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A B S T R A C T

This work analyses the stochastic response of fibre and matrix scale stresses of Variable Angle
Tow (VAT) laminates affected by multiscale uncertainty defects. The aim is to evaluate the
influence of the innermost constituents on the overall structural response via an accurate
mechanical characterization of both macro- and microscales. The Carrera Unified Formulation
(CUF) is employed to obtain two-dimensional (2D) and one-dimensional (1D) models for both
scales. Indeed, 2D layer-wise (LW) and 1D component-wise (CW) approaches are adopted for
the macroscale and the microscale, respectively. The use of 2D and 1D models proves to
be convenient as a superior computational efficiency is reached, this aspect being of great
importance as many analyses are necessary for uncertainty quantification. The numerical results
demonstrate the validity of the proposed methodology to obtain an accurate description of the
3D stress state at the different scales. A special focus is made on the fibre-scale stresses and
how they may vary when affected by multiscale uncertainty.

. Introduction

Due to favourable trade-offs between mechanical properties and weight, composite materials are currently employed in many
pplications, e.g., aerospace, automotive, naval, and wind energy structures. However, knowledge gaps exist in predicting various
echanical phenomena, such as failure onset and progression. One of the complicating features of composites is their hierarchic
ature, as various scales play a role in the structural problem. Due to their enormous computational cost, direct numerical
imulations of all scales are not carried out. Instead, multiscale modelling approaches are preferred with a bottom-up transfer of
nformation to link the innermost constituents to the macroscopic structure, as depicted in (Llorca et al., 2011).

Concerning the macroscopic level, many structural theories have been devoted to the analysis of thin structures. For instance,
oisson (Poisson, 1829), Mindlin Mindlin (1951), Kirchhoff (Kirchhoff, 1850), Reissner (Reissner, 1945) and Cauchy (Cauchy,
828) conceived the classical formulation of plate and shell models. However, their applicability is restricted to a narrow range
f applications, such as thin-walled structures and without local effects. Conversely, advanced formulations are required when
ransverse stresses cannot be neglected. During the last decades, improved formulations have been developed to enhance the
ccuracy of such classical theories. As an example, Reddy (Reddy, 1984) introduced a simple high-order theory for two-dimensional
2D) laminated composite structures. Similarly, Reddy and Liu (Reddy & Liu, 1985) proposed a shear model consisting of a parabolic
istribution for the through-the-thickness shear deformations. Moreover, Carrera (Carrera, 2002, 2003) developed several refined
hell theories in the framework of the Carrera Unified Formulation (CUF).
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Micromechanical modelling methods help describe microscopic features, such as the arrangement of the fibres, volume fractions
r void presence, and how they affect the global response of the homogenized material. The micromechanical research field
s continuously evolving and several analytical, semi-analytical and numerical methods have been proposed over the years. An
nsightful review of different homogenization procedures can be found in Hassani and Hinton (1998), Nemat-Nasser and Hori (2013).
any of these methods assume that reinforcements are arranged following a regular, periodic pattern and recall the concept of
epeating Unit Cell (RUC), which establishes the minimum geometrical entity that can be periodically repeated over the space to
atch the higher scale structure. RUC models can be based on analytical approaches such as the rule of mixtures (Hill, 1952), the
ashin–Shtrikman (Hashin & Shtrikman, 1962) bounds or the Mori–Tanaka method (Mori & Tanaka, 1973). Other methods can be
pplied to solve more generic cases, such as the method of cells (Aboudi, 1989). Fully numerical methods, such as FEM, are often
mployed as micromechanics tools to predict the local fields within the constituent material (Heinrich et al., 2012; Sun & Vaidya,
996). Micromechanical FEM models can also be embedded into more advanced analyses, such as the multiscale progressive damage
ailure of textile composites (Dang et al., 2020; Zhao, Dang, Zhang, Yun, & Li, 2018).

Thanks to new manufacturing capabilities, such as the Automated Fibre Placement (AFP), Automated Tape Laying (ATL), or Fused
eposition Modeling (FDM), novel families of laminated components have become feasible to produce, despite being conceived
ecades ago (DiNardo & Lagace, 1989; Leissa & Martin, 1990). An example is variable stiffness composites (VSC) or variable
ngle tow (VAT) composites, in which fibre tows are steered following curvilinear paths. In recent years, research efforts have
imed for a realistic characterization of these new composites. Modelling strategies have been conceived to include manufactured-
nduced defects. For instance, (Falcó et al., 2017, 2014) managed to insert gaps and overlaps into the numerical model and study
heir influence on the failure of these components. Fayazbakhsh, Nik, Pasini, and Lessard (2013) introduced Defect Layer Method
DLM) and used it to investigate the influence of shear deformation in the mechanical performance of laminated structures with
urvilinear fibre paths, Akbarzadeh, Arian Nik, and Pasini (2014). Other mesoscale fabrication flaws, such as misalignment, have
een studied in van den Broek, Minera, Jansen, and Rolfes (2021), focusing on the post-buckling behaviour and enhancing the
tructure’s performance.

Manufacturing uncertainties can be modelled via stochastic fields (Ghanem & Spanos, 1991). Random fields spread a parameter
ver a domain and are defined by a mean value, standard deviation and correlation function. For instance, (Balokas, Kriegesmann,
zichon, & Rolfes, 2019) investigated the influence of yarn distortion and waviness on the stiffness and strength of braided
omposites by modelling the distortion and waviness using 1D spectral stochastic fields. 2D fields can be employed to mimic fibre
aviness at the laminate scale, as in Scarth and Adhikari (Scarth & Adhikari, 2017), or variability in the material properties on

urved surfaces, such as aircraft wings (Scarth, Adhikari, Cabral, Silva, & do Prado, 2019).
In this manuscript, the Carrera Unified Formulation (CUF) (Carrera, Cinefra, Petrolo, & Zappino, 2014) is utilized to generate

igher-order structural models as CUF can obtain any structural theory without ad hoc assumptions, unlike classic theories do.
Additionally, CUF has demonstrated its wide applicability in a plethora of mechanical problems, such as stress analyses of highly-
flexible thin-walled structures (Pagani, Azzara, Augello, & Carrera, 2021), peridynamics (Pagani, Enea, & Carrera, 2021), microscale
characterization (de Miguel, Pagani, Yu, & Carrera, 2017; Kaleel, Petrolo, Waas, & Carrera, 2017) and VAT components (Viglietti,
Zappino, & Carrera, 2019). Concerning the latter, 1D and 2D models have been developed to study the influence of uncertainty
defects on the mechanical performance of VSC (Pagani & Sanchez-Majano, 2020, 2021; Pagani, Sanchez-Majano, & Zarate, 2021;
Sanchez-Majano, Pagani, Petrolo, & Zhang, 2021), and understand the effect of the fibre path on the linear stress response of VAT
shells (Sanchez-Majano, Azzara, Pagani, & Carrera, 2021).

