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ANISOTROPIC GLOBAL MICROLOCAL ANALYSIS FOR
TEMPERED DISTRIBUTIONS

LUIGI RODINO AND PATRIK WAHLBERG

ABSTRACT. We study an anisotropic version of the Shubin calculus of pseudodiffer-
ential operators on R?. Anisotropic symbols and Gabor wave front sets are defined
in terms of decay or growth along curves in phase space of power type parametrized
by one positive parameter that distinguishes space and frequency variables. We show
that this gives subcalculi of Shubin’s isotropic calculus, and we show a microlocal as
well as a microelliptic inclusion in the framework. Finally we prove an inclusion for
the anisotropic Gabor wave front set of chirp type oscillatory functions with a real
polynomial phase function.

1. INTRODUCTION

In this paper we study an anisotropic version of Shubin’s calculus of pseudodifferential
operators on R? [26] and a naturally appearing anisotropic Gabor wave front set.

Shubin symbols for pseudodifferential operators satisfy estimates involving 1+ |x|+|¢],
and they are thus isotropic on the phase space (z,¢) € T*R®. In particular they behave
in a way that does not distinguish between 2 € R? and ¢ € R.

Otherwise expressed, the symbols satisfy growth or decay restrictions on straight lines
in phase space of the form Ry 3 X — (\z, X¢) for (z, &) € T*R\ 0. For Shubin operators
there are results concerning global microlocal analysis involving the Gabor wave front
set, introduced by Hormander in [14] and elaborated in several recent works [2,4,5,7,
8,21-23,25,27]. The Gabor wave front set detects the lack of superpolynomial decay
along straight lines in phase space of the short-time Fourier transform of a tempered
distribution. It is global in the sense that it measures smoothness and decay at infinity
of the distribution comprehensively. It is empty exactly when a tempered distribution
is a Schwartz function. )

In this paper we replace the weight 1 + |z| + |£| by 1 + |z| + [£|5 where s > 0. We
introduce Shubin type symbols with anisotropic behaviour, with decay or growth along
power type curves in phase space of the form

(1.1) Ry 3 A= (Az, A%€)

for (z,£) € T*R?\ 0.

The idea of anisotropy in pseudodifferential calculus has been around for a long time,
cf. [16,20], with recent contributions exemplified by [10]. These works treat mainly
anisotropic behavior in the frequency variable ¢ € R? with d parameters, for fixed
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2 L. RODINO AND P. WAHLBERG

z € RY Our idea is to study global anisotropy comprehensively in the phase space
T*R. For simplicity we use only one parameter for the relation between the space and
the frequency variables. Even the idea of anisotropic pseudodifferential calculus on T*R¢
is not new, cf. [3,6,18,20], but as far as we know a systematic microlocal analysis has
not yet been fully developed. The aim of our paper is to contribute to such a calculus
and adapted microlocal analysis.

For s > 0 and m € R we study symbols that are smooth and satisfy estimates of the
form

0200 a(x, &) < (1 + |z| + |¢[5)™ 1181 (2,6) e T'RY, o, € N

This is a generalization of the isotropic Shubin symbols that satisfy the estimates with
s = 1. When s # 1 an anisotropic symbol is still embedded in an isotropic Shubin
symbol space of possibly higher order. These symbol classes were introduced in [20, Def-
inition 3.1], and the corresponding basic calculus is briefly stated there without proofs.
In this paper we provide detailed proofs of the calculus from scratch, and extend the
analysis to an adapted anisotropic Gabor microlocal analysis.

For fixed s > 0 we show that the anisotropic symbols give rise to a subcalculus of the
isotropic Shubin calculus. More precisely the anisotropic symbol classes are independent
of the quantization parameter that admits transfer between Weyl and Kohn—Nirenberg
quantization. They are also stable with respect to operator composition as well as formal
adjoint.

Then we introduce the corresponding notion of anisotropic Gabor wave front set
WFg(u) of a tempered distribution u. This means the complement of curves of the
form (1.1) in a neighborhood of which the short-time Fourier transform decays super-
polynomially. The neighborhoods are s-conic, that is if a point (z, &) € T*R?\ 0 belongs
to the neighborhood then it contains the whole curve (1.1), and so is the anisotropic
Gabor wave front set.

The first main result that we present is the microlocal inclusion

WEF(a”(z, D)u) € WFg(u),

where u is a tempered distribution, a is an isotropic Shubin symbol, and a” (z, D) denotes
the Weyl quantization.
The second main result is the microelliptic inclusion

WE;(u) € WEF;(a"(z, D)u) U charg ,n, (a)

where again u is a tempered distribution, a is an anisotropic Shubin symbol with param-
eter s > 0 and order m, m; < m and charg ,,, (a) is a notion of microlocal characteristic
set adapted to the anisotropic Shubin calculus (see Definition 3.8).

Taken together these results imply

WE;(a”(z, D)u) = WFg(u)

if charg ,,, (a) = 0 for some m; < m.

The paper is organized as follows. Section 2 sets the stage in terms of notations
and some definitions, and a background on pseudodifferential operators in the Weyl
quantization with isotropic Shubin symbols. In Section 3 we introduce the anisotropic
Shubin symbols for a fixed parameter s > 0. We show adapted asymptotic expansions,
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and invariance under a commonly used family of quantizations parametrized by a real
parameter. This family includes the Weyl as well as the Kohn—Nirenberg quantization.
We also show the continuity of the Weyl product acting on the anisotropic symbol Fréchet
spaces, and we discuss s-conic cutoff functions.

Section 4 is devoted to the anisotropic Gabor wave front set. We state the definition,
discuss a few properties and show that it does not depend of the chosen nonzero Schwartz
window function in the short-time Fourier transform. The full metaplectic invariance of
the isotropic (s = 1) Gabor wave front set does not hold when s # 1 but we show a few
partial such invariances.

In Section 5 we show that pseudodifferential operators with isotropic Shubin symbols
are microlocal with respect to all anisotropic Gabor wave front sets. In particular mi-
crolocality holds for anisotropic Shubin symbols. Another consequence is the invariance
of anisotropic Gabor wave front sets with respect to translation and modulation.

Section 6 treats a microelliptic inclusion for the anisotropic Gabor wave front set and
anisotropic Shubin symbols with s > 0 fixed. Finally in Section 7 we show inclusions and
equalities for the anisotropic Gabor wave front set of oscillatory functions with phase
functions that are real polynomials on R? of order m > 2. The anisotropy parameter is
s=m— 1.

2. PRELIMINARIES

The unit sphere in R? is denoted by S9! € R?. A ball of radius » > 0 in R is
denoted by B,, and e; € R is the vector of zeros except for position j, 1 < j < d, where
it is one. The transpose of a matrix A € R%*? is denoted by AT. We write f(z) < g(z)
provided there exists C' > 0 such that f(z) < C g(x) for all z in the domain of f and of
g. If f(z) < g(x) < f(z) then we write f < g. We use the bracket (x) = (1 + \x|2)% for
r € RY. Peetre’s inequality with optimal constant [24, Lemma 2.1] is

[s|
<x+y>s<(¢§) @) ryeRY seR.

The normalization of the Fourier transform is

FIO=7©=0m" | f@e ®dr,  ceR,

R

for f € .7(R%) (the Schwartz space), where (-, -) denotes the scalar product on R
The conjugate linear action of a tempered distribution v € .#/(R%) on a test function
¢ € S (R?) is written (u,¢), consistent with the L? inner product (-, -) = (-, )2
which is conjugate linear in the second argument.

Denote translation by T f(y) = f(y — =) and modulation by M¢f(y) = e"w:€) f (1) for
z,y, € € R where f is a function or distribution defined on R¢. The composed operator
is denoted by Il(z, &) = M¢T,. Let ¢ € (R%)\ {0}. The short-time Fourier transform
(STFT) of a tempered distribution u € .#/(R?) is defined by

Vou(z, €) = (2m) 2 (u, McTop) = F(uT,p) (), x,€ € RY
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The function Vj,u is smooth and polynomially bounded [11, Theorem 11.2.3], that is
there exists k& > 0 such that

(2.1) Vou(@, &) S ((2,6)",  («,6) € T"R™.
We have u € . (R?) if and only if
(2:2) Vou(, &) S (€))7, (2,6) e T'RY, VN >0.

