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Micro-scale modeling of Lithium-ion battery

D Clerici and F Mocera

Department of Mechanical and Aerospace Engineering, Politecnico di Torino, Corso duca degli
abruzzi 24

E-mail: davide.clerici@polito.it

Abstract. Good energy density, long lifetime, high capacity and high voltage make Lithium-
ion batteries the most widespread energy storage systems, suitable for several fields of
application. Nevertheless, usage leads to cell degradation which mainly results in capacity
and power fade. Degradation phenomena are the result of the interaction between mechanical
and electro-chemical mechanisms, which are reviewed in this paper. Lithium-ion batteries store
and deliver electric energy by means of ions transport between anode and cathode through
the electrolyte. The active material of the electrodes consists of micrometer particles which
can host lithium ions through insertion/extraction processes. These processes are modelled as
diffusion-mechanical problem, since the lithium concentration gradient within the particle due
to ions diffusion generates internal stresses in analogy with a temperature gradient. The model
in this work, usually referred as diffusion induced stress (DIS), can predict the stresses in the
active material particles which are the driving force for damage, pulverization, exfoliation and
crack propagation. Indeed, the damage induced by the insertion/extraction processes explains
the capacity reduction over charge/discharge cycles: a critical issue for batteries lifetime.

1. Introduction
Lithium-ion batteries are the most widespread rechargeable energy-storage systems and they
have a large field of application from small electronic systems up to electric vehicles in automotive
and industrial applications [1]. Indeed, they can span a great capacity and power range with
a good energy density and long lifetime. Actually, the main drawbacks are related to safety
and performance through whole life cycle [2, 3]. Indeed, materials which guarantee good
nominal performance, such as capacity, energy and power density, could be subjected to faster
degradation and shorter lifetime. As a consequence, the study of cells damaging is a key
issue for developing innovative materials, folding and housing technique which can improve the
performance of current Li-ion cells. Damaging can be due to several phenomena, as illustrated
in figure 1.

Most of the literature works focuses on the electrochemical phenomena, such as decomposition
of active material and its performance in the voltage window of the cell. But an increasing
attention has been paid in the last years to the mechanical phenomena involved in Lithium-
ion cell, which can be mainly divided in two categories: Thermal phenomena and Diffusional
phenomena. Thermal phenomena are due to the differential thermal strain which establishes in
the cell during usage [4]. Diffusional phenomena are due to intercalation and deintercalation
of Lithium ion in the active material via electro-chemical reactions. Their study has started
with the works of Newman and Christensen [5, 6, 7] in recent years. Diffusional phenomena
must be studied at micrometer scale, because active materials of anode and cathode are made
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Figure 1. Main damaging mechanisms.

of micrometer particles which can host and release Lithium ions during cell operation, as shown
in figure 2.

Figure 2. Main damaging mechanisms [8].

Lithium-ions give rise to mechanical stresses when they occupy or leave (according to
insertion or extraction process) an interstice in the active material particles. The aforementioned
mechanical stresses damage the active material structure, leading to crack growth, pulverization
and material loss. The damage and the cracks in the active material leads to material isolation,
loss/fragmentation and solid electrolyte interphase (SEI) growth, which results in capacity
reduction over charge/discharge cycles. In particular, the combination of mechanical and
electrochemical phenomena related to crack propagation and SEI growth, is the main source
of damage. SEI is a thin film made of the products of the electrolyte decomposition which
occurs on the interphase between electrolyte and active material particles. The decomposition
reaction consumes lithium ions, which are no more available to be cycled, thus, the battery
capacity decreases. The decomposition occurs mainly during the first cycles, and then slows
down as the interfaces between active material and electrolyte are covered by the SEI layer.
However, if the active material is being damaged during the cell operation, the SEI layer can
grow on the new surfaces created by the crack and the capacity fade continues even after the
first cycles, as qualitatively explained in figure 3.
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Figure 3. Cracks growth/SEI decomposition mechanism. The grey circle represents a particle
in the active material, the blue lines represents the SEI layers, the black lines represents the
cracks.

In this paper a review of the nature and the source of the stresses which arise in Lithium-
ion battery is presented. This type of stresses are computed with an analytical procedure in
section 2.1, which is then used to validate the FEM model formulated according to the thermal-
diffusional analogy in section 2.3.

