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ABSTRACT

The mechanical-to-electrical energy conversion stage in
wave energy devices is commonly affected by losses associated
with the power take-off (PTO) system, inevitably leading to non-
ideal conversion in practical scenarios. Such behaviour needs to
be incorporated within the wave energy converter (WEC) energy-
maximising control design procedure, so as to guarantee optimal
operation of the device under these non-ideal conditions. Moti-
vated by this requirement, we present, in this paper, a nonlinear
moment-based energy-maximising control solution for WECs un-
der non-ideal PTO behaviour. We show that the mathematical
formalism proposed always admits a globally optimal energy-
maximising solution, facilitating the application of state-of-the-
art numerical routines, leading to real-time performance. Nu-
merical results are presented for a heaving point absorber WEC
system, illustrating the capabilities of the proposed controller in
a non-ideal PTO conversion scenario, including a comparison
with a benchmark control strategy.

1 Introduction

The path towards successful commercialisation of wave en-
ergy technology inherently encompasses the design and synthe-
sis of appropriate energy-maximising control technology, capa-
ble of achieving maximum energy extraction from the incoming
wave field [1, 2], hence having the potential of substantially re-
ducing the associated levelised cost of wave energy.

Though the last decade saw significant growth in tailored op-
timal control strategies for wave energy converters (WEC) (see
e.g. the review papers [3, 4]), the vast majority of WEC con-
trollers attempt to maximise hydrodynamic energy absorption,
i.e. inherently assuming that the mechanical-to-electrical energy
conversion stage at the power take-off (PTO) system is ideal. Al-
though such idealised conditions can simplify the control design
and synthesis procedure, often leading to powerful, yet tractable,
energy-maximising control algorithms, the assumption of ‘per-
fect’ power conversion can be somewhat limiting in practical
applications. In particular, a truly optimal control regime vir-
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tually always requires1, by definition, reactive power flux (i.e.
injection of power from the grid to the WEC system) to achieve
maximum mechanical energy extraction from the incoming wave
field. During this reactive power phase, the PTO actuator (gener-
ator) is effectively behaving as a motor, and can suffer a signifi-
cant drop in its operating efficiency. Such a non-ideal behaviour
can have a severe impact in energy absorption performance, es-
pecially if the optimal controller does not incorporate such infor-
mation at the design stage (see e.g. [7–9]).

A particularly efficient direct optimal control framework for
WEC systems was recently introduced in [10–13], built upon so-
called moment-based theory [14,15]. Moments are mathematical
objects which, under certain assumptions, can provide a conve-
nient parameterisation of the steady-state behaviour of the WEC
system for a given class of inputs, including those typically char-
acterising the WEC energy harvesting process. Such a parame-
terisation can be explicitly used to transcribe the associated WEC
control problem into a well-posed finite-dimensional nonlinear
program, which always admits a global energy maximising so-
lution, and can hence be effectively computed in real-time (i.e.
is tractable). Though convenient for the numerical solution of a
nonlinear WEC control problem, the moment-based framework
presented in [10–13] considers a unitary mechanical-to-electrical
conversion stage, i.e. an idealised PTO system, which can be
limiting when realistic conversion mechanisms are involved.

Motivated by this, we present, in this paper, an extension
of the nonlinear moment-based framework in [10], which in-
corporates non-ideal PTO behaviour. In particular, we consider
that the mechanical-to-electrical conversion depends upon a dis-
continuous efficiency map, influencing the absorption dynam-
ics for both reactive, and passive power flow cases. Through-
out our manuscript, we demonstrate that the attractive prop-
erties of moment-based control for ideal PTO systems are ef-
fectively retained in this non-ideal PTO counterpart, including
well-posedness (i.e. existence of globally optimal solutions) of
the corresponding nonlinear program, and real-time capabilities.
Furthermore, we illustrate the performance of the proposed con-
trol solution in terms of a case study, involving a heaving point
absorber WEC system inspired by [16].