The inverse transform is given by
(2.3) u=(2m)"2 / | Vet Mo da d
provided ||¢|[z2 = 1, with action under the integral understood, that is

(2.4) (u, ) = (Vopu, Voo f) 12 (r24)

for u € ./(R%) and f € .7(R%), cf. [11, Theorem 11.2.5].
We will use

2 +yls <nls™) (2l +1ol7) . zyeR’ s>0,

where

1 if 0<t<1
R =0 91 4 41

Let s > 0. We use the weight function on (z,¢) € T*R?
1
(2.5) ps(@,§) = 1+ |z| + [£]5.
The following inequality of Peetre type holds.
Lemma 2.1. Ift € R then
ps (@ 44,6+ 1) < Coups(a, &) ps(y,m)',  w,y,6m € RY
Proof. We may assume ¢t = 1. We have
1
ps(x+y,6+n) =1+ [z +y|+[€+nls
_ 1 _ 1
<1t o]+ Jyl + K(sTHIES +R(s™)Inls
_ 1 _ 1
< (14 lol + 5(s71ElT) (14 Iyl + w57l )
< s~ ps(, sy, m).-

O

For s > 0 we will use subsets of 7*R%\ 0 that are s-conic, that is subsets closed under
the operation T*R%\ 0 3 (z,€) = (A\z, A%¢) for all A > 0.
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2.1. Pseudodifferential operators. We need some elements from the calculus of pseu-
dodifferential operators [9,13,19,26]. Let a € C*®°(R??), m € R and 0 < p < 1. Then
a is a Shubin symbol of order m and parameter p, denoted a € G, if for all a, 8 € N4
there exists a constant C, g > 0 such that

(2.6) 10207 a(w, )] < Cop((z, &))" Pt 2 ¢ e RY.

The Shubin symbols G form a Fréchet space where the seminorms are given by the
smallest possible constants in (2.6). We write G}* = G™.

For a € G and ¢ € R a pseudodifferential operator in the ¢-quantization is defined
by

@) e D)f(@) = r) " [ (1= e 1€ fly) dyds, S € SR,

when m < —d. The definition extends to m € R if the integral is viewed as an oscillatory
integral. If ¢ = 0 we get the Kohn—Nirenberg quantization ag(x, D) and if t = % we get
the Weyl quantization a;5(z, D) = a*(x, D). The relation between symbols in different
quantizations is [13]

6it<Dz,D5>at<I7£) _ eis(Dz7D§>as(x’§)7 t,seR

where e?{P=De) is the Fourier multiplier operator with symbol %€}, Using [13, Theo-

rem 7.6.1] we may write for t € R\ 0 and a € .7 (R??)

(2.8) eMPeD g (1, €) = (2n]) / / aly, m)e @ vEMdy dy.

If 0 < p < 1 then the Shubin symbols are invariant with respect to the parameter ¢
in the sense of a; € G' if and only if a; = €’ i(t=s)(Da,De) g, G} for any t,s € R [26,
Theorem 23.2]. If ¢ € R then for the formal adjoint we have a:(x, D)* = a;_¢(x, D).
Thus if a; € G} then a;(x, D)* = by(x, D) where b; € G} [26, Theorem 23.5].

We will use exclusively the Weyl quantization which has several particular features.
One important such feature is the simplicity of the formal adjoint: a"(z, D)* = a"“(x, D).
As for the Shubin symbols, we will see that also the anisotropic symbol classes that we
will use in this paper give pseudodifferential calculi that are invariant with respect to
the quantization parameter ¢t € R (see Proposition 3.3).

If 0 < p<1and a € G} then the operator a*(z, D) acts continuously on Z(R%) and
extends uniquely by duality to a continuous operator on .#’(R%). By Schwartz’s kernel
theorem the Weyl quantization may be extended to a weak formulation which yields
continuous linear operators a®(z, D) : .7(R%) — .#/(R%), even if a is only an element

of .7/ (R?%).
If a € .7'(R??) then
(2.9) (a“(z,D)f.g) = (2m)(a,W (g, f)), f.g9€ F (R,

where the cross-Wigner distribution [9,11] is defined as
Wi Do) = [ alaty/2Fe=u/De @0, (.6 R,

We have W (g, f) € /(R*) when f,g € .7 (RY).



6 L. RODINO AND P. WAHLBERG

The real phase space T*R¢ ~ RY@R? is a real symplectic vector space equipped with
the canonical symplectic form

o((2.€), (@, €)) = (2',&) = (2,€), (2,6),(«,¢) € TR
This form can be expressed with the inner product as o(X,Y) = (JX,Y) for X,Y €

T*R? where
0 Iy 2dx2d
J = < ) cR .
—I; 0

The real symplectic group Sp(d,R) is the set of matrices in GL(2d, R) that leaves o
invariant. Hence J € Sp(d,R).

To each symplectic matrix y € Sp(d, R) is associated an operator p(x) that is unitary
on L*(RY), and determined up to a complex factor of modulus one, such that

p(x)"'a(z, D) pu(x) = (a0 x)"(z,D), ac.”(R*)

(cf. [9,13]). The operator p(x) is a homeomorphism on . and on ..

The mapping Sp(d, R) > x — u(x) is called the metaplectic representation [9]. It is in
fact a representation of the so called 2-fold covering group of Sp(d, R), which is called the
metaplectic group. The metaplectic representation satisfies the homomorphism relation
modulo a change of sign:

n(xx') = £u(x)u(x’), x.x € Sp(d,R).

We do not enter into the geometric subtleties of this construction since they are not
needed in this paper.

Let 0 < p < 1. The Weyl product a#b of two symbols a € G and b € G} is de-
fined as the product of symbols corresponding to operator composition: (a#b)*(z, D) =
a(x, D)b*(x, D). According to [26, Theorem 23.6] a#b € G if a € G} and b € G,
and the bilinear map (a, b) = a#b is continuous G} x Gy — G"*". When a,b € 7 (R?)
we have the formula [13, Eq. (18.5.6)]

(2.10) a#b(z,§) = e%J(nyDg;D%Dn)a(fEaf)b(ya 77)‘(%,7):(175)-

Using [13, Vol. 3 p. 152] we may write for a,b € .%(R??)

(2.11) a#b(z) = n~ 2 // a(w)b(u)e? =y du, 2z € T*RY
RA4d

3. ANISOTROPIC SHUBIN CALCULUS

Let s > 0 be fixed. We need a simplified version of a tool taken from [16,20] and their
references. Given (z,£) € R??\ 0 there is a unique A = \(z,£) = A\s(x,€) > 0 such that

Mz, &) 7% |af* + A, &) 7F|¢* = L.

Then (z,€) € S??~1 if and only if A\(z,£) = 1. By the implicit function theorem the
function A : R?*¢\ 0 — R,y is smooth [17].
If >0 and (z,€) € S?¢1 then A(uz, u*¢) = p = p(x,€). In fact

(3.1) Az, 1°€) = pA(z, €)
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holds for any (z,£) € R?¥\ 0 and x > 0 by the following argument. Given (z,¢) € R??\0
set p1 = Az, ) so that (x/u1,&/us) € S2¢=1. Then for u >0
Alp, p°8) = Mppax/ ps () 8/ 1) = pn = pA (2, €).
We may define the projection p(z,€) = ps(z,€) of (z,£) € R??\ 0 along the curve
Ry 3 pu— (px, p€) onto S241. This means
(3.2) p@,€) = Mz, &) 12, M@, 6) 7€), (2,€) e R*\ 0.

Due to (3.1) p(px, p*¢) = p(z,€) does not depend on > 0. The function p : R2?\ 0 —
S24-1 is smooth since A € C°(R2?\ 0) and A(z,&) > 0 for all (z,&) € R24\ 0.
From [20], or by straightforward arguments, we have the bounds

(3.3) 2| + 17 S M@, €) S Jo] + [€]5,  (2,6) e R2\0
and
(3.4) ((2,©))™ (%) <14 A(w,€) S (@, )13 (2,6) e R\ 0.

Hormander type symbol classes with anisotropic behavior in the frequency domain
can be found in [16, Définition 1.3] and in [20, Definition 1.4]. Now we define symbol
classes that are adaptations of this concept to the Shubin calculus.

Definition 3.1. Let s > 0 and m € R. The space of (s-)anisotropic Shubin symbols
G™* of order m consists of functions a € C*°(R??) that satisfy the estimates

020Pa(w, &) S (1+ |2l + [¢5)" 9= (z.6) € TR, a,8 € N

The symbols G™* enjoy the following symmetry: If b(x,§) = a(§, x) then a € G™* if
and only if b € G™/%1/5_ 1t is clear that
) ¢™ = 7(R>).
meR

Referring to the weight (2.5) we use the seminorms on a € G™* indexed by j € N

(3.5) llall; = max sup ,us(x’g)*mﬂa\ﬂlﬁ\
la+BI<i (2,6)eR24

a;;afa(x,g)‘ :

The symbol classes G"*® with s € Q4 (positive rationals) were introduced in [20, Def-
inition 3.1] as a tool in order to construct parametrices for pseudodifferential operators.
Here we generalize to s € Ry which is a straightforward extension concerning the cal-
culus. In [20, Section 3| results for a calculus for the symbol classes G™* are briefly
stated without proofs. In this section we prove in detail the basic calculus results for
the anisotropic Shubin symbols G™*.

