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CLOSED 1/2-ELASTICAE IN THE HYPERBOLIC PLANE

EMILIO MUSSO AND ÁLVARO PÁMPANO

Abstract. We study critical trajectories in the hyperbolic plane for the 1/2-

Bernoulli’s bending energy with length constraint. Critical trajectories with

periodic curvature are classified into three different types according to the
causal character of their momentum. We prove that closed trajectories arise

only when the momentum is a time-like vector. Indeed, for suitable values
of the Lagrange multiplier encoding the conservation of the length during the

variation, we show the existence of countably many closed trajectories with

time-like momentum, which depend on a pair of relatively prime natural num-
bers.

Keywords: Bernoulli’s Functionals, Closed Trajectories, p-Elastic Curves.

1. Introduction

The present paper is aimed to study the existence and the global properties of
closed critical points of the functionals

(1.1) Bλ : γ 7−→
∫
γ

(√
|κ|+ λ

)
,

defined on convex curves γ of the hyperbolic planeH2. The constant λ is a Lagrange
multiplier encoding the conservation of the length during the variation and κ is the
geodesic curvature of the curve. This is the natural continuation of a previous
work [34], devoted to the analogous problem for curves in the plane R2 and in the
sphere S2. In turn, [34] extended the results obtained in [2, 3, 4, 5, 29] from the
unconstrained (λ = 0) to the constrained case (λ ∈ R).

The functional (1.1) belongs to the family of Bernoulli’s functionals

Bp,λ : γ 7−→
∫
γ

(|κ|p + λ) ,

whose critical curves are known as p-elasticae. These functionals appeared for the
first time in a letter that D. Bernoulli sent to L. Euler in 1738 (see [43], p. 172).

The case p = 2 has been extensively studied since then. In addition to the original
motivations connected with the theory of elastic rods, 2-elasticae have found several
interesting applications in other areas, such as, in surface theory (Willmore surfaces
[30, 37, 45], constrained Willmore surfaces [9, 22, 41], and surfaces with spherical
lines of curvature [15], among others) and in the Canham-Hefrich-Evans modeling
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logia e analisi armonica” and by the GNSAGA of INDAM. The second author has been partially
supported by the AMS-Simons Travel Grants Program 2021-2022. The authors would like to
thank the referee for their valuable comments.

1



2 EMILIO MUSSO AND ÁLVARO PÁMPANO

[10, 16, 21] of bilipid membranes [12, 26, 44]. The existence and the geometric
properties of closed 2-elasticae have been treated in several works published since
the 1980s (see for instance [22, 30, 46]).

In a recent paper [35] Miura-Yoshizawa obtained a complete classification of
p-elasticae in the plane R2, for every real number p > 1. For p ∈ (0, 1), since
the Lagrangian is merely continuous at the origin, the Bernoulli’s functionals are
defined for convex curves. Although these cases have been less studied, some par-
ticular cases are well known. The unconstrained (ie. λ = 0) cases in R2 with
p = 1/2, and p = 1/3, were considered by W. Blaschke ([5], Vol I, 1921, and Vol
II, 1923, respectively) who showed that the critical curves are catenaries (p = 1/2)
or parabolas (p = 1/3). The case p = 1/3 and λ = 0 corresponds with the equi-
affine length for convex curves. After the seminal paper [14], equi-affine geometry
of convex curves has been consistently used in recent studies on human curvilinear
2-dimensional drawing movements and recognition for non-rigid planar shapes (see
for instance [17, 40], respectively, and the literature therein).

For natural values of p > 2, unconstrained p-elasticae were previously studied
in [2]. They have been used to construct Willmore-Chen submanifolds in spaces
with Riemannian and pseudo-Riemannian warped product metrics [1, 8] and have
been applied to analyze conformal tensions in string theories [7]. In the case of
smooth spherical curves, the only closed critical trajectories are geodesics. Surpris-
ingly, smooth closed spherical unconstrained p-elasticae other than geodesics are
2-elasticae or else p ∈ (0, 1) [20]. In [2, 4, 20, 32, 33], for 0 < p < 1, the exis-
tence of infinitely many closed unconstrained p-elasticae in S2 was shown. When
p = (n − 2)/(n + 1), n ∈ N, and n > 2, unconstrained p-elasticae in Riemannian
2-space forms arise in the theory of biconservative hypersurfaces as the generating
curves of rotational ones [32, 33]. In particular, unconstrained 1/2-elasticae have
also been characterized as the generating curves of invariant minimal surfaces in
Riemannian and Lorentzian 3-space forms [3].

The case p = 1/2 of the Bernoulli’s functionals Bp,λ is also special for the fol-
lowing reason: after a suitable contact transformation, the invariant signatures
[13, 23, 27, 31] of the critical curves are the connected components of the smooth
strata of singular elliptic curves. For this reason, p = 1/2 can be considered to
play the role of the classical case p = 2 among the possible values of p ∈ (0, 1). As
in the case p = 2, their study can be made by resorting to elliptic functions and
integrals. However, the appearance of a singularity in the elliptic curves containing
the signatures does not allow one to explicitly express the curvature in terms of
elliptic functions as is the case when p = 2 [22, 30].

In the plane R2 there are no closed 1/2-elasticae [29, 34], while all closed 1/2-
elasticae in S2 were recently found in [34] (constrained case) and previously in [2, 4]
for the unconstrained case. Motivated by these results of Arroyo, Garay, Menćıa,
Musso and Pámpano about the existence of closed 1/2-elasticae in S2, this paper
aims to investigate constrained 1/2-elasticae in the hyperbolic plane H2. Despite
obvious formal analogies, the hyperbolic and spherical cases present substantial dif-

ferences due to the different topologies of their isometry groups, O↑
+(1, 2) and SO(3)

respectively, and to the different properties of the adjoint representations. Another
substantial difference is the following: for every fixed λ, the critical curves of Bλ are

the flow lines of a vector field X⃗λ of the half-plane H = {(x, y) ∈ R2 / x > 0}. In

the spherical case X⃗λ possesses a unique stable equilibrium point (a center), while
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in the hyperbolic case X⃗λ may have, for suitable values of λ, a stable equilibrium
point (a center) and an unstable equilibrium point (a saddle point). This causes
difficulties in the numerical evaluations of those critical curves whose signatures are
near the unstable critical point.

This paper is organized as follows: after recalling the basic features of the hyper-
bolic planeH2 and of the immersed curves, in Section 2 we introduce the variational
problem associated with 1/2-elasticae and compute the explicit expression of their
momentum. To this end, we employ standard arguments of the calculus of varia-
tions and the construction of the Griffith’s phase space. The momentum leads to
a conservation law whose solutions are analyzed understanding the orbit types of
its phase portrait. Section 3 is devoted to the study of periodic solutions to the
conservation law, whose corresponding curves are called B-curves. Depending on
the causal character of the momentum, we distinguish between three possible types
of B-curves: BL-curves, BS-curves and BT-curves. Their explicit parameterizations
by quadratures as well as several representations can be found in Subsections 3.1,
3.2 and 3.3, respectively. In particular, in each subsection, the closure conditions
are shown. It turns out that closed B-curves (B-strings, for simplicity) exist only
among BT-curves. This together with all the necessary concepts is stated in Section
4 (the proof of the existence of BT-strings is postponed to the Appendix, for the
sake of clarity).

2. 1/2-Elasticae

Let R1,2 be the Minkoswki 3-space with the inner product

x⃗ · y⃗ = (x1, x2, x3) · (y1, y2, y3) = −x1y1 + x2y2 + x3y3 ,

oriented by the volume form dx1 ∧ dx2 ∧ dx3, time-oriented by the causal cone
N+ = {x⃗ ∈ R1,2 / x⃗ · x⃗ ≤ 0, x1 > 0}, and equipped with the vector cross-product
× defined by (x⃗× y⃗) · w⃗ = det(x⃗, y⃗, w⃗) where det stands for the determinant.

The hyperbolic plane is the space-like surface

H2 = {x⃗ ∈ N+ / x⃗ · x⃗ = −1} ,
with the induced Riemannian metric gH2 = (dx⃗ · dx⃗)|H2 of constant sectional cur-
vature −1. We identify H2 and the unit disk D2 ⊂ R2 with the Poincaré metric by
means of the isometry

ϕ : x⃗ = (x1, x2, x3) ∈ H2 7−→ 1

1 + x1
(x2, x3) ∈ D2.

Remark 2.1. Throughout this paper we will use the two models of the hyperbolic
plane. In particular, for visualization purposes, the Poincaré disk will be used.

Let γ : I ⊆ R → H2 be a smooth immersed curve where I ⊆ R is its maximal
interval of definition. The hyperbolic Frenet frame along γ is defined by

F = (γ, γ̇, γ × γ̇) : I ⊆ R 7−→ O↑
+(1, 2) ,

where O↑
+(1, 2) is the restricted Lorentz group of R1,2 and the upper dot represents

the derivative with respect to the hyperbolic line element ds (ie. dγ = γ̇ds). The
hyperbolic Frenet frame satisfies the linear system

(2.1) F−1 · dF =

0 1 0
1 0 −κ
0 κ 0

 ds ,
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where κ is the geodesic curvature of γ. If κ(to) = 0 for some value to ∈ I ⊆ R,
we say that γ(to) is a hyperbolic inflection point. Curves with no inflection points
have a preferred orientation such that κ > 0 everywhere. If κ̇(to) = 0 for some
to ∈ I ⊆ R, we say that γ(to) is a hyperbolic vertex.

Remark 2.2. We will distinguish between the curve γ : I ⊆ R → H2 and its image,
denoted by |[γ]| ⊂ H2, which will be referred to as the trajectory of γ.

Let γ be a curve such that its curvature κ is non-constant and periodic. The
wavelength of γ is the least period ω > 0 of κ. The monodromy of the curve is
defined by mγ = F|ω · F|−1

0 , and it belongs to the stabilizer of the trajectory |[γ]|.
The curve γ is closed (ie. periodic) if and only if mγ has finite order nγ ∈ N. We
call nγ the wave number.

Remark 2.3. From the geometric point of view, the wave number is the order of the
symmetry group of γ.

If γ is closed, then I = R and ωγ = nγω is the least period of γ. A closed curve
γ induces an immersion γ : S1ωγ

= R/ωγZ → H2. If γ is injective, we say that γ is
a simple closed curve.

For later use we recall here the hyperbolic analogue of the classical Four Vertex
Theorem [28], proved by S. B. Jackson in [24] (see [42] for an alternative proof in
the convex case):

Theorem 2.4. A simple closed smooth curve in H2 possesses at least four hyper-
bolic vertices.

Remark 2.5. The geometric fact underlying the hyperbolic Four Vertex Theorem is
that the notion of a vertex of a curve in a 2-space form is invariant with respect to
the action of the pseudo-group of Moebius transformations. Therefore, if we take a
curve in the unit disk, its Euclidean and hyperbolic vertices coincide.

We now introduce the variational problem and the class of critical curves under
consideration.

Definition 2.6. A 1/2-elastica with multiplier λ ∈ R is a convex curve in H2 of
class C4 which is a critical point of the functional

Bλ : γ 7−→
∫
γ

(√
|κ|+ λ

)
,

with respect to compactly supported variations through convex curves.

Remark 2.7. The regularity condition requested on the space of admissible curves
is necessary to apply the classical methods of the calculus of variations giving rise
to the standard formula for the variational derivative of functionals depending on
the curvature [2, 3, 30, 36]. Although less regularity may as well be imposed (for
instance, as in the case treated in [35]), this will not be considered in this paper.

