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Abstract

This paper investigates the buckling of compressed screws inserted into timber members.

Screws are often used as a reinforcement in timber structures. Under compression forces,

they are prone to axial buckling. The current model for the screw buckling, enclosed

in the EC5 proposal, is based on the general framework of EC3 for the instability of

compressed steel members. The main shortcomings of the current formulation for the

buckling of screws are the following. (1) The analytical expression for calculating the

theoretical buckling load does not follow the observed buckling modes. (2) Due to the lack

of dedicated studies, the value of the imperfection coefficient is arbitrarily chosen. This

paper fills the above gaps. Firstly, a simple analytical expression for predicting the buckling

of screws is proposed and validated against experimental and finite element (FE) findings.

The formulation adopts a more accurate expression for the lateral deformation, based on

experimental observation. Secondly, a FE model calibrated on experimental buckling tests

is used to estimate the defect coefficients of the instability curves as a function of the

amplitude of the geometric defects of the screw, expressed as a fraction of its length. A

Markov chain Monte Carlo analysis is carried out to simulate the capacity of screws with

different lengths and diameters, assuming the uncertainty of all input parameters sampled

from suitable probability distributions. The results are used to validate the proposed

deterministic capacity model and estimate the uncertainty factors of the design equation.

Keywords: Screws; Buckling; Timber; Compression perpendicular to grain; Experimental

tests; Analytical model; FE validation
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List of symbols and notations

• A: Area of the section of the screw.

• Aimp: Amplitude of the geometric imperfection of the screw defined in Fig. 7.

• α: Angle between screw axis and grain direction of the wood.

• αg: Imperfection coefficient in Eq. (3) defined for steel members in Tab. 3.

• β: Constant appearing in Eq. (A.8) defined as (cv/EA)0.5.

• ch = (0.19 + 0.012d) ρ
(
90◦+α
180

)
: Horizontal sub-grade coefficient for the screw for

solid timber, glued laminated (GL) timber of softwood. ch is in MPa if d is in mm,

ρ in kg/m3 and α in degrees.

• cv,exp = 234 (ρd)0.2

l0.6w
: Horizontal sub-grade coefficient for the screw for solid timber,

glued laminated (GL) timber of softwood. cv is in MPa if d is in mm, ρk in kg/m3.

• cv: Horizontal sub-grade coefficient for the screw used in Eq. (A.8).

• CoV: Coefficient of variation.

• CPG: Compression perpendicular to the grain.

• d: Outer thread diameter of the screw.

• d1: Inner thread diameter of the screw estimated as 0.5d.

• ϵ: Standard normal distribution.

• E: Young’s modulus of steel equal to 210 GPa (∗).

• Fw: Withdrawal capacity of the screw (∗).

• fw: Withdrawal strength of the screw (∗).

• Fc: Axial capacity of the screw (∗).

∗Corresponding author.
Email addresses: angelo.aloisio1@univaq.it (Angelo Aloisio ), matteo.pelliciari@unimore.it

(Matteo Pelliciari), yuri.desantis@univaq.it (Yuri De Santis), marco.rosso@polito.it (Marco
Martino Rosso), massimo.fragiacomo@univaq.it (Massimo Fragiacomo), roberto.tomasi@nmbu.no
(Roberto Tomasi)

May 25, 2023



• Ffem,NLSIM: Axial capacity of the screw from the FE model assuming an initial

geometric imperfection (∗).

• Fexp: Experimental capacity of the screw estimated as the maximum of the experi-

mental curve.

• fy: Yielding strength of the steel (∗).

• k = 0.5
[
1 + 0.49

(
λ̄− 0.2

)
+ λ̄2

]
: Buckling coefficient for the screws.

• kc: Proposed reduction coefficient of the yielding strength of the screw.

• κc =


1, λ̄ ≤ 0.2

1

k+
√

k2−λ̄2
, λ̄ > 0.2

: Reduction factors for screw buckling. Alternatively, the

values in Tab. 1 can be used. For values not included in Tab. 1 a linear interpolation

should be carried out.

Table 1: Reduction factors due to buckling, where α is the angle between screw axis and grain.

fyk [Mpa] α=90 α=0

1000 0.6 0.5
800 0.65 0.55
500 0.75 0.65

• I: Moment of inertia of the screw estimated as (πd41/64).

• Kax: Axial stiffness of the screw.

• l: Total length of the screw.

• lr: Penetration part of the threaded part of the screw.

• λ̄ =
Npl

Nki
: Relative slenderness ratio of the screws (∗).

• m: Order of the sine function associated with the first buckling mode in Eq. (A.6)

• n: Number of fully threaded screws.

• n0: Number of fully threaded screws or rods arranged in a row parallel to the grain.

• Npl: Characteristic yielding strength of the screw (∗).

• Nki = 2
√
chEI: Approximate ideal elastic buckling of a Winkler beam (∗).
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• Nw: Ideal elastic buckling of a Winkler beam, expressed by Eq. (A.5) (∗).

• Np: Proposed theoretical elastic buckling of a Winkler beam, given by Eq. (17) (∗).

• Nfem,buck: Ideal elastic buckling of a screw estimated with the FE model (∗).

• ξ: Reciprocal of the fraction of the screw length which represents the geometric

imperfection defined in Eq. (18).

• ρ: Density of wood (∗).

• σh: Standard deviation of the empirical regression for ch in Eq. (7) estimated from

[1] and defined in Tab. 8.

• σv: Standard deviation of the empirical regression for cv in Eq. (A.12) estimated

from [1] and defined in Tab. 8.

• u(x): Axial displacement of the screw as a function of the abscissa x.

• v(x): Transverse displacement of the screw as a function of the abscissa x.

• γR: Partial factor for material property.

• γM1: Partial factor for a design resistance based on a (semi) empirical analysis with

a ductile failure mode.

(∗) The addition of a subscript k indicates the corresponding characteristic value.

1. Introduction

The increasing importance of mass timber structures is also related to the development

of self-tapping screws (STS) [2]. STS is growing as the leading fastener system in timber

engineering, used in timber-to-timber [3–5], steel-to-timber [6, 7] and concrete-to-timber

[8, 9]. An STS consists of three main components: the head (sunk or non-sunk), thread

(full or partial) and self-drilling tip [10–12]. STS are often used as reinforcements to prevent

failure mechanisms associated with compression perpendicular to the grain (CPG), shear

stresses [9, 13, 14], or tensile stresses perpendicular to grain [4, 10, 15], see the screw

reinforcement around holes in timber beam [16–18, 18–21].
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Mainly to avoid excessive local deformation, the screws are used to reinforce timber

members under CPG [11, 22]. In this case, the screws are subjected to axial forces applied

at the screw head. There are standard design approaches for timber under CPG, mainly

originating from [23, 24]. The standard capacity model for timber reinforced with screws is

additive [25, 26]. The capacity is the summation between the wood and screw resistance.

The timber CPG strength has been extensively investigated since 1929 by Swenson; see also

the studies by Kollmann and Coté [27], Graf [28] and Suenson [29], Gehri [30] and Hübner

[31], Gaber [32], Frey-Wesseling and Stüssi [33], Rothmund [34], Hoffmeyer et al. [35].

