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Abstract

We introduce an anisotropic global wave front set of Gelfand—Shilov ultradistributions with
different indices for regularity and decay at infinity. The concept is defined by the lack
of super-exponential decay along power type curves in the phase space of the short-time
Fourier transform. This wave front set captures the phase space behaviour of oscillations
of power monomial type, a k a chirp signals. A microlocal result is proved with respect to
pseudodifferential operators with symbol classes that give rise to continuous operators on
Gelfand—-Shilov spaces. We determine the wave front set of certain series of derivatives of
the Dirac delta, and exponential functions.

Keywords Ultradistributions - Gelfand—Shilov spaces - Pseudodifferential operators - Wave
front sets - Microlocal analysis - Phase space - Anisotropy

Mathematics Subject Classification 46F05 - 46F12 - 35A27 - 47G30 - 35S05 - 35A18 -
81S30 - 58147

1 Introduction

Gelfand-Shilov spaces, for ¢t > 0 and s > 0, are defined by
Ix¥DP f(x)| < Chl* TPl g1s (1.1)

which we assume to be valid for every 2 > 0 and a suitable C > 0 depending on A
(spaces of Beurling type ¢ (R%)), or else for some 4 > 0 and some C > 0 (Roumieu type
S/ (R%)). The ultradistributions (= 5y (R%), (S} Y (R4) are defined as their respective topolog-
ical duals. Attention in our paper will be limited to the Beurling case under the assumption
t +s5 > 1 granting X7 (R?) £ {0}. The definition was introduced in [12], and then analyzed
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in various contexts, with application to linear and nonlinear partial differential equations,
in connection also with problems in Mathematical Physics. The literature on the subject is
extremely wide, see for example [9, 27, 36] for recent contributions to the general theory,
and [3, 7,22, 23] concerning travelling waves, Boltzmann and Schrodinger equations. In par-
ticular, Gelfand—Shilov spaces have been considered in the framework of pseudodifferential
operators. Namely, classes of pseudodifferential operators were introduced, with symbols sat-
isfying suitable factorial and exponential estimates, acting continuously on Gelfand—Shilov
spaces, see for example [1, 6].
In our paper we shall refer to the class of symbols satisfying

1 1
| |?+\s|f)
9290 atx, &) < Ch'“+ﬂ‘azfﬁ!’e”<x (12)

forsome . > Oand all 2 > 0, with C > 0 depending on 4. This symbol class was introduced
in [1]. The corresponding Weyl operators a” (x, D) were proven to act continuously on
2 (R?) and on (=¢)(RY) in [1, Theorem 3.15].

Our attention will be actually addressed to another ingredient of the microlocal analysis:
the wave front set. The classical definition of Hormander [15] in the setting of Schwartz
distributions was extended in different ways. In particular Hérmander [16] introduced for
u € ./ (R%) the notion of WF,(u) adapted to the study of global regularity in T*R?\ 0.
Let us recall the definition by using the short-time Fourier transform (Gabor transform) with
window ¢ € .7 (R\0, cf. [30]:

i . -
Vou(x, &) = 2m) / ()5l mdy.
R

We have zo = (xo, §0) ¢ WFg(u), zo # 0, if

sup(z)N [Vou(z)| < 0o VN >0 (1.3)

zel

for a suitable conic neighborhood I" of zg in R%\0.

Looking for a counterpart of (1.3) in the Gelfand—Shilov setting, we may start with the
equivalent definition of the X} (R?) regularity of u € (= )Y (R?) given by the estimates, with
window ¢ € =7 (R)\0,

1 1
[Vou(x, &) S e "WITHER) vy 5 0, (1.4)

For the equivalence with (1.1) see for example [37].
Hence in the case s = t we may define as X (RY) regularity at zo € T*R \ 0

1
sup e’ 7l

zel

[Vou(z)| <oo Vr >0 (1.5)

where again I' is a conic neighborhood of zo in R2?\0. Based on (1.5), the Gelfand—Shilov
wave front set for s = ¢ was recently defined and used in applications to partial differential
equations [2, 5, 7]. Let us address for some early ideas to [16], and to the theory of Fourier
hyperfunctions [18, 19].

If s # ¢, cones I' € T*R? \ 0 are not anymore appropriate to micro-localize the decay
of the Gabor transform in (1.4). The natural idea is to replace the standard cones with
anisotropic cones, namely we replace the straight lines through (xo, £) € T*R¢ \ 0 with the
curves {x = A'xg, &€ = A&y, A > 0} and we define the anisotropic cone as the union of
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Microlocal analysis for Gelfand-Shilov spaces 2381

such curves through a neighborhood U € T*R4\0 of (xg, &). The required decay to define
(x0, £0) ¢ WF"*(u) can then be expressed by

sup  eMVu(A'x, A%E)| < 00, Vr > 0.
>0, (x,&)eU

Letus describe in short the contents of the paper. Section 2 is devoted to some preliminaries.
We give in particular a new proof of the celebrated Peetre inequality; the optimality of the
constant in our formula seems new in the literature, surprisingly. The definition of WF"** (u)
is reported in Sect. 3. We give there examples about WF*-* (u), i.e. the case s = 7, and then
prove invariance properties under change of window and the action of certain metaplectic
operators.

Section 4 is devoted to chirp signals, providing an interesting example of anisotropic wave
front set. Namely in dimension d = 1, for

ux) =", meN\{0,1}, ceR\O, (1.6)
we obtainif r(m — 1) > 1
WFS =D () = {(x, € = emx™ ") € R%, x # 0). (1.7)

Section 5 is addressed to the relations between the Gelfand—Shilov wave front set and the
Gevrey wave front set WF; (u) foru € (X} Y(R4), s > 1. We shall refer to [29], results given
there for the Roumieu case being easily translated to the present Beurling framework.

The main result of the paper is in Sect. 6, where we prove the microlocal inclusion

WEF' (a" (x, D)u) € WF'™* (u), u € (}) (RY), (1.8)

for symbols satisfying (1.2). Several examples are then given. Namely in Sect. 7 we compute
WEF"* (1) for polynomials and finite linear combinations of derivatives of the delta distribution
8o. The analysis extends to ultradistributions of the form

U= Z caD%80

aeNd

under suitable bounds on the coefficients ¢, € C, and their Fourier transforms.
In Sect. 8 we first consider e"¥ € (Xf)'(R?), with z € C? fixed, < 1. From (1.8) we
obtain
WF* (7)) = (RY\ 0) x {0}.

Combining with the example (1.6) in dimension d = 1, we then consider

u(x) = ezx+icx”'
and we deduce for WF"* (1) the same identity (1.7).

In conclusion, we would like to observe that anisotropic cones are not a novelty in microlo-
cal analysis. They were used as a partition of the space R? of the dual variables by [21] and
[25], soon followed by other authors, see for more recent contributions [11] and its references.
In these papers the anisotropic cones in R are used as a suitable option in the microlocal
study of equations of parabolic type, whereas in our case the anisotropy in T*R¢ is forced
by the very structure of the function spaces.

As background we mention recent works of ours (written after this paper) concerning
anisotropic global wave front sets and their propagation for certain evolution equations [31,
40, 41].
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2382 L. Rodino, P. Wahlberg

Applications to partial differential equations will be given in a sequel of this paper. We
are then inspired by [4], where the authors prove Gelfand—Shilov regularity for operators of
the type

P=—A+x]"", meN\O.

We aim for microlocal versions of this result, as well as propagation of singularities for
Schrodinger operators of the form

Q=id —P=id +A—|x"

2 Preliminaries

An open ball in R of radius r > O centered at x € R? is denoted B, (x),and B, (0) = B,.. The
unit sphere is denoted S9-1 ¢ R4, The group of invertible matrices in R9%d g GL(d, R),
and the determinant of A € R4*? is |A|. The transpose of A € R?*? is denoted AT and the
inverse transpose of A € GL(d, R) is AT . The derivative D j = —id; is used extended to
multi-indices. We write f(x) < g(x) provided there exists C > 0 such that f(x) < C g(x)

for all x in the domain of f and of g. We use the bracket (x) = (1 + |x|2)% for x € RY.
Peetre’s inequality is usually stated as

Is]

(F+3)° <22 xyeR! seR,
but in fact the constant can be improved as follows.

Lemma 2.1 We have

[s]
(x+y) < (%) (B x,yeR?, seR,

where the constant is optimal.

Proof It suffices to show

14 |x + y? 4
sup > >~ =3
vyerd A+ XA+ [y 3

If [x] =272 and y = x then
L+ x4y L+4x? 4

A+ DA+ 1y A+ x»H2 3

S0 it remains to show
31+ Ix+y) =40+ kA + Iy, xyeR”
The latter inequality can be written
4, y) < T e =yl + 4Pyl

whose truth is a consequence of (2|x||y| — 1)2 > 0 and the Cauchy—Schwarz inequality. O

The normalization of the Fourier transform is

Fre=Ffer =00t [ fweitdan serd,
R
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Microlocal analysis for Gelfand-Shilov spaces 2383

for f € Z(R?) (the Schwartz space), where (-, -) denotes the scalar product on R¥.
The conjugate linear action of a (ultra-)distribution « on a test function ¢ is written (u, ¢),
consistent with the L? inner product (-, -) = (-, -) 12 which is conjugate linear in the
second argument.

Denote translation by 7 f(y) = f(y — x) and modulation by M; f (y) = '8 f(y) for
x,y, & € R? where f is a function or distribution defined on R?. The composition is denoted
M(x,&) = MT,. Letp € Y(Rd)\{O}. The short-time Fourier transform (STFT) [8] of a
tempered distribution u € ./ (R?) is defined by

Vou(x,§) = Q1) % (u, MeTop) = FWTp)(E), x.& € R

Then V,u is smooth and polynomially bounded [13, Theorem 11.2.3]. When u € . (RY) it
is instead superpolynomially decreasing, that is

IVou(x, &) < ((x, €)™Y, (x,6) e T*R?, VYN >0.

The inverse transform is given by

u= (272')_% // Vou(x, §)Me Ty dx d§ 2.1)
R2d
provided ||¢| ;2 = 1, with action under the integral understood, that is
u, ) = Vou, Vo ) 12R20) (2.2)

foru € .7/ (R%) and f € #(RY), cf. [13, Theorem 11.2.5].

2.1 Spaces of functions and ultradistributions

Lets, z, h > 0. The space denoted S! , (R9) is the set of all f € C*°(R?) such that

|x*DP f(x)|

hla+Blgyt ﬂ!s (2'3)

I£lls;, = sup

is finite, where the supremum is taken over all ¢, 8 € N and x € RY. The function space
Sf. ; is a Banach space which increases with 4, s and 7, and Sfy » © 7. The topological dual

(8¢ ,)/(R?) is a Banach space such that .#”/(RY) € (S )/ (RY).
The Beurling type Gelfand-Shilov space T¥ (R?) is the projective limit of S (RY) with
respect to i [12]. This means
ZRY =[S, RY (2.4)
h>0
and the Fréchet space topology of X} (R?) is defined by the seminorms || - || S5, for h > 0.

