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Two models for the herbivore-insects-plants interactions are formulated, differing
in the way the farmer’s behavior is accounted for. In the first one the farmer
regularly checks the crop and possibly removes infected plants, reimplanting new
healthy ones in their place. The second one instead considers a large crop where
this behavior is not possible and where therefore the infection may propagate
freely in it, via the action of insect vectors. Effector proteins are known to affect
the insect-plant dynamics and their influence is here investigated. Although they
cannot influence the ultimate ecosystem behavior, they do impact the speed at
which the equilibria are attained, in some fortunate cases favoring a faster infection
eradication.

1. Introduction

The aim of this paper is to formulate and analyze particular insects-plants
interactions, with the former being often harmful for crops, !. Specifically,
we consider a leafthopper vector that introduces pathogenic phytoplasma
into a susceptible population of seasonal plants. The agroecosystem is
assumed to be possibly infected by different phytoplasma strains. The
latter differ only by the presence or the absence of a specific effector protein,
whose effect renders infected plants more palatable to the insect vector,
that are assumed not to have alternative food sources. Indeed, it is known

*Work partially supported by the project “Modelli e metodi numerici in approssimazione,
nelle scienze applicate e nelle scienze della vita” of the Dipartimento di Matematica
“Giuseppe Peano”.
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that the insect herbivores behavior towards plants can be mediated by
molecular interactions, ?. The model is conceived to forecast the effect of
this protein on the pathogen spread among the plant and insect populations.
We envisage a closed epidemiological system with no insect migrations and
consider only a fixed strain of phytoplasma.

Models for this situation have already appeared in the literature, ©.
Also, the presence of effector proteins in agriculture has been demonstrated,
2458 and can be used in various situations, 7.

Two different scenarios are presented. In the first one we assume that
the farmer regularly checks the crop, so that to control the spread of the
pathogen, “infected” plants are possibly removed and replaced by healthy
ones. Thus the total seasonal plant population is fixed in time. In the
second one, this last restriction is removed and the infection may propagate
freely among the plants, via the action of insect vectors.

In particular, we would like to elucidate the role played by the effector
proteine in the agroecosystem dynamics.

In the next section we introduce the system controlled by the farmer,
and analyze it assessing its equilibria and their stability. Section 3 con-
tains the second situation, with a nonconstant plant population. A final
discussion on the role of the effector proteins concludes the paper.

2. The model incorporating the farmer’s behavior
2.1. Model assumptions

As mentioned, here the number of plants in the agrosystem is fixed: each
diseased plant that dies or is discovered by the farmer is removed and
is replaced with a new susceptible healthy plant. This assumption also
allows us to disregard possible vertical phytoplasma transmission in the
plant population.

Demographics is instead considered for the insect vector population.
This is motivated by the fact that during the good season, while plants grow
and produce fruits and seeds for the next year, insects instead experience
generally several reproduction times. It is not uncommon that during the
spring and summer, three or more generations are found, with average
insects lifetimes spanning around a few weeks. No farmer’s control action on
the insects diffusion and their damages is assumed to occur. Also, here we
allow the pathogen to be possibly vertically transmitted. The assumption
however could be easily removed by setting the corresponding parameter
to zero, in case it is found not to hold for specific species.
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2.2. Model setup

Let S represent the susceptible plants population, I represent the one of
infected plants, U stand for the susceptible insects and V for those infected.
Further, let C' denote the whole plants population in the agroecosystem,

C=8+1 (1)

The model under consideration consists of two simple equations for the
susceptible and infected plants and another similar two for the insects. They
are connected by the fact that each infected subpopulation is recruited via
susceptible interactions with infected of the other subpopulation.
Susceptible plants become indeed infected when bitten by an insect-
vector able to transmit the phytoplasma. Let us define a as the preferential
attraction probability of insects towards infected plants. Let also A be the
phytoplasma transmission rate. Now the term (1 — a)AV'S represents the
rate at which vectors are attracted by, bite and transmit the phytoplasma
to susceptible plants and therefore infect them. Note that in this term, no
role is exerted by the healthy insects, because at least in this context, they
do not harm the plants. In reality, they suck sap, therefore they damage
the plants, but do not transmit the pathogenic phytoplasma, and this is
what is of interest here. Furthermore, we model the farmers’ behavior, who
removes at rate u the infected plants and replaces them by new susceptible
ones. The plants dynamics is therefore captured by the following equations:

