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CONFORMAL GEOMETRY OF ISOTROPIC CURVES
IN THE COMPLEX QUADRIC

EMILIO MUSSO AND LORENZO NICOLODI

ABSTRACT. Let Q3 be the complex 3-quadric endowed with its standard com-
plex conformal structure. We study the complex conformal geometry of isotropic
curves in Q3. By an isotropic curve we mean a nonconstant holomorphic map
from a Riemann surface into Q3, null with respect to the conformal structure
of Q3. The relations between isotropic curves and a number of relevant classes
of surfaces in Riemannian and Lorentzian spaceforms are discussed.

1. INTRODUCTION

Let Q3 be the nonsingular complex hyperquadric of CP*, regarded as the Grass-
mannian of Lagrangian 2-planes of C* and equipped with its canonical Sp(2,C)-
invariant complex conformal structure g (cf. [23, 26, 30]). An isotropic curve is
a nonconstant holomorphic map f : S — Q3 from a Riemann surface S into Qjs,
such that f*(g) = 0. (The complex null geodesics, i.e., the projective lines in CP*
contained in Qs, are excluded from our consideration.) The purpose of this paper
is to provide a systematic study of the complex conformal geometry of isotropic
curves. This topic was inspired by Chern’s article [13] and Bryant’s papers [6, 8, 9].

The main motivation comes from differential geometry, and more specifically
from surface geometry. In fact, the point of view of isotropic curves provides a
unifying framework for a number of different classes of immersed surfaces according
to the following scheme: an isotropic curve is naturally associated to any immersion
of the class; and conversely an immersion can be recovered from the isotropic curve.
Examples that fit into this scheme include minimal surfaces in Euclidean space R?,
maximal surfaces in Minkowski space R!2, surfaces of constant mean curvature
one (CMC 1) and flat fronts in hyperbolic space H?, spacelike CMC 1 surfaces and
flat fronts in de Sitter space #2, and superminimal immersions in the four-sphere
54, For minimal surfaces, this amounts essentially to the classical description of a
minimal surface f : S — R? as the real part of a holomorphic null curve F : § — C3
(cf. [15, 18, 43]). For the case of maximal surfaces in R1:2, see [27, 31, 36]; for the
case of CMC 1 surfaces in hyperbolic space, besides Bryant’s seminal paper [7], see
[4, 37, 39, 38, 41]; for flat fronts in hyperbolic 3-space, see [16, 17, 28, 29, 34, 38];
for spacelike CMC 1 surfaces and flat fronts in de Sitter space, see [31, 36]. Finally,
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2 EMILIO MUSSO AND LORENZO NICOLODI

for the case of superminimal surfaces in S%, see [6, 13]. Other references will be
given throughout the paper.

Description of results. Section 2 collects some background material about the holo-
morphic conformal structure of Q3 and the contact structure of CP?. In particular,
we briefly discuss the projections of suitable Zariski open sets of Q3 onto R3, R1:2,
H? and H2, the projections of suitable Zariski open sets of CP? onto H? and H2,
and reformulate the twistor projections of CP* onto S*.

Section 3 is concerned with complex projective structures on a Riemann surface
(cf. [12, 25, 32, 35]). We provide the needed background on projective structures
and show that naturally associated to a projective structure on a Riemann surface
there is an operator ? from quartic to quadratic meromorphic differentials.

Section 4 studies the complex conformal geometry of isotropic curves by the
method of moving frames and discusses the relation of isotropic curves with sur-
face geometry. First, we briefly recall the construction of the branched conformal
(spacelike) immersions and fronts in R3, R%1, %3, #?! and S* associated to an
isotropic curve f, the surfaces tamed by f. The main properties of these surfaces
are collected in Theorem A. Next, generalizing the classical Goursat transformation
for minimal surfaces (cf. [18, 24]), we define the conformal Goursat transformation
for surfaces tamed by isotropic curves. The close relationship between isotropic
curves and projective structures on a Riemann surface is established in Theorem B,
which shows that to any isotropic curve f : S — Q3 one can associate a meromor-
phic projective structure and a meromorphic quartic differential 6 on S. We then
characterize the conformal cycles, i.e., the isotropic curves all of whose points are
zeros of the quartic differential (heptactic points), and describe their corresponding
tamed surfaces. Next, we introduce the notion of osculating cycle for an isotropic
curve f and geometrically characterize heptactic points in terms of the order of
contact of the isotropic curve with the osculating cycle. In Theorem C, we solve
the equivalence problem for generic isotropic curves in terms of the meromorphic
differentials § and 9(8). The meromorphic function 9%(§)?/4 is called the bending of
the isotropic curve. In Theorem D, viewing Q3 as a homogeneous space of Sp(2, C),
we address the question of deformation and rigidity for isotropic curves according
to the general theory of deformation of submanifolds in homogeneous spaces as for-
mulated by Cartan [10] and further developed by Griffiths and Jensen [19, 22, 23].
We prove that a generic isotropic curve is deformable of order four and rigid to
order five.