The remainder of this paper is organised as follows. Sec-
tion 1.1 presents the main notation used throughout our study,
while Section 2 presents the dynamics associated with the con-
sidered WEC system. Section 3 introduces the definition of the
receding-horizon WEC optimal control problem under non-ideal
PTO energy conversion, while Section 4 presents the proposed
moment-based control solution. Finally, Section 5 discusses the
performance of the optimal controller for the selected WEC sys-
tem, while Section 6 encompasses the conclusions of our study.

1As a matter of fact, the only case where reactive power is not required to
achieve optimality takes place when the input wave is monochromatic, and has
the exact same frequency as that characterising the resonance frequency of the
corresponding WEC system (see e.g. [5, 6]).

1.1 Notation and conventions
R+ (R−) denotes the set of non-negative (non-positive) real

numbers. C0 denotes the set of pure-imaginary complex num-
bers. The symbol 0 stands for any zero element, dimensioned
according to the context. The symbol In denotes the identity ma-
trix in Cn×n. The superscript ⊺ denotes the transposition op-
erator. The spectrum of a matrix A ∈ Rn×n, i.e. the set of its
eigenvalues, is denoted by λ (A). The Kronecker product be-
tween two matrices M1 and M2 is denoted by M1 ⊗ M2. The
vectorization operator acting on a matrix A ∈ Cn×m is denoted
as vec(A) ∈ Cnm. Finally, given two functions f1 and f2, such
that f1 : X → Y and f2 : Z → X , the composition f1( f2(z)),
which maps all z ∈ Z to f1( f2(z)) ∈ Y , is denoted as f1 ◦ f2.

2 Point absorber dynamics
Throughout our manuscript, we consider a heaving point ab-

sorber WEC device, inspired by the design presented in e.g. [16].
The system, which is schematically illustrated in Figure 1 (along
with its corresponding dimensions in metres), is essentially an
offshore WEC, where energy from incoming waves is extracted
from the heave (translational) mode of motion.

FIGURE 1. Point absorber device under study (dimensions in [m]).

If we constrain the WEC to move in a single degree-of-
freedom2 (DoF), i.e. heave, the equation of motion of such a de-
vice can be expressed as a finite-dimensional dynamical system
Σ, characterised in terms of an associated differential equation,

2We consider a single-DoF system for simplicity of notation. Similar mod-
elling considerations can be made for a multi-DoF WEC system (see, e.g. [2]).
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given (see [10, 17]) by3

Σ :

{
z̈ = M ( frad + fe + fv + fre −u) ,

y = ż,
(1)

where z : R+ → R denotes the displacement of the device,
frad :R+ →R the radiation force (which accounts for the fluid
memory effects), fv :R+ →R the viscous force, fre the restoring
force, fe :R+ →R, the wave excitation force (i.e. external un-
controllable input representing the force exerted by waves on the
surface of the device), u :R+ →R, the control input (to be opti-
mally designed), and M ∈R>0 is the inverse of the generalised
WEC mass (see e.g. [18]).

The radiation force is characterised by a linear, continuous-
time, strictly proper, passive, finite-dimensional4 system Σr,
which directly depends upon the output of system (1). With-
out any loss of generality, such an output feedback system can
be expressed, in state-space, as

Σr :

{
Γ̇ = FΓ+Gż,

frad = HΓ,
(2)

with Γ(t) ∈Rnr , F ∈Rnr×nr , and {G,H⊺} ⊂Rnr . The mapping
fv, characterising viscous effects, is written in terms of a smooth
approximation of the so-called Morison equation [21], i.e.

fv =−αvż
√

ż2 + ε, (3)

with ε ∈R+ sufficiently small, and αv ∈R+ directly depending
on the physical dimensions of the device. The restoring force fr
is expressed in terms of a polynomial map in z (see [10, 16]), i.e.

fre =−βr0z+βr1z2 +βr2z3, (4)

where βr0 ∈R+ is commonly referred to as hydrostatic stiffness,
and {βr1 ,βr2} ⊂R.

With the specific definitions for the mappings offered above,
system Σ in (1) can be expressed in state-space form as

Σ :

{
ẋ = f (x,ζ ) = Ax+Bζ +g(x),

y = h(x) =Cx,
(5)

with ζ = fe − u the total input force, and where the associated
state vector is defined as x = [z ż Γ⊺]⊺, x(t)∈Rn, with n = 2+nr.

