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A Distributed Equivalent-Permeability Model for
the 3D Design Optimization of Bulk

Superconducting Electromechanical Systems
Inês S.P. Peixoto, Student Member, IEEE, F. Ferreira da Silva, João F. P. Fernandes Member, IEEE,

Silvio Vaschetto Senior Member, IEEE and P. J. Costa Branco Member, IEEE

Abstract—This paper deals with accelerating 3D optimiza-
tion scenarios for bulk superconductor-based electromechanical
systems. For this objective, distributed equivalent-permeability
models for High-Temperature-Superconducting bulks are first
developed. These are stationary models capable of replicating the
distribution of electromagnetic forces in bulks when subjected to
external magnetic fields, minimizing the need for time-dependent
simulations using the E-J power law. After introducing these
models, their initialization phases are proposed to minimize
their computational time requirements while still providing good
accuracy. Optimization of a 3D Zero-Field-Cooled levitation
system is presented to demonstrate the models’ applicability. To
validate the equivalent-permeability model, experimental tests
are carried out. The measured experimental levitation forces
resulting close to the ones obtained using the proposed equivalent-
permeability model and the time-dependent H−formulation
with the E-J power law. After validation, a multi-objective
optimization using the NSGA-II tool is performed to maximize
levitation force while minimizing the HTS bulk volume. Hence,
using the equivalent-permeability models, stationary and linear
FEM simulations provide highly accurate results and significantly
reduce computational time, mainly in 3D optimization scenarios.

Index Terms—Equivalent models, Electromagnetic Force
Computation, FEM Models, Geometric optimization, High-
Temperature-Superconductors, Superconducting Bulk.

I. INTRODUCTION

W ITH High-Temperature-Superconducting (HTS) tech-
nology is becoming more accessible, and new opportu-

nities for HTS applications are emerging. Several applications
are currently being studied in renewable energy generation,
tackling surging concerns with pollution and sustainable de-
velopment [1], [2]. In electrical machinery, these have been
studied for in induction [3], [4] and synchronous motors [5],
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[6], as well as for transportation systems, particularly for
ship propulsion [7], [8] and aircraft applications [9], [10].
Superconductor applications in these areas have the potential
to provide higher efficiency and specific power/torque when
compared to conventional materials.

The first step in developing bulk superconductor-based
devices is their electromechanical and thermal design, in-
cluding their design optimization. This design phase usually
requires extensive simulation through computational methods
such as Finite Element Models (FEMs). The majority of FEM
simulations used for computation of volume distribution of
magnetization vector in bulk superconductors use the E-J
power law together with an H−formulation [11]–[13] or an
A-formulation [14], [15]. These simulations provide highly
accurate results but are usually time-consuming, especially
when dealing with 3D simulations with the highly non-linear
characteristic of HTS materials, and also due to the great
detail that is imperative for precise results [16]. In the case
of optimization processes containing complex devices with
HTS bulks, the high computational times of these methods
are especially critical, considering that several thousands of
simulations are usually required. Recent studies show that a
combination of two formulations, one for non-linear conduc-
tive regions (e.g., HTS bulks), and another for non-conductive
regions (e.g., air), provides the same results with lower sim-
ulation times [16], [17]. This is the example of the H − ϕ
formulation, which can reduce about half the computational
time required compared with H−formulation [18]. However,
supposing these FEM simulations are being used to compute
the electromagnetic forces distribution inside the HTS bulk
for optimization purposes. In that case, simulation times are
still very high to be incorporated in the optimization design
stage. One example is the optimization done in [16], where
the magnetization of an HTS bulk is simulated in 3D using
the H − ϕ formulation, which still requires about 30 min for
one simulation only.

When the electromagnetic force optimization is performed
by considering different geometric configurations, such as the
dimensions of HTS bulks and Permanent Magnets (PMs) in
Maglev systems or even the relative position between them,
and having FEM simulations taking about 30 minutes to com-
plete, large-scale multi-variable optimizations are infeasible,
time-wise. For this reason, new faster models are required to
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reduce the highly time-consuming design phase in HTS bulk
devices, even at lower accuracy.

