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Abstract

We show that the discrete approximate volume preserving mean curvature flow in the flat
torus TV starting near a strictly stable critical set E of the perimeter converges in the long
time to a translate of E exponentially fast. As an intermediate result we establish a new
quantitative estimate of Alexandrov type for periodic strictly stable constant mean curvature
hypersurfaces. Finally, in the two dimensional case a complete characterization of the long
time behaviour of the discrete flow with arbitrary initial sets of finite perimeter is provided.
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1 Introduction

We consider the geometric evolution of sets called the volume preserving mean curvature flow. The
classical mean curvature flow is defined as a flow of sets (E;)o<i<7 in RY following the motion law

vy,=—Hg, on OFE,

where v; denotes the component of the velocity relative to the outer normal vector of OF; and Hg
is the mean curvature of the set E. In order to include the volume constraint, one can consider
the following velocity

Ve = ﬁEt — HEt on 8Et (11)

for all t € [0,7] , where Hp, denotes the average of Hp, over OF.

The defined geometric evolution is called volume constrained mean curvature flow or volume
preserving mean curvature flow. One can observe that the volume of the evolving sets is indeed
preserved during the evolution and that the perimeters of the sets F; are non-increasing.

This geometric flow has been used to describe some types of solidification processes and coars-
ening phenomena in physical systems. For example, one can consider mixtures that, after a first
relaxation time, can be described by two subdomains of nearly pure phases far from equilibrium,
evolving in a way to minimize the total interfacial area between the phases while keeping their
volume constant (further details on the physical background can be found in [6, 20], see also the
introduction of [19]). Moreover, some variants of the volume-preserving mean curvature flow were
also applied in the context of shape recovery in image processing in [§].

One of the main mathematical difficulties of the volume preserving mean curvature flow is
the non-local nature of the functional given by the constraint. Moreover, the generated flow
may present singularities of different kinds, even in a finite time-span and even if the initial data
is smooth. For example, we can see merging or collision of near sets, pinch-offs or shrinking
of connected components to points. There exist examples of singular solutions even in the two
dimensional case, see [16], [I7]. After the onset of singularities, the classical or smooth formulation
of the flow ceases to hold and needs to be replaced by a weaker one. Due to the lack
of a comparison principle, a natural approach is the minimizing movement approach proposed
independently by Almgren, Taylor and Wang in [2] and by Luckhaus and Sturzenhecker in [14] for
the unconstrained case and adapted to the volume-preserving setting in [21].

We briefly recall the scheme in the volume contrained setting. First of all we define a discrete-
in-time approximation of the flow that will be called the discrete (volume-preserving) flow. Given
any initial set Ey and a time-step h > 0 we define iteratively EY := Ey and for all n > 0

1
Ept! € argmin { P(F) + f/ distopy (r)dr : F C T, |F| = |Eo| ¢ ,
h Jramy

where distppp is the distance function from the set OE}. We can define for every t > 0, the

approximate flow by Ep(t) := E}[Lt/h]. It can be proved (see [I9, Proposition 2.2] ) that the discrete
flow is well defined. Any limit point of this flow as the time-step h converges to zero will be called a
flat flow. As for the classical mean curvature flow, this approach produces global-in-time solutions
as shown in [2I]. The existence of such global solutions then permits to analyse the equilibrium
configurations reached in the long time asymptotics.

The long time behaviour of the volume preserving mean curvature flow has been previously
studied only in some particular cases, when the existence of global smooth solutions could be
ensured by choosing suitably regular initial sets. For example one can consider uniformly convex
and nearly spherical initial sets (see [, [10]), or C*°—regular initial sets that are H3—close to
strictly stable critical sets in the three and four dimensional flat torus (see [22]). For more general



initial data, the long time behaviour in the context of flat flows of convex and star-shaped sets
(see [5 12]) has been characterized only up to (possibly diverging in the case of [5]) translations.
In [19] the authors characterized the long-time limits of the discrete-in-time approximate flows
constructed by the Euler implicit scheme introduced in [2, 14] under the volume constraint in
arbitrary space dimension. They proved that the discrete flow starting from an arbitrary bounded
initial set converges exponentially fast to a finite union of disjoint balls with equal radii. The
same authors and collaborators were also able to send the discretization parameter h to 0 in the
preprint [I1], in the case N = 2. Indeed, an explicit penalization is used in order to enforce the
volume constraint.

In this paper the long-time convergence analysis is developed in the flat torus TV for the
discrete flow. In such framework the class of possible long-time limits is much richer as it includes
not only union of balls with equal radii but also different type of critical sets for the perimeter.
The notion of strictly stable critical set is crucial to our result; for the precise definition we refer
to Section [2| but it can be summarized as a regular, critical set for the perimeter (i.e. with a
constant mean curvature boundary) with strictly positive (volume-constrained) second variation.
The main result of the paper is the theorem below. It provides a complete characterization of the
long-time behaviour of the discrete mean curvature flow in the flat torus starting near a strictly
stable critical set. Moreover, an estimate on the convergence speed is provided.

Theorem 1.1. Let E be a strictly stable critical set in the flat torus. Then there exist §* =
§*(E) > 0 and h* = h*(E) > 0 with the following property: if h < h* and Eq C TV is a set of
finite perimeter satisfying

‘E0| = |E|7 E, C (E)5*7

then every discrete volume preserving mean curvature flow (E}),en starting from Ey converges to
a translate of E in C* for every k € N and the convergence is exponentially fast.

We would like to give some details to highlight the major differences between our results and
the analysis carried out in [22]. In the aforementioned work, the author studied the flat flow, albeit
in low dimension (N < 4). In the article, it was assumed the initial set to be a C°°—deformation
of a strictly stable critical set, close in the H3—sense to the latter set. Under these assumptions, it
was proved the exponential convergence of the flat flow to a translated of the strictly stable critical
set. We remark that our result addresses the long time behaviour of the discrete flow but holds in
much weaker hypotheses: we only assume the initial set to be of finite perimeter and close in the
Hausdorff sense to a strictly stable critical set. Moreover, our result holds in every dimension and
we are also able to provide the complete characterization of the long-time behaviour starting from
any initial set in dimension N = 2. In order to state the precise result in the two-dimensional case
we first introduce the following notation.

We will call lamella any connected set in T? whose 1—periodic extension in R? is a stripe
bounded by two parallel lines. Our final result in two dimension is the following theorem.

Theorem 1.2. Fiz h, m > 0 and an initial set Ey C T? with finite perimeter and such that
|Eo| = m. Let (E})nen be a discrete flow starting from Ey and let Po be the limit of the non-
increasing sequence P(E}). Then either one of the following holds:

i) (Ef)nen converges to a disjoint union of  discs of equal radii and total area m, where
| =n"14m) 1P e N;

i) ((E})C),en converges to a disjoint union of I discs of equal radii and total area 1 —m, where
l=n"4—4m) P2 e N;

iii) (E})nen converges to a disjoint union of I lamellae of total area m, with the same slope and
I < Px/2. Moreover, the equality | = Po/2 € N holds if and only if the limit is given by
vertical or horizontal lamellae.
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Figure 1: The critical points in T3. Balls, cylinders, gyroids and 3—dimensional lamellae.

In all cases the convergence is exponentially fast in C* for every k € N.

1.1 Comments about the proof of the main results

The first step towards proving our main result Theorem is Proposition More precisely, we
prove the convergence up to translations of any discrete flow, starting Hausdorff-close to a strictly
stable critical set E, to the latter set. Such a convergence holds in the C* —norm for every k € N.
Since at this point we can not rule out that different subsequences of the discrete flow may converge
to different translates of F, the subsequent step consists in proving the convergence of the whole
flow to a unique translate of the set E (with exponential rate).

In order to prove Proposition we first show (see Step 1 of the proof of the aforementioned
proposition) that every long-time limit of the flow is a critical point of the perimeter. When the
ambient space is RY, this implies that the limit points can only be balls or finite union of balls
with the same radii. However, in the periodic setting, we may end up with different critical points
of the perimeter. Indeed, already in the three dimensional torus T2 we find a wealth of different
critical points in addition to balls: for example, lamellae, cylinders and gyroids (see Figure [1)) .
We then exploit the strict stability of E' (Proposition to ensure that the flow remains L'-close
up to translations to the set E. To conclude, a regularity argument shows that the convergence in
L' of the flow to a regular stable set implies the convergence in C* for every k € N, thus proving
Proposition

The proof of Proposition is based on the following idea: from a stability result in [I], one
can estimate the L!—distance (up to translations) of a set F' from a strictly stable critical set
E in terms of the differences of the perimeters, provided that the L!—distance between E and F
remains below a certain threshold. Moreover, a counterexample shows that the Hausdorff-closeness
assumption can not be weakened to L'—closeness, as we will discuss in details in Subsection

In order to establish the uniqueness of the limit and, therefore, the main Theorem [T} Sec-
tion is devoted to proving the convergence of the barycenters of the evolving sets. A crucial
intermediate result consists in generalizing the Alexandrov-type estimate [I9] Theorem 1.3] (see
also [13]) to the flat torus. This result provides a stability inequality for C!—normal deformations
of strictly stable critical sets in the periodic setting. It could also be seen as an higher-order
Lojasiewicz-Simon inequality for the perimeter functional. We briefly give some definitions to
present some further details. Given a set E of class C! and a function f : OE — R such that
| fl| o< (op) is sufficiently small, the normal deformation Ej of the set E is defined as

OE; :={z+ f(z)vg(x) : © € OFE},

where v is the normal outer vector of £. A normal deformation Ey is said to be of class Crif E
is of class C* and f € C*(OF). The result proved in [19] is the following.

Theorem. There exist § € (0,1/2) and C > 0 with the following property: for any f € C*(0B) N
H?(0B) such that ||f|c1om) < 6, |Ef| = wn and bar(Ef) = 0, we have

1\l o8y < CllHe, — Hi,llL208)-



We are able to show that in the periodic setting the above quantitative estimate holds with B
replaced by any strictly stable critical set. More precisely, we have the following:

Theorem 1.3. Let E C TV be a strictly stable critical set. There exist 6 € (0,1/2) and C > 0
with the following property: for any f € C*(OE) N H?(JE) such that || f||c1(or) < 0 and satisfying

/ FauN-! < 61 £llz20m), (1.2)
oOF

< 51 fll1s o), | /8 rsau

we have o
I fllzor) < CllHe, — HEe,ll12(08)- (1.3)

We will prove in details in Section |3| that the conditions have a geometric explanation.
Indeed, the first one ensures that |Ef| ~ |E|, up to higher-order error terms, and the second one,
for some choices of F, is implied by imposing bar(Ey) ~ bar(E). We finally remark that the
estimate is optimal for what concerns the power of the norms, see [I9, Remark 1.5].