There are well-consolidated models, empirical, mechanics-based, and probabilistic [36, 37].

Conversely, less research was directed to the screw capacity characterization under axial

force.

The screw capacity is estimated as the minimum between the push-in and buckling

resistance. The push-in resistance is straightforward to evaluate since it can be estimated

by multiplying the withdrawal strength by the screw surface. Besides, due to the symmetry

between push-in and withdrawal behaviour, there are extensive experimental campaigns for

its resistance and stiffness characterization: studies on withdrawals can be considered valid

also for push-in. Conversely, the buckling model has never been investigated systematically.

The buckling model for the screws originates from the DIN [15] and corresponds to the

general framework in the EC3 [38] for compressed steel members. It evaluates the buckling

load as the product between the plastic resistance and the buckling reduction factor, a

function of the theoretical buckling load. Given the general framework for compression

buckling, Bejtka [1] observed that the buckling load is difficult to obtain with a closed-

forced analytical expression and complied tables for the buckling load based on FE analyses

in Ansys. The current EC5 proposal acknowledges the difficulty of using tables or FE

to calculate the theoretical buckling load. Therefore, it estimates the buckling using a

simplified expression valid for beams embedded in an elastic subgrade under a constant

axial force. Despite the severe limitations, approximations and inaccuracy of the model,

the predictions agree with the experimental results. However, as later discussed, this

agreement depends on the low sensitivity of the buckling model to the theoretical buckling

load rather than on the reasonable acceptability of the inherent model assumptions.

No paper attempts to critically discuss the buckling model for screws based on FE or
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analytical investigations. Additionally, despite the considerable research in pile modelling,

there has never been exchanging of knowledge between geotechnics and timber engineering.

The review by Poulos and Davis [39] shows that the buckling studies on slender piles

range from the 1929 analysis by Granholm [40], who utilized the Winkler foundation for

representing the soil response, to more recent computer analysis, which uses the elastic

continuum as a soil model. However, the main limitations of existing analytical models are

that foundation is homogeneous, and the loading is concentrated at the extremities of the

pile [41–43].

The analytical solutions proposed by Hetenyi [41] and Timoshenko and Gere [44] should

not be considered valid for screws, since the axial force is not constant and vanishes at the

screw tip. Likewise, Terzaghi affirmed that, also in geotechnics, there are circumstances

where the analytical solutions cannot be considered valid [45]. For piles, the primary

source of inaccuracy is the uncertainty of the subgrade reaction characterization [46, 47].

The error associated with a mistaken soil characterization can be considered more critical

than the modelling error. Therefore, it is generally accepted that the Winkler model

does provide a reasonably accurate method for estimating the lateral response of piles

[48]. Despite the general acceptance of the classical Winkler model [49], there is advanced

research on pile stability accounting for a nonuniform axial force. For instance, Heelis [50]

studied the stability of piles supported vertically by a frictional force. Nonetheless, the

intrinsic uncertainty of the soil characteristics makes it difficult to transfer knowledge from

structural mechanics to geotechnical design [51].

Conversely, the subgrade reaction in the screws is known with higher accuracy than the

soil [1]. Considerable research aimed to characterize the horizontal and vertical subgrade

reactions in screws was carried out. The estimation of the vertical subgrade reaction is

associated with studies on the withdrawal properties of STS. Initial investigations by Blaß

et al. [52] led to an empirical equation for predicting withdrawal stiffness as a function of

the wood density, screw diameter and penetration length. The empirical model was later

modified by Ringhofer et al. [53] based on more extensive testing, considering the influ-

ence of laminated timber products (e.g., GLT, CLT) and thread of the screws (e.g., fully

and partially threaded). Recently, Stamatopoulos and Malo [54] developed a withdrawal

stiffness equation that accounts for the influence of grain angle. Even with the above mod-
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ifications [54], the model for the axial stiffness leads to less accurate results than models

for the lateral stiffness. For instance, the model by Bejtka yielded an R2 close to 0.6 for

the axial stiffness.

Conversely, the horizontal subgrade reaction, known as embedment stiffness, can be

predicted with higher accuracy [55, 56]. Bejtka obtained an R2 higher than 0.9 using simple

empirical regression. The current Eurocode 5 [57] only provides the lateral stiffness for

bolted connections expressed as a function of wood density and dowel diameter. However,

the EC5 proposal encloses an expression for the lateral stiffness of the screws following

Bejtka [52]. Bejtka proposed an expression for predicting the embedment stiffness as a

function of the wood density, screw diameter and insertion angle. The embedment and

axial stiffness are both needed for rigorous mechanics-based screw models [58]. Nonetheless,

the above empirical regressions were mainly used to evaluate stiffness properties [59] rather

than refining or analyzing the buckling model of screws.

Given the satisfactory accuracy of the empirical regressions for the lateral and axial

subgrade reaction, improving the current buckling model for screws is reasonable. More-

over, different from geotechnics, the lower uncertainty of the embedment stiffness makes

it reasonable to reduce the modelling error. So far, the main obstacle against the devel-

opment of the model was the lack of a free database of experimental tests on buckling

screws, despite the numerous tests carried out in the past [60]. To the authors’ knowledge,

no paper attempts to reduce the modelling error for predicting the buckling of the screws

using a rigorous mechanics-based formulation.

The objectives and novelties of this paper are the following:

• Theoretical derivation of an analytical equation for estimating the buckling load of

screws based on the observed buckling mode.

• Experimental tests on compressed screws to observe the buckling failure mode and

assess the related capacity.

• FE modelling of the tested configurations used to (i) validate the theoretical buckling

load estimated using the proposed equation and (ii) calibrate the effect of the initial

geometric defect on the capacity.
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• Markov chain Monte Carlo analyses [61] to assess the screw buckling capacity as

a function of all input parameters, with their inherent uncertainty sampled from

suitable probability distributions, given different values of the initial geometric im-

perfection.

• Calibration of the defect coefficients of the improved deterministic model for the

buckling capacity of the screws as a function of the initial screw imperfection. The

defect coefficients’ estimations guarantee the general applicability of the model valid

for any assumption of the initial defect. Additionally, the authors estimate the un-

certainty factors of the corresponding design equations.

The paper comprises four main parts: experimental tests (Section 3), analytical deriva-

tion (Section 4), FE model calibration (Section 5), and Monte Carlo simulations (Section

6). Section 2 explains the paper’s methodology, introducing the reader to the following

investigations. The section on experimental tests is reported before the analytical and

FE models to give the reader a physical understanding of the buckling failure modes ob-

served in actual screws. The observation of the buckling modes will be used to develop the

analytical formulation for the instability problem.

2. Problem formulation and methodology

In 2012, the European Committee for Standardization (CEN) made a program to de-

velop the second generation of Eurocodes, including new materials, products, and construc-

tion methods [62]. Eurocode 5 - design of timber structures, NS-EN 1995-1-1, includes a

buckling model for screws. The working draft, prEN 1995 of November 2021, reports a set

of equations for calculating the axial resistance of the screws, summarized in the synoptic

Tab. 2. A detailed definition of the notation is given at the beginning of the paper.

