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Abstract We present non- and ultra-relativistic Jackiw—
Teitelboim (JT) supergravity as metric BF theories based
on the extended Newton-Hooke and extended AdS Car-
roll superalgebras in two spacetime dimensions, respectively.
The extended Newton—Hooke structure, and, in particular,
the invariant metric necessary for the BF construction of
non-relativistic JT supergravity, is obtained by performing
an expansion of the N/ = 2 AdS, superalgebra. Subse-
quently, we introduce the extended AdS; Carroll superalge-
bra, and the associated invariant metric, as a suitable redefini-
tion of the extended Newton—Hooke superalgebra. The map-
ping involved can be seen as the supersymmetric extension
of the duality existing at the purely bosonic level between
the extended Newton—Hooke algebra with (positive) nega-
tive cosmological constant and the extended (A)dS Carroll
algebra in two dimensions. Finally, we provide the Carrollian
JT supergravity action in the BF formalism. Moreover, we
show that both the non-relativistic and the ultra-relativistic
theories presented can also be obtained by direct expansion
of N/ = 2 JT supergravity.
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1 Introduction

Progresses in the understanding of the quantum nature of
black holes have been enabled by Jackiw—Teitelboim (JT)
gravity [1,2] (which is a model of 2D dilaton gravity, cf.,
e.g., [3,4]) and its holographic dual, especially concerning
quantum chaos and scrambling, which are indeed believed
to be related to the black hole information paradox (for
a comprehensive review see, e.g., [5-7]). Besides, from
the gauge/gravity duality perspective, JT gravity, as a two-
dimensional toy model of quantum gravity describing uni-
versality in nearly extremal black holes [8,9], is dual to the
Sachdev-Ye—Kitaev (SYK) model [10, 1 1] atlarge N and low
energies. The SYK model is an exactly solvable quantum the-
ory of N >> 1 interacting Majorana fermions (cf. [7,12] and
references therein) that has received a growing attention since
its formulation from both the high energy and the condensed
matter physics communities, and it is nowadays considered
one of the most notable models for quantum chaos and holog-
raphy. This is due to the fact that it exhibits some remark-
able properties. For instance, it is exactly solvable in the
large N and IR limit, where, moreover, it acquires conformal
symmetry and the effective action can be approximated by
the Schwarzian one. Furthermore, it exhibits a holographic
relation with JT gravity, with the latter describing excita-
tions above the near-horizon extremal black hole and, once
considered on the clipped Poincaré disk, effectively reduc-
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ing to the one-dimensional theory with Schwarzian action.
In particular, the SYK model resulted to be an excellent
toy model for many physical phenomena, including quan-
tum chaos [13], information scrambling [14-16], traversable
wormholes [17,18], and strange metals [19].

On the other hand, another remarkable feature of JT grav-
ity is that it can be regarded as a topological theory in two
spacetime dimensions within the BF formalism, which is
reminiscent of the three-dimensional formulation of Chern—
Simons theory.! The BF formulation of JT gravity [37—
39] is particularly well-suited to consider other types of
theories by extending the underlying symmetries. These
symmetries can be either relativistic or ultra/non-relativistic
(super)symmetries. Recently, the non-relativistic (¢ — oo,
where c is the speed of light) and ultra-relativistic (¢ — O,
also called Carrollian, see, e.g., [40—45]) limits of JT grav-
ity have been obtained in both the second-order and the BF
formalism in [46,47]. Moreover, the BF setup allows one to
consider the boundary theory of JT supergravity [48], the
latter resulting to be the gravity dual of the supersymmetric
extension of SYK model in the low energy limit [48,49].

Despite all the aforementioned rather recent developments
and the promising applications of JT (super)gravity in vari-
ous research fields, its non- and ultra-relativistic counterparts
still remain little explored. Conversely, non-relativistic the-
ories have received a growing interest in the last years due
to their relation to condensed matter systems [50-57] and
non-relativistic effective field theories [58—61], while Car-
roll symmetries appear, for instance, in high energy physics
in the study of tachyon condensation [62], warped conformal
field theories [63], and tensionless (super)strings [64—68].

In the above discussed context, at least to our knowl-
edge, consistent non- and ultra-relativistic JT supergravity
theories have not been developed yet, especially within the
BF formulation. In this work, we present non- and ultra-
relativistic JT supergravities as metric BF theories based,
respectively, on the extended Newton—Hooke and extended
AdS Carroll superalgebras in two spacetime dimensions. The
former superalgebra, together with the associated invariant
metric necessary to implement the metric BF construction, is
obtained by performing a Lie algebra expansion of the N = 2
AdS; superalgebra. Consequently, we introduce the extended
AdS; Carroll superalgebra and its invariant metric through a
suitable redefinition of the extended Newton—Hooke super-
algebra. Hence, we construct the Carrollian JT supergravity
action in the BF formalism. Moreover, we show that both the
non- and ultra-relativistic JT supergravity actions presented
in this work can also be obtained by directly expanding JT

! For recent developments and reviews of the three-dimensional Chern—
Simons formulation of (super)gravity theories, in particular both non-
and ultra-relativistic, see, e.g., [20-36] and references therein.
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supergravity formulated as a BF theory based on the N = 2
AdS; superalgebra.