According to the research developed in [19], a new model
using an equivalent magnetic permeability for the HTS bulk
can quickly estimate the levitation forces on it. The importance
of this model lies in the electromagnetic characterization of
the full HTS bulk by an equivalent magnetic permeability,
which value changes with the applied magnetic field. The
methodology assures the same magnetic energy stored in
the bulk to the value obtained when simulating using the
E-J power law. In short, the model allows the simulation
of the HTS bulk using stationary studies instead of time-
dependent ones. Even though the model does not provide
results as precise as with H−formulation, it allows us to
quickly obtain the optimal geometric configuration based on
a straightforward initialization of the equivalent-permeability
model. Therefore, its critical merit lies in its application for
large-scale systems with multiple bulk samples and other
materials. This equivalent magnetic permeability was already
verified and applied for the optimization of a horizontal axis
HTS ZFC levitation bearing with multiple HTS bulks on the
stator and PM rings on the rotor [19].

When initialized, the equivalent-permeability model results
are sufficiently accurate to be used in the force calculation
of bulk superconductor-based devices. As such, optimization
algorithms can now be performed using stationary studies with
very short computational times, as initially shown in [19].
Pursuing this method, a variable spatial distribution of the
equivalent magnetic permeability was also proposed through-
out volume discretization of the HTS bulk for application
on a previously developed cylindrical Maglev device [20]–
[22]. Research in [20] performs an analysis of the most
efficient volume sectioning of the HTS bulk while providing
an analysis of the relative error for force computation between
the equivalent model and the time-dependent E-J power law
model for different air gap distances between the PM and the
bulk.

Following that research, this paper focuses on applying
and validating the distributed equivalent-permeability model
now with the most accurate volume sectioning method in
optimizing a 3D Zero-Field-Cooled (ZFC) levitation sys-
tem. In addition, a novel methodology for initializing the
equivalent-permeability model is proposed, greatly reducing
the computational time by decreasing the number of required
initializing simulations. The equivalent model is thus tested
by performing a large-scale geometric and multi-objective
optimization on superconductor bulks for force maximization
and volume minimization. Furthermore, experimental tests
measuring the levitation forces are carried out to validate the
optimized solution. The method’s accuracy is then evaluated
based on the proximity between the configuration (geomet-
rical variables) that allows force maximization and volume
minimization found through the equivalent models and those
achieved using the E-J power law model.

This paper is divided into six sections. In section II, the
equivalent-permeability model concept is presented. In sec-
tion III, the proposed application method of the distributed
equivalent-permeability model is developed. In section IV, the

Fig. 1. Generation of the magnetization field M that according to the magnetic
field boundary conditions causes deflection of the magnetic field lines in the
region nearby the superconductor [19].

proposed initialization process of the model is presented and
discussed. In section V, experimental results are shown to
validate the proposed model and the initialization processes,
and in section VI, a multi-objective optimization of the 3D
levitation system is presented.

II. EQUIVALENT-PERMEABILITY MODEL CONCEPT

This section comprises the theoretical basis for the
equivalent-permeability model. Consider, in Fig. 1, a rectan-
gular bulk superconductor aligned with the z−axis under a
uniform applied magnetic field Ha = Ba

µ0
ez. It is assumed

that the bulk is surrounded by air. Hence the magnetic perme-
ability of the cryocooling environment and the superconductor
domain is µ0.

From a macroscopic point of view, if the applied magnetic
flux varies in time, an electric field E is induced inside
the superconductor, according to Faraday’s law. The induced
current density J = Jey, inside the SC along the z−axis,
creates a magnetization field M as stated by (1).

∇×M = J (1)

Here, considering the direction of the current stays

M = −Mez +Mex (2)

This field causes deflection of the magnetic field lines in
the region close to the superconductor. This resulting field
will have components along the x-axis and z-axis, Hx and
Hz , shown in Fig. 1. The magnetic field penetrating the SC
can be written as,

Hsc = Hsczez +Hscxex (3)
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because there is continuity of the magnetic flux density both in
the longitudinal and tangential directions [19]. The resulting
field’s component in the longitudinal direction at the top and
bottom boundaries of the SC is defined by

Hz = (Ha −M)ez (4)

Therefore, the relative equivalent-permeability of the super-
conductor medium after its magnetization [19] can be defined
by

µeq =
||Hsc||
||Ha||

= 1 +
BM

Ba
= 1 + χ (5)

where BM=µ0M and χ is the magnetization coefficient.
In the context of levitation systems, it has been demon-

strated that the primary magnetic field component within
the superconductor is oriented perpendicular to the applied
field direction, specifically Hscx . This is supported by the
observation that levitation forces exhibit considerably higher
amplitudes than guidance forces [19]. Given that the present
analysis pertains to the levitation forces in ZFC-based systems,
it suffices to consider solely the field norm component to
compute an isotropic permeability value, as opposed to the
individual field components along the x- and z-axes. It should
be noted, however, that this model is not suitable for large
lateral motion due to its reliance on the magnetic field norm
and the fact that the system generates mostly levitation forces.

