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The stiff Neumann problem: asymptotic specialty and
“kissing”domains

V. Chiadd Piat? L. D’Elia * and S.A. Nazarov

Abstract

We study the stiff spectral Neumann problem for the Laplace operator in a smooth
bounded domain Q C R? which is divided into two subdomains: an annulus 1 and a core
Q. The density and the stiffness constants are of order e 2™ and e ' in Qo, while they
are of order 1 in 4. Here m € R is fixed and € > 0 is small. We provide asymptotics for
the eigenvalues and the corresponding eigenfunctions as € — 0 for any m. In dimension 2
the case when ¢ touches the exterior boudary 92 and Q; gets two cusps at a point O is
included into consideration. The possibility to apply the same asymptotic procedure as in
the “smooth” case is based on the structure of eigenfunctions in the vicinity of the irregular
part. The full asymptotic series as x — O for solutions of the mixed boundary value problem
for the Laplace operator in the cuspidal domain is given.

1 Introduction

Let Q be a smooth bounded domain in R% and let 91 and € be two bounded domains
in R? with smooth boundaries I'; and Ty respectively such that 8Q = T'1, Qo C Q and
Q=QoUQ; ULy We refer to 21 as the annulus and €y as the core. A typical geometrical
situation is drawn in Fig. [} where the annulus is shaded. We consider the spectral Neumann
problem in ©; U Qo with natural transmission conditions for a second order differential
operator with piecewise constant coefficients

—Agzu(z) = Xui(z), z € O, (1)

—e ' Auf(z) = A e P (), z € Qo, (2)

A ui(z) =0, z ey, (3)

ug(x) = ui(x), & 'O,ui(x) = duyui(z), €T, (4)

where 0,, and 0,, denote the derivatives along outward and inward normal vectors v; and
vp to T'1 and Ty respectively, A° is the spectral parameter and —2m € R a fixed exponent.
From a physical point of view, the factor e~2™ reflects the dead-weight of the material,
i.e. increasing m makes the material heavier. In the first part of the paper, we discuss the
asymptotic behavior as ¢ — 0 of the eigenpairs (A, u®) of problem —. We identify
the (real) eigenfunctions u® with the pairs of functions {ug,uf}, where ui stands for the
restriction of u® to ©;, 1 =0, 1.

Depending on the orders of the relative density, namely e ~2™, we predict a different asymp-
totic behaviour of the eigenpairs (A°,u%), as ¢ — 0, putting a special emphasis on the case
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0 < m < 1/2. We also characterize the eigenpairs of all the limit spectral problems which
have a discrete spectrum. Both for m € (0,1/2) and m < 0, the limit problem is described
by an eigenvalue problem for the Laplace operator in the annulus ©; with mixed boundary
conditions, while in Qg the zero-order term of asymptotics of eigenfunction ug is a solution
of the Laplace equation with Neumann condition. For m > 1/2 an eigenvalue problem for
the Laplace operator posed in the core 2y characterizes the limit problem for ¢ = 0, while
the leading term in the annulus € is a harmonic function. The case m = 1/2 is investigated
in the book [32] in more general setting. Here we give an independent proof for the reader’s
convenience. In this case the stiffness and the density constants are of the same order, i.e.
e~ ! in the equation ; two limit problems appear: the spectral Neumann problem for
the Laplace operator in 29 and the spectral problem with the mixed Dirichlet-Neumann
boundary conditions in £2;. We derive estimates of convergerce rates in different situations.
The spectral problems — are of interest in many area of physiscs. For instance, they are
considered in the study of reinforcement and elasticity problems (cf. [I [ [4, 29]). In [20],
estimates of convergence rates of the spectrum of stiff elasticity problems are obtained. We
also mention the papers [12] [I4], where the authors deal with the asymptotics of spectral stiff
problem in domains surrounded by a thin band depending on €. For a study of asymptotics
for vibrating systems containing a stiff region independent of the small parameter €, we refer
to Sections V.7-V.10 in [32] and the papers [13] 21], [31]. The problem considered in this
paper arises also in the study of different properties of porous media. They are particularly
treated in the homogenization theory (cf. [2 [8 @, [10, [30]). In the context of second order
differential operator with double periodic coefficients, we also mention [5] [6 15, [16] [34],
where the authors investigate how to give rise to spectral gaps in the essential spectrum.
In the last part of the paper, we handle the same stiff problem — but with a geometry
of the domain €2, which differs from that drawn in Fig[I] A irregular point appears on the
boundary 052, consisting of the point O of tangency of the two “kissing” disks Qo and
in R? (see Fig. The main feature is that the ansétze obtained when the boundary 92 is
smooth are still valid. It is worth to mention that in a certain sense the problem — can
be reduced to a regular perturbation in an operator setting depending on the exponent m.
In this way the full asymptotic series for eigenpairs of the problem can be readily derived
in the “smooth” case after constructing the main asymptotic and first correction terms.
However, in the case of “kissing” domains the perturbation analysis becomes much more
involved because of possible singularities of solutions at the irregular point O. We succeed to
prove that these singularities do not interest our asymptotic procedure in the Neumann stiff
problem and explain why it does not work directly for the Dirichlet stiff problem, namely
when the condiction is replaced by ui(z) = 0, x € I'1. Further investigation of Dirichlet
stiff problem are left as open questions to be considered. We provide the asymptotic expan-
sion as z — O of the eigenfunction of the Laplace operator along with Neumann boundary
condition on the exterior boundary I'; and a constant trace on the interior boundary I'¢.
The ansatz is made of particular functions depending on the geometry of the domain and
the boundary conditions. Moreover, we show that all eigenfunctions decay exponentially as
x — O when we set a homogeneous Dirichlet condition on interior boundary I'g.

We mention the paper [28] in which the authors investigate the asymptotic behaviour of the
eigenfunctions of Laplace operator along with Neumann boundary conditions in a bounded
domain with a cuspidal point (cf [24] 26, 27]). The paper [II] discusses the regularity in
the space of infinitely smooth functions in the case of cuspidal edges and the paper [22]
investigates the regularity of solution of bi-harmonic operator in domains with cusps. We
refer to the monographs [18] 25] for a detailed study of elliptic boundary problems in domains
with other type of singularities.

The paper is organized as follows. In Section 2 we introduce the weak formulation of the
problem —. We deduce the formal asymptotic expansions for the eigenelements in the
most interesting case m € (0,1/2), whose leading terms are determined by the constant cg
(see ) in ¢ and via Neumann spectral problem for Laplacian in €2;. We also discuss



O

Figure 1: Annulus domain ©; and core domain Qg

briefly the infinite asymptotic series. Section 3 contains the main result which is formulated
in Theorem and the justification of the asymptotics for m € (0,1/2). In Sections 4 — 7
we present the asymptotic expansions of eigenelements for the remaining values of m. We
introduce the problems which determine the leading and the first-order correction terms and
we justify the expansions. In Section 8 we derive and justify the asymptotic expansion of
the eigenfunctions of the Laplace operator in 1 \ O along with the homogenuous Neumann
condition on I'y and the non-homogeneous Dirichlet boundary condition on I'g. Moreover
we discuss some open questions.

