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Abstract

We introduce new quasi-Banach modulation spaces on locally compact abelian
groups which coincide with the classical ones in the Banach setting and prove
their main properties. Then, we study Gabor frames on quasi-lattices, significantly
extending the original theory introduced by Grochenig and Strohmer. These issues
are the key tools in showing boundedness results for Kohn—Nirenberg and localiza-
tion operators on modulation spaces and studying their eigenfunctions’ properties.
In particular, the results in the Euclidean space are recaptured.

Keywords Time—frequency analysis - Locally compact abelian groups - Localization
operators - Short-time Fourier transform - Quasi-Banach spaces - Modulation
spaces - Wiener amalgam spaces

Mathematics Subject Classification 42B35 - 46E35

1 Introduction

In the last decades, time—frequency analysis and pseudo-differential calculus on locally
compact groups acquired increasing interest for both theoretical and practical rea-
sons. The popularity gained in signal processing by time—frequency representations
(see, e.g., [9] and references therein and [58]), led to the need for discrete versions of
the techniques available on R4, Many works have been done on 74, finite abelian and
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elementary groups [2, 10, 27, 46], and for the p-adic groups @p [16, 37, 42]. Since
the group laws of the p-adic numbers resemble the computer arithmetic, the Q,, groups
appear to be the natural settings for problems in computer science. On the other hand,
the p-adic groups and the pseudo-differential calculus on them are essential for p-adic
quantum theory [38, 53, 64]. More generally, group theory has caught the attention of
many authors in the last 30 years, as it is witnessed by the huge production on the topic,
see for example [1, 22, 24-26, 32, 34, 45, 48, 54-56, 61, 62, 66].

In this work, we shall focus on topological, locally compact abelian (LCA) groups
G. The very first motivation that led to this manuscript was the study of eigenfunctions’
properties for localization operators on LCA groups, in the spirit of the results inferred
in the Euclidean case [3]. Despite the many contributions on pseudo-differential opera-
tors acting on groups (cf., e.g., [56, 58, 66]), we believe this is the first work in this
direction.

The function spaces used for both eigenfunctions and symbols are modulation
spaces. For measuring the eigenfunctions’ decay, it becomes necessary to extend the
Banach cases of modulation spaces M%/(G)1 < p, g < oo, originally defined by Feicht-
inger in his pioneering work [22], to the quasi-Banach setting. This is the first contri-
bution of this paper. Although there is a well-established theory for M-4(R?) includ-
ing the quasi-Banach cases 0 < p, g < oo [30], if we abandon the Euclidean setting for
a general group G troubles arise. In fact, the Banach modulation spaces on groups G
introduced in [22] cannot be adapted to the quasi-Banach case. We overcome this dif-
ficulty by getting inspiration from the idea of Feichtinger and Grochenig in [24], and
view modulation spaces on G as particular coorbit spaces over the Heisenberg group
GXxGxT (cf. Definition 3.1 below). Again, the coorbit theory proposed by Feichtinger
and Grochenig in their works [24-26] is not suitable for the quasi-Banach case. The
right construction is provided by the new coorbit theory started by Rauhut in [49] and
developed by Voigtlaender in his Ph.D. thesis [65], see also [63].

For a version of coorbit theory that does not need group representations, but only a
continuous frame to start with, we refer to [29, 51].

Thanks to this new theory (see a brief summary in the Appendix below), we are
able to give a definition of modulation spaces on LCA groups which recaptures Feicht-
inger’s original one in [22] and deals with the quasi-Banach case. To explain the new
modulation spaces, we first need to introduce the main notations.

We write G for the dual group of G. Latin letters such as x, y and u denote elements
in G, whereas all the characters in a, except the identity e, are indicated by Greek letters
like &, w and 5. For the evaluation of a character £ € Gata point x € G we write

(&, x):=E().

Forxe G é e @ and a function f : G — C we define the translation operator T, the
modulation operator M, and the time-frequency shift z(x, &) as

TSO) =fO—x). MfQ)=(ENf0). &) =M,T, )

T, and M, fulfil the so-called commutation relations
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M:T, = (&, x)T M. )

For f,g € L*(G), the short-time Fourier transform (STFT) of f with respect to g is
given by

Vo f(x, &) = (f, m(x, £)g) = /g fO)m, Eg0) dy,  (x.&) € GXG. 3)

To define modulation spaces M%%(G), instead of considering the mixed Lebesgue
space L7 to measure the (quasi-)norm of the STFT as in [22], that is

Wtz = Vit )

we use the Wiener space W(L*®, L")-norm (see Definition A.4 and subsequent
comments):

W llage = ||ng ||W(LmyL,;q)- ©)
We develop a new general theory which coincides with the classical one when

(i) p,q > 1land G is any LCA group;
(i) 0<p,g<coandG=R"

Frame expansions and new convolution relations for MP(G) are obtained as well, see
Theorem 4.17 and Proposition 4.18 below.

Galperin and Samarah proved in [30, Lemma 3.2] that for any 0 < p, g < oo there
exists constant C > 0 such that

[Vl < NV

g being the Gaussian. It is of course a natural question whether there are cases for
which the quasi-norm (5) is equivalent to the more “natural” (4). To answer this
question, one has to verify (6) for some suitable window function g. The techniques
adopted in [30] to prove the above inequality rely on properties of entire functions
on C?, which cannot be adopted for a general LCA group G. Whether the inequality
in (6) holds true whenever we replace R? by any LCA group G is still an open prob-
lem and can be seen as a manifestation of a wider issue concerning coorbit theories,
see Rauhut’s observations in [49, Section 6].

In this work, we are able to give a positive answer when G is a discrete or compact
group, see the subsequent Lemma 3.38.

Next, we focus on localization operators and their eigenfunctions.

The localization operator A"** with symbol @ and windows v, , w, can be formally
defined by

P.q (R4
e Vf e MPA(R ), (6)

AV f(x) = / _a(u, )V, fu, )M, T,p,(x) dudo.
Gxg
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In particular, if a € L*(G X a) and the windows v, y, are in L*(G) then Aal’/"w2 is
bounded on L3(G), cf. [66].

For a linear bounded operator T on L?(G) we denote by ¢(T) the spectrum of 7, that
is the set {A € C| T — Al}» is not invertible}; in particular, the set op(7T) denotes the
point spectrum of 7, that is

op(T) = {A € C|3f € L*(G)~ {0} such that Tf = Af},

such an fis called eigenfunction of 7 associated to the eigenvalue A.

Our main result in this framework can be formulated as follows:

If the symbol a belongs to the modulation space MP**(G X G) for some 0 < p < 0,
then any eigenfunction f € L*(G) of the localization operator A%""* satisfies

fe( M@

y>0

In particular, when G = Z¢, this means that any eigenfunction f € £%(Z¢) satisfies
f € ﬂy>0 £7(Z%), so the sequence f displays a fast decay at infinity.

The study of eigenfunctions of A%"**is pursued using the connection between local-
ization and Kohn—Nirenberg operators Op,, (o).

Let us first introduce the Rihaczek distribution. Given f, g € L*(G), we define the
(cross-)Rihaczek distribution of fand g by

R(f,9)(x, &) = FRENEX), (5,8 € GXT, (7)

g being the Fourier transform of g (11). When f = g, R(f, f) is called the Rihaczek
distribution of f.

Then the pseudo-differential operator Op, (¢) with Kohn—Nirenberg symbol o is
formally defined by

(Opy (0))(x) = /5 o(x, F (8) (&.x) d&. )
Equivalently, we can define it weakly by
(Opy (0)f, 8) = (0. R(g./)) - )
If 6 € M®(G X G) then
Op, (0) : M'(G) = M®(G) (10)

is well defined, linear and continuous, see, e.g., [41, Corollary 4.2, Theorem 5.3]. A
localization operator A%""*> can be written in the Kohn—Nirenberg form:

AYY2 = Opy (a * R(yy, 1)),
that is, AY""** is a Kohn-Nirenberg operator with symbol

o =a* R(y,, y),

X Birkhauser
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the convolution between the localization symbol a and the cross-Rihaczek distribu-
tion R(y,,y ) of its windows y,, y,. It becomes then natural to study the proper-
ties of Kohn—Nirenberg pseudo-differential operators and convolution relations for
modulation spaces on LCA groups.

We obtain new boundedness results for such operators in modulation spaces and
describe the decay of their eigenfunctions in L?(G), see Theorem 4.21 and Proposi-
tion 4.22 below. The convolution properties are contained in Proposition 4.18.

We point out that Theorem 4.21 is not an easy generalization of the Euclidean
case. It requires frame theory on quasi-lattices and proofs with high level of techni-
calities, cf. Sect. 4.2 below. Quasi-lattices were used by Grochenig and Strohmer in
[37] since not every G admits a lattice, e.g. the p-adic groups Q,,.

They are the key issue in showing the boundedness properties for Kohn—Niren-
berg operators in the subsequent Theorem 4.21, and we believe that these new tech-
niques for Gabor frames on quasi-lattices can be valuable in and of themselves and
applied in other contexts. Loosely speaking, the main insight (suggested in [37]) is
“to consider the quotient group”, cf. Sect. 3.2 for details.

The paper is organized as follows. In Sect. 1, we establish technical assumptions
and notations. Section 2 is devoted to the new general theory for modulation spaces
M?(G) with 0 < p, g < oo. In Sect. 3, we study continuity properties on modula-
tions spaces for the Rihaczek distribution and pseudo-differential operators with
Kohn—Nirenberg symbols. Gabor frame over quasi-lattices, analysis and synthesis
operators, convolution relations are investigated as well. Section 4 deals with locali-
zation operators and their eigenfunctions. In the Appendix we resume the coorbit
theory presented in the thesis of Voigtlaender [65] and compare it with the one of
Feichtinger and Grochenig. We strongly recommend the reader who is not familiar
with coorbit theory to read the Appendix, for it is heavily used in Sect. 2 and subse-
quent sections.

2 Preliminaries

We mainly follow the notations and assumptions of Grochenig and Strohmer [37].

2.1 Notations

G denotes a LCA group with the Hausdorff property. a is the dual group of G. The
group operation on G, and on any abelian group such as G X G, is written additively.
The unit in G and G are denoted by e and &, respectively.

G is assumed second countable, which is equivalent to L>(G) separable (see [15,
Theorem 2]) and implies the metrizability of the group [47, Pag. 34]. In order to
avoid uncountable sets of indexes and sums we require G to be o-compact; this last
property is equivalent to o-finiteness [28, Proposition 2.22], as observed in [65,
Remark 2.3.2]. Note that, due to [52, Theorem 4.2.7] and Pontrjagin’s duality, G is
second countable and o-compact if and only if G is second countable and o-compact.

) Birkhauser
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In the sequel, A < B means that there exists a constant ¢ > 0 independ-
ent of A and B such that A < cB; we write A <B if both A <B and BSA. If
fi:X->Cxp f(x)and g : Z - C,z — g(z), then we define the tensor product of f
gasf®g:XXZ—-C,(x,2) ~ f(x)g(z). We denote by X < Z the continuous injec-
tion of X into Z.

2.2 Fundamental operators, test functions, Rihaczek distribution

We adopt the space of special test functions S;(G) introduced in [37] and defined
below. The definition is based on the structure theorem G = RY x Gy [39, Theo-
rem 24.30], where d € N and G is a LCA group containing a compact open sub-
group K. Consequently, we can 1dent1fy G with RY x QO, where the dual group go
contains the compact open subgroup Kt see e.g. [32, Lemma 6.2.3]. We endow
g and g with the Haar measures dx and d&, respectively, where d¢ is the dual Haar
measure. The Fourier transform is

FFE) =F&) = /g f@(Ex)ydy, €€ a1

F is an isometry from L(G) onto L2(G).
On account of the structure theorem above, we define the generalized Gaussian
ong as

Px1, 1) =€ 1 ()=, (x)Pa (1), (47,%,) € RY X Gy, (12)

and the set of special test functions
S:@:=span{x(00. x= (1.9 €Gx T} C1XO), (13)

that is, the set of all time—frequency shifts of the Gaussian ¢ = ¢; ® ¢, in (12). For
the main properties of this space we refer to [37, Section 2].

For x = (x,,x,) € R X G, and & = (£,,&,) € R? x G, the Rihaczek distribution
of p = ¢, ® @, in (12) is given by

R(@, 9)(x, &) = R(@1, 91)(x1, $)R(@,, 93)(x3, &5)
= 72N 7T 1y (0)e(K) s (65)(Enn 1)
= C(K)e_zmélxl e_ﬂ(x%%‘z)(gzsxz))mx}ci (%2, &)

= c(ONE,x)e ™D @ gyt (43, &),

(14)

where ¢(K) >0 is a constant depending on the compact subgroup K. Hence
R(p, @)(x, &) is up to a positive constant and a “chirp” a Gaussian on R?? x (G, X go)
where we fixed K x Kt as compact open subgroup of the not Euclidean component.
We recall the followmg covariance property [37, Lemma 4.2 (i)]: for x = (x, ),
y=0.n €GXG, f.g € Se(G),

X Birkhauser
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R(x(X)f, 7(y)g) = (1. % = )M sy Ty R ), (15)

where J is the topological isomorphism

T:GxG—GXG, (5,8 (=&,x), (16)

and J (&, x) = (x, —=&). In what follows we shall need also the following identity:

V0, &) = c(K)e 350 @ gyt (15, &)), (17)

see [37] for calculations. Using a similar argument as in tl/}e estimate [37, formula
(12)], one can show that R(f, g) and V,f are in LP(GxG), 0< p < oo, for arbi-
trary moderate weight functions, which will be defined in the Appendix, and any
f.g € Sp(9). Similarly, every function in Sp(G) belongs to L/(G), 0 < p < co. Recall
that for any f, g € L*(G) [37, formula (8)]

VMWT}.ngTuf(x7 5) = <§ - w, ”)(ﬂs X = M>T(u—y,w—;1) ng(x’ é) (18)

The previous formula, jointly with (15), allows us to write explicitly every STFT
and cross-Rihaczek distribution of elements in Sp(G).

Lemma 2.1 Consider f,g € Sz(G), hence
=Y qnye. g= Y bx(y)e.
k=1 j=1

for some n, me N, a, bj € Cand u, = (u;, wp), y; = (y;, 11]-) egx a Then for every
(x,6) egxg:

n m

Vf(u8) = X Y agh; (& —wpu) (mpx = u) Ty oy Voo 8, (19)
k=1 j=1

n m

R, 068 = X Y aybyl e = )My o Ty R@, @66 (20)
k=1 j=1

Proof We write x = (x, ). The first claim follows from (18) after the following
rephrasing:

Vf(x) = (f. m(x)g) = <2 arW)e, 1(x) Y| b,-n(y,»>(p>
=1

k=1 Jj=

= Z Z akb_j <7L’(llk)(p, TF(X)”(YJ‘)(P>
k=1 j=1

n m

= akb_j<V,,(yl_)¢7T(uk)(ﬂ>(X)-

) Birkhauser
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For the second issue, we write

n m

RE.OX) = Y Y abzu)e@)a(y)eE)E.x)

k=1 j=1

= Z Z akbjR(ﬂ(uk)§0» ﬂ(yj)Q’)(X)
k=1 j=1

and use (15). O

3 Modulation spaces over a LCA group

A short survey of coorbit spaces on a locally compact Hausdorff (LCH) group
with respect to a solid quasi-Banach function (QBF) space Y (developed by Voigt-
laender in his Ph.D. thesis [65]) is contained in the Appendix. In particular, see
the Appendix for the following concepts: left L, and right R, translations, rela-
tively separated families, a discrete space Y, associated to ¥, BUPUs, maximal
functions Myf, Wiener amalgam spaces W, (Y) = W, (L™, Y) and their right-sided
version WS(Y) = WS(L"", Y). Definition A.6 contains the hypothesis on weights
and the class M, used in what follows. Note that the coorbit space construction is
listed in items A—J (unitary representation p, wavelet transform W?f, assumptions
on weights, sets G, A7, 7,, R,). Each of these items will be revisited in this sec-
tion under specific choices, see list A’—J’ below. The Appendix reports also some
fundamental results of Voigtlaender [65] and a comparison with the earlier coor-
bit theory by Feichtinger and Grochenig.

