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ON THE GENERATORS OF CLIFFORD SEMIGROUPS:
POLYNOMIAL RESOLVENTS AND THEIR INTEGRAL

TRANSFORMS

RICCARDO GHILONI AND VINCENZO RECUPERO

Abstract. This paper deals with generators A of strongly continuous right linear semi-
groups in Banach two-sided spaces whose set of scalars is an arbitrary Clifford algebra
C `(0, n). We study the invertibility of operators of the form P (A), where P (x) ∈ R[x]
is any real polynomial, and we give an integral representation for P (A)−1 by means of
a Laplace-type transform of the semigroup T(t) generated by A. In particular, we de-
duce a new integral representation for the spherical quadratic resolvent of A (also called
pseudoresolvent of A). As an immediate consequence, we also obtain a new proof of the
well-known integral representation for the spherical resolvent of A.

dedicated to Professor Klaus Gürlebeck

1. Introduction and main results

Quaternionic functional analysis has probably its original motivation in the seminal
paper [4], where it is pointed out that quantum mechanics may be formulated, not only
on complex Hilbert spaces, but also on Hilbert spaces whose set of scalars is H, the
noncommutative real algebra of quaternions.

Many papers have been devoted to the development of quantum mechanics in the
quaternionic framework (see, e.g., [20, 18, 33, 1]), whose natural setting is a Hilbert two-
sided H-module X, with the space of bounded linear operators acting on it replaced by the
set L r(X) of bounded right linear operators. However, a full development of quaternionic
quantum mechanics was prevented by the lack of suitable quaternionic spectral notions,
indeed, as observed in [9, 23], the classical definitions of spectrum and resolvent operator
do not allow to define a noncommutative functional calculus.

A first rigorous formulation of a quaternionic spectral theory has been provided only
in [8] where one can find the first definition of the notions of spherical resolvent set
ρS (A), quadratic resolvent operator Qq(A), spherical resolvent operator Cq(A) and spherical
spectrum σS (A) of a right linear operator A on a quaternionic Banach space X. They are
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given by

ρS (A) := {q ∈ H : ∃(A2 − 2 Re(q)A + |q|2)−1 ∈ L r(X)},
Qq(A) := (A2 − 2 Re(q)A + |q|2)−1, q ∈ ρS (A),

Cq(A) := Qq(A)q̄ − AQq(A), q ∈ ρS (A).

In [8] the name pseudoresolvent is used for Qq(A) but we choose the term quadratic
resolvent since in the classical complex case the name “pseudoresolvent” has a different
meaning. The above definitions permit to develop a noncommutative functional calculus
for right linear operators on a Banach two-sided module over H (and over a Clifford algebra
as well, cf. [14, 11, 12, 9, 10, 15, 23]) and to deduce in [2, 24] the spectral representation
theorems for normal operators in the quaternionic Hilbert setting (cf. [2, 24]). A wider
bibliography can be found in the recent accounts on the theory [5, 6].

The mentioned noncommutative functional calculus is intimately connected to the the-
ory of slice regular functions, introduced in [22], which extends to quaternions the classical
concept of holomorphic function. They form a class of functions admitting a local power
series expansion at every point of their domain of definition (cf. [21]), including polyno-
mials with quaternionic coefficients on one side, and they admit a Cauchy-type integral
representation formula with a suitable quaternionic version of the kernel proved for the
first time in [7] (see also [26]).

The next natural stage in this analysis is the development of a noncommutative theory
of right linear operator semigroups which was developed in [13, 27, 28]. In the classical
complex theory a fundamental tool is provided by the integral representation of the resol-
vent operator of a generator A by means of the Laplace transform of the semigroup T(t)
generated by A. An analogous integral representation in the quaternionic case for the
spherical resolvent operator Cq(Q) is shown in [13] and a proof is provided in [28] using
techniques from slice regular function theory.

The purpose of the present paper is to study the invertibility of operators of the form
P (A) where P (x) is an arbitrary polynomial with real coefficients of degree at least 2,
including P (x) = ∆q(x) = x2 − 2 Re(q)x + |q|2. Under natural conditions, we prove that
P (A)−1 exists and belongs to L r(X). Furthermore, we provide an integral representation
for P (A)−1 by means of a Laplace-type transform of the semigroup T(t) generated by

A. We extend this integral representation to operators of the form
∑d−1

j=0 A
jP (A)−1pj,

where d is the degree of P and p0, . . . , pd−1 are arbitrarily chosen quaternions. In the case
P (x) = ∆q(x), we obtain a new integral representation for Qq(A) and, setting p0 := q
and p1 := −1, we discover again the well-known integral representation for Cq(A) via the
quaternionic Laplace transform. This gives also a new proof of the integral representation
for Cq(A), which avoids the use of slice regular function techniques. Our results are valid
not only on quaternions but also on a class of real associative ∗-algebras including, as the
main examples, all Clifford algebras C `(0, n).

Let n ∈ N, let Rn be the Clifford algebra C `(0, n) equipped with the Clifford conjugation
and the Clifford operator norm | · |. Consider a Banach two-sided Rn-module X with norm
‖ · ‖ and the set L r(X) of all bounded right linear operators on X (all the precise de-
finitions will be recalled in the next section).

Let m ∈ N and let P (x) =
∑m+2

k=0 xkak ∈ R[x] be a polynomial with real coefficients in
the indeterminate x. Suppose P has degree m+ 2, that is, am+2 6= 0. Given a right linear
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operator A : D(A) −→ X, we define the right linear operator P (A) : D(Am+2) −→ X
simply by replacing x with A, that is, P (A) :=

∑m+2
k=0 Akak. Denote by C∞([0,∞[ ;R)

the set of all infinitely many times differentiable functions g : [0,∞[ −→ R. Consider the
following ODE with constant coefficients in the variable g ∈ C∞([0,∞[ ;R):

P
(
− d
dt

)
(g) = 0 on [0,∞[ ,

g(0) = g′(0) = . . . = g(m)(0) = 0 ,

g(m+1)(0) = (−1)m(am+2)
−1 ,

(1.1)

where g(k) is the kth-derivative of g and P
(
− d
dt

)
(g) :=

∑m+2
k=0 g

(k)(−1)kak. Denote by
gP ∈ C∞([0,∞[ ;R) the unique solution of (1.1). Recall that, if λ1, . . . , λh are the complex
roots of the polynomial P (x) with multiplicity m1, . . . ,mh, then there exist complex
polynomials Q1(x), . . . , Qh(x) ∈ C[x] such that the degree of each Qj(x) is < mj and

gP (t) =
h∑
j=1

Qj(t)e
−λjt. (1.2)

Define rP ∈ R by
rP := min{<(λ1), . . . ,<(λh)}, (1.3)

where <(λj) is the real part of the complex number λj.
Recall also that if T : [0,∞[ −→ L r(X) is a strongly continuous right linear semigroup

then there exists ω ∈ R such that supt∈[0,∞[ ‖T(t)‖e−ωt <∞, see [27, Thm 4.5(b)].
Our main result reads as follows.