% =ul — (1 —a)\VS5, %

Insects are subject to demographics, with birth rate b, natural mor-
tality n and subject to intraspecific competition. However, since they are
partitioned among carriers and susceptibles, we must distinguish between
their relative influences. We denote by cxy, X,Y € {U,V} the negative
action exerted by the subpopulation Y on the subpopulation X. As for the
phytoplasma vertical transmission, we allow it, denoting by p the fraction
of insect offsprings generated by carrier parents of the previous generation.
Thus these new insects bear the phytoplasma since egg disclosure. Adult

=1 —-a)AVS —pul. (2)

insects phytoplasma transmission occurs via biting of an infected plant. In
this case we must take into account both plant subpopulations, because if
a healthy insect bites a susceptible plant, it does not become infected. Let
the plant-insect phytoplasma transmission be denoted by o. This must be
a function of susceptible insects and infected plants, thus o = o(I,U). Now
the insect has the choice of the plant to bite, and thus the rate at which it
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finds an infected plant depends on the latter abundance in the whole plant
population. The fraction IC~! gives the probability of picking one infected
plant among all plants. We also denote by g the phytoplasma acquisition
rate. Further, because phytoplasma cannot be transmitted in the absence
of plants, we set the transmission to zero if C' = 0. Overall, the pathogenic
phytoplasma transmission from plant to insect is modeled via the function

IU
sruy={%¢c 70, (3)
0 C=0

To complete the insects infection process, we need to take into account
also their preferential attraction toward infected plants, a. We also as-
sume that phytoplasma carrying does not alter insect natural mortality.
Combining all these features and (3), we thus obtain for C' # 0

I

‘fi—(t] =b(1—p)V +bU — aﬁg — cypU? — cyyUV —nl, (4)
I

%/ =bpV + aﬁg —cyy V2 — ey VU —nV. (5)

Remark 1. Note that for C = 0, the equations (2) are trivial, plants
vanish, § = I = 0, and only the subsystem (4)-(5) remains, that will be
analysed in detail below.

The complete model is made by equations (2), (4), (5), where all the
parameters are assumed to be nonnegative. Further restrictions, in view of
what we have discussed above, are a € (0,1), p € [0,1], these parameters
being probabilities. Note that for the former the particular cases a = 0
and a = 1 are excluded, because the protein cannot render the infected
or healthy plants entirely appetizing or unappetizing for the insect. The
former conditions are supplemented by the following assumptions: healthy
insects are more competitive than sick ones, thus some coefficients cxy are
comparable; namely,

cov <cevu, cvv <cyu, cvy Scevu. (6)
Also, the insect birth rate exceeds their mortality rate, i.e.
b>n; (7)

indeed, if this were not the case, by adding the equations (4) and (5) we
find that the whole insect population would vanish. In fact its dynamics
would become

d(U+7V)

i = b(V+U)—TL(V+U)—CUUUQ—CUvUV—CVVv2—CVUVU < 0.
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A complete list of the parameters is given in Table 1.

Table 1. Description, dimensions and basic assumptions about the parameters, as-
sumed to be all positive.

Description Dimension Assumptions
insects preferential attraction
. - 0,1
@ rate toward infected plants a€(0,1)
T
b insects natural birth rate m b>n
intraspecific competition rate 1 cyy < cyu
cxy of class X individuals over — cyv < cyu
class Y individuals, [X,Y € {U,V}] [t] cyy < cyu
C number of plants, fixed - C=S+1>0
T
n insects natural mortality rate —

probability of insects vertical
p Po— - pE [07 1]
phytoplasma transmission

phytoplasma acquisition rate 1

p for insects from plants m
N phytoplasma transmission rate 1
for plants from insects [t]

u infected plants mortality rate 1

and replanting rate of susceptible plants

(=

2.3. Equilibria Analysis

2.3.1. The insect-only subsystem

For C' = 0, from (4)-(5) we obtain the equilibria Py = (0,0), P, = (U1, 0),
P, = (U, V.), with