3From now on, the dependence on t is dropped when clear from the context.
4See [19, 20] for a formal discussion on the properties associated with Σr .

The triple of matrices (A,B,C), with A ∈Rn×n, {B,C⊺} ⊂Rn, is
given by

A =

[
A0 −B0H

GC0 F

]
, B =

[
B0

0

]
, C =

[
C0 0

]
, (6)

together with

A0 =

[
0 1

−M βr0 0

]
, B0 =

[
0

M

]
, C0 =

[
0 1

]
. (7)

The mapping g : Rn → Rn, which is exclusively composed of
terms characterising the nonlinear behaviour of system (1), can
be written as

g(x) =
[

g0(x)
0

]
, (8)

with g0 defined as

g0(x) =
[

0
−αvx2

√
ẋ2

2 + ε +βr1x2
1 +βr2x3

1

]
. (9)

Note that the smooth mappings g and g0 are such that g(0) = 0
and g0(0) = 0 so that, clearly, f (0,0) = 0 and h(0) = 0, and (0,0)
is an equilibrium (invariant) point of ẋ = f (x,0).

3 Optimal control problem: Preliminaries
WEC energy-maximising control design procedures can be

defined in terms of an associated optimal control problem5

(OCP), characterised in terms of a corresponding objective func-
tion J . Throughout the reminder of this paper, we adopt a
receding-horizon approach (see e.g. [23]) for the definition of
such an associated OCP. In particular, let T ∈ R+ be the time-
horizon, where one effectively optimises energy capture within
an associated time-window ΞN = [N∆h, N∆h +T ]⊂R+, N ∈ N,
by means of an optimal control input uopt

N : ΞN →R, and where
∆h ∈R+ denotes the receding time-step.

For each window ΞN , the ultimate aim is to maximise the
energy absorbed from the incoming wave field, which can be
explicitly written in terms of an objective map u 7→ J (u), such
that

J (u) =
1
T

∫
ΞN

u(τ)y(τ)dτ =
1
T

∫
ΞN

pm(τ)dτ, (10)

5The reader is referred to [22] for a formal treatment of optimal control theory.
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where y is defined as in (5), and pm = uy denotes the hydro-
dynamic (i.e. mechanical) instantaneous power. With the def-
inition of the control objective map (10), the receding-horizon
WEC OCP can be formalised in terms of the following problem
(Pm):

(Pm) : uopt
N = argmax

uN

1
T

∫
ΞN

u(τ)y(τ)dτ,

subject to
ẋ = Ax+Bζ +g(x),

y =Cx,

(x,uN) ∈ X ×U ,∀t ∈ ΞN ,

(11)

where X ⊂Rn and U ⊂R, with X closed, U compact, and
where (0,0) ∈ X ×U , define the so-called state and input con-
straints, respectively.

3.1 Non-ideal PTO conversion behaviour
The OCP defined in (11) is built upon the premise of max-

imising hydrodynamic power absorption, i.e. raw mechanical
power from the incoming wave field. This is consistent with an
ideal PTO conversion system, where the mechanical-to-electrical
energy map is effectively unity, i.e. pm = pe, with pe denoting
the electric power. As discussed throughout Section 1, in practi-
cal scenarios, such an assumption can be limiting, since the PTO
system is virtually always non-ideal: The electrical power pe,
seen from the PTO side, is effectively different from the (ideal)
hydrodynamic power pm, due to the losses occurring through-
out the conversion stage. This behaviour is often modelled in
terms of a associated efficiency map η :R→R, pm 7→ η(pm),
describing the mechanical-to-electric conversion stage pm 7→ pe
(see e.g. [7, 24]). In particular, when the optimal control proce-
dure (11) necessitates reactive power flow, i.e. the power flows
from the grid to the device (pm < 0), and hence the actuator is
effectively operating as a motor, it virtually always requires more
electrical power supply than the mechanical power it can actually
deliver to the WEC system. On the contrary, if pm > 0 (passive
power flow), the power at the end of the PTO system tends to be
smaller than the mechanical power absorbed from the incoming
wave field by the WEC device.