2 Formal asymptotics in the case 0 < m < 1/2

2.1 Setting of the problem

The variational formulation of problem (I)-() reads: find A* € R and {u§,ui} € H'(2)\{0}
satisfying

(Voui, Vap1)a, +& (Vatg, Vago)ay = A ((ul, 01)e, +e 2" (4§, ¢o)a,) (5)

Vo € H'(Q). Here, (-,-)o, denotes the natural inner product of Lesbegue space L*(Q;),
1 =20,1 and m € R. For each € > 0 the bilinear form on the left-hand side of (5 is pos-
itive, symmetric and closed in H'(Q). Due to comptacness of the embeddings H*(£;) —
L? (€),4 = 0,1, the problem — is associated with a self-adjoint operator whose spec-
trum consists of the monotone increasing unbounded sequence of eigenvalues (cf., for exam-
ple, [7, Theorems 10.1.5 and 10.2.2])

0=X <A< <A <= (6)

repeated according to their multiplicity. The corresponding eigenfunctions {ug,ui} are
subject to the orthonormalization conditions

(uiﬂuij)ﬂl + E_Qm(u(a),hu(a),j)ﬂo = 6i7j7 7’7] € N7 (7)

where §; ; is the Kronecker symbol. The orthonormalization condition suggests to per-
form the replacements

vi(z) =ui(z), =€, vo(z) = e "ug(z), z € Qo. (8)

Hence, {v§,v$} satify the orthonormalization condition in L?(€2) which does not depend
anymore on €. Equations — remain unchanged, while the transmission conditions
turn into

e"vg(z) = vi(x), €™ A, v5(x) = 8,05 (z), z el



We look for the asymptotic expansion of eigenfunctions {v§,v{} in the form

vi(x) = Mg (a) + ' Mvp(a) + -, T € Qo )
o5 () = o (x) + 7l (z) + - - -, z €. (10)
We assume that the eigenvalue A* admits the asymptotic ansatz

A=A N 4 (11)

By inserting expansions @, , in the spectral problem (|1| g we collect coefficients
of the alike powers of € and gather boundary value problems for vo, vh and v, v].

2.2 Problem for v] and v}
The leading term in @D is a solution of the problem
—Auy(z) =0, z €, vy (z) =0, x €Ty, (12)

and hence v] = co. At this stage, co is an arbitrary constant in R. The first-order correction

term in (]E[) satisfies the boundary value problem
—Agvg(z) = /\01)8(3:), x € Qo, Buovo(z) = &,Ov(f(x), z € Ip. (13)

From the compatibility condition for inhomogeneous Neumann problem, we determine the

constant co:
1 0
= — Oy v1dSz, 14
Co AOIQO'/FU 0 V105 ( )

where | - | stands for Lebesgue measure of a set and A\° # 0 is an eigenvalue of the problem

(L5)-(16).

2.3 Problem for v{ and v}
The leading terms in and verify the spectral mixed boundary value problem
A () = A0 (z), = €Q, (15)
d,vi(z) =0, zely, o(z) =0, zel. (16)
The variational setting implies the integral identity
(Vavl, Vap)ay = A (o), ), ¢ € Ho(Q,T0),

where Hg(Q1,T0) := {u € H'(Q1) : ur, = 0}. The spectrum of problem (I5)-(I6) is
discrete and turns into a monotone unbounded sequences of eigenvalues

0<A <A< <A <ivi 5 400, (17)
and the corresponding eigenfunctions v%l,v?g, ... are subject to the orthonormalization
conditions

(U?,i’v?,j)ﬂl = 6i,j7 Z?] eN. (18)

The correction term in is determined by the boundary value problem
—Avi(x) = A (z) = Nl (z), =ze€, (19)
O vi(z) =0, x€Tq, vi(z) = vg(x), x € To. (20)

Since v§ = co is fixed and defined by , the boundary condition becomes v1 () = co,
2z € T'g. The correction term ) is determined through the compatibility condition in the



problem -. First, we assume that the eigenvalue \2 # 0 of problem - is
simple. Then the problem — has a unique solution if and only if

)\;L/ |08 (z)[*dz = co/ Duo V6. (2)dse = —c()/ Agv)  (z)dz = chAn|Q0].
Q o

Qo

Thus, the perturbation term in the ansatz takes the form

2
1
N, =@\ || = ——— (/ Ay vodsz) . (21)
0 )\91‘90| o o V1

2.3.1 Multiple eingenvalues

In the case A2 # 0 is a multiple eigenvalue with multiplicity 7 > 1, i.e.
M1 <Ay = )\91+1 == )‘97.+7'71 < )\91+-r7 (22)

the expansions @- are still valid. However we predict that the leading terms of
VY sy VT, 415 - - 5 Ui ntr—1 are linear combinations of the eigenfunctions v(f,n, v%nﬂ, e ,v(l),nJrT,l
of the problem (15)-(T6) associated to eigenvalue A, i.e.

V&-(az) :aflv?’n(x)+~~+aZL+T_1v%n+T_1(x), j=n,...,n+717—1. (23)
Furthermore, we require that the columns
) . . T _
a = (ah,...,a,,._,) ERT, j=n,...,n+71—1,

satisfy the orthonormalization conditions

n+7—1
(a’,a") == Z ajay = 6j,i, ji=mn,...,n+1—1. (24)
k=n
As a consequence, the linear combinations (23 with j =n,...,n+7—1 are a new orthonor-

mal basis in the eigenspace of the eigenvalue AY.
Bearing in mind the linear combinations (23]), the compatibility conditions in the problem
(13) yield the new constant leading terms v’m . ,v8’n+7_1 of the ansatz @

n+7—1
0 1 i 0 .
vO,j = m ; ai - &,Oledsz, J = 1,...,n+7’71. (25)

The correction term Vl',]- is determined from the problem
—AV] () — AV () = ;W5 (), z €, (26)
O Vi j(z) =0, ze€ly, Vi () = vy, €T (27)
The Fredholm alternative leading to the necessary and sufficient condition for V{y I =N,
n+ 7 — 1 to exist, is given by

)\;(Vl()’j,v?,p)gl = / Vllyjﬁyovgp(x)dsz, p=n,...,n+7—1.
To

Owing to and the orthonormalization condition , the above formulas become

n+7—1

. 1
Nal, = Z aim/r ayov?,k(ﬂc)dsw/r oY () dsa, p=n...,n+7—1. (28)
0 0

k=n



‘We represent the relations as an algebraic spectral system
/\/laj:)\;aj, j=n,...,n+717—1,

with the matrix M of size 7 x 7 defined by
1
Mok = 55— / 3U0v(1)p(x)dsx/ 81,01}(1) x(T)dsg, pk=n,....n+717—1
)\n|QO| T'o ’ To ’

It is clear that M is a symmetric matrix, i.e. Mpr = My,. Therefore, it has 7 real

eigenvalues, A\, X411, - - -, Anyr_1, With eigenvectors a™,a™ "' ... a"""~! satisfying the or-

thonormalization conditions . Since the determinant of the matrix M and all its minors
of order k, 1 < k <7 — 1, are equal to 0, the characteristic polynomial of M is simply

()7 = tr(M)N) =0, (29)

with tr(M) being the trace of the matrix M. It follows that the roots of Ny, g =
n,...,n+ 7 — 1, are given by

n+7—1 2
1
A= =Apyr_g=0, Noprog = tr(M) = pATON Z (/ Byov?’k(:v)dsz> .
" k=n To

(30)

2.4 Final remarks

The asymptotic procedure described above can be continued to construct infinite asymptotic
series for eigenvalues and eigenfunctions of the problem —. If the eigenvalues X2 is
simple, the analysis just repeats the explained steps and provides the formal series

Z 6jm+k(172m)>\$1j,k)’ (31)
§,k=0

and the difference between the true eigenvalue A® and the partial sum of the series can
be estimated in a way, quite similar to Section 3.

The same can be readily done in the case 7 = 2 when the correction term Aj,,; in does
not vanish so that both the eigenvalues A;, and A;,; become simple and therefore can be
examined independently. However, if A has multiplicity 7 > 2 or 7 = 2 with Ay =0 (cf.
(130)), the coefficients of the linear combination are not completely determined. In order
to compute them, the coefficients a?, . . . ,afLLJrTf1 are assumed to be a linear combination of
the eigencolumns associated to the eigenvalue 0 of the matrix M, obtaining the coefficients
and the next term of the expansion of A°. Nevertheless, there is no argument ensuring that
the new matrix has distint eigenvalues and hence the coefficients of linear combination of
al,. .., afl_,_T_l can not be uniquely defined, so that an iteration of the previous procedure
is needed again.