In this context, the present work aims to analyse the stochastic behaviour of the microscale stress state of VAT plates subjected
to defects. Although microscale stress state characterization is helpful for simulating the progressive failure and delamination of
composites, this manuscripts strictly restricts to the failure onset analysis. The progressive failure and delamination of composites
using refined beam models in the CUF framework has already been addressed by Kaleel, Petrolo, Waas, and Carrera (2018) and
Kaleel, Carrera and Petrolo (Kaleel, Carrera, & Petrolo, 2020). In this manuscript, flaws are included via stochastic fields, whereas
the different scales are modelled using 1D and 2D higher-order CUF finite elements (FE) for the micro and mesoscale. Flaws only
concern the material elastic properties. This paper is organized as follows: first, the FE description of the different scales is introduced
in Section 2. Then, the uncertainty modelling and through-the-scale propagation are depicted in Section 3. Numerical assessments
are available in Section 4 and conclusions are drawn in Section 5.

2. Multiscale and finite element models of VAT

2.1. Modelling of the macroscale

2D FE models are used within CUF. According to Carrera et al. (2014), the 3D displacement field can be expressed as a summation
of arbitrary expansions of the 2D generalized unknowns laying over the 𝑥–𝑦 plane, i.e.,

𝐮(𝑥, 𝑦, 𝑧) = 𝐹𝜏 (𝑧)𝐮𝜏 (𝑥, 𝑦) 𝜏 = 1,… ,𝑀 (1)

is the number of expansion terms, 𝐮𝜏 (𝑥, 𝑦) is the vector of the generalized displacements, and 𝐹𝜏 (𝑧) is the through-the-thickness
expansion. Equivalent single layer (ESL) and layer-wise (LW) approaches are commonly adopted in the analysis of composite
structures. In this work, ESL models are obtained using Taylor Expansion (TE), whilst LW ones rely on Lagrange Expansion (LE). The
acronym TE𝑁 denotes the 𝑁th-order TE, while LE𝑁 indicates an 𝑁th-order LE. The differences in the assembly procedure for both
2

SL and LW and the behaviour of the primary variables along the plate thickness are reported in Fig. 1. In ESL, the homogenization
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Fig. 1. Assembly procedures for ESL and LW models, and graphical representation of the displacement variables through the thickness of the plate.

of the properties of each layer is carried out and are summed altogether when computing the stiffness matrix. Conversely, the LW
approach considers each layer independently and expands the displacement field within each lamina; consequently, the continuity
of displacements has to be imposed at the interface, see Carrera (2002), Pagani, Yan, and Carrera (2017).

Using FE and shape functions 𝑁𝑖(𝑥, 𝑦), the displacement field becomes:

𝐮𝜏 (𝑥, 𝑦) = 𝑁𝑖(𝑥, 𝑦)𝐹𝜏 (𝑧)𝐪𝜏𝑖 𝑖 = 1,… , 𝑁𝑛 (2)

𝐪𝜏𝑖 represents the unknown nodal variables, 𝑁𝑛 indicates the number of nodes per element. 2D nine-node quadratic and sixteen-node
cubic finite elements, Q9 and Q16, are employed for the shape functions in the 𝑥–𝑦 plane.

The principle of virtual displacements (PVD) is employed to obtain the governing equations of the FE model. The PVD states
that the virtual variation of the internal strain energy 𝛿𝐿𝑖𝑛𝑡 has to be equal to the virtual work of the external forces 𝛿𝐿𝑒𝑥𝑡, that is:

𝛿𝐿𝑖𝑛𝑡 = 𝛿𝐿𝑒𝑥𝑡 (3)

Therein, the virtual variation of the strain energy can be calculated as:

𝛿𝐿𝑖𝑛𝑡 = ∫𝑉
𝛿𝜺𝑇 𝝈𝑑𝑉 (4)

while that of the external forces reads as:

𝛿𝐿𝑒𝑥𝑡 = ∫𝑉
𝐏𝑁𝑗𝐹𝑠𝛿𝐮𝑇𝑠𝑗𝑑𝑉 (5)

in which 𝐏 is a 3 × 1 array containing the external forces. 𝛿𝐿𝑖𝑛𝑡 can be rewritten using Eqs. (2) and (4), the constitutive law 𝝈 = 𝑪𝜀
and the geometrical relations between strains and displacements, which yields:

𝛿𝐿𝑖𝑛𝑡 = 𝛿𝐪𝑇𝑠𝑗𝐤
𝑖𝑗𝜏𝑠𝐪𝜏𝑖 (6)

where 𝐤𝑖𝑗𝜏𝑠 is the 3 × 3 Fundamental Nucleus (FN), which remains constant regardless of the order 2D shape functions and
through-the-thickness expansion, as shown in Carrera et al. (2014). The mathematical expression for the FN results in:

𝐤𝑖𝑗𝜏𝑠 = ∫𝑉
𝐃𝑇 (𝑁𝑗𝐹𝑠)𝐂̄𝐃(𝑁𝑖𝐹𝜏 )𝑑𝑉 (7)

in which 𝐃 is the differential operator containing the geometrical relations between strains and displacements, 𝐂̄ is the material
stiffness matrix in the global reference system, that is, 𝐂̄ = 𝐓(𝑥, 𝑦)𝑇𝐂𝐓(𝑥, 𝑦). Finally, the global assembled stiffness matrix 𝐊 is
obtained by looping through the indices 𝑖, 𝑗, 𝜏 and 𝑠.