III. USING THE DISTRIBUTED
EQUIVALENT-PERMEABILITY MODEL

As seen in the previous section, the equivalent-permeability
model requires an initialization based on the knowledge of the
magnetic field distribution inside the superconductor volume
when a magnetic field is applied. This initialization is an
important step to reduce the uncertainty of the model and
can be computed a priori for a set of applied magnetic fields.
After the initialization, the distributed equivalent-permeability
model can be employed to optimize bulk superconductor-based
devices using stationary simulations.

A. The 3D Zero-Field-Cooled Levitation System

In this work, the optimization of a 3D Zero-Field-Cooling
levitation component shown in Fig.2(a) is evaluated using
multi-objective optimizations based on distributed equivalent-
permeability model. The system is composed of a YBCO bulk
above a permanent magnet. The permanent magnet geometry
was set as a bulk with variable parameters xPM and yPM ,
as shown in Fig. 2(a), and zPM that has a fixed value during
the optimization due to its negligible effect in force levitation.
Table I lists the range of each PM/SC geometric variable and
Table II the YBCO and PM parameters.

For validation of the distributed equivalent-permeability
model and its initialization process, 3D FEM simulations
and experimental results were carried out. The 3D FEM
simulations consisted of time-dependent H − A formulation,
employing the H-formulation with the E-J power law for
the SC bulks, and the A-formulation for the remaining do-
mains. The ZFC magnetization of the HTS bulks, i.e., applied
magnetic field Ha, is performed by applying a smooth step

(a)

(b)

Fig. 2. (a) 3D view of SC and PM, their dimension variables, and associated
coordinate axis. (b) Step function and magnetic field application. Each blue
dot in the left images marks the time frame in which the right field images
were taken. Arrow surface - Bx and Bz components; Surface - field norm
||B||.

TABLE I
GEOMETRIC PARAMETERS FOR THE VARIABLE SUPERCONDUCTOR AND

PM PARAMETRIC SWEEP ([MIN VALUE: STEPS: MAX VALUE]).

xSC (cm) ySC (cm) zSC (cm)
[1.6 : 1.2 : 6.4] [1.6 : 1.2 : 6.4] [0.7 : 0.525 : 2.8]

xPM (cm) yPM (cm) zPM (cm)
[1.6 : 1.2 : 6.4] [1.6 : 1.2 : 4] 1.4

transition of the permanent magnet’s remanent flux density
from zero to its nominal value of 1.4T. The SC bulk above
is then partially penetrated by the applied field, as shown in
Fig. 2(b). To use the proposed equivalent-permeability model
a 3D stationary ϕ-formulation can be used for all domains.
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TABLE II
ELECTROMAGNETIC PARAMETERS FOR THE HTS BULKS, AND THE PM

Parameter YBCO PM
n 21 -

E0 [Vm−1] 10−4 -
JC0 [Am−2] 1.82× 108 -

B0 [T] 0.1 -
Bremanent [T] - 1.4

B. Computing the Distributed Equivalent-Permeability Values

The varying and distributed equivalent-permeability model
considers different permeability values on different volume
sections of the HTS bulk. Using the final result in Fig.2(b),
the volume closest to the permanent magnet and the SC
region with the highest magnetic field variation inside the
superconductor will be sectioned into smaller volumes, as
shown in Fig. 3(a). Also, due to the higher distance to the
PM, the SC volume with lower magnetic field variation is
kept as a single bulk since its field is mostly homogeneous.