1
U1 = 3 V*:i(bp—CVUU*—TL),
Cuu cvv

while U, is a positive root of the quadratic Zi:o arU* = 0 with

cuvevu b(l—p
ar=TVYY o ap= 0P gy
cyvv vy
¢ c
ar=b—n——C(bp—n) — —b(1 - p),
cvv cvv
which also must satisfy, to ensure nonnegativity of Vi,
bp—n
U, <271 8)
vy

To be fulfilled, this implies also
bp>n (9)
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which in turn gives ag > 0. Thus by Descartes’ rule, a positive root U, is
obtained by requiring also as > 0 or a; > 0. In summary, feasibility of P,
is ensured by (9) and at least one of the following conditions

beyy < neyy + cuv(bp —n) + cyub(l —p), cuvevy < cvvepy. (10)

Feasibility for P; holds unconditionally, being ensured by (7).
The Jacobian of (4)-(5) is
f— b—n—QCUUU—CU\/V b(l—p)—CU\/U
B 7CVUV bp - 20\/\/‘/ - CVUU —n ’
At the origin its eigenvalues would give the stability condition b < n,
which cannot hold in view of (7), so that it is always unstable.
For P, we find instead n < b, ensured by (7), and

(bp —n)cyy < (b—n)eyy. (11)

At P,, we apply the Routh-Hurwitz conditions. The trace condition is
always satisfied,

cyyUVy + CUUUE + b(l — p)v* > 0.

Stability is thus ruled only by the sign of the determinant; stable coexistence
of healthy and infected insects occurs for

U,

Vi> ———m—
b(1 —p)evy

[Us(cvueuy — cuvevy) — cvub(l — p)l. (12)

2.3.2. The complete model

In view of the parameter assumptions, specifically here A\, u > 0 and a # 1,
from (2) note that I = 0 implies S = 0 or V = 0. Thus the search for the
system’s equilibria is somewhat eased. We find the points

. ~ b— ~ o b

El:(C’O’O)O)v E2: (C,O,n,()), E3: (C_I37I3707n) 3
cuu cvv

where the latter exists only in the very special case of full vertical phyto-

plasma transmission:
p=1, (13)

and where
7. (I=a)A(b—n)C

ceyvpt+ (T—a)A(b—n)
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The equilibrium El corresponds to the insect-and-disease-free equilibrium,
with the whole plantation being healthy and insects-free, while EQ instead
represents the disease-free point with both plants and insects thriving. Note
also that equilibria with S = 0, while the other populations do not vanish,
cannot occur in this situation, because the new susceptible plants are always
introduced in the field by the farmer, to replace the diseased ones that he
removes.

We now investigate the coexistence equilibrium. Combining the con-
straint equation (1) with the equation of the infected plants, we find

_ (I—-a)ACV

T pt (1 —a)\V
By substitution into the equilibrium equations obtained from (4) and (5),
we find the following non-linear system:

2 a(l —a)BA
_— —b bip— 1V =
couU +u—|—(1—a))\VUV+CUVUV+(n VU + b(p )WV =0,
1—
V2 M= OB VU (- b)Y =0

+ (1 —-a)A\V
It turns out that this system is of order three, which makes an analytical
study essentially impossible.
Alternatively, the coexistence point Ey = (C' — Iy, I4, Uy, V*) has the
population values
- (1—a)ACV*
I4 ==
w4 (1 —a)\V*

—~2 —
b, = (bp—n)u— (1 —a)eyy A\V* —[eyyvu+ (1 —a)(n —bp)A]V*
(1—a)eyuAV* +eypp+ a(l —a)BA 7

with feasibility condition obtained by imposing the numerator of Uy to be

positive, namely
—~2 —
(bp—n)pu > (1 —a)eyyAV* +[eyvp+ (1 —a)(n—bp)A]V*  (14)
and where V* is a positive root of the fifth order algebraic equation
asV® +agV* 4+ a3V? + aoaV2 + a1V 4+ a9 = 0

whose coefficients depend on the model parameters. Note also that the
condition f4 < C is easily seen to be always satisfied.