As suggested by this definition, from now on we will only work with convex
curves, for which we define the following geometric invariant.

Definition 2.8. The Blaschke invariant of a convex curve γ is

µ =
√
κ ,

ie. the positive square root of the geodesic curvature of γ.
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In the following proposition we characterize 1/2-elasticae with multiplier λ ∈ R
in terms of a vector of R1,2, namely the momentum.

Proposition 1. Let γ be a convex curve parameterized by the arc length. Then,
γ is a 1/2-elastica with multiplier λ if and only if there exists a non-zero vector

ξ⃗ ∈ R1,2, called the momentum, such that

(2.2)
1

2µ
γ +

µ̇

2µ2
γ̇ −

(
λ+

µ

2

)
γ × γ̇ = ξ⃗ ,

where µ =
√
κ is the Blaschke invariant of γ.

Proof. Using a standard formula for the variational derivative of functionals de-
pending on κ [2, 3, 30, 36], a convex curve is critical for Bλ if and only if µ =

√
κ

is a solution of the Euler-Lagrange equation

(2.3)
µ̈

2µ2
=
µ̇2

µ3
− 1

2µ
− λµ2 − µ3

2
.

On the other hand, (2.1) implies

d

ds

(
1

2µ
γ +

µ̇

2µ2
γ̇ −

[
λ+

µ

2

]
γ × γ̇

)
=

(
µ̈

2µ2
− µ̇2

µ3
+

1

2µ
+ λµ2 +

µ3

2

)
γ̇ ,

which proves the result □

Remark 2.9. The explicit expression of the momentum is found via a more con-
ceptual approach, which is based on the construction of the Griffith’s phase space

and the analysis of the moment map for the Hamiltonian action of O↑
+(1, 2) on the

phase space [18, 19, 25, 34, 38].

From (2.2) we obtain the conservation law

(2.4) µ̇2 = −µ2
(
µ4 + 4λµ3 + 4

[
λ2 − c

]
µ2 − 1

)
,

where c = ξ⃗ · ξ⃗. Note that the constant c may have any real value.
In order to understand the solutions of (2.3) and (2.4) we will analyze the orbit

types of its phase portrait.

2.1. The Modified Invariant Signatures. We begin by defining the invariant
and modified invariant signatures of an hyperbolic curve. Let γ : I ⊆ R → H2 be a
smooth immersed curve with curvature κ.

Definition 2.10. The (hyperbolic) invariant signature of γ is the set Sγ ⊂ R2

parameterized by (κ, κ̇). The modified invariant signature of a convex curve γ is

the set Ŝγ ⊂ R2 parameterized by (µ, µ̇), where µ =
√
κ is the Blaschke invariant.

Remark 2.11. Our definition of the invariant signature is the hyperbolic analogue of
the corresponding one for plane curves in Euclidean, affine or projective geometries
[13, 23, 27, 31]. We note that the signature of a convex curve is the image of the
modified signature by the contact diffeomorphism f : (x, y) ∈ H → (x2, 2xy) ∈ H
of the positive half-plane H = {(x, y) ∈ R2 / x > 0}. If γ is a closed convex curve
with non-constant curvature and wave number nγ , the point (µ(s), µ̇(s)), s ∈ [0, ωγ ]
runs through the signature nγ-times. Hence, the wave number is the degree of the
branched covering γ(s) ∈ |[γ]| → (κ(s), κ̇(s)) ∈ Sγ or, in the convex case, the degree

of γ(s) ∈ |[γ]| → (µ(s), µ̇(s)) ∈ Ŝγ .



6 EMILIO MUSSO AND ÁLVARO PÁMPANO

Let H be the half-plane {(x, y) ∈ R2 / x > 0} and X⃗λ ∈ X(H) be the vector field
(see Figure 1, left)

(2.5) X⃗λ|(x,y) = y ∂x + 2

(
y2

x
− x

2
− λx4 − x5

2

)
∂y .

The integral curves of X⃗λ are the modified signatures of 1/2-elasticae with multiplier
λ ∈ R. Hence, they are parameterized by

m : s ∈ I ⊆ R 7−→ (µ(s), µ̇(s)),

where µ is a positive solution of (2.3) and I is its maximal interval of definition.
From (2.4) it follows that the modified signature of a 1/2-elastica with momentum

ξ⃗ is a smooth stratum of C∗
λ,c = Cλ,c ∩ H, where Cλ,c ⊂ R2 is the singular elliptic

curve y2 + x2Qλ,c(x) = 0 and Qλ,c(x) is the quartic polynomial

(2.6) Qλ,c(x) = x4 + 4λx3 + 4(λ2 − c)x2 − 1 .

Non-constant periodic solutions of (2.3) correspond to the smooth compact con-

nected components of Cλ,c contained in H. If λ ≥ −2/ 4
√
27 there are no smooth

compact 1-dimensional phase curves of X⃗λ. Thus, there are no critical curves with
non-constant periodic curvature and, a fortiori, closed 1/2-elasticae. Since our ul-
timate goal is to investigate closed 1/2-elasticae, we discard this case. Thus, from

now on we assume that λ < −2/ 4
√
27 holds. Then, the equilibrium points of X⃗λ are

m±(λ) = (η±(λ), 0), where 0 < η−(λ) < η+(λ) are the two real roots of the quartic
polynomial

(2.7) Pλ(x) = x4 + 2λx3 + 1 .

The equilibrium point m−(λ) is unstable (a saddle point) while m+(λ) is a stable
elliptic equilibrium point (a center).

Remark 2.12. The functions

(2.8) η± : (−∞,−2/
4
√
27 ) 7−→ η±(λ) ∈ R+

are continuous and real-analytic on (−∞,−2/ 4
√
27). The function η− is strictly

increasing, η−(λ) > 1 for every λ ∈ (−1,−2/ 4
√
27), and η−(λ) ≤ 1 for every

λ ≤ −1. The function η+ is strictly decreasing. Using Ferrari’s formula one can
obtain the explicit expressions of the functions η±. These expressions are rather
complicated and, hence, we avoid writing them here, although they will be used in
some computations later on.

We now describe the orbit types of the phase portrait of the vector field X⃗λ (see
Figure 1, right):

• The unstable equilibrium point m−(λ) and the stable equilibrium point
m+(λ). They correspond to the constant solutions µ = η−(λ) and µ =
η+(λ) of (2.3) (the purple and black points, respectively, in Figure 1).

• Closed trajectories (see the red curve depicted on Figure 1). They corre-
spond to the solutions of (2.3) with initial conditions µ(0) ∈ (η−(λ), η+(λ))
and µ̇(0) = 0.

• Non-closed phase curves of the first kind (see the blue curve depicted on
Figure 1). They correspond to the solutions of (2.3) with initial conditions
µ(0) ∈ (m∗

λ,+∞) and µ̇(0) = 0 (the point (m∗
λ, 0) is represented in blue in

Figure 1). The origin is the limit point of these integral curves.
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Figure 1. Left: The plot of the vector field X⃗−1 and its phase

portrait. Right: The orbit types of X⃗−1.

• Non-closed phase curves of the second kind (see the purple curve depicted on
Figure 1). They correspond to the solutions of (2.3) with initial conditions
µ(0) ∈ (0, η−(λ)) and µ̇(0) = 0. The origin is the limit point of these
integral curves.

• The exceptional (non-closed) phase curve of the first kind (the dashed-black
curve reproduced in Figure 1). It corresponds to the solution of (2.3) with
initial conditions µ(0) = m∗

λ and µ̇(0) = 0. The unstable equilibrium is the
limit point of this phase curve.

• The two exceptional (non-closed) phase curves of the second kind (the dot-
ted and dash-dotted black curves reproduced in Figure 1). They correspond
to the solutions of (2.3) with initial conditions

µ(0) =
η−(λ)

2
, µ̇(0) = ±η−(λ)

2

√
−Qλ,c+(λ)

(
η−(λ)

2

)
.

They have two limit points: the origin and the unstable equilibrium point.

In the hyperbolic plane H2 there are three types of curves of positive constant
curvature κ, depending on whether κ > 1 (elliptic type), κ = 1 (parabolic type) or
κ < 1 (hyperbolic type). The only closed ones, namely circles, are those of elliptic
type (ie. κ > 1). We then have the following result.

Proposition 2. For closed 1/2-elasticae with multiplier λ and κ > 0 constant, the
following conclusions hold:

• If λ > −2/ 4
√
27 there are no 1/2-elasticae with positive constant curvature

and multiplier λ.
• If λ = −2/ 4

√
27 there is one equivalence class of closed 1/2-elasticae with

positive constant curvature and multiplier λ. In this case κ =
√
3.

• If −1 < λ < −2/ 4
√
27 there are two distinct equivalence classes of closed

1/2-elasticae with positive constant curvature and multiplier λ. Their cur-
vatures are η−(λ)

2 and η+(λ)
2, respectively.

• If λ ≤ −1 there is one equivalence class of closed 1/2-elasticae with positive
constant curvature η+(λ)

2 and multiplier λ.
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Proof. Consider the vector field X⃗λ ∈ X(H) given in (2.5). Constant solutions

of (2.3) correspond to the equilibrium points of X⃗λ. Hence, 1/2-elasticae with

multiplier λ and κ > 0 constant are related to the equilibria of X⃗λ. Therefore,
from the previous discussion (more precisely, see the first item of the previous list

about the orbit types) we have the following cases. If λ > −2/ 4
√
27 the vector field

X⃗λ has no equilibrium points. This implies that (2.3) does not possess constant

solutions. This proves the first assertion. If λ = −2/ 4
√
27, the vector field X⃗λ

possesses a unique equilibrium point, namely m+(λ) = m−(λ) = ( 4
√
3, 0). Recall

that in the hyperbolic plane H2 a curve of positive constant curvature is closed if
κ = µ2 > 1. Since 4

√
3 > 1, this implies the second assertion. Suppose now that

λ < −2/ 4
√
27. The two critical curves of Bλ with constant curvature correspond

to the two equilibrium points of the vector field X⃗λ. Thus, their curvatures are
η+(λ)

2 and η−(λ)
2, respectively. Since η+(λ) > 1 for every λ, any curve with

modified signature m+(λ) is a closed circle. Instead, η−(λ) > 1 if and only if

λ ∈ (−1,−2/ 4
√
27). This proves the third and the last assertions. □

Remark 2.13. If −1 < λ < −2/ 4
√
27, the unstable equilibrium point of X⃗λ is the

modified signature of a curve with constant curvature of elliptic type (a closed cir-
cle). If λ = −1, the unstable equilibrium point is the modified signature of a curve
with constant curvature of parabolic type (in the Poincaré disk, a circle minus an
“ideal” point). If λ < −1 the unstable equilibrium point is the modified signature of
a curve with constant curvature of hyperbolic type (a circular arc with two “ideal”
points).

The study of closed 1/2-elasticae with non-constant curvature can be subdivided
into two parts: the analysis of the curves with non-constant periodic curvature and
the investigation of the closure conditions for these curves.

3. B-Curves

In this section we study 1/2-elasticae with non-constant periodic curvature. For
convenience, we introduce the following terminology.

Definition 3.1. Convex curves whose Blaschke invariant µ is a non-constant pe-
riodic solution of (2.4) are called B-curves. A closed B-curve is a B-string.