Relying on the theory in Appendix, we are able to give a definition of modu-
lation spaces on LCA groups which covers Feichtinger’s original one [22] and
deals with the quasi-Banach case. The subsequent construction of MY7(G) was
suggested for the Banach case in [24, p. 67], although the coorbit theory applied
here is different.

Since the group H; defined below is noncommutative, we adopt the multiplicative
notation for its operation.

Definition 3.1 Let T be the torus with the complex multiplication. We define the
Heisenberg-type group associated to G, Heisenberg group for short, as

Hg:=Gx GxT, Q1)
endowed with the product topology and the following operation:

xEDW,E D) = (x+x, &+, 17 (¢,x)), (22)

X Birkhauser
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for (-xa 5’ T)9 (-x,s é/s T/) € [H]g

The group H is also called Mackey obstruction group of G X G, see [7, Sec-
tion 4], in particular Example 4.6 therein.

Lemma 3.2 The topological product space Hg with the operation in (22) is a topo-
logical LCH, o-compact, noncommutative, unimodular group with Haar measure
the product measure dxdédr, dx and dé being dual Haar measures on G and G and
dz(T) = 1.

Proof Hausdorff property, local compactness, o-compactness and noncommutativ-
ity are trivial. For the proof that Hg is a topological unimodular group, we refer to
Theorem 3 in [40], for the bi-invariance of dxd&dz see [40, p. 12] or, alternatively,
[7, Lemma 4.3]. O

The identity in Hg is (e, , 1) and the inverse of an element (x, &, 7) is

(xa é» T)_l = (_x9 _é» ?<§7 x>)

Lemma 3.3 The mapping
o . Hg bd U(Lz(g))’ (x3 fs T) g TMéTX (23)

is a unitary, strongly continuous, irreducible, integrable representation of Hg on
L*(G). We call ¢ Schrodinger representation.

Proof Well-posedness of ¢ is trivial, from the commutations relations (2), it is
straightforward to see that ¢ is a group homomorphism. Observe that

71 GXG = ULHG)), (x,&) = M.T,

is a projective representation in the terminology of [7, Definition 4.1]. In fact, (i)
m(e, &) = I;»; (ii) from the commutation relations (2), we obtain

7((0, &)+ (W, &) = (&, x)a(x, )z(¥, &),

where (-,-) is continuous on G X @; (iii) the continuity of the STFT guarantees the
required measurability. To verify that ¢ is strongly continuous, one can proceed as in
the Euclidean case, see e.g. [13]. The result then follows from [7, Lemma 4.4 (ii)].
The fact that ¢ is irreducible was proved in [40], see page 14 before Sect. 5. For
the integrability, consider the Gaussian ¢ € L*(G) in (12) and observe that the torus
is compact and |Wgo| = |V¢(p| (see (187) for the definition of W ). Then from (17)

we have V¢ € L'(G x G) and Wy € L'(Hy). This concludes the proof. O

) Birkhauser
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Definition 3.4 We define the extension of m € M (G X @) as
”h : [H]g - (09 +00), (—x’ é’ T) g m(-xs é) (24)

For 0 < p,q < oo, the space Lf;;q(ﬂ-ﬂg) consists of those equivalence classes of meas-
urable complex-valued functions on Hg, where two functions are identified if they
coincide a.e., for which the following application is finite

||F||L;q<Hg>:=||F||L;q:=< / ( / |F(x,e:,r)|f’m(x,5>pdx>”dsdr>, (5)
oxT g

obvious modifications for p = co or g = co.

(Lf;q(l}-{]g), II-1] L/g.q(Hg)) is a solid QBF space on Hg. If m is moderate with respect to
a submultiplicative weight v on G X G, then 7 is left- and right-moderate w.r.t. ¥ on
Hg., ¥ as in (24). Therefore Li;’q([l-ﬂg) is left and right invariant, see Definition A.1.

Lemma 3.5 Consider 0 < p,q < co. Then ”'”Lﬁ;"(n—ng) is an r-norm on LI’;’q(I]-[Ig) with
ri=min{1,p,q}.

Proof We present the proof for generic product measure space X X Y, with product

measure du(x)dv(y), instead of Hg = G X (a X T). We tackle the unweighted case,
the weighted one follows immediately. We recall that for 0 < p < oo the application

Wll )i = ([( [f(x)l”dy(x)) ' ;

with obvious modification for p = oo, is an min{1, p}-norm, see e.g. [65, Example
2.1.3]. Therefore, it is a min{1, p, g}-norm also. Let us consider f,g € L9(X X Y)
and r:=min{1,p, q}:

W + 8l ppar) = (/y </x [fCx, ) +g(X,)’)|pdl4(X)>pdV()’))
= ( / ( / Fx, y) +g(x,y>|Pdu(x>>” Vdv(y)) .
Y X

Using the fact that||-|| ;) is an 7-norm and g/r > 1:

X Birkhauser
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I+ g”;p,‘l(X)(Y)

/<</ lf(x,y)lpdu(X)y + </ Ig(x,y)lpdy(x)>p> dv(y)
Y X X

/ << / lf(x,y>|f'dy<x)>"> dv(y)

Y X

+ / << / |g<x,y>|pdu<x>>”> dv(y)
Y X

— r r
= ”f”bu.c/(XxY) + ”g”Uﬂ(XxY)
The proof is concluded

IA

O
Lemma 3.6 Consider m e M (G X a) and 0<p,qg < oo. Then there exists

C = C(m,v) > 0 such that for any F € L(Hg) and (x, & 1'_) € Hg

”Ruhg7pqs(wa—fNMﬂy%|QwﬂF“Pq$CWxSMFm” 26)
Proof The claim is a straightforward calculation which follows by the bi-invariance
of the Haar measure on Hg. For p, g # oo

|Rueor P, = / ( / |F (@, 1Cx, &, )i, 0, 1 du) " doodt
= Lﬁzy ax'ﬂ'
a
P
/ </|F(u o, O, 0 P H(x, €, 7)” 1)”du>d
mv GxT
= v(-x, —é)“IIFIIqu
Left translations are treated similarly, as well as the cases p = co or g = O

Due to the symmetry of v (Definition A.6), the first inequality in (26) reads as

Rz o < o O

Lemma 3.7 Ler 0 <p,q < . Fix V5 C Gand V- CG open, relatively compact
neighborhoods of e € G and & € G, respectively. Define

Vi=Vex Vy xT.

(27)
Consider m € M (G X /Q\). Then there exists C = C(m,v) > 0 such that for every
(x’ 59 T) € Hg

) Birkhauser
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H‘ CEON Tw @i wy @ity = < Ov(=x,—¢). (28)
Proof V is a open, relatively compact, unit neighborhood and the set
Vipi=Vgx Vg (29)
is also open, relatively compact, unit neighborhood in G X @ For F € L}® (Hg)
My[R e/ F1 =My o F (30)

see [65, Lemma 2.3.18, 1.]. For any (x, &, 7) € Hg

V& 7) = (Vg+x) x (V3 +¢) x U Tr(&,u) = (x, & 1)V.

ueVy

If F € Wy (L") and (x, &, 7) € Hg, from what just observed we obtain:

m

MV[R(x,&T)F](u’ @, t) = €8S sup |F(y7 n, S)l = R(X,xf,‘r)[MVF(u’ @, t)]
O.m8)Eu.0,0(x.E,T)V
Eventually using (26)
”R(x,é,f)F| W) HM ”R(xﬁ T)[MVF]”

< Ov(-x, —5>||MVF||U;; = Ot~ Fly a2y
for some C = C(m, v) > 0. This concludes the proof. O

As already highlighted, inequality (28) can be equivalently written with v(x, &) in
place of v(—x, —&). Observe that the constant C involved in (26) and (28) is the one
coming from the v-moderateness condition: m((x, &) + (4, w)) < Cv(x, E)m(u, ).

Corollary 3.8 Ler 0 < p,g < 0. Consider Q C Hg measurable, relatively compact,
unit neighborhood and m € M (G X G). Then there exists Cy = C(Q, m,v) > 0 such
that for every (x,&,7) € Hg

|||R(X,§,T) ‘WQ(LP(/)_)WQ(L/HI) CQV(_'X =&). 31

Proof The claim follows from the independence of the Wiener Amalgam space
W(L2?) from the window subset (Lemma A.5) together with Lemma 3.7. O

Remark 3.9 Consider the (generalized) wavelet transform induced by the
Schrodinger representation ¢ in (189) taking G = Hgand f,g € H = L*(G):

W;f . Hg d Cs (.X, é» T) g (f’ TMngg>Lz(g)' (32)

This is a continuous and bounded function. It is straightforward to see that
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ng(x7 5’ T) = OC’ TMéTxg> = ?ng('x9 5)7 V(x7 5’ T) € Hg, (33)
which implies
|W§f(x’f’7)| = |ng(x,§)|, V(x,&,7) € Hg. (34)
Therefore for f, g € L*(G), being T compact,

Wof € LI(Hg) & VfeLLIGX) (35)

m

and
Wef € W(L=(Hg), Lb'(Hg)) & V,f € WILX(GXG), I24G%xT).  (36)
We are now able to revisit steps A—J in the Appendix, as follows.

A’. For G=H; the Heisenberg group associated to G, H = L*(G) and
p=o0:Hg— L?*(G) the Schrodinger representation, the requirements of A are
fulfilled due to Lemmas 3.2 and 3.3.

B’. WO was described in (32) and the integrability of ¢ was proved in
Lemma 3.3 as well as that every element of S;(G) is admissible for .

C'. Take Y = L¥(H) (Definition 3.4) and r = min{1, p, ¢} (Lemma 3.5).

D’. The right invariance for each measurable, relatively compact, unit neigh-
borhood Q C Hg of WQ(L“,Lf;;q) is guaranteed by the right invariance of
L;’q(IH]g), Lemmas 3.6 and A.5. Since Hg is unimodular, (188) and (189) can be
summarized as

w060 2 [|[Ricg

| WL = W12’ 37

i

for some (hence every) measurable, relatively compact, unit neighborhood
O C Hg. Therefore, on account of (31) and the definition of M (G X G), we can
take w = ¥ the extension of v defined as in (24).
E'. We take 7 as control weight for L2(Hy), see E.
F’. The class of good vectors we are considering is

Gai={geL2(Q)|W§geLé}- (38)

We shall prove that it is nontrivial.
G’. Our class of analysing vectors is

Al ::{ g€ L9 | Wg € WRL™, W(L°°,Lg))}. (39)

It is due to [65, Lemma 2.4.9] that A7 is a vector space, as observed in the proof
of [65, Theorem 2.4.9], and that
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Wig € WR(IL®, W(L>, L)) (40)
for every g, h € AL

Lemma 3.10 Let us define

dy:=ay(@):= ()] AL @)

0<r<l
The following inclusions hold true:
Sc(9) € A, C G, 42)

Proof The only inclusion to be shown is the first one, the second one was already
mentioned in Remark A.8(ii). Fix 0 < r < 1. First, we show that the Gaussian
@ € L*(G) in (12) belongs to AZ. From (17):

— _I24e? —
Wop(x, &, 7) = Te(K)e 2“0 @ s (0, &) = TV, 0(x, &),
for some ¢(K) > 0. Take V C H; as in (27) and observe that if F' € L» (Hg)

My IMEF](x,&,7) = ess sup |M’§F(u, o, t)|
(u,w,n)e(x.E,T)V

esssup |F(y,n,9)|
.n,9)EV(u,w,t)

= esssup
(u,0,1)E(X.E,T)V

< esssup |F(y,m,s)|.
,8)EV(xET)V

If F = W, ¢, adopting notation of (29), we get

M [MR W0 ](x7 9T) S €SS Su
viVy W@ p
n)EV(E TV

sV,00, r/)|
= €ss sup |Vq,(p(y, 11)|

OMEV , +x.E+V, ,

= esssup ‘Vq,qo(y, 11)| =M,y Vo0, 8),
OmEXE+2V), .

where 2V, ,:=V|, + V|, is a open, relatively compact, unit neighborhood in G X a
From the solidity of L,

< ||M2V1.2 V(Pw

(4
”W‘f’(p WEWy (L) 43)

= |wiel o
WR(W(L])) @ L(GxG)

and we shall prove the right-hand side to be finite. Due to the arbitrariness of V; and
V?J’ we can assume that

Vi =Vgx Vs = (E; XD)) X (EyXD,) = (E; XE,) X (D XD,), (44
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where E|,E, C R4, D, € G,and D, C @ are open, relatively compact, unit neigh-
borhoods. As done previously,

E ,:=E; XE, CR¥ D ,:=D xD, CGyxG,,
2E,,:=E , +E, 2D, ,:=D,+D,,.

Hence,

B2
My, V,0(x, &) = c¢(K) €SS sup ‘e z@1+”l);(,c><,cl(y2, )
(O1,m), 0p.m)) €

(1,61, (X2, 8)) +2E1 5 X 2Dy

T2,
=c(K) esssup ’e_z(yl”’l)

O1m)EXLENH2E,

X esssup |yt Oae )|
2M)Ex,.6,)+2D) 5

Since v(x, &) is submultiplicative, using the structure theorem we can majorize as
follows:

v(x, &) = v((xy, &), (%, 8p)) < v((xy, &), (e, 20)Iv((0, 0), (x5, &5)),
where x = (x;,x,) € RY X G,, £ = (£,,&,) € RY x G,. Let us define
Vi, &) i=v((xg, €))L (g, €g))s Va(xg, &) :=v((0,0), (x5, 85)),

(x,¢) € R24 and (xy,&) € Gy X ao’ which are still submultiplicative. Hence,

”MZVI,ZV(o(p

,
’L;(gxé)

<oy [ esssap e v anag
R

2 (YI»”ll)e(legl)"'ZElvz

o ~ 7
=1,
X / R €ss sup |)(1c><1ci()’2, ’12)|V2(X2, &) dxyds, .
GoXGy (2:1)E(.&,)+2D 5
. ~- -
=1,

For N > 2d and considering the weight (-):=(1 + | - |*)!/2, we can write

(xq, )N I |"
1= Mi&, €8s sup ‘e 2(y‘Jr"1)| vi(xp, &) dxpdg
R2d <()C],§])> Orm)EGLEDF2E, ,

1 —Z(4n? 7,
g/ ——— esssup [e 2@1+"‘)V1(Y1J’11)((}’1,’11)>N]dxld§1

R (1, E YNy, e, £)+2E, 4

1 - ZG2+n?) r N
< [ esssup [ SOy ()Y i
/de (G, e A

111 )ER
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In fact,

esssup e 2 T ((ep EYN (), €))
Orm)EXEDH2E,

2
< esssup [e 2Oy ) (O n)YY
O1m)EXEDH2E, ,

g2
<fle= " v?(’)<'>N”L°°(IR2”) <+

because v, is submultiplicative, so it can grow at most exponentially [13,
Lemma 2.1.4]. Hence I; < +o0.

