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An extension theorem from connected sets
and homogenization of non-local functionals

Andrea Braides*, Valeria Chiado Piat and Lorenza D’Elial

Abstract. We study the asymptotic behaviour of convolution-type functionals defined
on general periodic domains by proving an extension theorem.

Keywords: homogenization, perforated domains, non-local functionals, extension oper-
ators
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1 Introduction

In this paper we consider energies of convolution-type whose prototypes are functionals

of the form )
4 — Pdad 1
gd+p /52an< € ) \u(y) u(m)] r ( )

where a is a non-negative convolution kernel, p € (1,+00), ¢ is a scaling parameter and
Q) is a Lipschitz domain in R?. The kernel a : R? — [0, +00[, describing the strength of
the interaction at a given distance, satisfies

a0+ lepyds < o ©)

and
a(ﬁ) > ¢ >0, if ’£| < 7o, (3)

for some ry > 0 and ¢ > 0.

Functionals of this form have been used as an approximation of the LP-norm of the
gradient as ¢ — 0 and as such give an alternative way of defining Sobolev spaces (see
e.g. [2, 10]). In the case p = 2 perturbations of such energies (1) arise from models
in population dynamics where the macroscopic properties are reduced to studying the
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evolution of the first-correlation function describing the population density u in the system
[11], and recently they have also been used in problems in Data Science [12]. Furthermore
discrete versions of such energies have been extensively studied in a general setting (see
e.g. [3, 5] and related works).

A rather complete analysis of perturbations of functionals (1), more precisely, of func-
tionals that are dominated from below and above by functionals of type (1), is presented
in [4]. In this paper we consider another type of perturbation of (1) in the framework of
the so-called perforated domains, that cannot be reduced to the analysis in [4] since it is
‘degenerate’ on the complement of a periodic connected set.

In our analysis we consider a typical situation arising in the study of inhomogeneous
media with a periodic microstructure, when one sets the model in a domain obtained by
removing inclusions representing sites with which the system does not interact. Usually,
such a periodically perforated domain is obtained by intersecting 2 with a periodic open
subset Es = §F of R?, where E is a periodic set with Lipschitz boundary and ¢ is the
(small) period of the microstructure. In the setting of energies (1) the relevant scale of the
period 9 is of order . Indeed, in the other cases we have a multi-scale problem that can be
decomposed into two separate limit analyses that fall within known results corresponding
to letting first § — 0 and then € — 0, or the converse (see [8]). Hence, we will consider
energies whose prototypes are of the form

1 Yy—
F.(u) = / a( )um—uypdydx, 4
W= [ a(P) @) - ) (1

where Q is a fixed domain in R?.

In order to study the asymptotic analysis of such energies, it is necessary to prove that
sequences with equi-bounded energy (and equi-bounded LP-norm) are precompact. For
the analog energy on Sobolev spaces

F5P(y) = / |VulPdy dz.
QNeE

this has been done in [1] through the construction of suitable extension operators T :
LP(QNeFE) — LP(Q) which, for each 2’ compactly contained in €2, provide an embedding
of WHP(QY) in WP(Q N eFE) uniformly for e small enough (below a threshold explicitly
depending on the distance between Q' and 992). The compact embedding of W*(Q) in
LP(€Y) then provides the desired compactness property. In our case, since the energies are
non-local, a more complex statement is necessary. After noting that by condition (3) it is
sufficient to prove compactness when a is the characteristic function of a ball centered in 0
and given radius ry, we prove the existence of extension operators T, : LP(QNeFE) — LP(2)
with the property that R and C' exists such that for each €' compactly contained in (2,

— X
[ (P50 Mt - Tty pay o
Q' xQ

3

<C / X By, (y
(QNeE)x (QNeE)

2

— X

) ule) — uly)[Pdy de, (5)



for € small enough, with C' and R independent of ¢ (here B, denotes the ball of centre 0
and radius p and x4 is the characteristic function of the set A). The precise statement of
this result is given in Theorem 2.2. It provides a uniform bound for energies of the type
(1) on € in terms of energies (4), which in turn allows to apply the compactness results
in [4] (see Section 2.2). Moreover, the asymptotic analysis of functionals (1) ensure that
limits of functions with equibounded energies are in W1?(€)) with a uniform bound and
hence they belong to WP((Q).

The case p = 2 in (4) and with compact perforations; i.e., with E of the form E =
R\ (Ko + Z%), where Kj is a compact subset of R? with Lipschitz boundary such that
(Ko+14)N (Ko +7) =01if 4,5 € Z% and i # j, has been studied in [8], together with some
variants that allow to consider random perforations [9]. The main feature of our paper
is the proof of the extension theorem under the only assumption that the periodic set F
is connected and with Lipschitz boundary, and holds for any p > 1. The construction of
T- is inspired by the arguments of [1], consisting in proving a local extension result on
cubes and then using a periodic partition of the unity. The non-locality of the energies
adds further technical difficulties to the possible non-connectedness or non-regularity of
the restriction of F to cubes, already present in the case of Sobolev functions, and forces
the introduction of the radius of interaction R in inequality (5).

As an application, we study the asymptotic behaviour of energies of the form

H.(u) = 1 /(maE)2 h <f Y M) dz dy,

gd g e’ 5

with u € LP(£2; R™), upon some structure hypotheses on h as those considered in [4], that
allow H. to be compared with F.. In Section 3 we obtain a homogenization theorem for
H. as ¢ — 0 proving that the T-limit of H. is defined on W1?(Q; R™) and has a standard
local form

/ Pyom (Du)dz,
Q

with hpem characterized by non-local homogenization formulas and of p-growth by (2) and
(3). The proof is obtained by a perturbation argument that allows to use homogenization
theorems proved in [4] for the corresponding energies defined on ‘solid’ domains, applied
to functionals of the form H, + §F,. The Extension Theorem provides uniform estimates
that allow to invert the passage to the limit as ¢ — 0 and § — 0. We note that a discrete
analog of this result can be found in [6], where the discrete setting allows easier extension
results from the discrete version of a perforated domain.

Before stating and proving the main result we gather some of the notation used in the
following.

Notation

e Q= (0,1)% denotes the unit cube in R%.
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e Y4 denotes the characteristic function of the set A.
e |t]| denotes the integer part of ¢t € R.
e M"™* is the space of m x d real matrices.

o if = € M™“ and z € RY then Zz € R™ is defined by the usual row-by-column
product.

e For any open set Q C R? and for any A > 0, A denotes the A-homothetic set
AQ = {\x : x € Q},
and () is the retracted set

Q(A) = {x € Q : dist(z,00) > A}. (6)

e For R > 0, Dy denotes the set of points in R? x R? whose distance is less than R;
1.€.,
Dp = {(7,y) € R xR : |z —y| < R}.

e Given an open set with finite Lebesgue measure |A| < oo, the mean value of u over
A is given by

Uy = Fa/Au(x) dx. (7)

e We say that a set E C R? is periodic (more precisely, Q-periodic) if E + ¢; = E for
every i = 1,2,--- ,d where (e;)L, is the canonical basis of R

2 The extension theorem

In this section, we prove the existence of an extension operator for non-local functionals
defined on general connected domains. The main result of the paper is Theorem 2.2, from
which we deduce a compactness result in Section 2.2. Before stating it, we recall the
definition of a set with Lipschitz boundary.