If s+t > 1then ¥ (RY) # {0} [26]. The topological dual of X7 (R?) is the space of
(Beurling type) Gelfand—Shilov ultradistributions [12, Sect. 1.4.3]

YR =[S, ®RY. 2.4y

h>0
The dual space (=)’ (R?) may be equipped with several topologies: the weak™ topology,
the strong topology, the Mackey topology, and the topology defined by the union (2.4) as

an inductive limit topology [32]. The latter topology is the strongest topology such that the
inclusion (S} ,)'(R?) € (£;)'(RY) is continuous for all /1 > 0.
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2384 L. Rodino, P. Wahlberg

The Roumieu type Gelfand—Shilov space is the union

h>0
equipped with the inductive limit topology [32], that is the strongest topology such that each
inclusion Sf , (R?) € Sf(RY) is continuous. Then Sf (RY) 7 {0} if and only if s + 7 > 1
[12]. The correspondlng (Roumieu type) Gelfand—Shilov ultradistribution space is

(S5 RY) = [ (Sh) RY.
h>0
For every s, ¢ > O such that s + ¢t > 1, and for any ¢ > O we have

I RY) S STRY) € ZERY),

We will not use the Roumieu type spaces in this article but mention them as a service to a
reader interested in a wider context.

We write £f(RY) = Z;(R?) and (Z¢)(RY) = =/ (R?). Then X;(R?) # {0} if and only
ifs > %

The Gelfand—Shilov (ultradistribution) spaces enjoy invariance properties, with respect
to translation, dilation, tensorization, coordinate transformation and (partial) Fourier trans-
formation. The Fourier transform extends uniquely to homeomorphisms on .%’(R?), from
(Sf)’(Rd) to (S;)’(Rd), and from (Zf)’(Rd) to (Eé)’(Rd), and restricts to homeomorphisms
on .7 (RY), from S; (RY) to St (R%), and from 7 (RY) to ! (RY), and to a unitary operator
on L*(RY). Likewise (2.2) holds when u € (Z§)'(RY), f € Z/(RY), ¢ € TF(R?) and
ol = 1.

At one occasion we will need Gelfand—Shilov spaces defined on R?¢ which has possibly
different behavior with respect to the two R¢ coordinates [1, 6, 12]. Then the seminorms
(2.3) are generalized into

i 252 DE DI £ (x1, x|
hlerteatBithalg 11 gy 102 B 151 B, 152

51,52 = SU 2.5
||f||5[]11t22.h p (2.5)

fortj,s; > 0, j = 1, 2. The spaces Es' 52 (RZd) and (Ef' tszz) (R%) are defined as above.
Working with Gelfand—Shilov spaces we will often need the inequality (cf. [6])
1 1 1
e+ 315 <. +1yl5), x,yeRY s>0,
where
) = 1 if 0<r<1
FO=21f 11
which implies
erlx-q—y\% < ek(sfl)rlx\%ek(s’l)rlylsl’ X,y € Rd, r>0,

1 1 1
_ —1 1y _ 5 —1 5
eTTRETIRHYIT ot IX IS kTP ke RY, F > 0.

We will often use the following estimate where we use |«|! < ald ol for @ € N4 [24,
Eq. (0.3.3)]. Forany s > 0, 1 > 0 and any o € N¢ we have

N

o]
~ant ((ans 1
a!—Sh—":(}") < u < etdhT (2.6)

o

! lo|!
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Microlocal analysis for Gelfand-Shilov spaces 2385

2.2 Weyl pseudodifferential operators

Finally we need some elements from the calculus of pseudodifferential operators [10, 15, 24,
34]. Leta € C*®°(R??) and m € R. Then a is a Shubin symbol of order m, denoted a € '™,
ifforall, B € N there exists a constant Cq,p > 0 such that

890 a(x, £)] < Capl(x, )" 4P x & e RY. @.7)

The Shubin symbols '™ form a Fréchet space where the seminorms are given by the smallest
possible constants in (2.7).
For a € I'" a pseudodifferential operator in the Weyl quantization is defined by

a’(x, D) f(x) = 2m)™¢ fR y ety Elg (% s) fdyds, fesRY, (28)

when m < —d. The definition extends to general m € R if the integral is viewed as an
oscillatory integral. The operator a® (x, D) then acts continuously on .&(R?) and extends
uniquely by duality to a continuous operator on .#’(R%). By Schwartz’s kernel theorem the
Weyl quantization procedure may be extended to a weak formulation which yields continuous
linear operators a* (x, D) : . R?Y —» Z'(RY), even if a is only an element of .’ (R¥).
Likewise a¥(x, D) : Z,(RY) — =/(RY) ifa € =[(R*) and 5 > 1.

Ifs > % anda € X} (R%?) the Weyl quantization extends a continuous operator X (RY) —
%/ (R?) that satisfies

@' (x,D)f,g) = 2n) %a, W(g ), f,geT;RY), 2.9)

where the cross-Wigner distribution is defined as
W 06 = [ gty TG 3D 0y, () e RV,
R

We have W (g, f) € ;(R?>?) when f, g € I;(RY).
The real phase space T*R? ~ R? @ R is a real symplectic vector space equipped with
the canonical symplectic form

o((x,6), (', E)) = (¥, &) — (x,E), (x,&), (&) e T"R".

This form can be expressed with the inner productas o (X, Y) = (77X, Y)for X,Y € T*R4

where
g=( 0 la) cgaxa, (2.10)
—1; 0

The real symplectic group Sp(d, R) is the set of matrices in GL(2d, R) thatleaves ¢ invariant.
Hence J € Sp(d, R).

To each symplectic matrix x € Sp(d, R) is associated an operator p(x) that is unitary on
Lz(Rd), and determined up to a complex factor of modulus one, such that

n() ' (x, DYy u(x) = (@o )" (x, D), ae . (R*) 2.11)

(cf. [10, 15]). The operator 1 (x ) is ahomeomorphism on . and on.#’. The same conclusions
hold if a € =/(R??) in the functional framework %, X/ if s > % In fact u(x) is a
homeomorphism on X (RY) which extends uniquely to a homeomorphism on X} R [7,
Proposition 4.4].

The mapping Sp(d, R) > x — w(x) is called the metaplectic representation [10]. It is
in fact a representation of the so called 2-fold covering group of Sp(d, R), which is called
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2386 L. Rodino, P. Wahlberg

the metaplectic group. The metaplectic representation satisfies the homomorphism relation
modulo a change of sign:

w(xx) =xtuGonix", x.,x €Spd,R).

3 The Gabor and the t, s-Gelfand-Shilov wave front sets

First we define the Gabor wave front set WF; introduced in [16] and further elaborated in
[30].

Definition 3.1 Let ¢ € #(R%)\ 0,u € ./ (RY) and zg € T*R? \ 0. Then zg ¢ WF,(u) if
there exists an open conic set ' € T*R¢ \ 0 such that zg € I" and

sup(z)V|Vou(z)| < 0o, N >0. (3.1)

zel

This means that V,u decays rapidly (super-polynomially) in I'. The condition (3.1) is
independent of ¢ € .7 (R?) \ 0, in the sense that super-polynomial decay will hold also for
Vyuif ¢ € 7 (RH\0, in a possibly smaller cone containing zo. The Gabor wave front set
is a closed conic subset of T*R?\0. By [16, Proposition 2.2] it is symplectically invariant in
the sense of

WFy(u(x)u) = xWFg(u), x €Sp(d,R), ue 7' (RY). (3.2)

The Gabor wave front set is naturally connected to the definition of the C* wave front
set [15, Chapter 8], often called just the wave front set and denoted WF. For u € 2’ (Rd) a
point in the phase space (xg, &) € T*R? such that &o # O satisfies (xg, &) ¢ WF(u) if there
exists ¢ € C° (Rd) such that ¢(0) # 0, an open conical set I'y C Rd\O such that &y € I'p,
and

sup (§)" | Vyu(xo, )| < 00, N =0.
§el’

The difference compared to WF, () is that the C* wave front set WF () is defined in
terms of super-polynomial decay in the frequency variable, for xo € R fixed, instead of
super-polynomial decay in an open cone in the phase space T*R¢ containing the point of
interest.

Pseudodifferential operators with Shubin symbols are microlocal with respect to the Gabor
wave front set. In fact we have by [16, Proposition 2.5]

WFy(a" (x, D)u) € WFq(u)

provided a € I and u € .&'(RY).
Letu € (X¥)(RY) withs +1 > 1. If y € = (RY)\0 then

1 1
|Vyu(x, £)] < e T HER) (3.3)

for some r > 0. We have u € X! (R?) if and only if

1 1
|Vyu(x, £)] S e WITFER) (3.4)

for all > 0. See e.g. [37, Theorems 2.4 and 2.5].
Foru € (%)) (R?) we define the ¢, s-Gelfand—Shilov wave front set WF'*S (1) as a closed
subset of the phase space T*R \ 0 as follows.
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Microlocal analysis for Gelfand-Shilov spaces 2387

Definition 3.2 Lets, ¢ > Osatisfy s+¢ > 1,and suppose ¥ € = (R9)\Oandu € (=}) (RY).
Then (xg, &) € T*R? \ 0 satisfies (xo, &) ¢ WFS* (i) if there exists an open set U C
T*R¥\0 containing (xo, &) such that
sup M Vyu(h'x, AE)| < 0o, Vr > 0. (3.5)
>0, (x,6)eU
Due to (3.3) it is clear that it suffices to check (3.5) for A > L where L > 0 can be
arbitrarily large, for each r > 0.

A consequence of Definition 3.2 is that we have the scaling invariance (here we assume
(x.£) € T*RN\0)

(x,8) e WFP (u) <= \'x, &) e WF™"(u) VA > 0. (3.6)
Another immediate consequence of Definition 3.2 is
WEF (u 4+ v) € WF*(u) UWF"* (v), u,v e (Zf)’(Rd). 3.7

Ift =5 > % and u € X (R?) then WF*S (1) = WF*(u), that is we recapture the s-
Gelfand—Shilov wave front set WF* (1) (which is a slightly modified version of Cappiello’s
and Schulz’s [5, Definition 2.1]), as defined originally in [7, Definition 4.1]:

Definition 3.3 Lets > 1/2, ¥ € X,(R?)\0 and u € X/ (R?). Then zg € T*R¥\0 satisfies
20 ¢ WF’ (u) if there exists an open conic set I';, T*R% \ 0 containing zo such that

1
sup ¢'Z°

zeI‘ZO

[Vyu(z)| < oo, Vr>D0.

In Definition 3.2 we ask for exponential decay with arbitrary parameter r > 0 (super-
exponential) of Vi, u along the curve Cy ¢ € T*R9 defined by Ry 5 A — (A'x, A%€) which
passes through (x, £) € T*R? \ 0. This power type curve reduces to a straight line if t = s.
By (3.3) a generic point (x, &) € T*R? \ 0 has an exponential growth upper bound along
the curve Cy ¢. Due to (3.4) we have WF*(w) = ¢ if and only if u € Ef(Rd). Thus
WEF"S (1) C T*Rd\O can be seen as a measure of singularities of u € (Zf)’(Rd): It records
the phase space points (x, £) € T*R? \ 0 such that Vyu does not decay super-exponentially
along the curve Cy g, that is, does not behave like an element in X7 (Rd ) there.

We will soon show that Definition 3.2 does not depend on the window function ¥ €
7 (Rd)\O (see Proposition 3.5). If i2(x) = u(—x) then

V‘/}ft(x, &) = Vyu(—x, =§). (3.8)
If u is even or odd we thus have the following symmetry:
i=4du = WF"@u)=-WF"'®u). 3.9

‘We also have
Vyu(x, §) = Vyu(x, =§). (3.10)

Remark 3.4 Suppose s;,t; >0, j=1,2,51 +t > 1,and t/t; = 57/s1 = a > 1. Then we
have for u € (E,szz)’(Rd) c(z) ) (R?)

WE252 (1) € WF'S1 (i),

In fact this follows directly from Definition 3.2 with ¢ € %, (RH\0, and A2 = (A",
A2 = (AN, and A < A% for A > 1.
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2388 L. Rodino, P. Wahlberg

3.1 Examples of Gabor and s-Gelfand-Shilov wave front sets

In this subsection we compile known and deduce a few new results on the 7, s-Geltand—Shilov
wave front set.
‘We have

1
WFq(u) € WF* (1), Vs > 3 ue 7' (RY). (3.11)
If% < §1 < 53 then
=, RY € =, (R, (3.12)
z, R ¢ ) RY) (3.13)

and
WF2(u) € WF' (), u e 3, (RY.