2.2. Microscale models

Microscale analyses of composite structures exploit a series of microstructures periodically distributed throughout the volume,
i.e., the Representative Unit Cell (RUC), containing the necessary information to identify the material properties. A graphical
description of a RUC is available in Fig. 2. The macroscopic properties can be identified in the global reference system 𝐱 = {𝑥1, 𝑥2, 𝑥3},
whereas RUC’s local reference is identified by 𝐲 = {𝑦1, 𝑦2, 𝑦3}. Micromechanical analyses assume that the RUC is much smaller
than the macroscopic structure, such that 𝐲 = 𝐱∕𝛿, where 𝛿 is the characteristic length of the RUC and acts as a scaling factor. In
micromechanics, the material properties provided by the RUC analysis at the microscale do not depend on the macroscale structural
problem, i.e., they are intrinsic properties of the material chosen for the structural analysis. Furthermore, the global solution of the
macroscopic problem is equal to the local solution over the RUC volume. For instance, for a generic field 𝜙(𝐱; 𝐲),

𝜙̄(𝐱) = 1
𝑉 ∫𝑉

𝜙(𝐱; 𝐲)𝑑𝑉 (8)

𝑉 is the volume of the RUC, 𝜙(𝐱; 𝐲) is the local field, depending on the global and local coordinates, and 𝜙̄ is the average field,
depending only on the global coordinates. In addition, periodic boundary conditions are commonly imposed to guarantee the
3
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Fig. 2. Periodically distributed microstructures and RUC.

compatibility of deformations for the adjacent RUC. The micromechanical analyses shown in this work employ the Variational
Asymptotic Method (VAM) (Yu, Hodges, & Ho, 2012) and Mechanics of Structure Genome (MSG) (Yu & Tang, 2007). These are
coupled with CUF to (i) calculate the homogenized properties of the heterogeneous material and use them for the macroscale
analysis; (ii) retrieve the microscale stress state. According to MSG, the properties of an RUC can be calculated by minimizing the
difference between the strain energies of the heterogeneous structure and the equivalent homogeneous material, as described by
the following functional:

𝛱 = 1
𝑉 ∫𝑉

1
2
𝐶𝑖𝑗𝑘𝑙𝜀𝑖𝑗𝜀𝑘𝑙𝑑𝑉 − 1

2
𝐶∗
𝑖𝑗𝑘𝑙 𝜀̄𝑖𝑗 𝜀̄𝑘𝑙 (9)

The first term denotes the strain energy of the heterogeneous material represented by the RUC, and the second corresponds to the
strain energy of the homogeneous one. Therein, 𝐶𝑖𝑗𝑘𝑙 denotes the fourth-order elastic tensor, and 𝜀𝑖𝑗 is the second-order strain tensor.
Similarly, 𝐶∗

𝑖𝑗𝑘𝑙 and 𝜀̄𝑖𝑗 are their counterparts in the homogeneous material. For the sake of brevity, the derivation of the equations
that lead to minimizing the functional is omitted, but it can be found in de Miguel et al. (2017), Yu (2016), Yu and Tang (2007).
Finally, the functional is written as:

𝛱 = 1
2 ∫𝑉

𝐶𝑖𝑗𝑘𝑙(𝜀̄𝑖𝑗 + 𝜒𝑖,𝑗 )(𝜀̄𝑘𝑙 + 𝜒𝑘,𝑙)𝑑𝑉 (10)

𝜒𝑖,𝑗 is the derivative of the fluctuation 𝜒𝑖. The MSG equations are solved using 1D CUF models. As illustrated in Fig. 2, the longitudinal
axis coincides with 𝑦1 and the fibre direction, whilst the fibre-matrix phases lie on the 𝑦2−𝑦3 plane. Fluctuations 𝝌 can be expanded
over the cross-section by using arbitrary functions depending on the 𝑦2 and 𝑦3 coordinates,

𝝌(𝐱; 𝑦1, 𝑦2, 𝑦3) = 𝐹𝜏 (𝑦2, 𝑦3)𝝌𝜏 (𝐱; 𝑦1) 𝜏 = 1,… ,𝑀 (11)

𝜏 denotes summation, 𝐹𝜏 and 𝑀 were defined in Section 2.1. The Hierarchical Legendre Expansion (HLE) (Pagani, de Miguel,
Petrolo, & Carrera, 2016) was chosen as 𝐹𝜏 . The Blending Function Method (BFM) (Gordon & Hall, 1973) is used to describe the
exact geometry of an arbitrary component in the 𝑦2−𝑦3 plane using mapping functions. The model’s geometry is fixed, and the order
of the analysis is chosen through the polynomial order of the structural theory. As in the previous section, an FE approximation is
made, and the fluctuation unknowns are interpolated with 1D shape functions of the 𝑦1 coordinate,

𝝌𝜏 (𝐱; 𝑦1) = 𝐹𝜏 (𝑦2, 𝑦3)𝑁𝑖(𝑦1)𝝌𝜏𝑖(𝐱) 𝑖 = 1,… , 𝑁𝑛 (12)

𝝌𝜏𝑖(𝐱) is the nodal unknown vector, and 𝑁𝑛 is the number of nodes in the beam element. The geometrical relations are the following:

𝜺 = 𝜺̄ + 𝐃𝝌 (13)

𝐃 is a differential operator containing the geometrical relations between strains and displacements. Eq. (10) can be rewritten as
follows to solve the micromechanical problem numerically:

𝛱 = 1
2 ∫𝑉

(𝜺̃ + 𝐃𝝌)𝑇 𝐂 (𝜺̃ + 𝐃𝝌) 𝑑𝑉 (14)

with periodic boundary constraints laying on the sides of the RUC cross-section, 𝝌+
𝜏 = 𝝌−

𝜏 , and for the sections orthogonal to the
fibre, 𝝌𝜏1 = 𝝌𝜏𝑛, in which 1 and 𝑛 denote the first and last beam nodes. By substituting Eq. (12) into Eq. (11), and the latter into
Eq. (10), the functional 𝛱 can be expressed in CUF form as:

𝛱 = 1
2

(

𝝌𝑇
𝑗𝑠𝐄

𝑖𝑗𝜏𝑠𝝌 𝑖𝜏 + 2𝝌𝑇
𝑗𝑠𝐃

𝑠𝑗
ℎ𝜀𝜺̃ + 𝜺̃𝑇𝐃𝜀𝜀𝜺̃

)

(15)

𝐄𝑖𝑗𝜏𝑠 and 𝐃𝑠𝑗
ℎ𝜀 are the fundamental nuclei of the RUC problem, and 𝐃𝜀𝜀 is the effective stiffness matrix of the material. For the sake

of brevity, the explicit expressions of the mentioned matrices are not reported in this manuscript but can be found in de Miguel
et al. (2017). Apexes 𝜏, 𝑠 are related to the loop over the cross-sectional expansions, whereas 𝑖, 𝑗 refer to the beam nodes. Any order
4
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Fig. 3. Aleatory realizations of two random fields. Fibre waviness over a [0 < 0, 45 >] ply is available in (a), whereas (b) shows the variability of the fibre
volume fraction over a [0 < 90, 45 >] ply.

theory and beam discretization can be automatically generated by opportunely expanding the fundamental nuclei along with 𝜏, 𝑠, 𝑖
and 𝑗, as stated in Carrera et al. (2014).