To (formally) incorporate such a non-ideal PTO behaviour
in the control design procedure, we consider the following ef-
ficiency map, which has been considered explicitly within the
control benchmark case set by the Wave Energy Control Compe-
tition (WECCCOMP) (see e.g. [25, 26]):

η(pm) =
µ2 −1

2µ
sign(pm)+

µ2 +1
2µ

, (12)

where µ ∈ [0, 1] is the so-called efficiency factor (which corre-
sponds to the product of the average efficiencies of each potential
PTO conversion stage). Note that the corresponding electrical
power is hence straightforwardly defined by

pe(pm) = η(pm)pm =


µ pm if pm > 0,
0 if pm = 0,
pm

µ
if pm < 0.

(13)

With the definition of pe in (13), the associated WEC OCP
can be directly written in terms of problem (Pm), with the incor-
poration of the corresponding efficiency map η . To be precise,
such a scenario can be defined in terms of the following maximi-
sation problem (Pe) for electrical energy absorption:

(Pe) : uopt
N = argmax

uN

1
T

∫
ΞN

η(u(τ)y(τ))u(τ)y(τ)dτ,

subject to
ẋ = Ax+Bζ +g(x),

y =Cx,

(x,uN) ∈ X ×U ,∀t ∈ ΞN .

(14)

4 Direct optimal control via moment-based theory
Either in the case of problem (Pm) or (Pe), the WEC energy-

maximising OCP is defined over an infinite-dimensional func-
tion space. As such, a common practice for this type of OCPs,
is that of direct transcription (see e.g. [27]), i.e. suitable dis-
cretisation of the associated state and input variables, so that
the infinite-dimensional OCP can be transcribed into a (finite-
dimensional) nonlinear program (NP). If the transcription is ad-
equate (i.e. well-posed), the resulting NP can be subsequently
solved via state-of-the-art numerical routines, facilitating real-
time solution of either (Pm) or (Pe).

A particularly efficient direct optimal control solution, to
solve for the ideal WEC OCP (Pm), has been recently introduced
in [10–13], built upon so-called moment-based theory [14, 15].
Moments are mathematical objects which, under certain assump-
tions, can provide a convenient parameterisation of the steady-
state behaviour of the WEC system (5) for a given class of in-
puts, including those characterising the WEC energy harvesting
process. Such a parameterisation can be explicitly used to tran-
scribe the associated OCP into a well-posed NP, i.e. a finite-
dimensional nonlinear program which always admits a global
energy maximising solution and can be effectively computed in
real-time.

We show, throughout this section, that the nonlinear
moment-based framework in [10] can be effectively extended to
WEC systems incorporating non-ideal PTO behaviour, i.e. to
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solve problem (Pe) in (14). In particular, we show that the result-
ing NP is also well-posed, and can hence inherently retain the
benefits of the strategy when applied to the ideal OCP (Pm).

4.1 Moment-based representation
We (very briefly) recall the fundamentals behind moment-

based theory for WEC systems, as developed in e.g. [10–13]. In
particular, within moment-based optimal control, both the exter-
nal (uncontrollable) wave excitation force, and the corresponding
control input, are defined in terms of an implicit-form descrip-
tion. In particular, for each time-window ΞN , both maps fe and
uN are written in terms of an appropriate finite-dimensional set
of first-order differential equations6, termed a signal generator
(or exogenous system [28]) GN , i.e.

GN :


ξ̇ = Sξ ,

fe = Leξ ,

uN = Luξ ,

(15)

with S ∈ Rν×ν , ν ∈ 2Z/0, such that λ (S) = {ikω0}ν/2
k=1 ⊂ C0,

and where the triple of matrices (S,ξ (N∆h),Le −Lu) is assumed
to be minimal ∀N ∈ N. Given the nature of the state-transition
mapping f in (5), there exists [10, 14] a unique mapping π such
that, for any fixed trajectory ξ (t) of GN , the steady-state response
xss of system Σ in (5), driven by GN , is xss(t) = π(ξ (t)). We
term the composition mapping M = h◦π the moment of system
Σ at GN . Note that, under this definition, the computation of
the moment at a particular trajectory ξ (t) of the signal generator
(15) coincides with the steady-state output response of Σ driven
by GN , i.e. yss(t) = h(xss(t)) = h(π(ξ (t))).

