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We analyze the vacuum structure of N' = 3, D = 4 supergravity coupled to 9 vector multiplets with
gauge group SO(3) x SU(3). Aside from the central A" =3 AdS, vacuum at the origin, on which the
supermultiplet structure reproduces the massless sector of M theory compactified on N%!°, we find a rich
structure of AdS, vacua preserving A" = 0, 1, 2, 3 supersymmetry. These new vacua are arranged in a
manifold spanned by scalar fields corresponding to exactly marginal deformations of the dual CFT. This
manifold has the form 73 /K, where K is a discrete subgroup of the gauge group: N = 3, 2, and 1 vacua
correspond, respectively, to a point, a line and a surface in the three-dimensional vacuum manifold. We
study RG flows from the central A~ = 3 vacuum and elaborate on the possible higher dimensional origin of
the new vacua. For the reader’s convenience we also provide a review of the embedding tensor formulation
of D =4, N =3 gauged supergravities. In particular, we provide formulas involving the fermion shift
tensors and mass matrices in A/ = 3 theories, which can be applied to a generic gauging.

DOI: 10.1103/PhysRevD.106.066012

I. INTRODUCTION

Lower-dimensional gauged supergravities have provided
a valuable framework for consistently studying the dynam-
ics of a subset of physical degrees of freedom associated
with type II superstring theories in D = 10 or D =11
supergravity. Defining such models amounts to construct-
ing consistent truncations of the higher dimensional
theories on specific backgrounds. Of particular interest
are solutions of D = 10 type II supergravities or of D = 11
supergravity whose geometry is a warped product
AdS, x,, M,;, d = D —4, of a four-dimensional anti—de
Sitter spacetime and an internal compact manifold M.
Once this is achieved, one can try to explore relevant
properties such as perturbative and nonperturbative
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stability of the solutions. As far as the construction of
consistent truncations within maximal lower-dimensional
supergravities is concerned, exceptional field theory [1,2]
provides an efficient framework for embedding certain
lower dimensional models into superstring or M theories
and for studying perturbative stability of their solutions
[3.,4]. In the more general case, important progress has
been made towards a systematic construction of lower-
dimensional consistent truncations [5,6]. In this case the
setup is the one of generalized geometry in which a wide
class of consistent truncations can be described by
exploiting the concept of generalized G g-structure mani-
folds with singlet intrinsic torsion. Earlier results related
to the construction of consistent truncations of D = 11
supergravity compactified on manifolds M, with tri-
Sasakian geometry were obtained in [7].

Our present work is inspired by one of these spontaneous
compactifications, which has the form

AdS, x NO-10,

(1.1)

where, within the infinite class of Sasakian homogeneous
spaces NP9 introduced by Castellani and Romans in [8],
the case {p, ¢, r} = {0, 1,0} defines the unique instance of
a seven-dimensional homogeneous tri-Sasakian manifold.

Published by the American Physical Society
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As shown in the original paper [8] and systematically
reviewed in [9], the vacuum (1.1) admits three anti—
de Sitter Killing spinors and, correspondingly, the whole
spectrum of Kaluza-Klein states is arranged into super-
multiplets of the following supergroup:

Giso = OSp(3]4) x SU(3). (1.2)
Such organization of the Kaluza-Klein states was achieved
in [10], which also provides the general form of the
OSp(3]4) supermultiplets. Later, in [11], this result was
compared with the spectrum of primary conformal fields
pertaining to a candidate D = 3 superconformal field
theory suggested by the HyperKihler quotient construction
of the metric cone C(N*!0). All the Kaluza-Klein towers
are perfectly reproduced but there are also additional ones
that the superpotential of the candidate theory does not
suppress, as it was remarked in [11]. A precise comparison
of these very early results with those much later derived in
the framework of quiver theories associated with orbifolds
NO10/7,, [12,13] is still missing in the literature.

As for the massless supermultiplets the above-mentioned
spectrum is very simple, it just contains the massless
graviton multiplet and the 9 massless vector multiplets.
The massless graviton multiplet includes the graviton g,,,
three gravitinos vy, three gauge fields A;‘B gauging the R
symmetry SO(3) and one spin one-half field y.. Each
massless N = 3 vector multiplet has a field content equal
to that of an N = 4 multiplet, namely, one vector A, four
spin one-half spinors (44, 4), organized into a triplet and a
singlet of SO(3) and six scalars organized into two triplets of
SO(3). The nine vector multiplets are divided into eight in
the adjoint of SU(3), the bosonic group factor in (1.2), and
one in a singlet (the so called Betti multiplet originating from
the nontrivial cohomology group of N*!% in degree two).

In the present work we start considering a four-
dimensional N =3 supergravity coupled to 9 vector
multiplets, whose gauge group G = SO(3) x SU(3), coin-
cides with the isometry group of the internal manifold. We
are aware, however, that this model does not fit the ' = 4
consistent truncation defined in [7]. Nevertheless the vacua
we shall analyze are described within a smaller truncation
of the original N =3 model, with scalar manifold
(SU(1,1)/U(1))3. The study of the possible embedding
of these vacua within the consistent truncation of [7] and
thus their actual relation with the compactification (1.1)
will be the subject of future investigation. As for the full
N =3 model with nine vector multiplets, it certainly
reproduces, around the central N” = 3 vacuum at the origin,
properties of the linearized theory on the (1.1) background,
in particular the massless AdS supermultiplets, though
possibly not their complete nonlinear interactions.

In this first work, we focus on this N/ =3 gauged
supergravity and its vacuum structure independently

of its possible relation with M-theory compactifications.
In particular we find, besides the central AdS, N = 3-
supersymmetric vacuum, naturally associated with the
compactification (1.1), a rich structure of new vacua, with
different supersymmetries.

This model has also been recently studied in [14,15].
Here we present a broad analysis of the vacuum structure of
the theory that is not contained in the above research. Aside
from the ' = 3 AdS, vacua with SU(2) x U(1) and SO(3)
symmetries, which were already found in [14,15], our
analysis unveils new compact loci of N'=1 and N =2
vacua, besides perturbatively stable A/ = 0 ones. These
new vacua, to our knowledge, were overlooked in
the literature. We provide for the A/ =3, 2, 1 vacua the
corresponding supermultiplet structures and study the
relevant RG flows. All these vacua form a compact
manifold 73/K, where K is a discrete subgroup of the
gauge group, isomorphic to the symmetric group S4. The
N = 3,2 and I vacua correspond, respectively, to a point, a
line and a surface in the three-dimensional vacuum mani-
fold, the remaining points define perturbatively stable
N =0 anti—de Sitter vacua. The compact vacuum mani-
fold, with geometry 73/K, is spanned by three angular
variables which define flat directions of the scalar potential
and which are thus natural candidates to correspond to
exactly marginal deformations of the dual CFT. In this latter
theory these deformations would therefore realize a pattern
of supersymmetry breaking, when moving from a super-
symmetric vacuum to a less supersymmetric one in the
same moduli space, by marginal deformations.

Let us end this introduction with a few more details about
the model under consideration and our results. As first
derived in [16,17] the 6n scalars of a matter coupled
supergravity theory with n vector multiplets are organized
into the complex coordinates of the noncompact Kéhlerian
manifold:

SU(3,n)

Micatar = SU(3) x SU(n) x U(1) "

(1.3)

Hence, a choice of n, in our case n = 9, defines a unique
ungauged supergravity theory.

Using the embedding tensor formalism [18-21] (for
reviews see [22,23]), we study the gauging of the group:

G = SO(3) x SU(3), (1.4)

and search for extrema of the corresponding scalar poten-
tial. As mentioned above, such a gauge theory has, at the
origin of the coset manifold

B SU(3, 9)
— n=9 _
M = Mscalar SU(3) X SU(Q) X U(l) '

(1.5)
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an anti—de Sitter vacuum preserving A’ = 3 supersymme-
tries that naturally corresponds to the original M-theory
compactification (1.1). Obviously there are other extrema
whose geometrical interpretation in higher dimensions is
yet to be understood.

In particular, by means of a consistent truncation of our
theory to singlets of certain specified subgroups of the
gauge group (1.4) we find two other vacua with N =3
supersymmetry in D = 4. Specifically,

(i) Truncating to the singlets under the subgroup

SOdAmg

(3) = diag(SO(3) x SO,(3)) € G,  (1.6)
where SO(3) € OSp(3|4) is the R-symmetry group,
while SO;(3) c SU(3) is the real restriction of the
complex group under which the fundamental rep-

resentation remains irreducible

50/(3)
3sue) — 3,

we find a second N = 3 vacuum whose isometry is
simply OSp(3|4) and all the other fields arrange
themselves into N' = 3 massive vector multiplets
(for details see Sec. V).

(i1) Truncating to the singlets under the subgroup:

SOdBiag

(3) = diag(SO(3) x SOy(3)) c G, (1.7)
where SO(3) c OSp(3]4) is once again the R-
symmetry group, while SOp(3)~SUy(2) cSU(3)
is locally isomorphic to the natural SU};(2) subgroup
of SU(3) under which the fundamental representa-

tion splits into a singlet plus a doublet,

SUR(2)
Jsus) — 201,

we find a third A/ = 3 vacuum whose isometry is
simply OSp(3|4) and all the other fields arrange
themselves into N' =3 massive vector multiplets
but with different energy (scaling dimension)
eigenvalues than in the previous case (for details
see Sec. V).
Each of the above N' = 3 vacua is connected to loci of
N =2, 1, and 0 vacua through three angular flat directions
of the scalar potential. In fact they are part of vacuum
manifolds with geometry 73 /K, as mentioned above. Our
paper is organized as follows:

In Sec. I we review N =3 supergravity in four
dimensions. Starting from the ungauged theory, we illus-
trate the general procedure to construct the gauged one
using the embedding tensor formalism. Of particular
relevance to our analysis is the derivation of the fermion-
shift tensors, the mass matrices, and the scalar potential

from the S[U(3) x U(n)]-irreducible components of the
so-called T tensor.

In Sec. III we specialize to the model with nine vector
multiplets (one of them, corresponding to the Betti multi-
plet, being completely decoupled). Supplemented by three
vectors from the gravity multiplet, these 3 + 8 vector fields
gauge the (3 + 8)-dimensional compact subgroup G =
SO(3) x SU(3) of the isometry group G = SU(3,9) asso-
ciated with the scalar manifold of the ungauged theory.

Section IV sets up the stage for analysis of the vacuum
structure of the above model. Since the scalar manifold
is 54-dimensional, it is a daunting task to extremize the
scalar potential in general. Thus, we restrict the study to
two different consistent truncations of the theory, each
associated with a six-dimensional scalar manifold that is
embedded into the full scalar manifold inequivalently. On
these subspaces the scalar potential can be extremized and
we find that in both cases the vacuum manifold has the
topology of an orbifold: a 3-torus quotiented by a particular
discrete subgroup of the gauge group. We then describe loci
of different co-dimensions in the vacuum manifold, based
on the amount of preserved supersymmetry as well as on
breaking patterns of the gauge group.

Section V is devoted to decomposing the mass spectra on
vacua preserving N of the three original supersymmetries,
into unitary irreducible representations of the supergroup
OSp(N|4), which represents the superconformal group of
the holographically dual SCFT;.

In Sec. VI we present domain-wall solutions dual to RG
flows between the maximally symmetric vacuum at the
origin of the scalar manifold and other less symmetric
vacua, whose holographic meaning remains to be uncov-
ered. We verify the a theorem for these flows.

Finally, we summarize the content of this paper and offer
a brief outlook in the conclusions.

Technical details are given in the Appendices.
Appendices A—C deal with various aspects of the embed-
ding tensor formalism. Appendix D fixes conventions for
gauge group generators. In Appendix E we provide the
details of the domain-wall solutions of Sec. VI. Appendix F
presents relevant unitary irreducible representations of
OSp(N|4). Finally, Appendix G provides detailed tables
of mass spectra of the gauged supergravity in various
vacua.

II. GAUGED N =3 SUPERGRAVITY

In this section we define the general field theoretical
setting of our analysis by reviewing the main facts about
N = 3 supergravity and its gaugings [17].

A. The ungauged model

For the sake of fixing the relevant notations, let us start
with reviewing the general features of an ungauged N = 3
supergravity, namely, of the version of the theory in which

066012-3
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the vector fields are not minimally coupled to any
other field.

A generic model of this kind features, besides the
supergravity multiplet, a number n of vector multiplets.
In particular the gravity multiplet consists of the graviton
Gu» H-v=0,...,3 being the space-time index, three
gravitinos y,,, A = 1, ..., 3, three vector fields (gravipho-
tons) A2%, and one dilatino ypc = x.€4pc. Each of the n
vector multiplets (labeled by 7 =1,...,n), contains a
vector field Ay, four gauginos 44, 4;, and three complex
scalar fields ¢;45.

Therefore the model features n, = 3 4+ n vector fields
and 3 x n complex scalar fields spanning a complex scalar
manifold of the form

G SU(3.n)

Mscalar = ﬁ = W s

(2.1)

the isotropy group being locally isomorphic to the product
of the R-symmetry group Hyp = U(3) and the group
H e = SU(n) acting on the vector multiplets only.