Obtaining the equivalent-permeability values always re-
quires an initial step where previous knowledge of the mag-
netic field inside each SC’s volumes and its associated air
volume is demanded. Figure 3(b) shows the magnetic flux
density distribution when the SC volume is filled with air. On
the contrary, Fig. 3(c) shows the magnetic flux distribution
when the volume is now the YBCO bulk. Seeing the field
distribution inside the superconductor (Fig. 3(c)), it is clear
that the magnetic permeabilities will not be uniform along the
bulk. The regions closest to the PM will have field penetration
and, therefore, a higher valued permeability than the SC’s
upper region. Taking the modulus of the field components
at each mesh point inside the superconductor ||Hsc||, and in
the same point for the air volume ||Ha||, allows the elabora-
tion of an equivalent-permeability surface map using (5). Of
course, this process would most likely allow an accurate field
representation inside the superconductor when represented by
its equivalent-permeability model. However, using each mesh
point would also introduce a level of complexity that is not the
idea of the explored equivalent-permeability SC model. Hence,
the approach consisted of dividing the SC into smaller parts,
as shown in Fig. 3(a), and applying different but isotropic
equivalent-permeability values to each volume section.

IV. THE INITIALIZATION PROCESS

To initialize the equivalent-permeability model, time-
dependent E-J power law simulations are required. Consider-
ing the range and steps of each geometrical parameter shown
in Table I, a total of 1800 simulations would be necessary
to cover all possible geometries. However, it was verified
that this initialization could be done using only a few FEA
time-dependent simulations while maintaining high accuracy
in force calculation.

In this study, the initial values of the equivalent SC model
were made by selecting six different geometric configurations
of the PM/SC system, all using the E-J power law SC model in
an H−formulation time-dependent FEM simulation. The six
geometries correspond to the combinations shown in Table III.

(a)

(b)

(c)

Fig. 3. (a) Distributed equivalent-permeability model representation for a
certain simulation number i, where µeq(i, n) is the equivalent permeability
of the ith simulation, determined in the nth block of the superconductor.
(b) Magnetic flux density distribution when the volume occupied by the
superconductor is considered filled with air, and (c) when the volume is the
YBCO bulk.
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TABLE III
SIX PM/SC GEOMETRIES USED FOR INITIALIZATION OF THE

EQUIVALENT-PERMEABILITY SC MODEL.

(1) xSCmin ySCmin zSCmin

(2) xSCmin 0.44(ySCmax) zSCmin

(3) xSCmin 0.44(ySCmax) 0.44(zSCmax)
(4) xSCmin ySCmax zSCmax

(5) 0.44(xSCmax) ySCmax zSCmax

(6) xSCmax ySCmax zSCmax

Fig. 4. Different HTS geometries present in Table III.

They cover the minimum and maximum dimensions of the SC
geometry and some additional intermediary points. Notice that,
as opposed to the research in [20] where the initialization was
performed for all different geometries, we aim to prove that
the initialization can be made using only a restricted number
of FEM simulations. For this, a large-scale optimization was
developed, as will be shown later.

A. Varying and distributed equivalent-permeability model

The initialization process of the PM/SC system in Fig. 2
uses the six different geometries listed in Table III. Combi-
nation (1) begins with the minimum dimensions for the SC
bulk: xSCmin, ySCmin, and zSCmin. We considered a step
of 0.44xSCmax, 0.44ySCmax and 0.44zSCmax due to the even
numbers of steps in Table I, and to be as close as possible
to 50% of each variable. From (1) to (4), the area ySC ×
zSC is increased to increase the cross-sectional area of each
discretization in Fig. 3(a), and finally xSC is increased, which
is the length of each discretization segment, Fig. 4. Figure 3(a)
shows how the SC bulk is first divided into several volume
sections, whose number and dimensions are set according to
its magnetic flux distribution. Due to the symmetry of the
SC/PM setup, in Fig.3(b) and (c), only the right side of the
SC/PM symmetry axis is shown.

To exemplify the initialization process, consider two vol-
umes in Fig. 3(a): block 1 with µeq(i, 1), and the small block
2 with µeq(i, 2). For each block, one begins calculating the
equivalent-permeability value in each mesh element belonging
to the block using (5). The volume of the associated mesh
weights the equivalent-permeability value. Doing this for all
element meshes belonging to the block, and summing all
values, the equivalent-permeability value µeq of the block is
then computed by dividing the sum result by the block volume.
Figure 5 shows the evolution of the equivalent-permeability
values to blocks 1 and 2 (black for block 1 and red for block
2) as one proceeds with the geometries’ sequence of Table III
from (1) to (6). As shown in Fig. 5, higher values of applied
magnetic field lead at the end to higher equivalent-permeability

Fig. 5. Permeability values µeq for different values of applied magnetic field.
In black for large block 1 and red for the small block 2 shown in Fig. 3a.