Both these analytic approaches essentially fail and we need to investigate
this point numerically.
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2.4. Local stability analysis
The Jacobian matrix associated with the model (2), (4), (5) is
[—1—a)AV  u 0 —(1—a)\S]|

1—-a)AV  —u 0 (1—a)AS

<
I

U ~ ~
0 —af—= J J
aﬁC 3,3 3,4
U ~ ~
0 — J J
i aﬂ(] 4,3 4,4 |

with
-~ I
J373 = b—a,@6 — 2CUUU7 CU\/V —-—n,
J34=0(1-p)—covU,
-~ I
J4,3 :aﬂa *CVUV,
34,4 =bp—2cyvV —cyyU —n.

Because the first two rows of J are linearly dependent, at least one of the
eigenvalues of J vanishes. Thus no equilibrium is asymptotically stable,
but at most it can only be stable.

At El the nonvanishing eigenvalues are —u, b — n, bp — n, but in view
of (7) the second one is always positive, implying that this equilibrium is
unconditionally unstable, unless b — n in which case it is stable but not
asymptotically.

At Eg one eigenvalue is zero and another one is immediate, n—b < 0. We
then apply the Routh-Hurwitz criterion for the remaining minor of order
two to respectively obtain, for the trace and the determinant,

e (e o

qu—CVU)b— (l—CVU>n} - =" <0, (16)

Ccuu Cuu Ccuu

Now (15) follows if the bracket is negative, which is ensured by

(pevv — cvu)b < (cvv — cvu)n. (17)
Similarly, (16) can be ensured if in addition to (17) we require also

b—n

(pCUU — CVU)b < (CUU — cVU)n — (1 — a)aﬁ)\
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At Eg all the eigenvalues of the Jacobian are explicitly known, two of
which are always negative, in view of (7)

b—n

n—>b<0, —[(1—(1))\ —l—,u]<0.

vy
Thus the remaining nonzero one alone determines the stability of this equi-

librium:

1 ( (1 —a)apA

evv \p+ (1 —a)rt=z

+cyy | <1. (19)
cvv vy

Coexistence is investigated numerically.
Table 2 summarizes the findings.

Table 2. Feasibility and local stability conditions for the system (2), (4), (5) equilibria.

Equilibria Feasibility Stability
= for b > n unstable; for b = n stable
E1=(C,0,0,0) o but not asymptotically stable
E, = (C,0, %,0) b>n (15), (16); sufficient: (18)
B3 = (C —I3,13,0, =-) p=1,b>n (19)
Ey=(C—14,14,U4,V*) | V*>0,Us(V*) >0 numerical

From Table 2 a transcritical bifurcation is observed for which EQ em-
anates from El as soon as b increases past n. In Figures 1 and 2 a trans-
critical bifurcation relating equilibria E4 and Eg is shown to occur in terms
of the bifurcation parameters 8 and A respectively. The other parameter
values for these figures are

a=05 b=9, cyy=0.15 cyy =0.10, (20)
Cyy = 0.25, Ccyy = 0.207 n = 67 Hn = 7.
Also, the chosen initial conditions are

So =300, I,=0, Uy=150, Vp=1. (21)

3. The model with variable plant population

In this second formulation, we account for plants intra-species competition,
birth rate and natural mortality. Using the same variables already defined
in equations (2), (4), (5) but introducing some new parameters in addition
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Figure 1. Transcritical bifurcation from E4 to EQ as the bifurcation parameter § de-
creases below the threshold 8 ~ 0.75. The other parameter values are given in (20), with
additionally p = 0.5 and A = 11. Initial conditions given by equation (21).