The electric-magnetic duality symmetry.—The global on-
shell symmetry group of the ungauged model is the isometry
group G = SU(3,n) of the scalar manifold, provided its
nonlinear action on the scalar fields is combined with a
symplectic, electric-magnetic duality action on the vector
field strengths and their magnetic duals.

The symplectic duality action of G on the electric and
magnetic charges is defined by the representation

Z,=(3+n)®3+n). (2.2)

The representation (3 + n), in turn, branches with respect
to the subgroup H as follows:

(3+n)— 3.1 & (Ln). (2.3)

There is an obvious complex basis of the representation
space of #,, in which the action of the group G is block
diagonal. A vector in this basis is denoted by

V= (VA V,), VA=(VAB V), V,y=(V&)", (24)
where VAB is a complex vector in the representation
(3.1)_, of H while V, transforms in the (1,n),s of the
same group. In this basis a representation of a generic
element T = (T,%) of SU(3,n) in its fundamental repre-

sentation (3 +n) has the form
(o 1)
0 7°)°
where T satisfies the defining condition T7yT =g,
n = diag(+1,+1,+1,-1,...,—1). The structure of the
matrix 7 in terms of H-covariant blocks is

(2.5)

TP T
7 ("8 ABJ ) (2.6)

TICD TIJ
The drawback of this basis is that the matrix 2, [T],," is not
symplectic.1 The real symplectic representation of G in
terms of matrices in Sp(2(3 + n), R), is obtained through
the following change of basis:

VM — (ﬂ/*ﬁ)MdVﬁ, (2.8)

where we have denoted a vector in the real symplectic basis
by VM = (VA V,) and the matrices & and &/ are given by

3 n 3 n
3 1 0 0 0
0= n 0 0 0 1]
3 0 0 1 0
n 0 1 0 0
. 34n3+n
of = — 1 il 34+n .
ﬁ( 1 —i1> 3+n

o7 being the Cayley matrix and each block in its matrix
representation has dimension (34n)x(3+n). We denote by
R|T),," the representation of a generic element T of G is
the new real basis. It defines an embedding of G into the
group Sp(2(3 + n),R)

Z: G- Sp(2(3 +n),R)

&V TeG: R -C-ZT)=C, (29)

where

(5)

C= .

-1 0

The real symplectic basis is the one in which the vector
field strengths F2, = 0,A) — 0,A, together with their

magnetic duals Gy, transform, as components of a single
symplectic vector:

'Notice that in this complex basis the matrix X,[T] is
symplectic with respect to an antisymmetric 2(n+3) x2(n+3)
matrix C, of the form

_(0 7
= (2 1)

Indeed the reader can verify, using the property 77#T = p, that
X,|T|'C,%,|T) = C

(2.7)

n:
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TABLE I. Relevant representations with respect to G and H. The fermions 4;4, and A; have opposite chirality.
Aﬁ” Y Au X A1a A F ﬁuB F ;Iw
G (3+n)+(3+n) 1 1 1 1 1 1
H (1.1), By Dy Gy (Lmws G, (LA
2 n n "

(2.10)

the dual field strengths G, being defined, as usual, in the
following way:

6L
GA;w = _6;41//)(7 W .
po

(2.11)

The electric-magnetic duality action of an element 7 in
SU(3, n) is effected as follows:
GM — GM = Z|T)"' MG, (2.12)
We shall collectively denote by Aﬁ” the vector of electric
gauge fields and their magnetic duals, so that, locally,
GM = dAM. The representations of the various fields with
respect to G and H ~ Hp X H 4, are given in Table L.
The coset geometry—The scalar fields ¢ = (¢*) are
described in the theory by a coset representative L(¢) €
SU(3,n) so that the action on ¢°, by an element T €
SU(3, n) of the isometry group of the scalar manifold
T: 4 > ¢ = ¢ (4), (2.13)
is defined by the left action of 7" on the coset representative,
modulo the right action of H, namely, by the equation
T-L(¢p) = L(¢)-h(e.T), (2.14)
where h(¢,T) is a compensator in H. The Lie algebra
g = 3u(3,n) of G can be written, according to the Cartan
decomposition, as the direct sum of its maximal compact
subalgebra $ = u(3) @ 8u(n), generating H, and the
subspace & of noncompact generators:
g=9H0 K. (2.15)
We shall find it convenient to choose for the scalar manifold
an H-covariant parametrization, which amounts to choos-
ing the coset representative as follows:
L(¢p) € ¥, (2.16)
namely, the scalar fields ¢* to be parameters of the non-

compact generators & C g. Being [, 8] C &, & supports a
representation of H and, in the chosen parametrization, the

scalar fields transform under H in the same representation.
This representation is the (3,n), + (3,n)_;, where k =
1 +3/n and the scalar fields have the following index
structure:

ABS = (¢ABJ>*-

According to the general theory of coset spaces, in terms of
L(¢) we can construct the left-invariant 1-form Q(¢) with
values in g:

¢ = (¢ABJ’ ¢ABJ)7 (217)

Q(¢) =L7"dL(¢) = 2(¢) + Z(¢).  (2.18)

where 2, & are the projections of Q on the subspaces $)
and K, respectively. The 81(3, n)-Maurer-Cartan equations
dQ + Q A Q =0 imply the following relations:

R =d2+2N2=-P AP,

DP=dP+9NP+PNL2=0, (2.19)
where R[2] is the curvature 2-form, with values in §, while
D defines the exterior H-covariant derivative acting on .
The H-irreducible components of 2 and & can be read
from the matrix form of € in the fundamental representation
of G:

9,,.CD
Q:( AB gZABJ>’ (2.20)

(@ICD Ql"

where P 5, = (P2148)* We further define 248! = (2, 5,)*
and P = (2/48)*. The Riemannian metric on the
scalar manifold can be computed as follows:
Gy(p)dp® ® dp' = PP P ypy,dd® @ dgp'. (2.21)
The coset representative can be evaluated as a symplectic

matrix in the & representation: We shall also equivalently
describe 248! by the tensor P, = §eapc P5C.

ZIL(P)] = (L(#)u")-

Similarly Eq. (2.14) can be written in terms of matrices in the
same representation. We choose the symplectic basis so that
the compensator in (2.14) is represented by an orthogonal
(6 +2n) x (6 + 2n) matrix Z[h(¢,T)]. Since the coset
representative is acted on from the left and from the right
by two different groups, namely, G and H, respectively,

(2.22)
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we can refer the corresponding indices to two different bases.
We choose in particular the real basis for the left index and
the complex one for the right index, so as to define the
matrix L(h) = (L()y).

One can define on the scalar manifold the follow-
ing (6 + 2n) x (6 + 2n) symmetric, symplectic, negative-
definite matrix (summation over N being understood)

M(¢) = =L(¢) - L(#)" = =L(#)y™(L(#)NY)". (223)
which encodes the nonminimal couplings of the scalar
fields to the vector ones. Under an isometry 7 € SU(3, n),
which maps ¢ into ¢'(¢), the matrix M (¢) transforms as
follows:

M) = Z[1)- M) - ZIT). (2.24)
as it can be verified by applying Eq. (2.14) in the relevant
representation, together with the property that %, [h(¢., T)]
is unitary (orthogonal in the real basis).

The definition of the dual field strengths G,,, can be
encoded in a symplectic covariant condition on GJ7 known
as the twisted self-duality condition [24] (we suppress the
spacetime indices for convenience):

GM = —(C- M(¢))M\GV. (2.25)
One can verify that the group G is a global symmetry of the
field equations and Bianchi identities provided the action of
a generic isometry 7' € G on the scalar fields is combined
with a symplectic duality action (2.12) on the vector field
strengths and their magnetic duals and with the action of
the compensating transformation A (¢, T) on the fermionic
fields in the appropriate H representation [25].

B. The gauged model

So far we have been dealing with the ungauged N = 3,
D = 4 models, focusing on their main features and, in
particular, on their on-shell global symmetry properties,
encoded in the group G = SU(3,n). Supersymmetry
requires these models to have no scalar potential and thus
the only vacuum is a Minkowski spacetime with 3n
complex scalar moduli. Nontrivial dynamics for the scalar
fields, encoded in a scalar potential, can be introduced,
without manifestly breaking supersymmetry, through the
gauging procedure, which amounts to introducing an
internal gauge group G and corresponding minimal cou-
plings of the vector fields to the other fields (see [17] for the
original construction of N' = 3, D = 4 models with electric
gaugings). Although in the present work we shall focus on
a specific gauging and study the corresponding vacuum
structure, we describe in this section the general duality
covariant formulation of the gauging procedure based on
the embedding tensor [19-21,26]; see [22,23] for reviews.

The gauging procedure consists of promoting a suitable
subgroup G of the global symmetry group G of the
ungauged theory to local symmetry and in modifying
the Lagrangian and the supersymmetry transformation laws
in order for the resulting theory to feature the same amount
of supersymmetry as the original one (N = 3 in our case).
Gauging a group G requires the introduction of minimal
couplings of the vector fields to the other fields. This, in
general, would break the original electric-magnetic duality
symmetry G of the ungauged model. In the embedding
tensor formulation of the gauging procedure, we keep a
formal G covariance of the field equations by encoding all
the information about the local embedding of G inside G in
a G-covariant tensor ©. This formalism requires a certain
level of redundancy in the description of the theory by
introducing, aside from the electric gauge fields A,’}
corresponding to gauge generators X,, also magnetic
ones Ay, gauging the generators X" and two-forms B, =
(Bg)» @ =1, ...,dim(G), in the adjoint representation of
the global symmetry group G. Grouping the electric and
magnetic vectors, as well as the corresponding gauge
generators, in symplectic vectors Aﬁ” , Xy, respectively,
we can write the gauge connection as follows:

Q,, = gAllXy,, (2.26)
g being the coupling constant. The condition that the gauge
algebra of G be a subalgebra of G in turn requires that the
gauge generators X, be linear combinations of the global
symmetry group generators f,:

XM - @Mata. (227)
This defines the embedding tensor ®,,* which encodes all
the information about the choice of G inside G. This object
formally transforms in the product % x Adj(G) of the
symplectic (electric-magnetic) duality representation %
of G times its adjoint representation. Consistency of the
gauging procedure, namely, the possibility of constructing
a locally G-invariant, A/-supersymmetric action, requires ©
to satisfy linear and quadratic constraints. These are best
expressed in terms of the tensor

Xun® = Oy " Zt,)\".
The linear constraint reads
X(MNRCP)R — 0 (228)

The quadratic constraints are two:

The electric-magnetic duality representation % being sym-
plectic, Z|t,] are symplectic generators and thus satisfy the
following condition: Z[t,],,"Cyp = Zltaln" Carp-

066012-6



GAUGED N = 3, D = 4 SUPERGRAVITY: A NEW WEB ...

PHYS. REV. D 106, 066012 (2022)

(a): [Xu. Xn] + Xun"Xp =0, (2.29)

(b): CM"N@,%0," = 0. (2.30)
The former expresses the property of ® being gauge
invariant and implies that the gauge fields transform under
the duality action of G, as a global symmetry group, in its
co-adjoint representation. The latter condition (2.30) guar-
antees that no more than the number n,, of the vector fields
of the model are involved in the gauging, namely, that there
are no more than n, linearly independent gauge generators
X - This condition, in particular, implies the existence of a
symplectic frame (related to the original one by a sym-
plectic transformation) in which the “magnetic” compo-
nents @\* of ® are zero (“electric” frame). It can be shown
that, for A > 3, condition (2.29) implies (2.30), while in
the maximal theory, A/ = 8, they are equivalent.

Spacetime derivatives in the action are then replaced by
covariant ones:

9, = 0, — Q. (2.31)

and the Abelian field strengths by non-Abelian ones:

0,AM = 0,AM — 9, AN — 0,AM + gXypMANAL. (2.32)

12

This, as far as the scalar part of the action is concerned,
requires considering the gauged Maurer-Cartan vielbein

and connection matrices éz, 2 on the scalar manifold. The
latter are constructed out of the gauged Maurer-Cartan left-
invariant 1-form, in the complex basis (2.5), as follows:

A

Q=L (d-Q)L =P +2,  (233)

where 22 = Q + Q' and 2.2 = O — O are the noncom-
pact and compact components of €, respectively. In other

words, & is the gauged vielbein and 2 is the gauged
H-connection in the real symplectic representation.
The gauged scalar kinetic term reads as

1
e_l-i/ﬂscal,kin = Eg”@”qﬁr.@”qﬁs

= %Tr(ﬁﬂ” P = P (2.34)
where e = \/|det(g,,)| and Z,¢* = 9,¢* — gAN OF, k5, is
the gauge covariant derivative of the scalar fields, &, being
the Killing vectors of the scalar manifold isometries
generated by 1,

The vector kinetic terms in the Lagrangian read

1

-1 —
€ zv.kin - 4

1
IAzH{}DHzﬂy + %RAzé‘ﬂyTyHlj}bH%},. (235)

The symmetric matrices Z ys and R,y are derived from the
symplectic matrix M (¢) defined in (2.23) as follows™:

RI'R+Z -RI!

