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Abstract The coupled criterion of Finite Fracture
Mechanics (FFM) has already been successfully
applied to assess the brittle failure initiation in cracked
and notched structures subjected to quasi-static load-
ing conditions. The FFM originality lies in addressing
failure onset through the simultaneous fulÞlment of a
stress requirement and the energy balance, both
computed over a Þnite distance ahead of the stress
raiser. Accordingly, this length results to be a struc-
tural parameter, thus able to interact with the geometry
under investigation. This work aims at extending the
FFM failure criterion to dynamic loadings. To this
end, the general requisites of a proper dynamic failure
criterion are Þrst shortlisted. The novel Dynamic
extension of FFM (DFFM) is then put forward
assuming the existence of a material time interval
that is related to the coalescence period of microcracks
upon macroscopic failure. On this basis, the DFFM
model is investigated in case a one-to-one relation
between the external solicitation and both the dynamic

stress Þeld and energy release rate holds true. Under
such a condition, the DFFM is also validated against
suitable experimental data on rock materials from the
literature and proven to properly catch the increase of
the failure load as the loading rate rises, thus proving
to be a novel technique suitable for modelling the rate
dependence of failure initiation in brittle and quasi-
brittle materials.

Keywords Dynamic fracture � Finite Fracture
Mechanics � Incubation-Time failure criterion �
Coalescence period � Loading rate � Rock materials

1 Introduction

The extensive development that the fracture mechan-
ics Þeld has undergone in the last years has opened the
door to the successful prediction of brittle failure in
complex scenarios. In this regard, the Finite Fracture
Mechanics (FFM) criterion (Leguillon 2002; Cornetti
et al. 2006) stands out for its physical soundness and
predictive capability. The approach assumes that crack
initiation happens along a Þnite distance as early as
stress and energy necessary conditions are fulÞlled.
This allows FFM to acquire its most distinctive
feature: a non-local deÞnition assessed over a struc-
tural distance (identiÞed as the crack initiation length)
that does not require ad hoc magnitudes. Likewise,
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FFM has been proven to yield accurate crack onset
predictions in both non-singular and singular struc-
tural domains under quasi-static loading regimes, see,
for instance, the recent works by Chao Correas et al.
(2021) and Doitrand et al. (2021). Noteworthy, a novel
study by Doitrand et al. (2022) conducted, via a
numerical implementation of FFM, a thorough anal-
ysis on the effect that the kinetic energy has in the
failure initiation under quasi-static loading regimes.

Nonetheless, the analysis of fracture initiation in
the dynamic loading regime is much more complex to
handle as of the difÞculty in coping with a load varying
in time. In this context, different dynamic failure
criteria were proposed to extend their static counter-
parts. The ÔÔClassical dynamics approachÕÕ (see e.g.
Petrov et al. 2003) assumes that two ultimate material
properties, namely dynamic strength rc;dyn and tough-
ness KIc;dyn, are rate-dependent material functions
obtainable from experiments. On that basis, the
Maximum Stress criterion and the Linear Elastic
Fracture Mechanics approach get straightforwardly
extended to dynamics for plain and cracked geome-
tries, respectively. The simplicity of the criterion
makes it readily available for numerical implementa-
tion. On the other hand, the local and instantaneous
assessment precludes its use for certain cases of
interest, e.g. for notches or short pulse loadings, whilst
material characterization becomes rather complex.
Noteworthy, the well-known Johnson—Cook model for
plastic failure (Johnson and Cook 1985) would fall
within this criteria category in what concerns the
modelling of the strain-rate dependence in the effec-
tive strength of elastoplastic materials.

A more robust yet simple approach was introduced
by Yin et al. (2015) with the Dynamic reformulation of
the Theory of Critical Distances (DTCD). Although
still based on material functions for describing the rate
dependence of the materialÕs ultimate properties, a
non-local deÞnition analogous to that of TCD (Taylor
2007) was introduced to enable the prediction of
failure in notched geometries. Experimental results
from dynamic tensile tests of notched metallic spec-
imens were also provided in Yin et al. (2015), and
DTCD failure predictions were reported to remain
within the �20% error range. However, DTCD
inherited from its static counterpart the use of a
material length for the non-local criterion assessment,
precluding its application to small-size specimens, for

instance. Besides, just like in the classical approach,
the evaluation of the DTCD condition is
instantaneous.

On the contrary, Petrov and Morozov (1994) looked
at the dynamic failure initiation problem from a
different perspective when proposing the Structural-
Time criterion, later renamed as Incubation-Time (IT)
criterion (see e.g. Bratov and Petrov 2007). Indeed, the
ultimate material properties rc and KIc are assumed to
be independent of the loading (or deformation) rate for
materials with negligible viscous effects. The dynamic
dependence of failure onset is instead considered to
stem from the temporal non-uniformity in the stress
Þeld, in the same way its variation along space leads to
the size-effect in quasi-static setups. The correspond-
ing dynamic failure condition, constructed upon the
Neuber—Novozhilov criterion, has a non-local and
non-instantaneous deÞnition: two scalar properties
(one length and one time period) are required, along
with the static material strength. Noteworthy, the static
fracture toughness comes into play through the
material length. Consequently, the materialÕs dynamic
characterization results much simpler, and the IT
approach can explain phenomena observed in
dynamic experiments, e.g. the post-peak failure trig-
gering captured by Homma et al. (1983) for failure
under short pulse loadings. IT criterion was proven
accurate with respect to experimental results corre-
sponding to different failure problems, inter alia crack
initiation in pre-cracked geometries (Petrov and
Morozov 1994; Petrov and Sitnikova 2004) or spalling
(Petrov et al. 2003). On the other hand, the use of a
Þxed material length still limited the applicability of
the IT criterion similarly to DTCD.