The strictness of the inclusions (3.12) and (3.13) can be seen for instance from the Hilbert
sequence space characterizations of X (R9) and pod (RY) for series expansions in Hermite
functions (cf. e.g. [39]).

Ifu € Ty, (RY) \ Xy, (RY) then u € =), (RY) and

WF (u) = @ £ WF" ().

So given 55 > s1 > % there exists u € 2;2 (R?) such that WF*2 (i) # WF*! (i). This gives

some motivation for the interest of the scale of wave front sets WF* (u) for s > % In the

given example it is a measure of very fine singularities within .7.

If on the other hand u € X} (R))\ X}, (RY) then WF*! () is well defined, and WF*! (u) 7
#sinceu € X, wouldimply u € E;z. But WF*2 (1) is not well defined so we cannot compare
WF*! (1) and WF*2 ().

It is also clear that if u € V(Rd)\ES (R?) for some s > % then u € X} (R?) and

0 = WFy(u) # WF° (u).

Nevertheless it seems that for most ultradistributions u for which WF*(u) can be
determined we have

WFg(u) = WF*(u) forall s > %
(cf. [7, 28]). We collect a few examples. For any x € R? we have
WF(8,) = WF*(8,) = {0} x RI\0) Vs > % (3.14)
For any & € RY we have
WFq(e'5)) = WE* (¢/¥)) = (RY\ 0) x {0} Vs > % (3.15)
For any A € R¥*? symmetric we have
WF (e 0 A%)/2) = WS (¢! A%/2) — {(x, Ax) : x e R"\ 0} Vs > % (3.16)

The latter formula can be generalized, by combining [28, Example 7.1] (generalized to the
Gelfand-Shilov framework) and [7, Corollary 9.2]. This gives the following formula when
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A e Cdxd g symmetric and ImA > 0:

. . 1
WF (¢! A%)/2) = WFS (¢! A4%)/2) — {(x,ReA x) : x € R? NKer(ImA) \ 0} Vs > 5

(3.17)
If d = 1 then (cf. [28, Sect. 8]) for k > 2 we have
WFy(e™™) = {0} x (R\ 0) (3.18)
and for k > 1 we have )
P 2k+1

WF (¢ ) = {0} x Ry. (3.19)

It also follows from the proof of [28, Proposition 8.2] that
WFg(e'F") = {0} x (R\ 0) (3.20)

if p>2.
We obtain from (3.11) if k > 2

{0} x (R\0) C WF (™) Vs > %

In the same way we obtain from (3.19) if k > 1

2k+1

4 1
(0) xRy S WE(@ ) Vs > -

and from (3.20)
. 1
{0} x (R\0) € WF° (") vs > 3

if p>2.

In [33, Theorem 6.1] we prove that given any closed conic set I' € T*R? \ 0 there exists
u € ' (R) such that WFy(u) = I'. By a careful examination of the proof it follows that
WFy(u) = WF (u) =T forall s > %

A similar result is given in [5, Proposition 3.5] for a wave front set that is similar to WF* («)
albeit with the Roumieu choice of behaviour instead of Beurling.

3.2 Invariances of the t, s-Gelfand-Shilov wave front set

In [7, Proposition 4.3] it is shown that WF*(x) does not depend on the chosen window
function ¥ € X, (R? )\0. The following result generalizes this statement to WF*! (1) with

t #£s.

Proposition 3.5 Lets,t > Osatisfys+t > 1, andletu € (Ef)’(Rd). Suppose zo € T*R?\0.
Ify e ¥ RY\O and (3.5) holds for an open set U < T*R? \ 0 containing zo, and
pexy (R \ O then there exists an open set V. C U such that zo € V and

sup e |V,u(h'x, M€)| < 00, Vr > 0. (3.21)
1>0, (x,&)eV

Proof Since zo € U C R?? where U is open we may pick an open set V C U such that
z0 € Vand V + B, C U for some 0 < ¢ < 1, and we may assume

sup |z] < |zo|l +1 = pu. (3.22)

zeV
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By (3.3) we have
1 1
[Vou(x, &) < e IKITHED (3.23)
for some r; > 0. By [13, Lemma 11.3.3] we have
_d _
Vou(@)| < Q)2 Iyl 2 IVyul * V¥ @), z€R™,
and according to (3.4) we have
1 1
Vo (x, §)| S e 2T HIE) (3.24)

for any r; > 0.
Letr > 0and A > 0. We have

e Vu(M x, M)
< f/sz e”leu(k’(x — A7) AN E = AT )| [V (v, m)| dy dn
=hL+D

where we split the integral into the two terms
= [ = A 80 = Al Ve dy
RZd\Q)V

b :// EMVyu (x — 27"y), A5 (E = 25| [Vpwr (v, m)l dy dn

where 1 1 O
Q. ={(,m eR™ |yt +n> <27 zeva} CRM

with v = min(s, 7).
First we estimate /; when (x, £) € V. Setk = max(k (1), x(s~1)). From (3.22), (3.23)
and (3.24) we obtain for some r; > 0 and any o > 0

ity 1 st
I ge”‘ // A =ATIYIT A AE =2 ] Ilelf(y,n)Idydn
RZd\Q)L
< ol gl // ST [y () dy dn
RZ({\Q)L
k<r+2rlku%> 1 % 1
<e // eWri—kri=1=r2)(Iy| T +In|5) dydp (3.25)
RZ‘J\SZ)L

1 _1 1 1 1
)»(F+2I”KLU)—}»I”2 Zvev —_(IvIT 5
<e 1K1 2 e~ I+ 4y dp
R2d

1 _1 1
)L(r+2r1;cy,ifr22 ﬁgi)
e <

1
v

for any A > 0, provided we pick rp > 2$ &g” (r + 2r1/<u%). Here C, > 0 is a constant

that depends on r > 0 but not on A > 0. Thus we have obtained the requested estimate for
L.
. . 1 1 _11 .
It remains to estimate />. From |y|7 + |n|s < 27 2vgv A we obtain

t t 1
Ayl <ev2 7w <g272,
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Al <ev2h <272
which gives (A\~"y, A™%n) € B,. Hence if (x,&) € V then (x — A7y, & — 1 7%n) € U and
we may use the estimate (3.5). This gives for a constant C, > 0, using (3.24)
L= /fQ M Vyu! (x = 27"9), A5 (E = 27 )| V¥ (v, m)] dy dn
78

< / f V¥ (3. ] dy dn (3:26)
de

<c
for all A > 0. Thus we have obtained the requested estimate for I, The statement follows

from (3.25) and (3.26). O

3.3 Metaplectic properties
The s-Gelfand—Shilov wave front set is symplectically invariant as (cf. [7, Corollary 4.5])
1
WF (u()u) = xWF ), x € Sp(d,R), ueI/RY, s> 7 (3.27)

When t # s the ¢, s-Gelfand—Shilov wave front set WF'*¥ () is not symplectically invari-
ant. Nevertheless, two of the generators of the symplectic group behave invariantly in certain
individual senses which we now describe. By [10, Proposition4.10] each matrix x € Sp(d, R)
is a finite product of matrices in Sp(d, R) of the form

-1
7 (% ar) (57):
for A € GL(d,R) and B € R%*? symmetric. The corresponding metaplectic operators are
w(J) = Z, 41 0 1
n ( 0 AT) F@) =1AI7 f(Ax),
if A € GL(d, R), and
i () reo= et g,

if B € R?4 is symmetric.

Proposition 3.6 Lets,t > O satisfy s +t > 1, and suppose u € (Zf)’(Rd). Then we have
()

WF (@) = FWE"’ (u);
(ii) if A € GL(d,R) and us(x) = |A|%u(Ax) then

A"l o

vy = (570

>WFI’S(M).

Proof Lety € X7 (R \ 0. We have from the proof of [7, Corollary 4.5]

Viooy (kOOW (x (x, )| = [Vyu(x, §) (3.28)
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for all x € Sp(d, R). If x = J we obtain
|Vau(J (x, §)| = |Vgu§, —x)| = [Vyu(x, §)|.

Note that § € TIRH\0 and 7 € (') (RY). From this it follows that (x, &) ¢ WF"* (u) if
and only if J(x, &£) ¢ WF* (&) which proves claim (i).
Next we insert u 4 for A € GL(d, R) into (3.28) which gives

|Vyaua(A %, ATE)| = |Vyu(x, £)|.

Note that ¥4 € X7 (Rd)\O anduy € (Ef)’(Rd). We obtain (x, &) ¢ WF"* (u) if and only if
(A~ x, ATE) ¢ WF" (u4) which shows claim (ii). O

Remark 3.7 Proposition 3.6 implies that WF"* when s # v does not behave as WF* with
respect to Schrodinger type propagators, in the case of quadratic potential. In fact let Q €
R2d%2d e symmetric, let

q(x, &) = ((x,8), Q(x, ), x, &R,

and consider the initial value Cauchy problem

{ du(t,x) +ig”(x, Dou(t,x) =0,

1(0. ) = o, (3.29)

where ¢ (x, D) acts on the x € R? variable. If uy € D(¢" (x, D)) € L?>(R¢), the domain
of the closure of g% (x, D) considered as an unbounded operator in L?(RY), the equation is
solved by
u(t, x) = e 14" @Dy

where e~74" D) is the propagator one-parameter group of unitary operators indexed by
t € R (cf. e.g.[7, 17]). The propagator is the metaplectic operator ¢ ~/14"*:D) — 1, (£21T Q)
[10], which extends to a continuous operator on X (RY) for s > % and the equation (3.29)
admits initial datum ug € X/ (R%) [7, 39].

By the metaplectic invariance (3.27) we thus have the propagation of singularities equality

; w 1
WES (e /10" D)yy = M TOWF (ug), t€R, upe T,RY, s>-. (330

2
If Q = Iy then
2T0 _ cos.2t sin 2t
—sin 2t cos 2t
SO .
WES (e 77597 D)y 0y = WF* (10g) = TWF (ug). (3.31)

If s # v then the equality (3.30) cannot hold for WE""#, since (3.31) for WF"* (1) would
contradict Proposition 3.6 (i).

The next result reveals that if WF’ (1) has empty intersection with the frequency axis
{0} x (R? \ 0) then WF’** is contained in the space axis (RN\0) x {0} if s > 1.

Proposition3.8 Ifs >t > 1, u € (X)) (RY) and
WF (1) N {0} x (RY\0) =0 (3.32)
then

WF' (1) € (RY\ 0) x {0}. (3.33)
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Proof We have (£f)'(R%) € X/(RY) since T,(R?) C X (R?). By the assumption (3.32)
there exists C > 0 such that for the open conic set

I ={(x,&) e T'"R?\0: |&] > C|x|} € T*RY

we have 1
sup e’ 7l
zel

[Vyu(z)l <oo Vr >0

where ¥ € Z,(R)\0 C = (RY)\0.