M= LIt — (
IR 71

>. (2.36)

HA is the electric component of the symplectic field strength
HM = FM + 4CMNOYB,, FM = dAM + 41X pMAN A AP
being the symplectic non-Abelian field strength of AY. In
general, this latter is not gauge covariant since the gene-
ralized gauge structure constants X yv” = Xpn” + X (uw)”
do not satisfy the Jacobi identity whenever the symmetric
component X(MN)P is nonvanishing. The auxiliary fields
B, and their suitably defined gauge variation, must be
introduced in order to define the gauge covariant field
strength G = (HA, G,). G, = —eﬂw,,,% is the dual
of HA.* In terms of G we obtain the equations of motion
for A} (which comprise the field equations for the electric
vector fields and the Bianchi identities):

égmatter

077, Gly = 2CMN =50
"

(2.37)

where -2 aier denotes the part of the Lagrangian describing
the coupling of the vectors to the scalar and fermion fields.

Gauge invariance of the action and supersymmetry
require the addition of order-g topological terms and
Yukawa terms to the action as well as an order-g> scalar
potential V(¢). The Yukawa terms have the following
general form (we use the notation of [23]):

e Lyukawa = 9(21/7;‘7” “wBS,p + ATy l//AﬂNIA

—+ ZI),IMIJ) —+ H.C., (238)
where A7 is a collective symbol to describe the positive-
chirality spin-1/2 fermions

/11 = {/IIA?/V’)('}'

As usual, in the Weyl representation, the positive-chirality
spinor fields A7 are the charge-conjugate of the negative-
chirality ones. The quantities Sy = Sps, Nz and Mz,
as well as their complex conjugates S8 = (S,3)",
N, = (NA)*, MET = (Mz;)*, are H-covariant tensors
that depend on the scalar fields and (linearly) on the
embedding tensor. The same quantities uniquely define
the scalar potential that satisfies the so-called potential
Ward identity:

*Recall that we have chosen the symplectic basis so that
Z[H] € SO(6 + 2n).

This is true once the field equations for B, are implemented.
The latter imply the identification of H, and G,.
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53V () = (N N — 1284CSpc). (2.39)
Besides order-g and ¢*> modifications to the action, the
gauging procedure also requires additional order-g terms in

the supersymmetry transformation laws of the fermion
fields:

5WA[4 = DﬂeA + igSAB}/”GB + ey

67 = gNAe, + ... (2.40)
Note that all the modifications of the action and the fermion
supersymmetry transformation laws implied by the gauging
procedure are defined in terms of the composite fields S,
Nz4, and My 7. These H-covariant tensors in N =3
supergravities are

SABZSBAv NIAB, NAI, NA’ M[Ajs M.’IA, M.’], MIA.JB’
(2.41)

and are components of a single H tensor called the T fensor,
defined in terms of X,, and L as
Tyn? = (L"), 2L Z[X]L) 2. (2.42)

The T-tensor Ty~ being the transform of X,y " via L', it

satisfies the same linear and quadratic constraints as the
latter:

The former selects, within the product of Z x Adj(G), the
representation (using the Dynking label notation)

(0,1,0,...,0,1) @ (1,0,...,0,1,0)  (2.45)

corresponding to the tensors

Tast =Tagh T = (Tpeh)' = TR
respectively. The underlined indices refer to the complex
basis (2.5) and run from 1 to 3 + n. The fermion shift
tensors and the mass matrices (2.41) are identified with
the H = S[U(3) x U(n)]-irreducible components of T,sT,
TAZ.. The precise relations are given in Appendices B
and C. In particular the fermion-shift tensors entering are
expressed in terms of the components of the 7-tensor as
follows:

Sap = —§€(A|CDTCDB),
NB — 'H'EBE
Ner = eapc T,

NIAB == _Z—H—IAB + —l]—lcchB. (246)

There are differential relations among these H-tensors
named gradient flow equations [23,27]. They are found
by decomposing in irreducible H components the general
relation:

DUun" = =2 Py Ton" + [T.Z[Z]]\",  (2.47)
where D is the H-covariant derivative. The above equation
is obtained from the definition of the 7 tensor and
Eq. (2.18) in the & representation.

Finally the quadratic constraints (2.44) also imply the
potential Ward identity (2.39) which, specialized to the
N = 3 models under consideration, reads
NANB+NAINB]+N1CBNICA_12§AC§BC:5§V’ (248)
where, for the sake of notational convenience, we have
absorbed the coupling constant ¢ in the definition of the
embedding tensor and thus in the fermion-shift tensors. This
identity is necessary in order to preserve N’ = 3 supersym-
metry of the gauged action to quadratic order in the
embedding tensor. For a derivation of the potential Ward
identity from the quadratic constraints see Appendix A.

C. General mass formulas

We give below the general mass formulas for the
fermionic and bosonic fields in a given vacuum of the
model. On this background the vector and fermion fields
vanish, while the scalar fields take constant values
¢o = (¢) which extremize the scalar potential:

d
N, (2.49)
a9 p=do

The value Vy = V(¢hy) of the scalar potential in ¢, defines
the cosmological constant: A = V;. We shall study vacua
of anti—de Sitter (AdS) type, for which V, < 0. In this case

the AdS radius L is given by L = , /—‘;io.

1. Scalar masses

The scalar masses can be computed on the vacuum ¢, by
expanding, up to second order terms in the scalar fluctua-
tions around ¢, the scalar-field part of the gauged action

L s = 3T DY V(). (2.50)
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where the kinetic part was defined in (2.34). The square-
mass matrix for the scalar fields then reads

M(scal)rt — s ajv - .
00" | =g,

(2.51)

The squared-mass spectrum of the scalar fields on ¢ is

then given by the eigenvalues of M !,

2. Vector mass matrix

The masses for the vector fields originate from their
minimal couplings to the scalars. By using the twisted self-
duality condition (2.25)

*G=-C-M-G, (2.52)
which holds also for the gauged field strengths GM, and
restricting only to the couplings of the vector fields to the
scalar ones, one can rewrite Eqgs. (2.37) in the following
form

My Z°GN = POLKLY, kSO AN, (2.53)

From this we obtain the vector squared-mass matrix on the
vacuum

M(vector)PM _ gzﬁ[L_‘]QP«@[L_']QN%/NM

= — P (M- )P, (2.54)

where

H iy = OYkiY k0| e (2.55)

The eigenvalues of M(°)? will correspond to the vector
squared-mass spectrum.’ Let us observe that det(M (Ve

det (Z|L7"] - # - Z|L~T]). This allows us to compute the
vector mass spectrum as the eigenvalues of

2
vector g
pMeeton) — (T Ty + T, (Ty)"). (2.56)

Indeed,6

L%/MN = %TY(KMKN), (257)

where

*Note that this spectrum does not depend on the symplectic
frame. Since, by virtue of the quadratic constraint on the
embedding tensor, we can always rotate the latter to the electric
frame in which ®* = (. Because of the quadratic constraint, half
of the eigenvalues of the matrix M (") vanish.

%See also Eq. (2.34). Naively, we trade the scalar product on %
with the trace on the &% symplectic representation.

| =

Ky =5 (ZL]™" - Xy Z[L] + (Z[L]™" - Xy - ZIL])T)
is the projection of the adjoint action of L on X,; along its
noncompact component.

D. Fermionic masses

The masses for the fermion fields originate from the
Yukawa terms (2.38). As mentioned earlier, the tensors
Sug, N%, and Mz ; are defined as components of the T
tensor.

1. Gravitinos masses and supersymmetry breaking

Let us choose as fermionic vacuum (y) = (A7) = 0.
In order to preserve the supersymmetry generated by €, 04

we must have

(6wau) = Vyea +iSaplp_g,ru€® =0,  (2.58)

<5/1_’[> - N%|¢:¢0€A - 0 (259)
Let us assume that the vacuum is A/ supersymmetric,
0 <N’"<3. Then, we have N’ Killing spinors e,
a: 1,...,N'. Integrability of Eq. (2.58) implies

Vo
SaAgbA |¢:¢0 - = —52

o (2.60)

While from Eq. (2.59) we obtain N = 0. If the vacuum is
N’ = 3 supersymmetric, then the gravitinos mass matrix
SS*|4—4, Will be proportional to the identity with eigen-

values mﬁ, = —%. When V, <0, this will correspond

to AdS-massless gravitinos, as expected in the case of
fully preserved supersymmetry. Indeed, the goldstinos
na < N%A7 vanish in that case.

2. Fermionic matter masses

Upon the redefinition,’

A A i S 4 C
l//” - l//M +— < . V. ) }/,url ) (261)
126\SS* + $ 15,3/

we obtain the linearized equations

1 S
i, r = 2M1 7 — = _—— NANB>/1‘7
! o ( w7 3 ;(SS* +%13X3>AB mJ

"In other words, we reabsorb the massless goldstinos in the
gravitinos. The sum is intended over the nonvanishing goldstinos
components, the one corresponding to a nonsingular sub-block of

SS* + 12 13,3.
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So we compute the fermionic matter mass spectrum as the
eigenvalues of MM}j.

III. THE MODEL WITH GAUGE
GROUP SO(3) x SU(3)

After having given, in Sec. II, a general review of the
D = 4, N = 3 gauged supergravity in the duality-covariant
formulation, we focus here on the special choice of the
gauge group G = SO(3) x SU(3) which, as discussed in
the introduction, is the natural candidate to describes the
AdS, vacuum resulting from a Freund Rubin compactifi-
cation of eleven dimensional supergravity on N%1'0. As we
shall see, from inspection of the vacuum structure of
the model, besides the latter vacuum, a rich web of new
vacua arises.

A. The model

We shall restrict ourselves to electric gaugings, namely,
to an embedding tensor with only electric components @, ¢
(@ = 0), since we have verified that a dyonic gauging of
the same group does not lead to new physical properties of
the model.

The quadratic constraints (2.29) require the branching of
the representation % of G with respect to the subgroup G
to contain the adjoint representation of the latter, which
defines the gauge vector fields among the 3 + n vectors. As
pointed out in the introduction, we choose the model with
n =9 vector multiplets so that the fundamental represen-
tation of G = SU(3,9) branches with respect to G as
follows:

SO(3)xSU(3
222 3 e a8 @11, (3.1)
The last singlet on the right-hand side represents the Betti
multiplet.
The 54 real scalar fields span the manifold:
SU(3,9
Mg = (3.9) (3.2)

S[U(3) xUO))

and all belong to the vector multiplets.

The gauge generators X, are expressed in terms of the
isometry ones ?, through the embedding tensor, as in
(2.27). Denoting by #,, £ =1,2,3,and 7,,, m = 1,...,8,
the infinitesimal isometry generators of the groups SO(3)
and SU(3), respectively (see Appendix D for the matrix
form of these generators in the fundamental representation
of the corresponding groups), we can define the gauge
generators X,, X, as

*With respect to (2.26), G is the direct product of two simple
groups so that we can introduce two different coupling constants,
one for each factor.

Xp = glif’ X = gZ;mv (33)
where we have denoted by g, g, the coupling constants
associated with the two groups (in other words, in the
chosen basis of the isometry generators, the embedding
tensor is diagonal with entries g; and g, ). These are the only

nonvanishing components of the symplectic vector of

generators X,:

XA =0,

{XA} = {Xf’Xm’XA:lZ = 0}

The representation %, of 7, and 17, in the complex

basis (2.5) reads

adj(?) O30 O3x3 Os3x9
%n[?] _ 09x3  Ogyg O?Xf 099 P € 80(3),
O30 O3x9 adj(z)" 0349
Ogx3  Ooxo  0Ogxz 0oy
(3.4)
033 0358 0 0353 03,3 O
Ogx3 3dj(i) 0 Ogxs Ogxg O
A 0 0 0 0 0 01.
K1) = 1€ 3u(3).
033 0358 0 03,3 03,5 O
O3 Oges O Ogy3 adj(?) O
0 0 0 O 0 0
(3.5)

The 12 vector fields transform, with respect to G =
SO(3) x SU(3) in the representation
Al’}: (3,1) & (1,8+1), (3.6)
while we can choose an H-covariant parametrization of the
scalar manifold (3.2) in which the scalar fields have the

index structure {¢*} = {¢"", ¢”} and transform under G
in the following representations:

¢ 3.8)[¢""] @ (3.1)[¢"] +cec.

IV. CONSISTENT TRUNCATIONS AND TWO
CLASSES OF VACUA

The scalar potential is a complicated nonlinear function
of the 54 scalar fields and is therefore very hard to
extremize in general. Thus it is often useful to restrict to
consistent truncations of the model characterized by a
lower number of scalar fields. Consistency of the truncation
then guarantees that the extrema of the scalar potential
found in the smaller model, are vacua of the full theory. A
consistent truncation can be defined by all the fields that are

066012-10



GAUGED N = 3, D = 4 SUPERGRAVITY: A NEW WEB ...