2. Method
2.1. Analytic method
Common active materials of anode and cathode in Lithium Ion Batteries can be assumed,
under reasonable hypothesis [8], like a frame of spherical particles, as shown in figure 2. When
approaching active material, Lithium ions give rise to electrochemical reactions: an electron flows
in the host material and a Lithium ion is inserted in an interstitial sites of the active material
particle in case of insertion. On the contrary, during extraction a Lithium ion is deintercalated
from the interstitial site of the active material particle and an electron is released simultaneously.
Now, focusing on the insertion process, Lithium ions approach the external surface of the particle
and gradually diffuse towards the core, so that the interstitial sites close to the surface are
available to accommodate new ions. This fact makes the lithium concentration inside the active
material particles inhomogeneous along radial coordinate, a greater lithium concentration is
expected on the surface, which gradually fades off towards the core during lithium insertion, as
shown in figure 4a.

On the contrary, during extraction Lithium ions are removed from the surface of the particle
and the ions are gradually retrieved from the core, this results in a greater lithium concentration
in the core which fades off towards the surface, as explained in figure 4b. Concentration
inhomogeneity, in analogy with temperature gradient, causes differential strains among areas
characterized by different concentration levels, according to the law established by Prussin [9].

εch = Ω(C − Cref ) (1)

Where εch is the chemical deformation induced by the lithium ion concentration gradient. Ω
is the partial molar volume of lithium in the host material and describes the volume increase
of the host material per unit of solute (Lithium) mole. An increasing concentration causes a
volume increment for material with positive partial molar volume. Cref is the concentration
value which corresponds to zero strain in the active material.

The concentration inhomogeneity, highlighted in figure 4, produces a mismatch in the
deformation along the radius of the particle, which leads to internal stress. In insertion, referring
to Figure 4a, the greater concentration of the outer layers causes a tensile radial stress all over
the particle because the surface expands more than the core. The hoop stress is compressive
in the outer layers and tensile in the core because the greater deformation of the surface is
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Figure 4. Stress and deformation of the active material particles during lithium insertion
(a) and extraction (b). Blue shadows depict the lithium concentration (blue means high
concentration, white means low concentration). Concentration level affects tension (arrows
pointing toward each other) and compression (arrows pointing away from each other) of radial
and hoop stress. The concentric lines show expansion or shrinking of the particle: they are
evenly spaced in the undeformed configuration.

prevented by the core. In extraction (Figure 2b) the particle shrinks, and the radial stress
is compressive because the concentration level decreases along the radius. The hoop stress is
tensile in the surface and compressive in the core because the greater expansion of the core is
prevented by outer layers which are characterized by a lower concentration level. The signs of
the stresses are reverted for materials with negative partial molar volume.

The details of the model derivation are presented in a previous paper and are not repeated
here [8]. This type of problem, usually referred as diffusion induced stress (DIS), can be split
in a mechanical and a diffusional aspect. The assumption of spherical geometry and isotropic
and linear elastic material, deepened in [8], allows to derive a one-dimensional model in the
radial coordinate, and to decompose the stress in radial and tangential component. The elastic
problem is formulated defining the constitutive equations (2a)-(2b), which consider both the
elastic and chemical strain, the congruency equations (2c) and the stress equilibrium over a
spherical domain (2d) [8].

σr =
E

[(
εr − ΩC

3

)
(1− ν) + 2ν

(
εc − ΩC

3

)]
(1 + ν)(1− 2ν)

(2a)

σc =
E

[(
εc − ΩC

3

)
+ ν

(
εr − ΩC

3

)]
(1 + ν)(1− 2ν)

(2b)

εr =
du

dr
, εc =

u

r
(2c)

dσr
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+
2

r

(
σr − σc

)
= 0 (2d)

Where E and ν are Young modulus and Poisson ratio of the host material and r is the radial
coordinate. The combination of (2a)-(2d) leads to a second order differential equation in the
displacement with constant coefficients (3).
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+
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The right hand side of the equation represents the forcer of the equation and depends on the
Lithium concentration at radius r and on the mechanical properties of the material. The solution
of the mechanical problem (4) is got integrating twice (3) and imposing null displacement at the
centre of the sphere and free expansion at the surface (σr(R) = 0).

u(r) =
Ω

3(1− ν)

[
(1 + ν)

1

r2

∫ r

0
C(r)r2 dr + 2(1− 2ν)

r

R3

∫ R

0
C(r)r2 dr

]
(4)

(4) predicts the displacement of the points inside the particle at radius r, given the
concentration distribution all over the particle. (4) depends only on the Lithium concentration
and on the mechanical properties of the host material. At this stage, the concentration
distribution must be computed to get the solution of the DIS problem. The concentration
field within the particle is computed according to the diffusion equation (5).