We have G™! = G™ = G, that is the usual Shubin class, and we cannot embed Gy
in a space G™*® unless p = s = 1. Using (3.3) and (3.4) the embedding

(3.6) G™ C G,

where my = max(m,m/s) and p = min(s,1/s), can be confirmed. Thus the Shubin
calculus [26] applies to the anisotropic Shubin symbols.
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We also note that the more general pseudodifferential calculus in [19] is not di-
rectly applicable to the symbol classes G™° unless s = 1. In fact if s # 1 then ei-

ther the space weight function ®(x,§) = 1+ |z| + |§|% or the frequency weight func-
tion ¥(z,€&) = 1+ |z|® + [£| is not sublinear. Nevertheless from (3.4) it follows that
G™s C S(M;®,¥) as defined in [19, Definition 1.1.1] with M (z, &) = ((x, £))max(mm/s),
O(z,€) = ((z,€))™(13) and U(z,€) = ((z,€))™"(15), Thus the pseudodifferential cal-
culus in [19, Chapter 1.2] applies to G™*, but the anisotropy is again lost.

There is a more subtle anisotropic subcalculus adapted to the anisotropic Shubin
symbols G™* for each fixed s > 0, which preserves the anisotropy. We deduce a
minimal such calculus and start with asymptotic expansions.

Given a sequence of symbols a; € G™7%, j = 1,2,..., such that m; = —coas j — 400

we write
o0
a ~ Z a;
j=1
provided that for any n > 2

n—1
a— E a; € GH*®
=1

where p, = max;>, m;.

Lemma 3.2. Let s > 0. Given a sequence of symbols a; € G™°, j = 1,2,..., such
that m; — —oo as j — 400, there exists a symbol a € G™* where m = max;>1 m; such
that a ~ Z;’il a;j. The symbol a is unique modulo addition with a function in .7 (R??).

Proof. Let ¢ € C®(R*) satisfy 0 < p < 1, ¢(z) = 0if [2| < § and ¢(2) = 1 if |2| > 1
Set fort > 1

U(w,€) = p(t e, t7%¢), (z,6) € T*R™
Then for all ¢ > 1 we have

D200 (,€)| < Caprs (, )11,

If fact this is trivial if « = 8 = 0. If instead («, 8) € N2¢\ 0 then

Z < t_2|x]2+t_23\§|2 < 1

in the support of 8;‘854,0@_1:5, #=5¢). Thus |z| + |€|s <t in said support. This gives

0200 (, )| = I (920 ) (17w 170)

< CQ,BMS($7 f)_lal_slﬁl'

The symbol a is constructed as

(3.7)

ngt z,t; *€)aj(z,§)
7j=1
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for a suﬂiciently rapidly increasing sequence (t;) € Ri. Given n > 2 we must show
a— Z] 1 a; € GF3. We have

n—1 n—1 00
2,6) = > aj(z,8) =) (eo(t;lx,t;%) - 1) a;(z, ) + > o(t; ', t;°¢)aj(x, ).
j=1 j=1 Jj=n

The first sum is compactly supported and hence belongs to G*»* trivially so it suffices
to prove

(3.8) Z (t; ', t55¢)a (2, &) € GM*.

First we show

(3.9) 8385 <(,0(t»_1x,tj_8§)aj(x,§)>’ < 270 gz, €)mati-lal=sl8l

for all j > 1 and | + 8| < j, provided t; > 0 is sufficiently large. In fact this esti-
mate is a consequence of a; € G™3%, (3.7), Leibniz’ rule, and the support properties of
go(tj_la:, tj_sf), if t; > 0 is sufficiently large.

Let a, 8 € N¢ and pick N > max(n + 1, |a + £|) such that puy < g, — 1. Then for all
J = N it holds m; < pj < puv < i, — 1. Combined with (3.9) this gives

waf (w(tjlx,tgsg)aj(x,g))‘ < 21Ny (w, €)pn =Bl

Since Z] o @(tflx,t]-_sﬁ)aj(:v,f) € G35 we have proved (3.8). O

We have the following asymptotic expansion for the Weyl product of a € G"™* and
be G™* m,n R [26]:

_1)l8l
(3.10) a#b(z,&) ~ Y (a'lgl 2~ Dloga(x, €) DIOb(x, ).
Sz, olp!

Each term in the sum belongs to G+~ (1+s)latBls,

In the next result we show that the symbol classes G™* are invariant with respect
to the parameter ¢ € R in (2.7). In other words if one changes quantization one gets
a new symbol in the same class. Combined with a"(z, D)* = a*(z, D), an immediate
consequence is that for each ¢ € R the symbol class G"™* is closed with respect to formal
adjoint: If a; € G™* and a;(z, D)* = bi(x, D) then b, € G™*.

We also show the continuity of the bilinear Weyl product on the symbol classes
G"™*%. Again by the first result the continuity extends to the symbol product in the
t-quantization for any ¢t € R.

Proposition 3.3. Let s > 0 and m,n € R.

(i) If t € R and a € G™* then b(z,&) = eMP=Pela(z,£) € G™*, and the map a — b
s continuous on G™°.
(i1) If a € G™* and b € G™* then a#b € G™T™5  and the Weyl product is continuous

# . Gm,s X Gn,s N Gm+n,s
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Proof. (i) We may assume ¢ # 0 since the claim is trivial otherwise. Let o, € N

’it<DI,D§>

The operator e commutes with differential operators 8?8? . The distribution

8?8?1) =71 (eit<"'>8§6?a> is well defined in .7’(R>2).

Let x € O*(R??) satisfy 0 < x < 1, x(2) = 1 when |z| < 1 and x(z) = 0 when
|z| = 2. Set x-(2) = x(ez) for € > 0. Then Xs(agafa) — Qg‘ﬁga in .7'(R?¥) as ¢ — 0.
Hence we obtain from (2.8)

920b(x, €)= 7! (e““é‘%@? a) (2,) = lim 7' ("7 (xe020fa) ) (2.€)

= 2a[t) ™ Lim | e i@y (y,)020, aly,n) dy dn
e—0t JR2d

in .7/ (R2%).
Define the operator

(SHym) = 1= Ayy) ((tTHz —y. =) f(y.n))
acting on f € C*°(R?®). From
(1= Ayg)e H00E = (174 @~y 6 —))Pemi0vE)

we obtain from integration by parts for N € N

(2nlt])*0508b(x, ) = Tim | e HEEDSN (3 (y, )00 aly,n) ) dydy

e—=01 JR2d
_ / et v e N (920 aly,n)) dy
R2d

by dominated convergence, since SV 8;‘8? a € L'(R*) provided N is large enough.
This gives using (3.4), (3.5) and Lemma 2.1

020 bl €)| 5/ ‘SN (85(95@(%77))‘ dy dn
R?2d
< Cinllallznsjats) /RQd((x — oy, & — )" gy, )™ lel=s18 gy dyy

= Cynllallan+ja+ s / (g, m)) "2 pg(z — y, & — ) lel=s18l 4y dp

R2d

S Conllallan-siassps (2, &)1 7518 /Rm<(y,77)>_2Nﬂs(y,n)'m'+'a+s'ﬁ dy dn

—|a|—s — max(1.1
< Conllallantjaspips(@, &M 1o=s1Al /RM<(?J,?7)> 2N+ (Iml+|al+sl8]) max(1,5) 4y 4y

< Ct,NHa||2N+\a+,B|Ms($,§)m_|a|_5|ﬂ|
after possibly increasing N (which may depend on |a + |). In view of (3.5) we obtain
for any j € N
18l < Ctnllallan; +5
for some N; € N, which proves claim (%).
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(ii) Due to (3.6) we may use results for the calculus of Shubin symbols G}
When a,b € .7(R??) we have by (2.10) a#b(z) = f(z, z) where

f(z,w) = e%U(DZ’D“’)(a ®b)(z,w), zwe R
Suppose a € G™* and b € G™*. Set a. = x.a and b. = x.b where x € C°(R?%) and x.

is defined as above. Then a. ® b. — a ® b in ./ (R*?) as ¢ — 0. Since e39(D=Duw) g
continuous on .#/(R*?) it follows that

(3.11) flz,w) = lim e27P=Pw) (g, @ b.)(2, w)
e—0t
in .7(R*).
From the argument in the proof of [25, Theorem A.5] it follows that the limit (3.11)

is actually pointwise for all z,w € R?¢. The Fourier multiplier operator e37(D=Dw)

commutes with differential operators so for any «, f € N2? we have the pointwise limit

(3.12) 0208 f(z,w) = lim e27(P=Pw) (9%, ® 0°b.)(z, w)

e—0t

which yields using (2.11)

o (ah) () = 0 (f (2 2) = 3 (a)<afag-ﬁfxz,z>

B<a B
@\ . i, o
(3.13) = Z (5) 51_1>%1+ e27P=Dw) (9B, © 9% Pb,.) (2, 2)
B<
= Z <g) 11161+ // eoEvzmwgB (1)9*Pb.(v) du do.
e— R4d

BLa

Next we note
(1- Auﬂ))e%a(zfv,zfu) = (2(z — u, 2 — v))2eHolmvEmw)
If we define the operator
(S v) = (1= M) (202 — w2 = 0) 2f(w,v)) . uyv € R,

acting on f € C®(R?), then we obtain for N € N using integration by parts and
dominated convergence

lim // eoEvzmw g8y (1)9* b, (v) dudv
R4d

e—0t

— lim / / 200N (90, ()0 Pbe(v) ) dudy
R4d

e—0t
= // eZio(z—vz—u) gN (aﬂa(u)aa_ﬁb(v)> dudv
R4d

since SV (9%a ® 9°~Pb) € L'(R*) provided N is sufficiently large.
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We denote a = (a1, a2) € N2 with a1,as € N9 Combining with (3.13) and using
(3.4), (3.5) and Lemma 2.1 we obtain

|0%(a#b)(2)]

<2 (3) /..