PHYS. REV. D 106, 066012 (2022)

singlets with respect to a subgroup of the gauge group (or,
in general, a subgroup of the duality group that leaves the
embedding tensor invariant). We shall consider two con-
sistent truncations characterized by three complex scalar

fields each, spanning a manifold of the form [S%((ll’)l)f. Then
we study extrema of the potential restricted to these
subspaces and find two compact hypersurfaces of vacua

(not systematically discussed in the literature so far). They

SU(I,I)]3

u(1)

submanifold inside M. To characterize them we consider
the Cartan decomposition (2.15). The generic element
k € K of the coset space & has the following block form
in the fundamental representation of the 3u(3,9) Lie
algebra

are defined by two different embeddings of the [

03><3 X3><9
k = + s X e Mat3X9(C). (41)
Xo.3 | Ooxo

Then the two embeddings are defined as

{%r & Ms: (21,22.23) P exp(k) (42)

with X for the two embeddings given by

zz70 0 00 0O OO
Type(i): X=[ 0 z 0 0 0 0 0 0 0|,
0 0 z3 0000 0O
(4.3)
00zz 00 0 0 0 00O
Type(ii): X=]10 0 0 0 z, 0 0 0 O
0000 0 0 =z 00
(4.4)

The above two choices of X define two three-dimensional
complex subspaces of & defined by the singlets with
respect to two discrete subgroups (stabilizers) of
G = SU(3,9), which leave the embedding tensor invariant.
The stabilizer is defined as the subgroup of G, whose
elements leave Kk invariant:
g 'kg =k, g €G. (4.5)
The 12-dimensional (including the decoupled Betti
multiplet) adjoint representation Ad(G) of the gauge group
has a homomorphism into the fundamental representation
of G. The image of the generators in the fundamental
representation J; € 80(3), id;/2 € 3u(3) (see Appendix D
for their definition) under this homomorphism will be

denoted J; and 1;, respectively. Then the stabilizer sub-
group fixing k corresponding to type (i) embedding reads’

A A

Type (i): g = exp(x(J, + 1)) € SU(2),, € Ad(G) € G,

g2 = exp(n(J2 + 42)) € SU(2), C Ad(9) C G,
(4.6)

while the stabilizer subgroup fixing k associated with
type (ii) embedding takes the form

Type (ii):
g, = diag(1,—-1,-1,1,1,1,—-1,-1,-1,-1,1,1)

= exp(z(=J; +24,)) € SO(3),, C Ad(G) C G,
g, = diag(—1,1,-1,-1,-1,1,1,1,-1,-1,1,1)

= exp(z(=J, 4+ 2Js)) € SO(3),, € Ad(G) C G,
gy = diag(1,—1,-1,-1,1,-1,1,-1,1,-1,—1,-1)

ZAd(G) cG. (4.7)

The fact that the Lie algebra generators k are unique
singlets under these discrete transformations allows us to
restrict to a minimal truncation of the theory, described just
by the three complex scalar fields z;.

Let us briefly comment on the structure of these two
discrete groups. For Type (i) the two generators form the
quaternionic group Q, where the map to the usual notation
is(g; — i, g, — J). For type (ii) each generator forms a Z,
group, hence the full discrete group is Z, x Z, x Z,. Letus
observe that in both cases the order of the discrete group is
8, however, there is a crucial difference: in the type (ii) case
we need to use an element gz outside (the adjoint
representation of) the gauge group. This is fine because
the adjoint g5 action leaves the X-tensor invariant.'’

The second point of view is that the two types of vacua
[derived within type (i) and (ii) consistent truncations] have
very specific gauge group breaking patterns. As will be
explained later, in some sense they correspond to precisely
two different preserved non-Abelian subgroups of the
SU(3) factor of the gauge group

°In the expressions below we slightly abuse notation, the
SU/SO groups are meant to represent the image of their adjoint
representations under the homomorphism.

"°One can understand this in the following way: in both cases
the SO(3) factor of the generators represents a rotation by 7z
around different axes, the SU(3) factor involves the spinorial
representation of SO(3) in the type (i) case, while this is not true
in the type (ii) case. Hence, the two generators in the type (i) case
really represent a rotation by z/2 around two different axes. On
the other hand, in the type (ii) case g; and g, are not enough to
obtain the necessary discrete group, since they square to the
identity.
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SU(2) generated by {4, 4, 43}

(4.8)
SO(3) generated by {4,, 45,17}

SU@3) o {

In order to compute the relevant quantities (in particular
the scalar potential), we associate with k the coset
representative L,

L = exp(k). (4.9)
From L we can in turn compute the T-tensor [see (2.42)]—
the fundamental object which contains the fermionic shifts
(which are the building blocks of the scalar potential)
together with mass matrices of fermions. Once we have the
T tensor we project to the fermionic shifts using formu-

las (2.46). The scalar potential is finally obtained from the
Ward identity (2.48)

1
V|singlet = gTr(NA NA + NAINAI

N ANIC, — 128, SAC) (4.10)

‘ singlet*
|

It is useful to write the three complex scalar fields of the
two truncations, appearing in (4.3) or (4.4), as follows:

zj = rjexp(ia;), j=1,2,3,

where r; € Ry, and a; € [0,27). (4.11)

In this parametrization, denoting by ¢" the six real scalar
fields {rl, ry, 3, a1, 0, a3}, the coset metric reads

3

ds> =9, (p)dp"dep® = Z <2drl-2 +%sinh2(2r,»)da,»2>.

1

(4.12)

For the type (i) model the potential is computed to be

V(ri,a;) = ¢3(=3 — 2 cosh (2r3) — cosh (2r;)(2 + cosh (2r,) + cosh (2r3))
—cosh (2r,)(2 + cosh (273))) + ¢5(3 + cosh (2r,) (=2 + cosh (2r3))

while for the type (ii) model it takes the following form

V(ri,a;) = ¢2(=3 — 2 cosh (2r3) — cosh (2r;)(2 + cosh (2r,) + cosh (2r3))

— 2cosh (2r3) + cosh (2r;)(=2 4+ cosh (2r,) + cosh (2r3))), (4.13)
—cosh (2r,)(2 + cosh (2r3))) + gf (3 4 cosh (2r,)(—=2 + cosh (2r3))
—2cosh (2r3) + cosh (2r1) (=2 + cosh (2r,) + cosh (2r3))). (4.14)

Note that the above expressions do not depend on ;. Since these angular variables are not Goldstone bosons, they

correspond to genuine flat directions.

Now, by virtue of the gradient-flow equations, the potential in (4.13), (4.14) can be reinterpreted in terms of a
“superpotential”’; such a superpotential, W, is strictly dependent on the eigenvalues of the fermionic shift S, 5, which are

given by

Type (i): Sap = 6as <91

J=
3

Type (ii): Spap = dap (91
J=1

with ap # ac # ap. In both type (i) and (ii) truncations,
we can construct the superpotential W(r;,a;) in terms
of the modulus of any of the diagonal entries of S,p

(e.g., Spy):

W(l"i,(li) :2‘§AA| (417)

3 3
cosh(r;) — gye'-antactan) H sinh(rj)>, (4.15)
= =l
3
cosh(r;) —g—zze“‘“ﬁaﬁal’) Hsinh(rj)>, (4.16)
i

[
The scalar potential is defined through the “superpotential

equation”

0

Vi) =297

d
W(r;, aj)aTSSW(rj,a») - 3W(r;, a;)?,

(4.18)
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which holds both for type (i) and type (ii) vacuum. Notice
that the dependence on ¢; drops out in the expression of the
potential. For this reason we can define an a;-independent
superpotential as follows:

Wo(ri) = W(ri,a; = 0), (4.19)
in terms of which the potential reads
3./ 9 )

V(r) = ; (a_riWO) —3W2. (4.20)

We shall use this function to derive the domain wall
solution in Sec. VI. In contrast to the analogous results
in the literature, we find a scalar potential with three flat
directions (i.e., not Goldstone bosons) when restricted to
the above defined truncations. In the dual CFT, these flat

|

Type (i): V(r, a1, a2, a3) = V(r) = =12[g3cosh*(r) — g3sinh*(r)],

Type (ii): V(r,a, ap, a3) = V(r)

The extremality condition %

2

T 1) Fype = =
ype (11) rVdC 2

We see that we have one isolated vacuum that exists for all

) (92 +2g;
Og _—

directions are natural candidates for exactly marginal
deformations. In fact, the three angles will parametrize
two 3-tori (T?l.), T?ii)) of vacua, to be discussed below.

Although the potential at these extrema does not depend on
a;, the amount of preserved supersymmetry does, thus
realizing a phenomenon of spontaneous supersymmetry
breaking through marginal deformations. To our knowl-
edge, these manifolds of vacua of the ' = 3 model under
consideration, preserving different amounts of supersym-
metry, have not been discussed in the literature so far. Let us
discuss them in detail.

Inspection of the gradient of the potential shows that one
can consistently set ry =r, =r; = r.'! This allows us to
write a more compact formula for the scalar potential to be
extremized

(4.21)
&
—IZ{g%COSh“(r) —Zzsinh“(r) : (4.22)
= 0 determines the following three distinct values r = r,,, for r at the extrema:
T N 1 9+ 0 3 .
ype (i) ry,e = =log = T, of extrema: g, > g, (4.23)
92 — 9
) = T<3ii> of extrema: g, > 2¢;, (4.24)
9 — 24
Origin: r,,. = 0 = isolated extremum: V g, g5. (4.25)
Origin: V|, = —12g}. (4.28)

values of the couplings g, g,. It is located at the origin O
of the scalar manifold as expected. Aside from it there are
two types of nontrivial vacuum manifolds: both of them are
three-tori 7° parametrized by (a;, a,, a3), though embedded
differently into the scalar manifold Mg. The type (i) and
type (ii) 73 vacua only exist for g, > g; and g, > 2g,,
respectively. The corresponding values of the scalar potential
V (i.e., the cosmological constants at the extrema) are

99
Type (i): A=V|, =-1252, (4.26)
vac gZ _ gl
2 2
Type (ii): A=V|, =-125012_ " (427
vac gz — 4g]

"The other vacua of the truncations have r, = r; = 0 (when
g1 = 0)or r; = ry and r3 = 0 (modulo permutations of the radii).
They correspond to supersymmetric Minkowski vacua or to non-
supersymmetric and perturbatively unstable AdS vauca respectively.
The first case corresponds to a model with ungauged graviphotons.
Here we shall focus on perturbatively stable AdS vacua.

Thus all vacua have a negative constant scalar curvature, as
expected for AdS, spacetime geometries.

We still need to introduce one more refinement since the
discussion above was slightly imprecise. The points of the
tori 73 of type (i) or (ii) are not all gauge inequivalent.
There is a discrete subgroup I' C G of the gauge group that
identifies them. It acts on the (z;,2,,z3) coordinates
introduced in (4.2) in terms of a three-dimensional irre-
ducible representation

-1 0 0 -10 0 1 0 O
Inversions: 0 -10 01 0 0-1 01,
0 0 1 0 0 -1 0 0 -1
010 100 001
Permutations: | 1 0 0 001 010
001 010 100
(4.29)
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The first line represents inversions of all possible pairs of
the z coordinates (shifts of their a phases by x), while the
second line acts by permutations. These matrices generate
the discrete group

F:S4 253 X K4’;/Tg4 ’;’024, (430)
where S, is the symmetric group of n objects, K, ~
Z,x Z, is the Kleinian four-group, T%, ¢ O(3) is the
full tetrahedral group (including inversions) and, finally,
0,4 € SO(3) is the rotational (orientation preserving) octa-
hedral group. The discrete group I" ~ S, can be presented by
3 generators and relations among them. A possible choice of
these generators (in the three-dimensional irrep) consists of
the 3 boxed matrices in (4.29). So the conclusion of this
analysis is that the vacuum manifold M,,. depends on the
couplings ¢;, ¢, and takes the form

G501 @
My =24 91 <0252g11 OUT, /5S4
OUT}, /S4UT], /Ss.

(4.31)
9 >2g,:

We may interpret the appearance of new vacua for the
above ranges of the coupling constants in terms of the
occurrence of phase transitions. As it will be discussed in
the sequel, according to the specific phases, different RG
flows between the above vacua can exist. Next, we will
characterize interesting submanifolds of the vacuum mani-
fold according to supersymmetry or gauge symmetry
breaking patterns.

In order to analyze supersymmetry breaking it is suffi-
cient to study the kernel (or, equivalently, image) of the
generalized fermionic shift tensor N4 of spin—% fields. The
index 7 runs over all spinﬂ; fields in the theory. In the case
of an N =3 supergravity in d =4 dimensions under
consideration it means Z =1,...,37 in the following
order: Z € {1 dilatino, 9 x 1 gaugino R-symmetry singlets,
9 x 3 gaugino R — symmetry triplets}. Then the number
of unbroken supersymmetries in a given vacuum is
determined as

N yoe = dim(KerN4 (4.32)

|vac)'
In light of the potential Ward identity (2.48), the number
of preserved supersymmetries is equal to the number of
eigenvalues S,, of the diagonal matrix S,p [see (4.15)
and (4.16)] satisfying

1
Sml ===

VvV =VYo/12,

where L = \/—3/V, is the AdS radius. Both for type (i)
and (ii), the above condition is met (modulo permutations
in angles «;) for one, two and three eigenvalues when

(4.33)

FIG. 1. Representation of one of the two manifolds of vacua
parametrized by a;, @, a3. There is a residual identification
(4.36) among the points on the plane ay; = 0. The vertices
(=7, —m,—x) and (x, x, ) are also identified.