The buckling model for timber screws under compression in Tab. 2 originates from

the standard DIN 18800 [1] and coincides with the general formulation valid for axial

buckling of steel members reported in the current EC3 [38, 63]. Estimating the axial

resistance requires the computation of two inputs, the theoretical buckling load and the

plastic resistance, as shown in Fig. 1. The theoretical buckling load expresses the ideal

buckling force without defects. At the same time, plastic resistance is the axial resistance
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Table 2: Synoptic table on the standard model for the buckling capacity of timber screws.

Buckling resistance of the screws (prEN 1995-1-1)

Fc = kcNpl (1)

κc =

1, λ̄ ≤ 0.2
1

k+
√

k2−λ̄2
, λ̄ > 0.2

(2)

k = 0.5
[
1 + αg

(
λ̄− 0.2

)
+ λ̄2] where αg = 0.49; See Tab.3 (3)

λ̄ =

(
Npl

Nki

)0.5

(4)

Npl = π
d21
4
fy (5)

Nki = 2
√
chEI (∗) (6)

ch = (0.19 + 0.012d) ρ

(
90◦ + α

180

)
(7)

(∗) See Appendix C for further details on the choice of Nki.

of the element in the absence of instability phenomena. The ideal buckling never occurs

due to initial imperfections, which reduce the theoretical buckling load. Therefore, the

classical formulation assumes the resistance as the product between the plastic resistance

and a buckling reduction coefficient, see Eq. (1). The buckling coefficient in Eq. (2)

is different than one only for screws with relative slenderness higher than 0.2, where the

slenderness in Eq. (4) is computed as the ratio between the plastic (Eq. (5)) and the ideal

buckling force (Eq. (6)).

( )

Figure 1: Illustration of the steps needed for the computation of the compression resistance of timber
screws.

The model in Tab. 2 is not specific to the screws but comes from the traditional

mathematical framework for instability phenomena. The model in Tab. 2 has been applied

as it is to the screws with two modifications:

• Adopting Eq. (6) for estimating the ideal buckling load of the screws.

• Assuming a constant defect class c for the screws, with the corresponding defect
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coefficient equal to 0.49 [38].

The first assumption is incorrect since the solution in Eq. (6) has several limitations;

the most relevant is the buckling mode. The buckling mode corresponding to Eq. (6) is a

simple sine. However, experiments show that the buckling of the screw takes place with a

concentration of the deformation in the region close to the point where the external load

is applied. The deformation tends to vanish rapidly; thus, a simple sine is not appropriate

to describe such buckled mode. All the assumptions of Eq. (6) are discussed in-depth in

Appendix A. The following limitations of the buckling formulation are highlighted:

1. The deformed shape is a simple sine, which does not reflect the buckling mode of a

screw inserted in an elastic medium. A damped sine is more appropriate.

2. Eq. 6 does not respect the boundary conditions for a pinned-pinned beam assumed

in the formulation [44, 64].

3. The axial force is assumed constant along the axis of the screw, and the axial stiffness

is infinite.

Regarding the second aspect, there are no studies relating the screw defects to the imper-

fection coefficients. Additionally, the substantial difference between the buckling mode of

compressed steel members (a sine) and the screw (a damped sine) compromises the direct

application of the imperfection coefficients of EC3 to the screws.

Therefore, the model in the synoptic Tab. 2 might need the twofold enhancements:

• An expression for the theoretical buckling load based on a suitable assumption for

the buckling mode.

• Calibration of the geometric uncertainty factors (αg), appearing in Eq. (3) as a

function of the initial geometric imperfection. The EC5 proposal assumes αg = 0.49,

corresponding to a class c in Tab. 3. However, this parameter has never been

calibrated on the screws for different values of the initial geometric defect. The

values in Tab. 3 cannot be directly used for the screws since the buckling mode of

the screws is significantly different from a sine.
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Table 3: Values of the geometric imperfection factor (αg) for various stability curves.

Stability curve a0 a b c d

αg 0.13 0.21 0.34 0.49 0.76

Figure 2: Workflow of the investigation carried out in this paper.

As illustrated in Fig. 2, the investigation consists of two main steps, almost independent

of each other. The problem is tackled by analysing and discussing experimental tests

on compressed screws. The analyses reveal the buckling modes and provide the actual

capacity of the screws. The first step in Section 4 is deriving a theoretical formulation for

the critical buckling load. The formulation is based on an assumption of the buckled shape

from experimental evidence. The model is validated against the theoretical buckling loads

obtained from the FE model. The second step deals with the FE investigation considering

the effect of geometric defects. This step consists of three phases:

• Development of a linear FE model of the compressed screws, representing the exper-

imental configurations, for estimating the theoretical buckling loads and the related

buckling modes. In this phase, the authors validate the analytical expression for the

theoretical buckling and compare the experimental, FE and analytical predictions

for the buckling modes.

• Calibration of the geometric defect of the screws using the experimental data. The

axial capacity is obtained from a quasi-static nonlinear push-in analysis of the screws,

assuming an initially deformed configuration corresponding to the first buckling

mode, estimated from the solution of the linear instability problem. In this phase,

the authors compare the FE predictions for the axial capacity and the corresponding

experimental values.
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• Markov chain Monte Carlo (MCMC) analyses [61] of the push-in FE simulations

assuming the uncertainties of all input parameters obtained by sampling suitable

probability distributions, given different values for the initial geometric imperfection.

This section aims to estimate the geometric uncertainty factor in Eq. (3) given

different amplitudes for the initial geometric imperfection, expressed as a fraction

of the screw length. Additionally, the MCMC analyses lead to an estimate of the

uncertainty safety factors of the corresponding design equations. It must be remarked

that for the first time, the values for αg are estimated for timber screws.

3. Experimental tests

The authors conducted compression tests on a set of timber screws used for validating

the FE model of the screw and understanding the physics behind the buckling of the screws.

The screw has been directly loaded by connecting a Torx bit to the load cell through a

steel plate. The steel plate and Torx bit used for the tests are shown in Fig. 4. The

test specimens are glue-laminated timber of strength class GL30c (ρk=390 kg/m3, ρ=430

kg/m3), with dimensions of 800 x 140 x 225 or 1200 x 140 x 540 mm (length x width x

height). Rothoblaas produced the screws. The mean moisture content of the specimens

measured by a Delmhorts RDM3 instrument was 12.3%. Fig. 3 and Tab. 4 show a

schematic overview of the different screws, where lr is the effective screw length applied

in the design model. The column named "Head" describes the geometry of the screw

head. The predicted failure mode is according to the design model. The screws are fully

Figure 3: View of the tested screws.

threaded self-tapping screws, except for the WT-T screw, which is double-threaded. They
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Table 4: Screw type

Screw type Head Diameter [mm] Length [mm] lr [mm] Predicted
failure

Height [mm]

VGZ Cylindrical 7 160 160 Buckling 225
WT-T Cylindrical 8.2 160 130 Push-in 225
HT-T Countersunk 8 160 160 Buckling 225
HT-T Countersunk 8 180 180 Buckling 225
HT-T Countersunk 8 200 200 Buckling 225
HT-T Countersunk 8 300 300 Buckling 540
HT-T Countersunk 8 340 340 Buckling 540
VGZ Cylindrical 9 440 440 Buckling 540

were drilled with a right angle, and the head was flushed in the timber surface. The screw

is compressed using a load cell of the ZwickRoell Z1200 UTM (Universal Testing Machine).