The last section of the paper is devoted to the two-dimensional case. This particular choice of
the dimension is purely technical and it is motivated by the availability of a complete characteri-
zation of the critical points of the perimeter in the two-dimensional flat torus. In this setting we
are able to prove the exponential convergence of the flow starting from any initial set to either a
finite union of balls or a finite union of lamellae or the complement of these configurations.
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2 Preliminaries

Let TV := RY /Z" be the N—dimensional torus, that is the quotient space R/ ~ where ~ is the
equivalence relation given by = ~ y if and only if 2 —y € Z~. We can define the distance between
two points x,y € TV simply by

dist(2,y) = min |(z+2) —y|.

The definition of functional spaces on the torus is straightforward: for example, W*?(T") can
be identified with the subspace of VV;;CP(RN ) of functions that are one-periodic with respect to
all coordinate directions. When we need to be specific about functions on the torus, it is often
convenient to give coordinates to TV via the unit cube Q = [0,1)".

Firstly, we recall the definition of functions of bounded variation in the periodic setting. We

say that a function u € L'(T) is of bounded variation if its total variation is finite, that is
|Du| = sup {/ udivpdz : p € CHTY;RY), |o| < 1} < 4o00.
TN

We denote the space of such functions by BV (TV). We say that a measurable set £ C T is
of finite perimeter in T if its characteristic function yz € BV (TY). The perimeter P(E) of E
in TV is nothing but the total variation |Dxg|(TY). We refer to Maggi’s book [I5] for a more
complete reference about sets of finite perimeter and their properties.

We recall the following notation.



Definition 2.1. Let E be a set of class C1. Given a function f : OE — R such that || f| pom) is
sufficiently small, we set
OE; :={z+ f(z)vg(x) : x € OF} (2.1)

and we call E the normal deformation of E induced by f.
With a slight abuse of notation, we give the following definition.

Definition 2.2. Let E be a set of class Ct. Let X(OE) denote a functional space that can either
be LP(OE), WkP(OFE), C**(JE) for some k € N, p > 1 and o € [0,1]. For any F = E; with
f € X(OF), we set

distx (F, E) = || fll x o)

We recall the classical definition of C'**®—convergence of sets.

Definition 2.3. Given a € [0,1], a sequence (E,)nen of CY*—regular sets is said to converge in
CY* to a set E if:

o for any x € OF, up to rotations and relabelling the coordinates, we can find a cylinder
C = B’ x (—1,1), where B" C RN=1 4s the unit ball centred at the origin, and functions
[, fn € CYB(B';(=1,1)) such that for n large enough, it holds

(E—z)NnC={(2',zy) € B x (-1,1) : zy < f(z')}
(B, —x2)NC ={(2",zy) € B x (—1,1) : any < fu(z')};

e it holds
fan—f in C’l’“(B’).

The following is a simple rephrasing of a classical result concerning the C'®—convergence of
A—minimizers of the perimeter (see e.g. [I, Theorem 4.2]).

Theorem 2.4. Let A > 0 and let E be a set of class C2. Then for every € > 0, there exists
d =6(e, E) > 0 with the following property: for every A—minimizer F such that |EAF| < §, then
F is of class CY'/? and

distci,s(E, F) <e for pe(0,1/2).

We now recall some preliminary results from [I] regarding the second variation of the perimeter
in the flat torus. Firstly, we fix some notation. Let E C T be a set of class C? and let vg be
its exterior normal. Throughout the section, when no confusion is possible, we shall omit the
subscript E and write v instead of vg. Given a vector X, its tangential part on OF is defined as
X; =X — (X -v)v. In particular, we will denote by D, the tangential gradient operator given by
D, = (Dyp), . We also recall that the second fundamental form Bg of OF is given by D,v, its
eigenvalues are called principal curvatures and its trace is called mean curvature, and we denote
it by Hg.

Let X : TN — R¥ be a vector field of class C2. Consider the associated flow ® : TV x (—1,1) —
T defined by %—T = X(®), ®(-,0) = Id. We define the first and second variation of the perimeter
at E with respect to the flow ® to be respectively the values

d2

d
FlooPED gz, P

where Ey = ®(-,t)(E). It is a classical result of the theory of sets of finite perimeter (see [15]) that

the the first variation of the perimeter has the following expression

q
dt

‘t:O

P(E,) = Hpvp - X dHN 7Y
t=0 O*E




where Hp is the (weak) scalar curvature of E. The following equation for the second variation of
the perimeter holds.

Theorem 2.5 (Theorem 3.1 in [1]). If E, X and v are as above, we have

a2
—‘ P(E,) :/ (ID+(X - v)]? = |Be|*(X -v)?) dHN "' — [ Hpdiv, (X (X -v))dHV !
dt? le=o oF oE
+ [ Hp(divX)(X -v)dHV L
OFE

Remark 2.6. We remark that the last two integral in the above expression vanish when F is a
critical set for the perimeter and if |®(-,¢)(E)| = |E| for all ¢ € [0,1]. Indeed, if E is a regular
critical set for the perimeter then its curvature is constant, therefore the second integral vanishes.

Moreover, if the flow @ is volume-preserving then it can be shown (see equation (2.30) in [7]) that

2
o L1E :/ (divX)(X - v)dHN L.
d? o

Hence, if @ is a volume-preserving variation of a regular critical set E we have

d2

i, LB = /BE (ID(X -v)]? = | B2 (X - v)?) dHN ! = 62°P(E)[X - vg].

We remark that due to the translation invariance of the perimeter functional, the second vari-
ation degenerates along flows of the form ®(z,t) = x + tn, where n € RY. In view of this it
is convenient to introduce the subspace T(JE) of H'(9E) := {¢o e HY(OE) : [, odHN"t =0}
generated by the functions v;, i = 1,...,N. Its orthogonal subspace, in the L?—sense, will be
denoted by T+ (9F) and is given by

T+(0E) = {Lpe HY(OF) :/ er;dHN =0, i = 1,...,N}.
7]

E

Definition 2.7. We say that a regular critical set E is a strictly stable set if it has positive second
variation of the perimeter, in the sense that

62P(E)[g] > 0, Yo € TH(OF) \ {0}.

The following result ensures that the second variation of a strictly stable set E is coercive on
the subspace T+ (0F).

Lemma 2.8 (Lemma 3.6 in [1]). Assume that E is a strictly stable set, then
mo = nf{§*P(E)[¢] : ¢ € TH(OE), |¢llm op) =1} > 0

and
FP(BE)e] = mollelinom Ve € T(IE),

Moreover, from the Step 1 in the proof of [I, Theorem 3.9] we obtain also the following result.

Lemma 2.9. Assume that E is a strictly stable set, then

it { 2PN 0 € B Nolmom =1, | ovpare®

mo
<sl>20
} 2’

where the constant mq is the one in Lemma[2.8



In the proof of our main result we will also need the following key lemma which shows that
any set I’ sufficiently close to E' can be translated in such a way that the resulting set F satisfies
OF = {z + ¢(x)vg(x) : * € OF}, with ¢ having a suitably small projection on T(OF).

Lemma 2.10 (Lemma 3.8 in [1]). Let E C TV be of class C* and let p > N — 1. For every § > 0
there exist C > 0 and 19 > 0 such that if F C TV satisfies OF = {x + ¢(z)vg(z) : © € OF} for
some ¢ € C*(OE) with ||¢|lw2rop) < Mo, then there exist o € TV and ¢ € W*P(JE) with the
properties that

lo| < CllYllwerory, llelw2ree) < ClYllwer o)
and

OF + 0 ={xz+ p(x)ve(z): v € OE}, ‘/ v dHN 7Y < el z2om)-
OF

Let E,F C TV be measurable sets. We define

a(E, F) := min |[EA(F + x)|.

zeTN

In one of the main results of [I] the authors proved that the distance «f(:,-) between a set and a
strictly stable set can be bounded by the square root of the difference of their perimeters.

Theorem 2.11 (Corollary 1.2 in [1]). Let E C TV be a strictly stable set. Then, there exist
o=0(E), C=C(E)>0 such that

Co*(E,F) < P(F)— P(E)

for all F C TN with |F| = |E| and o(E, F) < 0.

3 A quantitative generalized Alexandrov Theorem

In this section, we will prove that local minimizers of the perimeter in the flat torus satisfy a
quantitative Alexandrov-type estimate. We reproduce some arguments similar to the ones used
in the proof of Theorem 1.3 in [I9]. In this section, we consider E C T a strictly stable set.
Thanks to some classical results for sets of finite perimeter (see for example [I5, Theorem 27.4]),
the previous hypothesis implies that E is connected and it is of class C*°.

First of all, we compute the (N — 1)—Jacobian of the map

®:0FE — 0F; C RY, =z + f(x)ve(x).
Given z € JF, we choose an orthonormal basis
B = {vi(x),...,on_1(x)}

of T,,E such that in this basis the second fundamental form of E, Bg(x) : T,E — T, E C RV, has
the following expression

F ()
BE(J:) = - )
kn—1(x)
0 . 0
where k1(z), ..., sn—1(z) are the principal curvatures of E in z. We then complete B’ to a basis B

of the whole R with the normal vector vy () := vg(z). In the following, to simplify the notation,



we will drop the dependence on x. The tangential differential of ® with respect to the basis B is
given by

D(I):I+VE®Vf+fDZ/E,
where I is the immersion T, E < R¥ Vf is the tangential gradient of f and Dvg is the tangential
differential of vg. Given the regularity of OF, we recall that Dvg is equal to Bg. Moreover, by
definition of B, we have that

(VE®Vf)(Ui,’Uj)=6N7in'Uj, izl,...,N, j=1,...,N—1.