We now study the integral I,. Observe that the integrand is not equal to zero if
and only if (KxKHn ((x3,&,) +2D,,) # @, which means that there exist
ke KxKtandh e 2D ,, all depending on (x,, &,), such that k = (x,,&,) + h if and
only if (x,,&)=k—h, which implies (x,,&,) € K x K+ — 2D, ,. Equivalently,

(x,,&) € K x K* = 2D, if and only if  esssup |)(Kx/ci()’2”72)| =0, that
(2:11)€E(x,6,)+2D ,
implies

essSup | it 02 )| < Xiesct—op,, (42, &)
O2:M2)EX.82)+2D 5 '

Note that K x Kt — 2D, is relatively compact, hence of finite measure. The local
boundedness of the submultiplig\ative weight v,, shown in [65, Theorem 2.2.22],
ensures that the integral on G, X G, is finite.

So far we have shown @ € AZ. Now, consider f =}, a (U, 0 )@ € Sp(G)
and apply (43), Lemma 2.1 and left/right invariance of Wy, ,(Li(G X G)):

|wir

WE(Wy(LY)

M ¥ = [

IA

Wy, , (L(GX0)

n
LZ llaga; (€ — wp, u){;x = ”k)T(uk,wk)—(uj,wj)v(pfﬂ(% f)H
=1

n
< Ia a~|||T _ V_ o(x, | L, < +oo
nr k; 1] [Tt Vo 05 ©) Wav, , L(GXG))
This concludes the proof. O
Of course, .27, is a vector space. We shall use the extended notation 2/,(G) only
when confusion may occur. It is also clear that writing (G X g) we mean the weight

v to be defined on (G X g) X (g X G), as done in the subsequent Corollary 3.11.

Corollary 3.11 Let f, g € Sp(G), then R(f, g) € H,(G X G).
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Proof The proof follows the same arguments in Lemma 3.10, together with (14) and
Lemma 2.1. a

H'. For a fixed g € G; ~ {0}, the space of test vectors is
={rer@iwyrerimg} 45)
endowed with the norm
iz :=[|wer],- (46)

(T, lIll7) is a o-invariant Banach space which embeds continuously into L*(G)
and it is independent from the choice of the window vector g € G; ~ {0}, see [65,
Lemma 2.4.7].

Lemma 3.12 For any g € S,(G) ~ {0}, the following equality holds true
G =T,={f €@V eLlGxD)}. @)

Proof The second equality is just Remark 3.9, for the first one the proof follows
the pattern of [6, Proposition 3.6]. From [65, Lemma 2.4.7]: G; C 7. Being the
Duflo-Moore operator [14, Theorem 3] the identity, the orthogonality relations for
f,hel*(Gandg,y € G; are

Wef s Weh) 2y = (V2 8)120)f> B 12(6)-

see [65, Theorem 2.4.3]. Fix f € 7, take y = g # 0, h = o(x, &, 7)f and using Fubi-
ni’s Theorem, symmetry and submult1phcat1v1ty of ¥ we compute

”W;)f”L;_
- / |W;’f(x, 3 'L')|\7(x, &, 7) dxdéde
Hg

=/ Ifs 0(x, &, D) I9(x, &, 7) dxdédr

” ” / |<W0f WQ[O(X &, )f] >|V(x &, 7)dxdédr
g L7

<—> / / |Wer (. n. ) WeTotx, &, 210y n.5)|dydnds¥(x, £, 7)dxdéds
IIglle HgJ Hg

- / [ f(y,n,s>|< / |Welotx, £, 27100, & r)dxdédf>dydnds
g 12

Observe
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Welo(x, &, Df 1,1, 8) = (0(x, &, D), 00y, 1, 9)g) = W (6, &, D)7 (0,1, 9)),

so that
A< / Wef(v,n, s)
” ! HL ||g|| ‘ ‘
X < / |W§f (&7 0 9) |v(x, £,7) dxdédr)dydnds
Hg
=),
< Wof(v.n,s)
g7, Hg’ f ‘
X ( / |W§f(x’, g, r’))v(x’, &, T, n,s) dx’dé"dr’)dydnds
Hg
2
</ | W', g, r)’v(x g, T)dx’dfdr)
IIgIILz
we
wef
|I || ”
Hence, f € G; and the proof in concluded. 0

Lemma 3.13 S() is dense in (T, ||l 1)

Proof In Lemma 3.10 we have shown that the Gaussian ¢ in (12) belongs to G;.
Then from [65, Lemma 2.4.7, 5.], we have that

SY(G):=span{o(x. &, T)¢ | (x,&,7) € Hg }

is dense in (7;, |||l ). The claim follows from the trivial fact that Sg(g) =S:(09). O

I'. The reservoir is the Banach space

R;:=T,:={f : T, - C| antilinear and continuous . (48)

Remark 3.14 The Feichtinger algebra S,(G) [17-19] has numerous equivalent
descriptions, see [41]. It can be seen as the vector space

i@ ={fe@1vferl@xd}, 49)
for some fixed non-zero window function g € L*(G). Equipped with the norm

Flls, = [|[Vf| .- (50)
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Sp(G) is a Banach space. If v = 1, then
7, =6, = 5@, R =59 (51
If v is not constant, then
T, = Gy = 5,(9), R; < S4(9). (52)
Corollary 3.15 The following inclusion holds true:
5 C Cy(9), (53)

the latter being the space of continuous complex-valued functions on G which vanish

at infinity.

Proof Combining Lemma 3.10 and Remark 3.14 we have &/, C G; = 7, C S4(G).
We conclude using the fact that Sy(G) € Cy(0), see, e.g., [41, Theorem 4.1]. O

J'. We extend the wavelet transform to f € R and g € 7;:
Wif t Hg » C,.(x.8,7) = (f.7M T 8) 1. (54)

From now on, we shall simply write (-,-). Observe ngf € C(Hy) N Lm(l]—[lg).
Remark 3.16 The class Sp(G) defined in (13) actually depends on the compact open
subgroup C in G, where G = R4 x Go- Then, we might write Sg in place of S;.
Observe that if K’ is a compact open subgroup different from X Lemma 3.10 is still
valid. More generally, if K is the class of all compact open subgroups in G, :

Se@:=J Sk c # c6, 55)
Kek

Therefore, coorbit spaces (defined in the subsequent (56)) are independent of the
window g € Sy(G). Concretely, this gives us the freedom to chose the subgroup
which fits better to our purposes, as done in the proof of Lemma 3.38. Arguing simi-
larly, we could replace ¢~ in (12) with any ¢, a > 0. This fact will be used in
Proposition 4.18.

From now on, for sake of simplicity, we shall only use the notation S;(G) with the
convention that /C and the coefficient of the Gaussian on R? can be chosen freely, so
that we shall never explicitly use the symbol S;(G).

K'. The coorbit space on Hg with respect to L’;y;q([l-ﬂg), 0<p,q £ o, is, for some
fixed non-zero window g € S(9),

Co (L5 (4):=Co ) :={f € R, | W € W=, 15(Hy) | (56)
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endowed with the quasi-norm
-—Illwe
Nl coazey —Hng HW(LW,L% (57)

We stress that Co (Lf;’q) is independent of the window g and the space
(Co (L’nfl’q), ||'||CO(LI’;‘I)) is a quasi-Banach space continuously embedded into R;.
Moreover, ||| ¢, 2¢) is @ r-norm, with = min{1, p, q}. Notice that

Co (L2(Hy)) = { fERG|Vyf € W™, L(G X ?))}.

Remark 3.17 1t is clear from the general coorbit theory (see the Appendix), that
the set o7, defined in (41) is the maximal window space for all the coorbit spaces
Co (th’q), 0 < p,gq < o0. For sake of simplicity we shall mainly work with window
functions in the smaller class S;(G) and adopt the whole space .27, only when neces-
sary, as done in Sect. 3.

The coorbit spaces are independent of the reservoir, in the sense shown below.

Proposition 3.18 Fix a non-zero window g € S¢(G), then

Co (I24(Hy)) = {f € S)(O) | Wof € WL, L (Hg)) } (58)
in the sense that the restriction map

{resq@ 1wy ewush} — cowhi®g.s - 11z
is a bijection.
Proof 1f v = 1 the claim is trivial since 7; = S, and R, = S, with equal norms, see
Remark 3.14. If v is not constant, then v > 1 (since v is bounded from below), and
the thesis follows from what observed in Remark 3.14 and [65, Theorem 2.4.9, 3.].

O

Definition 3.19 Consider m € M (G X /_C’;) and 0 < p, g < o0. The modulation space
MP(G) is defined as

MP4(G):=Co (L (Hg)). (59)
endowed with the quasi-norm
-z = =M1l co z29)- (60)

We adopt the notations M;, = M},” and MP4 = M.
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Theorem 3.20 For 0 < p,q < oo, the modulation spaces (M,*(G), lI-lyze) are
quasi-Banach spaces continuously embedded into R; which do not depend on the
window function g € Sp(G) ~ {0}, in the sense that different windows yield equiva-
lent quasi-norms.

Proof Since (M, (G), |Illys) = (Co (L, (H)), 1|l co 124))- the claim follows from
the coorbit spaces theory, Lemma 3.10 and [65, Theorem 2.4.9]. O

Remark 3.21 If g, h € S,(G)~ {0} (or <%~ {0}) and f € ML%(G), then from the
proof in [65, Theorem 2.4.9] we see that

(4
” 8 “W(L’:)
Witz 8, — = — W]
” W@ gvr gl & o
Ay gy
= 2 ||W§f”W(L””)’
llglly ol

where r = min{1, p, g} as in C’; actually we could replace r with any ' such that
O0<r <.

In the Banach case we have r = 1 and recapture [33, (11.33)], after taking into
account Theorem 3.33 and Remark 3.37.

In order to prove the expected inclusion relations between modulation spaces, we
need particular types of relatively separated families, BUPUs and discrete spaces.
The proofs of some subsequent lemmas are omitted because well known or trivial.

Lemma 3.22 Let Q,Q' CHg be relatively compact, unit neighborhoods and
& ={(x, &, 1) bier, € Hg relatively separated family, consider 0 < p,q < oo and
m € M, (G X G). Then

(L H))a(F, Q) = (L (H)(F, Q)

with equivalent quasi-norms. Moreover, the equivalence constants depend only on
0, O',mandv:

H(/II)IEL (}”l)zeL

In particular, they do not depend on & or p and q.

(L (Hg)y(3.0) 0.0 my (L (H), (3.0

Proof From (26), we have that for every 0 < p,q < oo and (x, &, 1) € Hg

f

where C = C(m,v) > 0 is the constant of v-moderateness for m. Since Lf;;q(ﬂ-l]g) is
right invariant, the proof goes like the one of [65, Lemma 2.3.16] applying the addi-
tional majorization above. O
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Lemma3.23 Let Q, U C Hg be relatively compact, unit neighborhoods, A = {6},
U-BUPU on Hg with U-localizing family & = {(x, &, 1)} € Hg, consider
0<p,g<ooandme M, (GXG). Then

(18l e

W llwy a2 gy

0.UFmy LM (&)

In particular, the equivalence constants do not depend on p and q.

Proof The result come from the proof [65, Theorem 2.3.17] (see (181) in the Appen-
dix) together with Lemma 3.22. O

Lemma 3.24 Consider X = {x;};¢; € G, E={&;};e) C GandT = {7.}.ez C T rel-
atively separated families. Then, X:=X X E X T is a relatively separated family in
H

g.

We remark that if the group is o-compact, then any relatively separated family is
(at most) countable, [65, Lemma 2.3.10].

Lemma 3.25 Let UC G and D C G be relatively compact, unit neighborhoods.
Consider ¥ = {w;},c; U-BUPU with localizing family X = {x;},¢; and I" = {y;},¢,
D-BUPU with localizing family E = {&;},c,. Then,

PRI I:={y;®7,® x7. (i.j) €IXJ} (61)
is aU x D X T-BUPU inHg with localizing family X :=X X Ex {1}.
The following is a generalization of [65, Lemma 2.3.21] and we follow the pat-

tern of its proof. Although we present it for the Heisenberg group Hg =~ G x <a X T),

it can be easily adapted to any product group G, X G,, G, and G, even not abelian. A
similar result for 1 < p = ¢ < o had been stated in [21, Remark 4, p. 518] without
proof.

Lemma 3.26 Consider X = {x;};q; € G and E = {{};¢, C c relatively separated
families, X as in Lemma 3.25, and V = Vg X Ve X Tasin (27). Form € M (G XG)
and0 < p,q < 0,

(Ly(Hy)) (X, V) = eI X J), (62)
where
my : IXJ — (0,400),(i,)) — m(xi,éj), (63)

with equivalence of the relative quasi-norms depending on X, E,Vg, Vs, v, p and q.
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Proof The proof is divided into four cases.
Case p,q < co. Consider a sequence (4;),_, € C'. For every x € G, we define I,
the subset of indexes

L=l €1l £y, # @) L] (x+ Vo) NG+ (D # D). (64)

From [65, Lemma 2.3.10], we have

#{ie]|(xi+Vg)ﬂ(x+{e})#®}SCX,‘—,9<+00, Vx € G, (65)

Cx,\_/g € Nasin (173). Whence #/, < Cx,\_/c and
p
il
< CZVF max{|/1i|p liel}
v 24l = Ol D Nl e, 0
1€I 9 el
Vice versa

p
<2 |’1i|)(xl_+vg(x)> > (max{|A;] i € 1,})" = max{|4,|" |i € L}
il
>Cl Z |4 =Cc" z |4 240, (0)-
zel 9 el
Hence, we have shown the equivalence
p
(2 |)”i|)(x,.+vg(x)> = Z |)~i|pk’xi+vg(x)~ (66)
icl il

Analogous equivalences hold for every relatively separated family and sequence on
the corresponding set of indexes, which under our hypothesis are always countable.
Due to the chosen V,

X(xi,,:f,l)v(x’ év T) = Xxi+Vg(x)X§j+Va(§) v (x9 év T) € [H]g

Taking a sequence (xll]) € C™ and using twice the equivalence (66), we

iel jel
compute
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A ‘
”( lj)l,/ (Lg;q(Hg))d(xvv)

= / (/ < > |l e )xw(f))m(x é)”dX>d
GxXT\J G i€l jel

q -

/(/ ’ﬂlj| }(X_;_v(( ))(§+VA(§)m(x ‘:)pdx>
G \“Gieljes

q

= /<ZZ‘)‘U| /gm(X,f)p)(xi+vg(x)dx)(§f+v§(§)>pdé

jet iel

1

q

X

<=

q

/QZ <Z i /g m(x, & Ko v, X) dx) };,w@(é) d¢

jeJ i€l

N

)

1
q

= jEJ/VA <;'1U|P//gm(X+xi,§+§jydx>dé

The monotone convergence theorem justifies the interchanges of integration with
summation performed. From [65, Corollary 2.2.23] we have