Figure 2. Transcritical biflircation from E4 to Eg as the bifurcation parameter A de-
creases below the threshold A & 1.25. The other parameter values are given in (20), with
additionally p = 1 and 8 = 2. Initial conditions given by equation (21.)

to the ones previously used, the current model becomes:

% =rS+7l — (1 —a)A\VS —cg;ST — cs55* —mS (22)
T

i% = (1 — a))\VS — stfs — C][IQ - (/J + m)] (23)

dU U

o= b(1 —p)V +bU — aﬁm —cppU? —cyyUV —nU  (24)

dv U

T bpV + aﬁsTI —cyy V2 —ecyyVU —nV. (25)
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In the equation (22), r represents the plants reproduction rate, and m their
natural mortality. Note that the following assumption is necessary,

r>m, (26)
because otherwise, summing equations (22) and (23) we would obtain
d(S+1
% = —-—m)(S+1I)—csSI— 65552 —crslS — el — ul <0

and the whole plant population would vanish, making the model useless.

In addition, cgy represents the intraspecific pressure exerted by infected
over susceptible plants, while cgg is the corresponding pressure due to
healthy plants on other healthy ones. In equation (23), corresponding terms
are cyg denoting the pressure of susceptibles over infected plants, and c;
the intraspecific pressure of infected over other infected plants. The re-
maining equations (24) and (25) for insect vectors are the same as in the
previous model, namely equations (4) and (5), with the only change due to
the fact that now in the standard incidence term, the total plant population
C is no longer constant, but must be replaced by S + I.

Assumptions similar to (6) on the new coefficients are made, namely

csr < crs, ¢€s1 <cgs, cir <cCrs. (27)

The newly introduced parameters, their meaning, units of measurement
and assumptions are also reported in Table 3.

Table 3. Additional parameters in model (22)-(25) and related assump-

tions.
Description Units | Assumptions
cxy >0
. intraspecific competition coefficient i csr < crs
XY of Y over X, with X,Y € {S,I} [4] csr < ¢sg
crr <cis
T
m natural plants death rate m m >0
T
T natural plants birth rate m r>m

3.1. FEquilibria feasibility

Because equations (24)-(25) are the same as for (4)-(5), apart from the
replacement of C' with S + I, the plant free case S = I = 0 has been
already discussed in Section 2.3.1 and therefore is no longer considered in
what follows.
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The points that are possible equilibria for the system (22)-(25) are

— _ b—
E1: <w707070)7 E2: (r m707n70)
Css Css Cuu

the former being unconditionally feasible in view of (26), the latter also, us-
ing both (26) and (7). In addition, the particular healthy-insects-free case
E;5 = (Ss,15,0,V3) can be obtained, by assuming perfect vertical transmis-
sion

p=1 (28)

Easily from (24)-(25), U3 =0, V3 = Vo = (b — n)c;%/. The plants popula-
tions can be obtained from (22)-(23). From the latter,

C]]I+M+m1 I° — (1 — a))\(b— 77,) (29)

S=¢([) = ————
1) crs(I° —1) crsevv

Thus ®(7) has a negative zero and crosses the origin raising up to infinity
at I°°, this representing its only feasible branch, while for I > I*° it is

negative. Further, its derivative at the origin is positive,
n+m
(I —=a)\(b—n)

Also, by adding the equilibrium equations corresponding to (22) and

(I)/(O) =cCyy > 0. (30)

(23), we obtain a conic section
W(I,8) = cril?4cs55% +(crs+cs1)ST—(r—m—p)I—(r—m)S = 0. (31)

Discarding the degenerate cases, from its invariants, we observe that W is
an ellipse in case 4cyress > crs + csy and a hyperbola conversely. This
conic goes through the origin and crosses the axes at the points Q7 = (1°,0)
and Q% = (0,58%) with:

S0 — Lo =r=mor
Css CIr1

Now, S > 0 in view of (26), while the sign of I° is not determined. Note
that if we try to assess the sign of the slope at the points at which the conic
intersects the axes, by implicit differentiation, we find

ﬁ B 2crrl + (ers +csr)S — (r—m—p)

dl 1 —m—2cssS — (cr15 +csr)l

so that

ds crrI® §|QS _q_ht (crs + csr)S°

i — , <1
dI|QI r—m — (crs + csp)I° dI r—m

)
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while at the origin we find
ds I
V(0)="“lop=—"——-1>-1.
©) dI lo r—m