Let (xg, &o) € T*R? \ O where &y # 0. If xo = O we pick U C I" as an open set containing
(0, &). Then if (x, &) € U we have (A x, A’¢) € T for A > 1, since || > C|x| implies
A71E| > Clx|. If instead x¢ # O then we pick as U C R an open set containing (xo, £&o)
such that ¢ < |x| < 2|(x0, &)| and ¢ < |&] < 2|(x0, &)| When (x, &) € U where ¢ > 0. If
(x,&) € U then

Clxllg|™" < 2/(xo, é0)lCe™" < 257"

if A > L > 0 provided L is sufficiently large. This gives (A'x, A*§) € T for A > L.
If necessary we increase L > 0 such that |(x, A*~7£)| > 1 when A > L and (x,&) € U.
This gives for any r > 0

1 ,
sup  eMVyuW'x, A8) < sup MO I [Vyu(h'x, A€)|
A>L, (x,£)eU r=L, (x,6)eU

L

< sup SOV 00k, 20E))
A>L, (x,&)eU

1
<supe?l’
zel

|[Vyu(z)| < oo.

We have shown (xg, &) ¢ WF"*(u) which proves (3.33). O

4 The t, s-Gelfand-Shilov wave front set of oscillatory functions

A main reason for the introduction of the wave front set WF’** (1) is that it describes accurately
the phase space singularities of oscillatory functions of the form

ux) =", xeR, meN\{0,1} 4.1)

or
iclx|®
,

ulx)=e xeR, aeR\2N, a>1 4.2)

where ¢ € R\ 0 in both cases. These functions are known as chirp signals. Here we work in
dimension d = 1. In (4.2) we ask @ ¢ 2N since o € 2N is covered by (4.1).

If u is defined by (4.1), and s is chosen adapted to ¢ and m, we will see that WF"* () is
the curve in phase space described by the instantaneous frequency of u, that is the derivative
of the phase function.

We will need a lemma.

Lemma4.1 Supposes,t,e >0, U C R*\0 is open and f € C®(R?*?). If the estimate

sup ARk F (A x, ME)| < CpalhR kY
(x,&)eU
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holds for all h > 0, all . > 1 and all k € N, then for any r > 0 and any A > 1 we have

sup €™ |f()\tx,)»sé)| <Crep
(x.£)eU

Proof Letr > 0. We have if (x, &) e U

1 i k 1
- Zz*kk!fl <%()»?82)%> |f()»tx, k?§)|7
k=0

27\ ¢ k %
<2 (supk!_s ((—) ASSz) |f(\x, As&)’)
k>0 N
k
L 2r s s
<2CjAssup ((—) h)
k>0 s

<C

2
rh <
es®’

Fx, 2°8)

YL

A

Se—

for all A > 1, provided we pick
S \S
0<h< (—) .
== 2r
Thus forany r > 0, (x,&) e U and L > 1

2
erASS

FAx, 28| < A
which gives finally

X, 28| = e et | p iy, 3
< Cpoite ™ 4.3)
< Cret
forallA > 1and (x,&) € U. O
The next result generalizes (3.16) ford = 1.
Theorem 4.2 Suppose c € R\ 0.
(1) Ifu is defined by (4.1) and t > ml_l then
WES =D () = {(x, emx™ 1) € R?: x #0}. (4.4)

(ii) Ifu is defined by (4.2) and t > alj then

{0} x (R\0) € WE"'@=D () C {(x, casgn(x)[x|*"") e R? : x # 0} U{0} x (R\0).
(4.5)

Proof Case (i): Set s = t(m — 1) > 1. This implies that there are compactly supported
Gevrey functions [29] of order s in the space X (R). Set

W = {(x,cmx™ 1) e R*: x #£0} CR?\0.

Suppose (xg, &) € R2\0 and (xp, &) ¢ W. Then there exists an open set U such that
(x0,&0) €e U,and 0 < ¢ < 1,6 > 0, such that

(&) eU, [x—yl<8 = |E—cmx" " >2¢e, mc|]x"" —y" | <e.
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Thenif (x,&) e Uand |x — y| <4
& —emy™ ! > |& —emx™ | —m | [y" T — x| > e (4.6)

Let ¥ € X7(R) \ 0 be such that supp ¢ C Bs. From the stationary phase theorem [15,
Theorem 7.7.1] this gives for any k € N,any 2 > O and any A > 1,if (x, &) € U, using (4.6)
and (2.6),

\Vyu(W'x, 256)| = Q)2

/ @Oy I Ty = X)) dy‘
R

— Q)2

f Y GGy = x))dy’
R

k
< CA Y sup (DY) (y = )| [ — emy™ =20
n=0 [x—y|<é
k
< C}\‘[{;*Zk Z sup |(Dn w)(kl (y _ x))|)Lftk(m71))\t(l+m)(n7k)
n=0 lx—y|<d

k
< CMe AN sup (DY) (y — 1)
n=0 [x—yl=<é

k
< Ch)\'tg—zk)\'—sk Z hnn!S
n=0
k
— Ch}\.t&‘_zk)\._Skhk Z h—(k—n)n!s
n=0

.k
< Cpe 0T Rk N " (nl(k — m)Y)*
n=0
k
E Cs’h)\‘tgfzkkfskhkk!s Z
n=0
< Coprle A=k nykkrs.
4.7)
Since i > 0 is arbitrary we obtain

AR Vyu(W x, 258)| < CpAlBREYS,  (x,€) € U, (4.8)
forallh > 0,all A > 1 and all kK € N. Applying Lemma 4.1 it follows that
(x0, §0) ¢ WE*'™" "D u)

and we may conclude
WFH =Dy c w. (4.9)

In order to prove (4.4) for Case (i) it hence remains to strengthen the above inclusion into an
equality.

If m is even then u is even and W = —W, so by (3.9) we have either WF-!—D () = ¢
or WF-!"=D (3) = W. The former is not true since u ¢ =7 (R). Thus we have proved (4.4)
for Case (i) and m even.
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If m is odd then ii(x) = u(x) = e " . Again WF>'=D () = ¢ cannot hold since
u ¢ X7 (R). If we assume that the inclusion (4.9) is strict we get a contradiction from (3.8)
to (3.10). Indeed suppose e.g.

WE =D () = {(x, emx™"") e R*: x > 0).
By (3.8) and (3.10) we then get the contradiction
WE D) = {(x, —emx™™!) € R? : x < 0)
= {(x, —emx"" ") e R*: x > 0} = WF"'"" D),

This proves (4.4) for Case (i) when m is odd.
Case (ii): In this case u(x) = ¢“"I” is not smooth at x = 0 which causes some problems.
Setagains = (¢ — 1) > 1, and

W = {(x, casgn(x)|x|*" 1) e R*: x £0} SR>\ 0.

Suppose (xo, &) € RZ\O, (x0, &0) ¢ W and (xg, &) # {0} x (R\0). There exists an open
set U such that (xg, &) € U, and 0 < 26 < ¢ < 1, such that

(&) eU, |x—yl <8 = [&—casgn()|x|*'|>2e, |x|=>e,

alel| sgn(Iy*™" = sgn()|x[*7!| < .
Thenif (x,&) e U and |[x — y| <4

& — casgn()|y|*™"| = & — casgn(x)|x|*7 | —a |c| [ sgn(y)|y[* " = sgn(x)|x[*7!| > e

(4.10)

Let ¢ € Z7(R) \ 0 be such that suppy € Bs. Then if & > 1, A'(y — x) € supp ¢ and

|x] > & we have |y| > ¢/2. From the stationary phase theorem [15, Theorem 7.7.1] this gives

forany k € N,any & > O and any A > 1, if (x, &) € U, using (4.10) and the final estimates
in (4.7),

IVyu(lx, 356)| = m) "2

[ ey GGTy = ) dy‘
R

= Q) oA

/ MY Y Gy — 1)) d)"
[y|=e/2

k
<CA Y M e (D" ) (y = x))
n=0 x—yl=

X [§ — casgn(y)|y|@ 2020
k

< th8_2k Z SUI‘) . |(Dn1//)(kt(y _ x))|A—tk(0t—l))\'t(l+a)(l’l—k)
n=0 Xx—yI=

k
< CNMeTEY T sup [(D"Y)GS (v = 0)

"o x—yl<s
< Cs,lzkts_Zkk_Sk (2h)kk!s .
Appealing to Lemma 4.1 it follows that

(x0, &) ¢ WE'©@=D )
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and we may conclude
WE @D () € WU {0} x (R 0)

which is the right inclusion in (4.5) for Case (ii).
It remains to show the left inclusion in (4.5), that is

{0} x (R\ 0) € WE"@=D ). 4.11)
We have for £ > 0

\Vyu(0, £2°8)| = 2m)~2

/ S NIRFNY Gy dy| = | W eI EFR D).
R

Let ¢ be even and satisfy ¥ (0) # 0. Then .# (y e‘ic|"a) is also even. If we assume (0, £) ¢
WF @D @) or (0, —§) ¢ WF'@=D(4) then

\FW e @) S e, £ eR,

for all » > 0. But this implies ¥ eI € C* which is a contradiction as & ¢ 2N\0 and
¥ (0) # 0. This shows (4.11) and thus (4.5) for Case (ii) has been proven. ]

Remark 4.3 The wave front set WE"/©@=D(y) is well defined if # + (e — 1) = ta > 1 for
u e (Zf(a_]))’(R). If we weaken the assumption ¢ > ﬁ (t > ﬁ) into r > % (t > é) in

Theorem 4.2, then we obtain from Theorem 4.2 to Remark 3.4 if m € N\{0, 1}
{(x,emx™" 1) e R?: x # 0} € WE™=D(y) (4.12)

andif « € R\2N, @ > 1
{0} x (R\ 0) € WE"@=D ), (4.13)

Thus (4.12) has been weakened into an inclusion instead of the equality (4.4), and (4.13)
gives a lower bound only as compared to (4.5).

Remark 4.4 The Fourier transform u of a chirp (4.1) with m € N\ {0, 1} is known explicitly
for m = 2. Itis @(€) = (2lc|)"2e!T =56 [15, Theorem 7.6.1]. For larger m one
has # € .#/(R). From the discussion concerning the Airy function (m = 3, ¢ = %) [15,
Chapter 7.6] it can be seen that  is actually real analytic provided m is odd, and extends
to an entire function on C. But if m is even it seems difficult to obtain explicit information
about . Nevertheless, combining Theorem 4.2 with Proposition 3.6, we obtain the following

identity for its anisotropic Gelfand—Shilov wave front set when ¢ > ﬁ:

WFI(m_l)’I(ﬁ) — {((—l)m_lcmxm_l, x) c R2 TX ;é 0},

1

Ifm =3andc=1/3 thenu(x) = /3 and v(&) = 2n)2 Fu(E) = Qn)2A(—¢) is
the Airy function [15]. Using (3.8) we conclude
WE (v) = =WF* (@) = {(—x%,x) e R*: x £ 0}

when ¢t > %

We would also like to determine WF-* (1) when s # t(a — 1) for the chirp functions. The
following two results treat this question and show that WF"* (1) does not give a meaningful
result then.
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Proposition 4.5 Suppose ¢ € R\ 0.
(i) If u is defined by (4.1) and s > t(m — 1) > 1 then
WF* (1) = (R \ 0) x {0}. 4.14)
(ii) Ifu is defined by (4.2) and s > t(x — 1) > 1 then
{0} x (R\0) € WF"*(u) € (R\ 0) x {0} U{0} x (R\0). (4.15)

Proof Case (i): Suppose (xg, &) € RZand & # 0. There exists U C R? such that (xo, &) €
U,and0 < & <1, L > 1 such that

|$ _cm)\‘t(mfl)fj‘ymfll Z P

when (x,&) e U, |x —y| < 1land A > L, due to the assumption t(m — 1) —s < 0.