3 Main result

We present the main result of this paper, which is valid for any value m € R.

Theorem 3.1. For m € R and for any N € N there ezist enym > 0 and Cn,;m > 0 such
that the estimate

NS — A0 — AL < Cnome?, n=1,...,N, (32)

holds for some a, 8 and v, depending only on m, and € € (0,eN,m)-



Remark 3.2. In the estimate , Ay, is the n-th eigenvalue of the problem -, X2 and

M\, are the corresponding leading and first-order correction terms, appearing in the different

ansdatze for A5, which we will define in the forthcoming sections.

In the next subsection we provide the proof of the Theorem with m € (0,1/2), where
a =0, 8=2m,y=min{3m, 1}, and )\, is given by formula for a simple eigenvalues
and formulas for multiple ones. The proof is split in two steps. The first one consists in
proving partially that the eigenpairs (A, {u§, u$}) converge to (A%, {0,u?}), where (A%, u?)
is an eigenpair of the limit problem —. In the second step, we will use the so-called
Lemma about near eigenvalues and eigenfunctions (cf.[33]) in order to conclude with the
proof of the Theorem

3.1 Justification of asymptotics in the case
m € (0,1/2)
3.1.1 Step 1: Convergence theorem

In this subsection, we show that for fixed n € N the eigenvalue A5 converges to A2, as e — 0,
and the corresponding eigenfunctions converge strongly in L?(£).

Proposition 3.3. The eigenvalues X;, of the problem — and the eigenvalues \O of the
problem - are related by passing to the limit

XS A2, as €—0, n € N.

We begin to show the following lemma.

Lemma 3.4. Assume that for any n € N there exist €, > 0 and C,, > 0 such that
0< A\, <Cyp for £ € (0,ey). (33)
Then, we have that X5, — A2, for some 7 € N, as € — 0.

Proof. By virtue of estimate (33]), whose proof will be given in Remark we extract an
infinitesimal positive sequence {ex }xen such that

Ak Y, er — 0. (34)
In order to simplify the notation we write A, in place of A7*. The normalization condition
, the estimate and the weak formulation of the spectral problem — yield
Vet nlléy + e IVattg nlléy = An < Cone

As a consequence,
IVauinll, < Cuny [luinlld, <1

The norms ||uf,,||g1(o,) are uniformly bounded in € € (0,¢,) for a fixed n. Then, up to
subsequence, uf ,, converges weakly in H{(921,T0) and strongly in L?(£1) to some function
¢?, which can be identified as an eigenfunction u(fﬁ associated to A\2. In fact if we take an
arbitrary function ¢1 € Hé (Q1,T), and ¢o = 0 in Qo as a test functions in the integral
identity , it admits the limit passage as ¢ — 0, yielding the integral identity

(Vagi, Vapr)a, = Aa(gis p1)- (35)
The equality gives rise to the problem

—Argi(x) = Mgl (z), w €,
al’lg?(x) = 07 T € F17 g?(l’) = 07 T € FO)



which implies that ¢? = u?ir In other terms, A2 is an eigenvalue of the limit problem
(15)-(16) with corresponding eigenfunction u{ ;. Concerning the function u§ ,,, we find that

e IVausnllay <O e lugmlld, < 1,

so that ug , converges to 0 strongly in H} () and hence in L*(Q) (if necessary, we can
again pass to a subsequence).

The eigenfunction u?yﬁ is also normalized in L?-norm. Indeed, bearing in mind the replace-
ment , we deduce that

[5nllee <1, IVathnll, <e'™*"C,

from which it follows that vg ,, converges strongly in L? () to some constant & In order to
prove that ¢ = 0, we take p1 = o = €™¢ as test functions in , obtaining

0=\, (smé/ uinderé/ vandfc> .
Q1 Qo

Passing to the limit as € — 0, we find that ¢ = 0. As a consequence, 672’"Hu8’n||g210 — 0, as
€ — 0 and the normalization condition leads to Hu?,ﬁHLz(Ql) =1

The goal of the next subsection is to check that n = n, concluding hence the proofs of
Proposition [3.3] and of Theorem [3.1]

3.1.2 Step 2: Lemma about near eigenvalues and eigenfunctions

Let H. denote the Hilbert space H'(f2) endowed with the inner product
(U Ve = (VoUs, VaVi)a, + e 1 (Velo, VaVo)ay + (Ur, Vi)ay + e 2™ (Uo, Vo)ao-  (36)
We introduce the operator K¢ in H. by the formula
(KU VY. = (U, Vi)ay +¢ 2™ (U0, Vo), YU,V € He, (37)

and the new spectral parameter
kp = (1+ X)) " (38)

It is easy to verify that K. is a continuous, self-adjoint, positive and compact operator.
Thus, the spectrum of operator K. consists of the essential spectrum oess(Kc) = {0} and an
infinitesimal positive sequence of real eigenvalues

K ks> -2k > 0.

Taking into account formulas —, the integral identity is equivalent to the abstract
equation

KU =k, U°.
The following statement is known as “lemma about near eigenvalues and eigenvectors”(cf.
[33]) and follows from the spectral decomposition of the resolvent, cf. [7, Chapter 6].

Lemma 3.5. Assume U4° € H. and € € Ry such that
[ . = 1, [Ctl” — LU |31, =: 6° € (0, €).

Then in the segment [€5 — §°,€° + 6] there is at least one eigenvalue of the operator K..
Moreover, for any 6. € (6°,¢°) there exist coefficients a5, -+ , a5 ge_1 such that

JE+KE®—1

66
<25, Yool =1,
€

He j=Je

JE+KE—1

e E =
U — a;u;

j=J¢




where e, -+ ,uJe g1 are eigenvectors associated to all eigenvalues ke,  kSe ge
of the operator K. situated in [€° — 6%, €5 + 6%]. The eigenvectors are subject to the orthonor-
malization conditions

(Ui, u5)e = 0i ;. (39)
In the case of a simple eigenvalue A2 of the problem -, the approximate eigenvalue
€ is
L+ X0+ 71, (40)
where )} is the asymptotic correction and the approximate eigenfunction 45, = (45 7, 45 »
is defined by

2 / 2-2 0 o2m 1 2-2m 1
(eMeon +eupn+e " Un, wiate U s+ U n T U R), (41)

where co,» is given by , u(,5 is the solution to the problem (13), u(l)’ﬁ solves the limit
problem — and u) 5 is characterized by the problem -. The arbitrary (but
fixed) functions %7, % » in H' (1) are such that

U 7 (%) = up.q (), U 7 (%) = Usa (), x €Ty,
and % 5 is the solution to the Neumann problem for the Helmholtz operator

Do Uy 7 () — 51_2mA%%0fﬁ(x) = )\%ugyﬁ (z), z € Qo, (42)
Ovo U 7 (x) =0, z e Ty. (43)

Denoting by L2 (€) the subspace {u € L*(Q) : fQO u(z)dz = 0} and setting H? () =
H?(Qo) N L3 (Q), the Neumann Laplacian A, : H7T (Q) — L3 () is an isomorphism.
Consequently, for small € > 0 the mapping —A, — e 72™)%Id is also an isomorphism,
i.e. % is the unique solution to the problem - (cf., e.g., [I7, Theorem 3.6.1]).
Furthermore, the estimate

0
H%OE,ﬁHHi(QO) < C)\nHUS,ﬁHLi(QO)

holds, where the constant c is independent of the parameter .

If A} is a multiple eigenvalue (cf. (22)) and A% in is given by (30), then the functions
'LL?J,COJ', u'l,j in are replaced with ijj,vg’j defined by the formulas , and the
solution V7 ; to the problem - forany j=n,--- ,n+7—1.