Following [10, 29], an approximation of the moment M
can be computed, for any ν sufficiently large, in terms of a
finite-dimensional expansion over the set spanned by {ξi}ν/2

i=1 ,
i.e. M (ξ )≈Y ξ , with Y ⊺ ∈Rν , and hence, for a given trajectory
ξ (t), yss(t) ≈ Y ξ (t). In particular, [10, 29] follows a Galerkin-
like approach (see also [30]) for the computation of Y ⊺, by using
the following definitions7:

Ω =
[
ξ (tN

1 ) . . . ξ (tN
w )

]
,

G(Y ) =
[
g(Y ξ (tN

1 )) . . . g(Y ξ (tN
w ))

]
,

Φ = (Iν ⊗C)Φ−1(Iν ⊗−B),

ΦΩ = (Iν ⊗C)Φ−1(Ω−1⊺ ⊗ In),

Φ = (S⊗ In)+(Iν ⊗A),

(16)

6We note that the suitability of the implicit form representation (15), for any
N, has been demonstrated and discussed in [13].

7The reader is referred to [10] for the explicit derivation of each term pre-
sented in equation (16).

with TN = {tN
1 , . . . , t

N
w } ⊂ ΞN a set of w uniformly-spaced collo-

cation instants, with w sufficiently large.
Via the definitions recalled in (16), Y can be computed as

the unique solution of the following nonlinear algebraic matrix
equation

Y − (Le −Lu)Φ
⊺+vec(G(Y ))⊺Φ

⊺
Ω
= 0. (17)

In other words, the adopted moment-based framework facilitates
a finite-dimensional parameterisation of yss in terms of Y , the
solution of (17), which can be explicitly used to transcribe the
OCP (Pe), as demonstrated in Section 4.3.

4.2 Smooth approximation of η

Before describing the moment-based transcription process
associated with problem (Pe), we note that the mapping η in
(12), defining the PTO conversion efficiency, is of a discontin-
uous nature. This, naturally, has an impact on the definition of
the associated OCP (Pe), which is consequently inherently dis-
continuous. The non-differentiability of the control objective at
pm = 0 can potentially lead to numerical issues when solving the
resulting NP via standard numerical routines, which generally
attempt to compute an approximation of the first- and/or second-
order derivatives of the corresponding objective at each iteration.
To circumvent this issue, we propose the use of a C∞ approxi-
mation of η within the optimal control design and computation
procedure, defined in terms of a sigmoid function, i.e.

η(pm)≈ η̃(pm) =
µ2 −1

µ
sigm(pm, l)+

1
µ
, (18)

where sigm :R×R+ →R is defined as

sigm(pm, l) =
1

1+ e−l pm
. (19)

The value l in (19) can be used to adjust the rate of change of
the function about the inflexion point pm = 0, i.e. it defines
the quality of the approximation when pm approaches the non-
differentiable centre point of the efficiency map η . Figure 2 pro-
vides a graphical illustration of the approximation offered by η̃ .

4.3 Direct transcription of (Pe)

The moment-based parameterisation of the steady-state re-
sponse of the WEC system, discussed in Section 4.3, i.e. yss =
Y ξ , with Y the solution of equation (17), can be explicitly used to
transcribe the non-ideal WEC OCP (Pe) into a well-posed NP. In
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FIGURE 2. Smooth approximation η̃ of the efficiency map η .

particular, the solution uopt
N of problem (Pe) can be approximated

by that of the finite-dimensional NP (̃Pe), defined overRν , as

(̃Pe) : Lopt
u = arg max

Lu⊺∈Rν

1
T

∫
ΞN

η̃(Luξ (t)Y ξ (t))Luξ (t)Y ξ (t)dτ,

subject to

Y − (Le −Lu)Φ
⊺+vec(G(Y ))⊺Φ

⊺
Ω
= 0,

(Y ξ ,Luξ ) ∈ X ×U ,∀t ∈ TN .