(6
<y ( 5) lallan+151 18]z s

B<La
X//M«Z U,z = v)) QNMs(U)m 1Bl Slf2|,u5(v)”*|0‘1*51\*Slarﬁz\ udv
R dud

< llallan o 10284 |af

XD <g> //R4d<(u, V) 2N s (2 — ) ISR (o — pyrleamAilmslazm By, dy

B<a

SN (8’3a(u)8°‘_ﬁb(v)) ‘ dudv

S, HaH2N+|a| ||bH2N+|a|MS(Z)m+n*|a1\*s|a2|

« —2N+(|m|+\n\+2\o¢1|+25\o¢2|)max(l,%)
X Z (ﬁ) //R4d<(u, v)) dudv

BLa
S, HGH2N+|Q| ||bH2N+|a|MS(Z)m+n*|a1\*s|a2|

if N is sufficiently large. This shows that for any o € N?¢ we have

sup () ™20 19% (b (2)] < Nlallan ol 1Bll2n 4ol
2eR2d

and the claimed continuity follows in view of (3.5). O

3.1. s-conic cutoff functions. A family of open s-conic subsets are defined and de-
noted as follows. Recall the projection function (3.2) p: R??\ 0 — S24-1.

Definition 3.4. Suppose s, > 0 and 2y € S?¢~ 1. Then
FS7ZO,€ = {(xvg) € R2d \ 07 ’ZO *p($7€)| < 6} g T*Rd \ 0

For simplicity we write I';, . = I's », - when s is fixed and understood from the context.
Ife>2thenT, . = T*R? \ 0 so we usually restrict to € < 2.

Next we construct cutoff functions x € G%* such that 0 < xy < 1, supp x C L2426\ By 2,
X|on’5\§r =1 for given €, > 0, and zg € S2~!. They will be needed in Section 6.

Lemma 3.5. Let s > 0. If r >0, 0 < e <1 and zy € S**1 then there exists x € G**
such that 0 < x < 1, supp x C 'z 2: \ B, /o and X|Fz0 AB, = 1.

Proof. Let ¢ € C®(R2?) satisfy 0 < ¢ < 1, suppp C 29 + Bae and |, 45, = 1. Let
g € C®(R) satisfy 0 < g < 1, g(z) =0 if 2 < § and g(z) = 1 if z > 1. Set

(3.14) YAz, N€) = ¢(z,€), (2,8 €S>, A>0,

and

(3.15) x(2) = g(rz)v(z), zeR™
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Note that (3.14) can be written

w(%f) - go(p(a?,f)), (x7§) € R* \ 0,

and it follows that ¢ € C°°(R24\0), and thus x € C*°(R?2?). The properties X\on A\B, =

1 and supp x C I'; 2: \ B2 follow.
From (3.14) we obtain

(3.16) 030; p(a,6) = NP @200 0) Ar, %€), (2,6) € S¥71, A0,

Let (y,n) € R* satisfy [(y,n)| > 5. Then (y,n) = (Az, A*¢) for a unique (z,¢) € S2¢!
and a unique
ToTN s
A> 6 :=min | =, <7) ° .
> min <2 5 > >0

1 1
Lyl +nls =1+ A(jz[ + [§]5) < 2(1+A).
Thus we obtain from (3.16) for any «, § € N¢

‘We have

1o —|a|—s Iy—|al-s
IRV )| < Cas 1+ NI S (L fy] 4 o] )=
From (3.15) we may conclude that x € G%. O

Sometimes it is useful to have the following alternative to the s-conic neighborhoods
of Definition 3.4.

Definition 3.6. Suppose s, > 0 and (g, &) € S?*~1. Then

Fs,(rg,ﬁo),a = f(xo,&)),a = {(1’,5) € R2d \ 0: (1‘75) = (A(IBO + y)v A8(50 + 77)7 A > 07 (y7 77) € BE}
= {(x,6) e R?\0: IA>0: (\x, \*¢) € (0, &) + B.} € T*R\ 0.

Again f(CCo,Eo),é is s-conic.

The neighborhoods T, () ¢,),. and fsv(méo)’g are not identical, even if s = 1 in which
case p(z,&) = (x,&)/|(z,£)|. But by the following result the s-conic neighborhoods of
the form I'; ., . and 1~“S7ZO75 are equivalent topologically.

Lemma 3.7. Let 2o € S2=1. For each & > 0 there exists § > 0 such that

(3.17) .5 Clae
and
(3.18) fzo,é - on,s-

Proof. Let 29 = (20,&). If ¢ > 0 and (x,&) € [',, - N S%~L then (x,€) € (z0,&) + Be so
(x,€) € I';y . Since both I', . and T',, . are s-conic, this shows

on,s - on,e

for any € > 0. Thus (3.17) follows with § = ¢.
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In order to show (3.18) let &€ > 0, and suppose 0 < ¢ < 1. If (z,§) € fzwg N §2d-1
then there exists u = p(z,£) > 0 such that |(ux, u*¢) — (zo,&o)| < 6. We have

min(p, p1*) < [(pz, p*€)| < 149,
max(p, p°) = [(pz, p°§)| > 1 -6
which gives
(1= o)ym(13) <z, €) < (1+0)y™=(13) W(z,€) € T, 5N SHL.
Thus we may pick § < £/2 such that
max (|1 — p(z, )], |1 — p(x,)°]) <e/2 V(x,§) €T 5N 87
If (z,€) € T,y 5 N S21 then p(x, &) = (x,€) so we obtain
Ip(2,€) — (20, &0)| = |(p(z, Oz, w(@,£)°€) — (w0, o) + (1 — p(x, §))w, (1 — p(x, §)*)8)|
<0 +max (|1 — p(z, &), [1 — p(z,&)°]) <e.

Again due to s-conic property of fz()’(; and I',; ., this shows fz()’(; C T, that is (3.18).
O

In Example 3.9 and in Section 6 we will use the following definition which is a natural
anisotropic microlocal version of [26, Definition 25.1] as well as of [3, Eq. (1.11)] (cf. [6]).

Definition 3.8. Let s > 0, zp € R?\ 0, and a € G™*. Then z is called non-
characteristic of order m; < m, 29 ¢ charg ,,, (a), if there exists € > 0 such that, with
r=r

S,p(ZO%E?

(319) la(z,6)| > Cps(x, &)™, (2,6) €T, |z|+[¢]5 > R,
(3.20)
1
020 a(x, )| < la(z,&)|ps(z, &) 0, BN, (2,6) €T, |z|+ ¢ >R,
for suitable C, R > 0.

If m; = m we write charg,,(a) = chars(a), and then the condition (3.20) is then
redundant. Note that charg ,,, (a) is a closed s-conic subset of T R?\0, and charg n, (a) C
charg i, (a) if m; < mg < m.

Example 3.9. In [3,6] polynomial symbols of the form

(3.21) a(z,§) = Z cagq:agﬁ, z, & e RY, cap € C,

laf | 18]
Frmsl

are studied for k,m € N. Then a € Gmax(km) and ¢ € GFw . In fact we have for
(z,6) € 821 and A > 0

(0708a) M Ame) = 3 capppAl Tl pamrehon,

lof 4 181
Tt sl
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If (y,n) € R?* and |(y,n)| = 1 then we write (y,n) = ()\x,)\ﬁf) for (x,¢) € S?4~1 and
A > 1. Since

[yl + InF = A (Jal +1¢[F) = A

we obtain

m g lel 1By &
10gaty.m| < Y (A +lyl+ InlF) (el +2) -~ o
m+@<1

k m

m |~k
S (L [yl + Inl %)=l

which proves that a € Gl
In [3, Eq. (1.11)] the symbol a given by (3.21) is called (k, m)-globally elliptic if

'mk m
la(, ) > C (Jal +1¢[F) ", Jal +1¢/F > R

for some C, R > 0. Thus Definition 3.8 can be viewed as a microlocalization of (k, m)-
global ellipticity. A (k,m)-globally elliptic symbol as above satisfies chary/p,(a) =
chary, ), 1(a) = 0.

4. ANISOTROPIC GABOR WAVE FRONT SETS

The following definition is inspired by H. Zhu’s [28, Definition 1.5] of a quasi-homogen-
eous wave front set defined by two non-negative parameters. Zhu uses a semiclassical
formulation whereas we use the STFT. As far as we know it is an open question to
determine if the concepts coincide.

Given positive parameters t, s > 0 we define the ¢, s-Gabor wave front set Wng(u) -
T*R4\ 0 of u € .7'(R%).