The almost eigenfunction 45 belongs to Hilbert space H. but in generally it does not satisfy
the normalization condition. Then, we apply Lemma with ||ilf—l|\;éil% € H.. Note that
for sufficiently small € the estimate

. 1
45 2. = bR (44)
follows from formula . Indeed, the inner product
<uf7u;>5 = (vlui,w vZui,]’)Ql +571(v1ug,ia vIuS,j)Qo + (Lﬁ,ia Llélj,j)ﬂl
+e (UG, U5 )00
= (Vaul i, Voul j)a, + () 4 ul j)a, +O0(E*™)

1+ Ag)(u(l),pvu(lj,q)ﬂl + O(E2m)
14 Ao + O™, ihj=1,2,... (45)

— o~

)



where the last equality is due to orthonormalization conditions . Note that O(¢*™) con-
tains the terms listed below multiplied by some power of € and they can be easily estimated:

e (vZu?,iavzu(l),j)Ql + (viﬂull,iyvfcu(l),j)ﬂl + (U(l),i7ull,j)91 + (ull,iyu(lj,j)ﬂl;
€M (Vauh i, Voul j)ar + (uh i, ul j)ass e (Usa, Us )
e (Vaoul ,, Vo )0y + (Vo2 3, Vel oy + (Vats, Vaup ;oo
+ (u(l),i, Ui5)0, + (%1,i7u(1),j)ﬂl;
XM (Vo iy Vo) 0y + (Va1,i, Vo lh.5)0, + (Wi, W 5) 00 + (2 000 )
272 (Vo 4, Vol ey + (Yol 5, Vol )y + (Vatth s, Valls )
+ (Vo .4, vzué,j)ﬂo + (u?,u %1/,3')521 + (%1/,1', u(l],j)fh + (ué,iaué,j)ﬂo;
€1 (Vo i, Vol oy + (Voll,5,Valh 5)n + (Vo 5, Vatlh oy
+ (Ui, U )y + (i, Uig)ey + (U 0 U 5)ans
TN (Va4 Vo Ws )00 + (w05, U )20 + (U5 0, 5) 00
N (Va0 Vol ) + (Vo 5, Vo )0y + (P, U ) an + (U3, W0 5) 005
TN (Va3 VoW ey + (T4, W )y
Consequently, we obtain
05 = 195 172 o5 — €415 e
=Gl sup - [KAG — €t W) |

IWellp, =1
=95 l5l (65) 70 sup [(6R) T HKMG, WO — (85, WE).|
WSEHE
W2, =1
<c sup |(?§1)71<IC511%, W€>5 - <uf’u WE>€|7
WeeHe
IWell, =1

where in the last inequality we used and (££)~! > 1. Now, we focus only on the absolute
value. Using formulas and , we find

|(€2) T8, W) e — (UG, WE)e| = [Jo + ™ T + "2 o + &AL (w0, Wiy
+ TN U, Wi ey + €5 + € NG (%, Wa,

7 Iy + ENU (U 7 W ey |- (46)
Here
Jo = Na (U, Wiy + N (com Wi)ao — (Vatl s, VaWi)a, — (Vattg,n, Va W5 )o:
1= X (o We)eao + A0 (s s Wieay + X (uf e, Wity = (Vstth s VoW s
Jo = Ao (0,0, W5 ey = (Voo Va W5 )
Js = Mo (2.7, Wi oy + Na (w0, W5 ) — (Va,m, Va W)y s
Ja = Na (U s Wi o + X%, We Do = (Vo Va Wi ey

Integrating by parts the problems — , and -, the expression under the
[46)

modulus sign on the right-hand side of (| becomes

|(5) T UC45, Wo)e — (U5, Wo)e| = [€7" ] + ' 72" o + &M N (ul s WH ey
+ TN (U 7 WG ) + €T3 + € TN (25, W ey
+ T+ ENUU 5, Wi,
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with Ji = A (co,n, W5 )ao — (v ul s, Wi )y - Note that €' 2" Jo 4+ A (%5 n, WE oo = 0
due to the fact that % ; can be written as Neumann series (cf. [I7, Theorem 3.6.1]).
Moreover, the definition of the inner product in the Hilbert space H. yields the following
estimates of the classical norm in L*(€;), i = 0,1

[Willey < Wlne, IVaWillar < IW: e, IWelay < e™([WF |,
Finally,
65 < C1e®™ + Coe + C3e®™ + Cue™™ + Cse™2™ 4 Coe® 2™ + Cre®™ ™ + Cge® < Ce7,

where v = min{3m, 1}. Then, the first part of Lemma implies that there exists at least
one eigenvalue k;, of K. such that

65 — kn| < Ce™. (47)
Bearing in mind Lemma the inequality can be written as
XS = A2 — TN S CILH X1+ A2 + 2™ Aale” < Cre? Ve € (0,en). (48)

In order to show and to conclude the proof of Theorem 3.1} we must check that the
indices n and 7 in the inequality coincide. To this end, we will apply the second part
of Lemma

Assume that \2 is an eigenvalue of multiplicity 7 > 2 of the problem -. We can
associate T copies of almost eigenfunctions i, given by , and introduce

6:_7,5 = Tmax{é% e 75?1,«%7'71}7

where T is large and fixed (independent of ). The second part of Lemma gives the

normalized columns a'%, - -+, a’%  x-_, verifying the inequality
JEHKE—1 )
[T Z | <5 p=ditT oL (49)
i—Je H
]: €

We aim to show that in the closure of a J5.-neighbourhood of the point €5 there are at least
T eigenvalues of the operator K., i.e. in the inequality the number K*¢ is such that
K¢ > 7. The equality implies the estimate

|(Llf,,ilz>5—(1+)\2)5p,q\ < Cce*m, p,q="n,...,n+71— 1 (50)
Set
Ne+Ke—1
Sp= Y au,  p=n,...ntr-l
Jj=N¢

In view of the estimate and orthonormalization condition of u®, we find

NE+Ke—1 NE+Ke—1 NE+Ke—1
pe G 0 E : P, e E ae, < 0
E af”aj” — (14 23)0p.q| = |{ a; Uy, a; uj)e — (1 + A5)dp,q
j=N¢ j=N¢ Jj=N¢

= [{Sps Sq)e = (Sp, Ug)e + (Sp, Ug)e — (U, Ug)e
+ (UG, YD — (14 A7)0,
< (S5, 85 — Ughe + (S5 — 46, 15)] + (45, 4G)e — (1 + A7)0y o
<S5 llellSG = 43lle + 1S5 = Gl G e + O(™™)
4

2m

11



We conclude that for sufficiently large T', the columns a”® turn out to be almost orthonor-
malized that is possible only if K¢ > 7. Consequently, for 7-multiple eigenvalue A3 there
are at least 7 distinct eigenvalues k5,..., k5, 1 of the operator He such that

|65 — k5| < Tene”, j=n,...,n+7—1. (51)

Remark 3.6. The formula leads to check the inequality . Indeed, for each eigen-
value N of the sequence , one can associate the eigenvalue Ny, such that Ay, <

X2+ Cne?. Moreover M(n1) < M(nz) if ny < na. Consequently n < M(n) and
A S Aty € A+ Cne®™ <A + C,

which implies (33).

In order to conclude the proof of Theorem|3.1} we will check that the eigenvalues A7, ..., A5, 1,1
of the sequence @ verify the estimate (32)). In other words, the equality 7 = n holds true
in .
Let 7 be some index such that Aj is 7-multiple eigenvalue of the problem (I5)-(I€). If we
assume M (n+7—1) > n+7—1, then there exists an eigenvalue A\ with J° < M(n+7—1),
such that

e SN+ N+ CET < AY
From Lemma |3.4} the eigenpair (A5:,Uje) converges to eigenelement (A%, U™) of the limit
problem (T5)-(L6), where U* is orthogonal to U7, - -+, U3, in L*(94). This last claim is
invalid, because of the min-max principle (see, e.g. [7])

Ay — . ||VzUHL2(Ql)
Jo = max mm ———
ECH{(Q1) veEL lvllz2(a.)
dimE=J°—1 v#0

and the inequality A% < )\%+T. Thus, 7 = n and Theorem is proved.