The paper is organized as follows: We start by briefly
reviewing, in Sects.2 and 3 respectively, the first-order for-
mulation of JT gravity as a BF theory based on the AdS,
algebra and the extension to the case of N/ = 2 JT super-
gravity as a BF theory based on the N' = 2 AdS, superal-
gebra. In Sect.4 we introduce the extended Newton—Hooke
superalgebra as a Lie algebra expansion of the A' = 2 AdS;
one, deriving the associated invariant metric which allows us
to consequently develop the non-relativistic JT supergravity
action as a BF model. Subsequently, in Sect.5 we move on
to the construction of the ultra-relativistic counterpart of JT
supergravity. Hence, we derive the supersymmetric extended
AdS; Carroll algebra, which can be obtained both as a redef-
inition of the extended Newton—Hooke superalgebra and as
an expansion of the A" = 2 AdS; one. The same applies at
the level of the invariant metric, which permits us to construct
the Carrollian JT supergravity theory in the BF setup. Sec-
tion 6 is devoted to concluding remarks and possible future
developments of our analysis. In Appendix A we collect our
notation and conventions.

2 Review of Jackiw-Teitelboim gravity as a metric BF
theory

In this section we will consider the first-order formulation of
JT gravity as a BF theory based on the AdS; algebra [37—
39]. We will follow [46] and briefly review the structure of
(metric) BF theories for later purposes.

The BF theory action is given by

SBF ™, A] = i/ LB A%, A, 2.1)
2w )
with
LB, A
= X*F = Xg (dAK—f—%C”KAI/\AJ), (2.2)

where k is a dimensionless constant, X* = X;E! is a scalar
transforming in the coadjoint representation of the Lie alge-
bra g on which the theory is based, and the Lie algebra valued
1-form Allle/dx“ is a gauge field with curvature two-form
F =dA+ %[A, A]. The structure constants C; ;X of g are
defined by

ler,es] = Cri¥ex, (2.3)

where e; are the generators of g. The dual g* has basis E/
obeying E (e;) = 87.
The action (2.1) is invariant under gauge transformations

AT =d +CkIAKAT, 5 X =—Cri K XK. 2.4
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The equations of motions of the theory read
1
Fl=aA’ + Ec,K’A’ A AK =0,

dX; +C1 ;%A Xk =0. (2.5)

If g admits an invariant metric (-, -) : g x g — R thatis a
non-degenerate, symmetric, ad-invariant bilinear form,2 then
one can use this metric to identify elements of the dual g* with
elements of the Lie algebra g by means of (X, ) = X*(-),
thatis X/ = g’/ X; (where g;; = (e;,ey) and g/’ g x =
85).

In BF theories having an invariant metric is not a require-
ment, but in this paper we are interested in a particular sub-
class of BF theories (see [46]), called metric BF theories,
whose construction is in fact based on Lie algebras exhibit-
ing an invariant metric. The action for a metric BF theory is
given by

k k
S"BFlx, Al = — f LMBFLY, Al = — / (X, F)
271’ Mo 27‘[ M>

k 1
=— grx Xt (dAK—l—fC”KAI/\AJ),
2 Mo 2
(2.6)
and its equations of motion read
F=0, d¥Y+[A, X]=0. 2.7

A standard example of metric BF theories can be obtained
by considering as a starting point simple Lie algebras where
one can use the matrix trace to write L™BF = tr(X' F).

The first-order formulation of (AdS) JT gravity as a metric
BF theory was developed by considering the AdS; algebra,
which is spanned by the Lorentz and spacetime translations

generators {J, P4}, with A, B, ... =0, 1, and read
[J, Pal=eapP®,  [Pa, Pgl=—Aeapl,  (28)
where A = — % is the cosmological constant written in terms
of the AdS, radius ¢, and €g;y = —e€j9 = 1. This algebra
admits an invariant metric given by
NAB
(Pa, Pp) = PR (J,J) =1 (2.9)

In this setup, the gauge field and the coadjoint scalar take the
following form (cf. [46]):

A=EAP,+QJ, X =X"Pr+ X, (2.10)
and the corresponding covariant curvatures are given by
R(E)* = dEA — *BQ A Ep,

1
R(Q):dQ—}-ﬁGABEA/\EB. (2.11)

2 By ad-invariance we intend ([z, x], y) = (x, [z, ¥]) = O for all Lie
algebra elements x, y, z € g.

Using (2.10), (2.11), and the invariant metric (2.9), one
obtains the BF theory formulation of JT gravity, that is

k
Syt = 2_f (—AXAR(E)A + XR(Q)) ) (2.12)
T
The equations of motion of the theory are given by
dEA —e*BQ A Ep =0,
1
dQ+ @eABEA NEB =0,
dXx4 —eBQxp + e BXEp =0,
1 a8
dX — 5_26 XsEp =0. (2.13)