∂C

∂t
= ∇ · (D∇C) (5)

Where D is the diffusion coefficient of Lithium in the host material and describes how fast the
ions move in the host structure. Lithium concentration is itself the driving force of lithium ions
flow across the domain in (5). Indeed, under the effects of the boundary conditions, lithium ions
flows from areas with high concentration to areas with lower concentration. (5) is associated
with a couple of possible boundary conditions, according to two possible cell operation, resumed
in (6a)-(6b): galvanostatic (constant current) or potentiostatic (constant voltage) operation. A
constant Lithium ion flux equal to the current density divided by the Faraday constant (F)
is applied on the external surface of the particle when the cell is charged or discharged with
a constant current (6b), then the flux is set to zero at the centre of the particle according to
the axisymmetric nature of the problem. A constant concentration equal to the solubility limit
is imposed on the external surface of the particle when the cell is charged or discharged with
constant voltage (6a), and a finite concentration value is prescribed at the centre of the particle.


C(r, 0) = C0, for 0 ≤ r ≤ R
C(R, 0) = CR, for t ≥ 0

C(0, t) = finite, for t ≥ 0

(6a)



C(r, 0) = C0, for 0 ≤ r ≤ R
∂C(r, t)

∂r

∣∣∣∣
r=R

=
I

FD
, for t ≥ 0

∂C(r, t)

∂r

∣∣∣∣
r=0

= 0, for t ≥ 0

(6b)

At this stage the concentration distribution as a function of time can be derived via variable
separation, and the final result is shown in (7a)-(7b) for potentiostatic and galvanostatic
operation, respectively [10].

C(r, t)− CR
C0 − CR

= −2
∞∑
n=1

(−1)n+1

πnx
sin(nπx) e−n

2π2τ (7a)

C(r, t) = C0 +
IR

FD

[
3τ +

x2

2
− 3

10
− 2

x

∞∑
n=1

(
sin(λnx)

λ2
nsin(λn)

e−λ
2
nτ
)]

(7b)



The 49th AIAS Conference (AIAS 2020)
IOP Conf. Series: Materials Science and Engineering 1038  (2021) 012007

IOP Publishing
doi:10.1088/1757-899X/1038/1/012007

6

A more accurate model, referred as ”coupled problem”, considers the dependence of the
chemical diffusion on the stress. Indeed, lithium ions are rejected from areas with compressive
stress and attracted in areas with tensile stress. Therefore, this model considers two driving
forces for lithium diffusion: concentration and stress. The stress driving force is expressed
through an equivalent diffusion coefficient, which is given in (8) after some arrangements, and
replaces the physical diffusion coefficient D.

Deqv = D

(
1 +

2Ω2E

9RgT (1− v)
C

)
= D(1 + Y · C) (8)

The equivalent diffusion depends in turn on the concentration, so the solutions (7a)-(7b)
becomes non-linear and the diffusional and mechanical fields tightly coupled.

The reader is suggested to check a previous paper [8] for clear details about this argument.
At this stage, once the concentration field is computed along with its time evolution according

to the uncoupled or the coupled model, the displacement, strains and stresses field can be
computed with equations (3)-(2c)-(2a)-(2b) for every time steps.

2.2. Thermal analogy
The multi-physics problem explained in section 2.1 can be studied as a mechanical/thermal
system instead of a mechanical/diffusive system, exploiting the analogy between the diffusive
and thermal equations. The advantage of this choice is the readiness of implementing a
mechanical/thermal problem in a commercial finite element software.

Ideally, equating the diffusional strain due to inhomogeneity in chemical concentration with
the thermal strain (9), an equivalent temperature gradient, which induce the same strain induced
by the concentration one, is got.

α(T − Tref ) =
Ω

3
(C − Cref )⇒ T = Tref +

Ω

3α
(C − Cref ) (9)

Where α is the thermal expansion coefficient, Ω
3 is the volume expansion due to concentration

inhomogeneity, Tref and Cref are temperature and concentration referred to zero strain. The
temperature field computed with (9) can be assigned to the body, in order to produce the correct
strain due to the external chemical load.

At this stage the concentration field, replaced by the equivalent thermal one, is left to
be computed. This step is accomplished analysing the analogy between the equations which
describes the two phenomena, reported in table 1.

Table 1. Analogy between thermal and diffusive equations.

Type Heat Diffusion

Conservation equation ∂T
∂t = ∇ · (γ∇T ) ∂C

∂t = ∇ · (D∇C)

Flux JT = −k∇(T ) JC = −D∇(C)

Equivalent diffusion keqv = k(1 + Y · T ) Deqv = D(1 + Y · C)

Conservation equations (first line of table 1) are equivalent if thermal diffusion (γ) is equal to
chemical diffusion (D). Then, considering the flux (second line of table 1), thermal conductivity
k must be equal to chemical diffusion. Since both thermal diffusion and thermal conductivity
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must be equal to chemical diffusion, and thermal diffusion is expressed as γ = k
ρcp

the condition

for thermal/chemical analogy is:

γ =
k

ρcp
⇒ k = D ∧ ρcp = 1 (10)

If (10) holds, the concentration field can be replaced by the temperature one, and the two
phenomena are written in analogy.