In this line, an energy-based counterpart of the IT
criterion was introduced by Pugno (2006). Designated
as Dynamic Quantized Fracture Mechanics (DQFM)
approach, the proposed non-local and non-instanta-
neous condition for failure is expressed in terms of the
dynamic energy release rate and the fracture energy.
Akin to the IT, the DQFM approach requires a strength
measure of the material (the fracture energy), plus a
characteristic length and a time period. Likewise, both
IT and DQFM approaches were reported in Pugno
(2006) to yield similar dynamic dependence of the
failure load for the case of notched metallic specimens
under tensile testing. Nonetheless, the DQFM
approach also presents disadvantages: for instance,
the use of a non-local energy condition for failure
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renders it noticeably more complex to implement than
its stress counterpart.

Given that there is still room for improvement in
what concerns to dynamic failure criteria and provided
the good reliability already showcased by the as-now
FFM approach, the present study will address its
extension to dynamic loading conditions, resulting in
the novel Dynamic FFM (DFFM). It should be
highlighted that the present work is limited to
investigating the dependence of failure onset with
the loading rate, being the study of dynamic crack
propagation out of scope. Therefore, the term dynamic
here does only refer to the rapid nature of the exerted
solicitations.

The study is onwards structured in Þve sections.
Section 2 is devoted to the determination of certain
general requirements to be fulÞlled by dynamic
fracture criteria. With those in mind, the DFFM
proposal is presented in Sect. 3. Then, the most
relevant existent dynamic failure criteria are collected
and analyzed in Sect. 4. The particularization of
DFFM for two case studies, namely the Semi-Circular
Bend (SCB) and the Brazilian Disk (BD) tests, is
developed in Sect. 5 along with the comparison with
results from suitable dynamic experiments on Lau-
rentian granite (Wu et al. 2015; Yao et al. 2019a, b).
Note that the considered geometries are commonly
investigated in static setups (Torabi et al. 2017;
Doitrand and Sapora 2020; Ghouli et al. 2021;
SangseÞdi et al. 2021). Finally, the conclusions of
the study and the outlooks for future developments are
given in Sect. 6.

2 Requirements for a proper dynamic failure
criterion

Let us consider here the generic dynamic loading
scenario presented schematically in Fig. 1a: a struc-
tural domain X, Þlled with a homogeneous, isotropic,
brittle, and linear elastic material, that is subjected to a
given external loading RdynðtÞ and to certain boundary
conditions. In addition, it is imposed that RdynðtÞ

�� �� is
null for t � 0 and nonzero for t [ 0. In such a case, a
dynamic stress Þeld rdynðr; tÞ related to the applied
RdynðtÞ can develop within X. Moreover, this stress
Þeld is such that fracture-like failure initiation is
expected to take place within a ÔÔstationaryÕÕ localized

region represented by C, e.g. a pre-existing stress
raiser, and a subsequent crack in the prospective
failure plane may be described by a characteristic
length D. The Dynamic Energy Release Rate magni-
tude Gdyn Dð Þ, also related to Rdyn tð Þ, can thus be
introduced. Noteworthy, the variation of kinetic
energy upon crack propagation is inherently consid-
ered within the deÞnition of GdynðDÞ (see Freund
1990).

If the external loading presents a slow enough
variation over time, i.e. _Rdyn ! 0, the above deÞned
dynamic problem would tend to the particular case of a
quasi-static loading scenario, thus implying the Þrst
(and most obvious) requirement for a proper dynamic
criterion: it should also be applicable to quasi-static
loading scenarios. As a result, all the requirements
already determined in the literature for static failure
criteria should also apply to dynamic ones.

A second requirement arises from the law of
conservation of momentum: let us consider, for
instance, the domain X in Fig. 1b. It consists of two
rigid subdomains X1 and X2, each one with non-zero
mass and in contact through a generic interface (oIX),
so that no tensile force interaction can be exerted
through it. Furthermore, X1 is Þxed, whereas X2 is
subjected to the external dynamic load Rdyn tð Þ.
Therefore, X can be supposed to fail should X1 and
X2 cease to be in contact. Likewise, since no tensile
force is transmitted through oIX, the equivalent
strength of X is null.

The subdomain X2 should necessarily change its
velocity for failure (separation) to take place. And
having both subdomains non-zero masses, a change in
velocity can only occur when Rdyn tð Þ, regardless of its
maximum value, generates a non-zero impulse. This
proves that for a generic dynamic scenario, any proper
failure criterion should be written in terms of impulses
instead of forces (or stresses). In this sense, the
maximum stress criterion was proven to violate the
law of conservation of momentum for short pulses of
large amplitude in Petrov et al. (2003).

As a result, the introduction of the impulse among
the magnitudes for dynamic failure criterion assess-
ment makes it of non-instantaneous nature. Remark-
ably, this means that there exists some symmetry
between temporal and spatial coordinates: whenever
the gradient in the stress Þeld of a domain is non-zero
with respect to spatial and/or temporal coordinates,
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non-local and/or non-instantaneous failure criteria are
needed. Furthermore, the necessity of a non-instanta-
neous failure criterion is fully supported by the
experimental Þndings from Homma et al. (1983),
where it was observed that crack propagation takes
place after the instantaneous peak load for short pulse
loadings.

Finally, the last requirement to be herein addressed
refers to the fulÞlment of the conditions on which
every failure criterion is based. From a static mindset,
their common interpretation is that failure takes place
at the minimum load fulÞlling the respective condi-
tion. However, when considering a generic dynamic
loading, this reading should be tempered: material
damage is mostly an irreversible phenomenon, thus
implying that failure should take place at the Þrst
instant — lowest time elapsed from the start of the

loading — in which the criterion is fulÞlled. This does
not necessarily imply the minimization of the external
load at the instant of failure. Nonetheless, these two
considerations are equivalent when the external load-
ing Rdyn tð Þ is monotonically increasing with time,
which is an undercover assumption for all quasi-static
setups.