Nzl a :a2+a3,
sz a; = ay, (13:0,
N=3 ay=a,=ay;=0. (4.34)

All other points break supersymmetry completely. In Fig. 1
we graphically illustrate the structure of both type (i) and (ii)
vacua, parametrized by a;, a,, az, where the identifications
implemented by the group I' are taken into account. The
inversions in this group amount to shifting two angles by +7,
leaving the third unaltered. We can fix these symmetries, as
well as the permutations in I', by restricting the values of the
angles to the following domains:

Dyt —a<ay<ap<a3 <0,

Dz: 0§a3§a2§a1 <, (435)
which are represented in Fig. 1 by the colored tetrahedra.
There is still an identification to be considered among the
points in the shaded region of the graph. It identifies the two
triangular faces of the tetrahedra at a3 = 0 and acts as
follows:

(aj,ar) € Dy ~ (4 + 7w, a; + 1) € D». (4.36)

Hence we can describe the independent A =2 vacua
(a; = ap, a3 = 0) by the segment belonging to D; only.
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Let us now describe the gauge group breaking patterns
in various vacua. To determine the subgroup H, C G of the
gauge group that remains unbroken in the vacuum, one
solves for the centralizer hy € Lie(H,) C 81(3,9) of the
coset generator k in (4.2) evaluated at the given vacuum

{k|vac7 h()] =0. (437)
Equipped with this knowledge let us classify the submani-
folds of M,,. based on the residual gauge symmetry. We

Type (i): g» > g,

systematize the discussion starting from the most generic
submanifolds with least residual gauge symmetry, going to
more restricted submanifolds with bigger gauge symmetry
according to the following chain of subgroups

tc---cHYc.--cHcg  (438)
Below we give the list of special submanifolds of M.,,.,
together with their properties, i.e., topology, preserved

supersymmetry. and residual gauge symmetry

(a1, @y, a3)generic (@ +az, o, a3) (a2, a3,0)
Mye =T3/Sy |D| Mye=T/Ky |D| My=58/2, |2
N =0 CIN=1(m,a3#0)|C| N=2(ws#0) |C
Hy=U(1) Hy =U(1) Hy=U(1), x U(1)
(ay, ar,ay)
My =8'/2, M =pt =0
20N =0 |8 N=3 | (4.39)
{(xl:O:N:3 Hy=G
Hy=SU(2), x U(1)
Type (ii): g, > 2g,
(a1, ap, a3)generic (0 + a3, a0, a3) (a3, a,0)
Mye =T°/Sy |D| My =T/Ky |D| Mye=S8'/2, |2
N =0 CIN =1;(ap, 03 #0) | C|N =2;(ay, #0) | C
Hy=1 Hy=1 Hy=U(1)p
(ap, a1, a1)
My =8'/2, Mype =pt =0
AN =03 N=3 (4.40)
{a1:O:N=3 Hy=¢G
Hy =SO(3),

As we commented in (4.8), Type (i) vacua are associated
with the embedding SU(2) c SU(3) which has a U(1)

“In the following diagrams, the upper inclusion sign captures
the relation between various submanifolds, while the lower one
represents relations among unbroken gauge groups H,. The
inclusion between gauge groups is regular, but this is not always
the case for the vacuum manifolds. For instance, the two circles
(with antipodal identification) are disjoint up to one point that
they share. The first circle is N/ = 2, the second one is N = 0,
and the single common point is actually N = 3.

commutant. Namely, one takes the diagonal combination
of this SU(2) subgroup with the SO(3) factor in the gauge
group [taking also into account the U(1) commutant] in
order to arrive at [see (4.38)]

HY) =sU(2), x U(1). (4.41)
This is the residual gauge symmetry of the S'/Z, vacua
[first box on second line of (4.39)]. The gauge groups of all
other vacua in the type (i) chain are subgroups of this one.
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Similarly, the only other non-Abelian subgroup of SU(3) is
SO(3). The embedding SO(3) c SU(3) has no commutant,
so in this case one arrives at

H) =S0(3),. (4.42)
which is the residual gauge group of highest rank for
type (ii) vacua in (4.40).

Moreover, let us remark that the singlets with respect to
these maximal subgroups H(()1> are the unique ones given
in (4.3) and (4.4) [with the appropriate specification of
phases shown in (4.39) and (4.40)]. To argue this, as a first
step it is useful to remind the branching rules of the adjoint
representation 8 of SU(3) with respect to its only two non-
Abelian subgroups SU(2) and SO(3)

8|SU(3) - (192x26 3)|SU(2)’ (4.43)

8|SU(3) -3 5)‘50(3)- (4.44)
Recall that the scalar fields parametrizing the scalar
manifold My transform in the (3,8 + 1) representation
under G = SO(3) x SU(3). So combining the above
decomposition with the adjoint representation 3 of SO(3)
and restricting to the diagonal subgroups results in

(3.2 x102 %2 3)[soi3)xsu(2)

- (1®2x283x302x4®5)[syp), (4.45)
(3,18 3 ® 5)[s0(3)xs003)

We see that in both cases there is a unique singlet as we
claimed.

Having analyzed the residual supersymmetry of our
distinguished subset of vacua, we move on to calculating
mass spectra in each of these vacua. In the next section
we present a general algorithm for construction of mass
matrices for fields of all spins. Then we apply these
techniques and compute the spectra in all supersymmetric
points and show that they organize into OSp(N/|4) super-
multiplets, for N = 1, 2, 3."

V. ORGANIZING SUPERGRAVITY FIELDS
INTO OSp(N|4) SUPERMULTIPLETS

Here we will show results for vacua that preserve N = 1,
2, 3 supersymmetry. There are, however, N’ = 0 vacua,
which completely break supersymmetry and the mass

Bwe computed mass spectra also for AdS, vacua that break
supersymmetry completely to SO(3,2). However, we are not
going to present these results in this paper.

spectrum of supergravity excitations around these vacua
has been computed as well. However, it is not particularly
illuminating and for this reason it will not be presented in
this paper.

A. General comments on OSp(N\/|4) supermultiplets

To describe supermultiplets we will follow the notation
of [28]. The particular case of OSp(A\/|4) supermultiplets
relevant in this paper was also studied earlier in [29].

We briefly summarize just the necessary conventions and
definitions of [28] useful in our special case. For details,
the reader is kindly asked to consult the original paper.
Supermultiplets of OSp(A/|4) will be classified by Dynkin
labels of its maximal compact subgroup SO(N)g x
SO(3); x SO(2),. The first factor represents the R sym-
metry, the second the (Wick rotated) Lorentz transforma-
tions in three dimensions, and finally the last factor is
generated by the dilatation operator D. At the level of
algebras, we use for the first two factors the isomorphism
80(3) ~ 8u(2), whenever available (always for the spin
part and for the R symmetry if N" = 3). In such a situation,
R and J are understood as 81 (2) weights and the authors
of [28] work in conventions common in math literature
where they belong to non-negative integers, R,J € Z,.
For N =2, the SO(2) ~U(1) R charge takes values in
real numbers, R € R. Finally, if N/ = 1, there is no R
symmetry and states are labeled just by spin and scaling
dimension.

Then a supermultiplet will be denoted by its lowest
weight state

where X = L,A,,A,, By, B,, (5.1)
from which the complete supermultiplet is constructed by
raising operators. As explained above, R is the R-symmetry
charge, J the spin, and A the scaling dimension. The letter X
specifies the type of the supermultiplet: L stands for a
long supermultiplet, A for a short supermultiplet at the
threshold (i.e., its scaling dimension A4 can be continuously
approached from above), while B represents an isolated short
multiplet (i.e., its scaling dimension Az < A, is separated
by a gap).

From supergravity computations at the classical level
one obtains not directly the scaling dimensions, but rather
masses of the particles (here we refer to the uncorrected
mass; the AdS, mass is then obtained by combining this
uncorrected mass with curvature contributions). It is thus
useful to build a dictionary between the uncorrected masses
and the scaling dimensions A or, equivalently, energies E,
depending on whether we are using a gauge theory or

“For N = 3 the scaling dimension and hence the mass is a
function of quantized quantities only—the spin and the R charge.
It cannot receive any corrections and is thus exact.
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gravity language. For particles of various spin it takes
the form

spin A=E,
L3 £ Vo +4m?)
1 13 £ V1 +4m?)
2 (3 +2[ml)

(5.2)

NI—
1L

B. A/ =3 vacua

1. OSp(3|4) supermultiplets

The R-symmetry Lie algebra is 80(3) ~ 3u(2). To label
the states we will use the Dynkin label (R) of 3u(2). We
work in conventions common in the math literature,
namely, (R) € Z. So (1) and (2) denote the fundamental
and the adjoint representation of 8u(2). The remaining
labels of states in a supermultiplet are the spin and the
scaling dimension.

In Appendix Fa we list only those OSp(3|4) super-
multiplets that will be necessary to encompass the super-
gravity excitations in N' = 3 vacua discussed in this paper
(in the tables the R symmetry representation is denoted by
its dimension, i.e., 2 for the fundamental):

2. N =3 vacuum preserving Hy=G

The mass spectrum in this isolated N' = 3 maximally
symmetric vacuum is summarized in Table II. A quick
consistency check employs the Goldstone theorem.
There are 11 unbroken gauge generators and no broken
ones in this vacuum. Therefore we expect no massive
vector fields and 11+ 1 massless ones. The additional
vector comes from a completely decoupled massless vector
supermultiplet—the Betti multiplet. This supermultiplet
will be present in all the following spectra. Later, it will
be included without further comments. The supergravity
excitations can be assembled into the following super-
multiplets of OSp(3]4)

9 @9x B0,
N— —
massless vector
multiplets

Spec = A,[0]" (5.3)

——

massless graviton
multiplet

as can be easily checked by comparing Table II with the
field content of the supermultiplets, which was summarized
in the previous section.

3. N =3 vacuum preserving Hy=SU(2), xU(1) C G

The spectrum at the single A = 3 supersymmetric point
(lying on S'/Z, manifold of vacua, spanned by
a; = a, = a3, invariant under the same subgroup H( of
the gauge group) is shown in Table III. Inspection of the
supermultiplet tables presented in Appendix F a leads to the

conclusion that the spectrum given in Table III is organized
into the following supermultiplets:

Spec = 4, mé‘” ® B0 ®2xB, [0};) ®2xB,[0].
H/;/ massless vector
masslme:]sliﬁz‘l/lwn massive vector multiplets multiplets
(5.4)

A consistency check is provided by the Goldstone theorem.
The gauge symmetry breaking pattern in this vacuum tells
that there are 7 broken generators and 4 unbroken ones.
Hence the number of massive vector fields is 7 and that
of the massless ones is 4 + 1, in agreement with the
above tables.

4. N' =3 vacuum preserving Hy=SO(3), C G

As in the previous case, the vacuum manifold that is
invariant under the subgroup H, = SO(3), is S'/Z,,
spanned by a; = @, = az. Again, there exists a single
supersymmetric point on this circle of vacua that preserves
N =3 supersymmetry. The spectrum at this special
vacuum consists of states listed in Table IV. Comparison
with the supermultiplet tables results in a unique grouping
of the states in Table IV into OSp(3|4) supermultiplets

Spec = A1[1]>0) &) 31[0]56) 2 31[0]54) ® BI[O]<12)-
——

——

massless graviton
multiplet

o~

(5.5)

(ST}

massless vector

massive vector multiplets s
multiplet

Goldstone theorem serves as a check of consistency.
There are 3 unbroken and 8 broken gauge generators
in this vacuum and hence 8 massive and 3 + 1 massless
vector fields. Looking at the tables we see that this is in
fact true.

C. N =2 vacua

1. OSp(2|4) supermultiplets

We have a SO(2) ~ U(1) R symmetry and thus states of
the OSp(2]4) supermultiplets are labeled by the U(1) R
charge R € R, spin and scaling dimension. There are two
independent supercharges with R charge (+1) and (—1),
respectively. The shortening condition for a supermultiplet
can occur for each of them independently. Therefore we
have four different types of shortening conditions: long-
long, long-short, short-long, and short-short.

The next topic we need to discuss is what happens when
the scaling dimension of a long multiplet hits the unitarity
bound. In such a situation it splits into a sum of (partially)
short multiplets. But the content of states is the same on
both sides of the relation. For instance, on the example of a

long massive gravitino multiplet—LZ[l](ARj| k2 When its
2

scaling dimension hits the unitarity bound, it splits into a

066012-17



PIETRO FRE et al.

PHYS. REV. D 106, 066012 (2022)

short massive gravitino multiplet and a short massive vector
multiplet. In Eqs.15

A—R+3
R>0: LL[1]<A>>R+3 LA ]R#EBLAZ[ 0%, (5.6)
R <0: LL[1® A”H’M A,L[0] R
< HA>R+%_’ []R%®2[]R+2

(5.7)

Analogously, a long massive vector multiplet can split into
a short massless vector multiplet and a conjugate pair of
I-hypermultiplets (forming a full hypermultiplet).