Remark 3.2. Note that periodic solutions of (2.4) do exist if and only if the quartic
polynomial Qλ,c has four distinct real roots, three positive and one negative, denoted
by e1 > e2 > e3 > 0 > e4, respectively. The equations (2.3), (2.4), the multiplier
λ, the constant c and the roots e1 > e2 > e3 > 0 > e4 of Qλ,c depend only on the
equivalence class of the B-curve (see the definition below).

Definition 3.3. Two immersed curves γ and γ̃ are equivalent to each other if there

exist A ∈ O↑
+(1, 2) and a smooth strictly increasing function ψ : I ⊆ R → R such

that γ̃(t) = Aγ ◦ ψ, for all t ∈ I ⊆ R. The equivalence class of γ is denoted by ⟨γ⟩.
The moduli space is the set of the equivalence classes.

Remark 3.4. If γ and γ̃ are equivalent to each other and parameterized by arc
length the change of parameter ψ is a translation of the independent variable (ie.
ψ(s) = s+ so, where so is a constant).

It turns out that the moduli space of B-curves can be described in terms of the
multiplier λ and the root e2 of Qλ,c.
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Proposition 3. Let γ be a B-curve. The map ⟨γ⟩ → (λ(⟨γ⟩), e2(⟨γ⟩)) ∈ R2 is a
bijection onto the open domain P = {(λ, e2) ∈ R2 / e2 > 0, e42 + 2λe32 + 1 < 0} of
R2.

Proof. Assume that γ is a B-curve. From the definition, its Blaschke invariant µ is a
non-constant periodic solution of (2.4). As noticed in Remark 3.2, since Qλ,c(0) =
−1 and limµ→±∞Qλ,c(µ) = +∞, periodic solutions of (2.4) exist if and only if the
quartic polynomial Qλ,c has four distinct real roots e1 > e2 > e3 > 0 > e4. It then
follows that Qλ,c has roots e1 > e2 > e3 > 0 > e4 if and only if

(3.1)



(i) 0 < e2 < e1 ,

(ii) 0 < e21e
3
2 − 2e1 − e2 ,

(iii) e3 =
e1+e2+

√
4e31e

3
2+(e1+e2)2

2e21e
2
2

,

(iv) e4 = −2e1e2
e1+e2+

√
4e31e

3
2+(e1+e2)2

,

(v) λ = − e31e
2
2+e21e

3
2+e1+e2

4e21e
2
2

,

(vi) c =
−2e51e

5
2+e61e

4
2+e41e

6
2−2(e41e

2
2+e21e

4
2)+(e1+e2)

2

16e41e
4
2

.

Case (i) above is direct, (ii) is a consequence of requesting e2 > e3, while cases
(iii)-(vi) arise by solving the Cardano-Vieta’s relations in terms of e1 and e2. From
(i), (ii) and (v) it follows that 1 + e42 + 2λe32 < 0 and e2 > 0. This implies that
(λ(⟨γ⟩), e2(⟨γ⟩)) belongs to P, for every equivalence class ⟨γ⟩ of B-curves. Con-
versely, let (λ, e2) be a point of P. The inequalities e2 > 0 and 1 + e42 + 2λe32 < 0
imply that the cubic polynomial

(3.2) e22x
3 +

(
e32 + 4e22λ

)
x2 + x+ e2

has a unique real root e1 strictly bigger than e2. Define e3, e4 and c as in (3.1).
Then, e1 and e2 satisfy (ii) of (3.1) and e1 > e2 > e3 > 0 > e4 are the four roots
of Qλ,c. Let µ be the (periodic) solution of (2.4) such that µ(0) = e2 and γ be a
B-curve with κ = µ2. Then, ⟨γ⟩ ∈ P is the unique equivalence class of B-curves
such that λ(⟨γ⟩) = λ and e2(⟨γ⟩) = e2. □

Remark 3.5. From the Cardano’s formula1, we have

(3.3) e1 =
1

3e2

[
(e2 + 4λ)e2 +R

(
3

√
−8
[
a+ 3

√
3b
])]

where

a = a(λ, e2) = e62 + 12λe52 + 48λ2e42 + 64λ3e32 + 9e22 − 18λe2 ,

b = b(λ, e2) = e82 + 12λe72 + 48λ2e62 + 64λ3e52 + 2e42 − 20λe32 + 4λ2e22 + 1 .

Using (3.3) and (iii), (iv), (vi) of (3.1), the roots e3, e4 and the constant c can
be expressed as real-analytic functions of λ and e2. As a rule, this dependence is
implied. If necessary, it will be explicitly indicated.

From now on the moduli space of B-curves is identified with P. For each p =
(λ, e2) ∈ P, the polynomial Qλ,c, c = c(λ, e2), is denoted by Qp. Similarly, µp

stands for the solution of (2.3) with initial conditions µp(0) = e2, µ̇p(0) = 0. By
construction, µp satisfies µ̇2

p +Qp(µp) = 0.

1 n
√
ζ is the determination of the n-th root of ζ ∈ C, with a branch cut discontinuity along the

negative real axis such that I( n
√
ζ) > 0, if ζ belongs to the negative real axis.



10 EMILIO MUSSO AND ÁLVARO PÁMPANO

We will next discuss an approach to obtain the Blaschke invariant µp and its
associated B-curve γp. Let p = (λ, e2) ∈ P, e1, e3, e4 be the other three roots of
Qp and ωp be the least period of µp. We call ω : p ∈ P → ωp ∈ R the wavelength
function. From 256.12 and 340.04 of [6] we obtain

(3.4) ωp = 2

∫ e1

e2

dx

x
√

−Qp(x)
=

2g

e1

(
a

n
K(m)− a− n

n
Π(n, m)

)
,

where K and Π are the complete elliptic integrals of the first and third kind respec-
tively, and

(3.5) a =
e2 − e1
e2 − e4

, m =
(e1 − e2)(e3 − e4)

(e1 − e3)(e2 − e4)
, n =

e4a

e1
, g =

2√
(e1 − e3)(e2 − e4)

.

It then follows from (3.5) that the wavelength depends in a real-analytic fashion
on p. On the other hand, the function µp is strictly increasing on [0, ωp/2]. Let
hp : [e2, e1] → [0, ωp/2] be the inverse of µp|[0,ωp/2]. From µ̇2

p = −µ2
pQp(µp), we

have

hp(µ) =
ωp

2
−
∫ e1

µ

dx

x
√
−Qp(x)

, µ ∈ [e2, e1].

This integral can be solved in terms of incomplete elliptic integrals and Jacobi’s
functions ([6], 257.12 and 340.04). As a result we obtain

(3.6) hp(µ) =
ωp

2
− g

e1

(
a

n
u(µ)− a− n

n
Π(n, amm(u(µ)), m)

)
,

where Π(n,−, m) is the incomplete elliptic integral of the third kind with parameters
n and m, amm is the Jacobi’s amplitude with parameter m, and

u(µ) = sn−1

(√
(e2 − e4)(e1 − µ)

(e1 − e2)(µ− e4)
, m

)
.

Then, µp|[0,ωp/2] = h−1
p . Since µp is even, this suffices to reconstruct µp on the

whole real axis. The B-curves with curvature κp = µ2
p can be numerically evaluated

solving the linear system (2.1), with appropriate initial conditions.

Remark 3.6. The algebraic curves y2 + x2Qp(x) = 0 possess a singularity at the
origin. This is the geometric reason behind the fact that the Blaschke invariant
µp cannot be expressed through elliptic functions as in the case of constrained and
unconstrained elasticae of the hyperbolic plane [22, 30]. Therefore, a more practical
procedure to build µp is to solve numerically the second-order ordinary differential
equation (2.3) with initial conditions µp(0) = e2 and µ̇p(0) = 0.

There are three possible types of B-curves depending on the causal character of

the momentum ξ⃗: either ξ⃗ is space-like or light-like or else time-like. Each of these

cases carries different signs on the constant c = ξ⃗ · ξ⃗ of the conservation law (2.4)
and the associated B-curves present essentially different behaviors. Thus, we will
distinguish between them.

Definition 3.7. We say that a B-curve γ is a BS-curve (resp., BL- or BT-curve)

if its momentum ξ⃗ is space-like (resp., light-like or time-like).

It is also convenient to split the moduli space P in three different subdomains
depending on whether the B-curves associated with p = (λ, e2) are BS-, BL-, or
BT-curves (see Figure 2).
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Definition 3.8. The open subdomains S = {(λ, e2) ∈ P / c(λ, e2) > 0}, T =
{(λ, e2) ∈ P / c(λ, e2) < 0} and the separating curve L = {(λ, e2) ∈ P / c(λ, e2) =
0} are the moduli spaces of BS-, BT- and BL-curves, respectively.

-4.0 -3.5 -3.0 -2.5 -2.0 -1.5 -1.0
0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

Orbit type S

Orbit type T

Orbit type L

Exceptional locus

Figure 2. The moduli space P. The blue curve is L, the orange
region is S and the green region is T . The red curve is the excep-
tional locus E .

Remark 3.9. The moduli spaces S, L and T can be characterized as follows:

• (λ, e2) ∈ S ⇐⇒ (λ, e2) ∈ P and e22 + 2λe2 + 1 < 0 ,
• (λ, e2) ∈ L ⇐⇒ (λ, e2) ∈ P and e22 + 2λe2 + 1 = 0 ,
• (λ, e2) ∈ T ⇐⇒ (λ, e2) ∈ P and e22 + 2λe2 + 1 > 0 .

The curve L is also the graph of the function

(3.7) b0 : λ ∈ (−∞,−1) 7−→ −λ+
√
λ2 − 1 .

The boundary ∂P is the curve 1 + e42 + 2e32λ = 0, λ < −2/ 4
√
27. This curve is the

union of the graphs ∂±P of the functions η± defined in (2.8) (the dotted curves
colored in blue and yellow in Figure 2).

We now study each type of B-curves separately. For each case we will obtain
explicit parameterizations by quadratures. The explicit expressions of the B-curves
are found with a more conceptual approach based on the Marsden-Weinstein re-

duction method as applied to the Hamiltonian action of O↑
+(1, 2) on the Griffith’s

phase space of the variational problem [18, 19, 25, 34, 38].

3.1. BL-Curves. Let p ∈ L. Then p is of the form p = (λ, e2(λ)), where e2(λ) =

−λ +
√
λ2 − 1 and λ < −1. The B-curves associated with p ∈ L have constant

c = 0 in the conservation law (2.4). In other words, their momenta are light-like
vectors.

Theorem 3.10. Let p = (λ, e2) ∈ L and µp be the solution of (2.4) with initial
condition µp(0) = e2 where c = 0. Define Θp by

Θp(s) = −
∫ s

0

µ2
p (µp + 2λ) ds .



12 EMILIO MUSSO AND ÁLVARO PÁMPANO

Then,

(3.8) γp =
1

2
√
2µp

(
2Θ2

p + 2µ2
p + 1, 2

√
2Θp, 2Θ

2
p + 2µ2

p − 1
)

is a BL-curve with modulus p and momentum ξ⃗ = 1√
2
(1, 0, 1). There are no BL-

strings.

Proof. For simplicity, we will omit the subscript p throughout this proof. From
(3.8) it follows that γ · γ = −1 and furthermore we have that

γ̇ · γ̇ =
µ̇2 + µ6 + 4λµ5 + 4λ2µ4

µ2
.

Using (2.4) we obtain γ̇ · γ̇ = 1. Then, γ is parameterized by arc length. Computing
κ = γ̈ · (γ × γ̇) we find

κ = −(µ+ 2λ)µ̈+ 2(1 + λµ−1)µ̇2 − µ6 − 6λµ5 − 12λ2µ4 − 8λ3µ3.