To sum up, the three basic speciÞc requirements to
be fulÞlled by any proper dynamic failure criterion
are:

(1) It should be applicable for quasi-static
scenarios.

(2) It should be deÞned in terms of impulses instead
of forces or stresses, thus rendering the formu-
lation non-instantaneous.

(a)

(b)

Fig. 1 Schematic
representation of: a a
generic structural domain
under dynamic load
conditions, and b the
domain used for the proof of
the second requirement for a
dynamic failure criterion
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(3) The minimization problem through which fail-
ure is determined should be expressed in terms
of time to fracture.

3 Dynamic Finite Fracture Mechanics

In order to account for the requirements shortlisted in
the previous section, modiÞcations of the well-estab-
lished FFM failure criterion are needed for its
extension to dynamic scenarios. For the sake of
conciseness, the extension will only concern the
average stress version of FFM introduced by Cornetti
et al. (2006). Subsequently, the herein proposed
mathematical deÞnition of the DFFM coupled crite-
rion is shown in Eqs. (1), where it is further assumed,
with respect to Sect. 2, that there exists an explicit
one-to-one relation between Rdyn tð Þ and both rdyn and
Gdyn from which it arises all their temporal depen-
dence.

In Eqs. (1), the subindex ÔÔdynÕÕ emphasizes the
dynamic nature of the magnitudes, T stands for the set
of instants for which both necessary failure conditions,
namely Eqs. (1b) and (1c), are met; rc and Gc are,
respectively, the static material strength and fracture
energy; A Dð Þ represents the area of a crack whose
characteristic length is D lying in the prospective
failure plane, whereas D0 and t0 are dummy integration
variables. Likewise, the averaged external solicitation
RdynðtÞ deÞned in Eq. (1d) represents, at each instant t,
a constant-in-time load generating an impulse equal to
that of Rdyn tð Þ during a period of length s preceding
that instant. Mathematically, s can be seen as the
minimum time that an external solicitation — constant
in time and equal to the failure load of the specimen —
must be applied to have crack-like failure.
Phenomenologically, s should be regarded as the
minimum time required for the microcracks to

coalesce into a single and most energetically conve-
nient macrocrack, and thus will be hereafter called
ÔÔcoalescence periodÕÕ. However, the DFFM formula-
tion does not interpret s as a lower bound for the time
elapsed from the start of the loading to the instant of
failure. Indeed, this interval can still span shorter than
s, but in said case failure would be expected to not
manifest as a single macrocrack, but instead as either
multiple cracks or diffused damage developed within
the highest tensioned region. Lastly, the failure state is
represented by the triad of magnitudes tf ; Rf ; Df

� �

that respectively stand for time to failure initiation,
(dynamic) failure initiation load and characteristic
failure initiation length. As for being the present work
only concerned with the study of failure onset, the
term ÔÔinitiationÕÕ will be omitted onwards when
referring to said magnitudes.

Clearly, the variable subjected to the conditioned
minimization in the DFFM approach is time t, thus

straightforwardly complying with the third require-
ment set in Sect. 2. Nonetheless, as previously stated,
DFFMÕs minimization over time corresponds to that
over the external solicitation R used for FFM under
quasi-static assumptions, i.e. when the external solic-
itation is monotonically ÔÔincreasingÕÕ with time.
Furthermore, the equivalence between DFFM and
FFM for the quasi-static scenario is also showcased in
the conditions for failure, i.e. Eqs. (1b) and (1c), both
formulations coinciding when _R ! 0. This means that
Eqs. (1) also comply with the Þrst requirement from
Sect. 2.

Finally, the replacement of the instantaneous load
RdynðtÞ with the impulse-based magnitude RdynðtÞ in
Eq. (1b) allows for complying with the second
requirement, turning the FFMÕs force condition into
the DFFMÕs impulse balance. Likewise, the DFFMÕs
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energy requirement in Eq. (1c) can be interpreted as
follows: macroscopic failure results from the coales-
cence of microcracks, a cumulative energy-releasing
process that develops in a Þnite time interval, and so,
under varying-in-time instantaneous values of the
stress and strain Þelds. Accordingly, the DFFMÕs
energy condition is computed through RdynðtÞ as to
catch the effective energy release arising from this
coalesce process, in turn assumed to span across a time
interval equal to min s; tf

� �
. It should be noted that the

energy condition shown in Eq. (1c) does not rely on
the time integration of the energy release, but instead
on the estimation of an effective energy release
measure out of the value Rdyn tð Þ, which in turn is
computed through the integral over time of Rdyn tð Þ
[see Eq. (1d)].

Clearly, the expression in Eqs. (1) can be compactly
written as in Eqs. (2) should the respective FFM
solution for the quasi-static failure load Rst;f be known
for the analyzed structural system. The coalescence
period thus represents the sole property driving the
dynamic dependence of failure according to DFFM.
Hereafter, it will be assumed that s only depends on
the material, although further experimental studies are
required to reach any bold statement in this sense.

tf … min t 2 Tð Þ; Rf … Rdyn tf
� �

; ð2aÞ

where T :…
1
s

Z t

t�s
Rdyn t0ð Þ dt0 � Rst; f

� �
: ð2bÞ

To summarize, the proposed DFFM approach is
based upon considering failure initiation as not being
an instantaneous process, but one that spans over a
Þnite time interval, thus aligning well with the
existence of an upper bound for the crack propagation
velocity (see Freund 1990). On the other hand, this
limitation does not Þt well with the conventional FFM
approach, where the crack initiation process is
assumed instantaneous. Even so, Laschuetza and
Seelig (2021) proved that FFMÕs failure load predic-
tions remain reasonably accurate under quasi-static
setups in comparison with numerical CZM results that
accounted for inertial effects at a local level. In any
case, unleashing the FFM approach from this hypoth-
esis towards rendering it a more complete approach
suitable for application to dynamic loading regimes
motivated the recent work by Doitrand et al. (2022).
Therein, the focus was put on the effect that different

crack velocity proÞles — and the associated kinetic
energy — have on failure initiation. Likewise, some
dynamic effects on failure under both quasi-static and
dynamic loadings were addressed. Nonetheless,
besides the differences in the scope of each, the
approach by Doitrand et al. (2022) is substantially
different from DFFM: the former considers failure
initiation as a crack propagation event stemming from
a stress raiser, whereas the latter assumes it to take
place through the energetically convenient coales-
cence of microcracks.