4 Asymptotic expansion for m < 0

We briefly describe the behaviour of the eigenpairs of the problem — for m < 0. The
proof of Theorem uses the same argument as in Section 3. We consider an asymptotic
expansion for an eigenvalue A* and the corresponding eigenfunction {ug,ui} of the form

AN =20 4, (52)
uf(x) = ug(z) + eup(x) + -, z € Qo, (53)
uf(z) = uf (x) +euf(x) + -, z € M. (54)

The formulas — mean that the eigenpair (A%, {u§, uf}) is expected to depend on the
parameter € continuously. By replacing the expansions — in the problem — and
collecting the coefficients of the same powers of ¢, the leading term in is a solution to
the homogenuous Neumann problem , i.e. a constant cp. The correction term u( defined
up to an additive constant satisfies

—Azugp(x) =0, z € o, voup(z) = Byoul(x), = € To.

The compatibility condition reads

/ Buoud (x)ds, = 0. (55)
To

12



The leading terms A2 and u{ in the ansétze 7 are obtained from the spectral problem

Al (z) = Al (2), x € Q, (56)
O ul(z) =0, zely, ul(z) = ug(z), = €T, (57)

along with the integral condition . To write down the variational formulation of the
problem (56)-(57), we set Hq(21,'0) as the subspace of functions in H'(£21) with a constant
trace on the boundary Tg. For ¢ € He(Q1,T9), the Green formula provides

- /Q 1 Apul (z)p(a)de = /Q 1 Voul (2) Vo (z)de — /F 0 Do (z)p(x)dss

= )\0/ ul (2)p(z)d.
Q1
Since ¢ is a constant on the boundary I'g, it follows that

/ vl (z)p(z)dsy = const/ Avoul (x)ds, = 0.
o

To

As a consequence, the variational formulation reads: find the eigenvalue \° € R and the
corresponding eigenfunction u{ € H(Q1,T0) \ {0} such that

(Voul, Vap)a, = A°(ul, 0)a, Ve € He(Q,Ty). (58)

Note that the integral equality implies the condition . The problem admits

the eigenvalues sequence (17). The corresponding eigenfunctions u{ are orthonormalized in

LA ().
The correction term u] verifies the problem

—Agui () = Xul(z) = Nuf(z), =€, (59)
O ui(x) =0, xcTy, uy(x) = up(x), x € To. (60)

Before computing \’, we investigate term of higher order in the asymptotic (53)). We assume
that —2m > 1. The term u§ of order €2 solves the problem

—Azug(z) =0, x € Qo, oo (z) = Oupui(z), =z € To.
The compatibility condition reads as
/ By (x)ds, = 0. (61)
To
When —2m = 1 the compatibility condition becomes inhomegeneous, i.e.
/ vt (z)dse = Nco|Q, (62)
To
since ug solves the problem
—Aguf () = Moug(z), = € Qo, Dvoul (x) = Dpous (), x €Ty, (63)
In the last case, i.e. —2m < 1, the term u{ has order e 2™ *! and it solves the problem ,
yielding the compatibility condition (62).

In case of simple eigenvalue A2 and —2m > 1, the Fredholm alternative leads to the following
expression for the correction term \,,:

Xy = —(Buoul, ul)ry = — (Do, uh)re = —(Vatl, Vaud)a, = —||qu6||2Lz(QO). (64)

13



If —2m < 1, the term X’ becomes
N = =(Bupur, ul)ry — (Duoul, ur)ry = —A°c|Q0| — [[Varuoll 72y,

due to the compatibility condition .
Suppose that A} is a 7-multiple eigenvalue. As in Section 2, the leading terms of the

asymptotics of the eigenfunctions i ,,...,ui ,1,—1 are predicted in the form of linear
combinations
U5 (8) = GA(@) + -+ @ ira(@)y G = e,
of the eigenfunctions u?7n,.--,u(1)7n+7—71 of the limit problem (56))-(57). The coefficients
al,...,a +-_1 satisfy the orthonormalization condition ([24)). The first order corrector Ui, j
in (54)) verifies the problem
=AU, (x) = AUL () = AjUL, (=), z e,
n+7—1
8, Ul j(z) =0, zeTy, Ui ()= Y dugu(z), z€To.
k=n

In the case —2m > 1, from the Fredholm alternative and the formula , we get the 7
compatibility conditions

n+7—1 n4r—1
’ 0 0 _ 0 U _ J / / _ ki ’ /
)\j(Ul,j7ul,q)Ql = (auoul,qul,j)Fo = E ak(aVOUO,q7u0,j)F0 = E ak(kuo,j7vzuo,q)ﬂo-
k=n k=n
It follows that
n4+717—1
’j o j ’ ’
Ajlq = E @i (Vato,j, Vato,g)oo,
k=n

which can be written in the form of the linear system of 7 algebraic equations

Gaj:/\;-aj, j=n,...,n+7—1 (65)

Here, G is the Gram matrix whose entries are
Gi,j = (vzué,iavzué,j)no, L,j=mn,...,n+71—1
Since G is a symmetric T X T matrix, its eigenvalues Ay, ..., Al ., are real and positive. In-
deed the derivatives 0, u(l),n, ey Oug u?7n+771 are linearly independent in L2 (To). Otherwise,
a linear combination
n+7—1
U)= Y awli(z), zc,
k=n

satisfies the equation —A,U(z) = A\°U(z), z € Q1, and simultaneously two boundary condi-
tions U(z) = const and 9,,U(xz) = 0, x € I'y. This is a contraddiction due to the theorem on
strong unique continuation (e.g. cf. [35]). Hence, Vot ,p, . .., Vol nir—1 are linearly inde-
pendet in LZ(Qo)d and the matrix G is positive-definite matrix. We emphasize that V;Cu{m-,
i=mn,---,n+ 71— 1, are defined uniquely, although u()l are defined up to a constant.

If —2m < 1, the Fredholm alternative and the expression yield to

n+7—1
A= 7(8V0U{,j»u(1)7q)1“0 - (al'ou(l),qa Utj)re = A%(u8,q)2|90| - Z @, (Vaug 5, Vot q) -
k=n

(66)
As far as the justification procedure is concerned, the estimate of the Theorem for
m < 0 is valid with a = 0, 8 = 1, v = min{1 —m, 2}, A% being an eigenvalue of the problem
— and A, the correction term in , given by formula for a simple eigenvalue
and by formulas - for a multiple ones.
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5 Asymptotic expansion for m = 0

If m = 0, the anséitze — are still correct. As a consequence, the problem is
satisfied by the leading term ug. The main difference comes from the problem satisfied by
the correction term g,

—Agup(z) = )\Oug(m), z € Qo, uoup(x) = (‘31,(]11(1)(%)7 z €T,

whose compatibility condition reads as

_ 1 0
co = 10| /FO Ovou1dSe. (67)

The leading terms A° and u§ in and solve the problem — along with the
integral condition @ Therefore, the variational formulation reads as

(Vaud, Vap)a, = X(ul, @)a, + A|Q[uip, Ve € He(1,To). (68)

Here @ denotes the constant trace of function v € H*' (©1) on the boundary I'g. The problem
(68) admits discrete spectrum given by . The correction term u satisfies the problem
(59)-(60). The claim of Theorem [3.1]is still true and the estimate becomes

A= A2 — e, | < One®2.

6 Asymptotic expansion for m = 1/2

This case is discussed in more abstract setting in the textbook [32, Chapter VII], but for
the convenience of the reader a simple and independent proof is presented for the problem
under consideration. The Helmholtz equation gets rid of the small parameter &

—Agup(z) = AN ug(z), z € Qo.