-1
< sup. V>"((x,§)+(u,w))sm(u,w)s( sup. >m((x,§)+(u,co)), (67)
ViaU- V12 Viau- V]Z

for every (u,w) € G X a and (x,¢) € \_/1!2, with V|, defined in (29). Therefore, if
e Vé’ we have

/ m(x +x;, & + &) dx = / m(x;, &) dx = m(x;, &)’ dx(V). (68)
Vg VsV Vg
Using the equivalences above,

H( lj)t,j A2 (H))4(E.V)

= /< |’1u’ /m(x+x,,.§+§)”dx> dé
= il

- z; (Z |,1ij|pm(x,-,§j)p>p = ”(’lij)i,j
je

i€l

L axn’
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Case p=q = oco0.For (x,£) € G X a, we define
I =1{G)EIXJ] X g)+v,, (6 6) # B

Arguing as for (64) and (65), we have that there exists N = N(X, V) = CX,\_/. € N
(see (173)) such that #1, ,) < N, where X:=X X Eand V| ; as in (29). Using (67), for

(/lij)iel,/‘ej € CIXJ’
Y il gy, ome ey = ¥, [a|me + w0, &+ 00
icljel ()€l
=2 )/1,-]»|m(xi,§j) (69)
()€ g
=2 "1@/‘|m(xi’ ) X.gpv,, (5 6,
icljel

where  (u,(x),w;(§)) € V,, for every (i,j) €L,,. Consider now

(45) ie1es € € d X J). Then
(L3 He)a(E,V)

o]
-6

= 2 it grev, e Omx.0)

ieljel

(L2(GX0) (X, V) 0)

L=(GX0)

X

Z |/1,-,- |m(xi, E X, pv,, (6 )
icljel L(GxG)

IA

> SUP |4 s €021 g0v,,5 )

ieljeJ S Lo(Gx0)
H (’1'7 ) i

-l

I\

Ny.» A
fgfx(lxj)’ 29xg L®(GX0)

"J')i,/‘”f;oxuxj)'

Vice versa, if(/l,-j) € (L2 (Hg) (%, V),

il jel m
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”(ﬂij)iJHf;jx(lxl) iy Ay (i)
= sup ﬂiJ|)((x[,5j)+Vl7(Xi,fj)m(xi,fj)
i€l jel ”
< su “|/1| x, E)m(x, ” N
eror 17 OO L
< sup Z |/11S|)((Xzs§s)+vl,z(x’é)m(x’é:)

il jel A
lel,seJ Lo(GxO)

2 || Xy, , (6 OImlx, €)

lelse] Lo(Gx0)
= [[(2),|

Case p = oo and g < co. We show the equivalence

LM (EY)

eSS SUP g X, |glixied) 2o, @ v, (©)
i€l jel
= ) eSS SUP seg D Ay mx )ty v, (002 v, ()

B2V,
9 jeJ i€l

(70)

In fact, arguing as in (64) and (65), for ¢ € @ fixed and
Jei={je | )(§/+V§,(f) # 3},

there exists M = M(E, V@) € N such that #J e < M. Therefore,

eSS SUP eg X, |Aglmx i)ty ey, @ 2540, (©)
iel jel ’
= €SS Sup ,cg Z Z |,1ij

jely iel

< Z €SS SUP g 2 |Aij

i€l iel

= Z €SS SUP ¢ 2 |/1ij

jel il

PARRE TN N)

)(xi+Vg (x)mX(l7])

X, (OMx ) X v (6)-

On the other hand,
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Z €8S SUp g Z ’ﬂij

JjeJ iel
= Z €SS SUp g 2 ‘/lij

€l il

< M max { €SS SUp g Z |’li/'

iel

< M ess sup xegz Z |,1ij

jely iel

= Mess sup g Z Z |lij

JjeJ iel

Kx+vg (x)mx(iaj))(gf+v§ ©)

Zapsv,CImx (i)

Zrv,(Oms (i) 1] € J.f}

)(x,»+Vg (x)mx(i’j)

Ixi+Vg(x)mX(i9j)/¥§i+Va(5)'
Finally, using the previous cases, the equivalences in (69) and (70), we can write

” i l:/“(Lm"(Hg))d(XV)

i

(0
(2
(U

Aii). .
”( lf)w LXU(H)(R.V)

N
= </<ZH Ayjmx (@, J)),e, L,m(l))(§+VA(€)> d§>
JjEJ

= H (“ (ﬂi]'mX(i’j))[eI

¢\
T, O X v, (O, 5)) d:)

q q
Z ess sup g 2 |2U|mx(l DXz, +Vg( )X, +VA(§)> 5)

jeJ iel
N
Z¢j+va(§)> d§>
L>(G)
1

T\
J; ” Aimx (D) | L@, x.Vp) ¥ +V*(§)> d‘5>

> | sl msp e, )

iel

so that

o= >./'€f W@)uEVy)

= |'(/1if)i,j

- H(“(ﬁﬁmx(iaj))[a ca(J) -

a0) ) jes i’

Case p < oo and g = oo. Similarly to what has been done before,
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;).
H( v )w L5 Mg (EV)

- H(’l"f)ixi’

(L2 (Gx5)(X,Vy2)

» ;
= ess sup 56@(/(3( 121 |/1,-j in+vg(x))(§j+vg(§))m(x’ §)pdx>
el je.

ess sup J:e@(/g Z |,117|”)(Xi+vg(x))(§+v@(§)m(x, f)pdx>

i€l jel

¢

1

ess sup §e@< Z ’,{U’pm(xi9§j)p)(§f+va(§)>ﬁ

ieljel

)¢

< esssup g z <Z |ﬂij’pm(xi, ¢fj)p>p){5,,+v§(§)

JjeJ iel

= esssup o5 3 [ (A

jel
| (Namxin)..,
= ” (Aif)i,j

The proof is concluded. O

XtV ©

70 >J'€/ C=©@)yEVy)

2Ux))

Remark 3.27 We want to state explicitly the equivalence constants involved in the
previous lemma. We distinguish four cases, as done in the proof.
Case p,q < 0. We have
<|(4),]
ehdaxny ”( ‘/)u

A_IB”(}”U)A/'

P-4 ’
CrIXT)

<aB||(4;),,
(L2 (Hg))y(X.V) Y/ ij

‘M

where

1
A:=A(X,E,Vg,V@,v,p):=CX’VgC; ( sup v),

=7\ - U2
S\ Viu-Vi,

1 1
B:=B(Vg, Vg, p, q):=dx(V)? dé(Vy)s.

Case p = q = . The equivalence is
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< .
g UXD) H( Y )iJ’ (LS (Hg))y(X,V)

5< sup v>CX‘—,]2
ViaU=Vi, .

Case p = oo and g < 0. We got

H(’l"f)i,i

(Aif)i,i “z’;fx axn’

m

< i .
D'|(/l’f)w Eomdax]) “(/1”)1'J| Ly MH(EV) ~ E”(/l’f)ixi Ry’
where
-1
D:=D(E, Vg, Vs v, q): —C: VA( sup v> dé(V, )q
VU= VlZ
E:=B(X,E, Vg, Ve v, q):=C, VgC: A <_ sup v >d§( )q
Viau=Vis
Case p < oo and g = o0. The last equivalence is given by
< . < "
eheuxn) T ” (A‘/) ’ JNEE™ M) (Z.V) M” (ﬂU)iJ R axdy’

L” i/ij
where

L:=L(X,ZE, Vs V@’ v,p): %7,z

1
M:=MX,E, Vg V@,v,p) =Cx7, E,W( sup. >dx(Vg)ﬁ.
Vi,U-V,

We recall that the definition of the constants Cx,Vg’ C. vy CX,V]‘Z is given in (173).

=,

On account of the constants shown in the previous remark, we have the following

corollary.
Corollary 3.28 Fix 0 < § < oo and take p, q such that 0 < § < p,q < . Under the

same assumptions of Lemma 3.26, there are two constants
C:=C,(X,E, Vg, Vg, v,6)>0 and C;:=C\(X,E, Vg, V5,v,6)>0

such that
2”( ‘/)w

¢ H §lij

LU

< H A | <
Laxn) T ( ’-’)'J I (H)(E,V)

for every sequence (4, ) in (LYY (Hy))g(X, V) = £,/ x J).
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1
Proof ,We notice that if b,> 1, then br is a strictly decreasing function of p € (0, o)
and br > 1. Likewise b 7 is strictly increasing and 0 < » 7 < 1. The claim follows
now from Remark 3.27. O

Remark 3.29 Although in Lemma 3.26 we considered V = V; X Vz X T with V; and
V3 open, this last assumption can be relaxed into measurability. Even in this case the
above lemma and the subsequent Corollary 3.30 hold true.

Corollary  3.30 Consider 0<p, £p, <o, 0<g; <¢g, <o and
my,my, € M (G X 0) such that m, Sm,.Let V, X, E and X be as in Lemma 3.26.
Then,

( 1 (Hg)>d(x’ V) o (thz;qz(Hg))d(x, V). 1)

Proof 1t is a straightforward consequence of Lemma 3.26 and the continuous
inclusions
P1-g P2eq
fmlLXl UxJ)o fmzz'xz I xJ), (72)

since myx S myx. O

Proposition  3.31 Consider 0<p,<p,<o, 0<g¢ <¢,<oc0 and
my,my € M (G X g) such that m, S m,. Then we have the following continuous
inclusions:

MPI(G) < MP9(G). (73)

Proof Under the hypothesis of Lemma 3.25, it is always possible to find a BUPU on
Hg of the type (61), see [65, Lemma 2.3.12]. For such a BUPU

the corresponding localizing family X = X X Z X {1} fulfils the requirements of
Corollary 3.30. To get the desired result we use the equivalence of quasi-norms
shown in (181):

< |lwe
|V||Mf1zz’q2 - ”ng”W(L%'”)

Jwon o wd,.),

@2 Hgy(EV)

H || ¥ ®7® xr) - Waf“m)

ij L”' 41 H)(EV)

< |[we
= [Werlly g, = Wy
This concludes the proof. O
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If me M, (G X @), from the submultiplicativity and symmetry of v we have
1/m € M, (G X G). This remark is implicitly used in the following issue.

Proposition 3.32 If1 < p,q < co, then (M’;;‘f(g))’ = M‘l”/’"fl’(g) under the duality
(f’ h> = (ng7 V h>L2(gX§)’ (74)

forall f € MY(G), h € Mf//’zl/(g) and some g € S(G) ~ {0}.

Proof Forl < p,q < o, L’;q"’(l]—l]g) is a solid bi-invariant Banach function space con-
tinuously embedded into LIIOC(IH]Q). Therefore, from Theorem A.11 combined with
Remark 3.9, we have

M2(G) = Co (L} (Hg)) = Copg (L (Hg)) = (f € Ry | Vf € LLAGX )
(75)
with

[V, = I

The proof then goes as in [33, Theorem 11.3.6], a/fter noticing that we can identify
(L;)’ with L‘l";m since under our assumptions G X G is o-finite, similarly for mixed-

Jixa (76)

‘m

norm cases. |
Theorem 3.33

() If0 < p,q < oo, then So(G) is quasi-norm-dense in M (G).
(i) If1 < p,q < oo and at least one between p and q is equal to co, then Sp(G) is
w-k-dense in MU1(G).

Proof For any 0 < p,q < o0, So(G) is a subspace of M",%(G), cf. the computations in
the proof of Lemma 3.10 and the inclusions in (73).

(i) Let @ be as in (12) and consider the relatively compact unit neighbor-
hood U, coming from Theorem A.9. Without loss of generality we can assume
Uy=V;x VaxT =V as in (27), see the proofs of [65, Theorem 2.4.19] and
[65, Lemma 2.4.17]. Then, there exists a U,BUPU with localizing family
X = {(x;, &, D} ij)erxs such that any f € M};%(G) can be written as

iel jel iel jer
with unconditional convergence in M"?(G) since the finite sequences are dense in
i X ) = (L (W) (X, V), p, g < 0.

(i) We show the case p = g = oo, the remaining ones are analogous. From Prop-
osition 3.32, M*(G) can be seen as the dual of M; /m(g). Therefore, with ¢ the

Gaussian in (12),
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189 = {f e M] | (Vs Vo) =0, Vh e S9). (78)
For fixed (4, w) € G X a consider & = z(u, w)p € Sp(G). From Lemma 2.1
V, hx, &) = (¢ — 0, u)T, )V, 0, ). (79)

In particular, from (17), V,,i(u, @) # 0 and it is continuous. Therefore, if f* € 18.(9)
(V f-V hy = / VOV, h(xEdxdE=0 =V fV,h=0ae,
gxg

but since Vq}fﬂ is continuous this implies V,f(x,&)V h(x,§) =0 for every

x, & egx Q Necessarily V,f vanishes on a neighborhood of (4, ). On account
of the arbitrariness of the point (u, w) € G X g we have VJ 0 which also means
Wq}f 0. Since the application

: Ry —» C(Hy) nLl/V(I]-I]g)

is injective, see [65, Lemma 2.4.8], we infer f = 0. Therefore, LSC(Q) = {0} and
S@ = (*89)" = (0Dt = M2 ).

This concludes the proof. O
Lemma 3.34 Forevery,0 < p,q < coandm € M (G X /Q\)

A,(G) C MPAG),
Proof We just need to show that for every O < r < 1 the inclusion

A(G) C M (G) (80)

holds true, then the claim follows from the inclusion relations for modulation spaces.
From (40) and the inclusion relations in [65, p. 113], if g € o C Al and ¢ is the
Gaussian as in (12), we get that

Weg e WRL®, W(L>, L)) & W(L*®,L]).
Hence g € M} (9). O

Corollary 3.35 [f0 < p,q < oo, then o/, is quasi-norm-dense in M, (G).

Proof The claim follows from the above theorem, the previous lemma and the inclu-
sion S, C . O

Corollary 3.36 Forevery f € S(')(g) there exists a net( a) C S.(9) such that

aeA =
‘lxien/}thﬁz(g) =g (f-h)s,,  VhESH9). (81)
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Proof From Lemma 3.13 we have that Sp(G) is norm-dense in 7; = S,(G). From [41,
Proposition 6.15] there exists a bounded net (f3) s € Sy(9) such that

lim{fy. )12 = 5,(F- s, VhE Sp(9). (82)
This concludes the proof. O

Remark 3.37 From Theorem 3.33 and relations (75) and (76) it follows that the
modulation spaces introduced in Definition 3.19 coincide with the classical ones in
[22, 37]. This implies that

!

M (G) = (clost (SC(Q))) (83)

the dual of the closure of S;(G) with respect to the norm on M' f‘}m(g). Iffe M:f*l 9
and g € M}’/‘;(g), then for ¢ as in (12)

|<V<ﬂf Vo8 126x0)

See [37, Proposition 2.2].

(i) The theory for G = R? developed in [30] is recovered for every 0 < p,g < co.
In fact, it was observed in [49, Section 8] that from [30, Lemma 3.2] follows the
equality

m

S Wl 1y (84)

Co (L2 (Hg) = {f € S| Vf € LA(R*)} 0<p,q < oo,
with equivalent quasi-norms.

For a general LCA group G, it is an open problem whether a construction of
the type

{f € Ry |V,f € LLUGXT)),

with obvious quasi-norm, could make sense or not when at least one between p and
q is smaller than 1. However, we are able to answer affirmatively if G is discrete or
compact, see the lemma and corollary below.