Section 5 is devoted to the study of isotropic curves with constant bending.
Referring to the classical notion of W-curve in projective 3-space (cf. [1, 13]), we
introduce the notion of isotropic W-curves and describe their tamed surfaces. In the
main theorem of the section, Theorem E, we prove that a compact isotropic curve
with constant bending is a branched reparametrization of an isotropic W-curve. To
better illustrate the connections between the theory of isotropic curves and surface
geometry, a number of examples is considered throughout the paper. For figures
and for some symbolic computations, we used the software Mathematica.

2. PRELIMINARIES

2.1. The complex symplectic group. Consider C* with the symplectic form w =
dz' ANdz3 4 dz? ANdz*. Let Sp(2, C) be the symplectic group of w and sp(2, C) its Lie
algebra. Denote by (e1,...,e4) the natural basis of C* and by 4, : Sp(2,C) — C*
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the holomorphic map taking A € Sp(2,C) to Aej, j =1,...,4. The Maurer-Cartan
form ¢ of Sp(2, C) is the sp(2, C)-valued holomorphic 1-form such that dA; = ¢! A;,

i=1,...,4.} Let @ be the complex vector space spanned by the skew-symmetric
matrices
1 2 1 4 1 1 3 2 4 2 3 3 4
L1 = ey —eq, L2 = ey — €, L3 = %(63 —€eq 7e4+e2)7 L4 = e3 — ey, L5 — ey —e3,

where eg denotes the elementary 4 x 4 matrix with 1 in the (i,j) place and 0
elsewhere, 4,57 = 1,...,4. On €%, we consider the nondegenerate bilinear form
ge(X,Y) = 3tr(JXJY), where J = €} + e} — e} —e]. Then, (Ly,...,Ls) is a basis
of ¢° such that

(9¢(La, Lp))1<ap<s = b} + b3 + bj + bj + b},

where b? denote the elementary 5 x 5 matrices. For every A € Sp(2,C), the
linear map Ly : € > X — AX%Y € € is an orthogonal transformation and
L:Sp(2,C) > A+ La € O(€° ge) is a spin covering homomorphism. Let RR° be
the 5-dimensional real subspace of €® spanned by

Ei = 55 (L1 +Ls), E2 = Z5(L1 = Ls), Es = Ls, Ea = J5(L2 + La), Es = 25 (L2 — La).

Restricting ge to SR® we get a positive definite scalar product, denoted by gs.
By construction, (Ei,...,Es) is an orthogonal basis. The subspace R® is Sp(2)-
invariant and L : Sp(2) 2 A+ La € O(R5, gn) is a spin homomorphism. Consider
S3(C?), the third symmetric power of C2, and let F : S3(C?) — C* be the isomor-
phism defined by F(alll) = ey, F(allg) =3 2/962, F(aggg) =3 1/663, F(algg) =
ey, where (a1, a2) is the natural basis of C? and a; j, is the symmetric tensor product
aja;a;. Let S be the representation of SL(2,C) on S3(C?) induced by the standard
representation of SL(2,C) on C2. Then S : SL(2,C) 3 X + FoS(X)oF~! € Sp(2,C)
is a Lie group monomorphism. The subgroup S(SL(2,C)) will be denoted by H.

2.2. The conformal structure of Q3. Let Q3 be the compact complex 3-fold
of Lagrangian 2-planes of C*. The map 7 : Sp(2,C) > A — [4; A A3] € Q3 is a
holomorphic principal bundle with structure group

Go ={A €5p(2,C) | [A1 A Az] = [e1 A ea]}.