4 Pre-existing dynamic failure criteria

The main existent failure criteria applicable to the
dynamic loading scenarios at hand are now described
and put up against the novel DFFM approach proposed
in Sect. 3.

The simplest dynamic failure criterion falls under
the ÔÔClassical dynamics approachÕÕ denomination (see
Petrov et al. 2003), and it represents the direct dynamic
extension of either the Maximum Stress failure
criterion or Linear Elastic Fracture Mechanics for
non-singular and singular geometries, respectively. Its
implementation is based upon comparing, instanta-
neously and locally, either a relevant component of the
stress Þeld or the stress intensity factor with the
respective critical values as shown in Eq. (3). In turn,
these thresholds present an explicit dependence on the
loading (or deformation) rate, being further assumed
that the strength and toughness functions are only
material dependent and directly derived from
experiments.

rdyn; KI;dyn
� �

tf
� �

… rc;dyn; KIc;dyn
� � _Rdyn

� �
: ð3Þ

Notice that the implementation of Eq. (3) Þrst
requires to differentiate whether the geometry is
singular or not, thus breaching the statement that a
proper failure criterion should be straightforwardly
applicable to any geometry. In addition, because of its
instantaneous and local nature, the criterion is not able
to catch neither the post-peak failure observed exper-
imentally in Homma et al. (1983) nor the size-effect of
failure in non-singular geometries (see, e.g. Chao
Correas et al. 2021). Of course, the largest source of
difÞculty in applying Eq. (3) arises from the determi-
nation of the material functions that determine the
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strength and toughness dependence on the loading
rate.

On the basis of the approach described by Eq. (3)
for capturing the rate dependence of failure, a DTCD
set of failure criteria was proposed in Yin et al. (2015)
and Alanazi and Susmel (2022). The Line Method
version is shown in Eqs. (4), where the rate depen-
dence is solely captured by the variation of both rc;dyn

and KIc;dyn (and consequently, of the characteristic
length L) with the loading rate.

1
Lð _RdynÞ

Z L _Rdynð Þ

0
rdyn r; tf

� �
dr … rc;dyn _Rdyn

� �
; ð4aÞ

L _Rdyn
� �

…
2
p

KIc;dyn _Rdyn
� �

rc;dyn _Rdyn
� �

" #2

: ð4bÞ

Differently from the classical approach, the DTCD
criterion presents a non-local deÞnition in terms of
stress components, which allows for its use in both
notched and unnotched geometries, plus being able to
catch the size-effect of failure. Nonetheless, this
approach is still instantaneous, it requires the obten-
tion of the strength and toughness rate dependency
functions, and it inherits the main limitation of TCD,
i.e. the use of a material characteristic length (now
dependent on _Rdyn through the dynamic strength and
toughness) to account for the non-locality. Its imple-
mentation for specimens whose size approaches
L _Rdyn
� �

is thus precluded (see Cornetti et al. 2006).
A radically different method was proposed in

Morozov and Petrov (1990) and Petrov and Morozov
(1994) with the foundation of the so-called IT failure
criterion described in Eqs. (5). Based on the Neuber—
Novozhilov force criterion, they considered that the
dynamic dependence of the problem is governed by an
extra material property s, referred to as incubation
time and of simple empirical identiÞcation. Note that
this latter magnitude is analogous to the coalescence
period used in the present DFFM proposal (see
Sect. 3). Accordingly, the IT criterion assumes that
the dynamic dependence of failure arises from the
temporal inhomogeneity of the stress Þeld, in like
manner the spatial stress concentration manifests in
the failure size-effect. In this sense, the IT approach
relies on the material static strength rc.

1
s

Z tf

tf �s

1
d

Z d

0
rdyn r; tð Þdr dt … rc; ð5aÞ

d …
2
p

KIc

rc

	 
2

: ð5bÞ

The approach in Eqs. (5) describes a non-local and
non-instantaneous dynamic failure condition, written
in terms of impulses, which does not require empirical
rate-dependence functions, although at the cost of
adding one extra material property. Indeed, the main
drawback of the criterion is that it still relies on a
constant characteristic length d (Eq. (5b)), which
reduces its applicability similarly to the DTCD
formulation, viz. precluding its use for small-size
specimens.

On the other hand, the implementation of energy-
based conditions for dynamic failure criteria is
limited. One of the few proposals in this direction
was undertaken in Pugno (2006) with the so-called
DQFM, deÞned as:

1
Dt

Z tf

tf �Dt

1
Da

Z Da

0
Gdyn a; tð Þda dt … GIc; ð6Þ

where Da and Dt were regarded as space and time
quanta, respectively.

The parallelism existent between Eqs. (5a) and (6)
is clear, although the integration over time of the
energy release does not result in a physically sound
formulation. Despite this, DQFM agrees with the IT
criterion in different aspects, such as the introduction
of non-local and non-instantaneous dynamic condi-
tions for failure based on the use of Þxed spatiotem-
poral magnitudes (Da � Dt and d � s), and the
assumption that static strength/toughness measures
still hold for failure initiation under dynamic loading.

