X ¼ fcosð pωtÞ; sinð pωtÞgNp¼1 ð10Þ

is complete. Then, the solution of Equation (5) can be
approximated as xðtÞ ¼ ~xðtÞ, with ~xðtÞ 2 H defined as
a linear combination of the elements composing X as,

~xiðtÞ ¼
XN
p¼1

αpi cosðpωtÞ þ βpi sinðpωtÞ; ð11Þ

with i 2 Nn. In order to describe Equation (11) in
a compact form, let us define the auxiliary variables

�Xi ¼ ½αiβi:::αNi βNi �;
�ðtÞ ¼ cosðωtÞ sinðωtÞ::: cosðNωtÞ sinðNωtÞ½ �T;

ð12Þ

with f�Xi;�ðtÞg � R
N . Thus, the approximation of

the state vector of Equation (11) can be now written as

~xðtÞ ¼ �XT
1 :::

�XT
n

� �
�ðtÞ: ð13Þ

In fact, the excitation force as introduced in Equa-
tion (9) can also be written now in terms of �ðtÞ as

~xðtÞ ¼ Fex 0½ ��ðtÞ ¼ �F�ðtÞ ð14Þ

It is possible now to define the residual
Rð~x; fexÞ ¼ _~x� f ð~x; fexÞ in terms of � as

Rð�X ; �F;�Þ ¼ �X _�� f ð�X�; �F�Þ; ð15Þ

and a set of shifted generalised Dirac-delta functions
as Dc ¼ fδðt � tjÞ ¼ δjgqj¼1, with q4nN. Thus, the
expansion coefficients �X that approximate the solu-
tion of the state vector, as shown in Equation (13),
can be computed using a Galerkin pseudo-spectral
approach, which forces the projection of the residual
function (15) to be 0. Note that this approximation is
conducted for a broad-banded representation by con-
sidering the response of the system across the com-
plete frequency spectrum.

4 CASE STUDY

The objective of the present study is the development
of a HB framework that allows for the articulation of
nonlinear effects in the analysis of WEC arrays.

Therefore, the use of simple geometries as WECs is
acceptable. Hence, the analysed WEC arrays are com-
posed of identical heaving cylindrical bodies with
a diameter (�) of 10m, a draft of 10m, and a mass of
m ¼ 7:9 � 105kg (assuming half of the cylinder is
submerged). In total, the analysis is restricted to two
different WEC array layouts: L1 with two bodies in
line and L2 with three bodies in line, both parallel to
the considered wave direction, as shown in Figure 1.
In order to evaluate the impact of hydrodynamic
interaction within the two WEC array configurations,
several inter-device distances (db) are analysed, from
20m (2�) to 2000m (200�). Note that the PTO stiff-
ness and damping employed in all cases are optimised
for the isolated body case (a single WEC with no
other devices in the area): hpto ¼ 2 � 105N=m and
kpto ¼ �2 � 105Ns=m. Similarly, note that the viscous
drag coefficient hd is identical for all devices in the
WEC array. Considering the high uncertainty in the
definition of the viscous drag coefficient, and the fact
that a precise estimate of this coefficient is beyond
the scope of the present study, a standard value has
been considered for the coefficient.

5 RESULTS

The two WEC array configurations are analysed in
order to (i) show the main benefits of the suggested
HB approach and (ii) optimise the WEC array layout
for each configuration, including nonlinear viscous
effects. To that end, the new approach presented in
this study must be adequately validated. Section (5.1)
examines the suitability of the HB approach by com-
paring it against a traditional TD hydrodynamic model
based on Cummins’s equation, solved via direct con-
volution. A second-order numerical scheme (Runge-
Kutta 2, RK) is used for the TD model, which is dem-
onstrated to be adequate for both linear and nonlinear
TD hydrodynamic models (Penalba and Ringwood
2019). On the other hand, Section (5.2) presents the
results for different inter-device distances, identifying
the optimal distance for both L1 and L2 configur-
ations. For all the simulations analysed in this study,
an irregular sea state is considered, with Figure 2

Figure 1. The two array layouts analysed.
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illustrating the JONSWAP-based theoretical spectrum,
for which the significant wave height (Hs) is 2m and
the peak period (Tp) 8s. In order to obtain results that
are statistically consistent with the characteristics of
this sea state, 25 different realisations are performed,
and calculating the average motion and power
absorption.

5.1 HB method validation

The validation of the HB approach is first conducted
with an isolated device, for which the results from
the RK model and the HB approach are shown to be
identical in Figure 3. The only difference arises at the
beginning of the simulation (first 20s), where the RK
model has not yet reached the steady-state solution.