The loading protocol detailed in [11] consists of three phases following EN408 and ISO6891.

(a) (b)

Figure 4: Setup of specimen with height 540mm in ZwickRoell Z1200-Steel plate used for Torx tests- Setup
of Torx test.

Phases 1 and 2 follow ISO6891 and aim to avoid initial residual deformations and stabilize

the loading area. The specimen is loaded up to 40% of the estimated resistance (Fc),

held for 30 seconds before the load decreases to 10% of Fc, and then held for 30 seconds.

The load rate in phases 1 and 2 is determined as the ratio between 40% and 10% of Fc

respectively, and 60 seconds. The actual load-displacement curves used in the analyses

correspond to phase 3. Phase 3 follows EN408. Hence, the maximum force will be reached

within 300 ± 120 seconds.

The authors carried out in total sixteen tests, eight configurations and each with two

repetitions. Fig. 5 displays the force-displacement curves. The capacity is estimated as

the curve’s maximum; see Fig. 5(b). The trend is almost linear up to the attainment of

the resistance. Then, there is a sudden, almost vertical drop due to the attainment of the
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buckling load.

(a) (b)

Figure 5: Load-displacement (a) and Stiffness-displacement (b) curves.

Figure 6: Failure modes of the tested screws.

Six out of the eight screws failed due to axial instability; see Fig. 6 showing typical

buckling modes. Tab. 5 reports the experimental and predicted capacity using Eq. (1).

The discrepancies between the predictions and the estimates are:

• The failure mode is always buckling, except for the short screws VGZ 7.0x160 and

WT-T 8.2x160.

• The relative error between the predictions using Eq. (1) and the experimental values
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is higher than 100%. Although this difference might appear irrelevant for a single

screw in absolute values, it might be more significant when dealing with reinforce-

ments using multiple screws.

Table 5: Comparison between experimental and predicted capacity, where Fexp,1 and Fexp,2 are the exper-
imental capacities of the first and second test repetition, Fexp is the mean between Fmax,1 and Fexp,2, Fc

is the predicted value according to EC5 in kN based on Tab. 2.

Screw
type

d
[mm]

lr [mm] Fexp,1 Fexp,2 Fexp Fc

Eq.
(1)

Error
[%]

Exp.
Fail.

Pred.
Fail.

VGZ 7 160 21.7 22.1 21.9 9.7 126.6% Push in Buckling
WT-T 8.2 130 19.6 23.0 21.3 13.4 58.9% Push in Buckling
HT-T 8 160 29.1 27.4 28.2 12.7 121.6% Buckling Push in
HT-T 8 180 29.3 29.1 29.2 12.7 129.3% Buckling Buckling
HT-T 8 200 26.3 28.6 27.5 12.7 115.7% Buckling Buckling
HT-T 8 300 26.0 25.9 26.0 12.7 103.9% Buckling Buckling
HT-T 8 340 29.2 27.8 28.5 12.7 123.8% Buckling Buckling
VGZ 9 440 38.7 42.8 40.8 16.2 151.3% Buckling Buckling

The deformation of the buckling mode is localized at the screw head. The head almost

remains aligned with the screw axis. Right after the head, the screw exhibits a single bend,

while the remaining part of the screw is almost undeformed. The shape of the buckling

mode mainly depends on the stress localization at the screw head, as discussed in the

appendix (see Eq. (A.11)). The observed buckling mode is far different from that assumed

in the estimation of Eq. (6), corresponding to a simple sine [44].

4. Proposed theoretical formulation for the critical buckling load

As previously mentioned, the classical solution to the buckling problem of a bar on an

elastic foundation is derived by assuming a simple sine as buckled shape. However, the

experiments show that the actual deformed shape exhibits a sinusoidal trend close to the

loaded end of the screw. Right after, the deflection smoothly decreases. Thus, it seems

more appropriate to assume a damped sine for the buckled shape. In the following, this

assumption will be adopted to propose a more accurate theoretical solution for the buckling

of screws.

The solution to the buckling problem of a bar on an elastic foundation is derived under

the following hypotheses: (i) the bar has an infinite axial stiffness; (ii) the ends of the bar are

hinged; (iii) the variation of axial load along the longitudinal axis is neglected. Comments
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on this last hypothesis are given in Appendix A.2. Following the energy method, the

critical value of the load can be found by minimizing the deformation energy [44], namely

∆U = ∆T (8)

where ∆U is the strain energy and ∆T is the external work.

The theoretical buckling load of a Winkler beam, expressed by Eq. (6), was derived by

assuming the following buckled shape [44]:

v(x) = c sin

(
mπx

lr

)
(9)

In light of the previous considerations, a simple sine is not suitable for the description of

the actual buckled shape of the bar. Hence, we adopt instead a damped sine, expressed as

v(x) = c e−
m
lr
x sin

(
mπx

lr

)
(10)

The strain energy of the buckled bar is the sum of the energy associated with the

bending and the subgrade deformation:

∆U = ∆U1 +∆U2 (11)

where

∆U1 =
EI

2

∫ lr

0
v′′(x)

2
dx =

EI
(
5 + π2

)
π2c2e−mm3 sinh(m)

4lr
3 (12)

The lateral reaction of an element dx of the bar is chvdx. Hence, the total strain energy

of the elastic medium is

∆U2 =
ch
2

∫ lr

0
v2(x)dx =

chπ
2c2lr e

−m sinh(m)

2 (2π2m+ 2m)
(13)

The work done by the axial force in the critical configuration is

∆T =
Ncr

2

∫ lr

0
v′(x)

2
dx =

Ncrπ
2c2e−mm sinh(m)

4lr
(14)
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Using Eq. (A.2), the following expression for the buckling load is obtained:

Ncr =
chlr

4 +
(
5 + 6π2 + π4

)
EIm4

(1 + π2) lr
2m2

(15)

From the minimization of Eq. (15), the value of m corresponding to the first critical load

reads

mmin =
( ch
EI

)1/4 lr

(5 + 6π2 + π4)1/4
(16)

By substitution into Eq. (15), the expression for the first buckling load Np proposed in

this paper is

Np = 2
√

chEI

√
5 + 6π2 + π4

1 + π2
≈ 1.17Nki (17)

Interestingly, Np is 1.17 times the critical load Nki obtained with the classical formulation.

This result will be validated in the next section using FE analyses, showing that Nki

underestimates the critical load by on average 22%, while Np provides a highly accurate

prediction.

It is worth noting that m should be a natural number. However, in a general case the

solution of Eq. (16) gives a real number. Nevertheless, as explained in Appendix A.1,

this does not affect the solution sensibly and the estimation of the critical buckling load is

accurate.

5. FE analyses

The authors developed a monodimensional FE model of the screw in Abaqus. Initially,

the model is used for validating the expressions for the theoretical buckling loads derived

in the previous section. In a second step, the authors modified the model to include the

effects of initial geometric imperfection, calibrated on the experimental data.

5.1. Model description and methodology

Two different finite element models have been developed. The first model is defined to

validate the analytical formulations for the instability of screws, whilst the latter aims at

describing the system’s non-linear behaviour until failure.