In particular, the equations of motion of the fields X4 enforce
the two-dimensional torsion constraint for the zweibein E4.
Upon solving the latter for the spin connection 2 and plug-
ging it back into the action, one is left with the second-order
action for JT gravity, where X turns out to be the dilaton field.
In this way, one can derive the JT equations of motion in the
second-order formalism (see [47]),

R—-2A=0,

VuVoX — AgunX =0, (2.14)

R being the curvature scalar. The first of these equations
yields locally AdS, spacetime, and the second can be con-
sidered as a back-reaction of the field X in response to the
metric g;.

3 N =2 Jackiw—Teitelboim supergravity

In this section, we will review the first-order formulation of
N = 2 JT supergravity as a BF theory presented in [48],
adopting, however, the slightly different notation and con-
ventions of [69] (see also Appendix A). In order to proceed
with the construction of the theory, it is convenient to intro-
duce the N' = 2 AdS; superalgebra as a starting point.?
The N = 2 AdS; superalgebra is given by the commutation
relations

1
[Pa, Ppl = e_ZEABJ,

ip_ 1 i ip_ L i
[J,Q]—EJ/*Q, [PA,Q]—%VAQ,

[J, Pa]l =eapP?,

_Ligi,

U, 0']= 27

3.1)

3 We will be interested in studying the non-relativistic counterpart of JT
supergravity, which results to be achievable and well-defined in partic-
ular once we start from the N = 2 relativistic theory. This is analogous
to what was done, for instance, in [21] for the three-dimensional Chern—
Simons formulation of extended Bargmann gravity.

@ Springer
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and the anticommutator

. : . _ §i 3
(Q4r 0p) =87 (raC Dap P + = (nC Dap/

—&(C™N4pU, (3.2)

where C is the charge conjugate matrix, defined as C = io»,
A = —giz is the cosmological, i, j = 1, 2 label the number
of supercharges, and ¢;; is the two-dimensional Levi Civita
symbol (¢12 = —&31 = 1). The superalgebra (3.1)—(3.2) is
endowed with an invariant metric

1AB
02

. . 2 ..
(Qq Qp) = 587 (C Dayp.

1
(U,U) =2,

(Pa, Pg) = 72

(J,J) =1,

(3.3)

The gauge connection 1-form, the coadjoint scalar, and the
curvature 2-form associated with the N' = 2 AdS, superal-
gebra are, respectively,*
A=E*P,+QI+TU+ V' 0,

X =XAPy+XJ+YU+210;,

R = R(E)*Ps+ R(Q)J + R(THU + R(W)' Q',  (3.4)

where now
1 . )
R(E)* =dE* —e*BQ A Ep + 55,"/\1”)/‘4 AW,

1 A pB . Lo gi j
R() =dQ+ S eapE” ANET + 258, Wy AW,

1 . )
R(T) =dT — Seij¥' AW,
i i, 1 i, 1o i
ROD) =dW' + 2Q Ay + 2 EA A ya¥
1 4
— T AW/, 3.5
+2£8 (3.5)

Notice that the A in (3.4) are fermionic, while X4, X, Y
are bosonic. Our convention for the gamma matrices in two
dimensions is given in Appendix A.

We can then construct the BF theory of JT supergravity
by using (3.4) and (3.5) along with the invariant metric (3.3).
The resulting action takes the following form:

B k I 4
SgT = Zf <(—2X R(E)a + XR(R2)
1 2, .
+ g_ZYR(T) + Z)» R(‘I’),) . 3.6)

One can show that the action (3.6) is invariant under the
following supersymmetry transformations:

SEA = —§;;¢ y A,

1 . .
6 = —25,'/'611/*\[’],

4 In the following, we will frequently omit the spinor index « to lighten
the notation.

@ Springer

6T = Sijéillfj,
SUi = del + ly*eiQ + iJ/AEiEA + is"je-"T,
2 20 20
§X4 = —8;;€y A,

LN
50X = —ZSUG )/*)\— 5
8Y = g; €,

; 1 | . 1 .. .
SAl = — XA i Z Xe€! iy j’
2£VA € +27/* € +2£<‘9 €

3.7
where €/¢ are the supersymmetry parameters. The equations
of motion of the theory are

1 _ . .
dEA — GABQ N Ep + E(Sij\pl)/A AW/ =0,

1 1. - ,
dQ+ 2—£26ABEA AEB + TRASLI

1 _. .
dT — Eé‘,‘j\l-’l AW/ = 0,

| . 1 .
AV + Q@ Ay + ﬁEA A yall

1 .
— T AW/ =0,
Tt

(3.8)
that is R(E)A = R(Q) = R(T) = R(W) =0, coming
from variation of the action with respect to X A X, Y, M,
respectively, together with

dX* —e*BQXp+erBXEp+6;; ¥ yA1 =0,
[PV [ j

dX—e—2€ XAEB—}—Z(SI‘]'\IJ yar! =0,

dy — 8,‘j\lfi)uj =0,

di + iyAEAM + 1;/ QA+ Lgiigai _ iyAXA\y"
20 27 20 20

1 1 )
——p XV — iyl = 0.
20

5 3.9)

The construction above is the first-order formulation of N' =
2 JT supergravity. Let us move on to the study of its non- and
ultra-relativistic counterparts.