The solution that minimizes the functional in Eq. (15) is obtained by assuming that 𝝌𝜏𝑖 = 𝝌0
𝜏𝑖𝜺̄. Therefore, the solution to the

computational problem is obtained by solving the following system of equations:

𝐄𝑖𝑗𝜏𝑠𝝌0
𝜏𝑖 = −𝐃𝑠𝑗

ℎ𝜀 (16)

in which 𝝌0
𝜏𝑖 is a 3 × 6 array containing the fluctuation solutions. In this regard, following the procedure depicted in de Miguel

et al. (2017), the effective stiffness matrix 𝐂∗ is calculated as:

𝐂∗ = 1
𝑉

(

𝝌0𝑇
𝜏𝑖 𝐃

𝑠𝑗
ℎ𝜀 + 𝐃𝜀𝜀

)

(17)

where 𝐂∗ contains the material properties of the equivalent homogenized body.
The local stress field over the RUC can be retrieved by reintroducing the fluctuation solutions 𝝌0

𝑖𝜏 into the geometrical and
constitutive definitions. Hence, the local strain is computed as:

𝜺 = 𝜺̄ + 𝐃(𝐹𝜏𝑁𝑖𝝌0
𝑖𝜏 𝜺̄) (18)

and the local stresses are directly calculated from Hooke’s law of the original heterogeneous material

𝝈 = 𝐂𝜺. (19)

3. Multiscale uncertainty modelling and through-the-scales propagation

The inclusion of the fibre volume fraction, 𝑉𝑓 , and in-plane waviness, 𝛥𝜃, variability due to the steering process is modelled
through Gaussian stochastic fields. In the case of laminated structures, let us denote as 𝐻𝑘(𝑥, 𝑦) the 𝑘th layer’s random field. The
well-known Karhunen–Loève expansion (KLE) is used to generate such a spatial distribution of the stochastic parameter (Ghanem
& Spanos, 1991),

𝐻𝑘(𝑥, 𝑦;𝜔) = 𝐻̃𝑘 + 𝛥𝐻𝑘(𝑥, 𝑦;𝜔) = 𝐻̃𝑘 + 𝜎𝑘𝐻

∞
∑

𝑖=1
𝜉𝑖(𝜔)

√

𝜆𝑖𝜑𝑖(𝑥, 𝑦) (20)

𝛥𝐻𝑘(𝑥, 𝑦;𝜔) represents the Gaussian variation of the field about its mean value 𝐻̃𝑘, 𝜉𝑖(𝜔) are standard Gaussian (𝑁 ∼ (0, 1))
uncorrelated random variables, 𝜆𝑖 and 𝜑𝑖(𝑥, 𝑦) are the eigenvalues and eigenfunctions of an autocovariance integral (see Betz,
Papaioannou, and Straub (2014)). 𝜔 denotes the stochastic nature of the random distributions. As stated before, the fibre volume
fraction and waviness are considered herein and are represented by 𝐻𝑘. The waviness affects the nominal fibre path 𝜃𝑘(𝑥, 𝑦), and
the corresponding random field is expressed as: 𝛩𝑘 = 𝜃𝑘(𝑥, 𝑦) + 𝛥𝛩𝑘(𝑥, 𝑦;𝜔). Fig. 3 shows a realization of the two random fields
accounted for in this work. The waviness is represented over a [0 < 0, 45 >] lamina, and the fibre volume fraction oscillations are
shown over a [0 < 90, 45 >] ply.

The through-the-scales defect propagation is illustrated in Fig. 4. First, the uncorrelated random variables 𝜉𝑖(𝜔), defining the
different KLE stochastic fields, are generated before running each analysis. Then, when calculating the stiffness matrix, at each
integration point, a random value of 𝑉 provides the value of the homogenized material elastic properties used to calculate
5
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Fig. 4. Flow-chart of the multiscale defect propagation to retrieve stress distributions and at the different scales.

Fig. 5. VAT plate for numerical assessments, simply-supported on all four edges, and a uniform pressure 𝑃𝑧 on the top surface.

the material coefficient matrix 𝐂. The value of the elastic properties as a function of 𝑉𝑓 are obtained by micromechanical
homogenization, as in Sanchez-Majano, Pagani, et al. (2021). Afterwards, the misalignment 𝛥𝛩 is imposed when calculating the
material coefficient matrix in the global reference frame (𝐂̃), which is then used for the computation of 𝐤𝑖𝑗𝜏𝑠. Subsequently, the
structure’s stiffness matrix is assembled, and the stochastic structural response is obtained. Likewise, the strain tensor of the structure
in the material reference frame can be used along with the local 𝑉𝑓 to perform the dehomogenisation and retrieve the microscale
stress state. As one can perceive, fibre waviness and fibre volume fraction only affect the elastic properties of the composite material.
However, variability of the strength properties of the material can also be accounted for, as in Choi, Jung, Zhang, and Yun (2022),
if interested in damage propagation.

4. Numerical results

4.1. Verification of the macroscale model for VAT laminates

Before conducting any microscale analysis, the layer scale model is verified. For such purpose, a simply-supported plate, whose
fibre paths are denoted as 𝜃 = [𝜙1 < 𝑇 1, 𝑇 1 >, 𝜙2 < 𝑇 2, 𝑇 2 >], is studied. For the analysed plate, the fibre path parameters take the
6
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Fig. 6. Through-the-thickness stress field, measured at point Q, of the simply-supported [0 < 90, 45 >, 0 < 0, 45 >] thick (𝑎∕ℎ = 10) laminate for the different
number of mesh elements. A LW model is achieved by employing 2 LE3 elements in the thickness direction.