In the linear buckling model (LBM) shown in Fig. 7(a), shear-deformable beam ele-

ments with linear interpolation represent the screw. The screw section is assumed as solid
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circular of diameter d = 1.1d1. A linear elastic constitutive model is adopted for steel

(E = 210000 N/mm2). Two orders of elastic spring elements describe the screw-timber

interaction in the axial and transversal directions. Axial and transversal connectors stiff-

ness are assumed as Cv = cvlm, and Ch = chlm respectively, where lm is the length of the

beam element between two adjoining connectors and cv and ch are determined according

to Eq. (A.12) and Eq. (7), respectively. The screw-head is assumed free to rotate and

to translate in the screw axial direction while the transversal displacement is restrained.

The load F̄ is applied as a concentrated force to the head-side end node. The eigenvalues

analysis is conducted in the initial undeformed and imperfection-free geometry. Differently

from Bejtka [1], the screw head is considered pinned. The effects of different restraints at

the screw heads are discussed in Appendix C.

The non-linear static incremental model (NLSIM) in Fig. 7(b) assumes an elastic-

plastic constitutive law for the steel, whilst an elastic behaviour is considered for both axial

and transversal springs. In this way, the model can only predict the screw bending failure

mode while neglecting the push-in failure mode, which is outside this research’s scope. An

imposed displacement ū is applied to the head-side end node. A static-incremental geomet-

rically and mechanically non-linear analysis is carried out on a defected screw geometry.

As the initial screw geometrical imperfection shapes, the first buckling mode from LBM

has been adopted (Fig. 7(b)) [65]. The amplitude Aimp is calibrated on the experimental

results.

5.2. Theoretical buckling validation

The formulation in Eq. (17) is validated against the theoretical buckling loads obtained

from the FE model. Tab. 6 compares the theoretical buckling load estimated with the

LBM (Nfem,buck) with Nki in Eq. (6) and Np in Eq. (17).

The experimental capacities (Fexp) cannot be reference values for validating the ac-

curacy of the theoretical buckling load predictions and are not reported in Tab. 6. The

reference values, assumed as ideal buckling loads, are the FE predictions in Nfem,buck. De-

spite the straightforwardness of the proposed formulation, the mean error associated with

Np in Eq. (17) is approximately 9%. Conversely, the mean error of Nki is approximately

22%. It must be remarked that the error associated with Nki can be considered reasonable
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Figure 7: Finite element models: (a) Linear buckling analysis and (b) Non-linear static incremental anal-
ysis.

Table 6: Validation of the theoretical buckling load estimated with the FE model (Nfem,buck), compared
against the theoretical buckling loads corresponding to the Winkler beam (Nki) in Eq. (6) and the proposed
Eq. (17) (Np). The input parameters are ρ = 430 kg/m3, α=90°, d1 = 0.65d, E=210 GPa. The diameter
assumed in the calculations is 1.1d1.

Label lr [mm] d1 [mm] ch [MPa] cv [Mpa] Nki [kN] Np [kN] Nfem,buck [kN]

VGZ 160.0 5.0 117.8 55.3 55.2 64.6 73.0
WT-T 130.0 5.9 124.0 64.6 77.7 90.9 109.7
HT-T 160.0 5.7 123.0 56.8 73.7 86.2 99.5
HT-T 180.0 5.7 123.0 52.9 73.7 86.2 97.3
HT-T 200.0 5.7 123.0 49.6 73.7 86.2 95.6
HT-T 200.0 5.7 123.0 49.6 73.7 86.2 90.6
HT-T 300.0 5.7 123.0 38.9 73.7 86.2 89.4
VGZ 440.0 6.4 128.1 31.7 95.2 111.3 113.7

Relative error -0.22 -0.09

in some applications (like geotechnics), where the uncertainty of the soil properties are far

more relevant than the modelling assumptions in Eq. (6). However, the high accuracy and

elegance of Eq. (17) endorse its use in place of Nki for predicting the ideal buckling of the

screws, where ch can be estimated with reasonable accuracy. Rarely, in mechanics, high

accuracy can be achieved with straightforward analytical formulations.

5.3. Calibration of the geometric defects

Initial imperfections and second-order effects affect the failure load of a compressed

beam on an elastic medium. The capacity of a perfectly straight beam made of an elastic-

plastic material is equal to its plastic axial force Npl = fyπd
2/4. When initial imperfections

occur, a bending moment arises in the beam as the beam deforms. Accordingly, the
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eccentricity between the load and the beam axis increases. The failure of the systems occurs

for a combination of axial force and bending moment. Therefore the yielding tensile stress

fy and the initial imperfection amplitude Aimp directly influences the ultimate compression

load of the screw. However, the failed configuration corresponds to the buckling mode, as

occurs in all instability phenomena [65]. For this reason, it is necessary to know the ideal

instability phenomena.

In the NLSIM, fy is equal to the mean value of the tensile failure stress of the tested

screws (fy = 1200 N/mm2). At the same time, the imperfection amplitude is calibrated

on experimental results. The imperfection amplitude Aimp is defined as a fraction of the

screw length following the general approach for steel structures [63]:

Aimp = l/ξ (18)

The value of ξ has been determined by minimizing the sum of the squared relative error

between NLSIM and the experimental results of the configurations that exhibited bending

failure mode (Fig. 6):

S =
8∑

n=3

(
Ffem,NLSIM − Fexp

Fexp

)2

(19)

Fig. 8 shows the NLSIM failure load for increasing eccentricity values. The value of

the objective function S is minimized when ξ = 500. The plot in Fig. 8 highlights

the significant role of the geometric imperfections. In the case of low imperfections, the

predicted capacity almost corresponds to the plastic capacity in Eq. (5). An increasing

value of the imperfection significantly reduces the axial capacity and exalts the effects

of instability. In the tested configurations, the estimated imperfection, equal to l/500,

is very low compared to steel structures where the lowest imperfection class a0 almost

corresponds to an eccentricity equal to l/350 [63]. However, the two scenarios, the screw

and the compressed steel member, are not comparable due to the mentioned differences in

the buckling modes. Therefore, as discussed in the previous sections, the screws deserve a

dedicated calibration of the imperfection coefficients in Eq. (3) and Tab. 3.

Fig. 8(b) displays the force-displacement curves of the updated model with Aimp =

l/500, while the deformed shapes at failure and the bending moment contour are displayed
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(a) (b)

Figure 8: (a) Finite element predicted failure loads (markers) and experimental failure loads (dashed lines)
for varying imperfection amplitude. (b) Finite element force-displacement curves with Aimp = l/500.

Table 7: Finite element model (NLSIM) vs experimental results VS experimental results. The input
parameters are ρ = 430, fy = 1200, α=90°, d1 = 0.65d, E=210 GPa and Aimp = l/500. The diameter
assumed in the calculations is 1.1d1.

Configuration Ffem,NLSIM [kN] Fexp [kN] Relative error [%]

T-7.0-160 23.3 21.9 6.4
T-8.2-160 32.3 21.3 51.9
T-8.0-160 30.7 28.2 9.0
T-8.0-180 30.5 29.2 4.6
T-8.0-200 30.3 27.5 10.4
T-8.0-300 29.2 26.0 12.5
T-8.0-340 28.8 28.5 1.2
T-9.0-440 35.9 40.8 -11.8

in Fig. 8. Tab. 7 compares the experimental vs FE estimations of the capacity using the

optimized value for Aimp equal to l/500. The relative error is minimum and generally less

than 10% except for the screw T-8.2-160.