Thanks to the previous observations we obtain

1 0 k1f
pe=| - |+ + 7
1 0 KN-1f
0 ... 0 Ou,f oo Oun_f 0o ... 0
thus we find the following expression
1+k1f
DO = . (3.1)
1+kn-1f
On f .. Ovn_1 f

By Binet formula, the Jacobian J® can be explicitly computed as

N-1 N-1
:( L+ wif)?+ )00, ) LA+ 5 )
1

1/2

i=1 J= 7]
N-1 N-1 1/2
—~  (9y,])
(I4+rf) 1+ 2 (3.2)
i=1 j=1 (1 + I{]f)

To show the previous formula, we characterize the minors of D®. If we omit the N—th row of D®,
we obtain the minor

1+ ko f
MN = t. . s
1+kn-1f
if we omit the i—th row of D® for 1 < i < N — 1, we obtain the minor
1+ kf
1+ ki f
M; = 14+ Iii+1f
1+sN_1f
6'Ulfl A avi—lf 8vi+1f R a'U]\T—lj:l
We then deduce (3.2]) by explicitly computing
N-1
det(Mn)? = T (L4 rif)?  det(M;)* = (9, /)* [ (1 + 5, 1)
i=1 i



The previous formula for J® allows us to calculate some quantities that will be useful later on.
Observe that, if || f||c1 is small enough, the map @ is a diffeomorphism from 9F to ®(9F) = 0Ey,
and thus the tangential differential D® : T, F — T ,)Ey is a surjective map. In particular, this
allows us to calculate the normal vector vg, in ®(z). We remark that a vector v orthogonal to
every column of is a normal vector to the whole tangent space Ty () E, therefore a possible
v is given by

where the sign of the component along vg is taken positive so that the case f = 0 is consistent
with the orientation of vg. Since |v| > 1, by normalizing v we obtain the normal vector

-1/2
N-1 N-1
8v'f (avf)2
vEp, = | vg — v, 1+ —i , (3.3)
' ( perit RN ) o0t wif)?
moreover, we remark that
N-1 -1/

—~ (9, f)?

ve-vg, = | 1+ 2 (34)
! = (L rif)?

We can now compute explicitly the formula for the first variation of the perimeter.

- av‘ 2 1/2
Lemma 3.1. Setting Q := (1 + Z;.V:ll (1(+7f)f)2> , the following formulas hold true:
Kj

1. If f € L®(0E) N HY(OF) with ||f||r~ sufficiently small, then
N1
P(E;) :/ Q [I (1 +rifyan™—.
o i

2. If f € L>®(0E) N HY(OFE) with || f|| 1= sufficiently small, then the first variation SP(Ey)[p]
exists for all ¢ € C1(OF) and is given by

5P(Ef)[so]=/a wQZmH (14, f)dHN !
=1 j#i
N-1

1 N ) f N-1 @ f
+ - 1+ K 'UJ Vi J T NTYi T dHNfl. 3.5
Proof. The first formula is a straightforward consequence of the area formula

P(Ef):/ dHN—lz/ JOdHN !
' IE; OF

and of the expression of the Jacobian J® in (3.2). Now, (3.5) easily follows by taking the derivatives

a
de
in the first formula. O

o P(Ef+8<f:)

10



In the following, with C we will refer to a positive constant, possibly changing from line to line,
and we will specify its explicit dependence when needed.

Remark 3.2. We observe that, if || f|| < (sg) is small enough and [Ey| = |E|, then there exists a
constant C' > 0, only depending on FE, such that

<C (z)2 dHN (). (3.6)
OF

() AR (2)
OFE

Firstly, since OF is regular, for every € > 0 sufficiently small there exists a tubular neighborhood N
of OF such that N is diffeomorphic to 9F x (—¢, €) via the diffeomeorphism ¥ (z,t) = x + vg(x)t.

The Jacobian of V¥ is given by
N—1

JU(x,t) = [] (1 + mi(@)e). (3.7)

i=1

Secondly, if || f|| e (ap) is small enough, we remark that the condition [Ey| = |E| is equivalent to

f(@)
0:|Ef|f|E|:/ / JU(x,t) dt dH " ().
OE JO

Then, we can conclude that

F(=)
0:/ / JU(x,t) dt AHN " ()
OE JO

(@)
= (z) dHN’l(x)Jr/OE /Of (JU(z,t) —1)dt dHN ()

OF

f(x)
= x N-1 x x 0 N-1 x
= [ s@an <>+34E1; (Hp(x)t + o(t)) dt dHN ()

that implies (3.6 for a constant depending only on N and the principal curvatures of E.

We are now able to prove the following stability result; it ensures that the second variation of
the perimeter remains strictly positive for small normal deformations of a strictly stable set E.

Lemma 3.3. Fiz N > 2. There exists § = §(E) > 0 small such that, if f € L>(0F) N H'(OF)
with || f|| L~ o) < 9,

flw) dHY ()

< 6| fll2om) and ‘/ f@)vp(e) dHY (@) <Ol fll2@m,  (3:8)
OF OF

then we have

P = [

aE(IVf(:E)IQ = Bp(2)|*f(2)*) dH" "} (2) > %Ilfllin(amv

where mg is the constant given by Lemma [2.8.

Proof. Set g = f — f, where f = fa sl dHN~1, then g has zero average and, by the first inequality

in (3.8), we have

1 2
P =g ([ 1a#5) < Ol o (3.9

If § is sufficiently small, from (3.9)) we obtain
_ _ 1
l911Z20m) = 1f = FlZ20m) = 1fl220m) = FPP(E) 2 [ fl12(0m) (1= C0%) = S £ 172 0m)-

11



Using the previous inequality, (3.9) again and the second inequality in (3.8) we infer that the
function g satisfies

/ gw;d?’-[N_1 / fVEd’HN_1
OF oOF

Then, we can apply Lemma [2.9] to obtain

+

<

/ Foe dHY Y < COlgll i om).
oFE

62P(B)g) = gl o)
provided § small enough. We conclude
3*P(E)[f] = 6*P(E)[g] — 6*P(E)[g] + 6*P(E)]/]
=P =2 | 1Be@ @ @)+ P [ [Bea)an )
> %HQHI%P(BE) — CIfllIflz2om) > %(Hgﬂiz(axg) +1Vallizom) — Collfll72om)

mo mo
(o + IV (o) — €Ol oy = ooy

Y

up to taking ¢ smaller if needed, and where the constant C' > 0 only depends on E. O

Remark 3.4. Remark ensures that the conclusion of the previous lemma also holds if we
replace the hypothesis | [, f dHY " < 6| f]|2(op) with || f||L(sE) small enough and |Ey| = |E].

We are now able to prove the generalized version of the quantitative Alexandrov’s inequality
in the periodic setting, Theorem

Proof of Theorem[I.3 First of all we notice that, if we take the constant C' in to be bigger
than \/P(E)/2, then it is enough to consider only the case [|[Hg, — Hg, | 12(95) < 1.

Set p = x + f(z)vp(z) and let ¢ € C1(JE), by the definition of scalar mean curvature Hp,
and a change of coordinates we obtain

SP(Ef)[e] = /8 E(HEf ve,)(p) - ve @ JOAHN . (3.10)

Combining (3.10)), (3.2) and (3.4) we obtain

N-1 —1/2 N-1
(a’Uj f)2

6P(Ef)[<p]:/ Hp,pJ® | 1+ d’HN—lz/ Hgo [ (A 4rif)dnN "
OE OE i1

In the following, with a slight abuse of notation, with the symbol O(g) we will mean any function
h of the form h(z) = r(x)g(z), where |r(z)| < C for all x € JF and C is a constant depending
only on N and F.

By a simple Taylor expansion we have

SPEIEL = [ Hege (1+Hef +0(%) aH¥ (3.11)

12



From (3.5) and again by Taylor expansion, we obtain

N-1
SP(Ey)ly] =/6E (HE + 1Y RmiYy R+ O(f) + O(IVflz)) pdH™ !

i=1  s#i

+/ (Vf+h) VedHN !
oF
= [ (a4 1 = BT+ O + OV T ™
+ [ (954 Voant (3.12)
oOF

where V f, Vi are respectively the tangent gradient of f,p on OF and h is a vector field satisfying

|h| < C(fI+ [VFIP)IVF]. Set R = O(f?) + O(]Vf[?), by comparing (3.11]) and (3.12) we infer
that

/ (Vf -V — |Bol>fo) dHV T = / (Hg, — Hp) (1 + Hpf + R) pd# !
oF oF
- /8 (h- Vo (O(f)+ OV a1 (313)
Testing with ¢ =1, we get
/ (Hg, — Hg) (1 + Hof + R) dHN ! = / (O(f]) + O(V F2)) dHN 1,
oF oF

then, for § sufficiently small, using Holder inequality we obtain

|Hp, — Hg| = ‘—][ (Hg, — Hp)(Hgf + R)dH ! +][ Of) +O(V 1) an™
OF OF

< ‘][ (Hg, — Hg,)(Hgf+ R)dHN 1| +
OF

][ (Hg, — Hg)(Hpf + R)dHN ™!
OFE

+ / (O(f)) + OV f[2)) dHY 1
oF

|Hg| + Cd
< sz el T
)

+ / (O(f]) + O(V ) dHN 1,
oF

|HE, — Hp, |22 + 6 (|Hg| + C8) [Hg, — Hgl|

with ¢ = C(N,E) since § < 1. For § small enough, recalling that |Hg, — Hg, > < 1, the
previous inequality implies

1 — _
SIHr, — Hp| < C8|Hp, — T, |12 + /8 (O(f) +O(VFP)aHY 1 <o, (3.14)
E

Using the bound ||f||c1 < § and the definition of h we easily see that

h-Vf=380(Vf?.
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Testing with ¢ = f, using Holder’s inequality and by the previous remark, we get
/ (IVf]? = |Be|*f?)dHN = / (Hg, — Hg) (1+ Hpf + R)fdHN !
OE OF
+3 [ (0() + O AP
OF
- /(HEf —Hg,) 1+ Hgf+R)fdH "' + /(FEf — Hg)(1+ Hpf+ R)fdHN !
+6 [ (O(f)+O(V ) an !
OE
<C|Hg, — Hg ez fllc2 + [HEp, — Hg| /(1 +Hgf+ R)fdHN !

+5/ D+ O(|VSf)?) dnN !

—C|He, ~ He, |12 fse + [Fe, — Hal [ (7+O(2) + FO(T ) dn™!

+5/ O(f%) + O(IV£?) dHN 1, (3.15)
By , and by Holder inequality, we obtain
[fe, ~ Hel [(+0() + OV ) aH™~ 1<<s/ %)+ O(VfP%)).

Finally, by the above inequality, (3.6)) again and by combining (3 with (3.14]) we deduce that,
for any n > 0, it holds

/ (IVfPP = |Bel*f3) d”N "' < C|Hg, — Hg, |2 || f |l m +5/ (O(f*) + O(IV ) dHN
oOF oF
< 102 Hg. — Hg.|J? 2 Cs||FI1? 3.16
=3 |HE, B llz2 0l fll7 + COllf |l (3.16)

The conclusion then follows combining (3.16) with Lemma and taking § and 7 sufficiently
small. 0

Remark 3.5. For some particular choices of the set E, a geometric explanation of the condition

frgdHN-t
oFE

< | fllz2 (3.17)

can be found. It is the case for the ball, the cylinder or the lamella. For example consider E = B,.,
the case where F is a cylinder or a lamella being analogous. We show that in this case condition
follows from enforcing

bar(Ey) = bar(B,) = 0.