Theorem 1.1. Let T : [0,∞[ −→ L r(X) be a strongly continuous right linear semigroup,
let A : D(A) −→ X be its generator and let ω ∈ R be a real constant such that M :=
supt∈[0,∞[ ‖T(t)‖e−ωt < ∞. Then, if rP > ω, the operator P (A) is bijective, P (A)−1 ∈
L r(X) and it holds:

P (A)−1x =

∫ ∞
0

T(t)gP (t)x dt ∀x ∈ X (1.4)

and

‖P (A)−1‖ ≤M
h∑
j=1

mj∑
k=1

|c(j)−k|
(rP − ω)k

, (1.5)

where c
(j)
−k is the residue at λj of the meromorphic function z 7→ am+2(z − λj)k−1/P (−z).

Furthermore, given (p0, p1, . . . , pm+1) ∈ (Rn)m+2, we have

m+1∑
j=0

AkP (A)−1pjx =

∫ ∞
0

T(t)

(
m+1∑
j=0

g
(j)
P (−1)jpjx

)
dt ∀x ∈ X. (1.6)

Let QRn be the quadratic cone of Rn (see (2.5) for the definition) and let q ∈ QRn .
Define the function gq : R −→ R by

gq(t) := te−Re(q)t sinc(t| Im(q)|), t ∈ R, (1.7)

where Re(q) and Im(q) are the real and imaginary parts of q, respectively. We recall
that sinc : R −→ R is the unnormalized sinc function, that is, the real-valued continuous
function ξ on R defined by ξ(0) = 1 and ξ(r) = sin(r)/r for all r 6= 0.

Thanks to the preceding result, we are able to prove the following:



4 RICCARDO GHILONI AND VINCENZO RECUPERO

Theorem 1.2. Let T : [0,∞[ −→ L r(X) be a strongly continuous right linear semigroup,
let A : D(A) −→ X be its generator, and let ω ∈ R be a real constant such that M :=
supt∈[0,∞[ ‖T(t)‖e−ωt < ∞. Consider any q ∈ QRn and set a := Re(q) and b := | Im(q)|.
If Re(q) > ω, then we have that q ∈ ρS (A) and it holds:

Qq(A)x =

∫ ∞
0

T(t)gq(t)x dt =

∫ ∞
0

T(t)te−ta sinc(tb)x dt, (1.8)

AQq(A)x = −
∫ ∞
0

T(t)g′q(t)x dt = −
∫ ∞
0

T(t)e−ta(cos(tb)− at sinc(tb))x dt, (1.9)

Cq(A)x =

∫ ∞
0

T(t)e−tqx dt (1.10)

for every x ∈ X. Moreover, we have:

‖Qq(A)‖ ≤ M

(Re(q)− ω)2
, (1.11)

‖Cq(A)‖ ≤ M

Re(q)− ω
. (1.12)

Here is the plan of the paper. In the following section we recall all the needed precise
definitions. In Section 3 we present the preceding theorems in the more general case
of certain real ∗-algebras, including all the Rn’s. Section 4 is devoted to the proofs of
these theorems. Finally, in Section 5 we apply the main theorem in order to derive an
integral representation of the integer powers of the quadratic resolvent and the estimate
of their norms; this extends to Qq(A) our Theorem 6.6 in [28] concerning the Laplace-type
transform for the integer slice powers of Cq(A).

2. Preliminaries

Throughout all the paper we will assume that A is a nontrivial finite dimensional R-
vector space endowed with a bilinear product A × A −→ A : (p, q) 7−→ pq with unit
1A, and with a mapping A −→ A : q 7−→ qc called ∗-involution, which is an R-linear
mapping such that (qc)c = q, (pq)c = qcpc, and rc = r for all p, q ∈ A, r ∈ R ⊆ A, where
we are identifying R with the subalgebra of A generated by 1A by means of the algebra
isomorphism R −→ R1A : r 7−→ r1A. Therefore we can write 1 = 1A and we summarize
the previous assumptions by saying that

A is a finite dimensional associative nontrivial real ∗-algebra

with ∗-involution q 7−→ qc and unit 1.
(2.1)

Under the previous assumptions we define the imaginary sphere SA in A by

SA :=
{
q ∈ A : qc = −q, q2 = −1

}
. (2.2)

In the remainder of the paper we will assume that

SA 6= ∅. (2.3)
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Condition (2.3) in particular implies that A cannot be equal to R. We set

Cj := {r + sj ∈ A : r, s ∈ R} , j ∈ SA, (2.4)

QA :=
⋃
j∈SA

Cj, (2.5)

the set QA being called quadratic cone of A. The real part Re(q) and the imaginary part
Im(q) of an element q ∈ A are defined by

Re(q) := (q + qc)/2, Im(q) := (q − qc)/2, q ∈ A. (2.6)

Notice that in general Re(q) and Im(q) are not real numbers, at variance with the cus-
tomary complex notations <(z) := (z + z)/2 ∈ R and =(z) := (z − z)/2i ∈ R for z ∈ C.