Definition 4.1. Suppose u € .7/(R%), ¢ € .#(R9)\ 0, and t,s > 0. A point zy =
(zo,&) € T*RY\ 0 satisfies zg ¢ Wth’S(u) if there exists an open set U C T*RY such
that zp € U and

(4.1) sup AV [Vou(MNa, \*€)| < 400 VN > 0.
(z,£)€U, A>0

If s =t we have Wth7t(u) = WFg(u) which denotes the usual Gabor wave front
set [14,22]. In the definition of Wth’S(u) only the fraction s/t matters. Therefore we
may assume in the sequel that ¢ = 1, and we write WFé’S(u) = WF;(u) for simplicity.
We call WFg(u) the anisotropic s-Gabor wave front set. It is clear that WFg(u) is
s-conic.

Referring to (2.1) and (2.2) we see that WFg(u) records s-conic curves 0 < A
(Az, A3€) where V,u does not behave like the STFT of a Schwartz function. From (2.1)
it also follows that it suffices to check (4.1) for A > L where L > 0 may be arbitrarily

large.
From (2.2) it follows that WFg(u) = 0 if u € Z(R%). Conversely, if WE;(u) = () then

sup MVou(Az, A5€)| < 400 VN =0
(2,6)€S2d—1, A>0
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due to the compactness of the unit sphere S2¢~1. Given (y,m)eT *Rd\O there is a unique
A > 0 such that (y,7) = (Az, A*¢) and (z,&) € S2471 and |(y,n)|> = \2|=|2 + A\25[¢)? <
A% + A28, This implies that (2.2) is satisfied, and thus u € .(R%). We have now shown
that WF§(u) = () if and only if u € .%(R?), for any s > 0.

4.1. Window invariance and consequences. First we show that WF;(u) does not
depend on the window function ¢ € . (R%)\ 0.

Proposition 4.2. Let s > 0, u € ' (RY) and 2 € T*R*\ 0. If p € Z(R%)\ 0 and

(4.1) holds with t = 1 for an open set U C T*R\ 0 containing zo, and ¢ € .7 (R?)\ 0,
then there exists an open set V. C U such that zg € V and

(4.2) sup AV |Vyu(Az, \*€)| < 00, VN > 0.
(z,£)eV, A>0

Proof. Since zy € U C R?*? where U is open we may pick an open set V C U such that
zo € Vand V + B, C U for some 0 < £ < 1, and we may assume

(4.3) sup |z| < |z0| + 1 := p.
zeV

By [11, Lemma 11.3.3] we have
_4d —92 2d
[Vpu(2)| < (2m) 72 (ol 2 [Voul = [Veppl(2), 2z € R™.
Let A > 1 and N € N. We have
AV Vyu(Az, X°€)|

& //de MM Vu(Mx = A1), A€ = A7) Vel m)| dy iy
=L+

where we split the integral into the two terms
= // A Vpu(Aw = A1), X (€ = A7 m)| [Vieo (y, m)| dy d,
R2d\Q>\

b= [ [ AMIVauhe = A1), 00 = X)) [Visely )] dydy
Qx

where

D ={(y.n) € R . l(y,n)| < 2*%6/\min(1,s)}.
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First we estimate Iy when (z,£) € V. From (2.1), (2.2) and (4.3) we obtain for some
k>0and any L > k

I <AV // (Az =y, X% = )* [Vyo(y, m)| dy dn
R2d\Q>\
E max S
S Wit [y Vg dyds
RQd\Q)\

E max S — [, — —
(4.4) S e yiavrimets [ttty ay
: RQd\Q)\

Ntk 1 1 5 9min(1 3 (k=L) 2d—1
S_,)\ +k max(1,s) <1+2€ A min( ,5)> //Rm«yﬂ?» ; dyd?’]

< )\N—&—k max(1,s)4+min(1,s)(k—L)
<ONLpe

for any A > 1, provided we pick L > k+min(1,s)" (N + kmax(1,s)). Here Cn f - > 0
is a constant that depends on N, L, u,c but not on A > 0. Thus we have obtained the
required estimate for I7.

It remains to estimate Io. If (y,m) € Q then [y|> < 12A? and |n|*> < 12A?* which
implies (A\~'y, A™*n) € B.. Hence if (z,£) € V then (z — A1y, & — A7°n) € U and we
may use the estimate (4.1) with ¢ = 1. This gives

I = // A VoM@ = A7y), A€ = A7*0)] [Vp(y, )| dy dn
Qx

4.5
(4.5) <CN// [Vue(y,n)|dydn
R2d

S COn

for all A > 1. Thus we have obtained the required estimate for Io. Combining (4.4) and
(4.5), we have proved (4.2). O

If 4(x) = u(—x) then
(4.6) Vyu(z,§) = Vyu(—z, —8).

Using Proposition 4.2 it follows that we have the following symmetry:

(4.7) i=+u = WF;(u)=-WFg(u).
We also have
Referring to [24, Definition 3.2] we observe that
s 1,s / d
(4.9) WEFg(u) € WE>*(u), s>0, ue S (RY),

where WFL#(u) is a particular case of a ¢, s-Gelfand-Shilov wave front set, a concept that
requires super-exponential rather than super-polynomial decay along curves in phase
space.
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4.2. Metaplectic properties. The Gabor wave front set is symplectically invariant as
(cf. [14, Proposition 2.2])

(4.10) WFg(u(x)u) = xWFy(u), x € Sp(d,R), ue.”(RY.

When s # 1 the s-Gabor wave front set WFg(u) is no longer symplectically invariant.
Nevertheless, two of the generators of the symplectic group behave invariantly in certain
individual senses which we now describe. By [9, Proposition 4.10] each matrix x €
Sp(d,R) is a finite product of matrices in Sp(d, R) of the form

A7t 0 I 0
g ( 0 AT>’ (B I)’
for A € GL(d,R) and B € R%? symmetric. The corresponding metaplectic operators
are p(J) = #,
A7t 0 1
w(A0 g ) f@) = LA,
if A e GL(d,R), and
I 0 i
w( f 7))@ =ebtsa)
if B € R¥? is symmetric.
Proposition 4.3. Let s > 0 and u € .#'(R%). Then we have
(i)
Fy(u) = TWFg ¥y (u).
(ii) If A € GL(d,R) and ua(z) |%u ) then
WEg (ua) ( >WFS( ).

(iii) If B € R™? s symmetric and v( ez (Br) u(x) then if s =1

(4.11) WS (0) = < é ; )WFS(u),

if s > 1 then
(4.12) WFE;(v) = WFg(u),

and finally if 0 < s <1 then
(4.13) (z,8) € WEg(u) for some £ € R? = (z,Bz) € WFy(v).
Proof. Let ¢ € .(R%)\ 0. We have from the proof of [7, Corollary 4.5]
(414) Vit (00 ()| = [Viu(a, )
for all x € Sp(d,R).

(i) If x = J we obtain
Veu(T (z, )| = [Vau(§, —x)| = [Vou(z, §)|.

1
From this and Proposition 4.2 it follows that (z,§) ¢ WFg(u) if and only if
J(x,&) ¢ WF;(u) which proves claim (i).
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(ii) Next we insert ug for A € GL(d, R) into (4.14) which gives
Voaua(A™a, ATE)| = [Vyu(z, €).

Note that ¢4 € % (R%)\0. We obtain (z,£) ¢ WF(u) if and only if (A~ z, ATE) ¢
WF;(ua) which shows claim (ii).
(iii) When s =1 (4.11) is a particular case of (4.10).

i

Suppose s # 1. With ¢(z) = e2B2?) p(z) € .#(R%) \ 0 we obtain from (4.14)
Vou(z, §)| = [Vyu(z, Bz + £
or equivalently
Vou(z, =B +&)| = [Vyu(z, ).
If A > 0 then
(4.15) Vou(Az, \5€)| = [Vyo(Az, N (A5 Ba + €))| = |Vyv(Ax, A\(Bz + A¥71¢))|
and
(4.16)  [Vyo(Az, X%€)| = |[Vou(Az, (=M "°Bx + €))| = [Vou(Az, A(—Bx + X*~19))|.
Suppose s > 1 and 0 # (z9,&) ¢ WFg(u). Then for some £ > 0 we have

(4.17) sup AV Vou( Az, A*€)| < +00 VN > 0.
z€xo+Be, £€80+Bae, A>0

We have A =%|Bz| < & when x € mg + B. if A > L for L > 1 sufficiently large.
Thus € — A 7Bz € & + Bac if £ € & + Be and A > L. From (4.16) and (4.17) we
obtain

sup MV Vyo(Az, A5€)| < +o0 YN >0
r€xo+Be, £€£+B:e, A>0

which shows that (zo,&0) ¢ WF3(v). Thus WEF;(v) € WEF;(u). Likewise one shows
the opposite inclusion using (4.15). We have now proved (4.12).
Suppose 0 < s < 1 and 0 # (x¢, Bxg) ¢ WFg(v). Then for some € > 0 we have

(4.18) sup MW Vpv(Az, A)| < 400 VN > 0.
z€xo+Be, {eBIO+B2\B|67 A>0

Let 79 € R% We have Bx + \*~1¢ € Bz + By e when = € z¢ + B and
Ee€no+B:if A > L for L > 1 sufficiently large. From (4.15) we obtain

sup M Vu( Az, A5€)| < +00 VYN =0
z€xo+Be, {€n0+Be, A>0

and it follows that (zo,70) ¢ WEFg(u). We have shown (4.13).
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5. MICROLOCALITY FOR ANISOTROPIC (GABOR WAVE FRONT SETS

LetmeR,0<p<1,aeGand p € S (R21)\ 0. According to [5, Proposition 3.2]
the estimates

(5.1) Vealz, )l S (2)™(C) 7", (2,¢) € T'R¥,

hold for any L > 0. Note that the case p = 0 is included, so (5.1) is valid under the
assumption

0207a(w,6)| S (=), @B eN.