We perfom the replacement (§), i.e. v§(z) = e 2ug(x) and v§(z) = uf(x). The asymptotics
of eigenpairs (A%, {ug, ui}) take the form
A=A v§(z) = v} (z) + /20l (z) + - - x € Q,
v§(x) = v3 (@) + 2o (z) + -+, z € Qo.

The essential difference with respect to the other cases is the presence of two spectral limit
problems. In fact, the leading term v is determined from the problem

—Azvg(x) = Au(z), z € o, dvvg(z) =0 z €Ty. (69)
The leading term v solves the problem

—A ) () = A9 (z), r € Q1, (70)
v (x) =0, xely, v (x) =0, x €Ty (71)

The problem for the correction terms vy is
—Agvh(z) = () = Nod(z), = € Qo, Duvp () = B0l (x), x € To.

The correction term v] is determined by the problem -. Owing to the two limit
problems, the procedure made for the convergence theorem must be slightly modified. We
explain it briefly.
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According to the convergence (34) of eigenvalues \j;, the weak formulation and the
normalization condition (7) with m = 1/2, we deduce

19205 alZ2ay) + &7 19206 al220) < Cn-

As in Section 3.1.1, v§ ,, converges to zero strongly in H' () and hence in L*(Qp), while
vf,, converges to some v ; weakly in H'(Q:) and strongly in L*(Q4). If v§; # 0, the
continuity of trace operator ensures that v ,, converges to 0 in L2(Fo). Then the boundary
condition yields the strong convergence of vf,, to 0 in L*(Ty), i.e. U%ﬁ € H}(Q1,To).
Using the same arguments as in Section 3.1.1, we deduce that the leading terms A2 and v?ﬁ,
with v?ﬁ # 0, are characterized as the eigenelements of the spectral problem -,
Assume, now, that U?’ﬁ = 0. The previous arguments fail and we introduce the new nor-
malization condition

2 -1 2 -1
i nllz2@) T € W0nllz2@e =€ - (72)

The weak formulation implies the bound
Hvxvin”i?ml) + 5_1||Vx7)5,n||2LZ(szo) < Cne . (73)

Multiplying the inequalities and by €, the quantities ||vg , HHl(QO% and [|V2vg 11 (00)
are bounded and then vg ,, converges weakly in H'(Q) and strongly to L*(Qo) to some func-
tion vgﬁ. Moreover, the trace of vg ,, converges to the trace of USJ—L in L?(T'p). Finally, the
limit passage as € — 0 in the weak formulation leads to characterize vgﬁ as the eigen-
function with associated eigenvalue A2 of the problem and the eigenfunctions vgﬁ are
normalized in L?(€p). Indeed bearing in mind that A2 does not belong to the spectrum of
the problem — and the convergence , for small € > 0 A, is not an eigenvalue of
the problem

— Az, (z) = A1 0 (2), €,
O vin(z) =0, zeTlhy, via(z) =0, z €T

As a consequence, we have
V5 nllmr 1) < ellvonllzre g < cllvonllmog < e (74)

The inequalities (72) and lead to check the normalization condition of the eigenfunction
vgyﬁ. The Theorem is still valid with the estimate

IN° = A) — 2N | < One.

7 Asymptotic expansion for m > 1/2
We postulate the asymptotic expansions for the eigenvalue \°
A =TI\ L TN (75)

For the corresponding eigenfunctions {ug,uj} we consider an asymptotic expansion of the
form

uy =uy +eup+ -, x € Qo, (76)

min{l,mel}u’l 4o, z € Q. (77)

wS=ul +¢
Using the same procedure as in the other cases, we find that the leading terms \°, ud in
(75), (76]) are characterized as the solution to the spectral problem

— Azud(x) = XNug(z), = € o, dupug(z) =0, z €Ty (78)
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The problem in the Sobolev space H'(Q0) has a discrete spectrum
0=A <A< <A <00

and the corresponding eigenfunctions ug,n are subject to the orthonormalization condition
in L?(Q). The leading term u{ in is defined as a unique solution of the problem

—Azu?(az) =0, x € Q,
dnul(z) =0, zely, uwl(z) = ud(z) x€Ty.
If min{1,2m — 1} = 2m — 1, the problem for the correction term u} in is
— A (z) = Xl (z), z €,
O ui(x) =0, z€Tly, ui(z) =0, =z €Ty
If min{1,2m — 1} = 1, the correction term u} is characterized as the solution to the problem
—Azui(z) =0, z € Q,
O ui(x) =0, z€ely, uy(z) = ug(x), =€ Tlo.
We point out that when m = 1, the problem satisfied by u} turns into
—Aguf(z) = Xud, x € Q,
O ui(z) =0, x €Ty, ui(z) = vy, x€To.

The correction term ug in the asymptotic expansion is determined from the problem
—Azup(z) — XNug(z) = Nud(z), € Qo, dyup(z) = dpul(x), = eTly. (79)

The compatibility condition in the problem provides the correction term ). Indeed, if
the eigenvalue A2 is simple then we get

02
N = —|IVoulllz2(a,)- (80)
Assume now that the eigenvalue X2 has multiplicity 7 > 1, ie. X2_; < X0 = ... =
)\QLJFT,l < /\9L+T. The leading term in the expansions ([76) are predicted in the form of linear
combinations of the eigenfunctions ug,m cee u8m+T_1
US,]- (z) = aflug’n(:c) 4.4 aﬂ+7_1u8,n+T_1(x), j=n,...,n+717—1
Therefore, Uéyj is the solution to the problem

n+7—1
—A.Us (@) = \Us () = MU (@), €, QU () = > alduui x(@), @ €To.
k=n

According to the Fredhom alternative, the 7 compatibility conditions are

n+1t—1
)‘;(Ug,j’u&p)ﬂo = (a'/oUé,j’u&p)Fo = Z ait(auou(l),kvu&p)l“o
k=n
n+1—1
= Z ai(vmu?,k,vzu&p)gl, j=n,...,n+7—1 (81)
k=n

The previous relation can be written as the formula with a different Gram matrix. In
other words, the 7 correction terms are the eigenvalues of the Gram matrix G whose entries
are given by
Gij = (Vzu?’i,vzu(l)’j)gl, Lj=n,...,n+717—1,

with a?, being the corresponding eigenvectors. The estimate of Theorem holds with
a=2m—1,8=m,y=min{dm —1,1+m} form € (1/2,1) and vy = 2m+1 for m > 1, A%
being the eigenvalue of the problem (78) and \;, being the correction term, given by formula
(80 if AS is a simple eigenvalue and if A2 is a multiple one.
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Figure 2: Kissing domains

8 Kissing domains in R?

A distinguishing feature of the stiff Neumann problem is that all asymptotic forms derived
and justified in previuous sections, are preserved when dist(I'0,I'1) — 0, i.e in the limit the
core Qo touches the exterior boundary I'1, cf. Fig. [2 so that Qo and Q form the interior
kiss of two domains. This peculiar conclusion is certainly based on the exterior Neumann
condition and the prevaling stiffness of th annulus ;. Changing particular details in
problem’s statement may quit the above-mentioned limit passage: in Section 8.4 we will
discuss a serious issue in the case when the Neumann condition is replaced with the
homogeneous Dirichlet one. In this way, in many cases the Dirichlet problem of the type
— remains a fully open question.

The performed asymptotic analysis demonstrates that in all situations under consideration
the limit problem in the cuspidal annulus reads

—Agu(z) = Au(z), x € (82)
Ou(x) =0, ze€l'1\O u(z) =g(z), xz€Tlo\O, (83)

where A > 0 and g = 0 or g = const on the boundary I'g. Denoting by G € H*(R%\ Q) an
extension of g onto the exterior of {2y, the variational formulation of the problem —
reads, cf. [19): find u € H'(Q1) such that u — G € H'(21;T) and the following integral
identity is valid

(Vau, Vav)a, = A(u,v)o, Vv € H, (84)

with H = Hé(Ql;Fg) if g=0o0onTy or H = H.l(Ql,Fo) if ¢ = const on 'y Due to
the Dirichlet condition on T'g, the space HE(Q1;T0) is compactly embedded into L?(£2;) B
Hence, all necessary properties of the problem — are kept in the cuspidal domain
Q; and these allow us to repeat with easily predictable modifications our calculations and
argumentation in previous sections, to conclude the analog of the Theorem [3.1] in the case
of the tounching boundaries I'g and I';.