In order to decide whether the scaling dimension is
above the unitarity bound or it has been reached, one needs
to compute independently the R charge and the scaling
dimension. We know that the A/ = 2 vacua spontaneously

|

A (00 71110

Spec = A;A 2] @ LL[l ]I (M

S——— —— meg

massless graviton
multiplet long massive

gravitino multiplet

@ <z x LAs[0]” @ 2 x LB, [0\ @ 2 x LB,[0]

L ®LLD)
+3 e

long massie
vector multiplet

breaks the R symmetry to U(1) < SO(3); hence we can
infer the R charges content from the breaking pattern of
R-symmetry representations present in the corresponding
N = 3 vacua. Taking all these comments into account, we
find a unique way to organize the spectra in OSp(2|4)
supermultiplets. In Appendix F b we list the relevant ones.

2. N =2 vacuum preserving
Hy=U(1),xU(1) cSU2)xU(1) c g

The gauge symmetry breaking pattern in this vacuum
takes the form G=SO(3)xSU(3)— Hy=U(1),xU(1).
According to Goldstone theorem the 12 vector fields split
into 9 massive ones and 2 + 1 massless (two gauging H,
and one belonging to the Betti multiplet). The supergravity
mass spectrum displayed in Table V can be arranged into
the following supermultiplets:

@ 2 x A,A4, (0]
N —

massless vector
multiplets

(5.8)

1% —

) @LB[](>)@(R_>_R),

short massive
vector multiplets

where

$—hypermultiplets

Vgt + 4t

— 2g% g3 cos 2a,

mg =

is the mass of the single massive gravitino.

%= 9

3. N =2 vacuum preserving Hy=U(1);, c SO(3), C G

The gauge symmetry G = SO(3) x SU(3) is partially spontaneously broken to H, =

U(1),. We conclude that out of the

12 vector fields 10 become massive, while 1 4+ 1 (one belonging to the Betti multiplet) remain massless.
This agrees with the supergravity mass spectrum shown in Table VI, which can be organized in a supermultiplet structure

given here:

Spec = AIAI[Z](()) @ LL[1 ]( )<
H—/ ‘ (,
ma%ileiﬁ gm\/lton

multiplet long massive

gravitino multiplet

® (Lzo)

N——

long massive
vector multiplet

o L4012 @ LB, & LB,[0% & LB, [0]§1>> ® (R — —R),
——

@ LL0)Y @ A,4,[0]" @ LL[0]"
2 N—— N—— N——

massless vector
multiplet

long massive
vector multiplet

(5.10)

short massive
vector multiplet

long massive
vector multiplet

$—hypermultiplets

>When changing the R-symmetry sign we also need to exchange the role of the left and right components of the supermultiplet, those

corresponding to the two independent supercharges.
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where

) \/16g} + g} — 84143 cos 2a,
mg = 2 2
9 =9

(5.11)

is the mass of the single massive gravitino.

D. M =1 vacua

1. OSp(1/4) supermultiplets

Since the R symmetry is trivial, states of irreducible
representations of OSp(1]4) are labeled just by spin and
scaling dimension. In Appendix Fc we list only six super-
multiplets that will be needed, four long and two short ones.

|

Spec =

e
=

@ L[Z]ASI) @ L[2]A(612) @ 2 XAl[l]% EB 4 x L[l]z EB L[I]A(\/ll) @ L[I]AE})

massless graviton multiplet massive gravitino

multiplets

® L'[0); &2 x L0}, & 8 x L'[0}; & L'[0]) & L'[0] y0) ® 6 x L'[0]

2. N =1 vacuum preserving
Hy=U(1) cU(1),xU) cSUQ2),xUI)cG

The gauge symmetry G=SO(3) xSU(3) in this vacuum
is partially spontaneously broken to Hy = U(1). Thus
there are dim(G) —dim H, = 10 broken generators and
Goldstone theorem implies in this situation that the total
12 vector fields split into 10 massive and 1 4 1 massless
ones (one in the Betti multiplet). Indeed, the above
reasoning complemented by the computation of the mass
spectrum within supergravity, reported in Table VII
leads to a unique N = 1 supermultiplet spectrum in AdS,
(i.e. OSp(1}4))

—— 2
massless vector
multiplets

massive vector multiplets

(5.12)

matter multiplets

When comparing the supermultiplet spectrum (5.12) to
the mass spectrum of supergravity presented in Table VII,

P = 5gt + 56 = 24393 (4 cos(2ay) + 4 cos(2a;) - 3).

Higgs phenomenon has to be taken into account. Namely, (5.17)
the longitudinal modes of massive vectors (gravitini) are
massless scalars (spin—% fermions). The scaling dimensions (1) 8 6 2 4 4 56, .8
= 2 10 2
(energies) appearing in Table VII are expressed in terms of b2 gi+ 2919 + 10919 + 2619, + 93
the parameters of the supergravity theory as follows + 8¢g1gh cos(2(ay + a3))
+29195(97 + 95)*(cos(2(a, — a3))
| ) 22 192371 2
1 1 g7 + g5 — 29795 cos(2a
A<Gl) = A;I% =1+ i 292 _;22 ( 2)» (5.13) —2co0s(2a;) — 2 cos(2a3)). (5.18)
2~ 9
T4 )
+95-2 cos(2a
Aﬁ;lz) = AS; =1+ Vit 5 _g;gz ( 3), (5.14) 3. N =1 vacuum preserving
$2~ 9 Hy={1} cU(I), cSOB3), C G
0 0 In this vacuum we observe a complete spontaneous
0 B =M/ B symmetry breaking G = SO(3) x SU(3) » H, = {1}.
Ay, =1+ 2(2—_2) ) (5- 15) Hence Goldstone theorem dictates that there are 11 massive
291 vector fields and just a single massless vector in the Betti
multiplet.
1 ﬁgl) + 44/ ﬂgl) ~ The mass spectrum of supergravity fields summarized
Ag/z) =1+ —. (5.16)  in Table VIII is organized into the following OSp(1]4)
2(55 — 97) supermultiplets
|
Spec = A1[3]§ ) L[Z]A(z) &) L[Z]A(z) (&) Al[l]; P 5x L[l]z (4>} L[l]A(z) D L[l]Am
R 2 Gl G2 R 2 2 Vi V2
massless massive gravitino massless

graviton

Itiplet
multiplet muttplets

® 3% L'[0], 8 x L'[0]; ® 2 x L'[0], & L'[0] y» & L'[0], @ 3 x L'[0};.

vector
multiplets

massive vector multiplets

(5.19)

matter multiplets
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The values of scaling dimensions determining the super-
gravity mass spectrum presented in Table VIII take the
form of the ones in the corresponding type (i) vacua with
the replacement g; — 2g;.

VI. DOMAIN WALL SOLUTIONS

In the previous section we have studied the (super-)
conformal-multiplet arrangement of the fields on the new
AdS, vacua. In this section we will show that the latter can
be interpreted as fixed points of RG flows triggered by
relevant operators which pertain to the CFT dual to the
central vacuum. In order to do this, we consider a (3 + 1)-
dimensional bulk space-time, parametrized by the coordi-
nates x* = (x, y), and use the standard domain-wall (DW)
ansatz for the metric, which has the usual form

ds® = eA0)ds? , — dy? = e 0)dxin,dx/ — dy?,
rll] - <+7 ) _)’

=y,

(6.1)

i,j=0,1,2, (6.2)
where dsi, defines the flat Minkowski metric in three
dimensions, A(y) is the scale factor, y is the coordinate
transverse to the wall, and all scalar fields ¢(y) depend only
on the transverse coordinate y.16

From the AdS/CFT point of view, the domain wall
ansatz corresponds to an RG flow between the UV and IR
fixed points described by the asymptotic regions y — +oo.

Let us be more explicit by considering the consistent
truncation described in Sec. IV, generated by the three
complex scalar fields z;, z5, z3. We recall that solutions of
the truncated theory are solutions of the complete theory
and that all fields in the DW solution are functions of the
transverse coordinate y only. From the coset metric (4.12)
and the ansatz in (6.1) one can obtain, after consistently
setting all fermions and vector fields to zero, the effective
Lagrangian density'’

3
L=y [3A” + 647 + (r)?

1
+ Z Sinh (27’,’)2((1:')2 + V(rl’, 0(,-) . (63)

where the potential for type (i) and type (ii) models was
givenin (4.13) and (4.14), respectively. We leave the details
of the DW solutions in Appendix E. Here we focus on the
main properties and their possible interpretation in the dual
picture. In particular, we search for configurations in which
the radii r; are equal to the same field ». Then the phases «;

"Erom now on, we will omit the y dependence of the scalar
fields and the scale factor in the DW metric.
""Here, primes denote derivatives with respect to the y direction.

do not depend on y. Therefore, the constant values of the
phases «; select the critical point at the end of the flow
(IR fixed point) as in Table (4.39) [or (4.40) for type
(ii) vacuum], the starting point being the central ' = 3
vacuum (UV fixed point). The “shape” of the domain wall
is implicitly governed by the field r(y) through the warping
function A(y(r)). For the sake of simplicity let us consider
the type (i) consistent truncation (4.3) [type (ii) consistent
truncation gives the same results after substituting
g1 = 2g,], which provides the vacuum at the origin and
the one described by (4.23). In this case we obtain the DW
solution, whose explicit expression is given in Eq. (E27),
Appendix E. It is useful to perform the following change of
coordinates in order to study the behavior near the fixed
points of the flow:

. ) 0 r—=0
M (R e, r=rly),  e= {

b
1 ro>r*

(6.4)

where r(y) is the solution for r in the DW background.
Actually, it is enough to know the expression for the inverse
relation y(r) given by (E28). Then the DW metric becomes

ds? =—
4 gt

csch?(r)sech*(r 2)
- Sdr™ ).
(91 — g2 tanh(r))

1 h(r) — h(r))? .
(o) =geh)?

(6.5)
Now, we consider the limit » — 0 to obtain

ds* ~dsty = (=dr* + dx'dx;), (6.6)

42 g
which is the metric for an AdS, space with radius

3 1

RP=—-=_—_
A 4912

(6.7)

in agreement with the value of A at » = 0 in (4.26). This
expression provides directly the asymptotic behavior of r
near the conformal boundary. Indeed, in this particular case
the metric is in the usual Poincaré coordinates with radial
direction z. Hence, we have r ~ z and A, = 1. On the other
side, expanding ds* near r — r* we get

452 ~ dsi — B2 i - 22 6.8
s* ~dsiy = wddd; =5 |, (6.8)
where u = (r — r*) and
3 2 _ 52
R2: %) 91 (69)

V(rt) 4929
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as expected from (4.26). The relation with Poincaré
coordinates is given by u =1 So that (r—r*)~z""!
and A, = —1.

The interpretation as an RG flow, is the following.
When we switch on the r source (the combination
Ory + 6ry + or3) at the origin we introduce a relevant
deformation, indeed the scaling dimension of the operator
coupled to r will be Ay |y = 2. This triggers an RG flow
that eventually ends at r = r*, where the operator becomes
irrelevant, indeed Ay |,. = 4. We are flowing from the
A =3 SCFTj; dual to the AdS, background at r = 0 (the
UV region) to a CFT; dual to the AdS, background
at r =r* (in the IR region). In general the IR three-
dimensional dual theory will not be superconformal. For
particular values of a; the IR critical point will correspond
to a SCFT; with different amounts of supersymmetries, in
agreement with the classification given in (4.39).

As a check for our interpretation, we compute the scalar
spectrum of the truncation near r = 0 and r = r* and we
obtain the masses (—-2,-2,-2,-2,-2,-2) and (4, -2, -2,
0,0,0), respectively. The latter correspond to the combi-
nations (8ry +68ry +6r3,8r, —r,6r3 —6ry,6a;,6a,,803).
Another relevant check of the interpretation of r = 0 as
the UV critical point and r = r* as the IR one is provided
by the holographic ¢ theorem [30,31]. Following these
works we compute

(6.10)

where

Al(y) = =2g,sinh3(r(y)) + 2g,cosh’(r(y)).  (6.11)
It follows that a(y(r)) is monotonically decreasing as a
function of r € [0, r*], consistently with the holographic ¢
theorem ayy > ag.