Table 1
Homogenized elastic properties of the material used for the analysis of the VAT plate. Fibre volume fraction is
assumed to be 𝑉𝑓 = 0.60.

𝐸1 [GPa] 𝐸2 = 𝐸3 [GPa] 𝐺12 [GPa] 𝐺23 [GPa] 𝜈12 [-] 𝜈23 [-]

143.17 9.64 6.09 3.12 0.252 0.349

Table 2
Vertical displacement of the simply-supported [0 < 90, 45 >, 0 <
0, 45 >] thick (𝑎∕ℎ = 10) plate evaluated at point Q for different
FE meshes. Each discretization employs 2 LE3 elements through
the thickness direction.
Model DOF -𝑢𝑧 ⋅ 105 [m]

ABQ coarse 45387 1.59
ABQ refined 334611 1.60
8 × 8 Q9 6069 1.43
10 × 10 Q9 9261 1.45
12 × 12 Q9 13125 1.47
14 × 14 Q9 17661 1.47

Table 3
Stress state of the simply-supported [0 < 90, 45 >, 0 < 0, 45 >] thick (𝑎∕ℎ = 10) plate evaluated at point Q and 𝑧 = −0.02 m for different FE meshes.
Each discretization employs 2 LE3 elements through the thickness direction.
Model DOF 𝜎𝑥𝑥 [kPa] 𝜎𝑦𝑦 [kPa] 𝜎𝑧𝑧 [kPa] 𝜎𝑥𝑧 [kPa] 𝜎𝑦𝑧 [kPa] 𝜎𝑥𝑦 [kPa]

ABQ coarse 45387 48.56 12.67 −3.15 −6.17 −12.08 −20.10
ABQ refined 334611 48.13 12.38 −2.80 −6.27 −13.37 −19.12
8 × 8 Q9 6069 44.85 23.48 −2.76 −6.02 −14.59 −20.51
10 × 10 Q9 9261 48.28 22.39 −3.10 −7.30 −13.93 −20.89
12 × 12 Q9 13125 48.23 21.91 −1.73 −6.03 −14.23 −22.03
14 × 14 Q9 17661 48.65 22.88 −2.56 −6.95 −13.96 −20.47

following values: 𝜙1 = 𝜙2 = 0◦, 𝑇 1
1 = 𝑇 2

1 = 45◦, 𝑇 1
0 = 90◦, and 𝑇 2

0 = 0◦. The elastic properties of the material, considering a 𝑉𝑓 = 0.60,
are reported in Table 1. The plate is illustrated in Fig. 5, where the geometrical dimensions and loading condition are depicted.

First, a convergence analysis on the number of finite elements is carried out. Results are compared with the outcomes obtained
with commercial software Abaqus (ABQ) (Smith, 2009). A coarse (40 × 40 × 8) and a refined (80 × 80 × 16) model comprising solid
C3D8R elements were used since an evaluation of both in-plane and out-of-plane stress components is pursued. Note that the latter
are not available if S4R shell-like elements are utilized. Fig. 6 illustrates the transverse shear and normal stresses for a different
number of Q9 elements, ranging from 64 up to 196 FE. Each analysis utilizes 2 LE3 for the through-the-thickness discretization,
hence obtaining an LW approach. Table 2 shows the vertical displacement at point Q and 𝑧 = −0.02 m for the different FE meshes.
Likewise, Table 3 presents the six stress components evaluated at the same point and FE meshes. Convergence of 𝑢 suggests that
7
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Fig. 7. Through-the-thickness stress field, measured at point Q, of the simply-supported [0 < 90, 45 >, 0 < 0, 45 >] thick (𝑎∕ℎ = 10) laminate for the different
expansion functions. The employed mesh comprises 14 × 14Q9 elements. Legend in (a) applies for(b).
8
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Table 4
Stress state of the simply-supported [0 < 90, 45 >, 0 < 0, 45 >] thick (𝑎∕ℎ = 10) laminate at point Q and 𝑧 = −0.02 m for different
structural theories and a 14 × 14 Q9 FE mesh approximation.
Theory DOF 𝜎𝑥𝑥 [kPa] 𝜎𝑦𝑦 [kPa] 𝜎𝑧𝑧 [kPa] 𝜎𝑥𝑧 [kPa] 𝜎𝑦𝑧 [kPa] 𝜎𝑥𝑦 [kPa]

TE 1 5046 48.61 27.38 14.86 −14.57 −5.93 −20.79
TE 2 7569 46.27 25.83 −3.32 −9.52 −8.78 −20.91
TE 3 10092 44.89 20.75 −3.49 −11.13 −9.49 −22.81
TE 4 12615 45.30 21.73 −2.76 −4.75 −12.65 −22.65
2 LE3 17661 48.65 22.88 −2.56 −6.95 −13.96 −20.47

Table 5
Strain state computed in the material reference frame at point Q and 𝑧 = −0.02 m of the simply-supported [0 < 90, 45 >, 0 < 0, 45 >]
thick (𝑎∕ℎ = 10) laminate. Strains are obtained with the 14 × 14 Q9 FE mesh and 2 LE3 expansion theory.
𝜀11 [𝜇𝜀] 𝜀22 [𝜇𝜀] 𝜀33 [𝜇𝜀] 𝜀13 𝜀23 [𝜇𝜀] 𝜀12 [𝜇𝜀]

−1.492 0.062 −0.022 −0.049 −0.178 −0.881

Fig. 8. Micromechanical cartesian and cylindrical reference frames used for the rotation of the microscale stress tensor. Axis in the fibre direction 𝑦1 is coincident
with tangent axis 𝑒𝑡. 𝛽 is defined as the angle between 𝑦2 and the radial direction 𝑒𝑛.

14 × 14 mesh is sufficient to conduct numerical analyses. Conversely, some oscillations are appreciated in Table 3. Nevertheless,
since the displacements are the primary variables, and strains and stresses are a mere postprocessing operation, the convergence of
the numerical model is assured.

The ABQ models cannot capture the continuity of the out-of-plane stresses at the layers interface nor the stress free condition of
the transverse shear component, as opposed to the LW CUF models. Moreover, it is observed that the ABQ coarse cannot provide
the characteristic parabolic shape of 𝜎𝑦𝑧. These two reasons show the necessity of using a large number of solid elements to retrieve
an accurate evaluation of transverse stresses.