Then, from (2.3) and (2.4) we obtain κ = µ2. This implies that γ is a B-curve with
parameters (λ, e2(λ)). In addition, we have

γ|0 = 1
2
√
2

(√
λ2 − 1− 3λ, 0, 3

√
λ2 − 1− λ

)
,

γ̇|0 = (0, 1, 0) ,

γ|0 × γ̇|0 = 1
2
√
2

(
3
√
λ2 − 1− λ, 0,

√
λ2 − 1− 3λ

)
.

Keeping in mind that µ(0) = e2(λ) and µ̇(0) = 0, we obtain

ξ⃗ =
1

e2(λ)
γ|0 −

(
λ+

e2(λ)

2

)
γ|0 × γ̇|0 =

1√
2
(1, 0, 1).

We now show that BL-strings do not exist. For γ to be periodic, it follows from
(3.8) that Θ(ω) needs to be zero where ω is the least period of κ, ie. the wavelength.
In this case, the least period of γ is also ω. On [0, ω/2] we have from (2.4)

ds =
dµ

−µ
√
−(µ4 + 4λµ3 + 4λ2µ2 − 1)

.

Then,

Θ(ω) = −
∫ ω

0

µ2(µ+ 2λ) ds = −2

∫ ω/2

0

µ2(µ+ 2λ) ds

= 2

∫ e1

e2

µ (µ+ 2λ)√
− (µ4 + 4λµ3 + 4λ2µ2 − 1)

dµ ,(3.9)

where

e1 = −λ+
√
λ2 + 1 > e2 = −λ+

√
λ2 − 1 .

The right hand side of (3.9) is a standard elliptic integral that can be solved using
257.11, 336.01, 336.02 and 340.02 of [6]. As a result we obtain

Θ(ω) = 2

√
2
(
2λ4 + 2λ2

√
λ2 − 1

)(
λ2 +

√
λ4 − 1

)3/2 (E(mλ)−K(mλ)) ,

where E is the complete elliptic integral of the second kind and

mλ =
λ2 −

√
λ4 − 1

λ2 +
√
λ4 − 1

∈ (0, 1) .
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Since E(m) < K(m) for every m ∈ (0, 1), it follows that

Θ(ω) < 0 ,

and so there are no BL-strings. □

Definition 3.11. The BL-curve γp given by (3.8) is referred to as the standard
BL-curve with modulus p ∈ L.

Remark 3.12. Every BL-curve with modulus p ∈ L is equivalent to γp, (3.8). From
now on we implicitly assume that the BL-curves in consideration are in their stan-
dard form.

Let p = (λ,−λ+
√
λ2 − 1) ∈ L and γp be the standard BL-curve with modulus

p defined as in (3.8). Adopting the Poincaré model of the hyperbolic plane, the
curve γp is parameterized by

γp =
1

2Θ2
p +

(
1 +

√
2µp

)2 (2√2Θp, 2Θ
2
p + 2µ2

p − 1
)
.

The stabilizer of the momentum is the parabolic subgroup

P =

HP(t) =

1 + t2

2 t − t2

2
t 1 −t
t2

2 t 1− t2

2

 / t ∈ R

 .

The monodromy m is the non-trivial element HP(
√
2Θp(ωp)) of P. Let Γ =

γp([0, ωp]) be the fundamental arc, then |[γp]| = ∪n∈Zm
n(Γ). Since the curva-

ture is an even function, |[γp]| is invariant by the reflection with respect to the
Oy-axis. The segment {(0, v) / − 1 < v < 1} is a slice for the action of P on D2.
The orbit Ov through (0, v) is the intersection of D2 with the circle passing through
(0, v), p = (0, 1) and tangent to ∂D2 at p. Denote by O− and by O+ the orbits
of P through γp(0) and γp(ωp/2) respectively, referred to as the lower and upper
osculating circles of γp. The trajectory |[γp]| is contained in the lunular region of
D2 bounded by O+ and O−; is tangent to O− at γp(nωp), n ∈ Z, and to O+ at
γp(ωp/2 + nωp), n ∈ Z, with limit point

lim
s→+∞

γp(s) = lim
s→−∞

γp(s) = p .

When λ → −1−, O− and |[γp]| tend to O2−
√
2. When λ decreases, |[γp]| and O−

inflect (ie. their radii shrink) and, when λ → −∞, tend to p. Figure 3 reproduces
the trajectories of BL-curves with λ = −1.01,−1.17,−1.3 and −2, respectively (all
numerical values are rounded up to a maximum of two decimals).

3.2. BS-Curves. Let p = (λ, e2) ∈ S. The corresponding B-curves have space-like
momentum and c > 0 holds in the conservation law (2.4).

Theorem 3.13. Let p = (λ, e2) ∈ S and µp be the solution of (2.4) with initial
condition µp(0) = e2, where c > 0 is as in (vi) of (3.1). Define Θp by

Θp(s) = 2
√
c

∫ s

0

µ2
p(µp + 2λ)

1 + 4cµ2
p

ds .

Then,

(3.10) γp =
1

2
√
c µp

(√
1 + 4cµ2

p cosh(Θp),
√
1 + 4cµ2

p sinh(Θp), 1
)
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Figure 3. Trajectories of BL-curves with decreasing multiplier λ.
The red and blue curves are the osculating circles. The dashed
purple curve is the limit circle O2−

√
2.

is a BS-curve with modulus p and momentum ξ⃗ = (0, 0,−
√
c ). There are no BS-

strings.

Proof. The first part of the proof is analogous to the first part of Theorem 3.10.
For the sake of brevity, we omit it here.

We prove that there are no BS-strings. As customary in our proofs, we avoid
explicitly writing the dependence upon p. By contradiction suppose that γ is pe-
riodic. From (3.10) it follows that Θ(ω) = 0 and that ω is the least period of the
curvature κ, ie. the wavelength. In this case, this implies that ω is also the least
period of γ. Since

f(s) =
µ2(µ+ 2λ)

1 + 4cµ2

is even and periodic with period ω, the function Θ is odd, periodic with period ω,
and such that

Θ(ω) = 2
√
c

∫ ω

0

f(s)ds = 2
√
c

∫ ω/2

−ω/2

f(s)ds = 4
√
c

∫ ω/2

0

f(s)ds = 2Θ(ω/2) .
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Then, Θ(ω/2) = 0. The function µ is strictly increasing on (0, ω/2) and strictly
decreasing on (ω/2, ω). Then, Γ1 = γ([0, ω/2]) and Γ2 = γ([ω/2, ω]) are simple
closed arcs with distinct boundary points

p⃗0 = γ(0) =
1

2
√
2 e2

(√
1 + 4ce22, 0, 1

)
,

p⃗2 = γ(ω/2) =
1

2
√
2 e1

(√
1 + 4ce21, 0, 1

)
,

such that γ(R) = Γ1∪Γ2. Taking into account that µ(0) = e2 < −2λ < e1 = µ(ω/2)
and recalling that µ is strictly increasing on (0, ω/2) and strictly decreasing on
(ω/2, ω), the equation µ + 2λ = 0 possesses exactly one solution s′ in the interval
(0, ω/2) and exactly one solution s′′ in the interval (ω/2, ω). Thus,

µ(s) + 2λ < 0, s ∈ [0, s′),

µ(s) + 2λ > 0, s ∈ (s′, s′′),

µ(s) + 2λ < 0, s ∈ (s′′, ω] .

This implies that Θ is strictly decreasing on (0, s′), strictly increasing on (s′, s′′)
and strictly decreasing on (s′′, ω). Since Θ(0) = Θ(ω/2) = Θ(ω) = 0, we have

Θ(s) < 0, ∀s ∈ (0, ω/2), Θ(s) > 0, ∀s ∈ (ω/2, ω).

Therefore,

Γ1 \ {p⃗1, p⃗2} ⊂ {x⃗ ∈ R1,2 / x2 < 0}, Γ2 \ {p⃗1, p⃗2} ⊂ {x⃗ ∈ R1,2 / x2 > 0}.
Hence γ is a simple closed curve with two vertices, namely, γ(0) and γ(ω/2). This
conclusion contradicts the Four Vertex Theorem (Theorem 2.4). Consequently, γ
cannot be closed. □

Definition 3.14. The BS-curve γp given by (3.10) is referred to as the standard
BS-curve with modulus p ∈ S.

Remark 3.15. Every BS-curve with modulus p ∈ S is equivalent to γp, (3.10).
From now on we implicitly assume that the BS-curves in consideration are in their
standard form.

Let p = (λ, e2) ∈ S and γp be the standard BS-curve with modulus p. Resorting
to the Poincaré model, the parameterization of γp is

γp =
1

2
√
c µp +

√
1 + 4cµ2

p cosh(Θp)

(√
1 + 4cµ2

p sinh(Θp), 1
)
.

The stabilizer of the momentum is the subgroup

O↑
+(1, 1) =

HR(t) =

cosh(t) sinh(t) 0
sinh(t) cosh(t) 0

0 0 1

 / t ∈ R

 .

The monodromy m is the non-trivial element HR(Θp(ωp)) of O↑
+(1, 1). Let Γ =

γp([0, ωp]) be the fundamental arc, then |[γp]| = ∪n∈Zm
n(Γ). Since the curvature

is an even function, |[γp]| and Γ are invariant by the reflection with respect to the

Oy-axis. The segment {(0, v) / − 1 < v < 1} is a slice for the action of O↑
+(1, 1)

on D2. The orbit Ov through (0, v) is the intersection of D2 with the circle passing
through (0, v), p+ = (1, 0) and p− = (−1, 0). Denote by O− and by O+ the orbits
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of O↑
+(1, 1) through γp(0) and γp(ωp/2) respectively, referred to as the lower and

upper osculating circular arcs of γp. The trajectory |[γp]| is contained in the lunular
region of D2 bounded by O+ and O−; is tangent to O+ at γp(nωp), n ∈ Z, and to
O− at γp(ωp/2 + nωp), n ∈ Z, with limit points

lim
s→+∞

γp(s) = p+ , lim
s→−∞

γp(s) = p− .

Choose λ ∈ (−∞,−1). Put Lλ = (η−(λ), b0(λ)) and consider the 1-parameter
family {γp}e2∈Lλ

of BS-curves with multiplier λ. Recall that the graph of the
function η− (2.8) is the lower boundary of the moduli space S, while the graph of
b0 (3.7) is the upper boundary. The function

υ+λ : e2 ∈ Lλ 7−→ 1

2
√
c e2 +

√
1 + 4ce22

∈ R ,

where c = c(λ, e2) > 0 is as in (vi) of (3.1), is convex, attains the minimum at
e2 = −λ, and satisfies

lim
e2→η−(λ)+

υλ(e2) = υ∗λ , lim
e2→b0(λ)+

υλ(e2) = 1 ,

where

υ∗λ =
1

2
√
c(λ, η−(λ)) η−(λ) +

√
1 + 4c(λ, η−(λ))η−(λ)2

< 1 .

Let e∗2(λ) be the unique element of Lλ such that υ+λ (e
∗
2(λ)) = υ∗λ.

We are now in a position to describe the main features of the kinematics of the
1-parameter family {γp}e2∈Lλ

. When e2 varies in the interval Lλ the curves of the
family tend to two asymptotic positions and evolve in five intermediate stages with
contracting and expanding phases:

• When e2 → η−(λ)
+, the osculating arcO+ and |[γp]| tend to the asymptotic

position Oυ∗
λ
.