It is worth noting that the bending moment maxima approximately manifest at the

same distance from the screw head for all configurations (≈ 15 − 20 mm). This result is

confirmed by the experimental evidence in Fig. 6. The obtained value for the imperfection

coefficient could be considered low due to the carefulness carried out in the screw drilling

using a template for a right-angle insertion. Additionally, as shown in Fig. 6, there were no

defects which could have deviated the screw during the drilling, thus causing a straightness

defect.
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Figure 9: Finite element predicted deformed shape at failure and bending moment contour (kN ·mm).

6. Monte Carlo simulations and imperfection coefficient calibration

The experimental results and analytical findings suggest two improvements to the model

in Eq. (21):

• Replacing Nki with Np in Eq. (17).

• Adopting an imperfection coefficient (αg) calibrated for different values of the geo-

metric uncertainty (Aimp). This value depends on the laminated timber product, the

distribution of defects, and the human error in screw insertion. This value should be

decided on a case-by-case basis.

The authors carried out a Markov chain Monte Carlo analysis [61] to simulate the capacity

of the screws with various lengths and diameters, assuming the uncertainty of the mate-

rial inputs, as reported in Tab. 8. The diameter (d) has been randomly sampled from

Table 8: Input parameters of the Monte Carlo simulations.

Symbol Distribution Characteristics

d [mm] Uniform Lower Bound=1 Upper Bound=20
lr [mm] l = [π(d/2)2fy]/(faxd)
ρ [kg/m3] Normal µ=470 CoV=0.1 [52]
E [GPa] Normal µ=210 CoV=0.05 [52, 66–68]
fy [MPa] Normal µ=1200 CoV=0.05 [52, 66, 67]
fw [MPa] Normal µ=15 CoV=0.1 [52]
ch [MPa] Eq. (7) +σhϵ σh=19.58 ϵ ∝ N (0, 1) [1]
cv [MPa] Eq. (A.12) +σvϵ σv=14.86 ϵ ∝ N (0, 1)[1]

a uniform distribution with bounds in Tab. 8. The threaded length of the screw was

obtained by inverting the equation for the withdrawal resistance, assuming the withdrawal
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resistance was normally distributed. Likewise, the yielding strength and the wood density

are normally distributed following [52, 66, 67]. The scientific literature does not report the

uncertainties associated with the empirical regressions for ch and cv. Bejtka only reports

the coefficient of determination of the fitting for ch and cv. Therefore, the authors digitally

converted the regression plots in the doctoral thesis from Bejtka [1] to estimate the fitting

error. The histogram plot of the error follows a normal distribution with nearly-zero mean

and variances reported in Tab. 8. Therefore, the authors included the uncertainty of ch

and cv from a random sampling of the standard normal distribution (ϵ).

The authors repeated the MCMC for four values of imperfection: l/500, l/400, l/300,

l/200, l/100 and l/50. Fig. 10 shows the histogram plots of the sampled values for fy,

Figure 10: Plots of the realization of the input parameters for the Monte Carlo analyses: (a) yielding
strength, (b) wood density, (c) diameter, (d) threaded length of the screw.

ρ, d and the threaded length of the screw. Fig. 11 shows the superposition between the

deterministic estimations of ch and cv and the ones with uncertainty based on Tab. 8.

The ch and cv realizations have overlapped with the results reported by Bejtka for further

validation of the proposed approach. The scatter of the data is very close to the one in the

plots of Bejtka. The convergence of the Monte Carlo simulations was checked a posteriori
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Figure 11: In black the experimental/simulated values of ch and cv using the inputs in Tab. 8 vs the
deterministic predictions using Eq. (7) and Eq. (A.12), respectively. In red the experimental vs predicted
values from Bejtka [1].

Figure 12: Convergence of the Monte Carlo analyses in terms of Coefficient of covariance (CoV).

from the CoV of the axial capacity. The analyses were stopped at 500 simulations since

the variation of the CoV was less than 1%, as shown in Fig. 12. The values of αg for the

different geometric defects are obtained by minimizing the following objective function:

α̂g = arg min
αg∈Ω

{
[Fc − Ffem,NLSIM(Aimp)]

2
}

(20)

where Ω ∈ R, Fc is the buckling model in Eq. (1) where Eq. (17) is used for assessing the

ideal buckling force and αg in Eq. (3) is unknown. At the same time, Ffem,NLSIM is the

capacity predicted by the FE model function of the initial geometric imperfection (Aimp).

Tab. 9 reports the values of the obtained imperfection coefficients by minimizing Eq.

(20) using Np for the ideal buckling load.

As expected, an increment of the imperfection level determines an increment of the

corresponding imperfection coefficient αg, see the stability curves in Fig. 13.

Fig. 14(a) shows the FE predictions of the theoretical buckling load vs the estimations
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Table 9: Values of the calibrated imperfection coefficient α̂g as a function of the initial imperfection
expressed as a fraction of the screw length. The ideal buckling load is estimated with Eq. (17).

α̂g l/500 l/400 l/300 l/200 l/100

0.16 0.21 0.27 0.34 0.72

Figure 13: Stability curves based obtained with the imperfection coefficients in Tab. 3.

using Eq. (6) (Nki) and Eq. (17) (Np). Additionally, Fig. 14(a) displays the FE predictions

of the axial capacity vs the estimations of Eq. (5) with Np and the imperfection coefficients

in Tab. 9. Tab. 10 reports the error of the three models Fc, Np and Nki in terms

of mean error, standard deviation (SD), mean squared error (MSE), maximum Absolute

Error (MAE), root Mean Squared Error (RMSE), and coefficient of determination (R2),

considering all defect scenarios.

Table 10: Mean error, standard deviation (SD) and mean squared error (MSE), Maximum Absolute Error
(MAE), Root Mean Squared Error (RMSE) or the difference between the FE and analytically predicted
force values (Fc), shown in Fig. 14. R2 is the coefficient of determination of the fitting.

Model Mean SD MSE R2 MAE RMSE

Fc -0.56 4.15 17.34 0.95 15.36 4.16
Np 13.71 28.48 991.19 0.60 127.71 31.48
Nki -20.73 27.94 1202.71 0.56 114.30 34.68

The main findings of the analyses can be grouped into the following considerations:

• The theoretical buckling model which best fits the FE buckling predictions is the one

in Eq. (17), despite the considered uncertainties have a significant effect on the error

metrics in Tab. 10. The differences between the predictions with Np or Nki are not

significant in the presence of uncertainty. However, given the better performance of

Np and the more solid mechanical background, Np should be preferred to Nki.
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Figure 14: (a) FE predictions of the theoretical buckling load vs the estimations using Eq. (6), and Eq.
(17). (b) FE predictions of the axial capacity using Np in Eq. (17) and the imperfection coefficients in
Tab.3.

• The axial capacity models obtained using Eq. (17) (Np) and the imperfection coeffi-

cients in Tab. 10 are excellent. Therefore, despite the considered uncertainties of the

FE model, the deterministic assessment of the capacity using the averaged values for

the parameters in Tab. 8 is extremely accurate, with excellent error metrics in all

configurations.