In addition to the isolated case, results for one of
the WEC array configurations are also compared.
The simplest configuration L1 is selected, using the
shortest inter-device distance (db ¼ 2�), where the
interaction should be strongest. Hence, the body
motion of the two WECs in the array are compared,
as illustrated in Figure 4, where the same conclusion
as in the isolated case can be drawn: results from the
TD and HB models are identical once the TD model
reaches the steady-state solution. Therefore, one can
confidently state that the HB approach is validated.

Apart from the comparison in terms of body
motion, the comparison of the computational burden
of the different approaches is also interesting, since
the HB approach is expected to be significantly more
efficient. This comparison is carried out with respect
to two main variables: (i) the simulation time and (ii)
number of WECs in the array. Figure 5 illustrates the
two comparison, top and bottom graphs illustrating
the sensitivity of the approach to the simulation time
and number of devices, respectively. Hence, one can
see that the computational burden increases linearly
for the TD simulation as the simulation length
increases. In contrast, the computational burden
increases exponentially in the case of the HB
approach, meaning that the computational burden of
the HB approach can even increase above the trad-
itional RK model when the length of the simulation
increases substantially. It should be noted that, for
certain applications, relatively long simulations
(between 15min up to 1h) are necessary, for which
the current HB implementation would not be suit-
able. With the simulation time defined at 100s, as in
Figures 3 and 4, the impact of increasing the number
of devices in the WEC array is shown in the bottom
graph in Figure 5. For the isolated device and small
arrays (up to 3 devices) the computational burden of
the HB approach is significantly lower. However, the
ratio between the computational burden of the RK
model and the HB approach reduces exponentially
as the number of devices increases.

Therefore, one could say that the HB approach is
not suitable for the simulation of WEC arrays with
long simulations and a considerable number of
devices. However, this statement should be clarified
and the conclusion restricted to the present imple-
mentation of the HB approach. In fact, the literature
shows that dividing the simulation into several

Figure 2. The theoretical JONSWAP-based wave spectrum
for a Hs ¼ 2m and Tp ¼ 8s sea state.

Figure 3. WEC position of an isolated body computed via
the traditional TD model (RK) and the HB approach.

Figure 4. WEC position of an isolated body computed via
the traditional TD model (RK) and the HB approachs (L1).
inter-device distance = 20m.
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shorter parts, by means of relatively simple window-
ing techniques, can significantly reduce the computa-
tional burden (Wei et al. 2021), achieving
computational burden ratios (� ¼ tsimRK

tsimHB
) between 10

and 20, as illustrated for simulations of up to 150s
on the top graph in Figure 5. In fact, higher ratios
could also be achieved by reducing the length of the
windows, since the HB approach provides the
steady-state results straightaway, avoiding the initial
transient effect of traditional RK simulations.

5.2 Layout optimisation

Once the HB approach is validated, the WEC array
layout can be assessed. Hence, power production for
the two WEC array configurations, i.e. L1 and L2, is
evaluated for different inter-device distances via the
q-factor defined in Eq.(7). Figures 6 (a) and (b) show
the q-factor for the L1 and L2 configurations,
respectively, including linear and nonlinear HB
models for both configurations.

In the case of the linear WEC array model,
a strong fluctuation occurs within short inter-
device distances (db510) for the L1 configur-
ation. Starting from highly destructive interaction
(q ¼ 0:5) at db ¼ 2�, the interaction becomes con-
structive (q ¼ 1:5 at db ¼ 5�) and return to neu-
trality very quickly (q ¼ 1 at db ¼ 7�). Once this
fluctuation stabilises, the interaction becomes
positive again within a considerable range of
inter-device distances (105q545). The q-factor
evolution for the L2 configuration is also very
similar, with lower q-factor values at very short
inter-device distances (q ¼ 0:2 at db ¼ 2�), and
an intermediate constructive region that is slightly
narrower and shifted to the left (75q540). After
this intermediate region, the interaction becomes
consistently destructive for both WEC array con-
figurations, only reaching neutrality back again at
the longest analysed inter-device distance

(db ¼ 200�). The same pattern of q-factor varai-
tion is also observed for different WEC array
configurations in (Penalba et al. 2017), except for
the destructive interaction region corresponding to
long inter-device distances. One expects that the
impact of the interaction disappears as the inter-
device distance increases, as observed in (Penalba
et al. 2017) and other similar studies.