• When e2 ∈ (η−(λ),−λ), the radius of circular arc O+ increases (ie. O+

and |[γp]| deflect). The evolution of the curve is in a contracting phase.
• When e2 = −λ the radius of the osculating circular arc O+ assume its

maximum value.
• When e2 ∈ (−λ, e∗2(λ)), the radius of O+ decreases (ie. O+ and |[γp]|
inflect). The evolution of the curve is in an expanding phase.

• When e2 = e∗2(λ), the osculating arc O+ returns to the limit position Oυ∗
λ
.

• When e2 ∈ (e∗2(λ), η−(λ)), the radius of O+ decreases (ie. O+ and |[γp]|
inflect). The evolution of the curve is in an expanding phase.

• When e2 → b0(λ)
−, |[γp]| and its osculating arc O+ tend to the upper

hemicycle ∂D2 ∩ {(u, v) ∈ R2 / v > 0} of the ideal boundary.

Figure 4 represents all stages of the evolution of the BS-curves of the family
{γp}e2∈Lλ

, for the multiplier λ = −1.1. The trajectory of the BS-curves are colored
in black, the upper osculating arcs O+ in red and the lower ones O− in blue. The
asymptotic limit position Oυ∗

λ
is the purple dashed circular arc and the asymptotic

limit position as e2 → b0(λ)
− is the dashed dark-red upper hemicycle of the ideal

boundary. In the first two images (e2 = 0.92 and e2 = 1, respectively) two BS-
curves in their contracting phases are reproduced. In the third image we show the
BS-curve when it reaches its maximally contracted position and the radius of the
upper osculating arc O+ reaches its maximum (e2 = −λ = 1.1). A subsequent
BS-curve in its expanding phase is shown in the fourth image (e2 = 1.2). The first
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image of the second row (e2 = e∗2(λ) ≈ 1.28) reproduces the BS-curve when the
upper osculating arc O+ returns to the asymptotic position Oυ∗

λ
. The last three

images (e2 = 1.54, 1.55 and 1.56) depict BS-curves in their expanding phases evolv-
ing toward the maximally expanded asymptotic limit (the upper hemicycle of the
ideal boundary).

Figure 4. Trajectories of BS-curves with multiplier λ = −1.1 and
increasing values of e2 ∈ Lλ.
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3.3. BT-Curves. Let p = (λ, e2) ∈ T . The B-curves associated with p ∈ T have
time-like momentum. Their Blaschke invariant µp is the solution of (2.4) with c < 0
and µp(0) = e2. This case is analogous to the spherical one. Thus, we proceed as
in [34] by introducing the exceptional locus and by defining the radial and angular
functions, whose behavior will be essential in the description of the BT-curves.

Definition 3.16. The curve E = {(λ, e2) ∈ P / 1 + 4ce21 = 0} contained in the
moduli space P is the exceptional locus.

Remark 3.17. The exceptional locus E is characterized by each one of the following
equations:

(3.11)


(i) e1 + 2λ = 0 ,

(ii) 1 + 16cλ2 = 0 ,

(iii) e21e
3
2 − e31e

2
2 + e1 + e2 = 0 ,

or as the graph of the function c : (−∞,− 4
√
φ5/2) → ( 4

√
φ,+∞) defined by

(3.12) c(λ) = −2

3
λ+

1

3λ2
R

(
3

√
−69λ9 + 72λ5 − 3iλ3

√
768λ8 + 528λ4 + 3

)
,

where φ = (1 +
√
5)/2 is the golden ratio. See Figures 2 and 5.

Let η± and c be as in (2.8) and (3.12), respectively. Define a : (−∞,−2/ 4
√
27) →

R by

a(λ) =

{√
λ2 − 1− λ , λ ≤ −1 ,

η−(λ) , −1 < λ < −2/ 4
√
27 .

Then, a(λ) < η+(λ), for all λ < −2/ 4
√
27, and a(λ) < c(λ) < η+(λ), for all

λ < − 4
√
φ5/2. We decompose T as the disjoint union T = T− ∪ E ∪ T+ of the

exceptional locus E with a lower domain (the green region of Figure 5),

T− = {(λ, e2) ∈ T / λ < − 4
√
φ5/2, a(λ) < e2 < c(λ)} ,

and an upper domain (the brown domain of Figure 5),

T+ ={(λ, e2) ∈ T / λ < − 4
√
φ5/2, c(λ) ≤ e2 < η+(λ)} ∪

{(λ, e2) ∈ T / − 4
√
φ5/2 ≤ λ < −2/

4
√
27, a(λ) < e2 < η+(λ)} .

Definition 3.18. Let p = (λ, e2) ∈ T and µp be the solution of (2.4) with initial
condition µp(0) = e2 where c < 0 is as in (vi) of (3.1). The radial function ϱp is
defined by:

• If p /∈ E ,

ϱp =

√
1 + 4cµ2

p

2
√
|c|µp

.

• If p ∈ E ,

ϱp =


√

1+4cµ2
p

2
√

|c|µp

, on [−ωp

2 ,
ωp

2 ],

−
√

1+4cµ2
p

2
√

|c|µp

, on [
ωp

2 ,
3ωp

2 ] .

We now describe the main features of the radial functions (see Figure 6):

• The radial function ϱp is real-analytic, even and periodic, for every p ∈ T .
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Figure 5. The decomposition of the moduli space T as T = T−∪
E ∪ T+.
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Figure 6. The graphs of the radial functions ϱp with p = (λ, e2) ∈
T . Left: Non-exceptional case λ = −0.99 and e2 = 1.05 repre-
sented from 0 to the least period ωp. Right: Exceptional case
λ = −0.91 and e2 = 1.19 represented from 0 to the least period
2ωp.

• If p /∈ E , ϱp > 0 with least period ωp. It attains the maximum at hωp and
the minimum at ωp/2+hωp, h ∈ Z. It is strictly decreasing on [hωp, ωp/2+
hωp] and strictly increasing on [ωp/2 + hωp, (h+ 1)ωp], h ∈ Z.

• If p ∈ E , ϱp is periodic, with least period 2ωp. It is strictly positive on
(ωp/2 + hωp, ωp/2 + (h + 1)ωp), h ∈ Z and mod(h, 2) = 1, and strictly
negative on (ωp/2+ hωp, ωp/2+ (h+1)ωp), h ∈ Z and mod(h, 2) = 0. It is
strictly decreasing on [hωp, (h+1)ωp], mod(h, 2) = 0, and strictly increasing
on [hωp, (h+ 1)ωp], mod(h, 2) = 1.

Definition 3.19. Let p = (λ, e2) ∈ T and µp be the solution of (2.4) with initial
condition µp(0) = e2 where c < 0 is as in (vi) of (3.1). The angular function Θp is
defined by:

• If p /∈ E ,

Θp(s) = 2
√

|c|
∫ s

0

µ2
p (µp + 2λ)

1 + 4cµ2
p

ds .
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• If p ∈ E ,

Θp(s) = −8
√
|c|λ2

∫ s

0

µ2
p

µp − 2λ
ds .
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-20

-15
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Figure 7. The graphs of the angular functions Θp with p =
(λ, e2) ∈ T , represented from 0 to two least periods 2ωp. Left:
Case p ∈ T− where λ = −0.99 and e2 = 1.05. Right: Case p ∈ T+
where λ = −0.9 and e2 = 1.24. The dashed arrow represents the
value Θp(ωp). If the length of this arrow is a rational multiple of
2π, the BT-curve γp will be closed (see Section 4).

We now describe the main features of the angular functions (see Figure 7):

• The angular function Θp is an odd quasi-periodic function with least quasi-
period ωp.

• The function Θp tends to −∞ when s→ +∞ and to +∞ when s→ −∞.
• If p ∈ E ∪ T+, Θp is strictly decreasing, with ascending inflection points at
ωp/2 + hωp, h ∈ Z and descending inflection points at ωp + hωp, h ∈ Z.

• If p ∈ T−, Θp has a relative minimum at s∗p ∈ (0, ωp/2) and a relative
maximum at s∗∗p = ωp − s∗p. There are no other critical points in the
interval [0, ωp]. Θp has descending inflection points at ωp/2 + hωp, h ∈ Z
and ascending inflection points at ωp + hωp, h ∈ Z.

Once the radial and angular functions have been introduced and their behavior
described, we can proceed with the parameterization of BT-curves.

Theorem 3.20. Let p = (λ, e2) ∈ T and µp be the solution of (2.4) with initial
condition µp(0) = e2 where c < 0 is as in (vi) of (3.1). Let ϱp and Θp be the radial
and angular functions defined above, respectively. Then,

(3.13) γp =

(
1

2
√
|c|µp

,−ϱp cos(Θp), ϱp sin(Θp)

)
is a BT-curve with modulus p and momentum ξ⃗ = (

√
|c|, 0, 0).

Proof. The proof of this theorem is analogous to the previous cases (see Theorem
3.10). □

Definition 3.21. The BT-curve γp given by (3.13) is referred to as the standard
BT-curve with modulus p ∈ T .
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Remark 3.22. Every BT-curve with modulus p ∈ T is equivalent to γp, (3.13).
From now on we implicitly assume that the BT-curves in consideration are in their
standard form.

Let p = (λ, e2) ∈ T and γp be the standard BT-curve with modulus p. In the
Poincaré model, γp can be written as

(3.14) γp =
2
√
|c| ϱpµp

1 + 2
√

|c|µp

(− cos(Θp), sin(Θp)).

Thus, |[γp]| is contained in the region

D2p = {ζ ∈ D2/r′p ≤ |ζ| ≤ r′′p},
where 

r′p = min
∣∣ 2√|c| ϱpµp

1+2
√

|c|µp

∣∣ = √
1+4ce21

1+2
√

|c|e1
,

r′′p = max
∣∣ 2√|c| ϱpµp

1+2
√

|c|µp

∣∣ = √
1+4ce22

1+2
√

|c|e2
.

From this we see that r′p = 0 if and only if 1 + 4ce21 = 0, or in other words using
the definition of the exceptional locus, if and only if p ∈ E . Consequently, the
trajectory |[γp]| passes through the origin if and only if p ∈ E . In this case D2p is

a disk. Otherwise D2p is an annulus and the outer and inner circles bounding D2p,

denoted by O± are said the outer and inner osculating circles. The trajectory |[γp]|
is tangent to O+ at γp(hωp), h ∈ Z and is tangent to O− at γp(ωp/2+hωp), h ∈ Z.
From (3.13) it follows that γp is closed if and only if Θp(ωp)/2π ∈ Q. Otherwise
|[γp]| is a dense subset of D2p. Several closed examples will be illustrated in Figures
11 and 12.

4. BT-Strings

In this section we will study the existence of BT-strings and the kinematics of
their corresponding isomonodromic family. As mentioned above a BT-curve γp will
be closed if and only if its angular function Θp evaluated at the wavelength ωp is
a rational multiple of 2π (the quantity Θp(ωp) is represented in Figure 7 by the
dashed arrow). In order to analyze this closure condition we will define a couple of
functions which will appear in an essential way.

Definition 4.1. Let p ∈ T and γp be the BT-curve with modulus p. The period
map P : T → R is defined by

P(p) =


− 1

2πΘp(ωp) + 1 , if p ∈ T− ,
− 1

2πΘp(ωp) +
1
2 , if p ∈ E ,

− 1
2πΘp(ωp) , if p ∈ T+ ,

where Θp is the angular function and ωp is the wavelength, ie. the least period of
the Blaschke invariant of γp.