VII. CONCLUSIONS

In this work, after providing a review of the embedding
tensor formulation of D = 4 extended gauged supergravity
specialized to the N =3 case, we have focused on a
particular model with gauge group G = SO(3) x SU(3)
and studied its vacua. We find, aside from the AN =3
vacuum at the origin of the scalar manifold preserving the
whole gauge group, one 3-torus of vacua for g; < g, < 2¢;
and two 3-tori of vacua for g, > 2g;. Each of these
manifolds contains, aside from a known isolated AN/ =3
vacuum [15], a line of A/ = 2 vacua, a surface of N/ =1
vacua, and the remaining stable, nonsupersymmetric vacua,
all of which to our knowledge were overlooked in the
literature. These vacua were found, in particular, consistent
truncations of the model described by three complex scalar
fields z; = r;e'®. The three angular coordinates «; para-
metrizing the 3-tori of vacua are flat directions of the scalar

potential and thus are reasonably expected to correspond
to exactly marginal deformations in the dual CFT at
the boundary. Therefore, within each of these three-
dimensional loci, vacua with different amounts of super-
symmetry, or no-supersymmetry at all, are connected
through flat directions of the scalar potential, indicating
in the dual CFT picture, a possible (partial) supersymmetry
breaking triggered by exactly marginal operators. This is
reminiscent of a similar property displayed by a class
of vacua recently found within gauged maximal four-
dimensional supergravity in [32], describing type IIB
S-fold backgrounds [33] and generalizing earlier super-
symmetric solutions of the same kind [34—41]. The vacua
studied in [32] define a locus parametrized by two compact
axionic deformations y, y,, which are flat directions of the
scalar potential at the corresponding critical points. For
generic values of y;, y, the solutions are nonsupersym-
metric, for y; = —y, they feature N' = 2 supersymmetry
and for y; = y, = 0 supersymmetry is enhanced to N = 4.
These two flat deformations are conjectured in [32] to
define marginal deformations of the ' =4 S-fold CFT
[35] dual to the solution found in [34], and thus to span a
nonsupersymmetric conformal manifold of the dual CFT."®

As a side comment, within a holographic picture, we
expect the locus of N =2 vacua to be at least two-
dimensional if they are to correspond to the conformal
manifold of N' = 2 deformations of the dual SCFT. This
follows from the general property that the moduli space
of N/ =2 deformations of a SCFT is a Kihler manifold
[43,44] (see also [38,45] for an application of this property
to the S-fold backgrounds and their holographic descri-
ption). The situation is similar to that of the N =2
1-parameter vacua studied in [36]. In that case the complex
completion of the corresponding compact marginal defor-
mation was later found in [38]. By the same token we
therefore expect to find an extra flat direction of N =2
vacua possibly in the full D = 4 theory considered here."

The above discussion is related to the general problem
of uplifting the web of vacua discussed here to type II
superstring theory or to D = 11 supergravity. One could try
to embed a suitable truncation of the model studied here
(containing the 3-tori of vacua) into maximal supergravity,
and then use exceptional field theory techniques [1,2,46] in
order to uplift them to string or M theory. Another
possibility is that the truncation of the model describing
the new vacua studied here does not fit in a maximal
supergavity. In this case one should work with less super-
symmetric consistent truncations possibly implementing
the analysis of [5]. In particular one could try to obtain a
subsector of our model capturing the new solutions and the
central one as a compactification of string or M theory by

18Hologlraphic evidence of conformal manifolds of the dual 3d
N =1 SCFTs have been recently given in [42].
"We are grateful to Nikolay Bobev for making this comment.
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means of a suitable G¢-structure manifold. There is also the
possibility that no consistent truncation can describe our
solutions. If the uplift of the whole new family of vacua is
possible, assessing perturbative stability of the correspond-
ing N’ =0 backgrounds would in principle require the
computation of the corresponding Kaluza-Klein spectrum
in order to check if the D = 4 scalar modes have all squared
masses exceeding the BF bound. However, borrowing an
argument used in [32] that nonsupersymmetric vacua
connected to stable supersymmetric ones by continuous
parameters are expected to be pertutbatively stable, we
anticipate perturbative stability of the N' = 0 vacua. The
ten or eleven dimensional backgrounds, if found, would
then provide further holographic evidence in favor of the
existence of nonsupersymmetric conformal manifolds.
Another outcome of our analysis is the construction of
the RG flows connecting the AdS, x N!0 vacuum at the
origin to any of the vacua in the 3-tori, generalizing the flow
found in [15] to solutions connecting the origin to N = 2,
N =1, and N =0 IR fixed points. Understanding these
new flows in the dual CFT picture and the uplift of their
fixed points is also a subject of future investigation.
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APPENDIX A: WARD IDENTITY
A particular case of Eq. (2.44) is the following one:

Tégﬂvzgé - TEEHTAEA + TAEETEEA =0. (Al)

Terms like T)2% and Tj,5 do not appear because Z is
block diagonal. We further restrict to

TAPIT g — TgPIT e + T TP ¢

=TT e = TP e T + T T

_ | _ _ 1 _
—eanpe TP L Tpck = =(S5°);% =3 (€azpNS™E + BPNpS3) - 1 (GaPNAN = NaNP),

_ 1 _ | _ _
€iap€SBCTpePTAE . = ! <5A3Tr{SS*} —(88%)1% + 3 (€aepNP SBE + eBEPN [, S1p) +

__BBCTAD I _ A7. TBI

€aap€ 177 Tpe! = 4T, T,

BBCTAE D _ . _BBCT DTAE
T Tec” = €ape” " Tpe” T7%¢,

€BBC'|]'AIB'|]'ICD .

€4ADE

_ _BBCT DTAI  _ _,._
—€iap€ " Tpr T e = —€aap

It is easy to verify the last two equations. Indeed, Eq. (2.43)
implies
Taz® = —Tza®

(A7)

We get rid of terms of the form S - N thanks to

*Sap = Spa-
S = (Sa)"

+ T2 T e = T2 TV e + T TP = 0. (A2)
Now we recall
Tpa? = —TABA and Ty,' = TAIA (A3)
to obtain
0P pc = TP TpcE + TppPTA c + TAE R TP
+ T Tpc! =TT ¢ =TT, P =0. (Ad)
The following decomposition holds true®:
TPy = % (ePBS gy + 35 NP),
TAP, = eBAPT,. (A5)
In terms of S,z and N4, we compute21
| 3 5
15ABNANA — ZNANB) ;
(A6)
|
0Ypp =0s €AECSC‘BNE
=- %5BANCNC + %NANB + 485 AT o/ TC!
— AT, TA — 4T gPTHA ) + 4T, T, 5P, (AS)

Finally, we obtain®

22Ac‘[ually, to get (2.46) we must redefine Sy p = —2S,p,
ND = ZND, TC] = %NCP
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_ 32 -
BBCQADBC _?QADAD5AB
— 0@ NANB + NAINBI + NICBNICA - 12§AC§BC - (SABV
(A9)

€AADE

APPENDIX B: FERMION SHIFT TENSORS AND
MASS MATRICES FROM T TENSOR

We present a systematic way to identify the interesting
components of the T tensor involved in the definitions of
fermionic shifts and mass matrices.

a. Fermionic shifts

In order to identify fermionic shifts inside T we consider
what their H representation should correspond to. This task
is easy since we know that they enter fermionic supersym-
metry transformations with parameter ¢, € (3,1) "

Indeed, we have

(3.1) 4(0wa) =

(1, 1)+§ (0.
3. “)"2_;6<5/11A
(1, n)3"2—§6<5/11

Ve +iSapr,€e®) = Syp € (6.1)
NPep) = NP € (3,1),
Nialeg) = N2 e (8+1, n)
Npet) = Ny, € (3, N

. L

( (B1)

We see that the wanted components of T, possibly
projected with G C H-invariant tensors, must have one
or two R-symmetry indices and no more than one matter

index. The independent choices, obtained from TAZ ., T/4,
T8, up to complex conjugation, are

€(6,1),
Tia® € (8+1.n).,

& Ty e (i 1),
(S (3, H)M.
(B2)

€AB(D-[[_ABC) €AB[D-I]—ABC]

AB
€cap 1”1

This are exactly the needed representation in the definition
of fermionic shifts.

b. Fermionic Mass Matrices
Now we move to Mz;. We play the same game as
before. In this case we discover their representations from
the possible My ;47 € (1,1), interactions™ which are of
the following form:

Z.M“Z. = M" S (1a 1)_3a (B3)

M = M; € (1,n)s,

3
n

(B4)

»One could find the needed components for N4 and Sy
looking for a gravitino-gravitino and gravitino-fermions mass
terms.

TMA2y = M € (3,1) 2, (B5)

M, = My, € <1 ~n(n+ 1))@, (B6)
AIMA 2y = MA € (3,n x i), (B7)

A MAIBT 3o = MAIIBT <3,%ﬁ(ﬁ - 1)) R (B8)

n

We can easily convince ourselves that the only components
of T, up to identifications, matching these representations
are

T, e (1,n)_s; TV, € (3,nxn),;

1
€ABC—[|—1JC (S (3,51’_1(1_1 - 1)) 5

nt6

ecas T € (3, n)ﬂ

n

These are the only ones entering gradient flow equations.
Then, M;; and M.. are consistently vanishing.

The precise relations between the mass matrices and
the corresponding components of the T tensor is given in
Appendix C.

APPENDIX C: THE GRADIENT FLOW
EQUATIONS

We consider here the different projections of Eq. (2.47)
into H-covariant components:

1 1 1
DNA — 5 PENA, + EGEACNCP@IE + 5 PANIE

DNej = 2e4p0 P8, TA | = 2Sep PP + ecppNE PP,
DNy = 22 ce“4PSpp 4+ P pNA
+ P p(=265 T, + T'P,65)
+ PP, 268T 5 — TV ,54),

1
DSBE_ EeAD BN @A ——:@I ENB (Cl)
On the other hand, using the general form of the gradient
flow equations required by the supersymmetry of the gauged
Lagrangian, see [23], specialized to the N =3 models,

we find,

A t@El'ﬂ'AIE + TAE[@IE _ 232A1M1.
- 2(@IFM.1E€EAF
DNe¢p = —2S¢p @Dl —2My, c@JC - ZMIJA @BJGACBa

DNIAB - —2<@1C€CAD§DB + (@JE‘["IEJEI?; + (@E‘,‘[I'IJE(??;
— 2 MIA, — 2M1A\JC@DJ€CBD’

1 1
DSBE = —§€AD(BN1DEL@AI—§L@€ENB)[. (CZ)
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Direct comparison between (Cl) and (C2) suggest the
following identifications

1
'H'IEE — zml.’ 'H'IAJ +§5§NA — MAIJ,
1
'|]'1.IA — _EeABCM[BIJC7 ‘ﬂ'AB[ —_ 2€ABCM.1C (C3)
and
|
0 0 O
?lezjlz 0 0 1 5 /igzzz.]z:
0 -1 0
. i
fne3i] = =Ap, I=1,...,8,
m=3+1 D) 1
where
01 0 0
Lw=1100|: =1
0 0 O 0
0 0 1 0
=100 o0l: a=1{o0
1 0 0 i
0 0 O |
=100 -il: J=—0
3
0 i O V3

APPENDIX E: SOLVING FOR THE
DW SOLUTIONS

Computed on the DW metric (6.1), the components of
the Ricci tensor read

R.. = e2A

ij [3(A,)2 +A//]’7ijv (El)

R =3[(A")? + A", (E2)

Yy

where the ' denotes the derivative with respect to the
transverse coordinate y and the Ricci scalar is
R = 6[2(A")? + A”]. (E3)

The Euler-Lagrange equations of motion for (6.3) are

1
e 2%’+6A’r;—Esinh(4r,-)a§-2—driV(rl-,ai) =0, (E4)

M 1] — O (C4)
The latter condition is consistent with the discussion of
Appendix B, where it is also shown that the mass matrix M..,
which does not enter the above gradient flow equations, is in
fact vanishing.

APPENDIX D: GAUGE GENERATORS
The SO(3) x SU(3) generators 7,, 1, in the fundamental
representations of the respective groups read
0 0 -1 0
00 0 |; tpr=J3=1-1 0 ,
1 0 0 0 O
-i 0 1 0 O
0 0]; A3=10 -1 0|,
0 O 0 0 O
0 —i 0 0 0
0 0 [; =10 0 1 ) ,
0 0 010
1 0 0
( 01 0 (D1)
00 -2

e* sinh (2r;)[4cosh (2r;)Fia, +sinh (2r;) (3BA’d: + &/ )| =0,
(ES)

while Einstein equations read

A" +3A2 + V(ri,a;)] =0, (E6)

3
3A"+3A2 4V () + Y

4

1
<2r§2 +§Slnh (2r,»)2a§2> =0.
(E7)

The critical points of the potentials (4.13) and (4.14), that
we choose as end points of the RG flow, consist of the
origin O and other vacua at fixed radii
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) 1 h+g
Type(i): r{=ry =r3=rye = log <#> . B>

2 92—
(E8)
1 2
Type(ii):r1:r2:r3:rvac:_10g<m>7 g2>2gl-
2 92—29
(E9)

When imposing that the moduli of all z; are equal, (E4)
leads to the conclusion that a; have to be constant. In fact,
sending all r; to the same value r, and combining the three
equations in (E4), one obtains

e sinh (4r) (a2 — o) =0, (E10)
e sinh (4r)(a? — a}) =0, (E11)
e sinh (4r)(a? — a}) = 0. (E12)

a. The Solution

Setting all «; to constant values along the flow, the
equations reduce to the EOM for the field r and the Einstein
equations, which read

P4 3AY — é@,V(r) =0, (E13)
A" +3(AN2 4+ V(r) =0, (E14)
3" + (AP +2(r)] + V() =0, (ELS)

V(r) being the potential given in (4.21) for type (i) solution
or (4.22) for type (ii). The last two equations can be
combined into the following constraint:

3(A)2 = 3(r')2 + V(r) = 0. (E16)

Now, this system of equations can be obtained from an
effective action of the form

Lo = e [3(14/)2 - 3(”/)2 = V(r)]
1

: (E17)

G, "D -7 (D),
with @ = (A,r),
6e*diag(1,—1).