(20)

where the corresponding optimal control input is computed from
(20) as uopt

N = Lopt
u ξ . Note that the corresponding state and input

constraints are now ‘enforced’ at the finite-set TN ⊂ ΞN .
We now show two fundamental properties underlying the NP

defined by problem (̃Pe): (1) the moment-based equality con-
straint in (̃Pe) can be explicitly included as part of the objec-
tive function (hence alleviating the computational expense be-
hind solving the corresponding NP), and (2) problem (̃Pe) is
well-posed, i.e. it always admits a globally optimal energy max-
imising solution, even in the presence of the non-ideal PTO effi-
ciency map η . To derive these properties, let us define I ∈R as
I =

∫
ΞN

η̃(LuξY ξ )LuξY ξ dτ , for any admissible pair (Y ,Lu).
We begin by noting that the following identity for I follows
trivially

I = Im +Ie,

Im =
∫

ΞN

Luξ (t)Y ξ (t)dτ,

Ie =
∫

ΞN

(η̃(Luξ (t)Y ξ (t))−1)Luξ (t)Y ξ (t)dτ,

(21)

where Im corresponds to ‘pure’ (ideal) mechanical average
power extraction, while Ie reflects the effect of the non-ideal

electrical conversion stage. Given the nature of the spectrum as-
sociated with the signal generator defined in (15), the term Im
can be further evaluated (see [10]) as

Im = Y
(∫

ΞN

ξ (t)ξ (t)⊺dτ

)
Lu

⊺ =
T
2

Y Lu
⊺. (22)

Since 0 /∈ λ (Φ) (see [10]), we further note that, for any admis-
sible Y , the vector Lu can be uniquely written in terms of the
former, i.e.

Lu =−(Y +vec(G(Y ))⊺Φ
⊺
Ω
−Le)Φ

−1⊺ , (23)

which, together with equations (21)-(22), allow for the following
decomposition of the objective function J = I /T in (̃Pe):

J (Y ) = JQP(Y )+JB(Y ),

JQP(Y ) =−1
2

Y Φ
−1Y ⊺+

1
2

Y Le,

JB(Y ) =−1
2

Y Φ
−1

ΦΩvec(G(Y ))+Ie(Y ).

(24)

Note that the term Ie, defined in (21), can be written in terms
of Y by virtue of the identity presented in (23). Finally, using the
derivation in (24), the moment-based NP (̃Pe) can be equivalently
written as

(̃Pe) : Y opt = arg max
Y⊺∈Rν

JQP(Y )+JB(Y ),

subject to

Y ξ ∈ E ,∀t ∈ TN .

(25)

where the corresponding optimal control input is

uopt
N =

(
−(Y opt +vec(G(Y opt))⊺Φ

⊺
Ω
−Le)Φ

−1⊺
)

ξ . (26)

Note that (25) is carried over Y only, and the moment-based
equality constraint in (20) has been effectively included as part of
the control objective function by virtue of (24). The set E in (25)
denotes an “extended” set of constraints for Y , which now also
includes any control-related limitations, written as a function of
Y via (23).

As in the ideal PTO OCP case, discussed in [10], the re-
sulting moment-based NP in (25) is constructed as the sum of a
quadratic function JQP, and a ‘perturbation’ term JB, which
explicitly depends both on the nonlinear mapping g in (5), and
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the non-ideal electrical conversion component of the control ob-
jective Ie. Furthermore, the quadratic term JQP, characterised
by the Hessian matrix H = Φ−1+Φ−1⊺ , coincides with that de-
rived in [31], and is always strictly concave, i.e. λ (H )⊂R−/0.
Since, in addition, for any admissible Y , the maps Y 7→ G(Y )
and Y 7→ Ie(Y ) are smooth and bounded, the NP defined in (̃Pe)
always admits a globally optimal solution, i.e. it is well-posed.
This, naturally, allows for the utilisation of efficient numerical
optimisation routines to compute a solution for the moment-
based energy-maximising optimal control law under non-ideal
PTO behaviour. Note that boundness of the map Y 7→ JB(Y )
is necessary and sufficient to guarantee existence of a global
energy-maximising solution for (25) (see e.g. [32–34]), i.e. no
assumption is made on the norm of the associated bound. We do
note, although, that the ‘size’ of such a perturbation term, mea-
sured in terms of a suitable norm, plays a role on the definition of
the associated search space, considered for solving (25) in prac-
tice. We refer the reader to [10, Section 5] for further detail.