Indeed, consider the case r = 1 for simplicity, the barycenter in polar coordinates is given by

1
= V7 Dow /83(1 T e an

and thus, by a simple Taylor expansion, we obtain
1

0= / (1 +(N+1)f+ Rf2) rdHN !
oB 2

1
=(N+1) | flx)zdHV '+ 7/ cRf2AHN !
OB 2 JoB
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where |R(z)| < C(N) for every x € B. We can then estimate

(@)a dHN 7 < Cl|fII7

0B

provided ||f|lc1 < d and the conclusion follows recalling vp(x) = .

4 TUniform L!'—estimate on the discrete flow

In this section we give the precise definition of the discrete volume preserving flow in the flat torus
and we study some of its properties. In particular, we prove Proposition [1.6] that will play a crucial
role in the proof of our main result.

4.1 Discrete volume preserving mean-curvature flow

Let E # () be a measurable subset of TV. In the following we will always assume that E coincides
with its Lebesgue representative. Fixed h > 0, m € (0, 1), we consider the minimum problem

min{P(F)+;L/FsdE(m)dx:FC’]I‘N, |F| :m}, (4.1)

where sdg(z) := distg(v) — distpy g(2) is the signed distance from the set E. Observe that the
minimum problem (4.1)) is equivalent to the problem

1
min{P(F)Jr/ distaE(:v)d:c:FC"}I‘N7 Fm}.
FAE

For every F C TV, we set

JE(F) = P(F) + % /FAE distgp(z) dx =: P(F) + %D(F, E), (4.2)

with a little abuse of notation we will sometimes denote by J£ also the functional

Fl—)P(F)—l—%/SdE(x)dx
F

and, when no ambiguity arises, we will write J;, instead of J,;E .

By induction we can now define the discrete-in-time, volume preserving mean curvature flow
(EM)nen and we will refer to it as the discrete flow. Let Ey C TV be a measurable set such that
|Eo| = m, we define E} as a solution of with Fy instead of E, i.e.

1
E} ¢ argmin{P(F)+h/ sdg, (z)dz: F C TV, |F| :m}.
F

Assume that E¥ is defined for 1 < k < n — 1, we define E} as a solution of (4.1)) with E replaced
by E;7', de.

1
Ey e argmin{P(F) + E/ sdE;Lfl(x) de: FC TV, |F| = m} .
P En
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Remark 4.1. We start by remarking that the sequence of the perimeters along the discrete flow
is non-increasing. Indeed, from the minimality of E}' and considering E}’f1 as a competitor we

obtain .
P(E}) < P(E})+ 7/ distypn-1(z) do < P(E,"_l).
h Er'AEDR h '

From this simple remark we observe that, even if the starting set of the flow Fjy is not of finite
perimeter, the perimeters of the sets E; are uniformly bounded by a constant that only depends
on the dimension N, the fixed volume m and h. Given any set Fy of volume m, consider the cube
Qp of the same volume. From the minimality of £} and using Q,, as a competitor we obtain

1 1
P(E%) < P(Qm)+ E/ distgg, (z) dz — f/ distgg, (x) dz
EoAQum EoAED

< PQu)+ [ VE = Cm.h,

where we estimated distpg, < diam(TV) = v/N.

We recall some preliminary results that can be found in [19]. If not otherwise stated, their
original proofs can be easily adapted to the periodic case, the major difference being that in our
case we work in the flat torus, which is compact, thus simplifying some arguments. First of all,
we observe that that the problem admits solutions via the standard method of the calculus
of variations.

The regularity properties of the discrete flow are investigated in the following proposition. Some
of the results are classical, others follow from [I9, Proposition 2.3].

Proposition 4.2. Let h, m, M > 0 and let E C TV be a set with |E| = m and P(E) < M. Then,
any solution F C TN to (4.1)) satisfies the following regularity properties:

i) There exist co = co(N) > 0 and a radius ro = ro(m, h, N, M) > 0 such that for every x € O*F
and r € (0,79] we have

|B () NF| > cor™ and |B,(x)\ F| > cor’.

In particular, F' admits an open representative whose topological boundary coincides with the
closure of its reduced boundary, i.e. OF = O*F'.

it) There exists A = A(m, h, N, M) > 0 such that F is a A-minimizer of the perimeter, that is
P(F) < P(F")+ A|FAF'|
for all measurable set F' C TN.

iit) The following Euler-Lagrange equation holds: there exists A € R such that for all X €
CHTN,TV) we have

/ oy a4 [ dvxdn¥ = A [ X ovpdL (43)
o«r R o F or

iv) There exists a closed set 3, whose Hausdorff dimension is less than or equal to N — 8, such
that O*F = OF \ ¥ is an (N — 1)-submanifold of class C*® for all o € (0,1) with

|Hp(z)| < A, forallx € OF \ %.
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v) There exists ko = ko(m,h, N,M) € N and so = so(m,h, N, M) > 0 such that F is made up
of at most ko connected components having mutual Hausdorff distance at least sg.

The following result characterizes the stationary sets of the discrete scheme. The last assertion
of the proposition is a technical result that will be employed in the proof of Lemma [£.4]

Proposition 4.3. Every stationary set E for the discrete flow is a critical set of the perimeter.
Viceversa, if FE is a regular critical set of the perimeter, then there exists h* = h*(E) > 0 such
that, for every h < h*, the volume preserving discrete flow starting from E is unique and given
by £} = E. Moreover, if E is a strictly stable set then it is also the unique volume-constrained
minimizer of the functional

Jp(F) = P(F)+ % /FdistE(x)d:c.

Proof. The first statement is an immediate consequence of (4.3]). Since E is a stationary point for
the discrete flow, it satisfies

/ div, X dHN"1T =\ X vpdHN-t
oO*FE o*E

for all X € CH(TN,TY), i.e. E is a critical point for the perimeter.
The second part follows using the same argument of the proof of [19, Proposition 3.2]. Indeed,
recall that the second variation has the following expression

1
P In(E)g] = / IVeol® + ( - IBE|2> CHC AR
PYo h

which is positive if h is small enough. Then we procede as in the proof of [I9] Proposition 3.2].

Analogously, we prove that E is the unique volume-constrained minimizer of Jh. Firstly, observe
that, by Theorem E is a strict local L'-minimizer of the perimeter and it is a global minimizer
of the second term in .J,. Therefore, there exists £ > 0 such that

jh(E) < jh(F)

for all measurable set F' such that |F| = |E| and |[EAF| <e¢, i.e. E is an isolated local minimizer
for Jj, in L' with the volume constraint, with minimality neighbourhood uniform with respect to
h. Now, given any sequence (hp)nen going to zero, let F, be a volume constrained minimizer
of Jp,,; we then easily deduce that |[EAF,| — 0 as n — oo, and therefore, for n large enough,
|[EAF,| < e. The strict minimality of E therefore implies F;, = E.

O

4.2 Uniform L' estimate

In this subsection we prove a uniform L'—estimate on the discrete flow starting from an initial
set Ejy sufficiently “close” to a strictly stable set of the perimeter. We will devote the next sub-
section to a discussion upon the hypotheses of the estimate. Before we recall the definition of
Hausdorff distance and some of its properties, for a complete reference see e.g. [3, Section 4.4],
[18, Section 10.1].

Given a set C C TV, we denote by (C)s the § fattened of C, that is the set

{z € TV : disto(x) < 6}.
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Let C1, Cy C TY be closed sets, we define the Hausdorff distance between C; and Cs as
dH(Cl,CQ) ;= inf {p >0:C; C (02)p, Cy C (Cl)p}

Given C,,, C closed sets in TV, we say that (C,)nen converges to C' in the Hausdorff distance

and we write C), A C,if dg(C,,C) — 0 as n — oco. We recall that the space of closed subsets
of a compact set equipped with the Hausdorff metric is compact (see e.g [3, Theorem 4.4.15] or
[18, Proposition 10.1]) and also that the convergence in the Hausdorff distance is equivalent to the
uniform convergence of the respective distance functions, i.e.

Cn, Ko — diste, — diste  uniformly.

In the following, given two open smooth sets Ey, Eo, we will denote by dg(F1, Es) the Hausdorff
distance between their closures.

Lemma 4.4. Let E C TV be a strictly stable set and let ¢ > 0. Then, there exist § = §(, E) > 0
and h* = h*(E) > 0 such that, for every h < h* and for every set Ey satisfying

|Eo| = |E|, dy(Eo, E) <4,

we have
|[EAF| < e,

where F' is a solution of (4.1)) with FEy replacing E.

Proof. Let h* = h*(FE) be the constant given by Proposition so that, for every h < h*, E is
the unique volume-constrained global minimizer of the functional

Ju(G) = P(G) + % /G dist () da. (4.4)
Fix h < h* and let (E,)nen be a sequence of sets satisfying
E. =|E, E.,3FE (4.5)
Consider F,, a solution of with E,, replacing E. We claim that
5 E
If we prove the claim, the conclusion easily follows.
First, Remark ensures that (F},)nen is a sequence of sets with uniformly bounded perimeters,

with the bound depending only on N, m, h. Therefore, there exist F' a set of finite perimeter such
that |F| = m and a (unrelabelled) subsequence of (F,)nen such that

1
5 F
Now, let K be a compact subset of T such that, up to a subsequence, we have
B B K.

From the second property in (4.5) we easily deduce that (E)¢ C K, and therefore K¢ C E. In
particular, this inclusion implies that

/ distK(z)dx:/distK(x)dzz/distK(x)d:r
e E

G
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for every G C TV. Setting

Jn(G) := P(G) + %/G(distE(x) — distg (x)) dz,

from the previous remark and from the fact that E is the unique minimizer of (4.4)), we have

To(G) = Jn(G) — % /G dist x () dz

1
> Jn(E) — f/ dist g (z) dz
h /e
- 1 -
Z Jh(E) - E/ diStK(IL') de = Jh(.E)7
E
for any measurable set G C TV with |G| = |E|. Finally, we obtain

Ju(F) = P(F) + % /F (distg(z) — distg (x)) dz

<liminf P(F,) + %/ (distg(z) — distg (x)) dz
F

n—o0

1
= lim inf (P(Fn) + - / (distg, (z) — distge (z)) dx)
n—00 h F, "

< lim inf (P(E) + % /E (distg, (z) — distge (x)) dx)
= P(E) — %/EdistK(x) dx = Ju(F)

where we exploited the lower-semicontinuity of the perimeter and the minimality of F},. Since E is
the unique volume-constrained minimizer of Jy, the set F' must coincide with £ and this concludes
the proof. O

Remark 4.5. We remark that under the hypotheses of Lemma we could have just assumed
the one-sided inclusion -
Eo C (E)s»

instead of o
dH(E()a E) S 1)

for a suitable 6* < ¢. Indeed, let 6, — 0 and FE,, C (E)s, such that |E,| = |E|. We prove that
E,, converges to E in the sense of Kuratowski (and thus with respect to Hausdorff). Let (x,)nen
be a sequence such that z, € E, and z,, — y. For every n € N, there exists y,, € E such that
| — Yn| < dp,. Therefore, for any e > 0 there exists ng such that, for n > ng, we have

|yn_y|S|yn_mn|+|xn_y|g5n+57

that is y, — y. Since (yn)nen C F, we have y € E.