4 Supersymmetric extended Newton—-Hooke algebra
sNH; and non-relativistic Jackiw-Teitelboim
supergravity

We will now develop the non-relativistic counterpart of the
JT supergravity theory reviewed in the previous section. The
theory will be based on the extended Newton—Hooke super-
algebra with negative cosmological constant (which we name
sNH») we are going to present in the following.
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4.1 Extended Newton—Hooke superalgebra sNH;

The extended Newton—-Hooke superalgebra in two dimen-
sions can be obtained by performing a Lie algebra expan-
sion on the A" = 2 AdS; superalgebra. For a comprehensive
treatment of the Lie algebra expansion procedure see, e.g.,
[70-72] and references therein. The supersymmetric exten-
sion of the (purely bosonic) extended Newton—Hooke (NH)
algebra of [47] requires three fermionic generators, ng and
R, . Besides, it requires two extra bosonic generators Uy and
U», both of them acting non-trivially on the fermionic gen-
erators in the presence of a cosmological constant A (while
they become central charges in the limit A — 0, that is
£ — 00). In particular, the extra bosonic generators allows
us to end up with a well-defined invariant metric.

Before implementing Lie algebra expansion on (3.1)-
(3.2), we split the Lorentz indices as A = (0, 1), such that

Pa=(Py, P1), y*= (VO, V1)~

In this way, one obtains the following decomposition of the
AdS; superalgebra:

“.1)

[PO’J]Z_Plv [J’PI]ZPOa

1

2l
A . 1 .
1 — _ i P [ 1

[/, 0] 2J/*Q, [Py, O'] ngOQ’

[P, P1] =

i Lo
[Pl,Q]—%VlQ,

4 1
[U, 0'1= —ﬁ8” Qjs (4.2)

together with

1
(Qa O} = —(0C ™ DapPo+ (N C™ Dap P+ (1C D,

1
(03 0f} = —(C ™ DapPo+ (N C™ Nap P+ (1C ™ D,
{04 05} = —(C " NupU. (4.3)

In addition, we introduce the following combination of the
fermionic generators Q) and Q2:

o* = % (2'+n0?).

Hence, the decomposed algebra takes the form

“4.4)

[P07]]:_P11 []1Pl]:P03
1
[PO,P1]=€—2J,
- 1 ~
[, 0%1 = 270,
~ 1 ~
Pa + = ia
[P0, @71 = 5510 0Q

1 -
[P, 0% = TR

- 1 -
U, 01 =+, 0%, 4.5)
along with
{0, Q,Jgr} = —(WC NapPo + (0C s,
~, o~ 1
(04> Q) = (NC DapPr + 5(C Dap
{04, 05} = —(0C NapPo — (0C ™ apU. (4.6)

Then, we consider the following expansion of the generators:

Po=H+n*M, P =nP, J=nG, U=U; +n’U,
Ot =0 " +n*R, 0" =n0", (4.7)

where 7 is the expansion parameter. In this way, we end up
with the extended Newton—Hooke superalgebra sNH,, which
has the non-vanishing commutators>

[H,G]=—-P, [G,P]=M,

1
[H, Pl = 3G,
(G, 0 = 21.0". [G.0 ]=~yR
k) —2)/* k) ) —23/* )
1
+ _ p—
[P, 0" 1= 30"

1 1
[P,0 1= —nR, [H 0= ﬂon*,

20
1
H,R] = —»wR,
[ ] 2EV0
1 1
M, 0 ] = —wR, L0 =+—»0*
(M, O] 2ZV0 (U1, 071 2£VOQ ,
1
Ui, Rl = —wR,
[U1, R] 2€V0
|
[Uz, O ]=gV0R~ (4.8)
and anticommutators
(04, 0F} = —(C N H + (0C ™ DapU,
_ _ 1
(07, 0p) = (NC NapP + ; (C ™ Heg G,
{05, Rg} = —(0C DapM + (oC ™ Mg Ua,
{04, 05} = —(0C NapM — (C ™ apUs. 4.9)

The supersymmetric extended Newton—Hooke algebra above
admits the invariant metric

> Closure of the algebras we introduce in the present paper has been
verified also by means of the computer algebra program Cadabra [73,
74].

@ Springer
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1
<P7P>:€_27 (G1G>=17
1
(H, M) = 2
1
<U1»U2>:£—2,
_2

o ke =5 (c7),,

i 0 =7(c),-

We can now move on to the construction of the non-
relativistic JT supergravity action as a BF theory based on
the sNH; structure obtained above.