In spite of these calculations, the signs of the derivatives, although still
useful to discard some possible situations arising below, are not enough to
discriminate between the two possible types of conic sections. Therefore we
must examine them both. Further implicit differentiation produces, after
evaluation at the origin,

d>s | 2 ( n n )dS| n

—lo=—75——""|(c c cs1)— crrl -

a2 © Y —— ss c1s +es)grlo T e
Remark 2. From this expression, if S'(0) > 0 it follows S”(0) < 0. Thus
at the origin, a positive slope must be coupled with a negative curvature.

Case A : Suppose ¥ is an ellipse: there are two cases:

(a) 7 > m + p for which 19 > 0; the feasible part of ¥ consists
just of an arc in the first quadrant joining the points @’ and
QS'

(b) r < m + p for which I° < 0; the feasible part of ¥ consists
just of an arc the origin and the point Q;

Case B : Suppose VU is a hyperbola: there are six cases:

(1) I° > 0, ¥/(0) < 0 and ¥”(0) < 0: the feasible part of ¥
consists just of a convex arc in the first quadrant joining the
points Q' and Q%;

(2) I° > 0, ¥/(O) > 0 and ¥”(0) < 0: the feasible part of ¥
consists just of an arc joining the origin and the point Q! and
a convex arc emanating from Q°;

(3) I° < 0, ¥/(O) > 0 and ¥”(0) < 0: the feasible part of ¥
consists just of a concave arc emanating from the origin and
a convex arc emanating from Q°;

(4) I° < 0, ¥(O) < 0 and ¥”(0) > 0: the feasible part of ¥
consists just of a concave arc emanating from Q°;

(5) I' < 0, ¥(O) < 0 and ¥”(0) < 0: the feasible part of ¥
consists just of a convex arc emanating from Q°;

(6) finally, IY > 0, ¥/(O) > 0 and ¥”(0O) > 0: the feasible part of
U consists of an arc joining the origin and the point @Q° and a
concave arc emanating from @Q’; however, in view of Remark
2 this case cannot arise.
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The susceptible S3 and infected I3 populations at equilibrium FEj3 are
obtained by the intersections of ¥ and @ lying in the first quadrant. Ex-
amining the various situations, we are led to the following conclusions:

Case A : VU is an ellipse:
(a) the feasible intersection with ® is always guaranteed;
(b) the feasible intersection with ® is guaranteed if and only if
'(0) > ¥'(0).
Case B : ¥ is a hyperbola:

(1) here ¥/(0) < 0 < ®'(0); exactly one intersection of ®(I) and

¥ is guaranteed;

(2) (i) if @'(0) < ¥’'(0), given that ® has the vertical asymptote,
two intersections between ® and the two feasible branches
of U are always guaranteed;

(i) if ®'(0) > ¥'(0), given that ® has the vertical asymp-
tote, exactly one intersection of ®(I) with the branch of
U emanating from Q° exists;

(3) (i) if @'(0) < ¥’'(0), given that ® has the vertical asymptote,
two intersections between ® and the two feasible branches
of U are always guaranteed;

(ii) if ®’(0) > ¥'(0), given that ® has the vertical asymp-
tote, exactly one intersection of ®(I) with the branch of
U emanating from Q° exists;

(4) here ¥'(0) < 0 < ®'(0); in this case there is always one feasible

intersection between ® and ¥;

(5) here ¥'(0) < 0 < ®'(0); in this case there is always one feasible

intersection between ® and V.