The next result concerns microlocality with respect to the s-Gabor wave front set for
pseudodifferential operators in the isotropic Shubin calculus. Due to (3.6) the result is
also true for the anisotropic Shubin symbols G"*.

Proposition 5.1. Let s >0, m € R and 0< p < 1. Ifu € . (RY) and a € G} then
(5.2) WEFg(a”(z, D)u) € WFg(u).

Proof. Pick ¢ € .(RY) such that ||¢||2 = 1. Denoting the formal adjoint of a*(x, D)
by a¥(x, D)*, (2.4) gives for u € ./(R%) and z € R??

(21)2 Vo (a® (2, D)u)(2) = (a*(z, D)u, I(2)p)
= (u,a"(z, D)*I1(2)p)
:/ Vou(w) ((w)e, a”(z, D) 1I(z)p) dw

_ / Vu(w) (a® (z, D) TI(w)p, TI(2)¢) dw

= /de Vou(z —w) (a”(z, D) II(z — w)p, (2)¢) dw.
By e.g. [12, Lemma 3.1], or a computation using (2.9), we have
|(a¥(z, D)II(z — w)p,(2)p)| = ‘Vq;d (z — %, jw) ‘
where @ is the Wigner distribution ® = W (¢, ) € . (R?9).
Combining the preceding identities we deduce

(5.3) Vo (a® (z, D)u)(2)| < /R  Vou(z—w)| \v@a (z _ %,jw)’ duw.

Suppose 0 # 20 ¢ WFg(u). Then there exists an open set U such that zp € U and
(4.1) holds with ¢ = 1. We pick an open set V' such that zp € V and V + B, C U for
some 0 < € < 1, and we may assume that (4.3) holds.

Let A > 1 and N € N. We have

AV, (a® (z, D)u) (Az, A%€)]

< // AV Vo u(A@ — A Ly), A5 (€ — A~*n))] ‘cha ()\x - % P g,n, —y)‘ dydn
R2d

=1L+ 1
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where the integral is decomposed into the two terms

e Y ysp 1
I _// N Vu(Mz = A7), A6 = A7) |Vaa (Ax = §.0% = 2, n.—y) | ayan,
R2d\Q>\

— S —S8 y S T]
L ://ﬂ NN Vou(A@ = A7), A% (€ = A )] [Vaa (Ax = §.0% = 2.0 —y) | dy
A

where
Q= {(y.m) € R*: |(y, )| < 27 2eAmn(o)},

First we estimate I; when (z,£) € V. From (2.1), (4.3) and (5.1) we obtain for some
k> 0and any L >k + |m|
(5.4)

R[] (O g [Vao (e = § 6 D) dya
A

E max S S

S @y iavremeds [t Vaa (o= 2ovve - 2 -y)| dyay
R2d\Q)\

htlm| m|) max(1,s m|—L—2d—

S e | R (X
A

S AV A Im])max(l,s) // ((y, ) HmI=L ((y, )~ dy dn
R2d\Q)\

N+(k 1 1 2y2min(1 %(k+‘m‘7lj) 2d—1
<\ +(k+|m|) max(1,s) <1 + 58 )\ 2 min( ,s)> // (y,m)) =2 dy dy
R2d

)\N+(k+|m|) max(1,s)4+min(1,s)(k-+|m|—L)

VARRIA

CN.Lapue

for any A > 1, provided we pick L > k + |m| 4+ min(1,s)™" (N + (k + |m|) max(1, 5)).
Here Cn,1,a,ue > 0 is a constant that depends on N, L, a, i1, but not on A > 0. Thus
we have obtained the required estimate for I;.

It remains to estimate Io. If (y,m) € Q then |y|? < 3c2A% and |n|?> < 3£2A% which
implies (A™1y, A™*n) € B.. Hence if (z,£) € V then (x — A1y, — A7) € U and we
may use the estimate (4.1) with ¢t = 1.
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This gives for any L > 0 and a constant C s, > 0, using (5.1) and (4.3)
(5.5)

B s s Y \s
12://Q MIVou Mz — A7 1y), A€ — A75p))| ‘Vcba(M—QvAf_g’”’_yﬂdyd”
A

_ )\f\m\max(l,s) //Q )\N+|m|max(l,s)‘ku<)\($ - )fly),)\s(ﬁ o /\7377))‘
A

< CNsm)\—\m\max(l,s) //
1 Q)\

< Opns m)\f\m\max(l,s)+\m|max(1,s) // <(y n)>|m|fL dy dn
= R2d ’
S C'N,s,m

provided L > |m| 4+ 2d, for all A > 1. Thus we have obtained the required estimate
for I5. Combining (5.4) and (5.5), referring to Definition 4.1, we may conclude that
zo ¢ WEFg(a”(z, D)u) and hence we have proved (5.2). O

X ‘Véa (Aa: - %,Asi - g,n, —y)‘ dydn

Vaa ()\:L' — %,)\Sf — g,n, —y)’ dydn

A consequence of Proposition 5.1 is the invariance of the anisotropic Gabor wave front
set under translations and modulations, a k a time-frequency shifts [11].

Corollary 5.2. Suppose s > 0. For any z € R*? and any u € Y’(Rd) we have
WE(II(2)u) = WFg(u).

Proof. Let z = (x,£) € R?*’. By a calculation it is verified that II(x,&) = ag’g(m,D)
where

g ey, m) = ez @HWLEm) -y p) e R,
For any a, 3 € N¢ we have

000 aze(y,m)| = |€2°| := Cayp

where we may consider |£€¥z®| > 0 as a constant as a function of (y,n) € R??. This
implies that a, ¢ € Gg. Thus we may apply Proposition 5.1 which gives

WE; (II(2)u) € WEg(u).
The opposite inclusion follows from u = e~ *@&TI(—(z, &))II(z, £ )u. O

We finish this section with the anisotropic Gabor wave front sets for a few important
tempered distributions.

Proposition 5.3. If s > 0 then:
(i) for any x € R?® and any o € N?¢
s (e _ d .
(ii) for any o € N¢
S (. d .
WEFZ () = (R7\ 0) x {0};
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(iii) for any ¢ € RY
o
WES (%)) = (R?\ 0) x {0}.

Proof. Due to Corollary 5.2 we may assume x = 0 in (i) and £ = 0 in (iii). By Proposition
4.3 (i) it suffices to show (i), since D@8y (€) = (2m) "2 €.
Let ¢ € .7(R?) satisfy ¢ =1 in a neighborhood of the origin. We have

VaDo(r,€) = (2m) % 30 (g) D P o).

BLa

If £ # 0 we obtain for A > 0
Vo D%8(0, X°€) = (2m)~ 2 aslelge
which does not decay as a function of A. Thus
(5.7) {0} x (R*\ 0) € WF5(D“6).

Suppose on the other hand (z¢, &) € T*R% and 29 # 0. If 0 < & < |zg|/2, = € 20+ B.,
£ €& +B.and A > 1 then for any n € N we have

VoD x9)] = (2n) 4 Y () AP D oA

B<a
< Z < >)\SIB|§L? Az) "
B<La
< )\s\a| n
This shows
WES(D"60) € {0} x (R'\ 0)
so combining with (5.7) we have shown (5.6) when = = 0. O

6. MICROELLIPTICITY FOR ANISOTROPIC (ZABOR WAVE FRONT SETS

The main result in this section is the microelliptic inclusion expressed in Theorem 6.4.
To get there we need a definition and several auxiliary results.

Definition 6.1. Suppose s > 0, a € G™* and let p be the projection (3.2). The s-conical
support conesupp,(a) € T*R¥\0 of a is defined as follows. A point zg € T*R%\ 0 satisfies
2o ¢ conesuppg(a) if there exists ¢ > 0 such that

supp(a) N {z € R*\ 0, |p(2) — p(20)| <€}

= supp(a) N fp(ZO),E is compact in R4,

Clearly conesupp,(a) € T*R?\ 0 is s-conic.
Proposition 6.2. Let s > 0. Ifu € .#'(RY) and a € GI' then
(6.1) WE;(a”(z, D)u) C conesupp,(a).
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Proof. We have [0%a(w)| < (w)™ for any 8 € N2¢. We may assume that conesupp,(a) #
T*R%\ 0 since the inclusion is trivial otherwise. Let 0 # 2 ¢ conesupp(a). We may
assume |zg| = 1.