This pattern appears to recur for the two WEC
array configurations using a model with nonlinear
viscous effects. Differences are almost imperceptible
and focus on the intermediate region. Figure 7 shows
a closer view of this intermediate region, where dif-
ferences between the linear and nonlinear viscous
models can be observed.

In the case of WEC array configuration L1,
Figure 7 (a) shows that the nonlinear viscous force
produces a shift in the q-factor, but no loss of
absorbed power is identified. Hence, the intermediate
region reaches the same q-factor level, but starts with
longer inter-device distances (db415m) and extends
further until db ¼ 50m. In contrast, the impact of the
nonlinear viscous effects for the L2 WEC array con-
figuration seems more related to a loss of power
absorption capability. Figure 7 (b) illustrates that the
intermediate region narrows slightly. Similarly to the
L1 configuration, the intermediate region starts about
5� later than for the linear case, but ends at the same
point. In addition, the peak factor is reduced by about
5% due to viscous effects. This attenuation is
a typical effect of the viscous effects that is widely
covered in the literature.

Therefore, in both WEC array configurations, the
optimal inter-device distance should be selected
within the intermediate range, ensuring constructive
interaction. However, note that a single sea state is
used in this study. For precise layout optimisation, the

Figure 5. Comparison of the computational burden with
respect to the length of the simulation (top) and number of
devices in the WEC array (bottom). The red dotted-line
represents the ratio between the time required by both
methods (Rtime ¼ tRK=tHB).

Figure 6. The evolution of the q-factor for different
inter-device distances: (a) L1 and (b) L2 WEC array con-
figurations. Blue continuous line denotes the linear model
and the red dashed line the nonlinear viscous model.
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behaviour of the WEC array, and its power absorption
capability, should be assessed for the entire oper-
ational region, considering all the relevant sea states
of the specific location, as in (Penalba et al. 2017).

6 CONCLUSIONS AND FUTURE WORK

The present paper presents a novel mathematical
model for the evaluation of wave energy converter
array layout assessment based on the Harmonic Bal-
ance approach. This approach combines frequency and
time-domain interpretations and enables a computation-
ally efficient articulation of nonlinear and non-ideal
effects. In this study, only nonlinear viscous effects are
included for a preliminary implementation of the
approach, and two relatively simple wave energy con-
verter array configurations (L1 and L2) are studied,
comprising two and three devices, respectively.

The HB approach is first validated against
a traditional nonlinear time-domain model based on
the Cummins’ equation solved via direct convolution
and a second-order Runge-Kutta numerical scheme.
Validation is carried out for an isolated device and
the two array configurations resulting in the follow-
ing main conclusions:

• Results from both approaches are identical for the
steady-state solution. The HB approach directly
provides the steady-state results, while the trad-
itional time-domain model includes an initial
transient period.

• The computational burden of the present imple-
mentation of the HB approach varies exponen-
tially with the simulation length and number of
devices included in the array, while a linear
increase is observed in the case of the traditional
time-domain simulation.

However, the computational burden of the present
implementation of the HB approach can be improved
significantly by modifying the implementation of the

approach dividing the simulation into several win-
dows. Note that the HB approach is particularly com-
putationally efficient for short simulation times.
Therefore, using an efficient windowing technique,
the HB approach can be considerably more efficient
than the traditional time-domain method. In fact, this
advantage in computational cost is especially relevant
when more complex nonlinear effects, such as non-
linear Froude-Krylov forces or nonlinear power take-
off dynamics, are included.

Finally, the impact of the nonlinear viscous effects
on the optimal layout is shown to be relatively low.
In the two-device L1 array configuration, the non-
linear viscous effects insert a shift in the q-factor,
shifting the constructive intermediate region to
longer inter-device distances. In contrast, viscous
effects in the three-device L2 array configuration
insert an attenuation of the power absorption cap-
abilities of the array, reducing the peak q-factor.
However, the inter-device distance at which this
peak appears does not vary.

Based on the results obtained in this study, future
research lines include:

• The extension of the analysis to consider the
entire wave climate of a specific location includ-
ing all the relevant sea states;

• The implementation of a windowing technique to
reduce the effective simulation length of each
window and reduce the computational cost;

• The articulation of other hydrodynamic nonlinear
effects, such as nonlinear Froude-Krylov forces;

• The implementation of a more sophisticated
power take-off system with nonlinear and non-
ideal effects; and

• The implementation of advanced control struc-
tures that enable the power maximisation of the
wave energy converters in the array.

Incorporating all these aspects into the array model
is crucial for precise array layout optimisation. In
this sense, the HB approach presented in this study
enables implementation of all these aspects in
a computationally efficient manner, which is vital for
optimisation purposes.
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