The Hamiltonian corresponding to the above Lagrangian
is defined via the Legendre transform

7 (®)=e*V(r) and G

ij —

. 1 ..
H = Hl-(I)/’ - geff — —GUH[HJ' + %(‘D),

: (E18)

where

0L
I ==
oD

are the usual canonical momenta. Then we can recast
the second-order field equations in the form of first order
ones by considering the Hamilton-Jacobi problem; namely,
by writing

Hi - 6W((D) .
oP!

(E20)

where W(®) is the Hamilton’s characteristic function,
solution to the Hamilton-Jacobi equation:

|

The characteristic function W(®) can be expressed in
terms of a a;-independent “superpotential” W,, defined
in (4.19), as follows:

W(A, r) = 2e¥Wy(r). (E22)
Note that this superpotential also describes nonsupersym-
metric flows. Again this is related to the fact that a;, which
connect supersymmetric vacua to nonsupersymmetric ones,
are constants of motion along the flow. In terms of the

superpotential Wy(r), the scalar potential is defined
through the “superpotential equation”

V() =5 W) =W, (B23)

which holds both for type (i) and type (ii) vacuum. Now,
from (E19) and (E20) we obtain

o)

ij_

(I)/i =G -
o/

(E24)

so that the general form of the first order equations is

Type(i): A'(y) = Wo(r) = 2[[gicosh’(r) — g,sinh*(r)]
r'(y) = —sinh(2r)[g; cosh(r) — g, sinh(r)],
(E25)

’

Type(ii): A'(y) = Wy (r) = |2gcosh’(r) — gysinh*(r)

r(y) = —%sinh(Zr) [2g, cosh(r) — g, sinh(r)].
(E26)

These equations can be easily integrated to give
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_ g1 cosh(r) — g, sinh(r)
Type(i): A(y) = ¢ In , E27
ypeli): AD) = ¢ +In| 2RO (E27)
1 r r
y=cy— 2g, arctan |tanh( = | | + ¢, In |tanh{ ~
2919 2 2
— g, tanh(%
+24/9,% = g, 2tanh(-V {w} ) (E28)
2 2
92" =g
.. 2g; cosh(r) — g, sinh(r)
Type(ii): A(y) = In ,
ype(ii): A(y) = ¢1 + { Sinh(2r)
1 r r
y=ocy— 4g, arctan |tanh( = ) | 4+ g, In |tanh| =
29192 2 2
— 2¢; tanh(%
+24/9,% — 4g,2tanh(-V [%ﬂ ) (E29)
V9~ — 491
¢, and c, are integration constants that can be set to zero by a shift of x' coordinates.
|
APPENDIX F: RELEVANT SUPERMULTIPLETS
a. N'=3 Bl[o]g“): masssive vector multiplet
A1\ massless graviton multiplet Spin A=E 8u(2)g irrep m’
2
- - — 0 2 5 i)
Spin A=E, 3u(2), irrep m 3 1 0
! 3 1 0 3 3 0
1 2 3 0 i i 2
: 3 !
2 3 1 0 % % 3 1
g 5 1
: 1 4
B, [0}(12): massless vector multiplet 2 3 4
Spin A=E, su(2), irrep m? 1 3 3 2
0 1 3 -2
2 3 -2
3 % 1 0 Bl[ﬂ]gf): masssive vector multiplet
3 3 0
1 5 1 0 Spin A=E, 8u(2), irrep m?
0 3 7 0
4 3 4
4 5 4
Bl[O]gs): masssive vector multiplet 4 7 4
2 5 3 10
Spin A=E, 3u(2), irrep m? 1 7 5 4
2 2
0 2 4 -3 1 7 4
5 4 _5 g
; 2 _3 3 3 9
2 4 9 5 9
1 2 2 L 2
1 4 5 6
2 4 %
3 2 %
1 s 2 3
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b. A =2 (Continued)
LL[0]" a,-1: long masssive vector multiplet
A 0O). : :
A1A[2]y7: massless graviton multiplet Spin A=E R 2
=Ly
Spi A=E R 2
pin 0 w ] Bty - (30— 17
1 2 0 0 Ay + % -1 A2
3 s -1 1 Dy +1 +1 (Ag = 1)?
2 +1 1 Ag+3 +1 A}
2 3 0 0 1 Ag+1 0 Ag(Ag—1)
A0, ;
A2A2[0];: massless vector multiplet LA, [0} % short masssive vector multiplet
Spln A= EO R m2 Spm A= E() R m2
0 ! 0 o0 R+1 R (R+1)(R-2)
R+2 R-2 (R+2)(R-1)
! 3 -1 0 R+2 R (R+2)(R-1)
3 +1 0 3 R+32 R-1 R
1 2 0 0 R+3 R+1 R?
R+3 R-1 (R+1)?
1 R+2 R (R+1)
LI:[I]S)O): long masssive gravitino multiplet
Spin A=E, R m?
R
0 Ag+1 -1 (Ao +1) (A0 =2) LBI[O]( ), 1- hypermultiplet
Ag+3 -1 Aj-3 Spin A=E, R m?
1 1 3
B+ +1 (Bo+)B=3 G R B RE=3)
Ay +3 +1 AG—3 R+1 R-2 (R+1)(R=2)
! Ao 0 (89 -3)° 1 R+1 R-1 (R-1)
Ag+1 0 (A —1)2
Ao+ 1 0 (g — 112
Ay+2 0 (A0 +3)?
Ay+1 -2 Ay —1)?
0 (8 %)2 e N=1
Ag+1 +2 (Ao —1)
1 Ag+1 -1 (B9 =) (8 -2 Ay[3]s: massless gravity multiplet
3 - 2_1
A +% 1 AIO 1 . Spin A=E, m2
Ag+5 +1 (Ao =3)(Ag —3) 3 . "
Ag+3 +1 AZ-1 2 2
02 o 2 3 0
: B+ 1 0 (80—
L[2], .,: massive gravitino multiplet
(0) 4
LL[0] A,-1: long masssive vector multiplet Spin A=FE )
= Lo
Spin A=E R m?
P 0 4 Ao+ (89— 1)?
0 Ay 0 Ao(Ag - 3)
Ag+1 0 (Mg + 1)(Ag —2) 1 A (B —1)(Ag —2)
0 0 ’ Ag+1 Ag(Ag—1
Ag+2 0 (Mg +2)(2g = 1) ot 0o(Bg—1)
Ag+1 -2 (Ag+1)(8g=2) 3 Ay +1 (Ao —1)?
Do+ 1 +2 (B0 +1)(A4g=2) L i

(Table continued)
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Ay [1]y: massless vector multiplet

Spin A=E, m?
: : 0
1 2 0

L[1]5,-3: massive vector multiplet

Spin A=E, m?
0 Ao +3 (Ao +3) (40 —3)
) Ao (89 =3)?
Ay +1 (A9 —3)?
1 Ao +1 (A9 —3) (A0 —3)

L’[0],,-1: matter multiplet

Spin A=E, m?

0 Ay Ag(Ag —3)
Ag+1 (B +1)(49 - 2)

: Ay+1 (Ag—1)2

APPENDIX G: SUPERGRAVITY SPECTRA IN
VARIOUS VACUA

The tables below do not contain Goldstone bosons and

Goldstinos. Recall that A(Gll) = A(f;l) /2 The same holds

true for Agf /2 The expression of the latter and Ai,zl) 2 is

obtained from the corresponding quantities with the super-
script (1) and by replacing g, with 2g;.

a. N =3

TABLEII. Mass spectrum in the N' = 3 vacuum preserving the
full gauge group SO(3) x SU(3).

Spin m? A=E, Multiplicity
0 -2 {1,2} 54 =27+27
: 0 2 37

1 0 2 12

2 1 3 3

2 0 3 1

TABLE III. Mass spectrum in the single N =3 vacuum
invariant under the subgroup SU(2) x U(1) of the gauge group.
Spin m? A=E, Multiplicity
0 4 4 1
0 3 9
— % % 12
-2 1,2 17
9 3
-2 3 8
] i ] i
7 3 4
| ; :
1 2 12
0 3 9
1 2 3 3
3
z :
0 2 5
3
3 1 2 3
2 0 3 1

TABLEIV. Mass spectrum in a A = 3 vacuum invariant under
the subgroup SO(3),, of the gauge group.

Spin m? A=E, Multiplicity
0 10 5 3
4 4 16
0 3 16
-2 1,2 11
! 9 % 8
4 g 16
1 g 8
0 3 5
1 6 4 5
2 3 3
0 4 4
; 1 ;
2 0 3 1
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b. N =2 TABLE VI. (Continued)
Spin m? A=E, Multiplicity
TABLE V. Mass spectrum in the N =2 vacuum invariant 1 0 2 2
under a U(l), x U(1) subgroup of the gauge group. Here, 2 3 1
— 1D _ 6 4 5
b= Img| -1 8(5+1) 5+2 2
Spin m? A=E, Multiplicity @+1)(6+2) 6+3 2
3 1 3 2
9 3
’ B P (6+1) 543 !
-2 {1,2} I5=6+9 2
-3 3 12 2 0 3 1
0 3 5
4 4 1
B+2)-1) 5+2 2 e N'=1
8(6+3 0+3 2
1 0 3 8 TABLE VIL. Mass spectrum in the N = 1 vacuum invariant
2 1 % 2 under a U(1) subgroup of the gauge group.
1
5 3 4 Spin m? A=E, Multiplicity
5
1 : 4 0 -2 3 8
4 3 2 -2 1.2} 14=12+2
52 5+ % 1 _35 2 12
4 >
(6+1) 543 4 0 3 3
(6+2)? 5+1 1 4 4 1
1) 1
1 0 2 3 A DAY =D Ay +) :
1 1
% i el b s
2 3 1 A(l)(A(')—3) AW 1
G1\AGI Gl
5(6+1) 6+2 2 () () () 1
A+ 1)(Ag -2 Ag +1
6+ 1)(6+2) 0+3 2 ( Gl(l) )(1 61 =2) Glm |
3 | 5 ) Acz( (1 -3) (IA)GZ X
2 2 Agy —2 Ag +1
5417 5l 1 e+ nal-2 Al
2 0 3 1 : 0 : ’
! 2 12
1 2 2
2 3 4
TABLE VI. Mass spectrum in the A/ =2 vacuum invariant 4 % 1
under a U(1), subgroup of the gauge group. Here, (A(Gll) —1) A(Gll) L1 2
5 = |m(2) - 1 1 1 :
G| (A —1)* Agr+3 2
Spin m? A=E, Multiplicity (Ai,ll) -3)? Ag,ll) 1
0 2 {1,2} 9=4+5 (AY] =1y AV 41 !
0 : 2 (a7 ) |
4 4 16 (1) (1)
10 5 3 (Ay; —3)? Ay, +1 !
(6+2)(6-1) o+2 2 1 0 2 o)
5(6+3) 0+3 2 3 5 4
1 1 1
; 0 : 4 (8 -1)(AG -2)  Ag !
! 4 AGH (Ag) = 1) AG) +1 !
4 ; 14 (Bp-DAg-2) Ay 1
9 2 8 () A (1) 1
) 2, 1 Agy(Bg — 1) Agy +1
o 043 (AW Z 1yl _3) A 1
(5+ 1)2 5+% 4 V1 2 Vi 2 v|+%
(1) (1) (6]
(6+2)? 5+ % 1 (Ayz — %)(sz - %) AV2+1 !
(Table continued) (Table continued)
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TABLE VII. (Continued)

TABLE VIIL (Continued)

Spin m A=E, Multiplicity Spin 2 A=E, Multiplicity
% 1 % 1 1 0 % 4
Wh-1r Al ! ! :
1 1 4 5 13
(Ag) —1)? Aga+3 ! 2
2 0 3 1 9 2 8
2 2
@Z-12 AR+ 2
2 2
TN 2
(ay) -3? Ay :
2
2 2
(ay) -3 Ap! +1 !
2 2
a8 ) !
(a7 -3 Ap + 1 !
TABLE VIII. Mass spectrum of A/ = 1 vacuum with comple- 1 0 2 1
tely broken gauge symmetry. 6 4 5
Spin m? A=E, Multiplicity (A(Gzl) N 1)(A£;21) 2) A(GZB !
2) A2 2
0 ) {1,2} 64+2=28 AZH(AG =) AZ +1 !
0 3 10 (AG = D(Ag =2) AG !
! : 10 Ag(AG 1) Ag + 1 :
10 5 3 A(z) 1 A(Z) 3 A(2> 1
2 1 2) s 2) 1 1 ( Vi~ 5)( Vi E) V1L
(Ayy +2)(Ayi —3) Ayi +3 @ 1A 3 2 1
(2) L 1y A _5 2 1 1 (sz - i)(sz E) Avs
(Ay; +3)(Ay; —3) Ayy +3 Vit
2) /A2 2
(A;G?(A(G? -3 (A)(G? ! 3 1 5 1
2 2 2
(Agi +D(Ag - 2) Agi +1 ! (A(sz -1)? A(Gzl) +3 1
2) A2 2
AG(AG —3) AG) ! (A2 1y A%+l !
A2 1)a% -2 A4 1 2 @2
G2 G2 G2 b 0 3 1

(Table continued)
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