We finally observe that qqc ∈ R for every q ∈ QA and we assume that

A is endowed with a complete norm | · | such that

|q1q2| ≤ |q1||q2| for every q1, q2 ∈ A and |q|2 = qqc for every q ∈ QA.
(2.7)

The equivalence of the above definitions with other presentations (e.g. [25] is provided
in [28]). We recall here that

Cj ∩ Ck = R ∀j,k ∈ SA, j 6= ±k. (2.8)

Example 2.1 (Clifford algebras). For n ∈ Nr{0} let P(n) be the power set of {1, . . . , n}.
If we identify R with the vector subspace R × {0} of R2n = R × R2n−1 and we set
e∅ := 1, then we denote by {eK}K∈P(n) the canonical basis of R2n . For convenience, we
set ek := e{k} if k ∈ {1, . . . , n} and we define a real bilinear and associative product on
R2n by imposing that 1 is the neutral element and that

e2k = −1 and ekeh = −ehek if k, h ∈ {1, . . . , n} with k 6= h,

eK = ek1 · · · eks if K = {k1, . . . , ks} ∈ P(n)r{∅} with k1 < . . . < ks.

The Clifford conjugation of R2n is the ∗-involution q 7−→ qc := q defined by

q :=
∑

K∈P(n)(−1)|K|(|K|+1)/2aKek if q =
∑

K∈P(n) aKek ∈ Rn, aK ∈ R,

where |K| indicates the cardinality of the set K. Endowing R2n with the above defined
product and with the Clifford conjugation, we obtain a real ∗-algebra A satisfying (2.1),
called Clifford algebra C `(0, n) of signature (0, n), which is denoted also by Rn. Observe
that R1 and R2 are isomorphic to C and H, respectively. Moreover Rn is not commutative
if n ≥ 2. If n ≥ 3 then Rn has zero divisors, indeed (1 − e{1,2,3})(1 + e{1,2,3}) = 0. One
verifies that a point q =

∑
K∈P(n) aKeK of Rn with aK ∈ R belongs to the quadratic cone

QRn of Rn if and only if it satisfies the following conditions

aK = 0 and 〈q, qeK〉2n = 0 for every K ∈ P(n)r{∅} with e2K = 1,

where 〈·, ·〉2n denotes the standard scalar product on R2n . On Rn it is defined the following
submultiplicative norm, called Clifford operator norm: |q|C ` := sup{|qa|2n ∈ R : |a|2n =
1}, where | · |2n indicates the Euclidean norm of R2n . It turns out that:

(a) QRn = Rn if and only if n ∈ {1, 2}. In particular, R1 and R2 are division algebras.
(b) |q|C ` = |x| =

√
xx for every x ∈ QRn and hence | · |C ` = | · | if n ∈ {1, 2}.
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Notice that if n ≥ 3 then the Euclidean norm | · |2n of Rn is not submultiplicative (e.g.
|(1 + e{1,2,3})

2| =
√

8 > 2 = |1 + e{1,2,3}|2). Endowing Rn with Clifford conjugation and
Clifford operator norm, we obtain a real ∗-algebra A satisfying (2.3) and (2.7). For further
details we refer the reader to [29, 31].

Example 2.2 (Complex numbers and quaternions). If n ∈ Nr{0} and Rn denotes the
Clifford algebra of signature (0, n) recalled in the previous Example 2.1, then we have:

(i) R1 = C with e1 = i, where z 7−→ zc = z̄ is the standard conjugation and | · | is the
Euclidean norm;

(ii) R2 is the algebra of quaternions H with i := e1, j := e2, k := e3, where q =
a+ bi+ cj + dk 7−→ qc = q̄ = a− bi− cj − dk and | · | is the euclidean norm.

Definition 2.3. If A satisfies (2.1) then a two-sided A-module is a commutative group
(X,+) endowed with a left scalar multiplication A×X −→ X : (q, x) 7−→ qx and a right
scalar multiplication X × A −→ X : (x, q) 7−→ xq such that

q(x+ y) = qx+ qy, (x+ y)q = xq + yq ∀x, y ∈ X, ∀q ∈ A,
(p+ q)x = px+ qx, x(p+ q) = xp+ xq ∀x ∈ X, ∀p, q ∈ A,
1x = x = x1 ∀x ∈ X,
p(qx) = (pq)x, (xp)q = x(pq) ∀x ∈ X, ∀p, q ∈ A,
p(xq) = (px)q ∀x ∈ X, ∀p, q ∈ A,
rx = xr ∀x ∈ X, ∀r ∈ R.

If Y is a commutative subgroup of X then Y is called a left A-submodule if qx ∈ Y
whenever x ∈ Y and q ∈ A. Instead Y is called a right A-submodule of X if xq ∈ Y
whenever x ∈ Y and q ∈ A. Finally Y is called a two-sided A-submodule of X if it is
both a left and a right A-submodule of X.

Definition 2.4. Assume (2.1) and (2.7) hold. A two-sided A-module X is called a normed
two-sided A-module if it is endowed with a A-norm on X, that is, a function ‖ ·‖ : X −→
[0,∞[ such that

‖x‖ = 0 ⇐⇒ x = 0,

‖x+ y‖ ≤ ‖x‖ + ‖y‖ ∀x, y ∈ X,
‖qx‖ ≤ |q| ‖x‖, ‖xq‖ ≤ |q| ‖x‖ ∀x ∈ X, ∀q ∈ A. (2.9)

We say that X is a Banach two-sided A-module if the metric d : X × X −→ [0,∞[ :
(x, y) 7−→ ‖x− y‖ is complete.

Let us recall the following result (cf. [28, Lemma 3.3]).

Lemma 2.5. Assume (2.1) and (2.7) hold, and let X be a normed two-sided A-module.
Then

‖qx‖ = ‖xq‖ = |q|‖x‖ ∀x ∈ X, ∀q ∈ QA. (2.10)

Definition 2.6. Assume (2.1) holds and that X is a two-sided A-module. Let D(A) be a
right A-submodule of X. We say that A : D(A) −→ X is right linear if it is additive and

A(xq) = A(x)q ∀x ∈ D(A), ∀q ∈ A.
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As usual, the notation Ax is often used in place of A(x). We use the symbol Endr(X)
to denote the set of right linear operators A with D(A) = X. The identity operator is
right linear and is denoted by IdX or simply by Id. Moreover, if X is a normed two-sided
A-module, then we say that A : D(A) −→ X is closed if its graph is closed in X × X.
As in the classical theory, we set D(An) := {x ∈ D(An−1) : An−1x ∈ D(A)} for every
n ∈ Nr{0}, where A0 := Id.