The coexistence equilibrium E* = (S*,I*,U*, V*) is investigated nu-
merically.
3.2. Equilibria stability
The Jacobian matrix J associated with the model (22)-(25) is the following:

Jia r—cgrS 0 (a—1)AS ]

—crsl — (a— 1AV J22 0 —(a—1)AS
aﬁ% aﬂﬁ—aﬂ%ﬂ I3z J3a ,

—Gﬁ% afgit — aﬁﬁ Jaz  Jaa |
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with
Jii=r—m-—csl —2cssS+ ANa—-1)V,

Joo=—m—pu—2crI —crs8,

s

I
J33=b—n—2 U - V —af——
3,3 n Ccuu cuv 055_1_17
J34=—cyvU —b(p—1),
I
Jy3 = - %
43 GBSJJ cvuV,

Jy4="bp—cypU —2cyyV —n.
For the equilibrium E7, we find the eigenvalues

crs(m—r)

Css

m—r <0, —pu—m<0, b—nmn>0, bp—n<0
so that it is unstable, unless b = n, in which case we obtain stability but
not asymptotic stability.

Two eigenvalues of the Jacobian evaluated at E5 are explicitly found,
m —r <0 and n — b < 0 both negative in view of (26) and (7). Using the
Routh-Hurwitz criterion on the remaining minor of order two, we are led
to the stability conditions

(bp—n)— (u+m) — L2 —m) - X —n) <0, (32)

Css cuu
<CIS(r —m)+ pu+ m> <bp —-n— CV—U(b - n)) < Aa(a —1)(b—n) (33)
css Cuu Cuu

Further, estimating the second term on the left of condition (33) as
follows

Cuu b cuuU b
a7 IR GhI

the condition (33) can be rewritten as

bevs (1 - vv) (p- 1) < —2Pall =)o mess

cUU b Cers(r—m) +ess(p+m)

Remark 3. Now (32) holds if

@—n—qu—m:bﬁ—”—ﬁma—”ﬂ

p<%<1 (34)
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by (7) and (26). Conversely, using

bp—n—CV—U(b—n)<(b—n) <1—CVU> <0,
cuu

it also holds if
n
E <p<l, cyy>cyu- (35)

Remark 4. This last condition is certainly not met if either one of the

following sets of inequalities hold:

n n

g <p, cyu<cyu; p < g < 1, cyy > Cyyu- (36)
Therefore, in such case, Fs is certainly unstable.

At Es5 the characteristic equation factorizes into the product of two
quadratic equations, stemming each from a suitable minor of order 2. We
can apply once more the Routh-Hurwitz conditions to these submatrices,
to find two sets of stability conditions, namely

J(E3)11+ J(E3)22 <0, (37)

Ab—n)(a—1
J(E3)11d (E3)2,2 + (61513 + (Cv)\(/)> (r—cs1Ss3) >0,
where
Ab—n)(a—-1
J(ES)l,l =r—m—cgrls —2¢cgsS3 + w ,
cyy
J(Es)20=—m—u—2crrl3 — crsSs
and
J(E3)33+n—2b+bp <0, J(E3)33(n—2b+bp) > J(E3)4,3b(1—p) (38)
with

cuv(b—mn) afBI* apl*  cyu(b—n)

J(E3)33=b—n— J(E3)a3

cvy S Sy 4 I+ L vy
Coexistence is shown numerically to be stable, for suitable parameter
choices.
We also show transcritical bifurcations arising for the pair of equilibria
E, to E5 as the bifurcation parameters 8 (Figure 3) and A (Figure 4) vary.
The remaining parameter values used in these figures are
a = 057 b= 19, Cyu = 0.]., cyv = 0.2, Cyy = 0.4, (39)
Cyy = 0.3, Css — 0.014, Cs1 — 0.023, Cis = 0.042,
cry =0.035, n=15 m=05, r=4, uwu=03.
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Figure 3. Transcritical bifurcation from E4 to E2 as the bifurcation parameter 8 de-

creases below the threshold 8 & 1.75. The other parameter values are given by (39) and
p = 0.5 and A = 12. Initial conditions given below by equation (21).

250
O s
° |
o + U
200 - o ®x Vv
o
o
150 o
o
o
100 o
50 [
L J
0 “l_
6 6.5 7 7.5 8 85 9 9.5 10
A

Figure 4. Transcritical bifujcation from F4 to Fg as the bifurcation parameter A de-

creases below the threshold A\ & 7.25. The other parameter values are are given by (39)
and p =1 and B = 3. Initial conditions given below by equation (21).