Let € Z}(R) \ 0 be such that supp € Bj. From the stationary phase theorem [15,
Theorem 7.7.1] we have for any k € N,any 2 > Oand any A > L, if (x, §) € U, again using
4.7),

\Vyu(Wlx, 356)| = Q)2

[ e egaray ey

_ (27[)7%}\1[ / g“‘t+x(}"t(lnl)xc—vmys»‘g[f(}f(y—x))d))‘
R
k
SCA YA sup (DY) (v — X))
=0 lx—y|<1

x |E — Cm)\t(mfl)fsymfl |n72kk(t+.v)(n72k)

k
< thS—Zk Z sup |(an)()\t (y _ x))p\'—sk)\‘s(f’l—k)-i-zf(l‘l—k)
n=0 lx—yl=1
k

S C)\.t&‘_zk)\._Sk Z Sup |(an)()\'t(y _ X))|
n=0 x—yI=l

< Cy i e A=k Qnykks.

Lemma 4.1 gives
WF"*(u) € (R\ 0) x {0}

which shows the inclusion “C” in (4.14). Equality in (4.14) again follows from (3.8), (3.10),
u ¢ XY (R), and o = u if m is odd.

Case (ii): Suppose (xo, £&0) € RZ, xo # 0 and & # 0. Then there exists U C R? such that
(x0,&0) € U,and 0 < ¢ < 1, L > 1, such that

inf |x|=¢
x,&)eU
and
€ — casgn(NA @Dy 2 e

when (x,§) e U, |x —y| <e/2and A > L.
Pick ¢ € X7 (R)\O such that supp ¥y € Byp. Thenif A > L, A/(y — x) € supp ¢ and
|x| > & we have |y| > ¢/2. From the stationary phase theorem [15, Theorem 7.7.1] this gives
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forany k € N, any 2 > O and any A > L, if (x, &) € U, using (4.7),

IVyuGlx, 18)| = Q)2

/ ei(CIYIa—ylsf)w(kt()\—ty — %) dy‘
R

— Qn) A

[ o ei)»’“(c)»’(""l)’sI)'I”—.Vcﬁ))l//()LZ(y —x)) dy‘
ylze

k
<CM YA sup (DY) (y = x)|
n=0 |[x—yl<e/2

X [§ — carsgn(y)a! D7yt 00 =20
< Cyprle 0k @nykrr.
Using Lemma 4.1 we obtain
WE'(u) C (R\ 0) x {0} U {0} x (R\0).

Finally {0} x (R \ 0) € WF"*(u) follows recycling the argument at the end of the proof of
Theorem 4.2. O

Proposition 4.6 Suppose c € R\ 0.
(1) Ifu is defined by (4.1) and t(m — 1) > s > 1 then
WF"* (1) € {0} x (R\0) 4.16)

and if m is even then
WF* (1) = {0} x (R\ 0). 4.17)

(i) Ifu is defined by (4.2) andt(e — 1) > s > 1 then
{0} x R\ 0) € WF"*(u) € (R\ 0) x {0}U{0} x (R\0). (4.18)

Proof Case (i): Suppose (xg, &) € R? and xo # 0. There exists U C R? such that (x, &) €
U,and0 < & <1, L > 1, such that

|Cmym—1 _ }\‘S—[(m—l)%-' Z e

when (x,&) e U, |x — y| < eand A > L, due to the assumption s — t(m — 1) < 0.
If 0 < n < k we have

sk+nt +tmmn —2k) <ttk(m—1)+n—mk) <0.

Let ¥ € X7 (R) \ 0 be such that suppy € B,. From the stationary phase theorem [15,
Theorem 7.7.1] we have for any k € N, any 2 > 0 and any A > L, if (x,&) € U, again
reusing (4.7),

IVyu(lx, 356)| = m) "2

/ e"(c.v”’*y’\%)lﬁ()»t(lf—’y—x))dy‘
R

= Q) oA

R
k
< th Z)\'nt Sup |(Dl1w)()\'l(y —x))l
n

=0 [x—yl<e

x |Cmym—1 _ As—t(m—1)$|n—2k)\lm(n—2k)
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k
< CNe AN sup (D" (y — )

n=0 [x—yl<e
f Csyh)\te*zkkﬂk(Zh)kk!‘v .
Lemma 4.1 gives
WE"*(u) C {0} x (R)\ 0)

which is (4.16). The equality (4.17) when m is even follows from (3.9) and u ¢ X (R).
Case (ii): Suppose (xo, &) € R?, xo # 0 and & # 0. Then there exists U € R? such that
(x0,&) € U,and 0 < ¢ < 1, L > 1, such that

inf |x|=¢
(x.8)eU

and
& — casgn(A @ DTSyl > ¢

when (x,§) e U, |x —y| <e/2and A > L.
If n < k then

sk+nt+ (t+s)(n—2k) <sk+nt—(t+s)k <0.

Let y € Zf(R) \ 0 be such that suppy € Bgjp. Thenif A > L, A'(y — x) € suppy
and |x| > ¢ we have |y| > ¢/2. From the stationary phase theorem [15, Theorem 7.7.1] this
gives forany k € N,any A > Oand any A > L, if (x, §) € U and the final estimates in (4.7),

\Vyu(Wlx, 256)| = Q)2

/ JC RO LTy ) dy‘
R

— Q)2

[ e G =y
lyl=e/

k
SCAYM sup (D" (y - )
n=0  lx—yl=e/2

X € — casgn(y)A!@ D=5 |yja—l =2k (45 (1=26)
< Coprle A=k nykkrs.
Lemma 4.1 gives again
WE () € (R\ 0) x {0} U {0} x (R\ 0).
Finally {0} x (R\ 0) € WF"¥(u) follows again using the argument at the end of the proof
of Theorem 4.2. O

Remark 4.7 By using Theorem 4.2, Proposition 4.5 and Proposition 4.6 we may now give a
counterpart of Remark 3.7, showing that the anisotropic wave front set turns out to be needed
when treating Schrodinger propagators in the case of non-quadratic potentials.

Consider the Cauchy problem for the anisotropic free particle equation in dimensiond = 1

{ du(t,x) +iDMu(t,x) =0, meN\{0,1},

10, ) = ug. (4.19)

The Hamilton flow, along which we expect propagation of microlocal singularities, is given

by
(x, &) = xi(x0, £0) = (xo +mt&)' "', &), 1€R, (4.20)
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and we are looking for parameters v, s > 0 such that v +s > 1 and
WE"* (e"P¥ ug) = x; (WE"* (uo)). .21

The explicit solution to (4.19) is given by
u(t, x) = e yy = 2m)"z / eXETIEN 0 (8) dE. (4.22)
R

For simplicity let us test (4.21) on the case ug = &g, and denote by w; the solution to
(4.19). It is easy to prove that

WF"* (wg) = WF"*(89) = {0} x (R\ 0)
for any v, s > O with v + s > 1, cf. (3.14) for v = s and Proposition 7.1, and from (4.22)
~ _L _jem
(&) = 2m) 27" (4.23)
Hence from (4.20) and (4.21) we expect
WE (wy) = x; ({0} x (R\ 0)) = {(mzg" ', £) € R, & # 0}. (4.24)

This shows that the correct choice is v = s(m — 1) > 1, s > 0. In fact from Theorem 4.2
applied to (4.23) we have for v(m — 1) > land ¢t # 0

WEU YO =D (@) = {(§, —mtg™~") € R?, & # 0) (4.25)
and hence, in view of Proposition 3.6, swapping the roles of s and v,
WE =05 () = {(omig™ ", &) € R?, & #0) (4.26)

if s(m — 1) > 1, as expected from (4.24).
Other choices of v > 0 do not work. In fact by applying Proposition 4.5 to (4.23) we have
ifv>sm-—1)>1
WE* (@) = (R\ 0) x {0}

and hence
WE"* (w;) = {0} x (R\ 0)

for every t € R.
Whereas by applying Proposition 4.6 to (4.23) we have if 1 < v < s(m — 1), in particular
if v =s > 1, we obtain
WF"" (@) € {0} x (R\0),

hence
WEF”* (w;) € (R\0) x {0}, t+#0.

(These inclusions are equalities if m is even.) This is not consistent with (4.24).

Remark 4.8 Addendum at revision. After finishing this work we have proved a generalization
of the conjecture (4.24) with v = s(m — 1) > 1, see [40, Theorem 7.1].
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5 Relations between the t, s-Gelfand-Shilov wave front set and the
s-Gevrey wave front set

Next we show a few results that are valid when s > 1. Then Gevrey functions of order
s and of compact support exist [29]. We define Gevrey functions of order s > 1 slightly
differently from [29], using again Beurling instead of Roumieu type. Let 2 € R? be open.
Then f € G*(R2) provided f € C°°(£2) and for each compact K C 2 we have

0% f(x)] < Cxph® ¥, xe K, aeN? Vh>D0.

The topology on G*(£2) is defined first as the projective limit with respect to 4 > 0, and
then as the inductive limit with respect to an exhaustive increasing sequence of compact sets
K C Q. In the sequel we limit attention to 2 = RY.

The space of compactly supported Gevrey functions is embedded in the usual test func-
tion space as Gf.(Rd ) € C¥ (R?). The topological duals therefore satisfy the embedding
2'(R?) C 7/ (R?) where 7/ (R) is the space of Gevrey ultradistributions of order s > 1.

With small modifications of the proof of [29, Theorem 1.6.1] we obtain that for f €
cx (RY) we have f e Gi(Rd ) if and only if the Fourier transform satisfies

~ 1
IF@I<e " vr>o.
Denoting &, (R?) the subspace of (7 (R¥) of ultradistributions of compact support, we also
have f € &/(R?) if and only if
~ 1
Ir>0: [fElSH"

cf. [20, 35] and [29, Theorems 1.6.1 and 1.6.7].

This is the basis of the definition of the Gevrey wave front set WF;(u) of u € 2, (RY)
[29]. A phase space point (xg, &) € R? x (R4 \ 0) satisfies (xq, &) ¢ WF,(u) if there exists
Y E G'Z(Rd) such that ¢(xp) = 1 and an open conical neighborhood I' € R0 containing
&o such that

1
sup "¢ 7@ (€)] < 0o Vr > 0.
el

Hence WF, (1) = @ if and only if u € G* (R?). Note that for every s > landany ¢t > 0
we have

GS(RY) € = (RY) € G*(RY),
&R C ('R € ZLRY).

Inspired by the proofs in [38] we obtain the following results. Here w5 (x, &£) = & for
(x,&) € T*RA.

Proposition 5.1 Ift > s > l and u € (X}) (R?) then
{0} x T WF, (1) € WE"* (u).

Proof Suppose &y € R?\0 and (0, &) ¢ WE"S (). By (3.6) we may assume that |£g| = 1.
Letgp € Gi(Rd) c (RY) satisfy ¢(0) = 1. We have for some ¢ > 0, for any » > 0

EHMVou(hx, M (80 + &) < Cr < 00
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if (x, &) € B, and A > 0. Define the open set
I={(0x, A" +§) e R*: (x,&) € B,, A > 0} € R*.

We have to show that (xg, &) ¢ WF;(u) for all xg € R?. Let xp € R?. Define for § > 0
the open conic set containing &

r5={SeR"\0:‘é|—so

<s}ng\o.

Pick § > 0 sufficiently small so that §(1 + |xo|) < 1 and

82 1+¢ < &2,
(1—38lxh?) ~

({xo} x I's) \ Bg-1 < T". (CRY)

Then we have

In fact let § € s and |(xg, )| > 8~ !. Then || > §~' — |xo| > 1. We write for A > 0

(x0, ) = (W'x, A" (0 + )

thatis x = A 'xpand & = A~*n—&p. In order to show (5.1) we have to show that (x, &) € B,
for some A > 0. ]
If we set A = |n|s > O then || < § and we obtain using the assumption t > s

2
e+ 1E12 < A7 |xol? + 8% = 9]~ |xol® + 8% < |72 |xol? + 8

_ _ |xol? 2
<67 = |x0D) 2|x0|2+52=52<1+7 < &2
(1= 8]xo0l)?