To summarize, it is clear that DFFM shares many
common features with static and dynamic failure
criteria from the literature. Just as Cornetti et al.
(2006) coupled the Neuber—Novozhilov force crite-
rion with the energy release balance to develop the
averaged-stress version of FFM, its dynamic extension
— DFFM — is based on coupling a proper energetic
balance [see Eq. (1c)] to an impulse-based condition
similar to that of the IT criterion in Eq. (5a). Equiv-
alently to what happens in the static case, the coupling
of failure conditions allows to deÞne the characteristic
length used for the non-locality assessment inherently
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within the formulation. Therefore, the increase in
complexity of the DFFM formulation is a tradeoff for
the enlarged applicability of the method, in turn
allowing to sort out the main limitation of the IT
criterion while being constructed upon the same
foundations, thus being able to mimic its efÞcacy in
a wider range of scenarios.

5 DFFM implementation and validation

In order to prove the soundness of the present DFFM
approach, its predictions will be compared against the
results from dynamic tests available in the literature.
In particular, three kinds of stress distributions,
namely constant, stress concentration (non-singular
Þeld) and stress intensiÞcation (singular Þeld) are
considered through different specimen geometries
(Wu et al. 2015; Yao et al. 2019a, b).

All these experimental results refer to the same
material: Laurentian granite, a Þne-grained rock that
allows using rather small specimens still under the
homogeneity assumption. At the same time, it presents
quasi-brittle fracture and its behavior can be modelled
as linear elastic up to failure (see Iqbal and Mohanty
2006; Chen et al. 2009). Nonetheless, being multi-
granular and natural, variability is expected in the
mechanical properties, especially in the fracture
energy/toughness (Nasseri and Mohanty 2008). In
this regard, the determination of the material proper-
ties required for the comparison with each set of
experiments will be justiÞed in Sect. 5.3.

The dynamic loading conditions for all the consid-
ered sets of experiments were imposed by a modiÞed
Split-Hopkinson Bar system, which, through the use of
the pulse shaping technique, produced loading proÞles
showcasing an almost constant rate (Frew et al. 2002).
This detail results essential for guaranteeing the
representativeness of the results, since the loading
rate _P is, alongside the failure load Pf and the time to
failure tf , a magnitude through which the comparison
is performed. Mathematically, the exerted load can be
accurately modelled by the ramp load:

Rdyn tð Þ … P tð Þ … 0 if t\0;
_Pt if t � 0:

�
ð7Þ

Additionally, dynamic equilibrium conditions take
place in the specimen for the given testing setup (Frew

et al. 2002). This means that the inertial effects are
diminished and that static expressions relating the
external solicitation R … P to both the stress Þeld r
and the stress intensity factor KI still hold for such
dynamic solicitations Rdyn tð Þ … PðtÞ, as respectively
demonstrated in Dai et al. (2008, 2010). Clearly, this
simpliÞes the analytical treatment of the dynamic
failure through the DFFM approach, since these
expressions are easily achievable from the literature
or by Finite Element Analyses (FEAs). It shall be
noted that, for dynamic loading conditions and non-
propagating cracks, IrwinÕs relation remains as in the
static case (Freund 1990), i.e. Gdyn … K2

I;dyn=E0

(E0 … E for plane stress and E0 … E= 1 � m2ð Þ for plane
strain, E being the YoungÕs Modulus and m the
PoissonÕs ratio). Thus, the energetic balance in
Eq. (1c) can also be written in terms of the dynamic
stress intensity factor KI;dyn and the fracture toughness
KIc.

Hereafter, the following subsections will include
the proper particularization of the DFFM approach for
two different geometries: the SCB and the BD tests,
schematically depicted in Fig. 2a and b, respectively.
For the former, both Notched (NSCB, a0 [ 0, a0 being
the initial length of the sharp notch) and Unnotched
(USCB, a0 … 0) conÞgurations will be considered.
Then, after careful determination of the material
properties, the DFFMÕs predictions will be compared
against experimental results.

5.1 SCB geometry

The SCB test is a widespread setup for testing the
bending strength of rocks given that specimens can be
directly obtained from the cylindrical cores drilled
from the mother rock. As seen in Fig. 2a, the
geometrical setup of the test is completely deÞned
by four parameters: three describing the specimen
shape, i.e. its radius R, its out-of-plane thickness B and
the length of the initial sharp notch a0; plus the
semidistance between rollers S that deÞnes the
boundary conditions. The loading is applied along
the midline of the top curved surface through a ßat or
slightly concave Þxture (see Fig. 2a).

For the described setup, expressions for both the
stress intensity factor KI and the crack opening stress
component rxx can be respectively deÞned as in
Eqs. (8) and (9), where FP and sxx are polynomial

123

156 A. Chao Correas et al.



shape functions derived numerically from FEAs. Of
course, they must be computed for each particular
geometry under investigation. Furthermore, note that
the stress singularity in the case of a0 [ 0 (NSCB) is

captured by the asymptotic term
������������
a0=2r

p
FP a0ð Þ,

which vanishes when a0 … 0 (USCB). Additionally,
for the NSCB geometry it is ensured that sxx 0ð Þ … 0.

KI a0 þ að Þ …
P

BR
�������������������
p a0 þ að Þ

p
FP a0 þ að Þ; ð8Þ

rxx rð Þ …
P

BR

�����
a0

2r

r
FP a0ð Þ þ sxx rð Þ

� 

…

P
BR

Sxx rð Þ:

ð9Þ

For a monotonically increasing loading proÞle P tð Þ,
the particularization of the DFFM proposal deÞned in
Eqs. (1) results in the system of two nonlinear
equations shown in Eqs. (10) as for being the SCB a
positive geometry, where tf and Df represent the
unknowns. Noteworthy, per the simpliÞcations arising

from the dynamic equilibrium conditions, the spatial
and temporal problems are uncoupled (and so are their
integrals) allowing to perform the variable separation
upon system resolution.