TABLE IV
AVERAGE TIME FOR ONE SIMULATION WITH BOTH SC MODELS (E-J

POWER LAW MODEL AND THE EQUIVALENT-PERMEABILITY MODEL) IN
THE FEM PROGRAM.

E-J power law model Permeability model
Computing time (s) 300 (5 min) 4

values. This is due to the lower capability of repelling the
magnetic field when the applied magnetic field is higher. For
example, the smaller divisions of the HTS bulk near the PM
(block 2 with red results in Fig. 5) experience higher magnetic
fields, thus, resulting in higher equivalent-permeability values.

For the remaining and possible SC/PM geometries, each
equivalent-permeability value to blocks 1 and 2, for example,
is obtained by first computing the applied magnetic field
||Ha|| in the HTS volume when this is not magnetized, using
a stationary FEM simulation. Follow, the interpolated curve
in Fig. 5 will give us the equivalent µeq for the previous
applied magnetic field ||Ha||. Doing this for all blocks, a new
stationary simulation is carried out to calculate the levitation
force finally.

Table IV presents the average simulation time in seconds
taken by a single simulation of each model of the six different
geometric cases. Remember that a time-varying FEA was used
in each simulation with the E-J power law model. Notice that
this is an average time and not the time for every simulation.
A time-varying simulation using the E-J power law can take
about 30 minutes to complete, but the average value associated
with the 6 geometries was about 5 minutes. On the other hand,
using the equivalent-permeability model instead, the average
simulation time was only 4 seconds using now a stationary
FEA. After repeating the previous initialization process for the
remaining blocks partitioning the SC volume, one obtains its
associated permeability function for each block, as illustrated
in Fig. 5.

Remember our PM/SC system and its geometric and multi-
objective optimization problem (maximizing the force but
minimizing the SC volume). In this framework, the question
is, what is the advantage of using the equivalent-permeability
model? Considering the range and steps of geometrical param-
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TABLE V
AVERAGE TIME FOR THE INITIALIZATION AND

EQUIVALENT-PERMEABILITY MODEL APPLICATION.

Step Single computational time number Total time
1 5 min 6 geometries 30 min
2 < 1s 1 computation < 1s

3.1 4s 1800 sim 2 hrs
3.2 < 1s 1800 sims < 1s
3.3 4s 1800 sims 2 hrs

eters listed in Table I, a total of 1800 configurations would be
required to cover all possible geometries. Hence, the following
steps would be required to use the equivalent-permeability
model for every 1800 geometries.

1) Initialization of the µeq curves using different geome-
tries (in our example, demands 6 time-dependent FEA
E-J power law simulations);

2) Equivalent-permeability curves and its interpolation to
obtain the µeq versus applied magnetic field;

3) For each one of the 1800 geometries, perform a station-
ary FEA simulation consisting in:
3.1) stationary FEA simulation replacing the HTS bulk

volume by air to compute the applied field ||Ha||
distribution in that volume;

3.2) compute the µeq for each block of the HTS bulk
using the µeq versus applied magnetic field from
step 2);

3.3) FEA SC/PM simulation using the µeq to obtain the
levitation forces.

The computational time taken by each step is shown in
Table V. Steps 1, 3.1, and 3.3 are critical regarding the total
computational time. In the case of our SC/PM system, it
took about 4.5 hours for the initialization and the equivalent-
permeability model. However, if all 1800 simulations were
carried out using the time-dependent E-J power law to repre-
sent the SC bulk at each optimization step, the resulting time
would have been around 150 hours. Therefore, considering
the initialization stage, the proposed methodology based on
an equivalent-permeability SC bulk model allows a significant
reduction of 97% of the computational time needed for an
optimization process. Of course, the simulation time will
depend on the hardware used. However, considering that the
same hardware is used for all simulations needed, it is accurate
enough to conclude that the equivalent-permeability model,
especially if thousands of simulations are being done, such
as for geometric and cost-wise optimizations, is much more
time-efficient. Besides, it also has the advantage of being easily
applied, not requiring extensive computations, and still finding
the maximizing geometry.