Fix now y € E. Assume by contradiction that there exists § > 0 such that distg, (y) > J, i.e.
it doesn’t exist a sequence of elements in E,, converging to y. From this (and up to subsequences)
it follows

E, C (E)gn \B(;(y) Vn € N.
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Thus we have

m= lim |E,[ < lim [(E)s, \ Bs(y)l

n— oo

< T}eréo |(E)s, \ (Bs(y) N E) |

= lim |(B)s, | |Bs(y) N E| = m — | Bs(y) N E|

which is a contradiction.
We are now able to prove the main estimate that will be used in the proof of Proposition

Proposition 4.6 (Uniform L!'—estimate). Let E C TV be a strictly stable set. Then, for every
e > 0 there exist 6* = §*(¢, E) > 0 and h* = h*(E) > 0 with the following property: for every
h < h*, if Ey is a measurable set such that

|Eo|l = |E|,  EoC (E)s
then the discrete flow (E} )nen starting from Ey satisfies
a(E,Ep) <e
for everyn € N .

Proof. Fix h < h*, where h* = h*(E) is the constant given by Lemma and let 0 = o(E),
C = C(F) be the constants of Theorem Moreover, let ¢ := §(o, E) be the constant given by
Lemma with o replacing . Set §* < § to be chosen later and consider Ey such that

| Eo| = |E], Ey C (E)s-

Recall that, from Remark [4.5(and from the hypothesis Ey C (E)s-, without loss of generality, we
can assume dgy(Fo, E) < §*. Moreover, by the regularity of F, we can also suppose a(Ey, E) <
Cé*, for a suitable constant C' > 0 that only depends on E. From Lemma [4.4] we have that

|E}AE| < o (4.6)
Let xo be such that a(Ey, E) = |E¢A(E + z0)|. By choosing E + zy as a competitor for the
minimality of E} and estimating distpp, < diam(TV) = /N, we find

1 N VN -

P(E;) - P(E) < */ diStan(I) dx < EQ(EO,E) < —045
h JBons(B-+a0) h h

By (4.6), we can apply Theorem and the previous estimate to obtain

a(ELLE) < % \/1> \/N a(E,Ey) < % £C(5* < min{o, d,¢e},

where we have chosen 6* such that 6* < Ch (min{c,4,¢})* /(Cv/N). Since E} is a A—minimizer
and F is regular, up to taking ¢* smaller, the classical regularity theory for A—minimizers (see

Theorem implies

P(E},) - P(E) <

dg(0E},,0F + 21) < 4,

where ;1 is such that a(E}, E) = |E} A(E + 21)].
Now we iterate the procedure: by induction, suppose that

a(Ep~1 E) < min{o, 4, ¢}, dp (OB} 1 OE + 1,-1) <0 (4.7)
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where x,,_1 is such that |E} ' A(E+,-1)| = a(E}"", E). Observe that the second inequality in
(4.7) implies that dg (Ezil,E + x,_1) <6, therefore E}Z*l and E + x,_ satisfy the hypotheses
of Lemma [£.4] and thus

|EFA(E 4+ xp-1)| < 0.
Observe that by definition a(E}, E + z,—1) = a(E}!, E). Now, by Theorem and the mono-
tonicity of the perimeters along the discrete flow we obtain

(5. B) < = [P(E}) ~ P(E)
< % P(E}) — P(E)
< e @05* < min{o, §,¢}.

VeV h
Again, thanks to the choice of §*, the hypotheses of Theorem are satisfied and thus

dy (OE},0F 4+ x,) <4,
where z,, is such that a(E}, E) = |E}A(E + x,)|. This concludes the proof. O

4.3 Some remarks on the hypothesis of the L!—estimate

In this subsection we show that Proposition does not hold if we weaken the hypothesis of
closeness in the Hausdorff distance between the starting set Fy and the strictly stable set E. In
particular, we prove that the sole hypothesis of closeness in L' and in perimeter is not enough.
We remark that a modification of this example yields the same result in RY.

Fix h > 0 and G C TV. Recall that, for any set F' C TV such that |F| = |G|, we have set

JE(F) := P(F) + % / FAgdistag(x) da. (4.8)

Proposition 4.7. There exist m > 0 and a sequence (E,)nen C TN with the following properties:
|E,| = m for every n € N, P(E,) is uniformly bounded and, letting F,, be any volume-constrained
minimizer of (4.8) with E, instead of G, we have

1 1
E,% E, P(E,)—PE) bt F,5F
where E is a lamella and F is such that |[EAF| > 0.

Proof. Let m > 0 such that the ball of volume m has perimeter strictly less than the one of the
lamella of the same volume; we remark that for every smaller volume m’ < m the same property
holds. Let E be a lamella of measure m, recall that E is a strictly stable set of the perimeter in
TV. From the assumption on m it follows that F is only a local minimizer of the perimeter and
not a global one.
Step 1. Firstly, we construct a sequence (E,,)nen such that £, — E in L' and dE, — TV in the
Hausdorff distance. We define E,, by adding to E some balls contained in TV \ E and of overall
small volume, and by subtracting to E balls contained in F with the same overall volume.

Recall that TV = [0, 1] /ZY. In the following, with a little abuse of notation, we will identify
TV and [0,1)". We define

Iy:={k=(k1,....kn) €ZY : 0<k; <2"—1 Vi=1,...N},

Pn::{Qn’k:: [0,21n)N+2]i:kGIn},
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for every n € N. Up to choosing m smaller, we can assume that m = 1/2% for some s € N.
Moreover, we can suppose, up to translations, that £ = [0, 1)V ~! x (0,1/2%), thus for n > s we
have

FE =1Int U Qn,& y

kEl,, 0<ky<2n—o—1

where Int(-) denotes the interior of a set in TV. For every n > s and k € I,,, we consider the balls
Bk C Qn i centered in the center of the cube @), ; and of radius r, j; chosen in such a way that

U Boy| = U Bl (4.9)

keln, 0<kny<27—°-1 keln, 2n=<kny<27—1

Moreover, we can also take the radii r, ; sufficiently small so that

lim | | J Bnx| =0, lim P( | ) Bnx | =0. (4.10)
n—oo n—oo
kel, kel,
Set now
A, = U B, C Int U Quk | = F,
kel,, 0<ky<2mn—s—1 kel,, 0<ky<2n—s5-1
— N
C, = U Bn,k - U Qn,@ cT \E
kel,, 2ns<kn<2"-1 kel,, 2n—s<kn<2"—1

Define E,, = (EUC,) \ A,, and observe that, by (4.9), we have |E,| = |E|. Now, by (4.10), we
also obtain

E.5E and P(E,) — P(E).
Observe that, from the definition of A,, and C,,, we have that

(aAn)\/ﬁ/Qn U (acn)\/ﬁ/zn =T"

and therefore the set OF,, = 0E U JC,, U 0A,, converges in the Hausdorff metric to the whole TV
as n — +o0o. Therefore we have constructed a sequence (F,)nen that satisfies

1
E. % E,  PE,)—P®E), 0E,%TV (4.11)

Step 2. Let E, be the sets previously defined. We consider the space X = {F c TV :
F is measurable} endowed with the L!'—distance, i.e. disty:(F,G) = |FAG]| for every F,G € X.
We extend our functional in the following way

2 i 00 =m
) {Jh(F) £ P(F) < oo, |F| = m,

400 otherwise

and we set J, := j,? We then prove the I'—convergence of the functionals J, to the perimeter
functional in X, that is
N'X)- lim J,=P. (4.12)

n—oo
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We can clearly restrict ourselves to consider sets of finite perimeter and volume m, otherwise
the result is trivial. For any given set F' of measure m and finite perimeter we choose the sequence
constantly equal to F' as a recovery sequence for F. Indeed, by (4.11)) we have

1
Jo(F) = P(F) + — /F  diston, — P(F).

We now prove the liminf inequality. Given a sequence F,, that converges to F in L', by the
L' —semicontinuity of the perimeter, we have

1
P(F) <liminf P(F,) < liminf (P(Fn) + f/ distaEn>
FpoAEy,

n— 00 n—00 h

and thus is proved. Therefore, thanks to the equi-coercivity of the functionals .J,,, any
sequence of volume-constrained global minimizers of .J,, converges in L!, up to a subsequence, to
a volume-constrained global minimizer of the perimeter in the torus. Let (F,),en be a sequence
of global minimizers of the functional J,, and let F be such that F,, — F in L'. We know that
F is a global minimizer of the perimeter and that by the choice of m the lamella is not a global
minimizer. Therefore it must hold |[EAF| > 0. O

5 Convergence of the flow

In this section, we will prove the main result of the paper concerning the convergence of the discrete
flow that mainly relies on Proposition

5.1 Convergence of the flow up to translations
We start by recalling [19, Lemma 3.6]: it will be used in the proof of the following proposition.

Lemma 5.1. Let (E}'),en be a volume preserving discrete flow starting from Ey and let E’,i"
be a subsequence such that E}]f" + Tn — F in LYTVN) for some set F and a suitable sequence
(Tn)nen € TN, Then dist prn—1 (- 4+ 7,) — distor uniformly.

h

In the following proposition we characterize the long-time behaviour up to translations of the
discrete mean curvature flow in the flat torus starting near a regular strictly stable set.

Proposition 5.2. Let E C TV be a strictly stable set. Then there exist 6* = 6*(E) > 0 and
h* = h*(E) > 0 with the following property: if h < h* and Ey C TV is a set of finite perimeter
satisfying

|Eo| = [El,  EoC(E)s,

then, for every discrete flow (E})nen starting from Ey, there exists a sequence of translations
T € TN such that
E'+1,—E in C* VkeN.