Definition 2.1. An open set EE C R™ has Lipschitz boundary at x € OF if OF is
locally the graph of a Lipschitz function, in the sense that there exist a coordinate system
(y1,---,Ya4), a Lipschitz function ® of d — 1 variables, and an open rectangle U, in the
y-coordinates, centred at x, such that ENU, = {y : yo < ®(y1,...,Y4-1)} and that OF
splits U, into two connected sets, E N U, and U, \ E. If this property holds for every
x € OF with the same Lipschitz constant, we say that E has Lipschitz boundary.
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Theorem 2.2. Let E be a periodic open subset of R% with Lipschitz boundary and let €
be a bounded open subset of RY. Then, there exist R = R(E) > 0 and ko > 0 such that for
all e > 0 there exists a linear and continuous extension operator T, : LP(QNeE) — LP(Q)
such that for all v > 0 and for allu € LP(QNek),

T.(u)=u ae in QNeE, (8)
/ ()P d < e / P da, (9)
Q(eko) QNeE
/ T (u)(z) — To(u) ()l dedy < ealr) / () — uly)|” dedy, (10)
(Q(cko))?NDer (QNeE)2NDe,

where we use notation (6). The positive constants ¢; and co depend on E and d and, in
addition, co depends also on r, but both are independent of €.

The proof, which will be given in the next subsection, is quite technical and it is split
into several lemmas.

2.1 Technical lemmas and proof of the main result

In order to give an idea of the construction of the extension operator, we assume that
E N 2@ is connected and has Lipschitz boundary. Under these assumptions, there exists
a linear and continuous operator ® : LP(E N 2Q) — LP(2Q) satisfying, in particular,
an estimate analogous to (10) (see Lemma 2.5). Then, we consider the family ®* of
the extension operator obtained by traslating ® by an integer vector a € Z?. Finally,
thanks to a periodic partition of unity, the construction of a global extension operator
is achieved glueing together ®* (see Lemma 2.7). Now, the assumptions that F N 2Q) is
connected and has Lipschitz boundary in general are not satisfied (unless the complement
of E is a disjoint union of compact sets, which is the case studied in [8]), so that the first
step consists to overcome the lack of connectedness of £ N 2@ and the regularity of its
boundary. To this end, we state a slightly modified version of [1, Lemma 2.3], which is a
key tool for the construction of the extension operator. The proof remains analogous to
that of [1, Lemma 2.3] and is not repeated here.

Lemma 2.3. Let E be a connected open subset of R? with Lipschitz boundary. Then,
there exists k € N, k > 4, such that 3Q) N E is contained in a single connected component
C of kQ N E. Moreover, C has Lipschitz boundary at each point of 0C N 3Q).

We denote henceforth by C' the positive constant given by C' := 2v/dk, where k is
defined as Lemma 2.3.
The next lemma is an easy consequence of the Holder inequality.

Lemma 2.4. Let A be an open subset of RY. Assume that A has finite and positive
Lebesque measure |A| < 0o. Then, for every u € LP(A), with 1 < p < oo,

/A g — u(2)Pde < ﬁ [ Jute) = uty)Pdady. (11)
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Proof. Denote by p’ the conjugate exponent of p. Thanks to Holder’s inequality, we
deduce
p

[ = u@par = [ | [ (0 — u@yas| as

Alp/P’
_|V|Up //|u — u(x)|Pdydx

u(y) — u(z)[Pdzdy,

‘A’ AxA
which concludes the proof. O

The next lemma shows the existence of an extension operator ® on general sets of R¢.
It is an adaptation of [1, Lemma 2.6].

Lemma 2.5. Let B, w, ' be bounded open subsets of R?. Assume that OB is Lipschitz-
continuous at each point of 0BNwW and w' CC w. Then, there exist a positive real number
R >0 and a linear and continuous extension operator ® : LP(B) — LP(w') such that, for
allu € LP(B),

O(u) =u a.e. in BN, (12)

// 1D (uw)|P de < ¢y /Bm |ul? dz, (13)
/( . [P (u)(z) = ©(u)(y)[" dody < 02/ u(z) —u(y)l” dedy,  (14)

(BNw)?

where ¢; and ¢y are positive constant depending only on B,w',w and p.

Proof. Since 0B has Lipschitz boundary at each point of 0B N @, there exist a neigh-
bourhood U of 0B Nw and a bi-lipschitz map R : U N B — U \ B such that, for any
r1,t9 € UNDB,

%IR@A) — R(z2)| < |21 — 29| < 2[R(21) — R(x2)].
For fixed t > 0 chosen below, we consider the set
Ay ={r €w)\ B :dist(z,0B) < t}. (15)
We may fix t > 0 small enough such that
AN cU\B and R ' (4NW)CBNw. (16)

Let ¢ be a C* function such that 0 < p <1, p=1in Band ¢ = 0in {z € R?\ B :
dist(z,0B) > t}. We define the operator ® : LP(B) — LP(w’') as follows

u(z), r € BNw,
O(u)(z) == < p(2)u(R () + (1 — p(z)upn,, =€ ANW, (17)
UBrw, reW\ A4,



where upn, denotes the mean value of the function u over BNw (see (7)). It follows that
®(u) € LP(w') and ®(u) = u a.e. in BNw'; i.e., condition (12) is satisfied.
We now show condition (13). To this end, note that w’ can be written as

W= (BNuw)UANW)U W\ A).

This, combined with the Jensen inequality and the definition (17) of ®, yields

/, ’<I>(U)(x)\pdx:/m /@(u)(x)‘ﬁdx—i—AQ /@(W@,pdﬂ/lm () () P
— /Bm /|U(x)|pda:+/ lp(z)u(R () + (1 — o(2))upne|Pdé

Atﬂw’
+ W'\ A¢l|upnol?
S/ ]u(:v)]pdm+2p_l/ |u(R_1(x))\pd:U
Bnw’ AN’

+ [uBrw|P (2P Hw' M Ay + |\ A). (18)

Since R is a bi-Lipschitz map, the Jacobian ‘%—?(m)‘ is a bounded function; i.e., there
exists a positive constant ¢k such that

e

< CR, (19)
so that, thanks to the change of variables 2’ = R~!(x) and properties (16), we have

/Amw/ lw(R™(x))|Pdx < CR/ (2 Pda.

BNw

This, along with (18), implies that

[ 10@Pds < (ex27 1) [ juto)Pds + P 0 A+ A
w’ B

Nw’
<o [ lupds
BNw

where ¢; denotes a positive constant depending only on p,w’, B and R. Hence, condition
(13) is proven.

To conclude the proof, it remains to check condition (14). Fix R < t. For (z,y) €
(W x W) N Dg, it is enough to estimate the integral in the left-hand side of (14) by
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examining separately the sets

S1=((BNw') x (BNw'))N Dg,

So = ((BNWw') x (A;Nw')) N Dg,
Sy = ((A;Nw') x (BNW)N Dg,

Ss = ((A;Nw') x (A; NW')) N Dg,
Sy=((Anw) x (W' \ Ay)) N Dg,
Sy = ((w'\ 4¢) x (A4 Nw')) N D,
S5 = ((w'\ A;) X (W' \ Ay)) N Dg.