In the sequel we will describe the asymptotic behaviour as x — O of solutions to the mixed
boundary value problem — and a similar Dirichlet problem in ;. However, to
reduce cumbersome and long computations, we deal with the 2D case only while a needed
modification for multi-dimensional cases can be found in the papers [24] 26] 27] 28] and
others.

8.1 Asymptotics of solutions at the cusp in Neumann case

We consider the spectral problem —, where g = ¢o on I'p \ O and cp is an arbitrary
constant. Set Ro, R1 the radii of the disks o, {1 respectively such that Rp < Ri. The

IThis fact is true for H1(Q1) as well, see, e.g. [23)]
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boundaries I'g and I'; are described by

|z [?

Hi(z:) = 50 +O0(lza"),  i=0,1. (85)
The thickness is defined as H(z1) = Ho(z1) — H1(z1). We write down the representation
u(x)=co+--, x— 0, (86)

where the dots denote the lower-order terms. The distinguished asymptotic term on the
right-hand side of satisfies the boundary conditions but generates the residual

Acop + -

in the differential equation (82]). Then, we introduce a new term U1 (x1,7) in , involving
the stretched coordinate

o — H1(1’1)
= 2D o,1).
ZIEn) (0, 1)
Then the asymptotic turns into
u(xz) =co +Ur(x1,m) + -+, z— 0. (87)
In order to rewrite in the new variables (z1,7), we evalute
o0 _mo_ 1 0 ® 1 » )
Ory  Ox20n  H(z1)0n’ 023 H(x1)2 0n?’
8 _ 6 —1 ! / 8
Frall e H(z1)" (Hi(z1) +nH (xl))%’
82 0 -1 / ! g ’
Ero (83:1 — H(z1)" (Hi(z1) + nH (ml))an)
2H" (1) Hi (1) + 2(H' (21))*n — H{ (z1)H(z1) — H" (z1)H(z1)n | 9
H(z1)? on

where H'(z1) = %’:1). Owing to (85), (B8), (B9), the Laplace operator A(,, ) in the new
variables (z1,7n) is written as

A —La—ﬁip(:ﬁ 2 9, (90)
(z1,m) = H?(x1)? On? - j\T1, 1, 921’ O
j=
where we replaced the thickness function H(x1) with its principal part
171 1
HP(21) = = (7 - 7) 2,
(z1) = 5 R R |1

The normal derivative on the lower boundary I'1 can be written as

1 0 , 1o}
Oy, = — - H —
1 (1+‘H{(m1)|2)1/2 (8:22 1(I1)3x1)
1 1 9 , 0 / 1oy / 0
— —H —+ H H H H — .
(1+ |H](z1)]?)1/2 (H(;m) an 1(5”1)31,1 + Hy(z1)H(z1) " (Hi(z1) +1 (371))877)
(91)
In view of and , we insert the expansion ansatz into the problem —,

obtaining the problem

_#ﬁu ( )=\ (92)
He(za)? gy 00T T2
0
8—7]2/{1(11»77)|n:0 —07 ul(xlvn)|n:1 =0.
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By a direct computation, the solution U is given by

(a1, 02) = — (o — 207 1) (w2 + HE (1)) — HE 21)?), (93)

where H?(z1) = |z1|?/(2R;) denotes the principal part of H;(z1), i = 0,1. Note that the
first-order correction term Ui (x1,x2) is of order |x1|4. Iterating this procedure, we are able
to construct the formal infinite series of the eigenfunction u of the problem —

u(x) = co + Zuj (z), (94)

containing the already chosen main term (93). Keeping in mind the decomposition (90)),
and replacing the eigenfunction u with its formal series into the equation , we
find that the term U> is solution of the problem
1 0? o 0
- 5 U ) =L s a9 4
H?(x1)? On? 2(z1,m) 1(z1,m oz, on

o 0
_Nl(%’%)ul(wl’")|

A (z1,n),

6”7“2(1.1377)|n ) L{Q(xlan)|n:1 :07

=0 n=0

where

Laar G V) = (a — HP (@) (H) (21) +n<Hp)’<x1)>£7> ,

Ox1’ On O0x1
o (2017 @)Y (@) + 20 (@)
H?(21)?
_ HD) (@) H (@) + (HP(22))"HP (@)n | 0 @® .
Hp(21)2 on ' 8R* "
000 e (2, D @) 0
N1(8x1’377)_(H1) (1) <3x1 (H?) (z1) On )
The other terms of the series are determined by the problems
1 o 0 .
_ma"]u](mhn) = Ljfl(xhn? 87131’ 877]’ )‘)ujfl(mlvn) + AZ/{J'*Z(xla 77)7 J= 3743 R
o 0
3nuj(:r1,77)|n:0 =N;j1(0, 5 - 877)“1‘—1(961,77)‘”:0, Uj(whn)’n:l =0.

We point out that the terms U, j = 2,3, ---, of the series (94) are of order |z;|¥ T2

8.2 Justification of Asymptotics

Let x be a smooth cut-off function such that 0 < x(z1) <1 and

. . R
X(xl):(L if |1:1‘ 2R07 X((L’l):l if |.1,‘1‘ STO

We set
u(z) = co + x(z1)Uh (z) + (), (95)
with @(z) being the remainder.

Theorem 8.1. The solution u of the spectral problem — admits the asymptotic form
. More specifically, there exists an exponent N > 0 such that the norm

—N ~
llp(=) U||H5(91,1‘0) <

and the functions p(x) ™Y (u(x) — co) and p(x)~NUi(x1,1) do not belong to the Sobolev space
H' in a neighbourhood of the cusp O.
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Proof. The remainder 4 verifies the following equation
— Agti(z) — Ai(x) = Aeo + N () x(z1) + Az (x(z1)Us (2)), €M\ O, (96)
along with homogeneous boundary conditions
O a(x) =0, z€T'1\O, a(x) =0, x €T \O.
Multiplying by an arbitrary test function v € Hg (€1, T) and integrating in €21, we find

(_Axﬂy'u)ﬂl - A("L 'U)Ql = (Aas(ulx)v’u)ﬁl + >‘(007U)Ql + >\(Z/[1X, v)ﬂl
= (xAU1,v)a, + ([Az, xJU1,v)0; + A(co,v)a, + AMULX, V)0, -
(97)
The commutator [Ag, x] is

Let p denote a smooth positive function on ; which coincides with the distance to the
origin of the Cartesian coordinate system in a neighbourhood of the cuspidal point O and
introduce the weight function

5N, if p(z) <9,
Ts(x) = ¢ p(z)~ ", if &< p(z) < Ro/2,
(R0/2)_N7 if p(:l)) > R0/27
where the parameter § > 0 is small and will be sent to 0. Later on, we will impose some

constraints on the exponent N. We point out that the derivative of Ts vanishes for p(z) < 9,
p(z) > Ro/2 and satisfies the inequality

VoT5(z)| < CTs(x)p(x) ", 6 < p(z) < Ro. (98)

Since @ € Hj(Q1,T), we choose as a test function V = Tst € Hg(Q1,T0), with & = Tsii.
After algebraic transformations, the left-hand side of can be written as

—(Astt, Vo, — M@, V)a, = (Vail, VaV)a, — M@, 0)a,

= (Vait, 9V Ts)ay + (Vail, TsVa®)a, — A0, 9)a,

= (T5Vo, 9T "ViTs)a, + (TsVai, Vid)a, — N0, 0)0,

= (Vod, 0T 'VaTs)a, — (aVeTs, 015 'VaTs)a, + (Ve
— (aVTs, Vi), — AN©,0)a,

= (Vad, Vad)a, — (aV.Ts5, 0T; 'ViTs)a, — N, 0)a,

= Vol L2y = 10T VaTsl22(qy) — MlFl|z20y)- (99)