Let us also recall the following definition (see, e.g., [3, Chapter 1, p. 55-57]).

Definition 2.7. Let D(A) be a right A-submodule of X and let q ∈ A. If A : D(A) −→ X
is a right linear operator, then we define the mapping qA : D(A) −→ X by setting

(qA)(x) := qA(x), x ∈ D(A). (2.11)

If D(A) is also a left A-submodule of X, then we can define Aq : D(A) −→ X by setting

(Aq)(x) := A(qx), x ∈ D(A). (2.12)

The sum of operators is defined in the usual way.

It is easy to see that the operators defined in (2.11) and (2.12) are right linear.

Definition 2.8. Assume X is normed with A-norm ‖ · ‖. For every B ∈ Endr(X), we set

‖B‖ := sup
x 6=0

‖Bx‖
‖x‖

(2.13)

and we define the set L r(X) := {B ∈ Endr(X) : ‖B‖ <∞}.

3. Main results in their general form

In order to state our main result in its general form we recall the noncommutative
spectral notions given for the first time in [8] for quaternions and in [14] for arbitrary
Clifford algebras Rn. Here we consider the general case introduced in [27, Definition
2.26]. We will assume that

A satisfies (2.1), (2.3) and (2.7), and X is a Banach two-sided A-module.

Definition 3.1. Let D(A) be a right A-submodule of X and let A : D(A) −→ X be a
closed right linear operator.

(i) Given q ∈ QA, the right linear operator ∆q(A) : D(A2) −→ X is defined by

∆q(A) := A2 − 2 Re(q)A + |q|2 Id, q ∈ QA.

(ii) The spherical resolvent set ρS (A) of A is defined by

ρS (A) := {q ∈ QA : ∆q(A) is bijective, ∆q(A)−1 ∈ L r(X)}
and the spherical spectrum σS (A) of A by σS (A) := QArρS (A).

(iii) Given q ∈ ρS (A), the quadratic resolvent (or spherical pseudoresolvent) of A at q
is the operator Qq(A) : X −→ X defined by

Qq(A) := ∆q(A)−1, q ∈ ρS (A).

(iv) Given q ∈ ρS (A), the spherical resolvent of A at q is the operator Cq(A) : X −→ X
defined by

Cq(A) := Qq(A)qc − AQq(A), q ∈ ρS (A).
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Let us observe that

Qq(A) ∈ L r(X), Cq(A) ∈ L r(X) ∀q ∈ ρS (A). (3.1)

Indeed, by definition, Qq(A) is bounded and if we endow (X,+) with the (left) real scalar
multiplication R × X −→ X : (r, x) 7−→ rx = xr, then thanks to (2.10) X can be
considered as a real Banach space and A is a closed R-linear operator on it, thus the
closed graph theorem implies that AQq(A) is continuous and consequently Cq(A) is also
continuous. Since all these operators are also A-right linear we infer (3.1).

The introduction of the name “quadratic resolvent” for Qq(A), which we slightly prefer,
is due to the fact that in the classical complex literature the term “pseudoresolvent” is
already used for a different class of operators (cf., e.g., [36, Section 1.9]). We also mention
that a definition that has some similarities with the spherical spectrum was given in [34]
in the context of real ∗-algebras.

We now recall the natural definition of right linear operator semigroup (cf. [13] for the
quaternionic case and [27] for the general case).

Definition 3.2. A mapping S : [0,∞[ −→ L r(X) is called strongly continuous if the
t 7−→ S(t)x is continuous from [0,∞[ into X for every x ∈ X.

Definition 3.3. A mapping T : [0,∞[ −→ L r(X) is called right linear strongly conti-
nuous (operator) semigroup if T is strongly continuous and if

T(t+ s) = T(t)T(s) ∀t, s > 0,

T(0) = Id.

The generator of T is the right linear operator A : D(A) −→ X defined by

D(A) :=

{
x ∈ X : ∃ lim

h→0

1

h
(T(h)x− x) ∈ X

}
,

Ax := lim
h→0

1

h
(T(h)x− x), x ∈ D(A).

For the classical theory of semigroups in the complex framework we refer, e.g., to
[32, 16, 36, 30, 35, 37, 19].

The next result includes Theorem 1.1.

Theorem 3.4. Let m ∈ N, let P (x) =
∑m+2

k=0 xkak ∈ R[x] such that am+2 6= 0 and let
gP ∈ C∞([0,∞[ ;R) be the unique solution of (1.1). Let T : [0,∞[ −→ L r(X) be a
strongly continuous right linear semigroup, let A : D(A) −→ X be its generator and let
ω ∈ R be a real constant such that M := supt∈[0,∞[ ‖T(t)‖e−ωt <∞. Then, if rP > ω, the

operator P (A) =
∑m+2

k=0 Akak is bijective, P (A)−1 ∈ L r(X) and it holds:

(a) P (A)−1 = L(gP ), that is,

P (A)−1x =

∫ ∞
0

T(t)gP (t)x dt ∀x ∈ X. (3.2)

(b) Given (p0, p1, . . . , pm+1) ∈ Am+2, we have

m+1∑
j=0

AkP (A)−1pjx = L

(
m+1∑
j=0

g
(j)
P (−1)jpj

)
x ∀x ∈ X. (3.3)
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Moreover,

‖P (A)−1‖ ≤M

h∑
j=1

mj∑
k=1

|c(j)−k|
(rP − ω)k

(3.4)

where c
(j)
−k is the residue at λj of the complex rational function am+2(z − λj)k−1/P (−z).

Furthermore we have

Theorem 3.5. The statement of Theorem 1.2 holds true replacing Rn with A.

4. Proofs

Let us start with a lemma on strongly continuous mapping. The symbol C([0,∞[ ;A)
denotes the space of continuous functions from [0,∞[ to A, both endowed with the topo-
logy induced by the Euclidean distance.

Lemma 4.1. If T : [0,∞[ −→ L r(X) is a strongly continuous and g ∈ C([0,∞[ ;A),
then the following statements hold true.

(a) The function t 7−→ ‖T(t)‖|g(t)| is Lebesgue measurable on [0,∞[.
(b) For every x ∈ X the function t 7−→ T(t)g(t)x is continuous from [0,∞[ into X.