Note that the other cases do not occur since the distance between the points is grater
than R. Indeed, take, for example, (z,y) € (BNw') x (A; \ &'). Due to definition of A;
and since R < t, the distance |x — y| is greater than R.

Now, we evaluate the left-hand side of (14) on the set S; defined above. In view of the
definition (17) of ®, we have

g @ (u)(x) = @(u)(y)[" dedy = g u(z) — u(y)[" dedy

<[ lule) - u(o) dady,
(BNw)?

Here, we used the fact that S; C (BNw')* C (BNw)2
Due to definition (17) of ®, an application of Jensen’s inequality yields

g |[@(u)(x) = ®(u)(y)[Pdrdy = g [u(z) = w(R™H(y) + (1 — W) (w(R™(y)) — upnw)[Pdzdy

<270 [ Ju(e) — w(R™H ()| dwdy

Sa
Lo /S 1= ()P [a(R™(y)) — upnn|” dedy  (20)

Using the change of variables ' = R™(y) and properties (16) and (19), the first integral
in the left-hand side of (20) can be estimates as

uta) ~ u(R )P dody < [ ( / CE u<R-1<y>>|pdy) dx

Sa

< CR/ lu(x) — u(y")|” dedy’
(BNw')?

<on /(W fu(z) — u(y) ] dxdy. (21)



By applying Lemma 2.4 and taking into account condition (19), the second integral in
the right-hand side of (20) can be estimated as

. 11— o) [u(R™(y)) — upnw|” dedy < |BN | A [u(R™(y)) — upnw|” dy
2 +Nw’
< cr|BNd| lu(y') — upre|” dy’
BNw
|BNW|

<c u(z) — u(y)|? dzedy.
"Bl o )

Combined with (20) and (21), this implies
[ oute) — @utp)ldsdy < c [ jute) — uty)lrdady,
Sa (BNw)?
where ¢ is a positive constant depending on p, B,w,w’ and R. Similarly, we have that

[Bu(w) — Du(y)lPdedy < c / [u(2) — u(y)Pdady.

A (BNw)?

Now, consider (z,y) € S3. From the definition (17) of ®, we have
Qu(z) — Quly) = Fi(z,y) + Fa(z,y), (22)
where Fi(z,y) and Fy(z,y) are given by
Fy(z,7) = (w(R™ (7)) — upnw)(p(z) — ¢(y)),
Fy(w,y) = o) (u(R7(z)) = u(R™ (1)) -

Thanks to Lemma 2.4 and due to properties (16) and the estimate |¢(x) — p(y)| < 2, we
deduce that

|Fi(z,9)|P dedy < 2p/ ’u('R‘l(x)) — uBmw’p dxdy
Ss3 (Atﬂw’)Q
= 2P| A, N [W(R™ () — upno|” da
(Atﬂw’)
< 2°[A;N CL)'|CR/ lu(z") — upno|” da’
BNw
P |At N (U/|

< 2Pc

<welp il [ ) —ur a2
Nw)?2

On the other hand, using the changes of variables 2/ = R™!(z) and ¥ = R™!(y), we get

Balep)Pdedy < [ JulR @) = u(R ) dedy
S3 (Atmw/)2
<G [ jule) ) drdy (24)
(BNw)?



In view of (22), an application of Jensen’s inequality combined with (23) and (24) leads
to

B(u)(x) — B(u)(y)P dxdysw—l( Iy, )P dudy + |F2<x,y>|pdxdy)

Ss3 S3 S3

<c [ Ju) - uly)l dody, (25)
(BNw)?
where ¢ denotes a positive constant depending only on p, B,w,w’ and R.

Take now (z,y) € Sy. Applying Lemma 2.4 and using the change of variables 2’ = R~ (z),
from the definition (17) of ®, we deduce that

| (u)(x) — @(u)(y)|” dedy = [\ Ay [W(R™(z)) — upnw|” dx
S4 Azﬂw,
< crlw'\ Ay lu(z") — upno|” da’
BNw
W'\ Ayl

< cr lu(z) — u(y)|” dedy
|BNw| Jiprwe

Similarly, we also get

D)) — B(u) () dody < cx 22

lu(z) — u(y)|” dedy.
sy 1BNw| JiBrwe

Now, take (z,y) € S;. Hence, we have that ®(z) —®(y) = 0 for a.e. z,y € W'\ A;. Finally,
gathering all the previous estimates, we conclude that

O(u)(x) — O(u)(y)[Pdedy = d(u)(x) — D(u)(y)|Pdrd
Lo 1E0E) = B0ty = 3 [ 00010~ 0000y
' /sw [D(u)(2) — @(u)(y)["dzdy

<o / lu(z) — uly) Pdzdy,
(BNw)?

where ¢y is a costant depending on p,w’,w and B. This shows (14) and concludes the
proof. O

The reflection argument that we used to construct the operator ® cannot be used to
prove the existence of a map ® : LP’(B) — LP(w) since estimate (14) may not hold with
w' = w, as showed in the following example.

Example 2.6. Let B be the ball in R? centered at 0 and of radius 1 and let w be the set
of R? defined by

wi={(z,y) eR*:x € (-1,2),—z+ 1<y < —z+2}.

10



We define uw € LP(B) as
1 B
u(z) == { ’ z€B\w,

0, r € BNuw.

If ®(u) is the extension of u out of B by reflection, then we have
/ |Pu(z) — Pu(y)|Pdxdy > 0,
w?2NDpr
since u is not identically constant in the neighbourhood of the points (1,0) and (0,1), while

/ () — uly)Pdady = 0,
(BNw)2NDpr

so that the condition (14) is not satisfied.

Lemma 2.7. Let E be a periodic, connected open subset of R? with Lipschitz boundary.
Let Q,Q be open subsets of R? such that ' CC Q and dist(Y,0Q) > C. Then there exist
R = R(E) > 0 and a linear and continuous operator

L:IP(QNE)— LP(QY)

such that for all r > 0 and for all u € LP(QN E),

Lu = u, a.e.in QL NE, (26)
| LulPdx < 01/ |ulPdz, (27)
o QnE
/ Lu(o) ~ Lu()Pdady < exlr) [ fula) =~ u(y)Pdndy,  (25)
(Y xQ)NDg (QNE)2ND,

where ¢; and co are positive constants depending on E and d and, in addition, co depends
also on r. The constant R depends only on the set F.

Proof. In view of Lemma 2.3, there exists k € N, k > 4, such that 3Q) N F is contained
in a single connected component C' of kQ) N E. Since C has Lipschitz boundary at each
point of C'N 3Q, we can apply Lemma 2.5 with B = C, w’ = 2Q and w = 3Q. Hence,
there exist R > 0 and a linear and continuous operator ® : LP(C) — LP(2Q) defined by
(17) such that, for any u € LP(C),

O(u)=u  ae in CN20Q, (29)
/ |D(u)[Pdx < cl/ |u|Pdz, (30)
2Q CN3Q
/ [P (u)(z) — B(u)(y)[dedy < 02/ u(z) — uly)["dedy,  (31)
(2Qx2Q)NDr (CN3Q)x(CN3Q)

11



where the positive constants ¢; and ¢ depend on C' and 2(Q).
Let (QS)aeze be the open cover of R? obtained by translating the cube 2Q by the vector
a € Z%. For every set 0 C R?, for every a € Z% and for every real number h > 0, we use

the notation
Qp == a+ hQ. (32)

For h = 1 we simply write Q% = Qf, while, for a = 0, ), = QY. For every set A C R%,
we define the set

I(A):={a€Z: Q3N A+#0D}.