B. Constant and distributed equivalent-permeability model

It is pertinent to analyze the option where the distributed
equivalent-permeability model is initialized only once instead
of using the six simulations shown in Table III. Let us
refer to this as the constant equivalent-permeability model.

TABLE VI
AVERAGE TIME FOR THE INITIALIZATION AND CONSTANT

EQUIVALENT-PERMEABILITY MODEL APPLICATION.

Step Single computational time number Total time
1 5 min 1 sim 5 min
2 4s 1800 sim 2 hrs

With a unique set of equivalent-permeability values for each
sectioned bulk volume, all other geometries will consider
the same distribution of the permeability values. We used
the first calculated set of permeability values, which is the
set corresponding to the first geometric combination with
xPM=1.60 cm, yPM=1.60 cm, xSC= 1.60 cm, ySC=1.60 cm
and zSC= 0.7 cm. The procedure can be summarized in two
steps:

1) Initialization of the µeq values using one geometry (1st),
and;

2) For each geometry, perform a stationary simulation with
the µeq values and obtain the levitation forces.

Table VI shows that the total optimization time took 2 hours
and 5 min, while initialization based on the 6 geometries and
variable µeq , the total optimization time was 4.5 hours. Re-
member that using the E-J power law takes a total computing
time of 150 hours.

This approach also reduces computation time since the
initialization is made using only one time-dependent simu-
lation with the E-J power law to access the permeability val-
ues. Compared with the varying and equivalent-permeability
model, this one takes about 1/6 of the time. Compared with
optimization by applying the E-J power law to thousands of
simulations, its computing time is negligible. However, using
constant µeq values, it is assumed that the superconductor’s
magnetization does not change. For this reason, this approach
should lead to a lower accuracy on the levitation force values.
Hence, it is advisable to use it only in cases where the
magnetic field distribution inside the HTS bulks is similar
throughout all parametric variations.

C. Initialization results and accuracy

To analyze the accuracy of the variable distributed
equivalent-permeability model and its initialization process,
its results are compared with those obtained from 3D FEM
simulations using the E-J power law model. The most im-
portant accuracy factor in optimization problems is not the
direct error between force computation using the E-J power
law and the value obtained using the equivalent-permeability
model. Instead, it is more practical to verify if the model
provides accurate results in finding the geometric configuration
that maximizes the levitation force and minimizes the SC
volume or, as we will name it, the force-maximizing geometric
configuration. Of course, this geometric configuration must be
the same using any model.

The accuracy of that process is computed using (6). In (6),
ARM stands for the accuracy with which we find the relative
maximum in one of the equivalent-permeability models when
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Fig. 6. Levitation force values Fz(N) for different geometric parameters
in three models: E-J power law model (gray), variable permeability (blue),
constant permeability (black), and respective global maximum force (circled).

TABLE VII
MAXIMUM GLOBAL LEVITATION FORCE VALUES, RESPECTIVE INDEXES,

AND ACCURACY VALUES FOR MAXIMUM RELATIVE COMPUTATION ARM .

n FzMax(N) ARM (%)
E-J model 1750 2.58 100
µvarmodel 1750 1.95 98.4
µconstmodel 1750 1.77 97.4

the reference is the E-J power law model. IEJH and ISEPM

are the indexes of simulations using, respectively, the E-
J power law plus the H−formulation (IEJH ) or using the
constant equivalent-permeability model. In is the final index,
the value of the total number of simulations performed. In
IEJH , term EJH corresponds to the 1800 time-dependent
simulations with the E-J power law. In ISEPM , term SEPM
corresponds to the constant equivalent-permeability model.

ARM = 1− |IEJH − ISEPM |
In

(6)

Figure 6 shows for each n simulation-based optimization the
levitation force values ForceZ (N) using the E-J model (gray),
the varying equivalent-permeability model µvar in blue, or
using the constant equivalent-permeability model µvar plotted
in black. The maximum force values obtained for each model
are circled in Fig. 6, with their values listed in Table VII. This
shows the indexes n corresponding to each model’s geometry
corresponding to a global maximum of the levitation force for
the SC/PM system FMax

z , also showing the accuracy factor
from (6), ARM .