Finally, by making use of the ramp loading proÞle
PðtÞ deÞned in Eq. (7), the system of equations
governing the DFFM predictions for the failure load
Pf … _Ptf is obtained. Per the piecewise deÞnition of
P tð Þ, two scenarios can be met, either the time to
fracture tf being larger (Regime I) or smaller (Regime
II) than s. For the former case, which takes place for
low loading rates and whose expression is given in
Eqs. (11), the failure load is equal to the static solution
plus the linear term _Ps=2. Therefore, the failure load
Pf increases linearly with the loading rate _P, whilst the
time to fracture tf reduces.

(a) (b)

Fig. 2 Schematic
representation of the a SCB
and b BD specimens
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As _P keeps increasing, the failure time yielded by
Eqs. (10) eventually reaches the threshold s, thus
deÞning a threshold value for the loading rate _P� that
governs the transition from Regime I to Regime II.
The latter failure scenario then takes place at high
loading rates and its corresponding mathematical
expression is given in Eqs. (12). Differently from
Regime I, now the dependence of the failure loading
with the loading rate is square root-like. Furthermore,
both the continuity and smoothness of the failure
curves are inherently ensured at the transition point
between regimes, i.e. when tf … s

Further analysis of Eqs. (11) and (12) allows stating
that, regardless of the failure regime, the characteristic
length Df results from the solution of Eq. (13).

lch

Z Df

0
Sxx rð Þdr

� 
2

… pDf

Z Df

0
a0 þ að ÞF2

P a0 þ að Þda:

ð13Þ

Thus, for a given geometry (i.e. Sxx and FP Þxed),
Df only depends on IrwinÕs length, deÞned as
lch … KIc=rcð Þ2. This hugely simpliÞes the establish-
ment of the rate dependence curves of failure. Indeed,
for both failure regimes, the solution for Df can be
directly obtained from Eq. (13) and then inserted into
one of the equations of the respective system

(Eqs. (11) and (12)) to yield the failure load at the
given loading rate.

Equations (11) and (12) present the drawback of
having tf as an output of the problem: thus, one can
only know the regime of failure the case under
investigation falls within a posteriori. However, this
difÞculty can be easily overcome by the correspon-
dence in Eq. (14).

tf 7 s () _P?
2Pst;f

s
; ð14Þ

where Pst;f represents the static failure load yielded by
the average stress version of FFM. Likewise, the
rightest term represents the loading rate threshold _P�.

Thereby, once the static failure load Pst;f is
determined, Eq. (14) can be used to determine the
failure regime a priori. The introduction of Pst;f in
Eqs. (11) and (12) enables considerable simpliÞcation
of the expressions for the dynamic dependence of the
failure load Pf , resulting in Eqs. (15). Additionally,
these equations only depend on the loading proÞle PðtÞ
and are thus independent of the geometry under
investigation. Likewise, Eqs. (15) also show that Df is
independent from the loading rate _P.
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5.2 BD geometry

Although the SCB test generates failure within a
tensile region, the non-constant stress proÞle pre-
cludes directly determining the tensile strength out of
just its results. For this reason, the constant tensile
stress distribution in the failure region characteristic of
the BD test makes it suitable for characterizing such a
property. The specimen shape can be described by two
parameters: the radius R and the out-of-plane thick-
ness B (Fig. 2b).

The expression given in Eq. (16) for the crack
opening stress component in the BD test keeps valid
along the specimen midplane and far enough from the
contact points. Being the stress constant, the DFFMÕs
energy balance does not play any role here, thus
simplifying the DFFM particularization. As a result,
the expression of the respective stress intensity factor
is not required.

rxx …
P

BR
1
p

	 

: ð16Þ

Consequently, the particularization of DFFM for
the BD test is only governed by the impulse balance
from Eq. (1b), which for a monotonically increasing
load proÞle P tð Þ particularizes to a single equation
with tf as the single unknown:

1
pBR

1
s

Z tf

tf �s
P tð Þdt

 !

… rc: ð17Þ

Finally, by introducing the ramp loading proÞle
described in Eq. (7) into Eq. (17), the failure curves
for both failure regimes are respectively obtained as:

_P �
2rcBRp

s
: Pf … rcBRp þ

_Ps
2

; ð18Þ

_P �
2rcBRp

s
: Pf …

�������������
rcBRp

p ��������
2 _Ps

p
: ð19Þ

It is clearly seen in Eqs. (18) and (19) that despite
the existent differences with respect to the previous
experimental setup, the overall behavior of both
failure regimes is still governed by the expression in
Eqs. (15): Regime I is characterized by the static
solution plus the linear term _Ps=2, whilst Regime II
presents a square root dependence with the product
2 _Ps.

5.3 Material characterization and comparison
with experiments

In order to compare now the DFFM predictions with
the experimental results on Laurentian granite, three
material properties are required: the strength rc, the
fracture toughness KIc, and the coalescence period s.
In this regard, the use of common experimental
techniques and material in the dynamic failure exper-
iments on NSCB (Yao et al. 2019b), USCB (Yao et al.
2019a) and BD (Wu et al. 2015) specimens allows for
extrapolating certain conclusions from one set of

Table 1 References, specimen characteristics and material properties used for the comparison of DFFM predictions with
experiments

References Specimen geometry Dimensions mmð Þ Material properties

B R 2S a0 rc MPað Þ KIc MPa
����
m

p
ð Þ s lsð Þ

Yao et al. (2019b) NSCB 25 25 27.5 5 12.8 3.2 69.0
Yao et al. (2019a) USCB 25 25 27.5 — 12.8 2.9 69.0
Wu et al. (2015) BD 16 20 — — 12.8 — 69.0
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results to another. The geometrical characteristics of
the samples are reported in Table 1. Likewise, being
all the specimens under consideration positive geome-
tries, i.e. oG=oa [ 0, crack onset takes place at the
maximum load withstood by the sample, which then
undergoes complete failure.