Proof. Since T : [0,∞[ −→ L r(X) is strongly continuous, by the Banach-Steinhaus
theorem it follows that ‖T(t)‖ ≤ lim infτ→t ‖T(τ)‖ for every t ≥ 0, i.e. t 7−→ ‖T(t)‖
is lower semicontinuous, and hence it is Lebesgue measurable. Thus (a) is proved. In
order to prove (b) fix an arbitrary t0 ≥ 0. Since T is strongly continuous, by the uniform
boundedness principle there exists C > 0 such that for every t ≥ 0 with |t − t0| < 1 we
have ‖T (t)‖ ≤ C and

‖T(t)g(t)x− T(t0)g(t0)x‖ ≤ ‖T(t)g(t)x− T(t)g(t0)x‖ + ‖T(t)g(t0)x− T(t0)g(t0)x‖
≤ C|g(t)− g(t0)|‖x‖ + ‖T(t)g(t0)x− T(t0)g(t0)x‖.

Thus the continuity of t 7−→ T(t)g(t)x at t0 follows from the continuity of g and from the
strong continuity of T. �

If T : [0,∞[ −→ L r(X) is a strongly continuous right linear semigroup, t ≥ 0, g ∈
C([0,∞[ ;A), and x ∈ X, then Lemma 4.1 and estimate ‖T(t)g(t)x‖ ≤ ‖T(t)‖|g(t)|‖x‖
allow to give the following definition.

Definition 4.2. Let T : [0,∞[ −→ L r(X) be a strongly continuous right linear semi-
group. We denote by LT([0,∞[ ;A) the real vector space of all continuous functions
g : [0,∞[ −→ A such that the function t 7−→ ‖T(t)‖|g(t)| belongs to L1([0,∞[ ;R).
For every g ∈ LT([0,∞[ ;A) we define the operator L(g) : X −→ X by setting

L(g)x :=

∫ ∞
0

T(t)g(t)x dt, x ∈ X. (4.1)

Notice that the assumptions implies that the integral in (4.1) is a convergent Lebesgue
integral for functions with values in the Banach space (X,+) endowed with the real scalar
multiplication R × X −→ X : (r, x) 7−→ rx = xr (thanks to (2.10) ‖ · ‖ is a norm on
this real vector space). The symbol L1(J ;X) denotes the space of Lebesgue integrable
functions from an interval J ⊆ R into this real Banach space.

In the remainder of the paper, for g ∈ C([0,∞[ ;A), the symbols g′ and g′′ will denote
the first and second derivative of g, respectively.
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Lemma 4.3. If T : [0,∞[ −→ L r(X) is a strongly continuous right linear semigroup,
then the following statements hold true.

(a) If g ∈ LT([0,∞[ ;A) then t 7−→ T(t)g(t − h)x belongs to L1([h,∞[ ;X) for every
h > 0 and for every x ∈ X.

(b) If g, g′ ∈ LT([0,∞[ ;A) then

lim
h→0

∥∥∥∥∫ ∞
h

T(t)
g(t− h)− g(t)

h
x dt+ L(g′)x

∥∥∥∥ = 0 ∀x ∈ X.

Proof. The claim (a) follows trivially by the estimate ‖T(t)g(t − h)x‖ ≤ ‖T(h)‖‖T(t −
h)‖|g(t − h)|‖x‖ holding for every x ∈ X, h > 0, and t > h. In order to prove (b) fix
x ∈ X and an arbitrary ε > 0, and let T > 0 be such that

∫∞
T
‖T(t)‖|g(t)| dt < ε. Since T

is a strongly continuous semigroup, there exists M ≥ 1 such that ‖T(s)‖ ≤ M whenever
0 ≤ s ≤ 1, therefore for every h ∈ ]0, 1[ and every t > h we have∥∥∥∥T(t)

g(t− h)− g(t)

h
x

∥∥∥∥ =

∥∥∥∥∫ 1

0

T(ξh)T(t− ξh)g′(t− ξh)x dξ

∥∥∥∥
≤M‖x‖

∫ 1

0

‖T(t− ξh)‖|g′(t− ξh)| dξ

hence it follows that∥∥∥∥∫ ∞
T

T(t)
g(t− h)− g(t)

h
x dt

∥∥∥∥ ≤M‖x‖
∫ ∞
T

∫ 1

0

‖T(t− ξh)‖|g′(t− ξh)| dξ dt

= M‖x‖
∫ 1

0

∫ ∞
T

‖T(t− ξh)‖|g′(t− ξh)| dt dξ

= M‖x‖
∫ 1

0

∫ ∞
T−ξh

‖T(τ)‖|g′(τ)| dτ dξ

≤M‖x‖
∫ 1

0

∫ ∞
T

‖T(τ)‖|g′(τ)| dτ dξ

≤M‖x‖
∫ ∞
T

‖T(τ)‖|g′(τ)| dτ ≤M‖x‖ε. (4.2)

Moreover it is easily found a δ ∈ ]0, 1[ such that for every h ∈ ]0, δ[ we have∥∥∥∥∫ T

h

T(t)
g(t− h)− g(t)

h
x dt+

∫ T

0

T(t)g′(t)x dt

∥∥∥∥
≤
∥∥∥∥∫ T

h

T(t)

(
g(t− h)− g(t)

h
+ g′(t)

)
x dt

∥∥∥∥+

∥∥∥∥∫ h

0

T(t)g′(t)x dt

∥∥∥∥ ≤ ε. (4.3)

Hence assertion (b) follows from (4.2)–(4.3) and from the following estimate∥∥∥∥∫ ∞
h

T(t)
g(t− h)− g(t)

h
x dt+ L(g′)x dt

∥∥∥∥
≤
∥∥∥∥∫ T

h

T(t)
g(t− h)− g(t)

h
x dt+

∫ T

0

T(t)g′(t)x dt

∥∥∥∥
+

∥∥∥∥∫ ∞
T

T(t)
g(t− h)− g(t)

h
x dt

∥∥∥∥+

∥∥∥∥∫ ∞
T

T(t)g′(t)x dt

∥∥∥∥ .
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�

The next lemma plays a key role in the proof of Theorem 3.5.