=
<
8
[S3
=
Q
oy

From formulas and , we find that

IVedll72 () = (XAalh, V)ay + ([Az, XJUs, Vo, + Aco, Vo, + Alhx, V)a,
+ 10T VaTsl[7 20,y + Aol 720, (100)
We estimate each terms in the previous equality. Bearing in mind that the correction term
U, is the solution of , we obtain

2 2 2

(XA, V), = (Xaix%ul7v)ﬂl + (Xafxguh V), = (Xaim%ujhv)gl — (xAco, V)a; -
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Therefore,
IA(co, V)ar = (xAco, V), | < [A(co, V)aynga:p(e) > ros2t | < Aco(Ro/2)*V[il|72(q,) < oo

Moreover, from Poincare’s inequality

| H(Ro) ™ "5(2)l|12(0y) < ClIVad(@)l| 2200y (101)
we find
8? ? 5 o? 1.
(et Ve | = 10CTs 55t D | = [T H (1) 55, H @)™ )|

8? 1.
< HXTéH(ﬂCl)*angl”L?(m)HH(OCI) Y0l 220y
1
82
< CHXTLSH(‘Tl)iulHLQ(Ql)HVZﬁHLQ(Ql)-

2
ox3

Taking into account that H(z1) = O(|z1]?) and %ul = O(|z1/?), the norm
1

9? _ 9?2
||XT6H($1)@U1||L2(91) <llp NH(le)@UlHL?(Qm{z;p(z)gRom})
1 1

_ 92
+ (Ro/2) 2N‘|H(m1)aix%u1||L2(Qlﬁ{z:p(z)>R0/2})

is finite for NV < 1?1 The term ([Az, x]U1, V)q, involves the derivatives of the cut-off function
X- Then it does not vanish only if Ry/2 < p(z) < Ro and

|([Az, X]th, Vo, | = [([Ae, XU, V) {zei: Ro/2<p(2) < Ro}
= |(T5[Az, XJU1, D) {zer : Ro/2<p(w)<Ro} |
< HT5[A17X]H(xl)Z/{l"L?({erl:R0/2<p(:c)<R0})
X HH_l(xl)ﬁHLz({zEQl:Rg/2<p(z)<R0})
< C”T(S[AI?X]H(xl)ul||L2({1691:R0/2<p(m)<R0})
X Va2 ({ze0n : Ro/2<p(@)<Ro})s

which is finite for any value of N since T5(z) = (Ro/2) ™" if p(z) > Ro/2. According to the
inequality , we have

19Ty ' VaTslI 7200,y < Cllp™ ' 0ll72(0y)-
Choosing R such that A\ < CH(Ry) 2, from (I01)) we deduce
Ml172 0,y < CH(Ro) 2||9]|72(0,) < ClIVabl7200,)
Finally, we have
[@hx, V)ay| = [(Tsthx, 9)a, | = |(H(21)Tsthx, H(z1) ™' 0)a, |
< H (1) Tsth x| L2 a0y | H (1) 70l L2(0y) < CIIH (21)Tsthi x| 20 I Ve Bl 20y -
The norm
IxH (21)Tsth || 20,y < llp~ " H(@1)Us || 1201 0 fop(a)<Ros2))
—2N
+ (Ro/2) : HH(xl)ul||L2(Qm{z:p(z)>5:o/2})
is finite if and only if N < 15/2. Setting N < 11/2, the relation (100) implies that
o™ 001320y + IVadlZ2(0,) < C < 0.

Since Ts is monotone increasing as  — 0, the limit of the last, bounded expression exists.
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Since terms in the formal series (94)) are polynomials in x, we deduce the smoothness of
the solution u to the problem — . In virtue of estimate of Theorem the estimate
of the reimander in a weighted H~ follows from standard local estimates near smooth parts
of the boundary (cf. [2§]).

8.3 The Dirichlet case

If we replace the boundary condition on I'g with a homogeneous Dirichlet condition,
i.e. co = 0, then all eigenfunctions u of the problem

—Azu(z) = du(z), =z € O, (102)
O u(x) =0, zel\O, u(z) =0, z €\ O, (103)

decay exponentially as x — O.

Proposition 8.2. The eigenfunction u € H}(Qu,To) of the problem (102)-(103) decays
exponentially as x — O.

Proof. Let Ts be the weight function defined by

8
es, |lz1| <6,
() = 4 e 5 <R
Ts(z) = elz1l, < |z1| < R,
B
eR, |$1‘>R.

Here, the parameter § is small, positive and it will be sent to 0 and 8 > 0. Note that T5 is
a continuous function such that

alw
o

|VoTs(x)| < Blei| > Ts(x), eR <Ts(x) <es.

We insert into the integral identity the test function v = TsU € HE(Q1,To), with
U = Tsu, obtaining

AMu,v)o, = (Vau, Vav)a, = (Vau,UVTs)a, + (Vau, TsVLU)a,
= (T5Vau, Ty "UV.Ts)a, + (TsVaeu, Vil)a,
= (V.U, T 'UV.Ts)a, — (uVaTs, Ty "UV.Ts)a,
+ (VoU, VU)o, — (uV.Ts,VaU)a,
= (VoU,V.U)a, — (Ty 'UVTs, Ty 'UV.T5)a, .

Hence,
||VmU|\i2(91) = >\HU||2LZ(91) + HTa_lUVwTJHi?(Qly

Taking into account the Poincaré’s inequality (101]), we find
2 —27712 2 28,2
(e =Bzl " Ullt20,) S AMUNL20,) < Ae lullz2q,) < oo
In particular, choosing 8 such that 0 < 8% < ¢, we get
—28 —4 2
e 3 |z1| T|U(z)|"dx < ex < oo.

Q1

It implies that both of the integrals
—28 -4 2 —28 —4 2
e e L el U @) P

Q1n{eiler|<e” 2 } L N{ailzr|>e” 25}
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are bounded for all § > 0. The first one gives

2 _28 —4 2
/ i [U(z)|"de <e / i |z1| " |U(x)]"de < o0
Q1N {ailo1|<e” 2} Q1" {ailer|<e” 25 }

for all § > 0. Since Ts is monotone increase as 6 — 0, we conclude that the eigenfunction u
has an exponential decay in L%-norm in a neighbourhood of the cusp O. O

The eigenfunctions u are thus smooth at any distance of O and vanish at cusp point O
with all their derivatives due to the exponential decay. We conclude that also in this case
the asymptotic anzétze for (A%, u%) and the procedure given in the Sections 2 — 3 are corect.

8.4 Open Questions

Due to the shape of the boundary I';, the solution of the problem — behaves in
substantially different way from the solution of the problem

—Agzu(z) = du(z), =z €, (104)
u(z) =0, ze€l1\O, u(xz) =co, x€Tp\O. (105)

Here we have simply replaced the Neumann boundary condition of the problem —
with a homogeneous Dirichlet condition. Indeed an approximation of the solution w
of the problem — is to be found in such a way that the boundary conditions are
satisfied exactly while discrepancies in the equation is reduced as much as possible.
As a consequence, a solution v with the asymptotic

xro — H1(3}1)

Hay 0 79

u(x) = co
cannot belong to the Sobolev space Hl(Ql). Indeed the integral

1/3  pHo(z1) 2 1/3
—H
/ / —8 (co 27y 1(x1)> dzodxr1 = 2c(2,/
0 Hi(z1) 8.232 H(:E1) 0

is divergent because the integrand has nonadmissible singularity O(|z1|™*). The derivation
of the ansatz for the eigenfunction u of the problem (104)-(105]) is still an open problem.

1
7H(l‘1)2 d:Cl
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