Lemma 3.38 Let 0 < p,q < 0. Suppose G is discrete or compact. Then there exists
C > 0 such that for every f € M4(G)

[werll, e, < €wer] . (85)
for some g € S:(G) ~ {0}.

Proof If we prove for some suitable unit neighborhood Q C G X @ that there exists
C > 0 such that
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H ngWQ(L”“) ” Ve 75 (86)
then (85) holds true, see Remark 3.9. Moreover, as shown in Proposition 3.18, we
can consider the modulation spaces as subsets of S’ (g)

Case G discrete. g is compact and the structure theorem reads as G = G, and
g QO In the definition of the Gaussian function (12) we take, Remark 3.16, the
open and compact subgroup KC = {e}, therefore

P00 =11 (D)=18,(2).

We also choose Q:={e} X @ which is a measurable, relatively compact, unit neigh-
borhood. Fix f € M2(G), from [41, Proposition 6.15], we have that there exists a
bounded net (f,),c4 € So(G) such that

}}g}(fm g = s (. h)so’ Vh € Sy)(9). (87)
Recall that S;(G) C S,(G), then adopting the widow function ¢, we compute

V[, &) ={f,n(x,&)s,) = hm(fa,n'(x £)6,) = llm Zf (u)(f u)é,(u)

ueg
= llié‘rAl F,(0(E,x) = (€,x) }liergfa(x),

(n,y) limf,(y)| = ess sup

omeix

MoV, f(x,&) =  esssup
O.MEE+{e}xG

= [lim£,(0)| = |V, fx.0)|

l1m fa (y)‘

Therefore,

I3 q°

L e L Pl

‘m

Case G compact.
The argument is identical to the previous one, take K = G and Q:=G X {eé}. O

Corollary 3.39 Suppose G is discrete or compact. Consider m € M (G X a) and
0 <p,q < . Then,

MP9G) = {f € SO |V f € LPIG % G)}

m

and

g = ||V (88)

Pa’
L,

for some g € S;(G) ~ {0}.
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Proof We consider M.?(G) as a subspace of Sg)(g) instead of R (Proposition 3.18).
The claim then follows from the continuous embedding W(L>?) < L9, Lemma 3.38
and Remark 3.9. O

4 Continuity of the Rihaczek and Kohn-Nirenberg operators

In this section, we investigate the continuity of the Rihaczek distribution (7) on
modulation spaces and infer boundedness results for the Kohn—Nirenberg operators,
defined in (8).

4.1 Boundedness results

We first study the boundedness of the Rihaczek distribution on modulation spaces.
The techniques are mainly borrowed from [12, Theorem 3.1] and [11, Theorem 4]
for the Wigner distribution on R¢.

From now on, we shall mainly work with S,(G) and s;)(g) instead of 7; and
R; (Proposition 3.18). Preliminary, we exhibit a proof for Young’s inequality in
LP4(G X G) and some generalizations. This result is folklore, but no explicit proof is
available according to authors’ knowledge.

Proposition 4.1 Consider1 < p;,q;,r; < 00,i = 1,2, such that
1 .
S h—=1+-, i=12 (89)

IfF € [P"(GX G)and H € L7%(G x G), then F  H € L""2(G x G) with
WE s Hll s < F o 1HI 102 - (90)

Proof We follow the pattern of [5, Part II, Theorem 1, b)]. It suffices to prove the
claim for F, H > 0. Given a measura/lgle function W : GxG — Cand1l < s < o0, we
define the (measurable) function on G

wit er:zd (LIWeardy)T ifs < oo,
IWll5(&) {esisupxeng(x,é)l g 1)

We show the case r; < oo, the case r; = oo is done similarly. In the following we
shall use Minkowski’s integral inequality (see [57, Appendix A.1]):
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IlF = HIl, &) = </g [/g aF((x,é) = (u, w))H (u, w) dudew dx> '

= </ [/A </F((x,§)—(u,w))H(u,co)du) dco] ]dx> !
g LJg g
< [ </ [/F((x,f)—(u,a)))H(u,a))du] ldx>: dw
g GL/g
= /@ </g[[F(',§—w) * H(-, 0)](0)]" dX> " do

g

Using Young’s inequality (see [39, Theorem 20.18]) with indexes p,,q,,r; as in
(89), we majorize as

I< / 1FC.& = )l 1 )l gy deo
g

:/A</F(x,§—a))”‘ dx>ﬁ</H(x,a))q‘ dx)ada)
g g g

- /g 1Fll g (& — ) IEll (@) do
= (”F”(pl) * ”H”(ql))(é)‘

Using Young’s inequality with indices p,, g,, 7, in (89), we obtain the desire result.
Namely,

1
7. )
”F * H”Ulvfz(gx@) = </% [“F * H”(rl)(g)] 2d§>

< (L0, e, o) ae)

= [0, = 1A,

£2(G)
<
=3 [T [T S
= ”F”U""’Z(QXG) |||H”(‘II) La1492(GXG)
This concludes the proof. O

A straightforward consequence is the weighted Young’s inequality below.
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Corollary 4.2 Consider1 < p;,q;,r; < 00,i = 1,2, such that

R A ) 92)
pi 4 T

Consider m € /\/ly\(g X a). If Fell™@Gx /_C’;) and H € L™ (Gx a), then
F « H € L)"(G x G) with

IF % Hll e < 1Fllien 1l oo 93)

Note that Proposition 4.1 can be easily generalized to N indices, N > 2, as in
[5, Part II, Theorem 1, b)]:

Proposition 4.3 Consider N € N and let G; be a LCA, o-finite group with Haar
measure dx;,i = 1,...,N. Consider1 < p;,q;,r; < 00,i =1, ..., N, such that

pi 4 Ti

If FelPr PG X XGy) and H e LG, X - X Gy), then
F+«HeLv (G X XGy)with

|F * HllL’]~~~~>’N(glx...ng) < ”Fl|U1«--»«PN(glx...ng)”H”qu"--v‘lN(gl)(‘.Angy

where the product LCA o-finite group G, X -+ X Gy is endowed with the product
Haar measure dx; ... dxy.

We need to extend [37, formula (51)] to wider classes of functions. Namely,

Lemma 4.4 Consider y € S¢(G) and f, g € S;(G). Then

VR(w,w)R(g7f)((x’ é)a (w’ I/l)) = <§9 M>Vy/g(x’ 5 + w)vy/f(x + M? 5)’ (94)

withx,u € Gand &, w € @

Proof For f,g,w € So(G) formula (94) is proved in [37, formula (51)]. Consider
now f,g € S(’](g). From Corollary 3.36 there exist nets (f,),cas (84)aecs € So(9)
which converge pointwisely to f and g in S(,(G). Therefore for every x,u € G and

£ed,
lim Vi, + 0,8) = Tim(f, 7+ 10, W) = (f, 7+ 0, O) = Vo f 6+, 6,

and similarly for V,,g. For the left-hand side of (94), observe that

R(fy> 8)(x: &) = (&, ) F5(f, ® 8,)(x. &).
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The partial Fourier transform F; is a topological isomorphism from $,(G X G) onto
So(G x g) and from S((G X G) onto S;(G X Q) Write X = (x, &) and @ = (@, 1),

}}g VR(y/,x[/)R(fa’ ga)(X, w) = }Xié§<<"'>f2(fa ® ga)’ ”(Xa Q))R(lll, W)}

= ((-VF(f @ 3), 7(X, @)R(w, w))
= VR(u/,y/)R(f’ g)(X, (1)),

being R(y, w) € Sy(G X @). This concludes the proof. O

Proposition 4.5 Consider p,q,p;,q; € (0,00],i = 1,2, such that

Pinq;<q, i=12 (95)
. 1 1 1 1 1 1
mng —+—,—+— »2>—+-. (96)
Pr P2 491 9 p q

Let v be a even submultiplicative weight bounded from below on G X a, and J the
isomorphism in  (16). For g€ MG and  f € MP*(G), we have
R(g.f) € MIS (G G, with

IRG@Dllws 5 Hgllygoon I gz o)

Proof Consider y € S.(G), f € M}**(G), g € M) (G). By Lemma 4.4 the STFT
of the Rihaczek distribution is given by

Vi R@H)((, ), (@,10) = (E.u)V,, 8(x, € + @)V, f(x + u, &), (98)

with x,u € G and &, 0 € G. Corollary 3.11 shows that R(y, ) € 427® fl(gx 0.

Consider V; C G and V3 C g open, relatively compact, unit neighborhoods. Accord-
ing to the notation in (29) we define

Vip=VeX Vs Vo i=VeX Vg, 0=V, XV, XT. (99)
Set
H,((x.8). (@,u),7):=V,g(x. + @) and H((x, ). (@, u),7):=V, f(x + 1. &),
which are functions on the Heisenberg group associated with G X G. Notice
Mo[TViiya R(8:H1 = MolH, - Hy] < Mo[H,] - Mo[H, 1.

We compute
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MolH (k. &) @.0.7) = esssup |V, 80un +v)|
(). (v 2).s) €
(&), (@.u).7)0

= €ss sup vEw+V; €SS SUP (ypew.oH+V,, T(e»—V) Vlﬂg(y’ ’7)‘
55 S0P ey, (My,, [TV, 8105, 6))

ess sup va+V§(T(e,—v>[MV1,2 V,8(x, 5)])

ess sup VEC,,JFV@(MVL2 V,8(x, &+ V))-

Similarly,
MolH1(x, &), (@, 1), 7) = e85 SUp ¢y, (T<-z,e>[le.z Vil (. éﬂ)
= eSS SUP g py, <|V|V]_2 Vf(x+z, §)>~

By the modulation spaces independence of the window in Jafl v (G x a), we can
N
write

RGNl
1®voT—

( /@xng < /Jx@

X Vo T (w, u) dwdudr) !

p
S ([ </ N €8s sup va+Va(MV112Vy/g(xs§ + V))
GxG gxg

p ; q
X ess sup ZEu+vg(MvL2wa(x + 2z, é)) dxd§> Vo Y@, u) dwdu)

Mo[TVy 4 RN ). (@, 1), r)|”dxd¢> '

q

= ([ <ess sup (v,z)e(w,u)+V2_1/ MVLZ ng(x’ ¢+ V)vau wa(x + 2z, é)ded§>
GxG Gxg

1

X qufl(w, u) dwdu) q.

The inner integral can be rephrased using the left-right invariance of Haar measure
and the involution 4*(-) : =h(—-) as follows:
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/g ; My, V,8x. &+ \/)‘”MVL2 Vi f(x+2z,&)Y dxdg
- /g a MV[,Z ng(xl, ‘f,)val,z Vll/f((x,’ 5’) + (Z’ _v))P dx’dgl

) /g My, V) @My, Vof (@ —v) = 07, €Y dde”

= (le.zvllfg)*p * (le,zvll/f)p(z’ _V)
=My, V, )" % My, V,fPoT " (v,2).

Whence, using [65, Lemma 2.3.23], we majorize

ess SUP (v pye(@a+v,, My, V8P My, , wa)p°fl(vvz)
= eSS SUP (v e wuts VM, V, 8P My, V,PE V)
=My, [(My, V"7 My VP I(T (@, 1)
< Mgy, [(My,V,0) 1% My, Vo fPIT (@,u)
= Mgy, [(My, V, ) 715 My, V¥ 10T (@, u).

Setting U:=—-J 1V2! 1 + V12, which is an open, relatively compact, unit neighbor-
hood, we obtain

Mfl \Z% [(MV1_2 Vlllg)* P](u’ a))
= €SS sup OmEUw)+T ! Vo, (Alvh2 ng)* p(y’ n
= esSSUp (y ewart s vy, My, ,V, 8 (=, —1)

V800

p
€8S SUP (\ ic(uamrtd 'V, ess sup1 |ng(x, §)|
(-x’ g) € u, a)) - \7— V2,l + V1,2

€SS SUP (y euwi+T ' vy, €38 SUP (xeye—(y)+V,,

IA

p
€ss sup |Vu,g(x, §)|
(.x, f) E Lt, a)) - j—1V2’1 + V1,2

= (MyV, 8-, ~))" = (IMyV,, g, o)I*)".

Observe that for positive functions 4, [ on G X Gandva submultiplicative weight,
we can write

(% D). &) < (hy * W)(x, &), (x.&) € GX T, (100)

moreover, W is submultiplicative as well. Therefore,
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IRG.Nllyps |
1®vo T~

S ( / (K[Mvwgl*)” * My, VY 1o (@, u))"
gxg ’

X v‘JOJhl(co, u) d(udu) !

S (/ <([MUVWg]* ' v)[’ * (lezvll/f ' V)p);oj—l(a), M) dcodu) !
gxg ;

1/p

- ”([MUng]* My VS v)p”u/ﬂ(gx@)'

By Young’s convolution inequality and following the same arguments as in the
proofs in [12, Theorem 3.1] and [11, Theorem 4] for the Euclidean case (replacing
the Wigner distribution with the Rihaczek), we infer the estimate

||R(g’f)||M’l’;w , S ||8||Mf1-q1 ”f”Msz, (101)

with indices satisfying the conditions (95) and (96). Following the patterns of [11,
12] the same result is obtained when p = oo or ¢ = co. O

The boundedness properties of the Rihaczek distributions enter the study of
Kohn-Nirenberg pseudo-differential operators Op, (¢), defined in (8) and (9), in
the same fashion of [37].

The boundedness result for Weyl operators in the Euclidean setting [12, The-
orem 5.1] can be written for Kohn—Nirenberg operators on groups as follows.

Theorem 4.6 Consider p,q.p;,q; € [1,],i = 1,2, such that:

g < min{p|,q}.ps. qr }; (102)

. 1 1 1 1 1 1
mmny —+—,—+ — Z—,+—,. (103)

P P, 41 4, P q
Consider v submultiplicative weight even and bounded from below on GxG. If
c EMTS‘ jl(gxg), then Op, (o) is a bounded operator from M, (G) into

Mf jf?(g) with estimate

0P @) llarzm S Nl Wil (104)

v

Proof It follows by duality using Proposition 4.5 and the weak definition of Op,, (¢)
in (9). O
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4.2 Gabor frames on quasi-lattices

The key tool in the boundedness properties of Kohn—Nirenberg operators on quasi-
Banach modulation spaces is the Gabor frame theory. For a detailed treatment of
frame theory see, e.g., [8].

In what follows we shall recall and prove new properties for Gabor frames on a
LCA group. As a byproduct, we generalize the convolution relations for modulation
spaces firstly given in [3, Proposition 3.1], see Proposition 4.18.

A lattice in G is a discrete subgroup A such that the quotient group G/A is com-
pact. In this case, there is a relatively compact U C G, called fundamental domain for
A, such that

G= U(W+U), wW+U)Nu+U)=g forw#u.
weA

Not every LCA admits a lattice, for example the p-adic groups Q,, therefore we
adopt the following construction of Grochenig and Strohmer [37]. Recall from
the structure theorem G = R? x G,. Consider D C G, a collection of coset repre-
sentatives of G,/K and A € GL(R?). We define U:=A[0, 1)? x K. The discrete set
A:=AZ?x D is called quasi-lattice with fundamental domain U. Observe that we
have the following partition

G= U(w+U).

weA

According to the above theory, a quasi-lattice on the phase-space G X Gis of the type:
Ai=A; X Ay:=(AZ? X D)) x (A,Z x D,) = A ,Z** XDy,  (105)
with fundamental domain

U:=U, X Uy:=(A,[0, D) x K) X (4,[0, D x K*) = A} ,[0, D* x (K x K*),

(106)
where D, C ao is a set of coset representatives of ao /Kt and
A0
A= [01 Az]’ D,,:=D, XD,. (107)

We shall denote elements of a quasi-lattice A in G X Gas

W= (w, 1) = (W, ), (15 1)) € A= Ay X Ay CSGXG.