5 Numerical results
We present, in this section, a numerical appraisal of the

moment-based control technique discussed in Section 4, for
the point absorber WEC system described in Section 2, con-
sidering a non-ideal PTO energy conversion stage. The (lin-
ear) hydrodynamic coefficients characterising system Σ in equa-
tion (5) are computed via so-called boundary element methods
(BEMs). In particular, we consider the open-source hydrody-
namic BEM solver NEMOH (see [35]). The set of coefficients
{αv,βr0 ,βr1 ,βr2} ⊂ R, which characterise the nonlinear map-
pings fv and fre, respectively, are adopted from [10]. For the
sake of completeness, Figure 3 provides a graphical description
of both linear and nonlinear dynamic contributions associated
with system Σ. In particular, Figure 3 (left) illustrates the Bode
plot associated with the linear input-output behaviour of equation
(5), while Figure 3 (right) shows the ‘magnitude’ of the associ-
ated nonlinear effects (measured in terms of the 2-norm ∥g(x)∥),
as a function of the first two state variables x1 = z (device dis-
placement) and x2 = ż (device velocity). Note that, as soon as
the device moves away from the physical equilibrium position
(x1,x2) = (0,0), ∥g(x)∥ grows rapidly, stressing the relevance of
the nonlinear effects as soon as the WEC departs from ‘small
motion’ conditions.

For the evaluation of the control performance, we consider
a randomly generated irregular excitation input, whose stochas-
tic characterisation corresponds with a JONSWAP spectrum [36]
with a significant wave height Hs = 2 [m], peak enhancement
factor γ = 3.3, and typical peak period of Tp = 8 [s]. Note that
the latter is chosen relatively far from the resonance period of
the point absorber (see the Bode plot in Figure 3), so as to fully
demonstrate the capabilities of the controller to maximise energy
when the exciting sea-state is far from being ‘naturally resonant’
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FIGURE 3. Graphical account of both linear and nonlinear dynamic
contributions associated with system Σ, for the point absorber WEC un-
der scrutiny.

with the device dynamics.
Regarding the specific parameters characterising the

receding-horizon control calculation defined in (25), we set the
length of the receding time-window to T = 10 [s], which pro-
vides an accurate, yet computationally efficient (i.e. real-time
compatible), representation of both controllable and uncontrol-
lable inputs, without significantly compromising optimality8.
The corresponding receding time-step is set to ∆h = 0.1 [s],
which is one order of magnitude lower than the typical sampling
time for a full-scale device (see e.g. [10]). The value ν in (15) is
set to ν = 16, which corresponds with a maximum k of kmax = 8,
and hence problem (̃Pe) is carried over R16. The set of state and
input constraints E is defined such that |z|< 2 [m], |ż|< 2 [m/s],
and |uN | < 1× 106 [N]. Finally, the approximation parameter l,
used to define the approximate efficiency map in (19), is set to
l = 1. The algorithm used to solve the NP (̃Pe) is based upon the
interior-point method described in [37], implemented in MAT-
LAB SIMULINK®.

Figure 5 shows normalised cumulative electrical energy ab-
sorption for different values of the efficiency factor µ in the set
[0.7, 1]. Note that the normalisation is performed against the
maximum energy capture value, naturally achieved for the ideal
PTO efficiency case, i.e. with µ = 1. Consistent with the differ-
ent ‘levels’ of losses, defined by µ , the electrical energy absorbed
by the device under controlled conditions progressively drops for
lower efficiency values, as expected.