(4.10)

4.2 Non-relativistic Jackiw—Teitelboim supergravity action

Now that we have unveiled the sSNH» structure, we can assign
gauge fields for each Lie algebra generator, and the 1-form
A in the case at hand can be written as

A=tH+eP +wG+mM+rU; +rU;

+¥ 0T +9 0 +pR. (4.11)
The transformation rules for these gauge fields can be found
by exploiting . A’ = de! +C g eX A7, where €4 is the rel-
evant gauge parameter and C g ! are the structure constants,
in this case, of sSNH;. In particular, the (non-trivial) transfor-
mations along the parameters €T €7 ¢ (associated with
¥+, ¥, p) are, respectively,

—o

st =¢eTpyT,
Se = —E+y11//_,
1
Sw = —Z€+y*1p—,
dm =& ypp,
dri = —& oy,
Srp = —E+y0p,
1 1
St =det 4 — et —yoetr,
v € +2€y06 T+267/06 r
1 1
Sy~ =de + Ey*eJra) + ﬂyleJre,
1 1
dp = ﬁVOEer + ﬁVOGJrrz, (4.12)
Se=—e iyt
1
R AR
dm =¢e py,
drp =€ pv,
Sy~ =de + ! N ! N
=de — Y€ T — — Y€ s
ZZVO ZZVO r
1 _ 1 _
5p = Fe @+ oy, (4.13)

@ Springer

sm = ey,
Sry = —énoyt,
1 1
8p = de + ﬁyoet + ﬂyoerl. (4.14)
Besides, we have
X=EBEH+TP+PG+3EM+TU+ThU;
+ATO T+ 1707 + AR,
R =R(t)H + R(e)P + R(w)G
+R(m)M + R(r1)U; + R(r2)Us
+RWHOT+RW Q™ + R(p)R, (4.15)

where the sSNHj-covariant curvatures are given by

1 -
R(r) =dt — zw%wﬂ
Re)=de—tAo+VTy Ay,

1 1-
R(w) =dw+ Z_ZT Ae+ Ztﬁer* Ay,

_ 1 -

R(m) de+w/\€—1//+)/oA,0—§1ﬁ_)/o/\1//_,

1 -
R(r) = dri + El/erVo Ayt

_ 1 -
R(r)=dra+vyTywnap— VAV

1 1
Ry =dyt+ —t Ayt +—=riAnyt,

2t 2t
1 1
RWT) =dy™ +sonyd™ + T Ay

+ ! Ayt ! Ao~
— —— ,
%6 Y1 20 1 ANY0

1 _1
R(p) =dp+§amy*w +ﬁf/\yop

1 1
—m A T4+ —en -
+2Em Yoy +2ze Ny

1 1
+—r AP+ =12 AT, (4.16)

20 20
As we have the invariant metric (4.10) and the curvatures
(4.16), we are now able to write down the BF action for
the non-relativistic JT supergravity theory, based on sNH»,
which reads

k 1
SSJI"IF = E/ [(bR(a)) + ?Z(HR(e)—ER(m)—ER(t)

2 /-
+ TIR() + ToR(r) ) + 5 (AT R)

+ATRWT) +AR(M) |- (4.17)

The action (4.17) is a supersymmetric generalization of the
bosonic one presented in [46,47]. This non-relativistic JT
supergravity action is invariant under the transformations
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(4.12)-(4.14) together with the following (non-trivial) trans-

formations of ®, I1, B, X, Ty, T», AT, A7, A, with parame-
—

ters, in order of appearance, et €% ¢
5P Lo+ A
- _lz ,
I} Vs
ST = —eTya™,
88 =T yh,
8% = éTyort,
8Ty = —&Tyoh,
8Ty = —€ A",
1 1
T = — et + — e,
2K)/o € +2€V0 2€
1 1
SAT = —y, et + —y Tlet,
SV Pe +2€V1 €
1 1
Sh = —ypoBet + —pTie™, 4.18
2 0E€ +25yo 1€ (4.13)
1
8P = ——€ yuh,
7 Vs
ST = —€ 1A,
8% =& yr,
5T =€ yor,
8A+—1 de + ! e
o 201
1 1
AT = —yEe — —wT; s 4.19
2 V0E€ s rohe (4.19)
8% = Epoh,
3T, = —€poA,
ST = ! Be + ! Tie (4.20)
= 2EVOH 2Z)/0 1 .

Note that the latter can also be derived by exploiting the
Lie algebra expansion method on (3.7). The equations of
motion of the theory correspond to the vanishing of the SNH; -
covariant curvatures and coincide with the ones found in [46,
47] when we restrict ourselves to the purely bosonic case.
Notice that, in the supersymmetric theory, we end up with
a non-vanishing torsion that is given, on-shell, in terms of a
spinor bilinear.