Lemma 4.7 Let ACGXG be a quasi-lattice as in (105). Then, A is a relatively
separated family.

Proof We use Lemma 3.24. The fact that A, ,Z* is relatively separated in R* is

trivial. We only have to show that D, is relatively separated in G,; D, is treated simi-
larly. For a fixed compact set Q,, C G,,, we have to show that
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Cp, o, = sup#{y €D, | (X"'Qo) n (y+Q0) # @} < +oo.

x€D,

Since Qy is compact and K is an open subgroup, there exist gy, ..., g, € Q such that
n
QQ - U (q, + ’C)=Q(I)
i=1

For x,y € Dy, if (x+ Q) N (y+Qy) # @ then (x+Q}) N (y+ Q) # @, hence
Cp,g, < Cp, - Assume that (x+0))n(y+Q)) #@. then there are
ig.jo € {1,...,n}and kio’kjo € K such that

X+a, ki =yra, Tk, e y=xta, =gtk =k
Fix x € D,, quotienting by C,

DI =lx+gq, —q, " = #yeD|(x+0)n(y+0Q) #a}<n’,

(108)
where [y]® denotes the projection of y € G, onto the quotient G,//C. This proves
Cp o, < CDI’Q(/] < +00. The desired result follows now from Lemma 3.24. O

Corollary 4.8 Let A C G X Ghea quasi-lattice. Then A is at most countable.

Proof We use the fact that A is a relatively separated family and [65, Lemma
2.3.10]. O

In the following issue about the existence of a particular BUPU, we use the quasi-
lattice A both as localizing family and as indexes’ set. The argument was presented
in [23, Remark 2.5].

Lemma 4.9 Let ACGxG bea quasi-lattice as in (105) with fundamental domain
U as in (106). Then, there exist two open, relatively compact, unit neighborhoods Q
andV,,in G X G, where V, , as in (29), such that Q C V| , and there is a V| ,-BUPU

{WW ® yﬂ }(W,[l)E/\
with localizing family A and such that for every (w, u) € A
v, ®y, =1 on(w,pu)+0.

Remark 4.10 Without loss of generality, the unit neighborhood Q of the previous
lemma can be chosen such that

({0ga} X K) X ({Opa} x £*) G Q. (109)
Therefore for every (w, u) € A = A; X A, we have

v, =1 0nw+({ORd}></C), v.=1 Onﬂ+({ORd}X,Cl).
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Definition 4.11 Given a quasi-lattice A C G X a and windows g, h € L*(G), the Gabor
system generated by g is

{z(w)glw e A} = {z(W)g}yen-
The coeffcient or analysis operator is given by
C, 2 L(G) = 2(N).f = ((f- 7(W)E))yen- (110)

Its adjoint is called reconstruction or synthesis operator and has the form

Co 2N > L) () yep = D, Cu(Wg. a11)

WEA

The Gabor frame operator S, , is given by

Snef =CCof = Zq, z(W)g)m(wW)h. (112)

weA

We say that { 7(W)g} e, is a Gabor frame for L?(G) if there exist A, B > 0 such that

AlFI < ) 1K= < BIFIG.,  f € L(G); (113)

weA

this is equivalent to saying that S, , is invertible on L*(G). If A =B the frame is
called tight. Moreover, if & € L*(G) is such that

Sh,g=Sg,h=IL2’ (114)

then £ is named dual window for the frame {7(W)g}yea-

We note that Theorem 2.7 in [37] is till valid for the case of the Gaussian ¢ and
considering a Gabor frame not tight. Namely,

Theorem 4.12 Let A:=aZ*' X D,,, a € (0,1), be a quasi-lattice in G x G. Con-
sider the Gaussian @ in (12). Then

{r(W)p |we A} (115)
is a Gabor frame for L*(G).

Corollary 4.13 There exists a € (0, 1) such that the Gabor frame {x(W)p |w € A}
defined in (115) admits a dual window h € 27,

Proof We first tackle the problem of finding a dual window. The proof is similar to

that in [37, Theorem 2.7]. We distinguish three cases.
Case G = R4 In this case the frame we are considering is

{m(wy u)e™, (Wi, ) € aZ%),  a € (0,1), (116)

X Birkhauser



Quasi-Banach modulation spaces and localization operators. .. Page450f71 52

We fix « such that «*? < (d + 1)7!. Then the existence of a dual window ¥, for the
Gabor frame generated by the first Hermite function H,, (the Gaussian) was proved
by Grochenig and Lyubarskii, see [35, 36]. In particular, in [36, Remarks 2] was
observed that y, belongs to the Gelfand—Shilov space Si Z([Rd ), cf. [31].

Case G = G,. In this case the frame that we are dealing with is the orthonormal
basis for L*(G,)

{mwWas ) i (%2), (Wa, 11p) € Dy} (117)

Therefore, y is a dual window itself.
Case G =~ R4 x Go- The frame in this case is the tensor product of the previous
ones:

{rW)p, w = (W, w,), (i1, 1)) EA = (azd XD1) X (azd XDz)}, (118)

where @(x;,x,) = e ™ X)) = (@ ® @,)(x1,x,). Recall that the functions of the
type f; ®f>, with f; € L*(RY) and f, € L*(G,), are dense in L>(RY X G). Let us
show that

h(x, %) 1 =(rg ® o)Xy, %) (119)

is a dual window. In fact,

D (i ® fo. HW@YT(W)Yo ® i

weA
= ) (i m, 1)@ T 1Yo D (o T, 1) 92) (W, o)
(W1s141) (Wzvllz)
=/ ®f
similarly,
2 (fi ® Lo, x(W)yo ® xic)r(W)p = f; ® f>.
weA

The claim follows by density argument.
We now prove that h € <7 in the general case G = R X G,,. Similarly to the wave-
let transform of the generalized Gaussian ¢ in (12), see (17), we obtain

W;:h(-x’ év T) = EC(IC)V]/O Vo ® X}Cxlcl (.X, é) (120)

Since VyUY() € SiZ(RZd), see, e.g., [4, Theorem 2.13] , calculations similar to the

ones performed in Lemma 3.10 yield the desired result. O

Lemma 4.14 Let A = aZ% x D, ,,a € R, be a quasi-lattice in G X G. Consider the
function

0°(X):=0°(x), x): =2 Tmeas(K)e 3 @ yc(x,) € (121)
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for x = (x;,x,) € R? x G, = G, where meas(K) is the (finite) measure of the compact
open closed subgroup K in G,. Then there exist a € (0, 1) and a function h° €
such that

{r(W)p° |w e A} (122)

is a Gabor frame for L*(G) with dual window h°.

Proof The result is obtained using the same arguments as in Theorem 4.12 and Cor-
ollary 4.13, combined with [13, Lemma 3.2.2]. O

Theorem 4.15 Let A C GX a be a quasi-lattice with fundamental domain U. Con-
sider 0 < p,q < 0o, m € M,(GXG) and g € ;. Then the coefficient operator C,
admits a unique continuous and linear extension

Cy 2 MYAG) — 04N, (123)

where m, is the restriction of m to A. Moreover, if 0 <6 < oo is such that
0 < 6 <min{p, g} < o0, then there is a constant C = C(6) > 0, such that

lleellge-rzs <€
MP P

m mp

for all p,q > 6. The constant C = C(6) may depend on other elements, but not on p
and q.

Proof Consider f € M;,*(G). Let {w,, ® ¥, }(,nea be the BUPU on G x G con-
structed in Lemma 4.9. Since tensor product of BUPUs is a BUPU (Lemma 3.25) it
follows that {y,, ® v, ® 1}, men 18 @ V-BUPU on Hg, V as in (27), with localizing
family X = A X {1} and such that

W, ®7, @ yp)w,u, ) =1 V(w,u) €A (124)
Hence
[(F. 700, 1)) = [V O )|
= v ® 7, ® )0 i 1) - WoF G . 1)
<|(w®r, @) W .-

By Lemma 3.26,
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” gf”f”"(A) - H((f 7w, ’u)g»(w”)EAH

)
< .
< H (v @7, ® 1) Lw) el
= Ry, ® : )
H(”WW 7 ® 1) L=/ owerlazn, v

- 0
”Wf“W(L”") I agze

n

where in the last equivalence we used Lemma 3.23, see also (181) in the Appendix.
The last claim comes from Lemma 3.23 and Corollary 3.28. O

Theorem 4.16 Let A C G X G be a quasi-lattice with fundamental domain U. Con-
sider 0 < p,q < o0, me M (GXG) and g € <. Then the synthesis operator CZ
admits a unique continuous and linear extension

C, 1 EhIN) —» MYA(G), (125)

where m,, is the restriction of m to A. If p,q # oo, then the series representing C (o)
converges unconditionally in M24(G). Otherwise C*(c) w-k-converges in MY, /v(g)

Moreover, if 0 < 6 < oo is such that 0 < 6 < min{p, q} < o0, then there is a constant
C = C(6) > 0, such that
e

for all p,q > 6. The constant C = C(6) may depend on other elements, but not on p
and q.

. P+ . S C
et My

Proof The proof follows the pattern displayed in [30]. Let (x,&,7) € Hg; and
¢ = (Cy) yep € Emil(N), then we write

v, lz cwn(w>g] o, &)=

weA

|wercy @ g.0)| =

> e Vr(wist, :)‘

weA

<y |cw||vagg(x, §)|=:F§(x, £,7).

weA

Let {w,, ® ¥, } (. en be the V| ,-BUPU on G x G constructed in Lemma 4.9. Then,
{w,, ® 7, ® X1} men is @ V-BUPU, V as in (27), on Hg with localizing family
X = A x {1}. Using the norm equivalence in (181) (Appendix) and Lemma 3.26
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Cy(©)|

cyo)|

w? ‘ WLy

(ISR

L )WEA (L’nf,‘")d(x,v)

< en 007

L>® ) P-4 ’
WEAlAR (A

We control the latter sequence as follows:

| (v ® 7, ® 21) - F

L < 2 |Cu| ESS SUP (re)ew+V,, T“Vgg(x, 5)‘
ueA

=Y |ew|My,,V,e(w —u)

wEA

= ((leuba * My, Vg, )ow.

We set t = min{1,p} and s = min{1, p, ¢}. Using the convolution relations for the
sequences’ spaces in [30, Lemma 2.7], we obtain

£

<((Icu|>u *(My,, vgg(u»u)(w))

weAllzni )

pS IICllf,';;j(m”(Mvm Vgg(w))wef\-”f(:;(/\>'

Arguing as in the proof of Theorem 4.15 and using Lemma 3.26 and (181) again

My, VegWen

1 (CUAIORE

f\q,\ ) L* / weA fi;\ (A)

|l or0 s

L°°> weA (L;S)L,(X,V)

- 0
= ||MVng|

= [[m,m, we ||
Wy (L) ” vViy W, 8 L

< wowee], = [wee]
= ” 2 We Jis ¢8 Wya (L)

where we set V2:=VV (multiplicative notation in Hg). As reported in Remark A.8,
for any O < r < 1 we have the continuous inclusion

WRL®, WL, L)) & W(L™, L)) (126)
Arguing as in Proposition 3.31 and taking r < min{z, s}, we obtain
W(L®, L)) & WL, L). (127)

The fact that g is in @ (defined in (41)) implies then
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< 400
Wya (L)

[ wes

and

GO o S el (128)

mp

Unconditional convergence for the series defining C;‘,(c) in MDY(G) if p,q # oo, and
w-x-convergence in M;"}V(Q) otherwise, is inferred as in [33, Theorem 12.2.4]. The

last claim comes from Lemma 3.23 and Corollary 3.28. O

Theorem 4.17 Let 0 <p,gq<co, m €& Mv(gxé) and @ as in (12). Consider
h € g, such that

Sh,(p = S(p,h =1, (129)

for a suitable quasi-lattice A = Ay X A, C G X a Then
/= X xme)awi = 3, xwh)xw)e (130)

with unconditional convergence in MEY(G) if p,q # oo, and w-s-convergence in
M1°‘/’v(g) otherwise. Moreover, for every f € MY(G) we have the following quasi-

norm equivalences:

q

Fllyee <| Y <Z |V O, | mow, mp>p

HEN, \WEA,

<1

)

“ ( wa(w) ) WEA “fﬁ,‘z w’

1l pgze = 2 <Z |Vif w, )| m(w, M)”)

HEA, \WEA,

(131)

Q=

)

|(ViF ) yen

sy
and similarly if p = oo or g = 0.

Proof The proof is based on the continuity of Cq], C(’;, C, and CZ. The pattern is the
same of [33, Corollary 12.2.6]. O

Expansions and equivalences analogous to (130) and (131) hold for ¢° and h°
defined in Lemma 4.14.
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Proposition 4.18 Consider m € M (G X a), define for x € Gand & € G
my(x):=m(x, ), vi(x):=v(x,e), vy(&)i=w(e,&). (132)
Let v(&) > 0 be an arbitrary weight function on G such that
m @ v,v, @ vv' € M (GX ). (133)

Let0<p,q,r,t,u,y < oo, with

111
ity (134)
and
l+l=1+l, for 1 <r<o (135)
2 r
whereas
p=g=r, forO<r<l1. (136)
Then,
DU q,t T,
M, e *M o, (G > MG (137)
with quasi-norm inequality
W * gllprr S |lf||Mf”~]”®v||g||Mj;’®r2v_ (138)

Proof We follow the patter displayed in [3, Proposition 3.1]. A direct computation
gives @ * @ = @°, where @ is defined in (12) and ¢° in (121). Similarly, the follow-
ing identities can be easily checked:

Vif @, &) = (&, x)(f * Me[R*]) (), M [@°*1(x) = (Mc[p*] % M:[¢*])(x)

(recall the involution #*(x) = h(—x)). Using associativity and commutativity of the
convolution product, we can write

Vo (f % 9)(x, &) = (&, ) ((f * M[@*]) = (g * M:[0"])) (). (139)

In what follows we will use the frame expansions in Theorem 4.17 with ¢° in place
of @, see Lemma 4.14. We majorize the weight m by

m(w) = m(w, u) S m(w,e)v(e, u) =mwpy(u) W= (w,u) €A,
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use Young’s convolution inequality for sequences in the w-variable and Holder’s one
in the p-variable. The indices p,q,r,v,t, u fulfil the equalities in the assumptions.
We show in details the case when r, 7, ¢, u < co. The others are similar. Namely,

I 8l
s < oo,
-1 2 (Z |Vw(f*g)(w,/4)|rm(w,u)’>r
HEN, \WEA,
9 (Z | = M, 10" D % (g % M, [ *])(w)jrmmw)’)rvz(my
HEN, \WEA,

* % 4 ’
<M§ (¢ = 107D+ (g % M L0 D), ., |f;”wv2<u>y)

S<zf “((f*M Dow ))WE/\ ‘n (A)H(

HEA, my

V) > 3
X vy (p) vy )

(g * M,[g"DW)), _,

1 fgl(/\l)

hence

I gl < < 2 ” (M, )(W)>WEA & (A)) (M)u>”
HEN,

\ RN AY
" <u§2 ”((g *MAD00) e, 24, (A V(p)! )

= ”(Vq;f(W))‘,,eA”ffn‘r&m)H(Vq,g(w))weA

=l gl

ey e

s
Emayt @

the last equivalence is (131). This concludes the proof. O

Let us introduce the closed and compact subgroups of gx@ and @xg,
respectively:

U@ :=({0pa} X K) X ({0pa} X K1), U@):=({0gs} X K1) X ({0ga} X K).
(140)
Givenx € G X @, we will denote its projection on (G X @) /U(G) by
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;( or [x],

and similarly for the projection of ﬁ S a X G onto (a xG)/ [U(a)./\
Let A=A ,7*"xD,, CGXG and T =A;,7* xD;, CGXG be quasi-lat-
tices, then their projections

9(9)1=@(Q,A1,2)2=/.\ and 9@)::.@(@,%,4)::{“ (141)

are discrete and at most countable LCA groups. Given a distribution fin R;, or S(’),
and a window g € o7, the function

Vf(X):= sup |Vifx + )] = My Vif ) (142)
zeU(G)

is well defined on the quotient group (G X a) /U(G). In fact, if u is such that X = ﬁ,
then there exists n € U(G) such that u = x + n. Setting y = n + z € U(G) we have

ZZEEJ) |ng(u + Z)| = Zzﬁgj) |ng(x +n+ z)| = y;lfg) |Véf(x +y)’.