Let T = {(P,v) € Q3 x C* | v € P} be the tautological bundle of Qs and T
the quotient bundle (Q3 x C*)/7. If A: U C Q3 — Sp(2,C) is a holomorphic
cross section of m, then (p3, 41, ¢3) is a holomorphic coframe and A; A Ay is a
trivialization of A\*(7).2 For every v € C* and P € U, we denote by |[v]|p the
equivalence class of v in 7 |p. Then U 3 P — |[As|p]|p A |[Aa]p]|p is a local
trivialization of /\2 (7~') Let (A1 A A3)* be the dual of A1 A Ay. Then,

giv = (¥ivs — (¥1)%) ® (AT A A%)* @ (|[4s]] A [[Ad]])

is independent of the choice of A ‘and defines a nondegenerate holomorphic section
g of S29(Qs) ® A*(T)* ® A*(T). Then g determines a holomorphic Sp(2,C)-
invariant conformal structure on Q3 (cf. [26, 30]).

LSummation over repeated indices is assumed.
2By slightly abusing notation, we will simply write 4,0;- instead of A* (90;)
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2.2.1. The Pliicker map. Let x Ay € A?(C*) be a Lagrangian bivector. Then
the 4 x 4 skew-symmetric matrix 1(x Ay) = x’y — y x belongs to the nullcone
of €. The Pliicker map X\ : Q3 > [x Ay] = [L(x Ay)] € P& is a conformal
biholomorphism of Q3 onto the null quadric Q3 of P€%. The components of 1 with
respect to (Ly,...,Ls) will be denoted by 1¢, a =1,...,5.

2.2.2. Affine and unimodular conformal charts. On C? with coordinates (w', w?, w?),
consider the quadratic form ges = dw!dw® — (dw?)?. Let U C Q3 be the comple-
ment of the hyperplane section A = {[x Ay] € Q3 | 1'(x Ay) = 0}. Then

J:US[XAY]— (—14(x/\y),ls(x/\y),12(x/\y)) eC?

1l(xAy)
is a conformal biholomorphism, the affine conformal chart of Q3. On SL(2,C),
consider the bi-invariant quadratic form § = dzidz3 — dr3dxl. Let U C Q3 be the

complement of the hyperplane section B = {[x Ay] € Q3 | 1*(x Ay) = 0}. The
map j: U — SL(2,C) defined by

V2

m (11(x A y)a% — 12(x A y)af — 14(x A y)aé — 15(x A y)a%) ,

Hxnyl) =

where a7, r,s = 1,2, denote the elementary 2 x 2 matrices, is a conformal biholo-
morphism, the unimodular conformal chart of Qs.

2.3. The contact structure of CP?. On CP® we consider the Sp(2, C)-invariant
contact structure induced by ¢ = —23dz! — 2'd23 + 2%d2? — 22dz*.

2.3.1. The unimodular contact chart. On PSL(2, C), consider the left-invariant con-

tact form ¢ = x3dx} — xlda3 + 23dal — xida?. Let V C CP? be the complement of

the 2-dimensional quadric Qy = {[¢] € CP? | £1¢3 — £2¢* = 0}. The map
F:V3[E] — [(Ea] +&'al + a) + £*ad)] € PSL(2,C)

is a contact biholomorphism, the unimodular contact chart of CP?.

2.4. Fibrations over Riemannian and Lorentzian space forms.

2.4.1. Hyperbolic and de Sitter projections. Let h(2,C) be the space of 2 x 2 her-
mitian matrices with scalar product 2(«, ) = det («) + det (8) — det (a« + ). The
hyperbolic and de Sitter spaces can be realized as H3 = {a € h(2,C) | det (a) =
1, tr(a) > 0} and H>? = {a € h(2,C) | det (o) = —1}, equipped with the Rie-
mannian and Lorentzian structures inherited from (-,-). The projections mys :
PSL(2,C) > [B] — B'B € H? and 1.2 : PSL(2,C) > [B] — B(al —a2)'B € H!?
are, respectively, the bundle of oriented orthonormal frames of H? and that of
oriented and future-directed orthonormal frames of #'2. In turn,

Uz =m0 [j] 1 U — H3,
gyl,z = T342,1 O m :ZI — 7‘[1’2,
Eg_[g =m0tV — H3,
ég_[l,z =mypaogt V= HL2

give on Uc Q3 and V C CP? structures of principal bundles either on H? or on
H2. The structure groups are SU(2) or SU(1, 1), respectively.
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2.4.2. Buclidean and Minkowski projections. Let R3 and R''2 denote Euclidean and
Minkowski 3-space, respectively. The maps

{ﬂ'RS :C3 > (Zl, 29, 2’3) — (Re(212+z3), Im(z127z3) , Re(zz)) € R3,

mri2 1 C3 3 (21, 20, 23) (Re(ZQ), Im(z§+z3), Im(zg_’z?’)) e R1:2

give on C? two structures of real vector bundle. Consequently, fgs = Tgs o 7 and
lg12 = 1,2 0 7 make I a real vector bundle over R? or over R,