Remark 4.2. Since P(p) ∼= −Θp(ωp)/2π mod(Q) we conclude that γp is closed (ie.
a BT-string) if and only if P(p) ∈ Q. Hence, in order to prove the existence of
BT-strings, it suffices to check that, for fixed multiplier λ, the image of P ≡ Pλ is
not constant, ie. Pλ(e2) attains different values as e2 varies in Iλ = (a(λ), η+(λ)).
Recall that the graph of the function a is the lower boundary of the moduli space T ,
while the graph of η+ is the upper boundary.
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Definition 4.3. Let p ∈ T and γp be the BT-curve with modulus p. The function

χ : (−∞,−2/ 4
√
27 ) → R is defined by

χ(λ) =
η+(λ)

4 − 1√
η+(λ)8 − 4η+(λ)4 + 3

∈ R ,

where η+(λ) is the function defined in (2.8).

Remark 4.4. The function χ is strictly increasing and tends to 1 when λ → −∞
and to +∞ when λ→ −2/ 4

√
27−.

We denote by Jλ the open interval

Jλ =

{
(1, χ(λ)) , λ ≤ −1 ,

(χ(λ),+∞) , −1 < λ < −2/ 4
√
27 .

The following result shows the existence of infinitely many BT-strings for every
multiplier λ < −2/ 4

√
27.

Theorem 4.5. For every λ < −2/ 4
√
27 and every q = m/n ∈ Jλ ∩ Q there exist

p = (λ, e2) ∈ T such that γp is a BT-string with P(p) = q.

Proof. The proof of this result is a direct consequence of the following claim involv-
ing the limits of the period map:

Claim. Let Iλ = (a(λ), η+(λ)). The period map Pλ : Iλ → R defined by Pλ(e2) =
P(λ, e2) is continuous. Moreover:

• If λ ≤ −1,

lim
e2→a(λ)+

Pλ(e2) = 1 , lim
e2→η+(λ)−

Pλ(e2) = χ(λ) .

• If −1 < λ < −2/ 4
√
27,

lim
e2→a(λ)+

Pλ(e2) = +∞ , lim
e2→η+(λ)−

Pλ(e2) = χ(λ) .

For the sake of clarity, the proof of this claim will be postponed to the appendix. □

We anticipate some properties of the functions Pλ : e2 → P(λ, e2) that will be
proved in the appendix as part of the proof of the existence of BT-strings. The
purpose is to highlight the interrelationships between the behavior of the functions
Pλ and the geometry of the modified invariant signatures of critical curves with
multiplier λ. Denote by Ŝλ,e2 the modified invariant signature of a B-curve with
modulus p = (λ, e2) ∈ P. There are three cases to be considered:

(1) Case λ < −1. Then (λ, a(λ)) ∈ L is the modulus of a BL-curve whose

modified invariant signature Ŝλ,a(λ) is closed. The modified invariant sig-

natures Ŝλ,e2 , e2 ∈ Iλ are contained in the internal region bounded by

Ŝλ,a(λ). When e2 → a(λ)+ the signature Ŝλ,e2 tends to Ŝλ,a(λ) and when

e2 → η+(λ)
−, Ŝλ,e2 contracts, tending to the stable equilibrium point

(η+(λ), 0) (see the picture on the left of Figure 8). The function Pλ is
strictly increasing (this assertion is only supported by the experimental ev-
idence). When e2 → a(λ)+, Pλ tends to 1 and when e2 → η+(λ)

−, Pλ

tends to χ(λ).
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Figure 8. Left: The modified invariant signatures Ŝλ,e2 , e2 ∈
(a(λ), η+(λ)) (red) and the signature Ŝλ,a(λ) (dashed-black), for

λ = −1.3. Center: The modified invariant signatures Ŝ−1,e2 , e2 ∈
(1, η+(λ)) (red) and the signature Ŝ−1,1 (dashed-black). Right:

The modified invariant signatures Ŝλ,e2 , e2 ∈ (a(λ), η+(λ)) (red)

and the signature Ŝλ,a(λ) (dashed-black), for λ = −0.98.

(2) Case λ = −1. Then a(−1) = 1 and the signature Ŝ−1,1 is the unstable

equilibrium point (1, 0). Let Ŝ∗
−1 be the exceptional modified invariant

signature of the first kind. Then Ŝ∗
−1∪{(1, 0)} is a simple (singular) closed

curve. The region bounded by Ŝ∗
−1 ∪ {(1, 0)} contains the stable equilib-

rium point (η+(−1), 0). The signatures Ŝ−1,e2 , e2 ∈ I−1 are contained

in the internal region bounded by Ŝ∗
−1 ∪ {(1, 0)}. When e2 → 1+, Ŝλ,e2

tends to Ŝ∗
−1 ∪ {(1, 0)} and, when e2 → η+(λ)

−, Ŝλ,e2 contracts to the
stable equilibrium point (see the picture on the center of Figure 8). The
function Pλ is strictly increasing (again, this fact follows from experimental
evidence). When e2 → 1+, Pλ tends to 1 and when e2 → η+(−1)−, Pλ

tends to χ(−1).

(3) Case −1 < λ < −2/ 4
√
27. Then a(λ) > 1 and the signature Ŝλ,a(λ) is the

unstable equilibrium point (a(λ), 0). Let Ŝ∗
λ be the exceptional modified

invariant signature of the first kind. Then Ŝ∗
λ ∪ {(a(λ), 0)} is a simple

(singular) closed curve. As in the previous case, the region bounded by

Ŝ∗
λ ∪ {(a(λ), 0)} contains the stable equilibrium point and the signatures

Ŝλ,e2 , e2 ∈ Iλ. When e2 → a(λ)+, Ŝλ,e2 tends to Ŝ∗
λ ∪ {(1, 0)} and, when

e2 → η+(λ)
−, Ŝλ,e2 contracts, to the stable equilibrium point (see the

picture on the right of Figure 8). When e2 → η+(λ)
−, Pλ tends to χ(λ)

and Pλ = O
(
log(4/

√
e2 − a(λ))

)
as e2 → a(λ)+.

Remark 4.6. Unlike in the other cases, if λ > −1, the function Pλ is not nec-
essarily monotonous. Experimental evidence suggests the existence of a value of
λ (λ∗ ≈ −0.98147772) such that Pλ has a unique minimum point in the inter-
val (a(λ), η+(λ)), for every λ ∈ (−1, λ∗) and is strictly decreasing, for every λ ∈
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[λ∗,−2/ 4
√
27) (see Figure 9). This is a huge difference with the spherical case, for

which experiments suggest that Pλ is always monotonous [34].
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Figure 9. The graph of the functions Pλ. From left to right:
λ = −1.3, −0.999, and −0.98.

4.1. The Fibers of the Period Map. Consider the vector field P⃗ : p = (λ, e2) ∈
T → (∂e2P,−∂λP), where P is the period map (for a plot see the picture on the left
of Figure 10). Based on experimental evidence, this vector field never vanishes and
its second component is negative, ie. the period map P increases with λ. However,
as highlighted in the previous remark, P may not be monotonous with respect to
e2. One can then deduce the following consequences:

• The fibers of the map P : T → R are the integral curves of P⃗ .
• For every q > 1 the fiber Tq = P−1(q) is a simple open arc with boundary
points p0 = (−1, 1) and pq = (λ∗q , e

∗
q,2), where

λ∗q = −
1 + (e∗q,2)

4

2(e∗q,2)
3

,
(e∗q,2)

4 − 1√
(e∗q,2)

8 − 4(e∗q,2)
4 + 3

= q .

More precisely, there exists a smooth function λq : J̃q → R, defined on

the open interval J̃q = (1, e∗q,2) such that pq : e2 ∈ J̃q → (λq(e2), e2) is a
parameterization of Tq. Moreover, λq(1) = −1 and λq(e

∗
q,2) = −λ∗q (see

Figure 10).
• The fiber Tq intersects transversely the exceptional locus at a unique point

p̂q = (λ̂2, êq,2) (see Figure 10, right).
• When q → 1+, the fiber Tq tends to L. If q → +∞, the fiber Tq tends to

the arc η−[(−1,−2/ 4
√
27)] (the green arc depicted on the right of Figure

10).

Remark 4.7. The integral curves of the vector field P⃗ are the fibers of the period
map P. Each fiber Tq = P−1(q), q > 1, is a simple arc joining p0 with pq and
intersecting the exceptional locus E exactly once at p̂q. The fiber Tq is related to a
1-parameter family of BT-curves Gq = {γp}p∈Tq

.
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Figure 10. Left: The plot of the vector field P⃗ = (∂e2P,−∂λP).
Center: The fibers Tq, for several values of q. Right: The fiber
T11/10.

4.2. Isomonodromic Families. Let q = m/n be a rational number. Then,
Gq = {γp}p∈Tq is a 1-parameter family of BT-strings, the isomonodromic family
with characteristic number q. We list some salient geometric properties of the
isomonodromic families:

(1) If e2 → 1+, |[γpq(e2)]| tends to the ideal boundary of D2 (see the first image
of Figure 11).

(2) If e2 → e∗q,2
−, |[γpq(e2)]| tends to the circle Cq, centered at the origin, with

radius

rq =
1

e∗q,2 +
√
(e∗q,2)

4 − 1
.

(See the last image of Figure 11.)
(3) The trajectory |[γpq(e2)]| passes through the origin if and only if e2 = êq,2

(see the curve depicted on the fourth image of Figure 11).
(4) The BT-strings are never simple, however their multiple points are admis-

sible in the sense that the tangent vectors at those points are not equal (for
details see Figure 12).

(5) The BT-strings of the isomonodromic family Gq have the same stabilizer,
namely, the group Rn of order n generated by the rotation of an angle
2πm/n around the origin. Since κ is even, the strings are also invariant by
the reflection with respect to the horizontal axis. If n = 1, the reflection is
the unique residual symmetry. In particular, n is the wave number of the
string of the isomonodromic family.

(6) The number m is the hyperbolic turning number of the strings belonging to

Gq. In other words, m is the homotopy class of the Frenet frame in O↑
+(1, 2),

identified as D2 × S1 [11, 39]. If e2 ∈ (1, êq,2), m − n is the homotopy

class of γpq(e2) in the punctured disk Ḋ2 = D2 \ {(0, 0)} (with the obvious

identification π1(Ḋ
2) ∼= Z). If e2 ∈ (êq,2, e

∗
q,2), m is the homotopy class of

γpq(e2) in Ḋ2.
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(7) The function ωq : e2 ∈ J̃q → ωγpq(e2)
∈ R is strictly decreasing and satisfies

lim
e2→1+

ωq(e2) = +∞ , lim
e2→e∗q,2

−
ωq(e2) =

4qπrq
1− r2q

.

Remark 4.8. From (5), (6) and (7) it follows that BT-strings are characterized by
three global geometric invariants: the wave number (ie. the order of the symmetry
group), the hyperbolic turning number and the length.

Remark 4.9. If q = m/n is a rational number, the 1-parameter family Gq =
{γp}p∈Tq

is composed by BT-strings. Moving on the fiber Tq can be seen as the
evolution of these BT-strings. As e2 increases from 1 to e∗q,2, the curves evolve

from the ideal boundary of D2 to the circle Cq. This evolution passes through the
origin of D2 exactly once at e2 = êq,2. The characteristic number q = m/n deter-
mines the wave number n and the hyperbolic turning number m of the BT-strings
of the isomonodromic family Gq.