Similarly, given a weight m € M (G X a), the function

mx):= sup m(x +z) (143)
zeU(9)

is well defined on the quotient.

Lemma 4.19 Consider a quasi-lattice A\ in GxG. Let g€ A, 0<p,q< o,
m € M, (G X G) and define the mapping

wEAG)

C, : MIAG) — £2(HG). f (“/gf(JV)) , (144)

where the weight m is understood 1o be restricted on D(G). Then, there exists a con-
stant C > 0 such that for every f € M(G) we have

c < Cllf llype

H J ) " (145)

Proof The BUPU {y,, ® v, ® yy, W = (w, u) € A} coming from Lemma 4.9 is
such that

v, ®r,=1 onw+UG).

Noticing that the projection of A onto Z(G) is one-to-one we have without ambiguity
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{/gf(‘;v) < ”(Ww ®7,® xr) - VEf“Lw - ”(WW ®7,® 11 - W§f||L°°’

where (w, u) is the only representative of w in the quasi-lattice. Since U(G) is com-
pact there exists a constant C = C(U(G), v) > 0 such that

(l:m(x +2z) <m(x) < Cm(x +1z), (146)

for every x € G X a and z € U(G), see [65, Corollary 2.2.23]. For x = w € A, taking
the supremum over z in U(G) we can unambiguously write

m(w) = m(w). (147)

All together we have

Hc = ‘ <ng(‘;v) : r;z(v.v)>
fg‘/(@(g)) ) £r9(9G))
< werll - mew ) .
H <” (WW ® }/” ® ITI) gf”L‘” m( ) WEA || gra(n)
Then, we conclude as in the proof of Theorem 4.15. O

4.3 Eigenfunctions of Kohn-Nirenberg operators

We have now all the instruments to study the eigenfunctions for Kohn—Nirenberg
operators. Let us first introduce the Gabor matrix of Op, (o).

Definition 4.20 Consider g € S(G) and 6 € S()(Q X @). The Gabor matrix of the
Kohn—-Nirenberg operator Op, (o) (with respect to g) is defined by

[M(0)],y:=(Opy (6)z(y)g. 7(X)g). X,y € GXG. (148)

The machinery developed in the previous subsection let us generalize what stated
in [3, Thereom 3.3 (i)] for Weyl operators on R¢ and proved separately in [59, Theo-
rem 4.3] and [60, Theorem 3.1]. We will then obtain properties for the eigenfunc-
tions in L?(G) of Op, (o) similar to the ones for Weyl operators on the Euclidean
space, cf. [3, Proposition 3.5].

We start with the boundedness properties of Weyl operators.

Theorem 4.21 Consider 0 < p, q,y < oo such that

—+

! 149
» (149)

N |-
Q=
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and a symbol o € MP™MLY(G x @). Then Kohn—Nirenberg operator Op,(0):
So(G) = S(’)(g) admits a unique linear continuous extension

Op, () : MU(G) = M7 (9).

Proof We distinguish two cases: y < landy > 1.
Case y < 1. Let @ be as in (12) and consider & € o7, and a quasi-lattice A such
that S, , =S, , = ;.. Write

Op, (¢) = C;0oC,0 Op, (G)OC’;OC,F :C,oM(0)oC,,. (150)

We shall prove that the Gabor matrix M(o) is linear and continuous from £9(A) into
£7(A). It is sufficient to prove that the diagram

M1 Op_D(o‘.). MY
M (o)

14—

is commutative. We show in detail the cases p < 400 and g < 400, the others are
similar. For f € M9(G), using the decomposition in (150) and the notation for the
Gabor matrix (148), we have

Opy (0)f = Y, Y'{ Op, (@)W, 7(W)@)(f, T(Wh)z(W)h

weA ueA

= ) D M(0)lyu{f, a(@h)z(Wh,

WEA ueA

so that

M(o) : £UA) = 7 (A, (Cy)yen P <Z [M(G)]w,ucu> .
wEeEA

ueA

From the weak definition (9) and (15) we can write each entry of the (discrete)
Gabor matrix of Op, (o) as follows:

[M(0)]y,y = (Op (o) (W@, 7(W)ep)
= (0, R(zx(W)p, 7(w)p))
= (o, (v,w — )M 7,y T(,, , ) R(@, @)
= (v,w — u)Vgyo((w,v), J(u — w)),

where w = (w, u), u=(u,v) and ®:=R(@, @) € (G X a). We introduce the
mapping
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Ty : (Qxa) X (Qxa) = GxXG (W, 1), (V) = (w,v) (151)
and write
M) = |Voo (To(w.w), Ju - w))|. (152)

Since y < 1, we have||c||,1 < |[c|l,, and we estimate

™\
|memw=<2 )

weA
NG
S<Z<2MM@MMM>>
weA \ueA

= <Z 2 |[M(U)]w,u|y|cu|y>y

weA ueA

= <Z Z ’Vq)a(To(w,u), j(u—w))‘y|cu|7>y.

weA ueA

D M)l 4,

ueA

Let us majorize each entry of the matrix as follows:

|V@6(T0(W, w), J(u — w))’ < sup |V¢0'(To(w, uw +z, Ju—w)+ 6)|
zeU(G),6eU(G)

= Voo ([Tow, w]", [T - w)'),
(153)
where the function on the quotient group was introduced in (142). Fix w,u € A and

consider x = (x,&), y = (¥,#) such that w = x and u =y. Then there exist unique
z2=(2,8) =((0,2p),(0,5)),n = (n,1) = ((0,n,), (0, 1,)) € U(G) such that

X=W+1Z, y=u+n
Therefore,

To&x,y) = To(W+z,u+n) = (W, wy +2), (v, V2 + 1))
= Ty(w,u) + ((0,2,), (0,1,))

where ((0, 2,), (0, 1,)) € U(G), so that we have shown
w=xu=y = [Tmwuw] =[Txy]. (154)
Similarly,

Jy-x)=Ju+n-w-2z)=Ju—-—w)+ Jn-1z)
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and being J(n — z) € [U@) we have proved

w=xu=y = [Ju-wI=[Ay-%]" (155)

Hence the function in (153) depends only on the cosets of w and u, so that the
application

HQL w): =V oo ([Tow. )], [Ju — w)T') (156)

is well defined. A sequence ¢ = (c¢y,)yep ON the quasi-lattice A uniquely determines a
sequence on Z(G) = A simply by

C;(CV'V':Cw)v've@@ (157)

with

c = ||C .
llell 7o) “ )

Using Holder’s inequality in the u variable (observe 1/(p/y) +1/(g/y) = 1) and the
consideration above:

||M(5)C“fy(/\)

<2 Y, He Whly)’
WEA ueA

IA

|y 3 |

WeAG) ue Q)

N
~ =

4
}/V

S| mawi|]| Y

wez(9) \ue(9) uEAG)

IA

C-
u

lelan| 3| 3 Voo [Towow)]' (7w - wy)’

we(G) \uez(9)
Let us perform the following change of variables:

0:=[Ju - w)]' € %C) = [JAT" (158)

Notice that JA C @x G is a quasi-lattice. Then, there exists & € [U(@) such that
0+ 6= Ju—-w)and
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u-w=7"'0+8 3> w=u-J'©0)-T'©®) > w=[u-TOF,
since — 7 '(8) € U(G). Recalling (154) and writing
0 =(0,s) =((6,,0,),(s1,5)) € IA,
we have
[Tow. w]" = [To(u— T (O, w]" = [To((u—s,v+0), (u, V)
=[w—sv]=u-(se)].

In the above calculation we can choose as representative of 6 the only one in
JA without loss of generality In fact, write A = (aZ¢xD,)x (aZ?x D,),
JAN = (aZd x —D,) X (aZ¢ x D)), and consider n = (n,1) = ((n;,n,),(;,1,)) such
that 6 = and n € JA. Being U_J(g) = ({Opa} x K) x ({ORd} X K), it necessarily
follows that §,,= #, and s, = [, in aZ%,[6,]° = [1,]" in QO/IC [s,]" =[L,]"in Gy/K
and[([,8)]" € A.

Eventually, we set

z:=u—[(s.2) € %G) = A (159)
and using Lemma 4.19

2 < 2z ‘./®G<[To(w,u)]',[j(u_w)].>p>ﬁ>y

WEAG)  EAG)
r 1
. . * P 14
= Z Z Veoo(z,0Y
0cHG)  1€XAG)

o

1 (AGXAG))
S oy gxay < +0-

Case y > 1. Observe that p>y > 1 and g >y > 1. Consider first p # oo. The

desired result is obtained by duality. By Proposition 3.32M"(G) = (M"'(G)Y,

we hence show that if f EM"(Q) then Op, (o)f is a continuous linear func-

tional on M7 (G). Let g €] M (G), from the weak definition (9) and the fact that
MPL(G X ) = (MP=(G x §)) we get:

[€Opy (0)f. 8)] = Ko, RN < ol 1RGPl ygro-

The indexes’ conditions in (95) and (96) become

) Birkhauser



52 Page580f71 F. Bastianoni, E. Cordero

Y'.q < oo, (160)

+-2=

. (161)

|
T =

1
v
The first one is trivial, the second follows from the assumption (149).

Therefore

IR agr s S &l ag IV 1aze

and the boundedness of Op,, (¢) from M4(G) into M”(G) follows.
If p = oo the argument is similar, we use the duality (84) between M*! and
Ml .00 O

Proposition 4.22 Consider a symbol o on the phase space such that for some
O<p<oo

= ﬂ MPY(G % G). (162)

y>0
If 2 € 6p(Opy (0)) ~ {0}, then any eigenfunction f € L*(G) with eigenvalue A satis-
fies £ € (o MO,

Proof We use Theorem 4.21 and follow the proof pattern of [3, Proposition 3.5].
O

5 Localization operators on groups

The aim of this section is to infer a result for L2 eigenfunctions of localization operators
which extends the one obtained in the Euclidean setting in [3, Theorem 3.7].

We address the reader to Wong’s book [66] for a detailed treatment of localization
operators on locally compact Hausdorff groups and point out the recent works [43, 44].
Let us recall their definition.

Definition 5.1 Consider windows y, y, € Sy(G) = G, and symbol a € S(G X 0).
Then the localization operator with symbol a and windows v, y, in S,(G) is for-
mally defined as

AL (x) = / _a(u,w)V,, f(u, ©)M,T,y,(x) dudw. (163)
Gxg

Equivalently, its weak definition is
Agrf.g)=(a. v, fv,g)  VgeS9. (164)

It is straightforward computation to check that
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AV §0(G) = 53(9) (165)

is well defined, linear and continuous (cf. [41, Theorem 5.3]). Concretely, we shall
mainly consider windows y,y, € S¢(G) rather than in the whole Feichtinger alge-
bra. Notice that if a € I7(G X G), for any | < p < oo, then A¥""? € B(L*(G)), cf. [66,
Proposition 12.1, 12.2, 12.3].

Given a function F on G X G, we introduce the operator &

T, F(x,u) = F(x,u — x). (166)

Recall that F, stands for the partial Fourier transform with respect to the second
variable of measurable functions ¢ defined on G X G. We shall consider F,0 to be
defined on G x G, instead of G x G, due to the Pontryagin’s duality. ¥, and F, are
automorphisms of Sy(G X §) and S,(G X g) respectively, which extend to automor-
phisms of §{(G x G) and (G X G) by transposition.

Lemma 5.2 Consider o € S)(G X Q) and f>8 € Sy(G). Then
Opy (@) )20y = (ko8 ®T)
(Opy (0)f. 8)12(q) 8 ®f Lox) (167)

where the kernel k is given by
ko (x,u) = /gf()@ Ou —x, &) dé = Ty (Fro(x, u). (168)
g

Proof The proof carries over from the Euclidean case almost verbatim, see, e.g.,
[13, formula (4.3)]. O

The following issue presents the connection between localization and
Kohn—Nirenberg operators on LCA groups, extending the Euclidean case proved in
[4, Proposition 2.16].

Proposition 5.3 Consider windows y,,y, € Sy(G) and a symbol a € S(’)(gx a).
Then, we have

AZ/]’WZ = Opo (a * R(WZ» Izlll)) (169)

Proof The proof is similar to the Euclidean case. We detail it for sake of clarity. We
first compute the kernel k of A%"*>

<AZ/"W2f’g>

= /g @a(x, 5)( /g Fam(x, E)y, () du) ( /g g0, O () dy) dxde

= | fagOk(y,u)dydu,

GxG
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with
Ky, u) = /g a0 R B, Dy () e

Using Lemma 5.2, we set T,,0F,(c) = k and compute o using (15) as follows:

Tyl o (k) = /g ; a(x, &)F, 0! (n'(x, O, Q w(x, E)w, (v, u)) dxdé
= /g 5 a(x, &)F,' (n(x, O, () - wlx, Oy (u + y)> dxdé

=/gaa(x,f)ff(x,é)lllz()’)/gﬂ(xsf)lﬂl(u+y) (@, u) dudxdé

= /g a0 ) D)0 ) Flr(x Oy o) ded
= /g A ORGx Dy (. O )0-0)
= /g A0 DR y)(0-0) = (. dxdg

= a * R(y,, y))(y, w).

We then infer the thesis from the kernels’ theorem [18, Theorem B3]. O

Theorem 5.4 Let 0 < p < oo and a € MP-°(G X @). Consider y,y, € S:(G) ~ {0}.
Suppose that cp(AY"Y*)\ {0} # @ and A € 6p(AL""*)~ {0}. Then, any eigenfunc-
tion f € L*(G) with eigenvalue A satisfies

fe(M@. (170)
y>0
Proof Observe that for y, y, € Sp(G) we have R(y,, y;) € (G X a), by Corollary
3.11. Therefore, R(y,, y,) belongs to every modulation space on the phase space;
this is easily seen using (41), the inclusion relations (195) and the inclusion between
modulation spaces in Proposition 3.31. Then, the argument is the same as in [3, The-
orem 3.7]: we write A%"¥? in the Kohn—Nirenberg form (Proposition 5.3)

AZ/I’WZ = Op0 (a = R(lllz, II/1)), (171)

use the convolution relations in Proposition 4.18 and infer the thesis applying Propo-
sition 4.22. O
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Appendix

We summarize the construction of coorbit spaces Co (Y), when Y is a solid quasi-
Banach function space on a locally compact Hausdorff group G, even not abelian.
This theory was first developed by Rauhut in [49] and technically fixed and deep-
ened by Voigtlaender in his Ph.D. thesis [65]. In the end we shall highlight the dif-
ferences with the original theory for Banach spaces by Feichtinger and Grochenig,
see [24-26].