In conclusion, the prediction of the axial capacity of the screw in case of buckling can be

carried out using Eq. (17) (Np), where αg is taken from Tab. 3. The main limitation of this

paper is the lack of an extended experimental campaign relating the effects of geometric

defects of the screw to the screw itself, the laminated timber product, the strength class

(the density of defects), the timber species, etc. Therefore, future research efforts will

aim at quantifying the influence of defects on the capacity estimate of the screws from

experimental investigations.

Design codes require estimating the characteristic value, which can be obtained by

replacing all mean values involved in the computation with the characteristic ones corre-

sponding to a 5% fractile. Additionally, the potential use of the formulation requires the

definition of an uncertainty factor γM to avoid underestimating the capacity due to the

uncertainties involved. The code-format design capacity in Eq. (21) can be written as

Fc,k =
1

γM
kcNpl,k where γM = 1.18 (21)

The uncertainty factor γM is estimated by assuming that the design value is less than the
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corresponding experimental value with a probability equal to p as

P [Fc < Ffem,NLSIM] = p (22)

where Fc and Ffem are the simulated and experimental capacity corresponding to 1% de-

formation respectively, and p depends on the assumed reliability threshold. The European

building code sets p as Φ(αRβLS), where Φ(·) is the standard Normal cumulative distri-

bution function, αR is the sensitivity factor for the capacity, and βLS is the safety index

relevant to the considered limit state. Assuming a 50-years reference period for service-

ability limit states (see Tab. C2 in Eurocode 0), βLS = 1.5. The obtained γM coefficients

corresponding to β = 1.5 are reported in Tab. 11 as a function of the defect level. The

Table 11: Values of the estimated uncertainty factors (γM ) as a function of the initial imperfection expressed
as a fraction of the screw length.

γM l/500 l/400 l/300 l/200 l/100

1.2 1.2 1.2 1.3 1.3

authors did not provide a unique value for the uncertainty factor, valid for all levels of

defects. An increased defect causes a slight worsening of the predictions based on the

framework in Tab. 2. Therefore, the uncertainty factors increase from an l/500 to an l/100

defect amplitude.

7. Conclusions

This paper proposes a novel buckling model for timber screws based on the general

mathematical framework for the instability of compressed steel members. The main short-

comings of the existing buckling model for the screws enclosed in the current Eurocode 5

draft are two: (1) the ideal buckling load is underestimated due to an incorrect assumption

on the buckling shape; (2) the imperfection coefficients valid for compressed steel members

exhibiting a sine-like buckling mode cannot be considered valid for timber screws loaded

at one end.

The experimental and FE investigations showed that the buckling mode of the screws

loaded at their heads resembles a damped sine function. As a result, the deformation of

a buckled screw is concentrated at the load application point, while the remaining part of
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the screw is almost undeformed. Based on this evidence, the authors derived the critical

buckling load of the screws assuming a deformation field having the shape of the observed

failure modes. The error of the obtained formulation validated against the FE predictions

is approximately equal to 9%. The proposed formulation is concise and corresponds to the

classical one for the instability of Winkler beams multiplied by 1.17.

The proposed equation for the ideal buckling is used for calibrating the imperfection

coefficients assuming the uncertainty of the mechanical parameters from suitable proba-

bility distributions and increasing levels of geometric imperfections of the screws. The

authors estimated the capacity of multiple screw realizations following a Markov chain

Monte Carlo approach. The axial capacity of the screw is obtained from nonlinear FE

push-in simulations assuming an initial screw geometry corresponding to the first buckling

mode with maximum amplitude expressed as a fraction of the screw length. The simulated

data are used to calibrate the imperfection coefficients for several defect amplitudes. Addi-

tionally, the authors estimated the uncertainty factor of the corresponding design equation

for possible standard implementation.
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Appendix A. Discussion on the approximations in Nki

In the following, we discuss the limitations of of the buckling formulations for Nki, as

highlighted in the section dealing with the problem formulation.

Appendix A.1. Shape of the buckling mode and boundary conditions

The theoretical buckling load of a Winkler beam, expressed by Eq. (6), was derived by

assuming the following buckled shape [44]:

v(x) = c sin

(
mπx

lr

)
(A.1)

Following the energy method, the critical value of the load can be found by minimizing

the deformation energy [44],

∆T = ∆U1 +∆U2 (A.2)

where ∆T is the work done by the external forces, ∆U1 is the internal strain energy

associated with the bending, and ∆U2 is the internal strain energy associated with the

subgrade deformation.

This expression can be rewritten in function of the buckled shape:

N

2

∫ lr

0
v′(x)

2
dx =

EI

2

∫ lr

0
v′′(x)

2
dx+

ch
2

∫ lr

0
v2(x)dx (A.3)

where, in case of the sinusoidal expression of Eq.(A.1) , the integrals can be written as:

∫ lr

0
v′(x)

2
dx = c2

m2π2

2lr

∫ lr

0
v′′(x)

2
dx = c2

m4π4

2l3r

∫ lr

0
v2(x)dx = c2

lr
2

(A.4)

Eq.(A.3) can be solved with respect to the applied load N , yielding the buckling load

of a Winkler beam [44]:

Nw =
π2EI

l2r

(
m2 +

chl
4
r

m2π4EI

)
(A.5)
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where m is a positive integer number, indicating the number of half-waves of the sine

function along the length of the bar. Note that a sine function with an integer number of

half-waves fulfils the pinned-pinned boundary conditions.

The value of m associated with the first critical buckling load is determined by mini-

mizing Nw in Eq. (A.5). This is done by setting the first derivative equal to zero:

m4 − chl
4
r

π4EI
= 0 (A.6)

from which we obtain the expression

m =
lr
π

( ch
EI

)1/4
(A.7)

By substitution into Eq. (A.6), the critical load Nki = 2
√
chEI is derived.

In general, Eq. (A.7) does not give as a solution an integer number. Therefore, the ex-

pression of Nki is associated with an inconsistent buckled mode that violates the boundary

conditions, being m a real number instead of a positive integer number. Strictly speaking,

its value should be determined as the closest integer (lower or greater) that provides the

minimum value for Nw. Nevertheless, as reported in [64], the gap between the exact value

of Nw and the approximation Nki decreases with increasing values of m. Hence, especially

for slender beams such as the screws, the difference between the two predictions can be

neglected.

The authors calculated the values of the axial resistance and buckling load as a function

of the diameter and threaded length of the screw using Eq. (6) and Eq. (A.5). Fig. A.15

shows the contour plot of the axial resistance using Eq. (6) (a) and Eq. (A.5) (b) for the

prediction of the theoretical buckling load. The comparison between Figs. A.15(a) and

(b) proves that the difference between Nw and Nki is negligible.

Appendix A.2. Notes on the effect of a variable axial force

Another relevant approximation of Eq. (6) and Eq. (A.5) is the assumption of a

constant axial force along the screw. This is not true since only the head of the screw

is directly loaded, while the tip cannot be in equilibrium with axial forces (Fig. A.16).

Therefore, the axial force decreases along the screw length. This is also evident from the
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Figure A.15: Countour plot of the axial resistance using Eq. (6) (a) and Eq. (A.5) (b) for the prediction
of the theoretical buckling load.