Lemma 4.4. Let T : [0,∞[ −→ L r(X) be a strongly continuous right linear semigroup
and for every g ∈ LT([0,∞[ ;A) let L(g) : X −→ X be defined by (4.1). Then L(g) ∈
L r(X) for every g ∈ LT([0,∞[ ;A) and the resulting mapping L : LT([0,∞[ ;A) −→
L r(X) is R-linear. Moreover the following assertions hold.

(a) If g, g′ ∈ LT([0,∞[ ;A), then

L(g)(X) ⊆ D(A), (4.4)

AL(g)x = −g(0)x− L(g′)x ∀x ∈ X. (4.5)

(b) If m ∈ N, g, g′, . . . , g(m+2) ∈ LT([0,∞[ ;A), and g(0) = g′(0) = · · · = g(m)(0) = 0,
then

L(g)(X) ⊆ D(Am+2), (4.6)

Am+2L(g)x = (−1)m+2
(
g(m+1)(0)x+ L(g(m+2))x

)
∀x ∈ X, (4.7)

AkL(g)x = (−1)kL(g(k)) ∀x ∈ X, ∀k ∈ {0, . . . ,m+ 1}. (4.8)

(c) If g, g′, g′′ ∈ LT([0,∞[ ;A), g(0) = 0, and g′(0) = 1, then

∆q(A)L(g)x = x+ L(g′′ + 2 Re(q)g′ + |q|2g)x ∀x ∈ X, ∀q ∈ QA. (4.9)

(d) If g, g′ ∈ LT([0,∞[ ;A) and g is real-valued, then

AL(g)x = L(g)Ax ∀x ∈ D(A). (4.10)

(e) If m ∈ N, g, g′, . . . , g(m+2) ∈ LT([0,∞[ ;A), g(0) = g′(0) = · · · = g(m)(0) = 0, and
g is real valued, then

AkL(g)x = L(g)Akx ∀x ∈ D(Ak), ∀k ∈ {1, . . . ,m+ 2}. (4.11)

Proof. For every g ∈ LT([0,∞[ ;A) the right linearity of L(g) follows from the right
linearity of T(t) and from the definition of the X-valued Lebesgue integral. For every
x ∈ X we have

‖L(g)x‖ ≤ ‖x‖
∫ ∞
0

‖T(t)‖|g(t)| dt,

hence L(g) is also continuous and ‖L(g)‖ ≤
∫∞
0
‖T(t)‖|g(t)| dt. The real linearity of L is

straightforward. Now in the following list of items we prove the assertions from (a) to (e).
(a) For every h > 0 and for every x ∈ X we have

T(h)− Id

h
L(g)x =

1

h

∫ ∞
0

T(t+ h)g(t)x dt− 1

h

∫ ∞
0

T(t)g(t)x dt

=
1

h

∫ ∞
h

T(t)g(t− h)x dt− 1

h

∫ ∞
0

T(t)g(t)x dt

= −1

h

∫ h

0

T(t)g(t)x dt+

∫ ∞
h

T(t)

(
g(t− h)− g(t)

h

)
x dt.

Hence, taking the limit as h→ 0, thanks to Lemma 4.1 we find that

AL(g)x = −T(0)g(0)x−
∫ ∞
0

T(t)g′(t)x dt = −g(0)x− L(g′)x.
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(b) We proceed by induction on m ∈ {−1} ∪ N. The case m = −1 follows from (a).
Let us assume that the result is true for m − 1, and we prove it for m. Therefore if
g satisfies the assumptions, in particular we have L(g)x ∈ D(Am+1) and Am+1L(g)x =
(−1)m+1(g(m)(0)x + L(g(m+1))x for every x ∈ X. But g(m)(0) = 0 hence Am+1L(g)x =
(−1)m+1L(g(m+1))x and L(g(m+1))x ∈ D(A) by virtue of an application of (4.4) with g
replaced by g(m+1). Thus Am+1L(g)x ∈ D(A) and (4.6) follows. Using again the validity
of the statement for m− 1 and the identity g(m)(0) = 0 we have

Am+2L(g)x = AAm+1L(g)x = (−1)m+1AL(g(m+1))x

= (−1)m(g(m+1)(0)x+ L(g(m+2)))x,

where in the last equality we have used (4.5) with g replaced by g(m+1). Therefore (4.7)
is proved. Formula (4.8) is trivial for k = 0 and follows from (a) for k = 1, while for
2 ≤ k ≤ m+ 1 follows from (4.7) which we have already proved.
(c) Now fix x ∈ X and q ∈ QA. From (b) we obtain A2L(g)x = x + L(g′′)x, hence,
exploiting again (4.5) and the R-linearity of L, we obtain

∆q(A)L(g)x = A2L(g)x− 2 Re(q)AL(g)x+ |q|2L(g)x

= x+ L(g′′)x− 2 Re(q)(−L(g′)x) + |q|2L(g)x

= x+ L(g′′ + 2 Re(q)g′ + |q|2g)x.

(d) If x ∈ D(A), then for every h > 0 and for every t > 0 we have T(t)g(t)T(h)x
= T(t)T(h)g(t)x = T(t + h)g(t)x = T(h)T(t)g(t)x, because g is real-valued and T is a
semigroup. Therefore

L(g)
T(h)− Id

h
x =

1

h

∫ ∞
0

T(t)g(t)T(h)x dt− 1

h

∫ ∞
0

T(t)g(t)x dt

=
1

h

∫ ∞
0

T(h)T(t)g(t)x dt− 1

h

∫ ∞
0

T(t)g(t)x dt

=
T(h)− Id

h
L(g)x,

and the assertion follows taking the limit as h→ 0 and invoking (4.4).
(e) By induction on m ∈ {−1} ∪ N. The case m = −1 is true by virtue of (d). Let
us assume that the result is true for m − 1, and we prove it for m. Therefore if g
satisfies the assumptions, in particular we have that AkL(g) = L(g)Ak on D(Ak) for all
k ∈ {1, . . . ,m + 1}. Hence if x ∈ D(Am+2) ⊂ D(Am+1) then Am+1x ∈ D(A) and we have
that