The ”coupled problem” is implemented with the thermal analogy defining a thermal
conductivity coefficient depending on temperature. In this way also the thermal diffusion
depends on temperature, as the equivalent chemical diffusion depends on concentration,
according the third line of table 1.

2.3. FEM
The thermal/chemical analogy allows to deal the multi-physics problem explained in section
2.1 in a numerical way [11] with the commercial finite element software Ansys. Indeed, the
multi-physics capability of Ansys can be exploited to get the solution in a convenient way. The
direct application of (9) assumes that the chemical distribution is already known, so it must
be computed in an analytical or numerical way before starting the mechanical computation.
Instead, Ansys can solve the thermal and mechanical problem in a single analysis, even
simultaneously. The thermal problem is solved according to the boundary conditions (6a)-(6b) of
the systems described in section 2.1. The galvanostatic operation consists of a constant lithium
flux at the edge of the particle, which is simulated with a constant heat flux computed according
to the thermal analogy, referring to second line of table 1. The potentiostatic operation consists
in assigning the maximum concentration value (referred to the saturation limit) at the edge of
the particle, this is simulated with a Dirichlet condition, i.e. a constant temperature, computed
according to the thermal analogy (9).

The ”coupled” problem is treated assigning to the body a parametrized value of thermal
conductivity, as summarized in the third line of table 1. The thermal conductivity varies
linearly with the temperature with the coefficient Y , which contains just constant parameter
of the problem. It is highlighted that the temperature in the coefficient Y is the real ambient
temperature, and is treated as a constant for our purpose.

Therefore, displacements, strains and stress are computed as a consequence of the external
load, i.e. the chemical concentration distribution modelled as a temperature one.
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3. Results
3.1. Numerical model validation
In this section the results obtained with the numerical model are validated by the results derived
with the analytical model. The physical parameter of lithium manganese oxide (LMO), a
common cathode material, are fed into the model and are summarized in table 2.

Table 2. Material properties LMO.

Parameter Symbol Value Unit

Young Modulus E 15 GPa

Poisson ration ν 0.3 -

Maximum concentration Cmax 2.29 104 mol/m3

Fraction molar volume Ω 3.497 10−6 m3/mol

Particle radius R 5 10−6 m

A thermal-mechanical analysis was implemented in ansys workbench exploiting the thermal
analogy, a sketch of the system is given in figure 5.

Figure 5. Axysimmetric model in Ansys and equivalent temperature distribution.

The results are validated with the analytical model implemented in MATLAB feeding the
same input parameter, and the comparisons between concentration and stresses are given in
figure 6.

A good agreement between numerical and analytical model in galvanostatic operation is
shown by the comparison presented in figure 6.

Therefore the numeric model is validated with the analytical model in figure 7 in
potentiostatic operation, which shows a good agreement between the two model even in this
type of operation.
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Figure 6. Comparison between analytical and numerical (FEM) results of concentration
and stresses in galvanostatic operation. The simulation time is equal to 500s. Normalized
concentration is given as C/Cmax, dimensionless radius is given as r/R.

Figure 7. Comparison between analytical and numerical (FEM) results of concentration in
potentiostatic operation. The simulation time is equal to 500s. Normalized concentration is
given as C/Cmax, dimensionless radius is given as r/R.

3.2. Evolution in time
At this stage the concentration and stress are computed with different state of charge (SOC), in
order to explore how they vary during cell charging. This has been done varying the simulation
time in case of Lithium-ion insertion. The results of galvanostatic operation are showed in
figure 8.

The concentration variation in figure 8a shows how the lithium concentration level grows up in
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Figure 8. Evolution of concentration and stress in time in galvanostatic operation. Normalized
concentration is given as C/Cmax, dimensionless radius is given as r/R.

the active material particle with increasing simulation times. The surface concentration reaches
the solubility limit (Cmax or normalized concentration C/Cmax = 1) after 2700s for a LMO
particle with the physical properties reported in table 2, after this time the simulation must be
conducted according to potentiostatic operation, namely controlling the surface concentration
value.