Finally, let us highlight that the same action (4.17) can be
obtained by directly performing the expansion procedure on
the supersymmetric AdS; theory. To do so, one shall start by
decomposing the AdS; curvatures (3.5) as follows:

0 0 1o o j
R(EY" = dE® +Q A Ey = S0 0y AW,
1 _. )
R(E)' =dE'+QAE°+ RIASIR
I o 1 1 7 j
1 - )
R(T) = dT — Sei; %' AW,

. 1 o :
RW) =d¥ + —Q Ay ¥ + —E A 0/
2 20
1 . .. ,
+ﬁEl AW 4 T AW

Correspondingly, we can also implement the same decom-
position on the action (3.6), that is

k 1
Z/ [E—Q (X°R(E) + X' R(E))

421

SSJT dec. =
1 2_.
+ XR(2) + E—2YR(T) + Z)JR(\IJ)i . 422
Subsequently, we introduce the spinors

1
S — (qu, + (yo)aﬂwg) . (4.23)

V2

Thus, the curvatures (4.21) boil down to

1- 1.
R(E)Y =dE° +QAE| — E<1>+yo AT — Eqryo ADT,
RE) =dE'+ QAE "+ ®ty A D™,
[ o, Loy -
R(Q) =dQ+ FE' NE'+ S0ty A 07,
let +_1g- -
R(T) = dT + 2% A 0T — 27 A7,

1 1
R(®F) = do* + S9N Ve ®F + —E% Ayt

2¢
L 1 +
—E' Ay ®T £ —T Ay~ 4.24
30 i i LA (4.24)
We can then see that, performing the expansion
EO=7:—|—772m, Elzne, Q =no, T=1”1+T)27’2,
ot =yt P, O =py, (4.25)

we precisely end up with the SNH» curvatures (4.16). Finally,
the expansion of the action yields

2) k 1 (2) 0) (1)
SNRST = E/ 7 XoR(t) + XoR(m) + X1R(e)

(1 1 /@ 0)
+X R(w) + 2 <YR(F1) + Y R(r)

2 (@ © )
+Z (A+R(w+)+ A R(p) + +A‘R(1/f‘)) }

(4.26)
that is, with the identifications
2) 0) (1) (1)
Xo=-%, Xo=-E, X;=I, X =,
(2) ©)
Y=17 Y =T,
@ © _ o _
A=, A=A AT =27, (4.27)

the non-relativistic JT supergravity action (4.17).
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5 Ultra-relativistic Jackiw—Teitelboim supergravity

In this section we will introduce a supersymmetric exten-
sion of the extended AdS; Carroll algebra which will allow
us to develop the corresponding Carrollian, that is ultra-
relativistic, JT supergravity action as a metric BF theory.

5.1 Supersymmetric extended AdS, Carroll algebra as a
redefinition of SNH»

The purely bosonic extended AdS, Carroll structure first
appeared in [46,47]. We shall now present a supersymmet-
ric extension of the latter as a redefinition of SNH». To this
aim, let us therefore perform the following redefinition on
the sNH; structure previously obtained:

H< P, {— —il,

Y1 —> —iY0,

Yo —> —iy1,

Y« = Voo C — —iC. 5.1

By doing so, we end up with the supersymmetric extended
AdS; Carroll algebra, which reads

[H,G]=—-M, [G,P]=H,

[H, P]= }ZG,
[G.0"]= lV*Q_, [G.O7]= lme,
2 2
[H, Q1] = ion‘,
20

oL TEE Spaet
[H5Q ]—2£]/0R, [PvQ ]_2ZV1Q )

1
P,R]= —yR,
[ 1 i
1 1
Ms + = Rs U9 + ::l:_ i?
M, 0] i (U1, 0] 2Z)/lQ
1
,R1=—nR,
(U1, R] e
(U2, 0" = 2R
2 - ZEVI )
(5.2)
together with
(104, 05} = (nC NapP — (nC~NapUs,
_ _ 1
(04 0p) = =(0C DapH + 5 (%C ™ Neg G,
{05, Rg) = (1 C ™ NapM — (11 C o Us,
{04, 05} = 1C NapM + (1 C ™ apUn. (5.3)

Note that this construction is reminiscent of the duality exist-
ing at the purely bosonic level in two spacetime dimensions
between the extended NH* and the extended (A)dS, Carroll
algebras.

@ Springer

Let us mention that the same extended AdS; Carroll super-
algebra (5.2), (5.3) can also be obtained from the N' = 2
AdS; superalgebra (3.1), (3.2), once decomposed as in (4.2),
(4.3), by introducing the fermionic charges

_ b
-7

and performing the redefinition U — iU with the subsequent
expansion

F* (e'+ing?) (5.4)

Po=nH, Pi=P+n’M, J=nG, U=U+n’U,
Fr=0%Y+n’R, F-=90". (5.5)

The extended AdS, Carroll superalgebra (5.2), (5.3) is
endowed with the invariant metric

1 1
<H9H>:_£_21 (G,G):l, (f),M>:e—27

1 N 2/
U1 U2) = =5, (0 Re) =7 (C )aﬂ,

©a.0pr=7(c), .
(5.6)

which, in particular, can be obtained from (4.10) by means
of the mapping in (5.1).