A study concerning the chosen expansion function is carried out. Specifically, the employed cubic (LE3) LW model is compared
with first- up to fourth-order TE. Table 4 provides the values predicted by the different models at point Q and 𝑧 = −0.02 m. The stress
distributions are available in Fig. 7. and show that ESL models are accurate for predicting the in-plane stress distribution. However,
important discrepancies are found for the transverse components. Indeed, TE 1 cannot catch any of the out-of-plane stresses, whereas
TE 4 is the only one providing relatively close results to those by the 2 LE3 model (see Figs. 7(d) and 7(e)). For that reason, LW
models are used to calculate the stress distributions in the upcoming analyses.

4.2. Stochastic microscale analysis of thick VAT laminates

To demonstrate the capabilities of the proposed multiscale approach, one can retrieve the local stress distribution. The followed
procedure is similar to that depicted in Fig. 4 with the exception that no stochastic field is generated beforehand nor incorporated
in the numerical model. The local strain field imposed to the RUC model is enlisted in Table 5. As shown in the works by de
Miguel et al. (de Miguel et al., 2017), the stress distribution at the RUC level may present high gradients between the different
constituents. Therefore, it is necessary to employ high-order expansions when calculating the microscale stresses. In the upcoming
results, eighth-order HLE are utilized for such purpose.

The microscale stress sensitivity is performed with a total of 103 Monte Carlo analyses. Such analyses comprise both the layer
scale and microstructural calculations, being the former solved in the first instance. Subsequently, micro stresses are transformed
into a cylindrical reference frame according to Lekhnitskii (1968), see Fig. 8, and first- and second-order statistical moments are
calculated at the proximity of the fibre-matrix interface. The polar plots provide the magnitude of the stresses in the radial direction
of the plot, whilst the circumferential direction represents angle 𝛽 from Fig. 8. Normal (𝑡𝑛) and shear (𝑡𝑠, 𝑡𝑡) stresses are represented
in a polar plot in Fig. 9. The following is appreciated:
9
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Fig. 9. Stress distribution of the fibre and matrix constituents at its interface, along with statistical data. Stresses are reported in a cylindrical reference frame.
Data corresponds to the simply-supported [0 < 90, 45 >, 0 < 0, 45 >] thick (𝑎∕ℎ = 10) laminate.
10
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Table 6
Normal and shear stresses statistics of the RUC constituents at 𝛽 = 75◦ for the simply-supported [0 < 90, 45 >, 0 < 0, 45 >] thick
(𝑎∕ℎ = 10) laminate. Range indicates the minimum and maximum values registered in the Monte Carlo simulations.
Constituent Magnitude 𝑡𝑛 [kPa] 𝑡𝑠 [kPa] 𝑡𝑡 [kPa]

Fibre

No defects −4.08 41.96 5.55
Mean 0.31 47.82 6.74
95% interval [0.27,0.35] [47.72,47.93] [6.54,6.94]
Range [−1.61,2.02] [42.60,53.20] [−1.52,18.93]

Matrix

No defects −4.36 7.73 4.18
Mean 0.03 14.43 6.53
95% interval [0,0.07] [14.37,14.50] [6.51,6.57]
Range [−2.04,1.76] [11.67,17.42] [4.95,7.88]

Table 7
Vertical displacement of the simply-supported [0 < 90, 45 >, 0 < 0, 45 >] thin
(𝑎∕ℎ = 100) laminate evaluated at point O for different FE meshes. Each
discretization employs 2 LE3 elements through the thickness direction.
Model DOF -𝑢𝑧 ⋅ 103 [m]

8 × 8 Q16 13125 7.14
10 × 10 Q16 20181 7.18
12 × 12 Q16 28799 7.22
14 × 14 Q16 38829 7.25
16 × 16 Q16 50421 7.27
20 × 20 Q16 76141 7.31

Table 8
Stress state of the simply-supported [0 < 90, 45 >, 0 < 0, 45 >] thin (𝑎∕ℎ = 100) laminate evaluated at point Q and
𝑧 = −2 mm for different FE meshes. Each discretization employs 2 LE3 elements through the thickness direction.
Model DOF 𝜎𝑥𝑥 [MPa] 𝜎𝑦𝑦 [MPa] 𝜎𝑧𝑧 [kPa] 𝜎𝑥𝑧 [kPa] 𝜎𝑦𝑧 [kPa] 𝜎𝑥𝑦 [MPa]

8 × 8 Q16 13125 −0.538 −2.69 86.98 −59.05 −42.22 −1.50
10 × 10 Q16 20181 −0.668 −2.82 −15.04 −124.35 −116.56 −1.54
12 × 12 Q16 28799 −0.614 −2.78 −15.86 −96.88 −98.85 −1.53
14 × 14 Q16 38829 −0.642 −2.85 1.62 −120.19 −111.15 −1.57
16 × 16 Q16 50421 −0.621 −2.85 3.99 −109.37 −104.76 −1.57
20 × 20 Q16 76141 −0.624 −2.89 −0.007 −114.69 −107.23 −1.60

• Circumferential stresses, see Figs. 9(a) and 9(b), are the ones showing the largest differences between the nominal stresses and
the mean value, especially in the range 𝛽 = 45–135◦ and 𝛽 = 225–315◦. Note that in the mentioned ranges the flawless stresses
are below the maximum–minimum range of the stochastic analysis, see Table 6.

• The fibre’s longitudinal stress (𝑡𝑡) distribution in Fig. 9(c) presents an oval shape whose maximum is below 15 kPa and its
minimum about 7 kPa. Conversely, the matrix shows a two-lobed shape with peak values about 35 kPa in 𝛽 = 0◦ and 𝛽 = 180◦

in Fig. 9(d).
• Radial stresses (𝑡𝑛) in Figs. 9(e) and 9(f) present almost no differences between fibre and matrix constituents. That is correct

since continuity of radial stresses has to be guaranteed in the normal direction to the fibre-matrix interface.
• Very small variability is appreciated overall. The 95% confidence intervals are very shallow and the maximum–minimum

ranges do not provide a large variations, with the exception of fibre’s 𝑡𝑡.