Thus (x, £) € B, and we have shown (5.1).
Finally let » € T's and |n| > 8~ + |xo|, which implies |(xg, n)| > 5L By (5.1) we have
(x0, n) € T, thatis (xg, n) = (M x, A% (&) + &)) for some A > 0 and some (x, &) € B,. Since

1 1 _ 1 1
nl+ =260+ €1 = ™) (Igol? +e7)
we obtain for any r > 0

1
sup e | Vu(xo, m)l
nels, [n|=8=1+xo|

exrk<.r1>(|éo|%+s%)

< sup |Vou(r'x, 1 (50 + §))|

T (0,£)eBe, A0

1.1
ric(s~H(lol s +e)

which shows that (xq, &9) ¢ WF;(u). ]
The following result gives a sufficient condition for the opposite inclusion.

Proposition 5.2 Ifs > 1, ¢t > 0 and u € & (R?) 4+ =¢ (R?) then

WE"S () C {0} x maWF, (1). (5.2)
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Proof We may assume u € @‘OS’(Rd) - (Ef)’(Rd). We start with the less precise inclusion
WF* () € {0} x (RY\ 0). (5.3)

Suppose (xg, &) € R with xg # 0. We pick a neighborhood U € R?? such that (x0, &) €
U and
inf |x|=68>0.
(x,6)eU
If we pick ¢ € GS(R?) € f(R?) we have V,u(x, &) = 0if [x| > r for r > 0 sufficiently
large duetou € &/(R?). Thisimplies that Vyu(A'x, A°&) = 0if A’ > r§~!,forall (x, &) € U.
Hence (xo, &) ¢ WF"* (1) and we have shown (5.3).

In order to show the sharper inclusion (5.2), suppose 0 # (xo, &) ¢ {0} x maWF;(u).
Then either xg # 0 or & ¢ maWF, (). If xo # 0 then by (5.3) we have (xg, &) ¢ WF"* (u).
Therefore we may assume that xg = 0, & ¢ mo WF, (1) and &y # 0, and our goal is to show
(0, &) ¢ WF"* (u), which will prove (5.2).

By a slight modification to the Gevrey framework of the proof of [15, Proposition 8.1.3]
we have myWF, (1) = Vi (1), where V,(u) C R \0 is a closed conic set defined as follows
foru € &/ (R?). A point € R \ 0 satisfies n ¢ V;(u) if n € T', where I’ € R¥\0 is open
and conic, and 1

sup 1T |@(E)| < 00 Vr > 0. (5.4)
§eln

Thus we have &) ¢ V;(u), so there exists an open conic set 'y € R?\0 such that & € I',
and (5.4) holds. Let ¢ > 0 be small enough so that &y + By, C I'>. We assume ¢ < %If;‘ol
which gives [§ + &| > 11| when |£| < e.

We have o .

Vou(x, &) = uT,p(§) = Q)" 2u * T, 9 ()

which gives
[Vou(x, £)] < (@l * |gl(€). x, & eRY, (5.5

where g(&) = @(—£) € T/ (R?). Since u € &/(R?) we obtain from the Paley—Wiener—
Schwartz theorem (Gevrey version cf. [20, 35] and [29, Theorems 1.6.1 and 1.6.7]) for some
a=>0

@) < £ eRY, (5.6)

and we have ]
lg@®) Se B, g eRY vr>o. (5.7)

Let (x,&) € Bg,r > 0and A > 0. We have
M Vou('x, X (G0 + E) S € /R 807 @0 +& =27 )l 1g0nldn = I + I
where we split the integral into the two terms
n=e [ @00 G +5 - 2wl g an
RI\Q;,
L=¢" /QA [u(x* (o +& — 27 m)I 1g(m)] dn

where . .
Q. ={neR?: |n5 <rev) C R
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For 11 we use (5.6) which together with (5.7) give for any r; > 0

1
I Se”/d e Go+E)—mIs lg(m)|dn
R\Q,

< ex(r+ax<s*'>|so+5|§>/ ek(f')‘””'% lg(mIdn

RN\Qy

< ex(r+ax(r‘)(|sm+s>%>/ o6 Dams™ha=n=binlt g,
RN\Q,

< ex<r+ax(s*‘>(|so\+s>%—rls%)/ e dn
R4
<c

provided we pick 1| > e75 (r + ax (s~ (|&| + £)%).

It remains to estimate I5. If n € @, then A7%|n| < ¢ which implies £ — L7°n € By, and
thus &y + & — A7%n € I'y. Since I'; is conic we have A* (§y + & — L ~°n) € I'2. Thus we may
use (5.4), which together with (5.7) give for any r1, 2, > 0

L< e”\/ =GO Gt e MY o (] dny
1933

< erk/ efrlMEoJrSI%JrK(S’I)VlIﬂl% lg(m)|dn
Q)

1o - i
Sek(r‘—r12 5|§0|X)/de’((s Drilnls Ig(ﬂ)ldn
R

Sex(r—rlz-ﬁsoﬁ)/ (G Dr=rnl g
R4
<¢

if we first pick r; > 2% |?,-‘()|7slr and then pick r» > /{(s_l)rl. We have shown (0, &) ¢
WF"* (u). o

Corollary 5.3 Ift > s > 1 and u € & (R?) + =5 (R?) then
WFS (1) = {0} x Vy(u).
The following result is a sort of converse to Corollary 5.3.
Proposition 5.4 Lets,t > O satisfy s +1t > 1, and let u € (Z5) (RY). If
WF () N {0} x (RY\0) =0

then u € C®(RY) and there exist C,r > 0 such that

1
[0%(x)| < CHHllgre T x e RY, o e N9, (5.8)

Proof Let g € X7 (R?) satisfy ll¢ll.2 = 1. Using the compactness of S4=1 ¢ R? we obtain
the following conclusion from the assumption. There exists ¢ > 0 such that

sup eHMVou(hx, A (80 + &) < 00 Vr > 0. (5.9)
(x,6)eBg, &eS4—1, 1>0

Set
D= {(\x, A (5 +£) eR¥\0: & e S, (x,6) €Bg, > 0).
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If (v,n) € Tthenn = A% (& + &) and y = A'x for some &y € S¢~!, (x, &) € Bg,and A > 0,
50 [7¥ = Aléo +£|5 < A(14+¢)5 and |y|7 = Alx|T < Ae7. Thus from (5.9) it follows that
we have

1 1
sup e T HEE|Vou(x, £)] < 00 Vr > 0. (5.10)
(x,&)el’

We claim that if (v, ) € R24 \ 0 then
yl* <erlyls = (y,meTl. (.11)

In fact suppose |y|rl < 6:l|n|%. Since n # 0 we may define A = |n|% >0and & = 1" n €
S?=1, whence n = A°&). Set x = A"y so that y = A’x. We have
1 _1 1 1
xl7 = nl T Iyl < e
so x € B, which proves that (y,n) € T.
From (5.11) we may conclude
ruQ=~R*\0 (5.12)
where
2d 1 1
Q={(y.m eR*\O: |n]s <Cly|["}

for some C > 0.
We use (2.1) for u € (=¢) (RY) and ¢ € T¥(R?) with ||¢]| ;2 = 1, cf. [37], and show that
the integral for 3%u is absolutely convergent for any @ € N¥. Thus we write formally

%u(y) = @m)~t Y (Z) /R L Vou(x, &) (8P €0 Py(y —x)drds. (5.13)

B=a

We will need the estimate for any r > 0

T B! r 181!

S

S18)
< (ﬁ) prserlelt

.
as well as 1
IDPo(x)| < CrphPlgrse™ T B eNY, x eRY, (5.14)

for any h,r > 0.

In order to prove (5.14) we may use the seminorms (2.3) with /%! replaced by hllalh‘z’gl
for two different arbitrary &y, hp > 0. The argument is known but we repeat it for the benefit
of the reader.

If r > 0O then we obtain from (2.3) for any A1, hy > 0

1
o 00 2r n T
eTHIT DBy(x)|T = > o <(’)|x|” ID’Sw(x)I>

n!t
n=0

n>0

1
(277’)”1 d% o np '
<2 sup ————— max [x* DF p(x)]
n. a|=n
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‘ n\
1Bl 515 2ry 1
< Chl,hzhz ,3! sup — ) dzh
n>0 t
1
< (Chz,r h\zﬁlﬂ!s)r

provided i < (ﬁ)t d~7. We have proved (5.14) for any &, r > 0.
We split the integral (5.13) in two parts. We obtain using (5.10) for any ry, 2, r3 > 0 and
0<h<l

’ / Vou(x, £) (i6)P €99 Po(y — x) dx ds’
I
5/ [Vou(x, &) 1E1P13*Po(y — x)| dx d&
I
ds\ 51! 11 1o 1
< ple=pl (—) ((x_lg)!slggsf o1 (XIT +IEIT)+r2lE|s =t~ Dr3ly—x]7 dx d& (5.15)
< p A .

(s))” ! ettty st} et}
<<h— <f>> a5l / o1 (T HER 4n2l6 1S e sl gy e
R2d

s\ o]
< (p! ﬁ ayse*rs\yl%
~ r2

.
provided h < (%) and r > max(ra, k(t=1)r3).

For the remaining part of the integral we may by (5.12) assume that (x, §) € Q. Using
(3.3) we obtain for some r; > 0 and any rp,73 > 0and 0 < h < 1

‘ f Vou(x, §) (6P 6710 Pp(y — x) dx dg‘
Q
1.1 -
5/ L e PITEER gL 5Py — x)| dx dg
E15 <Clx| 7
51|
< hlepl (é) (« —5)?5?/ ] 1 1T HE ) 4r2l& ]S e Drsly—x|T g 0
2 l§]5 <Clx| 7

s\ Bl 4 1 1 1 1 1

o s s —

ot <@ Hrslyl /1 1 RITHEI)+72E1T —ralel T g qe
l€13 <Clx|

a!sex(tfl)m\yl%/ ] lefm%+(r1—r3)|x\%+(1+r1+r2)|§\% dx dg
&5 =Clx|7

o] 1 ] 1
a!sex(rl)m\yIT / 1 o EI HIHC Ut —r3)Ix|T g dé
[§15 <Clx| 7

sl (5.16)

provided & < (% “andry > 1 4 C(1+ 11+ r2).
Combining (5.15) and (5.16) shows in view of (5.13) thatu € C °(R9) and the estimate
(5.8) follows. O
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6 Microlocality

The next result concerns microlocality with respect to WF"** of pseudodifferential operators.
We use a space of smooth symbols originally introduced in [1, Definition 1.8] and denoted
Ffﬁ’;;O(de). Fors,t > Osuchthats +¢ > 1,a € ny’st;O(de) means thata € C*°(R??) and

o1
|a§g‘a§a(x,s)| < plotBly s gt IXITHER) -y B e NY, x, & € RY, (6.1)
for some © > 0 and for all 4~ > 0. The space F,‘é ;O(RZd) is characterized in [1, Proposi-

tion 2.3] using the STFT as follows. Let ® € X! (R%)\ 0 be arbitrary. Thena € I'}"*(R%)
if and only if

1 1 1 1
IVoa(z1, 22, ¢1, &) S et IlT Rl =bUal> Helt =7y o) e ¢ e RY, (6.2)

for some p > 0 and all b > 0.

Ifa € Ff”;;O(de) then a"(x, D) : Zf(Rd) — Ef(Rd) is continuous and extends
uniquely to a continuous operator a® (x, D) : (Z7)’ (R?) — =y (R%) according to [1,
Theorem 3.15].

By the following result it is also microlocal with respect to the ¢, s-Gelfand—Shilov wave
front set.