5.2 Carrollian Jackiw—Teitelboim supergravity

We shall now proceed with the development of the ultra-
relativistic BF JT supergravity theory based on the Carrollian
superalgebra just unveiled. The 1-form A has the same form
of (4.11), and also the implicit form of X and R is formally
the same as in (4.15).6 On the other hand, now the (non-

trivial) transformations along the parameters et 7 (o
are respectively given by
st =etyy,
se = -ty T,
1
dw = —Zé+)/*w_,
sm = —eTyp,
sri=¢etyy™,
5}”2 = €+]/1,0,
1 1
8¢+ =deT + ﬁyleJ“e + ﬁyleﬂ’l,
1 1
Sy~ = Ey*e% + 2_ey06+r’
1 1
dp = ﬁ7/1€+m + ﬁ)’le-i_"z’ (5.7)
st =y,

6 This is just matter of our notation, in fact. We make a little abuse of
notation in order to avoid the introduction of new symbols here.



Eur. Phys. J. C (2023) 83:107

Page 9 of 13 107

1
Sw = —Zé_y*w+,

dm = —€ y1y,
drp = —€ iy,
_ _ 1 _ 1 B
Sy~ =de +ﬂ)/16 e — ﬁyle r,
1 1
Sp = Ey*e_a) + ﬂyoe_r, (5.8)
sm=—enyT,
Sra =éenyT,
) d ! + ! (5.9)
=de—y€ —y|€r]. .
14 ZZyl e 2£y1 ri

The extended super-AdS; Carroll-covariant curvatures read
Ry =dt+one—yTypnAy,
1-
R(e) =de+ ¥ Ayt
1 - _
R(w) :dw+£—zr/\e+zlﬂ Ve N,
_ 1-
Rm) =dm+o AT +Y T Ap+ 0 Ay,
1 -
R(ri) =dr =9 n Ay™,
_ - B
R(rp) =dr2—1/f+3/0/\p+§1ﬁ VIAYT,

1 1
Ry =dyT+ —eryiy™+ =—riAany™,

20 20
_ 1 Lo .
R(Y™) =dy +§w/\1/*‘/f +ﬂf/\VO¢
1 1
—e A T——r A -
+2€€ Ny 7 Ny,
1 1
R(p) =dp + F@A v+ TR ny

+1 A 1/f++1 A
MmN ¢\ ne

1 1 n
—r AP+ =AY, (5.10)

+ 2¢ 2¢

Therefore, using the invariant metric (5.6) together with
the curvatures (5.10), we end up with the following ultra-
relativistic JT supergravity action as a metric BF theory based
on the extended AdS, Carroll superalgebra (5.2), (5.3):

Syt = %/ [¢R(w) + e% (SR(e)+TIR(m)
—ER(t)—TR(r2)—T>R(r1))

£ 2R ARG HIRE) | (5D

14
The ultra-relativistic action (5.11) is a supersymmetric gen-
eralization of the purely bosonic Carrollian one in [46,
47]. Tt is invariant under the transformations (5.7)-(5.9)
together with the following (non-trivial) transformations of

the fields ®, =, B, I1, T, To, AT, A7, A, along the parame-
ters €™, €%, ¢, in order of appearance:

1
50 = —Z€+y*k_,
8% = —etyat,
88 =¢etyr,
SIT = —eTy A,
8Ty = € yih,
8T, = eyt
1 1
At = —y1Zet + —y e,
263/1 € +2£)/1 2€
1 1
AT = Ey*d>e++ﬂy036+,
1 1
Sh = —y et + —y Tie™, 5.12
¢ 11Ie +2£V1 1€ (5.12)
1
8P = ——€ y,A,
I Vx
0¥ = —€ y1A~,
8B =y,
8T = —€ yiA~,
8A+—1 de” + : Be
T 201EE
AT ! ! T (5.13)
= — € — — €, .
2El/l 2£V1 1
0¥ = —€yiA,
8Tr = €y1,
L1 1
AT = —y e + —y The. (5.14)

2¢ 2¢

The equations of motion of this Carrollian theory correspond
to the vanishing of the curvatures (5.10), and they boil down
to the ones obtained in [46,47] if we restrict ourselves to the
purely bosonic case. In the Carrollian supersymmetric theory
above we end up with an on-shell non-vanishing torsion given
in terms of a fermion bilinear.