Since dist(€, 0Q) > C' = 2/dk, for every a € I(Q'), we have that Q3, C Q.
For any a € I(€Y'), we define the extension operator ®* : LP(C*) — LP(Q)$) by translating
the operator ® by the integer vector «. In other words, for any u € LP(C%),

O (u) == (P(uom®))om (33)
where, for every o € Z¢ and for every real number h > 0, we use the notation
m(r) == a+ he for x € RY, (34)

If h =1, we write 7 = 7{ and if @ = 0, we set 7, = 7p. For simplicity, for u € LP(QNE)
we denote by u® the function

u® = d%(ujee) € LP(Q5). (35)

From (17) and (33), the explicit expression of u® is given by

U)o (T), r € (2QNC),
u®(z) == < oz — )u(R Nz —a) + a) + (1 — o(x — @))upgneye, © € (2Q N A%,
UBQNC)e z € (2Q\ (CUA)),

where A, is given by (15) with B = C%, w = 3Q, and u(3gnc)« is the mean value of uj,
over (3Q NC)%; i.e.,

U(3ch)a = /(3ch)a u|ca (Q?)dl‘

We now define the global extension operator L : LP(2N E) — LP(€'). To this end, let
(1) 4eze be a partition of unity associated to (Q%)aeze such that ¥ = ¢ o7®=# for any
o, 3 € Z%. Then, the map L : LP(QN E) — LP(Y) is defined by

Lu = Z u®P”,
acl(9Y)

where u® is given by (35). Note that L is a linear and continuous operator from LP(Q2NE)
to LP(€') and that condition (26) is satisfied. Indeed, in view of (35) and due to (29), we

have
Lu(z) = Y u*(x)v™(x) = Y  u(z)y®(z) = u(z)

acl(Q) acl(Y)

12



forae. z e Y NE.

Now, we show condition (27). To this end, fix 8 € I(Q') and note that, for any a € I(Q5),
we have QQf C ng Combined with estimate (30) and Jensen’s inequality, this implies
that, for any u € LP(QN E),

/ |LufPdz < NP1 Z |u*Pdx < ey NP1 Z / |ulPdz
8

8
2 ac1(Qf) T @M% ac1(@f) ” (EM"
< ¢ NP! E / |u|pd$§cle/ |u|Pdx,
o 5
acr@l ) QENE Q5.NE

where N denotes, henceforth, the cardinality of the set [ (Qg ). Taking the sum over
B € I() in the previous inequality, we deduce that

|LuPde < Z / | Lu|Pdx
Q/

BEI(QY)

c1 NP Z / \u|pdx§Np(2k)d01/ lulPdz.

BeI(Q) anE

IA

The factor (2k)? is due to the fact that each point x € R? is contained in at most (2k)?
cubes of the form (ng)ﬂezd.

To conclude the proof, it remains to show condition (28). To this end, we state the
following estimate whose proof is given in Lemma 2.8 below: for all » > 0 there exists a
positive constant ¢ = ¢(r) such that

[ ) uPdsdy< e [ ful) - ul)Pdedy. (30
(CNQ3)*)? (Q¥NE)2ND,
Fix 8 € Z*. Since

Lu(x) = Lu(y) = Y (u*(z) —u*(y))* (@) = Y u(y) @ (y) — (@)

acl(QY) acl(QY)

for a.e. x,y € Q’g , an application of Jensen’s inequality leads to

/(QB)  |Lua) = Lu(y)lrdady
2 2NDr

<o / S (@) — u(y)6° (o) Pdady
(@FNPraera)

2?—1 o @ e Pdrdu. 57
T o T O Pty o

13



Due to Jensen’s inequality and in view of (31) and (36), the first integral is estimated as
follows

u®(x) — u(y))P* ()| dad
/@g)szR' > (u(x) — u ()¢ (x)|dady

€1(Q)

vy [0 () — u (y)Pdady

B8 @
aeI(Qﬁ) (Q5NQ%)2NDg

X ) )y

S )ynD
a€el Qﬁ §xQ5NDr

IN

IA
=

|
1 &

u(x) — uly)[dedy

aeI(Qg) ((Q3NC)™)?
< ee(r)NTTH Y / — u(y)[Pdzdy
eIQ (QNE) QHDT
o 2
< e [ juz) — uly) Pdady. (39)
(QF.NE)2ND,

We evaluate the second integral. Since supp(¢®) C QY for any o € Z¢, we have that, for
any .,y € Qs
> (W @) = v (y) =0
acl(QF)

which implies that

Yo u @t y) — @) = Y wt W)@ (y) — v @) — @) Y (@(y) — v ()

ael(QP) acl(QY) a€l(Q5)
= ) Wy — (@)@ (y) — v (x),
acl(QY)

for a.e. x,y € Qg . Thanks to the Jensen inequality, we obtain that

[ 1Y w@ @) - v (a)dedy
(@ )QHDR )

<Nt Y / u(y) — P ()Pl (y) — v (x) Pdady

acl(QY) (QNQ5)°NDr
<eNTTh Y u(y) — u?(2)[Pdxdy. (39)
wer(@?)” (@2NQ8)*NDr
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In order to estimate the integral on the right-hand side of (39), we perform computations
analogous to that of Lemma 2.5. The difference is that u® and u” are extensions of u
which belong to two different translated cubes § and Qg . Hence, we separately evaluate
the integral on the right-hand side of (39) on the following sets, which take into account
the fact that u® and u” are the extension of u € LP(Y' N E) on different translated cubes,

S77 = (@8 NQ; N C)* N Dr;

S5 = ((2QNC)" N Q3) x (@5 N (2Q N A)?)) N Di;

57 = ((2Q N A)* N @3) x (@5 N (2Q N C)?)) N Di;

Si7 = ((2Q N A)* N @5) x (Q5 N (2Q N A)?)) N Dy

S = (((2Q N A)* N QF) x (@5 N (2Q \ (CU A))?)) N D;

Se? = (((2Q \ (CUA))* N Q) x (Q5 N (2Q N A)™) N Di;

ST = ((2Q\ (CUAN)* N Q) x (Q5 N (2Q\ (C U A))?) N Dg.

Note that, as in Lemma 2.5, the other combinations do not occur since R is chosen such
that R < t.

Consider the case (z,y) € Sf"ﬁ. Since u® = v a.e. in Q5 N Qg N C and due to estimate
(36), we have

u(z) — v’ (y)|Pdedy = u(z) — u(y)|Pdx
J ) sy = [ ) - sy

o,
Sl

IN

/ (@) — uly)Pdrdy
(20NC)8 x (20NC)?