By Lemma 3.7 we may assume that

(62) Supp(a’) - BR ) (R2d \ f,20,25)

for some R >0 and 0 <e < 1.

Let ¢ € (R \ 0 and set ® = W(p,p) € Z(R?*). We start by proving the
following estimate for any a, 3 € N?¢ such that 3 < «, any A > 1, (z,€) € 2 + Be, and
any L > |m|+ 2d + 1. We have
(6.3)

e

In fact using Peetre’s inequality we obtain on the one hand for any L > 0

/BR 9o B (w— (Ax—%,)\sﬁ—Q»‘ dw

2
6 <[ (w-(w-fwe=2)) " dw s [ wHm)Hon o) du

R

85a(fw)‘

00 (w— (Aw = 5,20 = 7)) | dw g A7 Emn a2t

8ﬁa(w)‘

S AP (g, m))F.
On the other hand, since
|(A M, A700) — 2] > 26 VA>0 V(u,0) € R*\ T, 0.
we have for (z,€) € 2o + B:
(A, A7) — (2,6)] = VA>0 Y(u,0) € R\ T, 0.
It follows that for A > 1, (x,&) € 29 + B. and w = (u,0) € R*?\ 1:20726 we have
lw — Az, A°6) |2 = AN hu — 2> + AN %0 — ¢)?

> A2min(ls) 2.

This gives for (z,§) € zo + B and any L > |m|+2d + 1

e ot [550 o (e 2w 1))
: /R?d\f (w)'"! {w = (A= 5,3 - 3)>*2L duw
o (e /R\f ()™ (w — (A, €)™ (w — (A, X)) ™ dw

g )\7L min(l,s)((:% ?’]))2L/ <w + ()\337 )\36)>|m| <w>*L dw
R2d

S AT ()2 (O N [

S )\_L min(1,s)+|m| max(1,s) <(yv 77)>2L'
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Combining (6.2), (6.4) and (6.5) we have now shown (6.3).
Next we observe that integration by parts gives for any o € N?¢ and z,¢ € R??

ICOVpa (2,0 = @0 | | a(w)d® <e_i<w’<>) B(w — 2)dw
R2d

<2 (5) fuul”

Combining this with (6.3) we obtain for (x,£) € zp + B¢, and any M € N, L >
m|+2d+1and A > 1

()2 |Voa (Az = 4% = 2., y)\

s |a|<2(€Jj\I/}I(+L) ‘(y,ﬁ)quwL (Am — 5N - *77), )‘
o (-Gt 1)

@
< max < )/
|a|<2(M+L)BZ<2Y B/ Jr2d 2

< )\fL min(1,s)+|m| max(1,s) <(

w)‘ ‘8a_5¢(w - z)‘ dw.

aﬂa(w)(

y, )"

Given any N, M > 0 we may pick L > 0 such that Lmin(1,s) — |m|max(1l,s) > N.
We thus have

(6.6) Vaa Az — 2.0 = 3m—y) | S V(@)

for any N,M >0, A > 1 and (x,f) € 29 + B..

Finally we prove that zg ¢ WEFz(a”(z, D)u). We use (5.3) from the proof of Propo-
sition 5.1 and (6.6). This gives for (x,&) € zp + Be, using (2.1) for some k£ > 0, for any
NM>0,A>1

Ve (@ (z, D)u)(Az, A*€)|

S / |V@U((/\£B, )‘Sg) - (y,ﬁ)) | ‘V(I’a ()\ZL‘ - Q’Asg - gﬂ% _y)‘ dy d7l
R2d

SOa X [ () |Vaa (va =5 = 3. —y) | dyy

< Ak max(1,s)—N

provided M > k+2d+1. Since N > 0 is arbitrary we have shown 2o ¢ WF3(a" (2, D)u),
and thus (6.1). N

As another tool for the microellipticity result Theorem 6.4 we need the following
lemma where we use Definition 3.8.

Lemma 6.3. Suppose s > 0, a € G™* and charg ,, (a) # T*R4\ 0 for some my < m.
Let T C T*R\ 0 be a closed s-conic set such that charg ,, (a) T = (). Then there exists
p > 0 such that for any x € G%* with supp(x) C T\ B,, there exists b € G™™% such
that

b#ta=x+r
where r € .7 (R>?).
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Proof. The proof follows established principles in pseudodifferential calculus. Therefore
we content ourselves with a sketch of the main steps of the construction of the microlocal
parametrix b.

As a first approximation set by := a~'x. The estimates

10200 (™) (2,€)| < Caglalz, &) ps(a, &)1 0, e N?, (z,6) €T, |af+|e]s > R,

are consequences of the non-characteristic estimates (3.19), (3.20) and induction.
By Leibniz’ rule they imply the estimates

0202 bo(,€)| < Capla(e, ) sz, 7117, 0, e N Ja| + Ig]7 > R,

m1,s

and consequently by € G~ if p > 0 is sufficiently large.

Then, by (3.10) and again the non-characteristic estimates (3.19) and (3.20) it follows
that bo#a = x + 1o + 19, With 79 € G~(1+9):5 gatisfying supp(rg) C supp(x) and
ro.» € Z(R*). Subsequently, setting by := —a~lrg, we notice that we obtain the
estimates

1929201 (2,0)] < Capla(e, O] palar, & FIT 0 g e N Jaf + 1]} > R,

and consequently b; € G—m—(1+s)s,

This gives
(bo+bi)#a=x+ro+ros—ro+r+riy=x+r+ros+riy

with r € G720+ supp(r;) C supp(x) and r1.» € .#(R??). Constructing in this

way recursively b1 = —ailrj e G~ (st and rjiy1 € G~ (+D)0+2)s with
supp(rj+1) € supp(x), j = 1,2, ..., one obtains a sequence of symbols (b;);>0.

Finally set b ~ Z;io bj € GT™%. The symbol b satisfies b#a = x + r with r €
S (R2), O

Finally we are in a position to state and prove the main result on microellipticity in
the anisotropic Shubin calculus. The proof is short due to the long preparation. Note
that we require that the symbol is anisotropic, as opposed to Proposition 5.1 where the
symbol is allowed to be isotropic.

Theorem 6.4. Let s > 0. If u € .7'(R?) and a € G™* then for any m; < m
WF; (1) € WF3(a® (2, D)u) | charg n, (a).

Proof. We may assume that WF;(a"(z, D)u) # T*R?\ 0 and charg,,, (a) # T*RY\
0, since the inclusion is trivial otherwise. Let 0 # zp ¢ WFg(a”(z,D)u) and 2o ¢
charg ;,, (a). Due to s-conic invariance we may assume |zg| = 1.

Pick € > 0 such that sz’gg N charg , (a) = 0, and pick x € G%* such that supp x C
I'.y.2: \ Br and X‘on,s\ﬁm =1, for R > 0 to be chosen. This is possible due to Lemma

3.5. Then zy ¢ conesupp,(1 — x), and due to (3.6) we have y € GY. By Proposition 6.2
we may thus conclude

20 ¢ WE((1 — x)" (2, D)u).
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According to Lemma 6.3 we may pick R > 0 such that there exists b € G~™% and
r € .7 (R%) such that 1 = b#a + 7+ 1 — X, so we have

u="b"(c,D)a”(z,D)u+r"(zx,D)u+ (1 — x)“(z,D)u.

Here r(x, D)u € . (R%) which means that zo ¢ WE(r*(z, D)u) trivially. By Propo-
sition 5.1 we have zg ¢ WFg (0" (x, D)a" (2, D)u). Thus we may conclude that 29 ¢
WE; (u). O

Corollary 6.5. Let s > 0. Ifu € /'(R%), a € G™* and charg , (a) = 0 for some
mi1 < m then

WE;(a”(z, D)u) = WFg(u).

7. THE s-GABOR WAVE FRONT SET OF OSCILLATORY FUNCTIONS

An important reason for the introduction of the anisotropic Gabor wave front set
WTg(u) is that it describes accurately the phase space singularities of oscillatory func-
tions known generically as chirp signals.

Let ¢ : R — R be a real polynomial of order m > 2

(7.1) p(x) = m(z) + p(z)
where
(7.2) p(x) = Z cax®, c¢q €R,
0<]al<m
and
(7.3) om(z) = Z cax®, coa€R, JaeN?: |a|=m, co € R\DO,
laj=m

is the principal part.
We will study chirp functions of the form

(7.4) u(z) = @ 2 e R

First we note that for any A > 0 and any 1 < j < d we have
(7.5) A9, () = Dm(y) + A 0;p(Ay)
and if |y| < R and A > 1 then

(7.6) ATl =1 Y ajeay® AT < CrATL

0<|a|<m—1

The following result shows that only the principal part ¢,,(z) of ¢ is recorded in
WFg‘fl(u), and the (m — 1)-Gabor wave front set is contained in the (m — 1)-conic set
in phase space which is the graph of its gradient, that is 0 # x — (z, Vo, (x)). The
gradient of the phase function is known as the instantaneous frequency [1].
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Theorem 7.1. If m > 2 and ¢ is a real polynomial defined by (7.1), (7.2) and (7.3),
and w is defined by (7.4), then

(7.7) WF?il(u) C {(z,Vom(z)) € R**: x #0}.
If d =1 and ¢ is even or odd then

(7.8) WFg_l(u) = {(z, ¢, () €eR*: z #0}.
Proof. Set

W = {(z,Vom(z)) e R*: z e R*\ 0} C T*R?\ 0.