Figure 11. Trajectories of the BT-strings |[γpq(e2)]| with q =

11/10 and e2 increasing in J̃11/10.

Figure 11 reproduces the trajectories of BT-strings with characteristic number
q = 11/10. The parameter e2 varies in the interval J̃11/10 = (1, e∗11/10,2), where

e∗11/10,2 ≈ 1.8812. The exceptional value ê11/10,2 is approximately 1.71966. The

curves of Figure 11 correspond to e2 ≈ 1, e2 = 1.26, e2 = 1.53, e2 = ê11/10,2,
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e2 = 1.79, respectively, while the last one is the circle C11/10. The BT-strings of the
family have a tenth-fold rotational symmetry. If e2 < ê11/10,2 the homotopy class
in the punctured disk is 1 while, if e2 > ê11/10,2 the homotopy class is 11.

Remark 4.10. As e2 increases in the interval J̃q, the curves in the isomonodromic
family Gq pass through different isotopy classes. More precisely, let j[q], q = m/n,
be defined by

j[q] = (n+mod(n, 2))/2− δ1,n ,

where δ1,n is the Kronecker delta. There are 2j[q] + 1 distinct isototopy classes of
BT-strings in the isomonodromic family Gq.

The curves depicted in Figure 12 are the representatives of the seven isotopy
classes of strings in the isomonodromic family G7/5. In the same figure, the multiple
points of the BT-strings are also illustrated.

5. Appendix. Proof of Theorem 4.5

In this appendix, we will prove Theorem 4.5. As mentioned in Section 4, the
proof follows from the claim with respect to the limits of the period map Pλ. In
turn, the claim follows from five lemmas:

Lemma 5.1. If λ ∈ [− 4
√
φ5/2,−2/ 4

√
27) where φ = (1+

√
5)/2 is the golden ratio,

the period map Pλ is real-analytic.

Proof. Let g and m be as in (3.5). Put

(5.1)



(i) n1 =

(
1−2

√
|c| e4

)
(e2−e1)(

1−2
√

|c| e1
)
(e2−e4)

,

(ii) n2 =

(
1+2

√
|c| e4

)
(e2−e1)(

1+2
√

|c| e1
)
(e2−e4)

,

(iii) A = − ge4(e4+2λ)
1+4ce24

(iv) B = −
g
(
1+4

√
|c|λ

)
(e1−e4)

4
√

|c|
(
1−2

√
|c| e4

)(
1−2

√
|c| e1

) ,
(v) C =

g
(
1−4

√
|c|λ

)
(e1−e4)

4
√

|c|
(
1+2

√
|c| e4

)(
1+2

√
|c| e1

) .
If we fix λ, these are functions of e2 ∈ Iλ = (a(λ), η+(λ)) (see Remark 4.2), denoted
by gλ, mλ, n1,λ, n2,λ, Aλ, Bλ and Cλ, respectively. In view of (3.11), Bλ and n1,λ
are defined on T \ E . The functions gλ, mλ, n2,λ, Aλ and Cλ are real-analytic. If

λ ∈ [− 4
√
φ5/2,−2/ 4

√
27) also n1,λ and Bλ are real-analytic. Instead, if λ < − 4

√
φ5/2,

n1,λ and Bλ are real-analytic on Iλ \ {c(λ)} and

lim
e2→c(λ)±

n1,λ(e2) = −∞, lim
e2→c(λ)±

Bλ(e2) = ±∞.

Recall that c(λ) is defined in (3.12) and its graph represents the exceptional locus
E .

If p = (λ, e2) /∈ E , then

− 1

2π
Θp(ωp) = −

√
|c|
π

∫ ωp

0

µ2
p(µp + 2λ)

1 + 4cµ2
p

ds =

= −
2
√
|c|
π

∫ e1

e2

µ (µ+ 2λ)

(1 + 4cµ2)
√

−(µ− e1)(µ− e2)(µ− e3)(µ− e4)
dµ .
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Figure 12. Trajectories of the BT-strings |[γpq(e2)]| with q = 7/5

and e2 increasing in J̃7/5. Ordinary double points are represented
by the green dots, tangential admissible double points are the red
dots and the multiple point of multiplicity bigger than two is shown
in yellow.

The last integral, denoted by Ip, can be written as

(5.2) Ip =
2
√

|c|
π

(AK(m) + BΠ(n1, m) + CΠ(n2, m)) .
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Figure 13. Amplifications of the fourth and fifth images of Figure
12, respectively.

The map I : p = (λ, e2) ∈ T \ E → Ip is real-analytic.
Let p = (λ, e2) ∈ E (ie. e2 = c(λ)), then

− 1

2π
Θp(ωp) =

4
√
|c|λ2

π

∫ ωp

0

µ2
p

µp − 2λ
ds =

=
8
√
|c|λ2

π

∫ e1

e2

µ

(µ− 2λ)
√
−(µ− e1)(µ− e2)(µ− e3)(µ− e4)

dµ .

This last integral, denoted by Îp can be written as

(5.3) Îp =
2
√
|c|
π

(AK(m) + CΠ(n2, m)) .

If λ ∈ [− 4
√
φ5/2,−2/ 4

√
27), then Iλ ∩ E = ∅ and Pλ = Ip + 1. This proves that

Pλ is real-analytic, for every λ ∈ [− 4
√
φ5/2,−2/ 4

√
27). □

Lemma 5.2. If λ < − 4
√
φ5/2, the period map Pλ is continuous on Iλ = (a(λ), η+(λ))

and real-analytic on Iλ \ {c(λ)}.

Proof. Following with the notation of the previous lemma, for every λ < − 4
√
φ5/2

we have Iλ ∩ E = {(λ, c(λ))} and{
Pλ(e2) = Ip + 1 , e2 ∈ (a(λ), c(λ))

Pλ(e2) = Ip, e2 ∈ (c(λ), η+(λ))
.

Then, Pλ is real-analytic on Iλ\{c(λ)}. The continuity part of the lemma follows
from the limits

(5.4) lim
e2→c(λ)−

Ip = Îp − 1/2 , lim
e2→c(λ)+

Ip = Îp + 1/2 .

Or, equivalently, from

(5.5) lim
e2→c(λ)±

2
√

|c|
π

BλΠ(n1,λ, mλ) = ±1

2
.
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The proof of (5.5) is organized into two steps:
Step I. In the first step we show that

(5.6) lim
e2→c(λ)±

1 + 4λ
√
|c|√

1− 2eλ,1
√
|c|

= ∓
√
2

eλ,1(c(λ))2
,

where eλ,j(e2) = ej(λ, e2), j = 1, 3, 4. Using (v) and (vi) of (3.1) we have

1 + 4λ
√
|c|√

1− 2eλ,1
√
|c|

=
2e3λ,1e

2
2 − qλ(e2)

√
1− pλ(e2)2

2e3λ,1e
2
2

√
1−

√
1− pλ(e2)2

,

where

pλ(e2) =
e2λ,1e

3
2 − e3λ,1e

2
2 + eλ,1 + e2

2eλ,1e22
, qλ(e2) = (eλ,1 + e2)(1 + e2λ,1e

2
2) .

By (iii) of Remark 3.17, pλ(e2) tends to 0 when e2 → c(λ), it is negative if e2 < c(λ)
and positive if e2 > c(λ). Then,

lim
e2→c(λ)±

1 + 4λ
√
|c|√

1− 2eλ,1
√
|c|

= lim
e2→c(λ)±

2e3λ,1e
2
2 − qλ(e2)

√
1− pλ(e2)2

2e3λ,1e
2
2

√
1−

√
1− pλ(e2)2

=

= lim
e2→c(λ)±

− pλ(e2)

e2λ,1

√
1−

√
1− pλ(e2)2

= ∓
√
2

eλ,1(c(λ))2
.

Step II. We will now prove (5.5). For this purpose, recall the standard limit (see
[6], 906.00, p. 302)

Π(n,m) ∼ π

2
√
1− n

, as n→ −∞ , ∀m ∈ (0, 1) .

Since

lim
e2→c(λ)±

n1,λ(e2) = −∞ , 0 < mλ(e2) < 1 , ∀λ < − 4
√
φ5/2 ,

we have

lim
e2→c(λ)±

2
√
|c|
π

BλΠ(n1,λ, mλ) = lim
e2→c(λ)±

√
|c| Bλ√

1− n1,λ
.

Using (5.1) we obtain √
|c| Bλ√

1− n1,λ
=

p̂λ

q̂λ
,

where p̂λ is given by

p̂λ = −1

4
gλ(1 + 4

√
|c|λ)(eλ,1 − eλ,4)

√
e2 − eλ,4(1− 2

√
|c| eλ,4)−1

and q̂λ is the square root of

q̂2λ = (1− 2
√
|c| eλ,1)

(
(1− 2

√
|c| eλ,4)(eλ,1 − e2) + (e2 − eλ,4)(1− 2

√
|c| eλ,1)

)
.

Using (5.6) we obtain

lim
e2→c(λ)±

√
|c| Bλ√

1− nλ,1
= ±hλ(c(λ)) ,
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where

hλ(e2) =
gλ(eλ,1 − eλ,4)

√
e2 − eλ,4(1− 2

√
|c| eλ,4)−1

2
√
2e2λ,1

√
(eλ,1 − e2)(1− 2

√
|c| eλ,4) + (e2 − eλ,4)(1− 2

√
|c| eλ,1)

.

From (3.5), using (iv), (vi) of (3.1) and (iii) of (3.11), it follows that hλ(c(λ)) = 1/2,
which proves the result. □

Before proceeding further, we list eight properties that will be used to prove the
remaining lemmas:

(1) For every λ < −2/ 4
√
27, 0 < mλ < 1, and

lim
e2→a(λ)+

mλ(e2) = 1 , ∀λ ∈ [−1,−2/
4
√
27) ,

lim
e2→a(λ)+

mλ(e2) < 1 , ∀λ ∈ (−∞,−1) .

Recall that mλ is the notation of m (3.5) for fixed λ.
(2) The functions nj,λ(e2) are negative when e2 → a(λ)+ and lime2→a(λ)+ n2,λ(e2)

is finite, for every λ < −2/ 4
√
27. The limit lime2→a(λ)+ n1,λ(e2) is finite, for

every λ < −2/ 4
√
27, λ ̸= − 4

√
φ5/2 and is −∞ if λ = − 4

√
φ5/2. In addition,

if λ ≤ −1

lim
e2→a(λ)+

n1,λ(e2) = lim
e2→a(λ)+

n2,λ(e2) .

(3) The limit lime2→a(λ)+ Bλ(e2) is finite, for every λ ∈ (−1,−2/ 4
√
27) and

λ ̸= − 4
√
φ5/2, while it is −∞ for every λ ≤ −1.

(4) The limit lime2→a(λ)+ Cλ(e2) is finite, for every λ ∈ (−1,−2/ 4
√
27), and it

is +∞ for every λ ≤ −1.
(5) The limit lime2→a(λ)+ c (c = c(λ, e2)) is finite, for every λ < −2/ 4

√
27. It is

negative if λ > −1 and zero if λ ≤ −1.
(6) The limit lime2→a(λ)+ c Cλ(e2) is finite for every λ < −2/ 4

√
27. It is 0 if

λ ≤ −1 and it is negative if λ > −1.
(7) The limit lime2→a(λ)+ Aλ(e2) is finite for every λ < −2/ 4

√
27.