We mention that an exposition and treatment of the named coorbit theory is
now available also in the recent article [63] from van Velthoven and Voigtlaender,
where the requirements on the weights are lightened up. However, due to the
time when this work was written, we shall stick to the first version presented in
[65]. Moreover, on account of the objects of our particular setting, this makes no
difference.

In this section, we deal with a locally compact, Hausdorff, o-compact group
G; the notation is intended to distinguish from the abelian case G. The group
operation on G will be expressed as multiplication; whenever a measure on G is
involved, it is understood to be the left Haar measure. We shall not list system-
atically the known properties for the spaces introduced in the sequel, but rather
recall them when necessary. The reader is invited to consult [65, Chapter 2] for an
exhaustive treatment.

Given x € G and a function fon G, we define the left and right translation opera-
tors as

Lfy) =f&7'y),  Rf() =f(). (172)

Definition A.1 We say that (Y, ||-||Y) is a function space on G if it is a quasi-nor-
med space consisting of equivalence classes of measurable complex-valued func-
tions on G, where two functions are identified if they coincide a.e..

A function space (Y, ||-||Y) on G is said to be left invariant if L, : ¥ — Y is well
defined and bounded for every x € G, similarly we define the right invariance. We
say that Y is bi-invariant if it is both left and right invariant.

A function space (Y, ||-||y) on G is said solid if given g € Y and f : G — C meas-
urable the following holds true:

I <lgl ae. =>  feY, flly <llglly:

Y is called quasi-Banach function (QBF) space on G if it is complete.

Without loss of generality, we can assume |||y to be a -norm, 0 < r < 1, 1.e.,
If +glly < IIfI + lleglly, Yf.g €Y.

This is due to the Aoki—Rolewicz Theorem and the fact that equivalent quasi-norms
induce the same topology [65, Theorem 2.1.4, Lemma 2.1.5].
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It can be useful to describe Wiener Amalgam spaces, defined below, in terms of
sequences. To this end, the so-called BUPUs and a particular space of sequences Y,
associated to Y are introduced. We present the space Y, under specific hypothesis fit-
ting our framework, nevertheless a more general theory is possible, see [50] and [65,
Chapter 2].

Definition A.2 A family X = {x;},;, in G is called relatively separated if for all
compact sets K C G we have

Cyx:=sup#{j €| x,KNxK # @} < +oo, (173)

i€l

where #S is the cardinality of a set S. Consider X = {x;},, relatively separated fam-
ily in G, Q C G measurable, relatively compact set of positive measure and (Y, ||-||y)
solid QBF space on G. Then, the discrete sequence space associated to Y is the set

Y,(X,0) = {(Ai)iel eC'| Y |Alxo € Y} (174)

i€l

endowed with the quasi-norm

)

C! is the space of functions from I into C.

; (175)

D14 |ZxQ

i€l

Y, (X, Q)

If G is o-compact, then any relatively separated family X is (at most) countable,
see [65, Lemma 2.3.10]. In the setting presented so far, Y,;(X, Q) is a quasi-Banach
space. Moreover, if Y is right invariant then Y,(X, Q) is independent of Q in the
sense that another U C G measurable, relatively compact and with non empty inte-
rior yields the same space with an equivalent quasi-norm (cf. [50, Lemma 2.2] and
[65, Lemma 2.3.16]).

Definition A.3 Let U C G be a relatively compact, unit neighborhood. A family
Y = {y;},; of continuous functions on G is called a bounded uniform partition of
unity of size U (U-BUPU) if

(1) 0<Ly,(x)<lforallx € Gandeveryi € I;
(i1) there exists X = {x;},o; U -localizing family for y i.e., X is a relatively sepa-
rated family in G such that

suppy; Cx;U Viel,
(i) Y,qwi=1.

Given any relatively compact unit neighborhood U in G, there always exists a
family ¥ which is a U-BUPU with some U-localizing family X ([20, Theorem 2],
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[65, Lemma 2.3.212]) and, since G is o-compact, the indexes’ set is (at most)
countable.

We introduce the Wiener Amalgam spaces not in their full generality, but restrict
ourselves to cases which ensure “good” properties.

Definition A.4 Consider Q C G measurable, relatively compact, unit neighborhood
and f : G — C measurable. We call maximal function of f with respect to Q the fol-
lowing application

MQf : G- [0,400], x> esssup |[f(Y)].

e (176)

We fix a solid QBF space (Y, ||-||y) on G and define the Wiener Amalgam space with
window Q, local component L® = L*(G) and global component Y as

Wo(Y) := Wy(L™,Y) = {f € LY (G)|Myf € Y} (177)

and endow it with

WMy = oy = M|, (178)

It was proven in [65, Lemma 2.3.4] that the maximal function MQf is measurable.
Under the assumptions of the above definition, the Wiener Amalgam space

(Wo(¥), IIllw,(r)) is a solid QBF space on G, in particular, ||-|ly,y, is a r-norm,
0 <r < Lif]|-|[y is. For each f € L® (G) we have

FCl £ Mpf(x)  ae., (179)
which together with the solidity of Y gives the continuous embedding
WQ(L°°, Y)o V. (180)

In general the definition of W, (Y) may depend on the chosen subset Q. However, we
shall require some further properties in order to make the Wiener space independent
of it. We collect some of the results of [65, Lemma 2.3.16, Theorem 2.3.17] in the
following lemma (which holds under milder assumptions).

Lemma A.5 Under the hypothesis presented so far, if the solid QBF space Y on G
is right invariant, then the following equivalent facts hold true:

(i) The Wiener Amalgam space W,(L®, Y) is right invariant for each measurable,
relatively compact, unit neighborhood Q C G;

(i) The Wiener Amalgam space W,(L*®,Y) is independent of the choice of the
measurable, relatively compact, unit neighborhood Q C G, in the sense that
different choices yield the same set with equivalent quasi-norms. The equiva-
lence constants depend only on the two sets Q,Q' C G and on'Y.
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If these conditions are fulfilled, ¥ = {y},; is a U-BUPU for some localizing family
X = {x;},; and U C G relatively compact unit neighborhood, then

|lf||WQ(L°°,Y) XE’Y H(”‘l’z 'f||L°°)ie1 (181)

Y,X.0)

Jor every f € Wy(L*,Y) and the constants involved in the above equivalence
depend only on X, Q and'Y.

We remark that the right invariance of Y is sufficient for conditions (i) or (ii) but
not necessary; the existence of an U-BUPU VW is always guaranteed. When one of
the above conditions is satisfied, we suppress the index Q in the Wiener space and
simply write W(L*, Y) or W(Y).

By considering Qx instead of xQ in the definition of the maximal function, we
obtain the “right-sided" version of the Wiener spaces. So that we set the right-sided
maximal function to be

Mgf : G > [0,400], x+ esssup |[f(y)] (182)

YEQx

and define the right-sided Wiener Amalgam space WS(Y ) similarly as before. Analo-
gous considerations hold for WS(Y), with the proper cautions about Lemma A.5. In
particular, the independence of Wg(Y ) from Q is guaranteed if Y is left invariant, see
[65, Lemma 2.3.29].

Definition A.6 A weight on G is a measurable function m : G - (0,+c0). A
weight v is said to be submultiplicative if

v(xy) < v)v(y), Vx,y € G. (183)
Given two weights m and v on G, m is said to be left-moderate w.r.z. v if

m(xy) S v(xym(y), Vx,y € G, (184)
it is right-moderate w.r.t. v if

m(xy) S m)v(y), Vx,y € G. (185)

If a weight m is both left- and right-moderate w.r.t. v, we simply say that it is moder-
ate w.r.t. v or v-moderate.

Consider v submultiplicative weight on G which is also even, bounded from
below and satisfies the Gelfand—Raikov—Shilov (GRS) condition, i.e.,

v(x) = v(-x) Vx € G,
dc>0 : vix)>c VxeQqG,

lim v@)r =1 VYxeG,

n—+o0o

then the class of weights on G moderate w.r.t. v is denoted as follows:
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M (G) = {mweight on G | mis v—moderate}. (186)

Remark A.7 The GRS condition will be used in this paper only in the subsection
dealing with Gabor frames, see Theorem 4.12. In this framework, v is a weight on
the abelian group G X G, hence the GRS condition has the form

lim vix)r =1 VxeGxa.
We are now able to state the coorbit theory in [65, Assumption 2.4.1], see
items A—G and H —]J.

A. We assume G to be a LCH, o-compact group. We consider p : G — U(H)
a strongly continuous, unitary, irreducible representation of G for some non-
trivial complex Hilbert space H. U(H) denotes the group of unitary operators
on H (see e.g., [28, 66] ).

B. Given f, g € H, we define the (generalized) wavelet transform induced by p,
or voice transform, of fw.r.t. g as

Wof 1G> C, xr (f,p(0g) (187)

where (-,:),,, also denoted by (-,-), is the inner product on H supposed antilinear
in the second component. ng is always a continuous and bounded function on
G, see [66]. We assume the representation p to be integrable, i.e. there exists
g € H~ {0} such that W"g € L'(G); this implies that p is also square-integrable:
there exists g € H ~ {0} such that W”g € L*(G). Such a g is said to be admissible.
C. (Y, |I]ly) will be supposed to be a solid QBF space on G with ||-||y, or some
equivalent quasi-norm, r-norm with 0 < r < 1.

D. The Wiener Amalgam space W, (L™, Y) is assumed right invariant for each
measurable, relatively compact, unit neighborhood Q C G. We consider a sub-
multiplicative weight w : G — (0, +o0) such that for some (and hence each)
measurable, relatively compact, unit neighborhood Q C G

w(x) % IR |WQ(Y)—>WQ(Y) (188)

and

w0) 2 AR lywyarr (189)
where A(x) is the modular function on G. We also require the weight w to be
bounded from below, i.e. there exists ¢ > 0 such that w(x) > ¢ for every x € G.

If the condition on W, (Y) in D is satisfied, then the Wiener space is independent

of O, so that we can omit the lower index. Moreover, this is ensured if Y is right

invariant (Lemma A.5).

E. We fix a submultiplicative weight v : G — (0, +o0), which will be called
control weight for Y, such that
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v>w, V> w (190)
where w is defined in D and
wy, () = wir H[aah] . (191)
F. The class of good vectors is defined to be
Gv::{gemwggeq((;)} (192)

and supposed nontrivial, {0} € G,.
G. The class of analyzing vectors is defined as

A;::{g e H|Wg € WAL, W(Lm,L;))} (193)
and supposed nontrivial, {0} € A’.

Remark A.8 (i) Observe that, since v is submultiplicative, L(G) is bi-invariant. This
implies that W(L!) is independent of the window Q and it is left invariant, hence also
WR(W(LC)) is independent of the window subset. Concretely, this allows us to work
with the same Q:

P
[#5e]

(see in Lemma 3.10). (ii) From the continuous embeddings for 0 < » < 1

- Ryyp
WEW(LL) ”MQMQng”LC’ (194)
WAL, WL, L) & WL, L) & WL, L) < L, (195)

see [65, p. 113], follows the inclusion A7 C G, .

H. For a fixed g € G, ~ {0}, the space of test vectors is the set
z::{femwgfeq(c)} (196)
endowed with the norm
/1l :=||ng||L‘,’- (197)
(7,,lIl7) is a p-invariant Banach space which embeds continuously and with
density into H and it is independent from the choice of the window vector
g € G,~ {0}, see [65, Lemma 2.4.7]. Recall that often the notation Hl is used in

place of 7, see e.g. [24-26, 49].

I. We call reservoir the Banach space
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R :=T:={f : Hi — C | antilinear and continuous}. (198)

v v
J. We can extend the wavelet transform to f € R, and g € 7,
Wif 1 G- C, x g (f.p(08)7 (199)

where % (-,-)7 is the duality between R, and 7, that will be denoted simply by
(-,-). We have that W;f e C(G)n L‘l";V(G).

K. For a fixed vector window g € A’ ~ {0}, the coorbit space on G with respect
to Y is defined as

Co(Y):={f ER,|WIf € WL, Y)} (200)
endowed with the quasi-norm

A1l Co(Y):=||W§f||W(Lw’Y)' (201)

The coorbit space Co (Y) is independent of g € A7~ {0}, in the sense that different
windows yield equivalent quasi-norms. Moreover, (Co (Y), ||l co(y)) is @ quasi-
Banach space continuously embedded into R, and ||-|| co(y) is a 7-norm, 0 < r < 1,
if ||-||y is. We refer to [65, Theorem 2.4.9].

In the following theorem, we collect [65, Theorem 2.4.19, Remark 2.4.20].

Theorem A.9 For every g € Al ~ {0} there exists Uy C G relatively compact unit
neighborhood such that for each Uy-BUPU ¥ = {y;},c; with localizing family
X = {x;},; the following hold true:
(i) foreachi € I there exists a continuous linear functional
At R,-C
such that(ﬁi(f))iel € Y,(X) for every f € R, and

f =2 4hptx)g. Vf € Co), 20

i€l

where the sum converges unconditionally in the w-+topology of R,. If the
finite sequences are dense in 'Y (X), then the series converges unconditionally

in Co (Y);
(i) forall A= (Ai)ia € Y,(X) the series
s¥(2):= 2;, Aip(x))g (203)
e

is an element of Co (Y). The above sum converges unconditionally in the w-x
-topology of R, (pointwise). If the finite sequences are dense in Y (X), then

) Birkhauser



52 Page68of71 F. Bastianoni, E. Cordero

the series converges unconditionally in Co (Y) and there exists C > 0 such

that
”Si’((}”) cotny = C“(/l")ia Y, Vi e Y0, (204)
(iii) for f € R, we have
f € Co(Y) & (4(),, € YaX) (205)
and for every f € Co (Y)
Illcom = || (4 et (206)

Remark A.10 Let us remark the main differences with the Banach setting considered
by Feichtinger and Grochenig [24]:

(1) in [24] a solid Banach function space Y on G is considered and supposed
continuously embedded in LIIOC(G). In particular, we observe how the condi-
tionY & LIIOC(G) is restrictive, in fact even if one would allow Y to be quasi-
Banach, all the spaces L7(G) with 0 < p < 1 would be excluded;

(i) the window space considered in the construction of the coorbit space is larger
than the one presented so far, namely it is sufficient a non-zero g € A, :=G,
and

Copg (Y):={f ER,IWf e Y} 207)

with obvious norm. Hence, Coy (Y) is a Banach space independent of the
chosen window g € A, ~ {0} .

It is a natural question whether the two constructions coincide. In the Banach
case the answer is positive, see [26, Theorem 8.3] and [49, Theorem 6.1].

Theorem A.11 Consider a solid Banach function space Y such that it is bi-invari-
ant and continuously embedded in LIIDC(G). Then,
Corg (¥) = Co(Y)

with equivalent norms.
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