Thereby, since all the experimental comparisons
here undertaken refer to the same material, DFFM
would ideally correlate the empirical data with
identical or at least very similar values for the
properties. Nonetheless, the multigranular, heteroge-
neous and relatively anisotropic internal structure of
rocks such as Laurentian granite complicates the
energy-releasing mechanism upon failure (see Nasseri
and Mohanty 2008). This is evident from the variabil-
ity in the effective fracture toughness measured by
different experiments.

In the present study, the effective value of KIc has
thus been independently estimated for each specimen
type on the basis that the DFFMÕs static failure load
prediction has to match the results yielded by the
respective static experiments. However, this choice
was not possible for the experimental data set on
NSCB tests (Yao et al. 2019b), since no quasi-static
tests were therein performed: just for that case, KIc was
regarded as a best Þtting parameter (i.e. its value
maximizes the correlation of DFFM predictions with
the dynamic empirical data). It should be noted that,
once rc and s are Þxed, a variation in KIc results into
the vertical shift of the predicted failure curves, with
just small changes to their shape. This means that the

interference of the Þtting procedure in the represen-
tativeness of the comparison results is very limited.
The proper calibration of KIc for the considered
experimental comparisons yields the toughness values
shown in Table 1.

On the other hand, due to the concept of tensile
strength not being dictated by the energy-releasing
mechanism, but instead by the weakest set of the
(umpteen) interfaces within the domain, rc may be
considered statistically constant for a given material.
Thereby, per the constant stress conditions along the
failure surface in the BD test, rc can be straightfor-
wardly derived from the failure load Pf obtained in the
static performance of such a test through Eq. (18).
Experimental results reported in Iqbal and Mohanty
(2006) yield the strength value rc … 12:8MPa (see
Table 1).

Concurrently, for the proper determination of the
coalescence period, its physical meaning must be
recalled: s is regarded as the minimum time required
for the microcracks lying in the highest loaded region
to coalesce into the single macrocrack that releases the
most energy. Thereby, its value can only be properly
determined from the experimental results in which
specimen failure occurs as a fracture-like phe-
nomenon, i.e. along the most energetically convenient
surface. For that to happen, either the utmost stressed
region within the specimen is highly localized along a
surface, e.g. in a singular specimen, so that the
microcracks suitable for coalescence are limited to a
shallow region; or the loading rate is low enough to

(a) (b)

(c) (d)

Fig. 3 Schematic
representation of the failure
patterns of: a USCB with
tf … 64:17ls, b USCB with
tf … 40:02ls, c USCB with
tf … 31:74ls, and d NSCB
with tf … 46:23ls. Artwork
approximately to scale with
respect to Þgures reported in
Yao et al. (2019a) for
USCBs and Yao et al.
(2019b) for NSCBs
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yield a time to fracture larger than s. Post-mortem
analyses on the failure patterns of USCB and NSCB
specimens respectively reported in Yao et al.
(2019a, b) and schematized in Fig. 3 support this
reasoning. By Þtting the proper experimental values,
the resultant value for s used for all the subsequently
shown comparisons is given in Table 1.

Once the material properties for Laurentian granite
have been derived, the attention can be shifted towards
analyzing the correlation of the DFFM failure load
predictions with the experimental results for varying
loading rates. These comparisons are shown in
Fig. 4a—c for the dynamic tests performed on NSCB
(Yao et al. 2019b), USCB (Yao et al. 2019a) and BD

(a) (b)

(c) (d)

Fig. 4 Comparison of the DFFM predictions with experimental
results in terms of failure load vs loading rate for a NSCB
specimens (Yao et al. 2019b), b USCB specimens (Yao et al.

2019a), c BD specimens (Wu et al. 2015), and d in terms of
strengthening ratio vs. time to fracture for the three considered
geometries

123

Finite Fracture Mechanics extension to dynamic loading scenarios 161



(Wu et al. 2015) specimens. As per the starting
hypotheses upon which the DFFM approach was
developed, only the experimental data respective to
tests where there is no combination of static and
dynamic loadings are considered. Out of these plots, it
results evident that for all the three considered
experimental setups, DFFM can properly capture the
failure behavior within the Regime I, i.e. when tf [ s.
Furthermore, the linear trend of the failure load with
the loading rate is clearly showcased in all three
experimental sets, thus conÞrming the representative-
ness of DFFM approach under said dynamic failure
regime.

In contrast, the agreement of the DFFM approach
with the experimental data within Regime II (tf \s)
depends on the specimen geometry: it is almost perfect
for NSCB tests, whereas there is an overestimation of
the failure load for both the USCB and BD tests. Even
so, this latter discrepancy, which gradually increases
with the loading rate, does not exceed 20% for the
considered range of loading rates. The explanation for
such a difference can be found in the dependence of
the failure patterns on the loading rate reported in the
respective references (see, e.g. the schematic repre-
sentations in Fig. 3). Therein, it was shown that NSCB
specimens maintained a fracture-like failure within
Regime II, whereas both USCB and BD developed
damage-like failure in which the width of the failure
initiation region increased with the loading rate.
Thereby, for the failure of non-singular specimens
under Regime II, there happens an effective increase
of energy released per unit of length D as _P grows, thus
increasingly affecting the accuracy of the energy
balance used for the DFFM approach. Indeed, properly
capturing the gradual increase of the energy release
per unit of length with _P would yield decreasing values
for the failure load, thus agreeing better with the
experimental results. Consequently, the DFFM over-
estimation of experimental results can be imputable to
the invalidation of the starting hypothesis that enforces
failure to occur as fracture-like, which in turn arises
from the complex energy-releasing mechanism char-
acteristic of rock materials. It shall be noted that
previous studies implementing the FFM approach for
rock specimens also found difÞculties in determining
the fracture toughness so that a proper correlation with
the experimental results was obtained, e.g. Leguillon
et al. (2007) and Sapora et al. (2022).