(8) Let Qλ be defined by

(5.7) Qλ = Aλ +
Bλ

1− n1,λ
+

Cλ

1− n2,λ
.

Using (iii)− (vi) of (3.1) and taking into account (3.5) and (5.1) we have

Qλ = −gλe2(e2 + 2λ)

1 + 4ce22
.

Hence, Qλ is real-analytic, it is positive and tends to a finite limit when
e2 → a(λ)+ and when e2 → η+(λ)

− for every λ < −2/ 4
√
27.

We now continue with the proofs of the remaining lemmas, which will show the
limits of the period map Pλ.

Lemma 5.3. Let λ ∈ (−1,−2/ 4
√
27). Then,

lim
e2→a(λ)+

Pλ(e2) = +∞ .
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Proof. We begin by recalling some asymptotic behavior of elliptic integrals. From
906.03 at p. 302 of [6] we have the asymptotic expansion

(5.8) Π(n,m) ∼ 1

1− n

(
log(

4√
1−m

) +
√
−n arctan(

√
−n)

)
, as m→ 1− ,

while from 112.01 at p. 11 of [6] we have the standard asymptotic expansion

(5.9) K(m) ∼ log

(
4√

1−m

)
, as m→ 1− .

Then, from Property (1), (5.2), (5.8) and (5.9) we have

(5.10) Ip ∼
√
|c|
π

(
Rλ + log

(
4√

1− mλ

)
Qλ

)
, as e2 → a(λ)+ ,

where

(5.11) Rλ =

√−n1,λ arctan(
√−n1,λ)

1− n1,λ
Bλ +

√−n2,λ arctan(
√−n2,λ)

1− n2,λ
Cλ .

Next, using the Properties (2)-(6), we conclude that the limits

lim
e2→a(λ)+

√
|c| Rλ(e2) , lim

e2→a(λ)+

√
|c| Qλ

are finite, for every λ ∈ (−1,−2/ 4
√
27) and λ ̸= − 4

√
φ5/2. It then follows from

Property (1) and (5.10) that

lim
e2→a(λ)+

Pλ(e2) = lim
e2→a(λ)+

Ip = +∞ ,

for every λ ∈ (−1,−2/ 4
√
27) and λ ̸= − 4

√
φ5/2.

Consider now λ = − 4
√
φ5/2. Then a(λ) = φ1/4 and the limits

lim
e2→a(λ)+

√
|c| Qλ , lim

e2→a(λ)

√−n2,λ arctan(
√−n2,λ)

1− n2,λ
Cλ

exist and are positive. The functions Bλ and
√−n1,λ arctan(

√−n1,λ)(1 − n1,λ)
−1

are positive on (a(λ), a(λ) + ϵ), for some ϵ > 0. Consequently,
√

|c| Rλ is positive
on (a(λ), a(λ) + ϵ). Thus, also in this case

lim
e2→a(λ)+

Pλ(e2) = lim
e2→a(λ)+

Ip = +∞ ,

as claimed. □

Lemma 5.4. Let λ ∈ (−∞,−1]. Then,

lim
e2→a(λ)+

Pλ(e2) = 1 .

Proof. From (v) and (vi) of (5.1) we have

(5.12) Bλ + Cλ =
gλ(eλ,1 − eλ,4)(eλ,4(8cλeλ,1 − 1)− eλ,1 − 2λ)

(1 + 4ce2λ,1)(1 + 4ce2λ,4)
.

Using (3.1) and the characterization of Remark 3.9 we deduce that

lim
e2→a(λ)+

eλ,4(e2) + eλ,1(e2) + 2λ = 0 , ∀λ ≤ −1 .

This implies

(5.13) lim
e2→a(λ)+

(Bλ(e2) + Cλ(e2)) = 0 , ∀λ ≤ −1 .
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Assume first λ = −1. From (5.13) we have

Rλ ∼
(√−n2,λ arctan(

√−n2,λ)
1− n2,λ

−
√−n1,λ arctan(

√−n1,λ)
1− n1,λ

)
Cλ,

as e2 → a(−1)+, a(−1) = 1. From (v) of (5.1) it follows that lime2→1+
√
|c| C−1 is

finite. Property (2) implies

lim
e2→a(λ)+

(√−n2,λ arctan(
√−n2,λ)

1− n2,λ
−

√−n1,λ arctan(
√−n1,λ)

1− n1,λ

)
= 0 ,

for every λ ≤ −1. Then,

(5.14) lim
e2→1+

√
|c| R−1 = 0 .

On the other hand2

(5.15) lim
e2→1+

c

1− m−1(e2)
= 0 .

Combining (5.10), (5.14) and (5.15) we obtain

lim
e2→1+

P−1(e2) = lim
e2→1+

Ip + 1 = 1 .

Consider now the case λ < −1. Using Property (2) we have

(5.16) lim
e2→a(λ)+

n1,λ(e2) = lim
e2→a(λ)+

n2,λ(e2) < 0 , lim
e2→a(λ)+

mλ(e2) ∈ (0, 1) .

Then

lim
e2→a(λ)+

Π(n1,λ(e2), mλ(e2)) = lim
e2→a(λ)+

Π(n2,λ(e2), mλ(e2)) .

Moreover, (5.16) implies that the limits

lim
e2→a(λ)+

Π(n1,λ(e2), mλ(e2)) , lim
e2→a(λ)+

K(mλ(e2))

are finite for every λ < −1. From (v) of (5.1) it follows that lime2→a(λ)+
√

|c| Cλ is
finite for every λ < −1. Properties (5) and (7) implies that lime2→a(λ)+ Aλ is also

finite, and that lime2→a(λ)+
√
|c| = 0 for every λ < −1. Then, using (5.13), we

have

Ip =
2
√
|c|
π

(AλK(mλ) + BλΠ(n1,λ, mλ) + CλΠ(n2,λ, mλ))

∼e2→a(λ)+
2
√

|c|
π

(Π(n2,λ, mλ)−Π(n1,λ, mλ)) Cλ ,

for every λ < −1. This implies

lim
e2→a(λ)+

Pλ(e2) = lim
e2→1+

Ip + 1 = 1 , ∀λ < −1 ,

concluding the proof. □

Lemma 5.5. Let λ < −2/ 4
√
27. Then,

lim
e2→η+(λ)−

Pλ(e2) = χ(λ) ,

where chi(λ) is the function defined in Definition 4.3.

2This limit has been computed with the software Mathematica 13.1.
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Proof. From

lim
e2→η+(λ)−

mλ(e2) = lim
e2→η+(λ)−

n1,λ(e2) = lim
e2→η+(λ)−

n2,λ(e2) = 0 ,

it follows that

lim
e2→η+(λ)−

K(mλ(e2)) = lim
e2→η+(λ)−

Π(n1,λ(e2), mλ(e2)) =

= lim
e2→η+(λ)−

Π(n2,λ(e2), mλ(e2)) =
π

2
.

Then,

(5.17) lim
e2→η+(λ)−

Pλ = lim
e2→η+(λ)−

Ip = lim
e2→η+(λ)−

√
|c| (Aλ + Bλ + Cλ) .

From (3.1) and (5.1) we obtain the following limits:

(i) lim
e2→η+(λ)−

c =
η+(λ)

4 − 1

η+(λ)6
,

(ii) lim
e2→η+(λ)−

Aλ =
2η+(λ)

3(1 +
√

1 + η+(λ)4(1− η+(λ)
4))√

η+(λ)4 − 3(η+(λ)8 − η+(λ)4 − 1)
,

(iii) lim
e2→η+(λ)−

Bλ =
η+(λ)

3(
√
η+(λ)4 − 1(1 + η+(λ)

4)− η+(λ)
6)(2 +

√
1 + η+(λ)4)√

3 + η+(λ)8 − 4η+(λ)4(1 + η+(λ)4
√
1 + η+(λ)4 − η+(λ)2

√
η+(λ)8 − 1

,

(iv) lim
e2→η+(λ)−

Cλ =
η+(λ)

3(
√
η+(λ)4 − 1(1 + η+(λ)

4) + η+(λ)
6)(2 +

√
1 + η+(λ)4)√

3 + η+(λ)8 − 4η+(λ)4(1 + η+(λ)4
√
1 + η+(λ)4 − η+(λ)2

√
η+(λ)8 − 1

Substituting (i)-(iv) in (5.17) we conclude

lim
e2→η+(λ)−

Pλ(e2) = χ(λ) ,

as stated. □

Finally, the proof of Theorem 4.5 follows from the limits shown in previous
lemmas in combination with the continuity of the period map Pλ.
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[4] J. Arroyo, O. J. Garay and A. Pámpano, Delaunay Surfaces in S3(ρ), Filomat 33-4 (2019),
1191–1200.

[5] W. Blaschke, Vorlesungen über Differentialgeometrie und Geometrische Grundlagen von
Einsteins Relativitätstheorie, B. 3, bearbeitet von G. Thomsen, J. Springer, Berlin, (1929).

[6] P. F. Byrd and M. D. Friedman, Handbook of Elliptic Integrals for Engineers and Physicists,
Springer-Verlag, Berlin, Gottingen, Heidelberg, (1954).

[7] M. Barros, A. Ferrández and P. Lucas, Conformal Tension in String Theories and M-Theory,
Nuclear Phys. B 584 (2000), 719–748.

[8] M. Barros, A. Ferrández, P. Lucas and M. A. Meroño, Willmore Tori and Willmore-Chen
Submanifolds in Pseudo-Riemannian Spaces, J. Geom. Phys. 28 (1998), 45–66.

[9] C. Bohle, G. P. Peters and U. Pinkall, Constrained Willmore Surfaces, Calc. Var. Partial
Differential Equations 32 (2008), 263–277.

[10] P. B. Canham, The Minimum Energy of Bending as a Possible Explanation of the Biconcave

Shape of the Human Red Blood Cell, J. Theor. Biol. 26-1 (1970), 61–76.



35

[11] D. R. J. Chillingworth, Winding Numbers on Surfaces I, Math. Ann. 196 (1972) 218–249.

[12] R. Capovilla, J. Guven and E. Rojas, Hamilton’s Equations for a Fluid Membrane: Axial

Symmetry, J. Phys. A: Math. Gen. 38 (2005), 8201–10.
[13] E. Calabi, P. J. Olver, C. Shakiban, A. Tannenbaum and S. Haker, Differential and Numer-

ically Invariant Signature Curves Applied to Object Recognition, Int. J. Comput. Vis. 26

(1998), 107—135.
[14] E. Calabi, P. J. Olver and A. Tannenbaum, Affine Geometry, Curve Flows, and Invariant

Numerical Approximations, Adv. Math. 124 (1996), 154–196.

[15] J. Cho, M. Pember and G. Szewieczek, Constrained Elastic Curves and Surfaces with Spher-
ical Curvature Lines, arXiv: 2104.11058 [math.DG], (2021).

[16] E. Evans, Bending Resistance and Chemically Induced Moments in Membrane Bilayers,

Biophys. J. 14 (1974), 923–931.
[17] T. Flash and A. A. Handzel, Affine Differential Geometry Analysis of Human Arm Move-

ments, Biol. Cybern. 96-6 (2007), 577–601.
[18] J. D. E. Grant and E. Musso, Coisotropic Variational Problems, J. Geom. Phys. 50 (2004),

303–338.

[19] P. A. Griffiths, Exterior Differential Systems and the Calculus of Variations, Progress in
Mathematics, vol. 25, Boston, Birkhauser, (1982).
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