To further analyse the effect of different PTO efficiencies
on the nature of the computed optimal control solution, Figure
4 shows instantaneous electrical power (top), and moment-based

8The larger the value of T , the closer the computed control solution is to the
optimal steady-state energy-maximising motion, though also naturally implying
a higher computational demand (see [13] for a thorough discussion on this trade-
off)
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FIGURE 4. Instantaneous power (top), and moment-based optimal control force (bottom), for different efficiency factors µ ∈ [0.7, 1].

0 50 100 150 200 250 300
0

0.2

0.4

0.6

0.8

1

FIGURE 5. Normalised cumulative energy absorption for different
values of efficiency factor µ .

optimal control force (bottom), for µ ∈ [0.7, 1]. Note that, for
the ideal PTO case (µ = 1), the control solution demands a rel-
atively large amount of reactive power flow, which is inherently
required to effectively enforce resonance of the device with the
incoming wave field. This, naturally, leads to higher values of en-
ergy absorption in such idealised PTO conversion conditions. As
µ decreases, the efficiency of the PTO progressively deteriorates,
especially for the reactive power flow condition. Being aware of
such non-ideal conversion behaviour, the control solution avoids
an excessive requirement of power injection to the WEC, being
increasingly ‘more passive’ as the value of µ decreases.

Figure 6 presents a numerical appraisal of the real-time ca-

150 200 250
10-2

10-1

FIGURE 6. Computational time (in [s]) required by each correspond-
ing control calculation as a function of the simulation time (in [s]). The
horizontal red line indicates the real-time limit, defined by ∆h.

pabilities of the presented control strategy, explicitly showing
computational time (in [s]) required to compute9 the associated
control input for µ = 0.8, as a function of the simulation time
(in [s]). Note that all controller computations are performed with
a computational requirement significantly lower than the limit
∆h = 0.1 [s], i.e. it achieves real-time consistently.

Finally, and to provide a benchmark comparison case with
standard well-established WEC control techniques, Figure 7
shows normalised electric energy absorption for the proposed
moment-based controller, and that for a proportional-integral
(PI) control structure, designed to interpolate the so-called op-
timal impedance-matching frequency response mapping10 at the

9On a laptop featuring an Intel® Processor i7-11800H and 16Gb RAM.
10The corresponding impedance-matching condition is computed via the lin-

earisation of system Σ in (5) about the equilibrium position. The reader is referred
to [6] for a thorough discussion on this topic.
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peak frequency characterising the wave excitation input, i.e.
ωI = 2π/Tp = 2π/8 [rad/s]. The normalisation in Figure 7 is
performed in terms of the maximum electrical energy absorption
value, which corresponds to the moment-based control solution
under ideal PTO efficiency conditions. Note that, not only is the
PI controller always suboptimal with respect to the proposed so-
lution, but it can effectively produce negative electrical power
absorption, even for a relatively mild drop in efficiency. On the
contrary, being aware of the non-ideal conversion behaviour of
the associated PTO, the proposed moment-based control solution
is able to consistently maximise absorption, always producing a
positive energy balance.

0.70.80.91
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1

FIGURE 7. Normalised electrical energy absorption for the proposed
moment-based solution, and a benchmark PI controller.

6 Conclusions
We present, in this paper, a nonlinear moment-based energy-

maximising control solution for WEC systems under non-ideal
PTO behaviour. We show that the mathematical formalism which
underlies moment-based theory can be effectively used to tran-
scribe the corresponding infinite-dimensional OCP, characteris-
ing non-ideal electrical energy absorption, to a finite-dimensional
(tractable) NP. We further show the resulting NP is well-posed,
i.e. it always admits a globally optimal energy-maximising so-
lution, facilitating the application of state-of-the-art numerical
routines, leading to real-time capabilities. Numerical results are
presented for a particular heaving point absorber WEC system,
explicitly illustrating the capabilities of the proposed controller
to maximise energy extraction in a non-ideal PTO conversion
scenario, including a comparison against a benchmark PI control
strategy, showing that the proposed nonlinear controller outper-
forms such a benchmark case for every considered PTO operat-
ing scenario.
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