.3. Macroscale and stochastic microscale analysis of thin VAT laminates

A similar analysis is now conducted for the case of thin VAT laminates. In this case, the previous plate, with the same boundary
nd loading conditions, material and fibre path orientations is considered. The only difference between both structures is that the
resent one comprises a length-to-thickness ratio equal to 𝑎∕ℎ = 100, whereas in the precedent study that ratio equalled 𝑎∕ℎ = 10. A
onvergence analysis was conducted using bi-quadratic Q9 elements for the in-plane mesh and cubic elements for the through-
he-thickness discretization. Besides, the authors employed the Mixed Interpolation of Tensorial Components (MITC) (Carrera,
inefra, & Nali, 2010) strategy over Q9 elements to avoid shear locking phenomena that arises in thin plates. Both Q9 and MITC
9 strategies did not successfully compute the out-of-plane stress components. They are not reported in the manuscript for the

ake of conciseness and brevity. Hence, bi-cubic Q16 elements were implemented to conduct the convergence study. The vertical
isplacements, computed at 𝑂 ≡ (0, 0), are enlisted in Table 7. Likewise, stresses calculated at point Q and 𝑧 = −2 mm are enlisted in
able 8. Although the same value of the primary variables is not achieved for the finest meshes (16 × 16 Q16 and 20 × 20 Q16), a
onvergence is appreciated as the mesh refinement progresses. A similar thing occurs for the stress components, especially in-plane
erms, as appreciated in Table 8. This fact is more evident by observing Fig. 10. Albeit not completely identical, a 0.8% relative
ifference in 𝑢 between the 14 × 14 Q16 and 20 × 20 Q16 is calculated, presenting the former twofold reduction in terms of DOF
11
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Fig. 10. Through-the-thickness stress field, measured at point Q, of the simply-supported [0 < 90, 45 >, 0 < 0, 45 >] thin (𝑎∕ℎ = 100) laminate for the different
number of mesh elements. A LW model is achieved by employing 2 LE3 elements in the thickness direction.
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Fig. 11. Through-the-thickness normal in-plane stresses, measured at point O, of the simply-supported [0 < 90, 45 >, 0 < 0, 45 >] thin (𝑎∕ℎ = 100) laminate. The
employed mesh comprises 14 × 14Q16 elements and 2 LE3 through the thickness direction.

Table 9
Strain state computed in the material reference frame at points presenting the minimum and maximum values of 𝜎𝑥𝑥 and 𝜎𝑦𝑦,
respectively. Strains are obtained with the 14 × 14 Q16 FE mesh and 2 LE3 expansion theory.
Case 𝜀11 [𝜇𝜀] 𝜀22 [𝜇𝜀] 𝜀33 [𝜇𝜀] 𝜀13 𝜀23 [𝜇𝜀] 𝜀12 [𝜇𝜀]

Minimum 𝜎𝑥𝑥 −631.29 −357.37 343.82 −1.40 3.89 166.47
Maximum 𝜎𝑦𝑦 646.99 140.63 −276.38 2.96 1.36 −342.436

and computation time, which is essential when performing a multiscale sensitivity analysis. For that reason, the 14 × 14 Q16 mesh
is employed in the upcoming results.

Once a convergent numerical model is obtained, 103 Monte Carlo simulations are performed following the procedure depicted
in Fig. 4. In the case of thin plates it is more interesting to pay attention to the maximum, in absolute value, in-plane stresses that
occur at the layer scale for the nominal structure. They are located at point O of the structure. The maximum compression and
tension stresses are 𝜎𝑥𝑥 at 𝑧 = 5 mm and 𝜎𝑦𝑦 at 𝑧 = −5 mm, as appreciated in Fig. 11. Therefore, a study of the stresses at the fibre
scale is conducted next at these points. The deformations computed in the material reference frame of these two points are enlisted
in Table 9.

The case showing the maximum compressive stress is analysed first. The microscale stress state is represented in Fig. 12. The
following comments are made:

• Circumferential components 𝑡𝑠 are shown in Figs. 12(a) and 12(b). The former presents an oval shape, ranging from −5 MPa
to −2 MPa in the nominal case. The latter shows a four-lobed distribution in which stresses vary between −3 MPa and −0.5
MPa, and presenting the highest compression values at 𝛽 = 45, 135, 225, 315◦.

• The longitudinal stresses are represented in Figs. 12(c) and 12(d). A constant value is found for the fibre of about −85 MPa,
whilst a tow-lobed shape is present for the matrix, with peak compression values at 𝛽 = 0◦ and 𝛽 = 180◦.

• Figs. 12(e) and 12(f), and Table 10 demonstrate the continuity of the normal stress component, which presents a peak value
of about 0.50 MPa at 𝛽 = 90◦ and 𝛽 = 270◦.

• A small variability is appreciated when comparing the pristine distribution with its stochastic counterparts, with the exception
of Figs. 12(a) and 12(b) in the ranges 𝛽 = 75–135◦ and 𝛽 = 255–295◦, where differences of even 1 MPa arise. The fibre’s
longitudinal stress is the one undergoing a larger variability in terms of maximum–minimum range, as occurred in the previous
case.

The case presenting the maximum tensile stress is depicted hereinafter. It corresponds to the maximum value of 𝜎𝑦𝑦, which is
located in point O and 𝑧 = −5 mm. The microscale stress state is represented in Fig. 13. The next statements are said:

• Figs. 13(a) and 13(b) show the circumferential stress 𝑡𝑠. The former presents a two-lobed shape where the peak values are
located at 𝛽 = 90◦ and 𝛽 = 270◦, whereas the latter presents its peak values at 𝛽 = 45, 135, 225, 315◦.

• Longitudinal stresses are available in Figs. 13(c) and 13(d). The fibre undergoes constant tension stress of 35 MPa, whilst the
matrix presents a two-lobed shape with peak values of about 3.5 MPa appearing when 𝛽 = 0◦ and 𝛽 = 180◦.