Theorem 6.1 Ifs,t > O satisfy s +t > l and a € I‘f,’;;O(RZd) then
WE"* (@¥ (x, D)u) € WFS(u), u € (Z¥)'(RY). (6.3)

Proof Pick ¢ € %7 (R?) such that llell,2 = L. Recall the notation IT(x, &) = M:T, for
x,&) € R, Denoting the formal adjoint of a (x, D) by a¥ (x, D)*, (2.2) gives for u €
(=) (RY) and z € R¥

Q)1 V,(@" (x, D)u)(z) = (a” (x. D)u, TI(2)¢)
= (u,a” (x, D)*TI(2)¢)

:/ Vou(w) (M(w)g, a” (x, D)* M (2)p) dw

R2d

- / Vou(w) @” (x, D) (w)g, T1(2)¢) dw
R2d

- / Vyu(z = w) (@ (x, D) Tz — w)p, I@)e) dw.
R
By e.g. [14, Lemma 3.1], or a direct computation involving (2.9), we have
w
@ (x, D)1z = g, )| = |Voa (z = 5, Tw))

where @ is the Wigner distribution ® = W (g, ¢).

Wehave @ € Zf; (R%¥). Infact we have p®g € ;7 (R*!) and therefore also (9 ®@@)ok €
27 (R?) where k(x, y) = (x + y/2,x — y/2). Since W (g, ¢) = @m)1 P2 (9 ® P) 0 k)
we obtain from [1, Proposition 1.1] the conclusion ® € Ef; (R,

Combining the preceding identities we deduce

V(@ (x, D)) (2)| </ Voutz = )l [Voa (: = 2. 7w)| aw.
¢ ’ S g ? 2°
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Suppose zg € R%4\0 and 7 ¢ WF"* (u). There exists an open set V such that zp € V and
(3.21) holds. We pick an open set U such thatzo € U and U +B, € V forsome 0 < ¢ < 1,
and we may assume

sup |z|] < |zo| + 1 := . (6.4)

zeU

Letr > 0 and A > 0. We have
e Vy(a” (x, D)u)(A'x, 1°8)|
S I R T e R N IR L
R2d 2 2
=L+
where we split the integral into the two terms

I =// M Vu! (= 371300 € — 2 )l [Vaa (s = 2006 = L =) ayan,
R2\Q; 2 2

h =// AVt =270, 20E =27l |Voa (1 = 2,008 = 2~ dvan
Qi

where . . D
Q= {(y,m) e RM 1 |y|7 +nls <2 2eva)

with v = min(s, 7).
First we estimate /; when (x, £) € U. Set x = max(x(t~'), k(s~1)). From (3.3), (6.2)
and (6.4) we obtain for some rj, 4 > O and any b > 0

1 o L
L <e™ // IME=ATIYIT +ri A=A 0] s
RZ‘I\Q;L

camrmtbsenaet [ et |y (- 2 2% - 1) v
R2\Q, 2

Voa ()fx - %,}\Sé} - g, n, —y)‘ dydn

2

R PETE T o1
<em+r.ma%+a%)// erlk(l)\’+\nI3)+u<|A =S| THE= [T ) =G+ D( Inl5 +IylT dydn
R2\Q;
11 _1 1 _1 1 11
AMr+ri+we(a? +as) k(14271 pu=b)|y| 7 +x(r1+275 u—=b)In|s —| In|5 +Iyl
<e e dydn
de\Q)L

1 1 1 1
< ek(r+2(rl+u)m%) // eK(r1+u—b)(b’|f +nls )—(\n\s +yl ’) dydn
RZ‘]\QA

IA

x<r+z(r1+mm%+K<r1+u—b>2*2%a%) —(lnﬁﬂyﬁ)
e e dydn
RZd

1 1 1
k<r+2(r1 )k vV 4k (ri+pu—>b)2" 2v e T/)
e

A

<G

(6.5)
for any A > 0, provided we pick b > ri + u + K_lz%vg_% (r +2(r; + //,)/cot%). Here
C, > 0 is a constant that depends on > 0 but not on A > 0. Thus we have obtained the
requested estimate for /.

. . 1 1 [ .
It remains to estimate />. From |y|7 + |n|s < 27 2vev A we obtain

—t Lot _1
Ayl <ev2Tw <g2772,

L

A% ] < £027% <g2”
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2410 L. Rodino, P. Wahlberg

which gives (A\™"y, A™5n) € B,. Hence if (x,&) € U then (x — A"y, & — A 7*n) € V and
we may use the estimate (3.21). This gives for some p > 0, any b > 0 and a constant
Cr =Cr us, > 0,using (6.2) and (6.4)

L= /f VoG (x = 2 7T), 456 = A )] [Vaa (x = 2,06 = 2., —y) | dvdy

@ 2 2
1 1
= et / /Q VIRV u (A (x = W71 y), 276 = A7)
78

‘qu ()fx _2 LASE —

—M/42otv //
Q)
1 1
_Axuza% |’~’X—7| i +x 5—*|*) b(\n\?-Hy\’) dy dy
de

11\ Lol
< Cre—)\xu2oz%+kk/t2a% // e/”(l)’l T +in|s ) b(\'ll +yl7 ) dy dy
R2d
(m—b)(m%ﬂyﬁ)
=C, e dydn
R

<C,

~

n
2

Vq>a x—f)»éj—*,n, )‘d}’dﬂ

=1 = )‘dydn

(6.6)

provided b > kpu, for all A > 0. Thus we have obtained the requested estimate for /5.
Combining (6.5) and (6.6) we may conclude that zg ¢ WF*!(a¥(x, D)u) and hence we
have proven (6.3). ]

As a corollary we obtain the following generalization of [7, Proposition 4.10]. Here we use
a space of smooth symbols originally introduced in [6, Definition 2.4] and denoted I'g7 (R*),

and which is identical to I'y’y’ ‘O(R2M), For s > 2, aeTlge (RZd) means that a € C®(R%9)
and

1
10%(z)| < Wt et o e N*, 7 e R¥, (6.7)

forsome p > O and forall 2 > 0. The space F&Os (R24) is characterized in [6, Proposition 3.2]

using the STFT as follows. Let ® € Z;(R*®) \ 0 be arbitrary. Then a € T'¢% (R*) if and
only if

1 1
|Voa(z, £)| S e =PI 2 ¢ e R¥, (6.8)

for some > 0 and all b > 0.
Ifa € I'gS, (R%?) then a® (x, D) : E3(RY) — X, (R?) is continuous and extends uniquely

to a continuous operator a” (x, D) : X; (RY) — poi (RY) according to [6, Proposition 4.10].
Corollary 6.2 Ifs > % and a € TG, (R2?) then
WE* (a® (x, D)u) € WF (1), u € S.(RY).

Remark 6.3 1t is interesting to compare the assumption a € I'G5, (R??), which is equivalent
to the STFT estimates

1 1
|Voa(z, £)| S etll>—blel (6.9)
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for some p > 0 and all » > 0, with the estimates

1 1
\Voa(z, £)| < ells —blels (6.10)

forall b > 0.

Condition (6.10) for all » > 0 has been shown to imply continuity a* (x, D) : X (R?) —
%5 (R?) [39, Lemma 6.5 and Proposition 6.6], but it does not imply microlocality with respect
to WF?. In fact microlocality for operators of this type is contradicted by [7, p. 556] with
Q=ibhgandt ¢ nZ.

The next result is another consequence of Theorem 6.1.

Corollary 6.4 Suppose s,t > 0 satisfy s +t > 1. For any z € R* and any u € (£)'(RY)
we have
WEF"* (I1(z)u) = WE"* ().

Proof By a calculation it is verified that I1(x, §) = a;"’ £ (x, D) where
axe(y,n) = eI EH =) (e R,
Using (2.6) we may estimate
_1 _1
Ay axe (v m| = 5% < T (1 (x, ) 1) * ot B!
= Crna(l(x, &)W *HFlar g

for any & > 0 and «, B € N?. This implies that a, ¢ € ny’f.;o

Theorem 6.1 which gives

(R*). Thus we may apply

WEF"* (I1(z)u) € WE"* ().

The opposite inclusion follows from u = e IE T (—(x, ENI(x, &)u. ]

7 Global wave front sets of polynomials and generalizations

Proposition 7.1 Ifs,t > O satisfy s +t > 1 then:

() forany x € R and any o € N¢

WFq(398,) = WE'*(8%8,) = {0} x (R?\ 0); (7.1)
(ii) for any a € N4
WFy(x%) = WF' (x*) = (RY \ 0) x {0}; (7.2)
(iii) for any & € R? . '
WFy(e't5)) = WE™ (e!5)) = (R \ 0) x {0). (7.3)

Proposition 7.1 follows from the arguments in Sect. 3, the details of the proof are left to
the reader. We fix attention on the following generalizations of Proposition 7.1.
Consider a polynomial on R¢

px)= Y cax®, xeRY (7.4)

aeNd, |a|<m

withc¢y, € Candm € N\ 0.
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2412 L. Rodino, P. Wahlberg

Proposition 7.2 Suppose s, t > 0 satisfy s +t > 1, let p be the polynomial (7.4) and define

u= Y gD e S RY.
otENd, la|<m
Then
WF, (1) = WE"* (1) = {0} x (Rd \ 0) (7.5)
and
WFg(p) = WF"*(p) = R\ 0) x {0}. (7.6)

Proof Fourier transformation gives i = (271)_% p so (7.6) is a consequence of (7.5) and the
Fourier invariances (3.2) and Proposition 3.6 (i). Thus it suffices to show (7.5).
From Proposition 7.1 (i) and (3.7) we obtain

WEF'* (u) C {0} x (R?\ 0)

and (3.11) gives
WF, (1) € WE""(u) € {0} x (R?\ 0)

where v = max(t, s) > % Hence it suffices to show

{0} x (R?\ 0) € WF"* () (1.7)
and
{0} x (Rd \ 0) € WFg(u). (7.8)
Let ¢ € = (RY) \ 0 satisfy ¢(0) # 0. We have
Vou(0, §)
= mn* ||Z caﬁz (g)sﬁm
—@n)* (Hi_j cat“9(0) + HX_: Ca Zj (;)sﬁm + HZ< Ca /; (;)gﬁD—ﬂw«n) :

Define the principal part of p as

Pm(x) = Z Cax®.

la|=m
If &£ € RO, p,u(£) # 0and A > O then
Q@)% V,u(0, 2°)

=" puEPO) + Y ca Y (g)x”f"sﬂm*ﬁw(ow Doy, (;)W‘sﬂm*wm.

|la|=m B<a |a|<m B<a

=R

Since R contains terms A% where k < m this implies that (0, &) € WFg(u) and (0, §) €
WF"* (u).

Ifinstead & € Rd\O and p,, (§) = 0, then for any ¢ > 0 the ball B, (£) contains € Rd\O
such that p,, (n) # 0. In fact p,, extends to an entire function on C? whose zeros are isolated.
From the argument above it follows that (0, n) € WFg(u) and (0, n) € WF* (u). It follows
that (0, &) € WFy(u) and (0, &) € WEF"S (u). We have now shown (7.7) and (7.8). ]
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In order to generalize Propositions 7.1 and 7.2 we would like to study series of the form

U= Z ca D¥80 (7.9)

aeNd

containing infinitely many nonzero terms ¢, € C, and the corresponding power series

fE) =) cax® (7.10)

aeNd

under suitable hypotheses on the coefficients ¢, € C.
First we note that u ¢ ./ (R?). In fact we have for ¢ € . (R9)

w,9) =Y cai®d%p(0) (7.11)

aeNd

and it is known that a smooth function ¢ may have arbitrary growth of & — 9%¢(0) (Borel’s
lemma [15, Theorem 1.2.6]). Thus the sum (7.11) is not guaranteed to converge for ¢ €
Z(RY), unless the series is finite. The series (7.9) does not converge in .7’ (RY), and u ¢
7' (R?) if the series is infinite. For the same reason (7.10) does not converge in .’ (RY), and
f ¢ .7 (R?). (Note that 7 = (271)’% f when the series is finite.)