Radial stress, hoop stress and Von Mises stress are reported in figure 8b-d. Short after the
beginning of the process the stresses trend keeps to the same level through the whole operation.
Radial stress and hoop stress are equal at the centre of the particle, which is subjected to
hydrostatic stress subsequently. As a result, the Von Mises stress is null at the centre of
the particle and reaches it maximum value at the particle surface, where damage and crack
propagation are likely to occur. In case of extraction, radial stress and hoop stress reverts their
signs, therefore radial stress is compressive and hoop stress is compressive in the core and tensile
on the surface of the particle, which can concur in crack growth according to mode I.

In the end, a characteristic charging method constant current/constant voltage is simulated,
switching from galvanostatic to potentiostatic operation when the surface concentration reaches
the solubility limit (after 2700s). The concentration and stresses results are reported in figure 9.

The current density adopted in simulation (1A/m2) is really close to 1C, since after 3600s
the concentration level is almost equal to the saturation level. An increase in radial and hoop
stress is detected close to end of the charge during the potentiostatic operation, which reflects
also in the Von Mises stress. Instead, Von Mises stress shows a peak about 0.9R, and a lower
value on the surface during potentiostatic charging. At the end of the charge the concentration
distribution is flat, thus the decreasing of the concentration gradient reflects in lower stress
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Figure 9. Charging simulation according to constant current - constant voltage method. The
switch between the two operation occurs after 2700s, when surface concentration reaches the
solubility limit (Cmax). Normalized concentration is given as C/Cmax, dimensionless radius is
given as r/R.

values for SOC over 98%.
Different simulations were carried out with different charging rate, which is controlled varying

the current density over the particle surface. The results shows, as expected, that higher lithium
flux at the particle boundaries causes a higher concentration gradient which increases the stress
inside the particle. In particular a maximum Von Mises stress value of 47 MPa, 70 MPa and
110MPa was observed for simulation carried out with a current density of 2 A/m2, 3A/m2 and
5A/m2, respectively.

4. Conclusion
In this paper the authors had highlighted the importance of mechanical phenomena inside a
Lithium-ion cell and how these phenomena are related to battery damaging. Indeed, Lithium
ions intercalation/deintercalation inside the active material causes internal stress because of their
inhomogeneous distribution during the diffusion process. An inhomogeneous mass distribution
causes a chemical strain in analogy to an inhomogeneous temperature distribution, and a stress
state within the active material consequently. The stress within the active material is the cause
for pulverization, crack growth and damaging of the material, which reflects in a decrease of
the cell performance. For this reason, quantifying the stress for a given active material with
defined operation condition is a crucial issue to estimate the damaging and the cell lifecycle.
Furthermore, an analytical model for stress computation is presented. The model follows a
multi-physics approach, since the chemical distribution caused by lithium diffusion has to be
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computed in order to get the stress. Moreover, concentration and stress are tightly coupled
in the ”coupled” model, since the concentration itself depends on the stress, and the solution
procedure becomes non-linear.

The analogy between thermal strain and chemical strain is exploited to implement a numerical
model of the problem in the commercial finite element software Ansys. Indeed, the numerical
value of the thermal solution is equal to the concentration value and cause the same strain and
stress if the physical and fictitious parameters are tuned properly. In this way the numerical
solution can be got exploiting the multi-physics capability of Ansys. The results of the numerical
model are validated with the established analytical model, and the fitting is satisfactory.
Numerical modelling is the only way to perform simulation with different domain geometry
or more complex boundary condition, which makes the assumptions necessary to derive the
analytical model fall.

The results show that after few minutes from the beginning of the charge the stress
distribution remains constant in the particle, and then a slight increase is detected during the
potentiostatic operation at the end of the charge. The Equivalent stress value increases with the
charging rate and can approach the yield stress of the material, this means that faster charge
(or discharge) leads to a faster cell degradation.
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Table 3. List of Symbols

Symbol Parameter Unit

C Concentration mol/m3

C0 Initial concentration mol/m3

Cmax Maximum concentration mol/m3

CR Surface concentration mol/m3

Cref Zero strain concentration mol/m3

D Diffusion coefficient m2/s

Deqv Equivalent diffusion coefficient m2/s

E Young Modulus MPa

F Faraday constant 96485.332 As/mol

I Current density A/m2

r Radius m

R Particle radius m

Rg Gas constant 8.3145 J/molK

SOC State of charge -

T Temperature 298K

Tref Zero strain temperature 273K

u Displacement m

x Normalized radial coordinate -

εc Hoop strain -

εch Chemical strain -

εr Radial strain -

λn Roots of trascendent equation λ = tan(λ) -

υ Poisson ratio -

σc Hoop stress MPa

σr Radial stress MPa

τ Characteristic time D/tR2

Ω Partial molar volume m3/mol
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