• The radial stress continuity is demonstrated in Figs. 13(e) and 13(f), and Table 11, where slight differences are appreciated.
The radial stresses would contribute to the failure onset due to its tensile character.
13
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Fig. 12. Stress distribution of the fibre and matrix constituents at its interface, along with statistical data. Stresses are reported in a cylindrical reference frame.
Data corresponds to the simply-supported [0 < 90, 45 >, 0 < 0, 45 >] thin (𝑎∕ℎ = 100) laminate and minimum 𝜎𝑥𝑥.
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Fig. 13. Stress distribution of the fibre and matrix constituents at its interface, along with statistical data. Stresses are reported in a cylindrical reference frame.
Data corresponds to the simply-supported [0 < 90, 45 >, 0 < 0, 45 >] thin (𝑎∕ℎ = 100) laminate and maximum 𝜎𝑦𝑦.
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Table 10
Normal and shear stresses statistics of the RUC constituents at 𝛽 = 75◦ for the thin laminate’s minimum value of 𝜎𝑥𝑥. Range
indicates the minimum and maximum values registered in the Monte Carlo simulations.
Constituent Magnitude 𝑡𝑛 [MPa] 𝑡𝑠 [MPa] 𝑡𝑡 [MPa]

Fibre

No defects 0.52 −4.71 −85.01
Mean 0.091 −5.23 −84.46
95% interval [0.087,0.094] [−5.26,−5.21] [−84.64,−84.28]
Range [0,0.18] [−6.28,−4.58] [−89.78,−79.54]

Matrix

No defects 0.54 −1.05 −2.27
Mean 0.12 −1.68 −2.48
95% interval [0.11,0.12] [−1.69,−1.67] [−2.49,−2.47]
Range [0.02,0.21] [−2.08,−1.44] [−2.77,−2.27]

Table 11
Normal and shear stresses statistics of the RUC constituents at 𝛽 = 75◦ for the thin laminate’s minimum value of 𝜎𝑦𝑦. Range
indicates the minimum and maximum values registered in the Monte Carlo simulations.
Constituent Magnitude 𝑡𝑛 [MPa] 𝑡𝑠 [MPa] 𝑡𝑡 [MPa]

Fibre

No defects −0.44 4.52 34.03
Mean 0.194 5.34 34.07
95% interval [0.191,0.197] [5.32,5.35] [33.91,34.24]
Range [0.05,0.31] [4.93,5.91] [30.07,38.56]

Matrix

No defects −0.47 0.91 1.17
Mean 0.166 1.87 1.51
95% interval [0.163,0.169] [1.86,1.88] [1.50,1.52]
Range [−0.007,0.286] [1.67,2.16] [1.32,1.73]

• A small variability of the stresses in terms of nominal, mean and 95% confidence interval is observed, with just two
exceptions. They are evidenced in Figs. 13(a) and 13(b) in the ranges 𝛽 = 45–135◦ and 𝛽 = 225–315◦, where maximum
discrepancies of 0.5 MPa and 1 MPa can be appreciated. Finally, the fibre’s longitudinal stress 𝑡𝑡 is the one presenting the
largest maximum–minimum range.

• A similar distribution to the one presented for the thick plate is observed since, in both cases, layer scale 𝜎𝑥𝑥 and 𝜎𝑦𝑦 have
a tension character. Nevertheless, some differences are appreciated. First, the shape of 𝑡𝑡 distribution has an oval shape in
Fig. 9(c), whereas a circular one is available in Fig. 13(c).

• Concerning 𝑡𝑡, in the case of the thin laminate there exists a one-order-of-magnitude difference between the one that the
fibre undergoes, Fig. 13(c), and that of the matrix, Fig. 13(d). On the contrary, such difference in order of magnitude is not
appreciated in the case of the thick plate, as evidenced in Figs. 9(c) and 9(d).

• Regarding 𝑡𝑛, a highest stress gradient is appreciated in the proximities of 𝛽 = 90◦ and 𝛽 = 270◦ in the case of the thin plate,
see Fig. 13(e), when compared to the thick plate, Fig. 9(e).

. Conclusions

This work has presented an effective approach for the multiscale linear static analysis of VAT composite plates based on 2D and
D refined CUF FE for the mesoscale and microscale, respectively. Additionally, fibre scale and layer scale uncertainty defects were
eatured in the modelling without additional computational cost by means of KLE-generated random fields.

The necessity of an accurate prediction of the stresses at the layer scale has been demonstrated for both thick (𝑎∕ℎ = 10) and
hin (𝑎∕ℎ = 100) VAT laminates. For such purpose, LW models have been proven to perform better against ESL models, especially
f transverse components are of interest. The ESL models employed in this work could not capture the transverse shear stress
istribution for the thick layer. In this regard, they would have difficulties to predict the same distributions when thin laminates
re involved because of the shear locking phenomena. Chasing an adequate out-of-plane stress retrieval implied an increase in the
olynomial order of the shape functions employed in the thin laminate, moving from bi-quadratic (Q9) to bi-cubic (Q16) elements,
hile maintaining cubic elements for the through-the-thickness discretization. In this manner, the 3D stress state of the composite
aterial can be accurately characterized from the fibre-matrix scale up to the layer scale.

The layer scale strains of both VAT structures were computed in the material reference system and used as input for the
omputation of the fibre scale stresses in a cylindrical reference system by means of 1D CUF-MSG models. Results showed a
ignificant difference between the nominal microscale circumferential stresses 𝑡𝑠 and the mean value of its stochastic counterparts.
n the case where layer scale stresses had a tensile character, the maximum differences appear in the proximities of 𝛽 = 90◦ and
= 270◦ for both fibre and matrix, see Figs. 9(a) and 13(a), and Figs. 9(b) and 13(b). Conversely, those differences were only present

n the matrix’s 𝑡𝑠 when 𝛽 is close to 90◦ and 270◦. For either tension and compression character, it was the fibre longitudinal stress
𝑡 the one showing a larger variability in terms of maximum–minimum range. Additionally, the continuity of the normal stress
𝑛 between fibre and matrix was guaranteed by using high-order expansion functions that provide a geometrically exact shape of
16

he micromechanical model. The stress continuity is of utmost importance since 𝑡𝑛 participates in the commonly used mixed-mode
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criteria when analysing micromechanics damage initiation. A higher stress gradient was appreciated in Fig. 13(e) for the thin plate’s
𝑡𝑛 around 𝛽 = 90◦ and 𝛽 = 270◦ when compared to the same magnitude of the thick plate (see Fig. 9(e)). Such high gradient could
be deleterious in terms of damage propagation in the case that further loading might be applied, due to the tensile character of 𝑡𝑛.
However, this work was strictly related to the failure onset of VAT composites, thus remaining in the linear elastic behaviour of
the material. Some studies have already analysed the progressive failure and delamination of composites employing high-order CUF
beam elements, see Kaleel et al. (2020, 2018).
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