Nevertheless it is possible to state conditions on {cq},cne that are sufficient for u €
(=) (RY). Suppose s > 0 and

Z lee| F¥at < 0o (7.12)

aeNd

for some r > 0. Then for f > O such thats +¢ > 1, and ¢ € X7 (Rd), we have

(@)l < Y leal 1% O] < llells, D Icalah™ S lglls;,

aeNd aeNd

provided & < r. Thus the series (7.9) converges in (X{)'(RY) and u € (X¥)'(RY). We may
also conclude that (7.10) converges in (%) (RY), f € (X!)(R?), and the Fourier transform
acts termwise as ¥ = (Zn)_%f € (21 (RY).

We may distinguish two rather different situations under condition (7.12). Namely, if
s > lthenu € (fs’(Rd), with support in the origin, cf. [29, Example 1.5.3 and 1.6.5]. The
absolutely convergent series f satisfies

1
If@)] S e xeRY,

for some a > 0 in RY, cf. (5.6), and more precise bounds in C? can be deduced from the
Paley—Wiener—Schwartz theorem in & (R?), cf. [29, Theorem 1.6.7], [20, 35].

If instead 0 < s < 1 the series (7.10) also converges absolutely for any x € R, and is an
entire function. In fact

Y fear®| = Y leal e ((r |x|)x)

aeNd aeNd
1\l ¢
(ae="1xD7)
< ) leal ¥t | At
o

aeNd
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_1 1
5estilr s |x|s § : |Ca|r\a\a!s
aeNd

< esdrf%lx\%
which also reveals the growth bound

_1 1
| f(x)] Sesdr SlIE 0y e RY,

But the definition of support of u € (=) (R?) breaks down if s < 1. Consider as an
example for z € C?

(=2)%
u= Z — DY,
aeNd

Condition (7.12) is satisfied if r < |z|_‘, and thus u € (Z}) (R?). The corresponding test
functions ¢ € f (R?) extend to entire functions on C?. From Maclaurin expansion we have

wo =Y L0 = Y g0 = o0,
aeNd @ aeNd @

Thus u may be regarded as a delta distribution at the point iz € C¢.
In the following result we require that (7.12) holds for all » > 0 which precludes the
preceding example.

Proposition 7.3 Let s, t > 0 satisfy s +t > 1, suppose that (7.12) holds for all r > 0, and
define u € () (RY) and f € (1) (R?) by (7.9) and (7.10) respectively. Then
WF"* (1) € {0} x (RY \ 0) (7.13)

and
WE (f) € (R \ 0) x {0}. (7.14)

Proof Since @ = (2n)_%f e (=1 (RY) it again suffices to show (7.13) by the Fourier
invariance Proposition 3.6 (i). If s > 1 the result follows from Proposition 5.2, cf. (5.3).
Consider the general case s > 0.

Let g € X} (R \ 0, let (xp, &) € T*Rd\O satisfy xg # 0, and let (xo, §n) € U where
U C R jg open and satisfies

sup & <&l +1:=a, inf |x|>e>0.
(x,6)eU (x,6)eU

If (x, &) € U then we obtain, using the estimates (5.14), for any 4, r, A > 0

@O Vux, 26 = | Y e Y <Z>A5‘ﬂ'gﬂm—ﬂ¢(—xm

aeNd B=a

o et
<Crn Z ol Z (ﬁ))flﬁ”gﬂﬁlhla—ﬂl(a _ 5)!se—2rs Ax|

aeNd B«
s

(/\h—%)'ﬂ'
< Cone 3 Jeal Hla 3 (Z)awl S

aeNd B«
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VBN ¢
. (arn)
< Crne > lealh et Z( )a‘ﬁ' —
aeNd pza P 81
< Cr,hefz'\’“‘vdhi% Z o1t Z <a>a|ﬂ‘
aeNd B=a p

_1
:Cr.h672kr+ksdh 5 Z |ca|((a+ ])h)\ot\a!s.

aeNd
If we pick h = r ~*s*d* and use (7.12) then
[Vou'x, 36)| < Cre™ Y Jeql((a + D)t

aeNd

S C;e—)‘.r

for a new constant C. > 0. Since (x,£) € U and r > 0 are arbitrary we have shown
(x0, &) ¢ WF"* (u) which proves (7.13). O

Remark 7.4 In dimension d = 1 we can state conditions that are sufficient for equality in
(7.13) and (7.14). In fact suppose
o0
U= Z cka 8o
k=0

where (7.12) is satisfied for all » > 0, and either co; = 0 for all k > 0 or c2x4+1 = O for all
k > 0. Then for ¢ € 7 (R)

(@i, 9) =Y cx(D*60, ) = Y cx(=1)!(D*80, 9) = £(u, )
k=0 k=0

which means that u is either even or odd. By (3.9) we have WF"* (1) = —WF"* (1), and
since WF"* () # @ due to u ¢ =F(R), we must have

WEF" (u) = {0} x (R \ 0).
Equality in (7.14) follows.

We can also get equalities for WFS (1) and WF*! ( f) in terms of the subset V; (1) defined
in (5.4). Using u = (27r)_%f € (2! (R%) we may rephrase (5.4) as follows: xo € R?\0
satisfies xo ¢ V;(u) if there exists an open set U C Rd\O such that xg € U and

sup € f(W0x)| <00 Vr>0. (7.15)
xeU, A>0

1

Thus V(u) consists of the directions in R? \ 0 in which %(x) does not decay like el

for all » > 0. Note that we assume s > 1 in the following result. This depends on the fact
that we need a window function with certain properties.

Proposition 7.5 Let s > 1 and t > 0. Suppose that (7.12) holds for all r > 0 and define
u e ()R and f € (1) (R?) by (7.9) and (7.10) respectively. Then

WE"* (1) = {0} x Vi(u) (7.16)
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and
WE(f) = Vs(u) x {0}. (7.17)

Proof Again Fourier transformation gives u = (271)’% f so again by Proposition 3.6 (i) it
suffices to show (7.16).
As for the inclusion
WE"* (u) € {0} x Vi (u)

it is a direct consequence of Proposition 5.2 since V(1) = mo WF; (u).

The opposite inclusion cannot be deduced from Proposition 5.1 to Corollary 5.3, because
of the restrictive assumption ¢+ > s there. Instead we argue as follows. We know from
Proposition 7.3 that WF"* (1) € {0} x (R¢\ 0). Assume & € R?\0 and (0, &) ¢ WE"* (u).
Letp € X} (R%) satisfy ¢(0) = 1 and d%@(0) = O for all @ # 0, which is possible since
s > 1. If we fix x = 0in (3.5) and assume there U = A x B € R* where A C R? isa
neighborhood of 0 and B € R is a neighborhood of &), we obtain

sup e V,u(0,1°8)| < +oo ¥r > 0.
1>0, £€B

Since

Vou(0.6) = @)% Y en Y. (;)sﬁm—%(m

aeNd B=<a

=07 ) Wt = @) fE),

aeNd

(7.15) is satisfied with U = B and we conclude &y ¢ V(u). Thus {0} x Vy(u) € WF"* (u).
O

8 The t, s-Gelfand-Shilov wave front set of an exponential function

For z € C? fixed consider the exponential function RY > x> ax) = %2 Ifs > 0,
O<t<l,s+t>1landgp€ Ef(Rd) then by (5.14) we have for some & > 0

1
‘ / a(x)p()dx| < llollss / FINI DT 4 <l 55
R o JRd nh
which implies a € (Z7)’ (RY). We consider a as the multiplier operator 7f = af. Then
T = a¥(x, D) with a(x, &) = a(x) = ¢%?. From (2.6) for any & > 0 we obtain for any
o e N4
10%a(x)] = [2%[eR™7) < Cy g (h]z) et elRelM,

This means that a € F,S”;;O(Rz‘i) forall0 <t <1,s >0,s +¢> 1.
Theorem 6.1 combined with Proposition 7.1 now gives

WE' (el+2)) € (R?\ 0) x {0} (8.1)

for any z € C¢.
By considering the operator 7" with symbol e =% € T'"FO(R2), 50 that T~ (%)) =
1, we deduce the opposite inclusion. We have obtained:
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Proposition8.1 If0 <t < 1,5 > 0,5 +¢ > 1, and z € C¢ then
WE" (&) = (R? \ 0) x {0}

Corollary8.2 If0 <t <1,5s >0, s+t > 1,z C? and

o

u= ) (=D)*

aeNd

thenu € (21)' (R?) and
WF (1) = {0} x (RY\ 0).

Proof We have the Maclaurin series
o

fy=ed =% %x“, x eRY, (8.2)
aeNd

which converges in (£7)’ RY) to feEy (RY). We apply the Fourier transform termwise
with convergence in (X) (R?) which gives

F=Y 709
aeNd *
= ! Y S nn = emtu e ) ®Y,
aeNd

Proposition 3.6 (i) and Proposition 8.1 now give

WF (u) = TWE" (f) = {0} x (R?\ 0).

Remark 8.3 Note that # may be considered as the Dirac distribution
(u,9) = (D), ¢ € Z{RY,

which makes sense since ¢ extends to an entire function on Clasr<1.Ifz = i& with
£ € R? we recapture the well-known identity

. o~ d d
FE@) = f=Qn)7u=Q2n)28 € 7 (RY).

Remark 8.4 Proposition 7.3 contains the “C” inclusion of Proposition 8.1 and Corollary 8.2,
under the restriction 0 < ¢ < 1 (thatis avoiding ¢ = 1), as a particular case. In fact comparing
(8.2) with (7.10) we can identify the Maclaurin coefficients for f = e!+2) where z € CY.
They are ¢, = z%/a!. If 0 < s < 1 we have forany r > 0,and 0 < a < 1

el \ 1=
-1y1=
3 g < 37 (lzr)@larl = 3 gl (Izlra” )1~
[co| F'™al® < (Jz]r)™ ! = a "

aeNd aeNd aeNd

(d(|z|ra*1)ﬁ)‘a‘

> o
]!

aeNd

< -a)ydexp ((1 - s)d(|z|ra—1)ﬁ) .

1-s

IA

A
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By Proposition 7.3 we may conclude

WE (-2 € (R?\ 0) x {0}

and
WE"* (u) € {0} x (R?\ 0)
where w
Z o
U= Z a(—D) 80-

aeNd
By combining with the results of Sect.4 we finally consider in dimension d = 1
v(x) = et (8.3)
withz € C,c € R\O,m € N,m > 2. Thenv € () (R) if0 <7 < 1,5 > 0,5 +1 > L.
Proposition 8.5 If ﬁ < t <1 then for v defined by (8.3) we have
WES =D () = {(x, emx™ ") € R%, x # 0}. (8.4)

Proof Asbeforedefine T = a¥ (x, D) witha(x, &) = ¢** regarded asa symbol in I'}’{ O(R2),
forany s > Osuchthats +7 > 1l andt < 1. Set

w(x) =" € ' (R) C () (R).
We have v = Tw. From Theorem 6.1 we deduce
WFS (v) € WFS (w).

By considering the operator 7~ we deduce the opposite inclusion, hence WF"*(v) =
WF"* (w). Under the assumption ¢ > —— we may apply Theorem 4.2, and obtain (8.4). O

m—1
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