L(g)Am+2x = L(g)AAm+1x = AL(g)Am+1x = AAm+1L(g)x = Am+2L(g)x,

where in the second equality we have used again (d). �

Proof of Theorem 3.4. Let us first recall that the existence of constant ω ∈ R such that
M := supt≥0 ‖T(t)‖e−ωt < ∞ is well know (cf. [27, Thm 4.5(b)]). From (1.2) it follows
that gP ∈ Cm+2([0,∞[ ;A) and the Leibniz formula for the higher derivatives of a product
yields the existence of a polynomial p(t, λ1, . . . , λh) such that

‖T(t)‖|gkP (t)| ≤Meωt|p(t, λ1, . . . , λh)|e−trP = M |p(t, λ1, . . . , λh)|e(ω−rP )t
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for all t ≥ 0 and for all k ∈ {0, 1, . . . ,m + 2}. Thus gP , g
′
P , . . . , g

(m+2)
P ∈ LT([0,∞[ ;A)

and we can apply part (b) of Lemma 4.4 taking into account of initial conditions for gP .
We infer that

P (A)L(gP )x =
m+2∑
k=0

AkakL(gP )x

=
m+1∑
k=0

(−1)kL(g
(k)
P )akx+ (−1)m+2

(
g
(m+1)
P (0) + L(g

(m+2)
P )

)
am+2x

= L

(
m+2∑
k=0

g
(k)
P (−1)kak

)
x+ (−1)m+1x = xg

(m+1)
P (0)(−1)mam+2 = x.

On the other hand since gP is real-valued we can also apply parts (d) and (e) of Lemma
4.4 and infer that L(gP )P (A) = P (A)L(gP ) thus L(gP ) = P (A)−1 and (3.2) is proved. Now
take (p0, p1, . . . , pm+1) ∈ Am+2. Using Lemma 4.4(b) we deduce:

m+1∑
j=0

AkP (A)−1pjx =
m+1∑
j=0

AkL(gP )pjx =
m+1∑
j=0

(−1)kL(g
(k)
P )pjx = L

(
m+1∑
j=0

(−1)kg
(k)
P pj

)
x

and (3.3) is proved. It is well known that

Qj(t) =

mj∑
k=1

c
(j)
−k

(k − 1)!
tk−1 ,

where c
(j)
−k is the coefficient of (z − λj)

−k within the partial frations decomposition of

am+2/P (−z), i.e. the residue at λj of the function am+2(z − λj)k−1/P (−z). Therefore

|gP (t)| ≤
h∑
j=1

mj∑
k=1

|c(j)−k|
(k − 1)!

tk−1e−rP t ∀t ≥ 0

and

‖P (A)−1‖ ≤
∫ ∞
0

‖T(t)‖
h∑
j=1

mj∑
k=1

|c(j)−k|
(k − 1)!

tk−1e−rP t dt

≤M

h∑
j=1

mj∑
k=1

|c(j)−k|
(k − 1)!

∫ ∞
0

tk−1e−(rP−ω)t dt

= M
h∑
j=1

mj∑
k=1

|c(j)−k|
(rP − ω)k

1

(k − 1)!

∫ ∞
0

tk−1e−t dt

= M
h∑
j=1

mj∑
k=1

|c(j)−k|
(rP − ω)k

and the theorem is completely proved. �

Now we address the case when P (x) = x2 − 2 Re(q) + |q|2 for some q ∈ QA which is
related to part (c) of Lemma 4.4. We first present a simple lemma whose proof is a trivial
calculus exercise.
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Lemma 4.5. For every fixed q ∈ QA, the unique solution of the Cauchy problem

g′′ + 2 Re(q)g′ + |q|2g = 0, g(0) = 0, g′(0) = 1. (4.12)

is the function gq : R −→ R defined by

gq(t) := te−Re(q)t sinc(t| Im(q)|), t ∈ R, (4.13)

where we recall that sinc : R −→ R is the unnormalized sinc function, i.e. the only
continuous real function ξ on R such that ξ(r) = (sin r)/r for all r 6= 0. Moreover we
have that gq, g

′
q, g
′′
q ∈ LT([0,∞[ ;A).

Now we are in position to find the integral representations of the quadratic resolvent
and of the spherical resolvent operators as a simple consequence of our main Theorem
3.4.

Proof of Theorem 3.5. In order to prove (1.8) it is enough to apply part (a) of Theorem
3.4 with P (x) = x2 − 2 Re(q) + |q|2 taking into account of Lemma 4.5. Formula (1.9) is
a straighforward application of part (b) of Theorem 3.4 with p0 = 0, p1 = 1 and p2 = 0.
Instead (1.10) is obtained taking in part (b) of Theorem 3.4 p0 = qc, p1 = −1, and p2 = 0.
Finally

‖Qq(A)‖ ≤
∫ ∞
0

‖T(t)‖|gp(t)| dt ≤
∫ ∞
0

Mte(ω−Re(q))t dt =
M

(Re(q)− ω)2
,

i.e. (1.11) holds. Finally estimate (1.12) can be obtained in a similar way. �

Remark 4.6. By exploiting (4.13) of our Lemma 4.5 we can write the integral represen-
tation (1.8) in a more explicit way for every q ∈ QA such that Re(q) > ω:

Qq(A)x = −
∫ ∞
0

T(t)
e−Re(q)t sin (| Im(q)|t)

| Im(q)|
x dt ∀x ∈ X, q 6∈ R, (4.14)

Qq(A)x = −
∫ ∞
0

T(t)te−qtx dt ∀x ∈ X, q ∈ R. (4.15)

The following lemma will connect the integral representation of Qq(A) to the so called
spherical derivative of q 7−→ e−tq (cf. [25]).