Proof. Let € > 0 be sufficiently small and let 6* = §*(¢, E), h* = h*(E) be the constants given
by Proposition Fix Fy an initial set satisfying |E| = |Eg| and Eq C (E)s«. It is enough to
show that any (unrelabelled) subsequence of the discrete flow starting from Ejy admits a further
subsequence converging in C* and up to translations to E. We divide the proof into three steps.
Step 1. (Existence and regularity of a limit point) From Proposition we remark that, for
n > 1, the sets £}’ are uniform A—minimizers with uniformly bounded, non-increasing perimeters.
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Therefore, by the compactness of (uniform) A—minimizers, we can conclude that there exists a
subsequence (E}"),en and a A—minimizer Ef° such that

1
E’}jn L, Ep°, P(E}’j”) — P(E}°), SdEfn—l — sdppe uniformly.
Let G be a set of finite perimeter such that |G| = m. By the minimality of E],j” we have
e 1 1
P(E;™)+ — sd i, -1(x)de < P(G) + SdEkn 1(z) de
h E:" h h G
and, taking the limit as n — oo, we obtain
o 1 1
P(E°) + E/ sdppe (z) dz < P(G) + E/ sdpe (7) dz.
g0 ' G
h

We have thus proved that E;° is a fixed point for the discrete flow and thus, by Proposition
it is a critical point for the perimeter.

Let 7o € argmin |(E5° + ) AE|. By Proposition we have a(F, Ek") < ¢ for every n € N.
Now, up to taking € smaller, Theorem n and the Smoothness of E, yields both the C'-A-closeness
between Ef°+7. and F, and the C1# regularity of E;°+7., (and thus of Ef°), for every 3 € (0,1).
From Proposition E (w) it follows that E;° is of class C%#, therefore we conclude that Ef° has
constant classical mean curvature and thus it is of class C°°. To conclude, the smoothness of £
allow us to use Theorem [2.4] to improve the convergence of the subsequence to

Eyr — B in OYF (5.1)

and to ensure that the sets El,f" are of class C'# for n large enough.

Step 2. (Convergence in C?7 of the flow and C?# —closeness to E) In this step we we will prove
that Ep° is C?P—close to E and that the convergence of E,’f” to Ep° is in C?P. Without loss
of generality, we assume that a(E, E;°) = |[EAE;°| so that the translation introduced by the
previous step does not appear.

First of all we remark that, owing to the compactness of OE}°, it suffices to show that the
result holds locally. By a compactness argument and the deﬁmtlon of convergence of sets in
C*# (Definition , up to rotations and relabelling the coordinates, we can find a cylinder
C = B’ x (=L,L), where B C RN¥~! is a ball centred at the origin, and functions f.., f, €
CY8(B'; (~L, L)) describing locally dE® N C and dE;™ N C respectively. We remark that the
convergence ({5.1) now reads as

fr, = foo in CHA(B). (5.2)

We now prove that the curvatures H B of the sequence E’}f” are converging in C%? to the

curvature of E7° in the following sense

Hpro (5 fio, () = Hege (- foo(1)) i C¥P(B). (5.3)

We will follow an argument used in Step 3 of the proof of [I, Theorem 4.3].
Since we described 8E,’f" N C as a graph, the following formula for the curvature of GEE" holds

v ( V fr, (+)

R (-)I2> Heir (fl) on & o
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and an analogous formula holds for OE;°. From ([5.4) and the Euler-Lagrange equation (4.3), by
integrating on B’, we then obtain

Ao, HNL(BY) — % / sd o (0!, fi, (@) MY (@) (5.5)

’

= | Hpgu (@, fi, (@) dHY 71 (@)

B/
/
:/ div V fin (@) dHN ()
/ L+ |V fi, (2)?
Vi, (y _
- Wy anv=2(y).
o’ /14 |V fr, (v)]
where we set y = a'/|2/| and integrated by parts in the last line. We can then exploit the
convergence (|5.2]) and the formula (5.4]) for the curvature of E;° to prove
Vi (y - V(y -
( ) deN Q(y)_> OO( ) deN 2(y)

o' \/1+ |V fi, (y)? o' /1 + 1|V fool?(y)

:/ div< Voo (@) ) dHNil(x/)
’ 1+ |V f(a)?

= Hp=~H""1(B").

Now, Lemma ensures that sdgk,-1 — sdge uniformly and we can use the convergence (5.2)
h

to obtain
sdprn=1(( fr, (-))) = sdgg (- fo(-))) =0 uniformly on B',

since OB NC = {(2/, f(z")) : 2’ € B’)} by definition. Therefore we find

//SdEgn—l((w',fkn(x')))dHN_l(x’) = | sdppe((a, (@) AHYTH@') = 0.

B/
We then conclude that (5.5) converges to HpeH™"!(B’) and thus it must hold
/\kn — HEgc .

From (4.3)), the previous result and the fact that the signed distance functions are all equi-lipschitz,
we conclude that for any 8 € (0,1), the sequence (H e, (-, fx,(-))) is bounded in C%#(B’) and
h

thus it converges uniformly to Hpp (-, foo(+)). This proves the convergence (5.3).
We remark that the previous result also hold if we describe the sets of the flow E}]f" as normal

deformations of E7°, that is there exist functions ¢y, : OE;° — R such that E;f” = (£, In
this case the convergence (5.1) reads as

or, — 0 in CYPOEY),
and this and Lemma [5.] ensure that
sdE:n71(~ + ¢k, ()vE= (1)) = sdp=(-) =0 uniformly on OE}°.
Now, the convergence of the curvatures reads as

Hpin (- + on, (e (1)) = Hppe (1) in COP(OEST).
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We can then apply directly [I, Lemma 7.2] to obtain that the subsequence E}’f" is converging to
E° in C?58.

To prove the C%#—closeness of the limit point we argue by contradiction. Assume that a
sequence of limit points (E;o"l)leN is converging in C# to E but there exists o > 0 such that

disteos (B, Byl > o

for every [ large enough. Again, we describe locally 8EZ°’Z and OF as graphs of suitable functions
foous [+ B"—= (=L, L) and we can repeat the same argument previously employed to prove that

Hpyoe it (-, foca(-)) = He((, () in C(B).

This time the argument is simpler, since the limit points are stationary sets for the perimeter and
thus their Euler-Lagrange equation is

00,1
Hyoet = Mgt €R on OE;".

Again, Lemma 7.2 in [1] yields the desired contradiction.

Step 3. (Uniqueness up to translations and C* convergence) By the previous step we can find a
suitable function ¢, € C?#(9E) such that Ef° = E,_. Up to introducing a further translation
given by Lemma the hypotheses of Theorem [[.3] are satisfied and thus

ooolltom) < ClHEe — Hpse llL2(0m) = 0,

since the set E7° is a stationary set for the perimeter. Therefore E;° is a translated of the set E.
A standard bootstrap method based on the elliptic regularity theory combined with the Euler-
Lagrange equation (4.3) yields the convergence in C* for every k € N. O

5.2 Exponential convergence of the whole flow

In this subsection we will prove that the translations introduced in Proposition decay to zero
exponentially fast. In order to prove this result we will estimate the decay of the dissipations
via a dissipation-dissipation inequality, which in turn relies on the quantitative Alexandrov type
estimate established in Theorem [1.3] We start by recalling some preliminary results from [19].

The following lemma is an adaptation to our case of [I9, Lemma 3.8]. Its proof can be found
in the Appendix.

Lemma 5.3 (A priori estimates). Let n > 0 and let E C TV be a strictly stable set. There exists
§ > 0 with the following property: if fi, fo € CY(OFE) with || fillciop)y < 0 and |Ey,| = |E| for
i =1,2 we have

C11(1 - 77)Hf1 - f2||2L2 SYD(Equ‘fz) < Cl(l + 77)||f1 - f2‘|%2 (56)
1- 1
U sy, N <D(Ey, Bp) < —2 [ sdy, dnN (5.7)
2 Jomy, 2 2 Jogy, 2
2 2 Cy
[bar(Ey, ) — bar(Ep,)|” <Ca|fi — follz: £ ~——=D(Ey, Ey,) (5.8)
Ci(1—n)

for suitable constants Cp, Cy > 0.

The following lemma proves the crucial dissipation-dissipation inequality (5.10|) (see [I9, Lemma
3.9]). This result will play a central role in the proof of Theorem Its proof is based on the
Alexandrov-type estimate contained in Theorem [I.3]

26



Lemma 5.4. Let h > 0 and let E C TV be a strictly stable set. There exist constants C, § > 0
with the following property: for any pair of normal deformations Ey,, Ey, with f; € C?*(0E),
||fi||c’1(aE) <4, and such that |Ey,| = |E|, |f6E vpfodHN 7Y < 5||f2HL2(aE) and

SdEfl
Hg, + = A on OFEy, (5.9)
for some A € R, we have
D(EvEf2) < CD(Efszfl) (510)

Proof. By Theorem for ¢ sufficiently small, we get

I f2l132(0m) < ClHE,, — Hiy I 7200m) < ClHE,, — AM7200m)

2C
2 _ 2 N-1
< 2C||HEf2 - A||L2(6Ef2) = 7h2 /aE SdEfl dH s
f2

where the third inequality follows by bounding the Jacobian of the change of variables by 2 (see
(3-2)). By combining the previous inequalities with (5.6) and (5.7), we obtain the thesis. O

We are now able to prove our main result. The proof relies on our previous result Propo-
sition [5.2] however this time we have to show that the translations introduced converge to an
appropriate translation £. To achieve this result, we will obtain in Step 1 some estimates on the
dissipations along the flow by comparing the energy with a suitable competitor. Once the (expo-
nential) decay of the dissipations is proved, the convergence of the translations follows (see Step 2).
The last step is devoted to prove the exponential convergence of the sets.

Proof of Theorem[I.1 Let h* > 0, §* > 0 and (7,,)nen be given by Proposition Fix h < h*
and set E,, := E}'. We split the proof in three steps.