[ ) - ulw)psdy
((@snC)P)2

< ofr) / () — u(y)Pdedy
(QPnE)2ND,

(r) / () — u(y)Pdedy.
(Q5.NE)2ND,

IN

IN

Here, we have used the fact that S c (2Q N C)? x (2Q N C)P.
Now, take (z,y) € S5°°. Hence,

u(z) —u’(y) = w(z) — oy — BHu(R™(y — B) + B) — (1 — oy — B))upgnoy
= [u(r) — u@gne)e] + [UEene)e — UEone)s)
ey — B[Ry —B) + B) — vagne)s),

15



which implies that

| @) P pdsdy < 37200 AL [ u(e) — wganop s
5P (2QNC)e
+ 3p_1|2Q N O||2Q N At| |U(3an)a — U(3ch)5 |p

+3712Q N C s oy = B)Plu(R™ (y — B) + B8) — uagneys Pdy.
NAg
(40)

Taking Lemma 11 and estimate (36) into account, we immediately deduce that

/ lu(z) — u(ngc)a|pdx < / lu(z) — U/(3ch)a|pdl'
(2QNC)« 3RNC)™

wa
< o u(z) — u(y)[Pdxdy
3Q N Cl J@snoye)?

c(r)
< u(z) — u(y)|Pdxedy
|3Q n C| (Q¥NE)2ND, ’ ( ) ( )|

c(r)
< — u(x) —u(y)|Pdxdy. 41
30N (ngmE)szTl (z) — u(y)] (41)

By (19), we already know that R has bounded Jacobian and R~*(2Q N A;) C (3Q N C).
Then, in view of (36) and Lemma 11, it follows, after the changes of variables ¢y =y — (3
and then y” = R™1(y') + 3, that

/ oy — B)Plu(R ™ (y — B) + B) — waoncys] Pdy
(2QNA¢)8
— [ e IPuR W) + ) = wsgeoyIPdy
20QNA:

< CR/ lu(y”) — U(3ch)6|pdy”
(3QNC)8

< R
~ BRNC Jqsnoye)2

CrR
S—cr/ u(z) — u(y)|Pdzedy
O ) f, 140) —0)
1

: WC(T) /(ngE)QmDT ‘u@) B u(y)]pdxdy, (42)

u(x) = u(y)[Pdedy

16



In order to estimate the term |u@gneye — wgne)s [P, note that

p

1
Ulpa (T) — 1), (y)dady

u o —U L
| (3QQC) (3QOC)/3| |3Q N C|p
1 /
S -
13Q N CP J50nc)ex 30008

/(3ch)a x(3QNC)58

Ua () =y, (y)[Pdady.  (43)
Since ) . = u|_, a.e. on Q5N Qg N C, the last integral can be estimated as follows

/ e () = w1 (9) Py
(3QNC)ax (3QNC)A

: / /
- U)o (2) — u(2) +ulz) —u_, (y)[Pdzdydz
|Q§ N ng M C’ ?ﬂQgﬂC (3QOC)D‘X(3QQC)3 e ) ‘cﬁ |

p—1
< 2013 N C|

T Q% N Q5 N C| J@sneino)xsano)
2r-113Q N C|

Q5 N Q5 N C| Jiognasne«3onc)s

)00 (2) — u(z)Pdad

1 (4) — u(z) Py
Since Q¢ N Q4 N C' is contained in (3Q N C)?, an application of estimate (36) leads to

U o () — uw(2)[Pdadz < / |u(z) — u(z)|Pdxdz

/(ngcgg NC) % (3QNC) (Q3nC)«)?

< c(r)/ |u(z) — u(z)[Pdxdz
(QYNE)2ND:,

c(r)/ lu(z) — u(z)[Pdxdz.
(Q5.NE)2ND,

IN

Similarly, we also deduce that

fuy_, (4) — u(z) Pdydz < c(r) / ju(y) — u(z) Pdyd.

/(QgéngmC)xBch)B (ngﬂE)QﬁDr
Finally, from (43) we get

< 2P¢(r)
T BN CPYQE N QS N C| @i nmean,

[y —tsgneys P |u(z) = uly)[Pdedy. (44)

Gathering estimates (41), (42) and (44), from (40) we conclude that

[ e wwpdsdy < i) [ ) — uly) Py,
S5

(Q5.NE)2ND,

17



where ¢ (r) is a positive constant depending on p, E and r. The same arguments also
show that

0@ = pdady < o) | u(a) — u(y)Pdedy.

(Q5.NE)2ND,
Now consider (z,y) € S5"°. We have that

u(z) —u’(y) = oz — a)[u(R™(z — @) + @) — u@gney] + (UEene)e — Ueonc)?)
ey — B[Ry — B) + B) — uagnes)-

In view of inequalities (42) and (44), we obtain that

/ |u(z) — uﬁ(y)|dxdx < 3p_1|2Q N Ayl lp(z — a)|p|u(R_1(x —a) + a) — uEgne)e|Pdx
508 (2QNAL)
3p_1|2Q N At|2|u(3QmC)a — U@BQne)s |p
3P12Q N Ay lo(y — B)P|u(R™ (y — B) + B) — u@gneys[Pdy
(2QNAL)A

<at) [ [ulx) — u(y) Pdady,
(Q5.NE)2ND,

where ¢; is a positive constant depending on p, £ and r.
Now, consider (z,y) € S&°. Hence,

u(z) —u’(y) = p(x — a)[u(R™(z — ) + @) — ugneye] + (Usone)e — U(30nC)8 )

which, thanks to (42) and (44), implies that

/S‘W |u®(z) — uﬁ(y)|dacdx < c(r)/ lu(z) — u(y)|Pdzdy.

(Q5.NE)2ND;

Similarly, if (z,y) € S¢°, we have

/S‘W lu®(z) — u’(y)|drdr < 0(7’)/ lu(z) — u(y)|Pdxdy.

(Q5.NE)2ND;

If (z,y) € S, then (44) shows the desired inequality on S¢°. Finally, gathering all the
previous estimate on S;" Boi=1,...,7, from (39) it follows that

u® “(x) —* Pdxdy < co(r u(z) — u(y)[Pdzdy,
/(Q§>2mDR| 2 @) — v (y)Pdedy < ()/ u(z) — uly) Pdady

B
aer(@f) (@) Dr

18



where ¢y denotes a positive constant depending on F, p and r. In view of (37), the
previous estimate combined with (38) leads us to

[ jbute) - Lu)Pdedy < extr) | ju(z) — u(y) Pdady,
(@2 XQ5)NDg

(Q5.NE)2ND,

with co(r) being a positive constant depending on p, F and r. Finally, summing up over
g € I() in the last inequality, we conclude the

/ (Lu(z) — Lu(y) Pdedy < / Lu(z) — Lu(y)Pdedy
(Q'xQ)NDx

BeI(Y) (@5 xQ5)NDr

/ (2) — uly)|Pdady
Bel o) (Q5.NE) DDT
< (2k) ey (r) / () — uly)|Pdedy,
(QNE)2ND,

where c,(r) denotes the positive constant depending on p, E and 7 and the factor (2k)2
is due to the fact that each point (x,y) € R? x R? is contained in at most (2k)?@ cubes of
the form (ng X ng) geza. This concludes the proof. O

The next result proves estimate (36).