Then W is an (m — 1)-conic set in T*R%\ 0.

Suppose (g, &) € R??\ 0 and (z0,&) ¢ W. Then there exists 1 < j < d such that
0,5 # 0jom(x0). Thus there exists an open set U such that (zg,&p) € U, and 0 < e < 1,
6 > 0, such that

€
(@ €el, lo—yl<oV2 = &= 0pm(@)l =2, [0j(pm(@) —om®) < 5.
By (7.6) we have

m €

M 0,p00)]| <

if (x,8) €U, |z —y| < 5v2 and A > L where L > 1 is sufficiently large.
Using (7.5) we obtain if (z,£) € U, |z —y| < dv2 and A > L

(7.9)

&5 = X705 (p(M)| = 165 — 0jom ()] = (105(m(y) — m (@) + A ""0;p(A\y)]) > €.

Let ¢ € C°(R) \ 0 have suppy C Bs. We denote by 3 € R%! the vector y € R?
except coordinate j. The stationary phase theorem [13, Theorem 7.7.1] gives, for any
k€ N, and any A > L, if (z,£) € U, using (7.9),

/ ei(go(y)—)\m_l(ya@)dj(}\()\*ly — 1)) dy‘
Rd

Vpu(Az, \"1€)| = (2m) 2

— (2n) 5N / NN =Y (N(y — ) dy
lz—y[<é
k
<oxt [ SN s (@) - )] 16— A (p0w) [
[z =y'|<6 ,—g  lzj—ysl<o

% /\m(n—2k) dy,

k
< Ck€—2k Z Ad+n+m(n—2k)
n=0
< Gy 8)\d—k(m—1)'

This shows that (zo, o) ¢ WF;”fl(u) and the inclusion (7.7) follows.

Next let d = 1. If ¢ is even then w is even, and W = —W since m is even, so by
(4.7) we have either WFg“l(u) =0 or WF?‘l(u) = W. The former is not true since
u ¢ .%(R). Thus we have proved (7.8) when ¢ is even.
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If  is odd then m is odd and @(z) = u(z) = e ). Again WFgl_l(u) = () cannot
hold since u ¢ . (R). If we assume that the inclusion (7.7) is strict we get a contradiction
from (4.6) and (4.8). Indeed suppose e.g.

WE ! (u) = {(z, ¢}, (2)) € R?: z > 0}.
By (4.6) and (4.8) we then get the contradiction
WEP () = {(2, ~0l, (1)) € RZ: 2 < 0}
= {(z,—¢l () €eR?: >0} = WFg’_l(ﬂ).
This proves (7.8) when ¢ is odd. O

We would also like to determine WFg(u) when s # m — 1. The following two results
treat this question.

Proposition 7.2. If m > 2, s > m — 1, and ¢ is a real polynomial defined by (7.1),
(7.2) and (7.3), and u is defined by (7.4), then

(7.10) WE3 (u) € (R?\ 0) x {0}.
If d =1 and ¢ is even or odd then
(7.11) WEFg(u) = (R\ 0) x {0}.

Proof. Suppose (x9,&) € T*R? and & # 0, that is €o,; # 0 for some 1 < j < d. From
(7.5) we obtain
AT1700; (p(Ay)) = A0 (D0m(y) + AT 0p(Ny) -

)
Thus from s > m — 1, using (7.6), it follows that there exists U C R2?? such that
(x0,&) € U, and 0 < e < 1, L > 1 such that

&5 = AT 00; (p(My) | = €

when (z,€) € U, |t —y| < V2 and A > L.
Let ¥ € C(R) \ 0 be such that suppy C Bj. The stationary phase theorem [13,
Theorem 7.7.1] yields, for any k£ € N, and any A > L, if (z,&) € U,

/ ei(w(y)—/\s<y,£>)w()\()rly —x)) dy‘
Rd

ol

[Vyu(Az, X€)| = (2m)~

— (gﬁ)f%)\d / AN T T W)~ (N (y — 2)) dy‘
Rd
k
< C/\d/ DA sup (A7) (Ay — )] 1§ = AT 005 (o)) "
lo'—y'I<1, 29 l=i—ysl<1

w A1) (n=2k) 4,7

< CkAdfks 872’6.

This shows that (zo,&o) ¢ WFg(u) and (7.10) follows.

When d = 1 and ¢ is either even or odd then (7.11) follows as in the proof of Theorem
7.1. O
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Proposition 7.3. Let m > 2, 0 < s < m — 1, and ¢ be a real polynomial defined by
(7.1), (7.2) and (7.3). Suppose @m(x) # 0 for all v € R4\ 0. If u is defined by (7.4)
then

(7.12) WEFS(u) € {0} x (R?\ 0).

If d =1 and ¢ is even then

(7.13) WEg(u) = {0} x (R\0).

Proof. Suppose (z0,&) € T*R? and xg # 0. The assumption ¢,,(z) # 0 for all 2 €
R?\ 0 and Euler’s homogeneous function theorem imply that V,,(zo) # 0, that is

0jpm(xo) # 0 for some 1 < j < d. From (7.5) and (7.6) and s < m — 1 it follows that
there exists U C R2? such that (x0,&) €U,1<j<dand 0 <e <1, L>1such that

AT — AT (p(Ay)) | = €

when (z,£) € U, |z —y| <ev2and A > L.
Let v € C*(R) \ 0 be such that suppy C B.. Again by the stationary phase
theorem [13, Theorem 7.7.1] we obtain, for any k € N, and any A > L, if (z,&) € U,

d
2

[Vyu(Az, A°€)[ = (2m)~

/‘euwwvwfanLx4y_$»d4
Rd

_ (27r)_%/\d /Rd ei/\m(/\*mso(ky)—/\”s’m(y7£>)¢(/\(y — 1)) dy‘
k
<o / SN sup [(@70) My — @) [N — A, (p(g)) [
lo'—y'|<e . —g  lzj—ysl<e

> )\m(n—Qk) dy’
< Ck)\d—k(m—l) 5_2k.

This shows that (z9,&) ¢ WF;(u) and (7.10) follows.
When d =1 and ¢ is even then (7.13) follows as in the proof of Theorem 7.1. O

Example 7.4. Let k € N \ 0 and consider the differential equation

u®) — zu = 0.
for u € .#/(R). When k = 2 this is the Airy equation. Fourier transformation gives
(7.14) *&¢" 4+ D =0

which is solved by
gk—i—l
ﬂ(f) = C’exp <_ik+1k—i—1

This function belongs to .#/(R) provided k ¢ 1 + 4N.
The equation (7.14) can be written a*(z, D)u = 0 where

a(z, &) = i*ak €.

), CecC.
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By Example 3.9 we know that a € G*¥ N G**. Suppose k = 2n with n € N\ 0. Since
a(z,€) = 0 when & = (—1)"122" it follows from Definition 3.8 that (x, (—1)"*122") €
chargy, (a) for any x # 0. It holds

(7.15) chary, (a) = {(z, (— )”Jrl 2”) eR? z #0}.
In fact it suffices to show
(7.16) charg, (a) C {(z, (—1)""z?") € R?, z # 0}.

Suppose (7o, &) € St with & # (—1)""122". In order to show (7.16) we must show
(z0,&0) ¢ charg,(a). There exist €, > 0 such that

1€ — (=1)"H 22 > §(|x| + |¢]2) >

if (x,€) € (xo,&0)+Be. This inequality is 2n-conic, that is invariant to the transformation
T*R\ 03 (z,€) = (A, A\2"¢) for A > 0. It follows that

la(@, )] = 6(|z| + [¢]77)*"

when (z,§) € an,(xO’SO)’g. Hence from Lemma 3.7 it follows (z9,&p) ¢ chars,(a) and we

have shown (7.16) and thereby (7.15).
Invoking Theorem 6.4 we obtain

WEF2" (@) € WEZ" (a” (2, D)@i) | chargn(a)
= charg,(a) = {(z, (=1)""'a?") € R®, = # 0}.

Thus we have found an alternative proof of a particular case of the inclusion (7.7) in
Theorem 7.1 when m is odd. From (7.8) we know that the inclusion is actually an
equality.

Adding this information and applying Proposition 4.3 (i) we obtain

1
WFZ (u) = —JWF*(@) = {((-1)"2*",z) € R?, = # 0}
If n =1 then w is the Airy function (multiplied by C) [13], and thus
1
WFZ (u) = {(~2?,2) € R?, z #0}.
This can be compared to [21, Example 8.5] which says that

WFg(u) = WF,(u) = {(z,0) € R?, = < 0}.
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