Step 1. (Exponential convergence of dissipations) Testing the minimality of E, with E,_; we
obtain

1
P(E,) + ED(EnaEn—l) < P(Ep_1).

Recalling that P(F,) — P(F) and summing the previous inequality from n + 1 to +0co we get

+oo
> %D(Ek»Ek—l) < P(En) - P(E). (5.11)
k=n-+1

We will now construct a suitable competitor to estimate the dissipation at the step n — 1 with
the difference of perimeters. Since, by Proposition we have

E,+7 —E in CF VkeN, (5.12)

the translated sets of the flow, for n large enough, can be written as normal deformations of the
set F, that is there exists g, : 0F — R such that

E,+1,=Ey,

where E,, was defined in (2.1)). The convergence (5.12) then reads as g, — 0 in C* as n — co. Let
o, be the translations introduced by Lemma[2.10| with E,, + 7, instead of F. From the convergence
in C* of E, + 7, to E, we deduce that o,, — 0 as n — co. Therefore, setting

F, = FE, + 71, +on,
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we have that F,, — E in C* and F,, = Ey, with f,, : OF — R satisfying

faVE dHN_l

. <6\ fallzzomy and || fullw2rom) < Cllgnllwzr o)

for p > N — 1. Consider now the competitor
& =FE—1,_1—0pn_1-

From the minimality of F, we easily deduce

1 1 1
P(E,)+ ED(En, E,_1) < P(&,)+ ED(@% E,_1)=P(E)+ ED(E’ En_1+Th-1+0,-1) (5.13)

where we used the translational invariance of the dissipations. From Lemma we obtain that
the sequence E,,_s + 7,1 + 05,—1 converges in C* to the same limit of E,_1 + T—1 + 0n_1, that
is to E. In particular, for n large enough we can write F,_g + 7,—1 + 0p—1 = Ey for a suitable
function ¢ : 9F — R (depending on n) and with [[¢||c1(9p) small. From Lemma we can then
estimate the right hand side of with

D(E,En_1+ Th—1+0p_1) =D(E,F,_1) =D(E,Ey, ,) < CD(Ey,_,,Ey)
:CD(En—l + Th—1+ 0n-1, En—2 + Th—1+ Un—l)
:CD(EnflyEn72)-

From the previous inequality and (5.13)) we obtain

C
P(En) - P(E) = P(En) - P(@@n) < ED(E’IL—I)ER—2)' (514)
Now, (B.11) and (5.14) yield
1 | 1 1
ED(Eka Ek—l) - Z *D(ElmEk—l) + E,D(Ena En—l) + ED(En—la En—Q)
k=n—1 k=n+1

Cc+1 1

STD(Enfl, En72) + ED(Ena Enfl)
C+1

ST (D(En—h En—2) + D(Ena En—l)) .

We then apply Lemma below (with [ = 2) to conclude

n/2
D(Ey, Ey_1) < (1 _ Cl+1> (P(Eo) — P(E)). (5.15)

Step 2. (Exponential convergence of barycenters) Set

- (1 - cl+1> € (0,1). (5.16)

From (5.12)) and Lemma both the sequences (E,, + 7, )nen and (E,,_1 + T, )nen converge in C*
to E. Therefore, for n large enough, there exist some functions f1 ,,, f2., € C¥(OE) such that

E,+T1,= Efl,n7 E,_1+1,= Efz,n
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and [|finllck@op) — 0 as n — oo for i = 1,2. From (5.8) and (5.15) we can estimate for n
sufficiently large

|bar(E,) — bar(E,_1)| = |bar(E,, + 7,) — bar(E,—1 + )|
= |bar(Ef1,n) - bar(EfQ,n)|

< C\/D(Ey, ... Ey,..) = VD(En, Ep1)

< C(P(Eo) — P(E))"*b".

In turn, the above estimate implies that (bar(E,)),en satisfies the Cauchy condition, thus the
whole sequence admits a limit £ € TV. Moreover, the convergence is exponentially fast in the
sense that
bar(Ey, )~ < 3 Ibar(Ey, ) — bar(Ey, )| < C (P(Ey) - P(E)"
k=n-+1

L
1-b

for n large enough. Recalling (5.12) we thus conclude that there exists a suitable translation
¢ € TN such that for every k € N

E,—-E—-¢ inCF asn— .

Step 3. (Exponential convergence of the sets) By the previous step we can write, for n large, the
boundaries of the evolving sets as radial graphs of the limit set F—&. Precisely, for n large enough
there exist functions f,, such that

E,+&=FE;, and | fullcrop) — 0 asn— oo. (5.17)

From (5.6 and for n large enough we have || f, = fu—1llz2(05) < 24/D(En, En—1) and thus, recalling
(5.15) and arguing as in Step 2, we get

oo

Ifallzzom < D Mfn = facillzom) < (P(Eo) - P(E))'?
k=n+1

R

7 (5.18)

where b is as in (5.16). The above estimate yields the exponential decay of the L?—norms of the
radial graphs. We recall the well-known Gagliardo-Nieremberg inequality: for every j € N there
exists C' > 0 such that, if g is smooth enough on the boundary of a smooth set F, then

1/2 1/2
1D*gl| 2oy < CID* gl 1ot 9l o (5.19)

where D stands for the collection of all the k—th order derivatives of g, see e.g. [4) Theorem 3.70].
Now, by (5.17) for every k there exists n such that sup,,>,,, [[D** full12(0p) < 1, therefore we may

apply (5.19) to f,, to deduce from (5.18) that also || D¥ f, | 12(sr) decays exponentially fast for all
k € N. The Sobolev immersion Theorem then yields the exponential decay in C* for every k thus
completing the proof of the result. O

Lemma 5.5. Let (an)nen be a sequence of non-negative numbers. Assume furthermore that there

exist ¢ > 1, 1 € N such that Y, ; a, < cZ?Llc_l a; for every k € N. Then

N
ak§(1+) S
C

for every k € N, where S =" | a,.
The proof of the previous lemma can be found in [I9] Lemma 3.11].
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6 Two-dimensional case

In this section, we completely characterize the long-time behaviour of the discrete flow in dimension
two. This particular choice for the dimension is purely technical and can be justified as follows.
In the two-dimensional flat torus we have a complete characterization of the critical points of the
perimeter: they consist in unions of disjoint discs (having the same area) or in unions of disjoint
lamellae (possibly having different areas), or their complements. It turns out that these sets are
all strictly stable. This allows us to conclude that either the connected components of any limit
point of the discrete flow or the ones of their complements are strictly stable sets. We remark that
in higher dimension this could not be true anymore.

Fix h, m > 0 and let (E}')nen be a flow with initial set Fy C T? such that |Eg| = m. We
recall that, by Proposition there exists sy > 0 such that the distance between the connected
components of the set E}' is at least s9. Moreover, the proposition also provides a bound from
below on the diameter of the connected components. Set

Py = lim P(E})

as the limit of the monotone sequence of the perimeters along the discrete flow. Let F' be any
possible limit point of the sequence (E”),cy. We observe that if F is a union of discs then its
number of connected components must be 7~ P2 /(4m) and therefore the form of the limit point
is uniquely determinated up to translations. Analogously, if F' is the complement of a union of
discs, F¢ is made of 771 P2 /(4 — 4m) connected components and thus it is uniquely determinated
up to translations of its complement. In the case when F is a union of lamellae the number of
connected components is, in general, less than or equal to Py, /2, and we have no information on
the area of the single components.
Since we will consider h as a fixed parameter, from now on we will denote by F,, the set E} .

Remark 6.1 (Remarks on the uniform C1:®—closeness to limit points). We remark that for every
g > 0 there exists ng = ng(e) € N such that for every n > ng it holds

ln Ly
B Finl <e o |[ESA| Finl <e (6.1)
i=1 i=1

where, in the first case, Ui”:l F;,, is a union of disjoint lamellae or a union of disjoint discs, with
F; ., having the same mass of the i—th connected component of E,; [, is either less than or
equal to Py /2 if F;,,, i = 1,...,1,, are lamellae or l,, = 71 P2 /(4m) if they are discs; in the
second case, Uf:"l F; , is a union of disjoint discs, with F;, having the same mass of the i—th
connected component of ES and L, = 7 'P2 /(4 — 4m). This can be easily proved recalling
that any subsequence of the flow admits a further subsequence converging in L! to a set of the
aforementioned form.

Moreover, the classical regularity theory of A—minimizers implies that the previous result can
be improved. Consider, for the sake of simplicity, that F,, satisfies the first inequality in (the
other case is analogous). Then one can prove that for every ¢ > 0 there exists ng = ng(e) such
that for every n > ng it holds

s

E,=|J(Fin)y., where fi, € CY*(OF;,), Il finllcraor, ) <€ (6.2)
1

(2

Remark 6.2. In this remark, we identify T? with the unit square [0,1)%. We prove that for a
fixed M > 0 there exists a finite number of slopes such that, for any lamella L having one of those
slopes, we have P(L) < M.
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T2 i

(0,0)

Figure 2: The lamella L in light blue, the line a dashed in red.

Fix a lamella L. Let a C T? be one of the two components of the boundary of L, and suppose
that (0,0) € a. Since a is a closed curve in T2, by periodicity, the line in R? passing through the
origin and with the same slope of a must also pass through a point of the form (p,q) € N x N with
p, ¢ coprime or equal to (0,1) or (1,0). We then remark that the length in T2 of a is equal to the one
of the segment between the origin and (p, ¢), that is length(a) = |(p, q)|. Since P(L) = 2length(a),
in order to have P(L) < M, the point (p,q) must be contained in the disc of radius M/2. Our
claim follows since in the disc of radius M /2 there is a finite number of points belonging to N x N.

In the following lemma we characterize the geometric form of any limit point of the discrete
flow.

Lemma 6.3 (Uniqueness of the form of the limit). Fiz h, m > 0 and an initial set Ey C T? with
mass m. Let (Ep)nen be a discrete flow starting from Ey. Then either one of the following holds:

i) the limit points of the flow are disjoint unions of | discs of total area m, wherel = 7= 1(4m)~1 PZ
belongs to N,

i) the limit points of the flow are the complement of disjoint unions of l discs of total area 1—m,
where | = 7=1(4 — 4m) =t P2 belongs to N.

1) the limit points of the flow are disjoint unions of I lamellae of total area m, with the same

slope and 1 < Py /2. Moreover, the equality | = Py, /2 € N holds if and only if the limit is
given by vertical or horizontal lamellae.

Proof. We first employ a compactness argument and then use Lemma to conclude. We start
by fixing some notation. We denote by

I
¢ =B (6.3)
i=1
any disjoint union of Ig = 4~ 1rm~1 P2 discs each having radius 2m/Ps; we denote by

lge ¢
Epe = (U Bi> (6.4)
i=1

the complement of any disjoint union of Ige = 471w (1—m) =t P2 discs, each of radius 2(1—m)/Px;
we denote by

153
&= J L (6.5)
i=1
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any disjoint union of I < P, /2 lamellae having the same slope (and possibly having different
masses). We remark that, for every fixed Py, and m, the following holds

7= inf{dH(£B7(fL) A dH(éch,éaL) AN dH((o(dBc,(gaB) . 81,688,858 as above} > 0, (66)

This is clear if we compare the families &5, &5 and a union of lamellae having the same slope.
Since, by Remark there is a finite number of possible slopes for the lamellae, we conclude (6.6]).
From Remark discrete flow is eventually C!—close to a limit point of the form &7, &p or
&ge. Assume now by contradiction that the flow does not converge to a fixed configuration. Then,
without loss of generality, we can assume that for every 0 < ¢ < i/3 there exist infinitely many
indexes such that

dH(En—lagB) S{:‘ and dH(En,gL) S{:‘.