Lemma 2.8. Let C be the connected component of kQ N E, k > 4, such that 3QNE C C
and C' has Lipschitz boundary at each point of 0C N 3Q. For any r > 0 there exists a
constant c(r) > 0 such that the following inequality holds

/ () — uly)Pdady < c{r) / () — u(y)Pdedy. (45
(3QNC)2

(kQNE)2ND,

Proof. We adapt the proof of 8, Lemma 3.3].

Note that for any function u the integral on the right-hand side of (45) is an increasing
function of r. Hence, it is sufficient to prove (45) for » > 0 small enough. For fixed
r > 0, there exists r| € (O, %r) and v € (0, 1] which depends on the Lipschitz constant of

9C N 3Q such that for any two points 1/, n"” € 3Q N C there exists a discrete path from 7’
to n’; i.e., a set of points
M0 =0 Ns N INpL =17
such that
i) [mjp1—my| <y, for j=0,1,...,N;

ii) for any j =1,...,N the ball B,,,(n;) = {n € R? : |n —n;| < vri} is contained in
kQ N,

iii) there exists N = N(r;) such that N < N for all /', 0" € 3Q N C.
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Let & € B, (n;), for j = 1,...,N. Hence, thanks to the Jensen inequality and the
condition i) above, we deduce, for 1/, n" € 3Q N C,

/ ’U(fo) - U(§N+1)’pd§0d5N+1
(3QNC)NBury (n")x(3QNC)NByry (1)

—ary ™ [ u(§o) — u(&y) + ul&r) -
Buyry (m) Bury (nn) Y (3QNC)NBury (n')x (3QNC)NBury (")
—u(én) + u(én) — u(€ni1)[Pdodén1dén - . . d&

N+1

< (N + 1)p_1cd(1/7"1)_dN/

(kQNE)NBur (110) /(kQﬂE)ﬂBwl (N1
N+1

= ¢(N +1)P! [u(&;) — u(&—1)[Pd&;dE; 1. (46)

j=1 /(kaE)mbl (1) (KQNE)NByry (n-1)

In view of assumption (i), for {;_1 € (kQ N E)N By, (nj—1) and &; € (kQ N E)N By, (n;),
we have

& — &l <& —msl + Iy —mj—al +mj—1 — &l <20+ <,

which implies that (kQNE)NB,,, (n;) x (kQNE)NB,,,(n;_1) is contained in (kQNE)*ND,..
In view of (46) and due to item (iii), we get

N+1
(N + 1! / u€) — u(€y) P
j=1 Y (kQNE)NBury (1) X (kQNE)NBury (1j-1)
N+1
o(N + 1! / —u(n)Pdeds
Z kEQNE) 2mDT
c¢(N +1)? / —u(n)[Pd&dn
(EQNE) 2mDT
/ ~u(n)Pdgdn.
(EQNE) QODT

This implies that

/ ) = ) Pl
(BRNC)NByry (n') X (BRNC)NByry (1)

< o(N 4 1) / (&) — u(n)Pdedy,

(kQNE)2ND,

Covering 3Q) N C with a finite number of balls of radius vr; and summing up the last
inequality over all pairs of these balls gives the desired estimate (28). O

20

| > lu(g)) — ul€o1)Pdoden - -
j=1

dg,



Now, we may prove Theorem 2.2.

Proof of Theorem 2.2. The proof follows the lines of that of Theorem 2.1 in [1].

Fix ¢ > 0 and set ko = 2C'. First, let us show that there exist R = R(E) > 0, independent
of e, and a linear and continuous extension operator L. : LP(Q2 NeE) — LP(Q(cko/2))
such that, for all » > 0 and for any v € LP(QNeE),

L.(u) =wu ae.in Qeko/2) Nek, (47)
/ IL.(w)[Pd < o1 / ufPdz, (48)
Q(eko/2) ONeE
/ Le(w)@) ~ Lelu)o)Pdady < ca(r) | u(@) — uly)Pdady. (49)
(Qeko/2))2ND.g (Q2NeE)2N Dy

To this end, note that for every u € LP(QNeFE), we have uom, € LP(e1QNE), where we
use the notation (34) for the map .. Moreover, dist(e~1Q(cko/2), (e 1)) > ko = 2C.
Hence, we can apply Lemma 2.7, so that there exist R = R(F) > 0, independent of ¢,
and a linear and continuous operator L : LP(e*QNE) — LP(e7'Q(eko/2)) such that, for
all 7 > 0 and for all u € LP(s7'Q N E),

L(u) =u, ae. in e 'Q(cko/2)NE,

/ |L(u)Pdz < cl/ |ulPdz,
e 1Q(eko/2) e~ 1ONE

| L(u)(x) = L(u)(y)["dzdy < ca(r) / |u(x) = u(y)[dzdy,

/(a—lQ(ek:o/2))20DR (e~1QNE)2ND,

where the constants ¢; and ¢y are given by Lemma (2.7) and they are, in particular,
independent of €. Hence, we set L.u = (L(u o m.)) o .. Note that L.u € LP((eko/2))
and (47), (48), (49) are satisfied.

Now, we define the extension operator 1, : LP(Q2NeE) — LP(Q2) by T-(u) := L.(u) a.e. in
Q(eko) and extended by zero out of Q(ekg). Hence, we have that T.(u) € LP(2) and (8),
(9) and (10) follow directly from (47), (48) and (49) and this concludes the proof. O

2.2 Compactness

In this section we prove a compactness result which in particular implies the equi-coerciveness
of families of non-local functionals as those in the homogenization result in the next sec-
tion. The proof is based on the extension Theorem 2.2 and on the following compactness
result proved in [9] for the case p = 2 and in [4] for general p > 1.
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Theorem 2.9. Let 2 be an open set with Lipschitz boundary, and assume that for a
family {w.}eso, we € LP(R2), the estimate

s,

is satisfied with some k > 0 and R > 0. Assume moreover that the family {w.} is bounded
in LP(?). Then for any sequence €; — 0 as j — 400, and for any open subset Q' CC Q
the set {w., }jen is relatively compact in LP(Q') and every its limit point is in W'P(Q).

weaz+$ we(x)|”

d¢dx < c (50)

Corollary 2.10. Let u. be a family of functions in LP(2 N eE) such that there exists
c¢>0 and r > 0 such that ||uc||trner) < ¢ and

/{§|§7‘} /(QﬂeE)s(E)

foralle >0, with (ANeE).(§) ={x € QNeE : x+c€ € QNeE}. Then, for any sequence
g; — 0 as j — +o0, and for any open subset Q) CC Q the set {T. uc,}jen is relatively
compact in LP(Y) and every its limit point is in WP(Q).

u5<$ + 55) — ue(x) pdl’ df <e, (51)

Proof. Let u. be such that ||u.||rrner) < ¢ and (51) hold for every € > 0. From Theorem
2.2, the extended functions T.u. satisfy the estimates

/ |Teuc P dx < ¢ (52)
(é‘ko)

and

€ / 2
(Q(Ek() DSR

<clr) | /
[€|<r J(QNE): (&

for some R > 0 independent of €. The latter, after the change of variables y = x + £, is

equivalent to
/Q(Eko) /5 <R

which corresponds to (50), for w. = T.u.. Using Theorem 2.9 for w. = T.u. and (52),
(53), we can conclude that for any sequence €; — 0 as j — 400, and for any open subset
Q' cc Q, T.,u., is relatively compact in LP(€') and every its limit point is in W'?(Q).O

U x+5£) u.(z) [

dx d¢ < c,

Tou. (v + €€) — Tou(z) [P

. d¢ dx < ¢, (53)

Remark 2.11. The limit » in the previous corollary does not depend on the choice of

the extension. In fact, if 0. is another extension of u. and v is its limit, then for any
ccYcch

/ |u—v|pdx§c/ |u—ﬂ8|pd:p+c/ |0 — v|P dx
Q'NeE o o
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Passing to the limit as ¢ — 0, one gets

1(0,1)N E| lu—v|Pdx <0
Q//

and concludes that u = v, by the arbitrariness of 2”.