4. The effector protein action on the ecosystem
For the model (2), (4), (5), we use the following reference parameter values:
b= 9, Cyuyu = 015, Cyy = 010, Cyy = 025, Cyy = 02(), (40)

n=9, p=05 A=12, C=300, A=11, pu="T.
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For model (22)-(25) the same initial conditions (21) are used, but the
reference parameter values are

b= 19, Cyu = 0.17 Cyy = 0.2, Cyy = 0.4, Cyy = 0.3, (41)
Css — 0014, Csy — 00237 Cis — 0042, Ci; = 0035, n = 19,
m=0.5, p=05 r=4, pB=11, A=12, u=0.3.

Figures 6-10 contain the simulations for model (2), (4), (5). In partic-
ular, Figure 6 shows the solutions behavior in the particular case of b = n,
while in all the other ones b > n. Note that all the possible system’s
equilibria are shown to arise, for suitable parameter choices. Clearly, the
parameter a does not influence the final outcome, in the sense that chang-
ing it does not alter the point that is ultimately achieved. It does affect
however the speed at which the equilibrium is reached. Although in the
transient phase there might be some slight differences, compare the frame
for V in Figure 6, in general a higher value of a helps in removing faster
the infected and boosts the susceptible plants growth; these remarks hold
in a lesser way for insects. An exception for the infected insects is however
given by the coexistence equilibrium E4 of Figure 9, their number being
increased by a larger value of the effector protein.

Completely similar remarks hold for the simulations involving model
(22)-(25), Figures 11-16. Again, Figure 11 shows the particular case b =
n = 19, while the remaining ones assume b > n.
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Figure 6. Model (2), (4), (5): Equilibrium E4 obtained with parameter values (40), but
for n = 6 < b, and initial conditions (21).

Table 4. Feasibility and local stability conditions for the system (22)-(25) equilibria, where
the assumptions on the parameters (7) and (26) are implicitly used.

Equilibria Feasibility Stability
_(r—m unstable if b > n
By =(5550.0,0) simply stable if b = n
By = (Z=2,0, g;g,o) (32), (33); sufficient (34), (35)
. b—n (28), see text: Cases A and B .
By = (53,13,0, ;%) for Is > 0 and S5 > 0 numerical

Ey = (S*,I*,U*,V*) numerical numerical
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Figure 7. Model (2), (4), (5): Equilibrium E5 obtained with parameter values (40), but
forn =6 < b, =3, A\ =2 and initial conditions (21).
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Figure 8. Model (2), (4), (5): Equilibrium E3 obtained with parameter values (40), but
for n =6 < b, p =1 and initial conditions (21).
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Figure 9. Model (2), (4), (5): Equilibrium E4 obtained with parameter values (40), but

forn =6 < b, p=1, 8 =2 and initial conditions (21).
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Figure 10. Model (2), (4), (5): Equilibrium E5 obtained with parameter values (40),
but forn =6 < b, p=1, 8 =2, A =1 and initial conditions (21).
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Model (22)-(25): Equilibrium E; obtained with parameter values (41) and

200
150

— 100
50

o

0.5 1 1.5
time

Model (22)-(25): Equilibrium E4 obtained with parameter values (41) but



July 12, 2021

22:6 Proceedings Trim Size: 9in x 6in

Acotto'Berera'Malano Venturino

24
300§ 30
280
20
o 260 -
10
240
0
0 0.5 1 15 0 0.5 1.5
time time
150
0.8
100 06
=) >
50 0.4
0.2 i
0 0
0 0.5 1 1.5 0 0.5 1
time time
Figure 13. Model (22)-(25): Equilibrium E> obtained with parameter values (41) but

for n =15, B = 1 and initial conditions (21).
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Model (22)-(25): Equilibrium E3 obtained with parameter values (41) but
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Figure 15. Model (22)-(25): Equilibrium E4 obtained with parameter values (41) but
for n =15, p =1, B = 3 and initial conditions (21).
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Figure 16. Model (22)-(25): Equilibrium E2 obtained with parameter values (41) but
for n =15, p =1, B =3, A = 3 and initial conditions (21).