Figure A.16: (a) Illustration of the load application from the steel plate in CPG problems; (b) Mathematical
model of the screw under axial forces.

observed failure mode, in which the deformation is concentrated at the screw head, where

the axial force is higher.

However, as noted by Bejtka [1], a rigorous mathematical formulation for the buckling

of screws is too demanding in complexity and computational effort. Therefore, Bejtka,

acknowledging the fallacy of Eq. (A.5), replaced Eq. (6) with the buckling load from

finite element analyses in Ansys. The researcher compiled several tables as a function

of the diameter and the length, where intermediate values can be estimated with linear

interpolation. Despite the merit of this study, tables of values are often difficult to handle,

and a closed-form expression for the buckling load should be preferred. Therefore, despite

all limitations, the EC5 proposal adopts Eq. (6) rather than tabular values.

In summary, the main limitations of the investigation of Bejtka are the following:

• The author does not consider a screw length higher than 240mm. However, screws

can be longer than that. Instability problems often slip common sense and the
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suitability of linear interpolations. The complexity of these problems demands the

exploration of all the parameter domains to assess the presence of unique regions

where the solution could be different than expected from inter and extrapolation.

• Using tabular values is not suitable for standard implementation.

Therefore, the analysis of Bejtka does not allow properly evaluating the error associated

with using Eq. (6) due to the reduced number of values reported in the table and the

limited extent of the domain.

The actual trend of the axial force can be approximately estimated from the following

differential equation describing the axial equilibrium of the screw:

u′′(x) + β2u(x) = 0; β =

√
cv
EA

(A.8)

where u(x) is the axial displacement, cv is the vertical stiffness of the elastic subgrade, and

EA is the axial stiffness. The general solution is

u(x) = c1 sinβx+ c2 cosβx (A.9)

The boundary value problem can be solved by imposing the following boundary conditions:

EAu′(0) = F ; EAu′(lr) = 0 (A.10)

The expression for the axial force as a function of x is:

N(x) = F (cosβx− cotβlr sinβx) (A.11)

The accuracy of N(x) and consequently of β mostly depends on cv, which possesses the

primary source of uncertainty. As written in the introduction, there are multiple expres-

sions for the axial capacity of the screw. For instance, Bejtka [1] proposed the following

empirical regression for cv, labelled cv,exp.

cv,exp = 234
(ρd)0.2

l0.6r

(A.12)
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The applicability of Eq. (A.12) in Eq. (A.11) is further examined in Appendix B.

Fig. A.17 shows the contour plot of β for different diameters and screw lengths using

Eq. (A.12), Young’s modulus for steel equal to 210 GPa and wood density equal to 400

kg/m3. Parameter β varies between almost 5 and 30 for short screws with a small diameter.

In all practical cases, β is lower than 5. These values are associated with an almost linear

distribution of N . Conversely, values higher than ten lead to a significant increment of

the axial force compared to the one at x = 0. It must be remarked that in all design

circumstances, the trend of N(x) is almost linear.

Figure A.17: Contour plot of β = cv/EA and of the variation of the adimensional axial force in Eq. (A.11).

In light of the above, a rigorous buckling model should consider the variation of the

axial force along the screw axis. However, this problem can not be treated from an ana-

lytical standpoint [69–73]. In fact, there are still no closed-form solutions available in the

literature. Hence, in the present work, we propose that the effect of the variation of N(x)

is directly considered in the deformed shape of the screw by assuming a damped sine as

buckled configuration (see Section 4).

In other words, the main effect of the concentration of axial force at the head of the

screw is to produce a buckling mode well approximated by a damped sine. In this way, the

axial contribution to the strain energy can still be neglected, and the effect of the variation

of axial force is already included in the deformed shape. Hence, in Section 4, the axial

force in the energy method is kept constant.

The axial stiffness of the elastic medium (cv) was obtained by Bejtka [1] by dividing
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the axial stiffness of the screw (Kax) by the length of the screw (lr) as follows:

Kax = cv,exp · lr =
F

u(lr)
(A.13)

where Kax was derived experimentally by dividing the applied force at the tip (F ) and the

measured displacement at the head u(lr), assuming x = 0 at the load application point.

Eq. (A.11) reveals that the axial force is not constant (see Eq.A.11). Rigorously the

stiffness of the screw, obtained by dividing the applied force by the measured displacement

at the head, can be written as:

Kax =
F

u(lr)
= βEA sin(βlr) (A.14)

The values of cv were experimentally derived in [52] with short screws. Thus, the following

approximation holds in (A.14), sin(βlr) ≈ βlr. Accordingly, the Kax can be approximated

by:

Kax ≈ β2lrEA = cvlr (A.15)

Therefore, by equaling Eq.(A.13) with Eq.(A.15), the following holds cv ≈ cv,exp. It must

be remarked that this approximation can be considered valid only if cv,exp is derived ex-

perimentally with short screws, where sin(βlr) ≈ βlr. Then the value of cv,exp obtained

for shorter screws can be used in the analysis also when dealing with longer screws.

Appendix A.3. Note on the choice of the boundary conditions

The buckling load reported in the EC5 draft is Nki =
√
chEI, which is precisely half

of the expression of Eq. (6). As observed by Bejtka [24], this expression approximately

corresponds to the theoretical buckling load for elastic beams with free ends embedded in

an elastic foundation, which is in good agreement with the FE simulations where these

boundary conditions are adopted. This leads to almost half of the buckling load in Eq.

(6), as shown in Tab. A.12.

However, in many practical circumstances, when friction forces arise between the screw

and the steel plate, the lateral displacement of the head of the screw can be considered

negligible (also in agreement with the experimental evidence observed in the Torx test).

In this case, assuming a constant vertical load, the theoretical buckling load for double
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Table A.12: Comparison between pinned-head and free-head buckling and failure load according to finite
element models

Config. Nfem,buck [kN] Nfem,buck ratio Ffem,NLSIM Ffem,NLSIM [kN] ratio

Boundary pinned free pinned free

T-7.0-160 73.0 30.6 0.42 23.3 19.7 0.85
T-8.2-160 109.7 44.1 0.40 32.3 29.8 0.92
T-8.0-160 99.5 41.1 0.41 30.7 26.9 0.88
T-8.0-180 97.3 40.7 0.42 30.5 25.5 0.84
T-8.0-200 95.6 40.5 0.42 30.3 25.1 0.83
T-8.0-300 90.6 39.7 0.44 29.2 22.9 0.78
T-8.0-340 89.4 39.5 0.44 28.8 22.1 0.77
T-9.0-440 113.7 50.4 0.44 35.9 27.0 0.75

pinned elastic beams embedded in an elastic foundation is Nki = 2
√
chEI, which is the one

reported in Eq. (6). The buckling shapes associated with these two boundary conditions

are compared in Fig. A.18. It is worth reminding, according to [44], that the theoretical

Figure A.18: Buckling shapes of (a) free-head screw and (b) hinged-head screw.

solution of Eq. (6) assumes a sinusoidal buckling shape, while in this paper, the theoretical

expression of Eq. (17) is derived with a buckling shape of the form of Fig. A.18(b),

coherently with the experimental evidence.
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