3 An application to homogenization

In this section we present an application of the Extension Theorem 2.2 to the homog-
enization of non-local functional. Specifically, we consider a periodic integrand h :
R? x R x R™ — [0,+00); i.e., a Borel function such that h(-,&,z2) is [0, 1]%-periodic
for all ¢ € R? and z € R™ and satisfies the following growth conditions: there exist
positive constants ¢y, ¢1, 79 and non-negative function v : R¢ — [0, +00) such that

h(z, &, 2) <P(E) (2P + 1) (54)
hz, & 2) 2 co([zP = 1) VI <o (55)

with
[ wte)ier+1)ds <o (50)

Let © C R? be an open set with Lipschitz boundary. For any € > 0, we introduce the
non-local functional H, : LP(€; R™) — [0, +0o0] defined as

() = B (® u(az+€§)—u(x))dxd
et /Rd /mmsE)s(s) (5’57 € > o7

where for each set B, ¢ > 0 and ¢ € R?, we use the notation

B.(§)={re B:x+¢c£ € B} (58)

Note that the integration in (57) is performed for z, £ such that both x and x + £ belong
to the perforated domain 2 NeF. Conditions (54)—(56) guarantee that functionals H, are
estimated from above and below by functionals of the type (4).

Thanks to Corollary 2.10, our functionals H. are equi-coercive with respect to the
LY (€)-convergence upon identifying functions with their extensions from the perforated
domain. More precisely, from each sequence {u.} with equi-bounded energy H.(u.) we
can extract a subsequence such that the corresponding extensions converge in LY = to
some limit v € W1P(Q). This is implied by Corollary 2.10 applied with r» = ry to each
component of the vector-valued functions u., upon noting that (55) implies (51).

We now may state the homogenization result for the functional H. with respect to the
LY (£2;R™) convergence.

loc
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Theorem 3.1. The functionals H. defined by (57) T'-converge with respect to L} (€; R™)-
convergence to the functional

/ Phom(Du(z)) dz  if uw € WHP(Q; R™)
_ Q

Hyom(u) = (59)
400 otherwise,
with hpom Satisfying the asymptotic formula
hhom(Z) = lim —1nf / / hMz,y —z,v(y) —v(z))dzdy :
=) T—too T 0,7)4nE J(0,1)enE () (=)
o(z) = Za if dist(x, (0, T)%) < ko} (60)

for all = € M™*4. Furthermore, if h is convex in the third variable, the cell-problem
formula

Phom (Z) 1nf / / z,y —x,v(y) —v(zr))dedy :v(x) — Ex is 1—pem’0dz’c} (61)
0,1)INE

holds.

Proof. In [4] this theorem is proved when £ = R? We will prove Theorem 3.1 reducing
to that case by a perturbation argument. For every § > 0 we set

h(s(‘ra 57 Z) = XE(m)XE(m + 5) h(]},f, Z) + 5XBRO (€)|Z|p7

where Ry > 0 is fixed but arbitrary, and

R J O (€) < <

is defined for u € LP(Q2;R™), where we use the notation in (58) for the set .(£). Note
that H? > H., and for § = 0 we have H? = H.. In the following, for any open set A and
0 > 0, we also consider the ‘localized’ functionals

Hi (v, A) = /R/ ( x“? ())dxdg,

where we use the notation in (58) for the set A.(§). If 6 = 0 we write H.(v, A) in the
place of H?(v, A).
The homogenization theorem in [4] ensures that for all § > 0 there exists the I'-limit

H} () = T-Tinn 112 (1)
E—r
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with domain W1P(2; R™), on which it is represented as

Y, () = / B (Du) do.

The energy density A% satisfies
R (Z) = lim S inf{/ / R (z,y — z,v(y) — v(z)) dzdy :
o T—+o0 T (0,1 J (0,14

v(x) = Zx if dist(x, 6(07T)d) < r} ’
for any fixed r > 0, and

c1(|E = 1) < hypow (B) < e2(1 + [E)
with ¢, ¢o independent of §, for 6 € [0, 1]. Note that the independence of ¢; from § is an
immediate consequence of the Extension Theorem. Indeed, let u! — =2 be such that

h5

hom

(Z) = lim H(u?, (0, 1)%).

e—0

Applying Corollary 2.10 with Q = (0,1)¢, we deduce that T.u’ converge to =z locally

in (0,1)¢ (in particular the convergence is strong e.g. in (3, 2)4). Hence, using (55), the

Extension Theorem, and the liminf inequality of the I'-limit (see e.g. [7]) we have

lim H2(u?, (0,1)%) > liminf H.(u?, (0,1)%)
e—0 e—0
1
> ¢ 1iminf< / ul(z) — ul(y)Pdedy — 1>
e—0 eptd ((O,I)dﬂaE)zﬂDro‘ ( ) ( )‘

1
> D i inf(m/ |Toud () — Toul (y) |Pdady — 1)
€ (3,)4?NDg

o . { 1 } =
> — —cp,1¢ (|27 —1
% Gy Mg E
where in the last inequality we have used that
[-lim L lv(z) —v(y)|Pdedy = cR/ |VolPdz
=0 i pepann 3.9 ’

where cg = [i¢<py [§1[Pd€ (see [4]).

Since A is increasing with J, we may define

ho(Z) = inf A () = lim K (=
0(2) = Inf hyo (2) = Lim Aion (2),
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and deduce (here we use the usual notation for the upper I'-limit) that

/ ho(Du) dz > T-lim sup H.(u) . (62)

e—0

If u € WHP(Q; R™) and u. — u with sup, H.(u.) < +o0 then for all fixed ' compactly
contained in 2, if Ry < R, upon identifying u. with its extension given by the Extension
Theorem, we obtain that,

/{|§§Ro} /( e(8)

lim inf H,(u.) > liminf H_(u., Q') > liminf H®(u., ) — dc.
e—0 e—0

e—0

us(x + €€) — uc(x)

p
dx d¢ < c,

so that

From this inequality we obtain (in terms of the lower [-limit)

[-liminf A, (u) Z/ho(Du)dx
e—0 Q

by the arbitrariness of 6 and Q" CC 2. Hence, recalling (62), we have proved that
I- ll_I)I(l) H.(u) = /Qho(Du)dx,

and in particular that the I-limit exists as ¢ — 0 (no subsequence is involved) and it can
be represented as an integral functional with a homogeneous integrand. Note moreover
that the lower-semicontinuity of the I'-limit implies that hg is quasiconvex (see [7]).