Let us conclude by observing that the same ultra-
relativistic action (5.11) can be derived by expanding the
N = 2 super-AdS; relativistic one. More precisely, start-
ing from the decomposed expressions (4.21) and (4.22) and
introducing the (new) spinors

1 .
@; = 5 (v kiondv}). (5.15)
we get the following “pre-expanded” curvatures:
REY =dE° + QANE —dTyyn @™,
1 1 0o, la+ - -
R(E) =dE +QANE +§d> YA +§d> yIADT,
1 1.
R(Q) =dQ + E—ZEO AE' + ZQDJF)/* ADT,
1. 1-
R(T) = dT — E¢+ ADT + Eqr ADT,

@ Springer
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1 1
R(®F) = dd* + S9N V@ + ﬂEO Ayo®F

Lo £, 1 +
—E T+ —T R 5.16
t5 B A VAL (5.16)
Then, performing the expansion
Eoznr, E1=e+n2m, Q = no, T:rl—i—nzrz,
oF =yt 0o, T =1y, (5.17)

we recover the extended super-AdS; Carroll-covariant cur-
vatures (5.10). Finally, on the same lines of what we have
done in the non-relativistic case, expanding the action (4.22)
we find

2 k 1 /M ) 2
SURsJT=—/ — | XoR(x) + X1R(m) + X1R(e)
27 L
(€] 1 /@ 0
+XR(@)+ 7 <Y R(r) + Y R(r2)

2 (@ © 0
+2 (A*RW) + AR(p) + —|—/\‘R(1ﬁ_)) }

(5.18)

Finally, with the identifications

(1) @) 0 @)

Xo=—-E8, X1=2, X;=00, X=9,

(@) )

Y=-D, Y=-T,

@ O o

AT=xt, A= A=A, (5.19)

we recover exactly the Carrollian JT supergravity action
(5.11).

6 Conclusions

In this paper, we have presented supersymmetric extensions
of non- and ultra-relativistic JT gravity. In particular, starting
from the fact that AV = 2 JT supergravity can be formulated
at first-order as a metric BF theory based on the A" = 2 AdS,
superalgebra, we have exploited the Lie algebra expansion
method to develop its non-relativistic counterpart, which has
its roots in the superalgebra we named sNH;. After that,
by redefining some quantities appearing in sNHj, we have
obtained the extended AdS, Carroll superalgebra, together
with the associated invariant metric. The latter has then be
used to write down the Carrollian JT supergravity action as a
metric BF theory. Remarkably, the mapping from sNHj to the
supersymmetric extended AdS; Carroll algebra can be seen
as a supersymmetric extension of the duality “extended NH*
< extended (A)dS Carroll” existing at the purely bosonic
level in two dimensions. Furthermore, we have explicitly
shown that the same non-relativistic and ultra-relativistic JT
supergravity theories presented here can also be obtained by

@ Springer

directly applying the expansion procedure on the N' = 2 JT
supergravity action.

Observe that, in the non-relativistic case, the field equa-
tions (correspinding to the vanishing of the non-relativistic
supercurvatures) allow to completely solve the non-relativistic
spin connection as (see also [47])

ol® = 211%eP) (e, 00ep — T, 00mp)

+fermion bilinears. 6.1)

Analogously, in the ultra-relativistic theory, the ultra-
relativistic spin connection can be entirely solved as (cf. also
[470)

o = 2e"7P) (1,075 — €, damp)

+fermion bilinears. (6.2)

Let us also mention that, unlike the relativistic case, by
plugging the expressions (6.1) and (6.2) back into the first-
order non-relativistic and ultra-relativistic actions, respec-
tively, one obtains a theory that, in general, is not dynami-
cally equivalent to its first-order counterpart. However, the
equivalence is obtained by considering the non-relativistic
and ultra-relativistic sectors dt = %1}4')/0 AYT and de =
— 3y Ay, respectively.

The expansions we have performed in this work also
enables us to consider BF theories beyond the supersym-
metric Newton—Hooke and AdS Carrollian ones, and this
would be particularly interesting from the Post-Newtonian
expansion and large ¢ expansion point of view [47,75,76].
Furthermore, the procedure we have presented in this paper
could be useful to obtain the next order boundary Schwarzian
actions (which are dual boundary actions of next order grav-
ity actions) by expanding the related Maurer-Cartan forms.

Another possible future direction consists in consider-
ing supersymmetric extensions of the Carrollian and non-
relativistic boundary Schwarzian actions in [46,47] along
the lines of [77] (some work is currently in progress on this
point). Besides, the non-relativistic JT supergravity theory
may serve as a starting point to consider the supersymmet-
ric extension of the flat space boundary action that appeared
in [78]. It would also be interesting to consider ultra- and
non-relativistic limits (and associated supersymmetric exten-
sions) of the most general deformation of JT gravity studied
in [3,4].
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Appendix A: Notation and conventions

The two-dimensional spacetime metric is defined as n4p =
diag(—, +). In our notation, £ denotes the AdS, radius and
the cosmological constant is A = _elz‘ Regarding gamma

matrices, we have y4 = (¥, 1), with

o_ (0 I\_. 1. (0 1Y} _
vio=-n=\_; )T vy =n=\{, o)=on

1 0
Vi = VOV = (O _1> = 03. (A.1)
The charge conjugation matrix is defined as
C=io= (_01 (1)> . (A.2)
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