Therefore we get
du (6B, 61) < du(8s, En1) + du (6L, En) + du(En, En1) <26 + dg(En, En_1).

To reach the contradiction (compare )7 it is enough to show that for every € > 0 there exists
ng = ng(e) such that for every n > ng it holds

dH(Enfla En) S e. (67)
Assume by contradiction the existence of a subsequence ny, along which the flow satisfies
dH(Enk—la Enk) > €.

Up to a further subsequence, E,, — F', with F' being a set of the form &5, &7 or &g-. But then
Lemma implies sd Bnp1 = sdp uniformly, which is clearly a contradiction.

Finally, we observe that in case i) the number of connected component is given by m,
where we used the same notation of Remark Thus, | = P, /2 if and only if (p, q) is equal to
(0,1) or to (1,0) that means that the lamella is either vertical or horizontal. O

Thanks to the previous lemma we can then conclude the proof of Theorem the main result
of this section. While the proofs of assertions ) and i) of Theorem are similar to the one of
[19, Theorem 3.4], the third one is slightly different, the main issue being that we can not fix the
mass of the connected components of the limiting configuration. We will prove nonetheless the
exponential convergence of the dissipations that, in turn, yields the convergence of the mass of the
connected components of the flow. We start by a simple remark.

Remark 6.4 (C1%-closeness to lamellae). Let ¢ > 0. Consider two lamellae L;, Ly having the
same slope, possibly having different area and two C1*®—deformations E;, Es, respectively, of L,
and Lo. Suppose also that

diStcl,a (Ei, Lz) < g, 1= 1, 2.

Then the closeness in L™ of E; and E, implies that E» and L, are close in C1®. Indeed, we first
remark that
diStcl,a (LQ, Ll) = diStLoo (LQ, Ll)

since the components of the boundaries of L; and Ly differ only by a translation. Moreover, the
hypothesis dist o (E7, E2) < € implies dist o (Lo, L1) < 2¢. Now, let f5 be a suitable function such
that Ey = (L2)y,, then [|f2|cr.a(r,) < € and there exists a constant |c| < distze (L1, L2) < 2¢
such that Ey = (L1)f,+.. Therefore we obtain

distora (E2, L1) = [|f2 + cllcra(ar,) < [[f2llora@ar,) + lef < e+ 2e = 3e.
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Proof of Theorem[I.4 By Lemma we can assume that all the limit points of the flow are sets
either of the form &g, &g or & (see , , ) To conclude we need to prove that the
whole sequence converges in C* and exponentially fast to a unique configuration.

In the case when the limit points are of the form &g, the proof follows the same spirit of [19]
Theorem 3.4], but it is easier since we work in a compact space. The case when the limit points
are of the form &ge is at all analogous: we simply remark that, if F' is a minimizer of then its
complement is a minimizer of the same problem with E° instead of E and with 1 — m instead of
m. By studying the evolution of the complement of the discrete flow, we can conclude as before.

Now, suppose that the limit points are of the form &7. We begin by observing that any
subsequence of the flow admits a further subsequence converging in L' to a union of disjoint
lamellae. Firstly, we prove the exponential decay of the dissipations. Testing the minimality of F,
with F,,_1 we obtain

1
P(En) + E,D(Ena En—l) S P(En—l)

Summing for s > n 4+ 1 we have

+oo 1
> +D(Es, Bs1) < P(Ep) = Poo. (6.8)
s=n+1

With the notation previously introduced, for every & we can choose n large enough such that
holds. Let F;, be the sets given by : by Lemma we know that F; ,, i = 1,...,1,, are
eventually lamellae and I,, =1 > Py /2.

We will now construct a suitable competitor to estimate the dissipation at the step n — 1 with
the difference of the perimeters. For n large enough consider the competitor

l
og/ﬂn = U Fi,n—l-

i=1

We remark that, by definition and for n large enough, this competitor has perimeter P(.%,) = Px.
By Proposition there exists so = so(m, h, N, Ep) > 0 such that the connected components E; ,,
of E,, satisfy

dist (Ei,ny Ej,n) > S0

for every i # j, moreover Remark [6.1] ensures that
. 50
dist (Fi -1, Fjn-1) > )
holds for n large enough and ¢ # j. Thus, we can localize the dissipations

l
D(EnaEn—l) = ZD(Ei,7L7Ei,n—1)7 (69)
=1
l
D(fn, En—l) = Z D(Fi,n—la Ei,n—l)-

i=1

Testing the minimality of F,, with .%,, and using the previous equality we have

P(E,) + LD(E,. En1) < P(Z0) +

!
h ZD(Fi,n—laEi,n—l)~ (6.10)
i1

SRS

Recalling Remark and equations (6.2]) and (6.7]), we then obtain that the connected components
of both E,_; and E,,_ are small normal C!*®—deformations of the connected components of %, _.
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Thus we can assume that both E; ,,_; and E; ,_» can be described as normal deformation of F; ,_;
for i =1,...,k. Let f;n—1 and f; ,—2 be the functions (having small C1®—norms) that describe
respectively these deformations. Now, recalling Lemma we can estimate

D(Fin—1,Ein-1) =D(Fin—1, (Fin-1)f,1) <CD((Fin—1)fin1» (Fin—1)fi )
=CD(Ein—1,Ein-_2).

Thus, from equations and (6.10]) we get

P(E,)— Px = P(E,) —

v\Q

l
C
Z 7, n— 17 i n72) = E,D(EnflaEnf2)
and then clearly yields

=1 =1 1 1
Y. 7P(EEen)= ) 3D(EsEor)+ 3 D(En1, Buoz) + 3 D(En, Eyoi)

h
s=n—1 s=n+1
1 1
< P(En) - Poc + E,D(En—lvEn—Q) + E,D(Ena En—l)
C+1 1

< h D(En717En72) + ED(EnaEnfl)

Cc+1 1
§ 71)( n—1, En—Q) + 7D(En7 En—l) .

h h
We can then conclude using the same arguments of [19, Theorem 3.4]. O

A  Appendix

We present the proof of Lemma [5.3] for the reader’s convenience. It is slightly different from the
proof of [I9, Lemma 3.8].

Proof of Lemma[5.3 The proof of equations and are quite analogous to the correspond-
ing ones in [19]. We recall it for the sake of completeness and to highlight the minor differences
between the two versions.

We start by observing that for any ' > 0, if § is sufficiently small, then for every py € 0Ey,
the boundary of Ey, in a small disc must be contained in a cone

/2
OEf, N Bys(po) C G := {y eRY :|(y—po) - ve(po))* < 11 =y — poz} (A1)
We then divide the rest of the proof into two steps.
Step 1. If  is small enough , for every point p = Apy € Bas(po) (A > 0), we have that

1
L+

|p — po| < dist(p,0Ey,) < |p — pol.

Indeed the second inequality is trivial by definition, since py € OEy,. Concerning the first one, set
q € OEy, such that dist(p,0Ey,) = |p — q|, in particular |p — ¢| < |p — po| < 25. From (A.1) we
infer that ¢ € G and thus we have

dist(p, 0Ey,) > dist(p, G) = \

S | | > ! —l
P —Pol = D — D
1+ n? 0 147 0
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where we used the explicit formula for the projection of a point on a cone. If pg := s+ fa(s)vg(s) €
OF;, with s € OF, we set

MV &) r clfi(s) — s
Fi(s) = fa(e)]E®) forall €0, fils) = fo(s)]

for an appropriate constant ¢ such that the quantities defined are regular. We deduce that

pt:=po+1

o n/t < dist(ps, 0Ey,) < t. (A.2)

Keeping the same notation and using the coarea formula (also recall (3.7)), we infer that

D(Ef17Ef2) = / diSt(xvaEfz)dx
Ep DBy,

el fi(s)=f2(s)]
:/ dHNfl(s)/ dist(ps, OEy,) J®(s,t) dt
oFE 0

ol f1(s)=F2(s)]
+/ d?—LN’l(s)/ dist(p¢, OF}, ) (J®(s,t) — 1) dt. (A.3)
oE 0

Recalling that for every s € OF we have that J®(s, ) — 1 is Lipschitz continuous with constant
Hp, for § small enough and using (A.2]), we get

N1 clf1(s)—f2(s)l
D(Ey,, Ey,) < (1+6HE)/8E AN (s)/0 tdt (A.4)
SERLED / F1(s) — Fals)? dHN 1 (s), (A5)
2 OF

from which the second inequality in (5.6)) follows by taking ¢ small enough. On the other hand,
by (A.2) we also have

1—6H clf1(s)—f2(s)]
DBy Bp) = e [ i) [ df
0

— 1+7 Jog
— e 15— RGP a1 ), (A.6)

from which the first inequality in (5.6 follows by taking ' and ¢ small enough.
Step 2. The inequalities (5.7) and (5.8) are now easy consequences. Indeed, by (A.2]) we have
that, for every p1 = (1 + fi(s))ve(s) € OEy,, it holds

c
14+

[f1(s) = fa(s)| < dist(p1, Ep,) < el fi(s) = fa(s)]-

Therefore (5.7)) follows from (A.5) and (A.6), by taking ' and § smaller if needed and using the
same change of coordinates used previously (recall that J® and its inverse are estimated from

above by 1+ C¢ for a suitable constant C' > 0).
Finally, we prove (j5.8]). For § small enough, we can bound the Jacobian by 2 and therefore we
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obtain

bar(E¢, ) — bar(E FE| = rdx — rdz
f1 fa
Ef \Ej, Ep,\Ej,
f1(s)

/ d’HN_l(s)/ (5 + trp(s))JB(s) dt
BEN{f1>f2} fa(s)

fa(s)
_/ deNfl(S)/ (s+tvg(s))JP(s) dt‘
OEN{f1<f2} f1(s)

<2 ‘/312 (25+ (If1(s)| + |f2(5)|)yE(5)) 1fi(s) — f2(5)|d7{N*1(5)
< CO|fi = follze
and the conclusion follows from . ]
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