In Table VII, by comparing the force values, the devia-
tion between the varying and constant equivalent-permeability
models are verified to be -24.4% and -31.4%, respectively,
from the E-J model value. However, these results do not
devalue the use of SC bulk models based on equivalent-
permeability in an optimization process. Firstly, it is visi-
ble in Fig. 6 that the force function’s overall monotony is
identical for the time-dependent E-J power law model and
both equivalent-permeability models throughout the entirety

Fig. 7. Experimental setup for Levitation force measurements

of the SC/PM geometric parameters change. Secondly, since
the superconductor and the permanent magnet sizes change
iteratively, it can be assumed that it does not make a difference
in the accuracy of the model, whether the geometric change
is done on the permanent magnet or the superconductor. This
is a very good indicator of the precision of the equivalent-
permeability models for optimization purposes. Even with
different maximum force values, the main goal, which is to
find the optimal geometry, is still achieved with accuracy. The
maximum force value can then be confirmed by experimenting
or, with proximity, an E-J power law simulation.

Another very important fact to notice is that even though
the accuracy of the relative maximum finding is not 100%,
the global maximum of the force is found in all three models
for the same geometric combination. Therefore, results show
that the equivalent-permeability model can be used in the
pre-design phase of bulk superconducting electromechanical
devices, where a preliminary geometry must be first selected
for further optimization.

V. EXPERIMENTAL VERIFICATION AND VALIDATION

Finally, to validate the model’s accuracy and test differ-
ent values of airgap, i.e., outside the initialization range,
experimental tests (Fig. 7) were carried out in our lab with
two different YBCO bulks at different distances from the
PM. The superconducting bulks were chosen with two phys-
ical dimensions: 3.2x3.2x1.5 cm and 4x4x1cm, Fig. 8. The
NdFeB permanent magnet used for both experiments had
2.54x2.54x1.28cm and a remanent magnetic flux density under
liquid nitrogen of about 1.4T. A displacement sensor measured
the vertical distance between the bulk and the permanent
magnet. A force sensor was also installed above the permanent
magnet to measure the levitation forces.

Figures 9 and 10 show the experimental and simulation
results obtained using the E-J model and the varying and dis-
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Fig. 8. HTS bulks used for experimental tests: a) 3.2 x 3.2 x 1.5 cm and b)
4.0 x 4.0 x 1.0 cm

tributed equivalent-permeability model. Based on the results,
the equivalent-permeability model is validated by showing the
same variability and similar results in force calculation as
both the time-dependent E-J FEA model and the experimental
values. This result is in good agreement with the previously
obtained in section IV. The highest deviations are found for
very small airgap since these are very far from the reference
airgap of 3 cm used during the model’s initialization. The
obtained results, compared with experiments, confirm that the
equivalent-permeability model continues to allow significant
advantages for a pre-design process of electromechanical sys-
tems with HTS bulks. The fast computational time and good
accuracy allow their incorporation in multi-objective/multi-
constraints optimizations.

Fig. 9. Experimental, E-J and equivalent permeability levitation force values
Fz(N) for YBCO bulk of 3.2x3.2x1.5cm

Fig. 10. Experimental, E-J and equivalent permeability levitation force values
Fz(N) for YBCO bulk of 4x4x1cm

Fig. 11. Flowchart of the optimization problem.

VI. MULTI-OBJECTIVE OPTIMIZATION BASED ON
EQUIVALENT-PERMEABILITY MODEL

In this section, a multi-objective optimization is carried
out to optimize the levitation system shown in Fig. 2.
The objective is to analyze the potential of using the
equivalent-permeability model initialized using the six E-J
time-dependent simulations (as described in Sections III and
IV) in the pre-design of an electromechanical HTS bulk
system.

The non-dominated sorting genetic algorithm II (NSGA-II)
is used for multi-objective optimization [23]. This algorithm is
a multi-objective, multi-constraint optimization tool based on
the evolution of the population’s genetic code, capable of pro-
viding a Pareto front with optimal solutions. Figure 11 shows
a flowchart of the optimization process where the NSGA-II
algorithm is combined with the equivalent-permeability model.

The multi-objective optimization problem is described by
two objective functions, maximizing the levitation force, Fz ,
while minimizing the HTS bulk volume, VSC , as described in
(7). Please note that these two objective functions are contra-
dictory because decreasing the volume of SC will ultimately
decrease the levitation forces. Therefore, the final optimized
solution will be a 2D Pareto front, instead of a single optimized
point.

f = {max(f1 = Fz),min(f2 = VSC)} (7)

The decision variables, which will be optimized, are com-
posed of the SC geometry and the PM’s width and length.
These variables are limited to their minimum and maximum
sizes as described in Table VIII.