Lastly, the effect that the loading rate has on the
failure load of all the considered tests is analyzed
jointly in Fig. 4d, where the apparent strengthening
ratio Pf _P

� �
=Pst;f is opposed to the time to fracture

(normalized by the coalescence period). Clearly, as tf
increases (and so, _P decreases) the failure load tends to
its quasistatic solution, i.e. Pf ðtf ! 1Þ=Pst;f … 1.
According to Eqs. (15), the DFFM approach yields
that the coalescence period is the only parameter
governing the dynamic dependence of failure for the
studied setups. Therefore, since the same value for s is
used in all three considered scenarios, DFFM predic-
tion curves are identical for the three cases and in both
failure regimes, i.e. tf [ s and tf \s. Noteworthy, the
diffusive damage showcased by both USCB and BD
geometries for failure under Regime II affects both in
an analogous fashion.

To conclude, and despite the good predictive
capability showcased by the herein proposed DFFM
approach, it results natural to wonder how good the
rest of theories mentioned in Sect. 4 would perform
against these experimental results. Remarkably, IT
failure criterion and DFFM yield the exact same
prediction for the BD case. For the SCBs instead, the
properties in Table 1 would lead to computing the ITÕs
stress integral over a distance d larger than the
specimen itself, thus encountering its main limitation
and invalidating the resulting predictions. In what
concerns to both the ÔÔClassical dynamics approachÕÕ
and the DTCD, the arbitrariness in deÞning the
strength and toughness dependence with the loading
rate renders questionable its implementation. Lastly,
the mathematical expressions resulting from the
implementation of the DQFM were found to be
consistent only for certain combinations of specimen
geometry and material: otherwise DQFM delivers
complex values for the failure load. Likewise,
DQFMÕs space quantum Da is often taken equal to d
from Eq. (5b) when macroscopic structures are stud-
ied: thereby the validity of its predictions suffers the
same drawback than ITÕs ones should the properties in
Table 1 be used.

6 Conclusions and future developments

The novel DFFM approach introduced in the present
work is the extension of the well-established FFM
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static framework to dynamic loading conditions.
Based upon considering the failure initiation phe-
nomenon as a process that spans over a material-
dependent Þnite time interval, the FFM stress and
energy conditions are modiÞed to comply with the
general requisites for dynamic criteria. The resultant
coupling of the two non-local and non-instantaneous
conditions allows a structure—criterion interplay, ren-
dering the DFFM approach more physically sound
than existent dynamic failure criteria, such as the
DTCD, IT or DQFM approaches.

The accuracy of the proposed DFFM approach was
assessed through the comparison of its failure predic-
tions against experimental results on rocks coming
from three different references. These studies were
selected since referring to the same experimental
technique and material. Additionally, the considered
setups allowed to examine the DFFM approach in
three different stress distributions: constant proÞles,
non-singular stress concentrations and singular stress
intensiÞcations. The failure predictions yielded by
DFFM show overall good agreement with the consid-
ered experimental data. Out of its implementation and
the correlation with the dynamic empirical results,
different conclusions can be drawn:

� The DFFM approach predicts the existence of two
differentiated dynamic failure initiation regimes
depending on whether the time to failure is larger
or smaller than a characteristic time interval (the
coalescence period). This is consistent with the
Þndings of dynamic experiments on rocks: for low
loading rates (large time to fracture) failure
initiates as a single crack, while for high loading
rates (small time to fracture) the failure onset
region diffuses, and multiple cracks dissipate
energy.

� For the cases where the time to fracture is larger
than the coalescence period, DFFM is able to
perfectly catch the dynamic dependence of the
failure load for the three considered geometries.
Noteworthy, the trend of the failure load versus the
loading rate is linear in this regime.

� At higher loading rates, i.e. time to fracture lower
than the coalescence period, the material is not
allowed to coalesce the most unfavorable micro-
cracks into a single macrocrack upon failure
triggering, resulting in two subcases: for

geometries with highly localized stress raisers,
failure initiation can still be modelled as fracture-
like and thus DFFM remains accurate; for plain
geometries instead, more complex energy-releas-
ing mechanism come into play, turning the crack
onset into a damage-like phenomenon and affect-
ing the accuracy of the DFFM approach.

� The joint analysis of all the considered experi-
mental data infers that the coalescence period does
not present a strong dependence on the specimen
geometry or the pre-propagation stress distribu-
tion, and the differences found in the behavior of
notched and unnotched samples could be explained
in terms of differences in the actual energy-release
mechanisms taking place. These Þndings support
the hypothesis of the coalesce period being solely
dependent on the material at least for self-similar
loading cases.

Despite the good predictive capabilities showcased
by the herein proposed DFFM approach, some issues
still remain open and require further study. For
instance, the formulation is not yet mature enough to
properly handle the interaction between static pre-
stressing and dynamic loads, being now only applica-
ble to either quasi-static or purely dynamic scenarios.
Likewise, the coalescence period should be further
characterized for different materials, loading proÞles
and specimen geometries, towards providing a more
complete view on its dependency with the character-
istics of the setup.

In this regard, the generalization of the DFFMÕs
conditions for failure should also be addressed so that
they still hold in cases where the explicit functions
rdyn r; RdynðtÞ

� �
and Gdyn D; RdynðtÞ

� �
do not exist. For

the stress condition, this can be accomplished by
replacing Eq. (1b) with the IT condition in Eq. (5a)
and substituting the integration over d by that over
A Dð Þ [see Eq. (20b)]. On the other hand, the equiv-
alent dynamic energy release rate upon which the
energy condition in Eq. (1c) is based can be deter-
mined (through IrwinÕs relation) from the temporal
averaging of the dynamic stress intensity factor [see
Eq. (20c)]. Clearly, Eqs. (1) are recovered from
Eqs. (20) when rdyn and KI;dyn are proportional to
Rdyn tð Þ:
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