Lemma 4.7. For every t ∈ R let expt : QA −→ A be the function defined by

expt(q) :=
∞∑
n=0

tn

n!
qn =

∞∑
n=0

(tq)n

n!
, q ∈ QA. (4.16)

If (expt)′s : QArR −→ A denotes the function defined by

(expt)′s(q) := (q − qc)−1(expt(q)− expt(qc)), q ∈ QArR, (4.17)

which is also called spherical derivative of expt, then (expt)′s extends to a unique conti-
nuous function on QA, which we still denote by (expt)′s : QA −→ A, and we have

(expt)′s(q) = etRe(q)

∞∑
n=0

t2n+1 Im(q)2n

(2n+ 1)!
∈ R ∀q ∈ QArR (4.18)

and (expt)′s(q) = tetRe(q) for every q ∈ R. In particular (expt)′s is a real-valued. By abuse
of notation, we write exp′s(t, q) to indicate the element (expt)′s(q) of A for every t ∈ R
and for every q ∈ QA, respectively.
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Proof. For every q ∈ QArR there exists j ∈ SA and a, b ∈ R such that b > 0 and q = a+bj.
Hence qc = ac− jcbc = a− bj, Re(q) = a, Im(q) = bj, and | Im(q)| =

√
(bj)(bj)c = b. Since

Cj and C are isomorphic real algebras, we find that expt(q) = etq = eta(cos(tb) + sin(tb)j)
and expt(qc) = etq

c
= eta(cos(tb)− sin(tb)j) = (etq)c, therefore

(expt)′s(q) = (q−qc)−1(etq−etqc) = etRe(q) sin(t| Im(q)|)| Im(q)|−1 ∀q ∈ QArR, (4.19)

which proves the first equality in (4.18). The right-hand side of (4.19) immediately extends
by continuity to teta for q ∈ R, thus (expt)′s is a real-valued function. As | Im(q)|2 =
− Im(q)2, by (4.19) we have

(expt)′s(q) = etRe(q)

∞∑
n=0

(−1)nt2n+1| Im(q)|2n

(2n+ 1)!
= etRe(q)

∞∑
n=0

t2n+1 Im(q)2n

(2n+ 1)!
∀q ∈ QArR,

which implies the second equality of (4.18). �

Corollary 4.8. Under the assumption of Theorem 3.5, for every q ∈ QA such that
Re(q) > ω we have

Qq(A)x = −
∫ ∞
0

T(t) exp′s(−t, q)x dt ∀x ∈ X. (4.20)

5. Integral representation of the powers of Qq(A)

In this section we look for an integral representation of the integer powers of the qua-
dratic resolvent operator Qq(A). In order to find this representation we need the following
simple lemma.

Lemma 5.1. If f, g ∈ LT([0,∞[ ;A) and f is real-valued, then

L(f)L(g)x = L(f ? g)x = L(g ? f)x ∀x ∈ X,

where we recall that f ? g : [0,∞[ −→ A, the convolution of f and g, is defined by

(f ? g)(t) :=
∫ t
0
f(t− s)g(s) ds.

Proof. Using the fact that f is real-valued, we see at once that f ? g = g ? f . In addition,
bearing in mind the semigroup law for T, we find

L(f)L(g)x =

∫ ∞
0

T(t)f(t)

∫ ∞
0

T(s)g(s)x ds dt

=

∫ ∞
0

∫ ∞
0

T(t)T(s)f(t)g(s)x ds dt

=

∫ ∞
0

∫ ∞
0

T(t+ s)f(t)g(s)x ds dt .
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Thus a change of variable and an application of Fubini theorem yields

L(f)L(g)x =

∫ ∞
0

∫ ∞
t

T(s)f(t)g(s− t)x ds dt

=

∫ ∞
0

∫ ∞
0

χ[0,s](t)T(s)f(t)g(s− t)x ds dt

=

∫ ∞
0

∫ ∞
0

χ[0,s](t)T(s)f(t)g(s− t)x dt ds

=

∫ ∞
0

∫ t

0

T(s)f(t)g(s− t)x dt ds

=

∫ ∞
0

T(s)

∫ t

0

f(t)g(s− t)x dt ds

= L(f ? g) = L(g ? f).

The proof is complete. �

Given n ∈ Nr{0} and f ∈ LT([0,∞[ ;A), we define f ?n ∈ LT([0,∞[ ;A) by

f ?n := f ? f ? · · · ? f︸ ︷︷ ︸
n times

.

Corollary 5.2. Let T : [0,∞[ −→ L r(X) be a strongly continuous right linear semigroup,
let A : D(A) −→ X be its generator, and let ω ∈ R be a real constant such that M :=
supt∈[0,∞[ ‖T(t)‖e−ωt < ∞. Given any q ∈ QA with Re(q) > ω, we have that q ∈ ρS (A)
and

Qq(A)nx = (−1)n
∫ ∞
0

T(t) exp′s(−t, q)?nx dt (5.1)

where exp′s(−t, q)?n ∈ A indicates the value of ((exp−t)′s)
?n at q.

Moreover for every q ∈ QA with Re(q) > ω we have

‖Qq(A)n‖ ≤ M

(Re(q)− ω)2n
∀n ∈ Nr{0}. (5.2)

Proof. Formula (5.1) follows immediately from n applications of Theorem 3.5 and Lemma
5.1. In order to prove (5.2) let us observe that, given q ∈ QA, if a = Re(q) and b = | Im(q)|,
and g(t) = − exp′s(−t, q) for t ≥ 0, then

|(g ? g)(t)| ≤
∫ t

0

|g(t− s)||g(s)| ds

≤
∫ t

0

(t− s)e−(t−s)ase−sa ds

= e−ta
∫ t

0

s(t− s) ds =
1

2 · 3
t3e−ta.
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Le us assume by induction that |g?(n−1)| ≤ ((2n− 3)!)−1t2n−3e−at. Therefore for every n

|g?n(t)| ≤
∫ t

0

|g(t− s)||g?(n−1)(s)| ds

≤ 1

(2n− 3)!

∫ t

0

(t− s)e−(t−s)as2n−3e−as ds

=
e−ta

(2n− 3)!

∫ t

0

(t− s)s2n−3 ds

=
e−ta

(2n− 3)!

t2n−1

(2n− 2)(2n− 1)
=
t2n−1e−ta

(2n− 1)!
.

Thus |g?n(t)| ≤ 1
(2n−1)!t

2n−1e−ta for every t ≥ 0 and every n ∈ Nr{0} and, recalling that∫∞
0
t2n−1e−t dt = (2n− 1)!, we have

‖Qq(A)n‖ ≤
∫ ∞
0

‖T(t)‖|g?n(t)| dt

≤
∫ ∞
0

Meωt
1

(2n− 1)!
t2n−1e−ta dt

=
M

(2n− 1)!

∫ ∞
0

t2n−1e−(a−ω)t dt

=
M

(2n− 1)!

∫ ∞
0

t2n−1

(a− ω)2n
e−t dt

=
M

(a− ω)2n
,

and we are done. �
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