The optimization was performed with a population of 50
elements and 50 generations, resulting in 2500 different ge-
ometries tested. Fig. 12(a) shows the final Pareto front obtained
after 3.5 hours, using the equivalent-permeability model in the
FEA simulations. If the time-dependent E-J power law were
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TABLE VIII
DECISION VARIABLES RANGE [CM].

SC width, xSC [1.225 2.8]
SC length, ySC [1.6 6.4]
SC height, zSC [1.6 6.4]
PM width, xPM [1.6 6.4]
PM length, yPM [1.6 4]

used in the FEA simulations, this would otherwise require
around 208 hours (50×50×5min).

From the optimal Pareto front in Fig. 12(a), the designer
can thus select the desired levitation force or superconductor
volume to begin the system’s design. Figures 12(b-f) show
the evolution of variables xSC , ySC , zSC , xPM , and yPM ,
all as a function of the superconductor volume, VSC . The
dashed red lines indicate the maximum range taken for each
size. Besides providing information about the optimal solution
for each levitation force (or SC volume), they also indicate
the importance of each size in the optimization problem. For
example, the height of the superconductor (zSC in Figure 12(d)
only begins increasing after its width xSC reaches the maxi-
mum allowed range, highlighting the importance of its length
and width values.

To further validate the optimization process, 5 points were
selected from the Pareto front plotted in Fig. 12(a). These
were simulated now using the time-dependent E-J power law
FEM model to obtain their levitation force, as shown in
Figure 13. These results show that the shape of the Pareto front
is preserved and that the maximum deviation between models
is around 17%. Notice that this is coherent with the results
presented in Fig. 6. Thus, the equivalent-permeability model
can provide a good compromise between results accuracy for
calculating levitation forces in superconducting bulk systems
and computational and multi-objective optimization times.

VII. CONCLUSION

In this study, distributed equivalent permeability-based mod-
els are tested for the pre-design of electromechanical systems
with HTS bulks. A levitation system made of a superconductor
bulk and a permanent magnet is analyzed as a case study. The
proposed distributed equivalent-permeability models present
high accuracy in finding the geometric configuration that max-
imizes levitation force. These equivalent models’ simulations,
requiring a quick initialization process, are much faster than
time-dependent H−formulations. The required initialization
process for the distributed equivalent-permeability models was
tested using only 6 time-dependent E-J FEA simulations. This
initialization method proved sufficient to assure good accuracy
while requiring a low initialization time.

The force values obtained from the distributed equivalent-
permeability models are compared with the time-dependent E-
J power law FEA model for 1800 different geometries of the
levitation system. Based on the obtained results, it is evident
that the equivalent-permeability models allow estimating the
geometry with the highest levitation force.

Furthermore, to prove the advantage of using the dis-
tributed equivalent-permeability models and the initialization

(a)

(b)

(c)

(d)

(e)

(f)

Fig. 12. Optimization results: (a) Levitation forces, Fz , as a function of the
SC volume, VSC , (b) SC width, xSC , (c) SC length, ySC , (d) SC height,
zSC , (e) PM width, xPM , and (f) PM length, yPM , as a function of the SC
volume. In the dashed red line are the limits of each variable.
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Fig. 13. Comparison between optimization results and FE E-J model. On the
right axis is presented the deviation between curves.

process, a multi-objective optimization was performed based
on the NSGA-II optimization tool to optimize the geometry
of the levitation system. The final optimized results from the
Pareto Front are very close to those obtained using the E-J
H−formulation model. The total optimization time was 3.5h,
while it would be required about 208h if the time-dependent
E-J FEA model was used for the whole optimization process.

In addition, the model was experimentally validated using
two YBCO bulks of different sizes and for different airgaps.
Even with airgaps outside the range used for the model
initialization, the equivalent permeability models present the
same trend in levitation force values compared to the time-
dependent E-J FEA and experimental results.

Therefore, as both equivalent models can predict the lev-
itation forces, these have proven valuable for the pre-design
optimization of electromechanical HTS systems, with a drastic
time reduction.
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