We now prove that hy coincides with hyo, given by the asymptotic formula. First,
note that

— . L.
ho(Z) > limsup Td mf{/ / h(z,y —z,v(y) —v(x)) dedy :
(0,7)eNE J(0,T)4NE

T—~+o00

v(z) = Ex if dist(z, 90, T)?) < r} . (63)

If we take r = ky, we obtain a lower bound for hy.

To prove the opposite inequality, for any diverging sequence {7} we can consider
(almost-)minimizers v; of the problems in (63) with r = ky and 7' = 7. By Lemma 2.7
(applied componentwise) with Q = (0,7)% and ' = (£, T; — %) recalling that ko = 20,

we can consider U; = L(v;) € LP((%, T; — 2)% R™) with 0; = v; on @ = (0,7)? N E and

Lo o (6 = )P
% 1)

<) [ 05(6) — vy (n) Py < Y1+ [2P)
(O,Tj )dﬂE)ZﬂDrO
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for some ¢ > 0 independent of j. Upon choosing a larger ky > 2 we may suppose that
|5 ] +1 < ko so that we may consider w; € LP((0,T; — n)%; R™), where n = 2% | 4 2,
defined by

w;(z) = L(Uj)(x+ (L%J + 1)(1,...,1)) - (L%J + 1)5(1,...,1).

Having set ¢; = T; — n we can consider the scaled functions

X

u;(z) = gjw, (—)

€j

By the boundedness of the energies above and noting that there exists ¢ > 0 such that
w;(z) = Zz if z € E and dist(z, 0(0, Tj—n)?) < ¢, upon extracting a subsequence, we may
suppose that u; — v and u € Ex+W01’p((0, 1)4;R™). We may then use the quasiconvexity
inequality for hy to obtain

ho(S) < / ho(Du)da
(0,1)d

lim inf Hg_(uj, (0, 1)%
j J

IN

IN

lim inf H. (u;, (0,1)%) + ¢6
J

< liminf (Tj_—n)dHl(wj, (0,T; —n)*) + cb
. 1
< llmjlnf (Tj——)dHl(Uj’ (0, Tj)d) +cd

n
= liminf _ inf{/ / h(z,y —z,v(y) —v(x))dedy :
i (T —n)? omyine Joryine ’ '

v(x) = Zx if dist(z, 90, T))?) < k:o} ted
1
= liminf —; inf{/ / hz,y — z,v(y) —v(x)) dxdy :
J Tj (0,T5)enE J(0,T;)NE
v(z) = Zx if dist(x, 9(0, T;)?) < k:o} + cd.

By the arbitrariness of ¢ and of the sequence 7; we obtain the desired upper bound for
ho, which, together with (63), proves the asymptotic formula.

In the convex case, again by the homogenization results in [4], we may repeat the
arguments used to get (63) to obtain the lower bound for hy

ho(Z) > inf{/ / h(z,y —z,v(y) —v(x))drdy : v(x) — Zx is 1—periodic}. (64)
©0.1)inEJE
Note that this implies that the right-hand side is bounded from above by co(1 + |ZP).
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Now, let v be an (almost) minimizing function for (64), and set v.(x) = ev(%). After
applying Theorem 2.2 to any set €2 compactly containing (0,1)? to possibly redefine v,
outside e E, we can suppose that v. converge in LP((0,1)%;R™) to Zx and that

1 —
/ Jve() = v ()P dady < c(1+ |EP).
€ ((0,1)4x(0,1)4)NDe

We then estimate

>
(=)
D
AN

hm mf HY(v.)

/OWE/ z,y — x,v(y) —v(z)) dvdy + c5(1 + [E]).

IN

Taking the limit as 6 — 0, we obtain the converse inequality of (64), and conclude the
proof. O

Remark 3.2. The function Ay, obtained in the asymptotic formula (60) also satisfies

hhom(Z) = lim — 1nf / / hMz,y —z,v(y) —v(z))dedy :
T—+oo T 0,7)4nE J(0,T)4nE

v(z) — Exis (0,T)" — periodic} .

Remark 3.3. An example is given by the convolution functional

1 Yy—T
R = o [ (125 ) uto) = )l dy
e JionE.)x(@nE.) €

Since the integrand function h(z,§, z) = a(€)|z|P is convex in z, then Theorem 3.1 and
(61) ensure that the integrand of the I-limit (59) of F. is given by

inf {/ / (x+&) —v(x)[Pdidx : v(r) — Ex is 1—periodic} )
(0,1)¢nE J E— {x}

Acknowledgments

Andrea Braides acknowledges the MIUR Excellence Department Project awarded to the
Department of Mathematics, University of Rome Tor Vergata, CUP E83C18000100006.
Valeria Chiado Piat and Lorenza D’Elia acknowledge the MIUR Excellence Department
Project 2018-2022 awarded to the Department of Mathematical Sciences (DISMA) in the
Politecnico di Torino. All the authors are members of INAAM-GNAMPA.

28



References

1]

8]

[9]

[10]

[11]

[12]

E. Acerbi, V. Chiado Piat, G. Dal Maso, D. Percivale: An extension theorem from
connected sets, and homogenization in general periodic domains. Nonlinear Anal. 18
(1992), 481-496.

G. Alberti and G. Bellettini, A non-local anisotropic model for phase transitions:
asymptotic behaviour of rescaled energies, Europ. J. Appl. Math. 9 (1998), 261-284.

R. Alicandro and M. Cicalese, A general integral representation result for continuum
limits of discrete energies with superlinear growth, SIAM J. Math. Anal. 36 (2004),
1-37.

N. Ansini, R. Alicandro, A. Braides, A. Piatnitski, A. Tribuzio: A variational theory
of convolution-type functionals, preprint 2020, http://arxiv.org/abs/2007.03993.

X. Blanc, C. Le Bris, and P.-L. Lions. From molecular models to Continuum Me-
chanics. Arch. Rational Mech. Anal. 164 (2002), 341-381.

A. Braides, V. Chiado Piat, and A. Piatnitski. Homogenization of discrete high-
contrast energies. SIAM J. Math. Anal. 47 (2015), 3064-3091.

A. Braides, A. Defranceschi. Homogenization of Multiple Integrals, Oxford University
Press, Oxford, 1998.

A. Braides, A. Piatnitski: Homogenization of quadratic convolution energies in peri-
odically perforated domains, Adv. Calc. Var., to appear.

A. Braides, A. Piatnitski, Homogenization of random convolution energies in hetero-
geneous and perforated domains. Preprint, https://arxiv.org/abs/1909.06832.

J. Bourgain, H. Brezis and P. Mironescu, Another look at Sobolev spaces, in Optimal
Control and Partial Differential Equations, IOS Press (2001), 439-455.

D. Finkelshtein, Yu. Kondratiev and O. Kutoviy. Semigroup approach to birth-and-
death stochastic dynamics in continuum. J. Funct. Anal. 262 (2012), 1274-1308.

N. Garcia Trillos and D. Slepcéev, Continuum limit of total variation on point clouds,
Arch. Ration. Mech. Anal. 220 (2016), 193-241.

29