2.4.3. The twistor fibration. A 3-dimensional linear subspace p C €° is said to be
parabolic if dim Ker(ge|pxp) = 2. The totality of all parabolic subspaces, denoted by
B3, is a compact complex 3-fold acted upon transitively both by Sp(2, C) and Sp(2).
If [¢] € CP?, then pe = {X € €% | XJ(£%) —(€%€)JX = 0} belongs to P>. The map
p:CP335¢— pe € P3 is an equivariant biholomorphism. Let S* be the unit sphere
of R5. Consider the SU(2)-bundle 7y : Sp(2) 3 A — [L(A)1 AL(A)2 AL(A)3] € PB3.
By construction, the map Sp(2) > A + L(A)3 € S* is constant along the fibers of
Ty, and hence it descends to a map tv : B3 — S* which, upon the identification of
CP? with 93°, amounts to the twistor fibration (cf. [6]).

3. PROJECTIVE STRUCTURES

We will briefly recall the notion of a complex projective structure on a Rie-
mann surface. We will adapt to this specific case the general definition given by S.
Kobayashi in [25], which goes back to E. Cartan [12].

Definition 1. Let S be a Riemann surface and let SL(2,C); be the group of
upper triangular 2 x 2 unimodular matrices. A complex projective structure on S
is a holomorphic principal SL(2,C);-bundle P — S, equipped with a holomorphic
Cartan connection 7.

Lemma 1. Let (P,n) be a projective structure. About any point pg € S, there exist
a coordinate chart (U, z) and a cross section p : U — P, such that p*(n) = aldz.

Proof. Let q: V — P be a section of P, defined on a neighborhood of pg. Possibly
shrinking V', there is a coordinate w : V' — C, such that q*(n) = (z1(al —a3) +al+
rda?)dw. By the existence and uniqueness theorem for holomorphic ODE (see for
instance [21, p. 46]), there exists a holomorphic function g : U — C, defined on a
smaller neighborhood U C V of py, such that ¢" — g?+ (1)’ + (z})? + 21 = 0, where
h' denotes the derivative of a function h with respect to dw. Let b = e~ 9(z1 + ¢')
and define z : U = C by dz = e*9dw. Possibly shrinking U, z is a coordinate. Put
p=q-(efal + e 9a3 +ba?). Then, (U, z) and p satisfy the required condition. [

Definition 2. A chart (U, z) is said to be adapted to (P, n) if there exists a cross
section p : U — P, such that p*(n) = aldz. We call p a flat section of P. By Lemma
1, S can be covered by an atlas P of adapted charts. An atlas on S is said to be
projective if its transition functions are restrictions of Mobius transformations.

Lemma 2. The atlas of the charts adapted to (P,n) is projective.

Proof. Tt suffices to prove that the transition function between two adapted local
coordinates z and w, defined on the same simply connected open neighborhood U,
is the restriction of a Mdbius transformation. Let p,q: U — P be the cross sections
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such that p*(n) = aldz and q*(n) = aldw. Consider x = e9al + e 9a3 +ba? : U —
SL(2,C)q, such that ¢ = p - z. Then,

aydw = e*dz aj + (dg — e9bdz)a; — (dg — e9bdz)a3 + ((e”9(db + bdg) — b*dz)al.

This implies bdz = e 9dg and d(dg/dz)dz — (dg)? = 0. From the second equation,
it follows that g = co — log(z + ¢1), where ¢1, ¢y are two constants of integration.
Then, dw = e*9dz yields w = (2 4+ ¢1) " (czz + (c1c3 — €22)), for some c3 € C. This
concludes the proof. O

Remark 1. In the literature [32, 35], a projective structure on a Riemann surface S
is often defined in terms of a projective atlas. It is not difficult to prove that every
projective atlas is originated by a projective structure in the sense of Definition 1.

Let (P,n) be a projective structure on S and let P be its the projective atlas. Let
M1 be the sheaf of meromorphic differentials of order ¢. For each (U,z) € P, we
define? Ow,z) * M4|U — M2|U by

1 Zl/ 9 Z/2
27 1672
Lemma 3. The second order operator dy,.y is independent of the choice of the
projective chart.

(1) Vv, (Zdz") = ( )dz?

Proof. Let Z and z be two coordinates on the neighborhood U, with transition
function h = Zoz~!, and let 0v,2), O(v,z) be defined as in (1). It is a computational
matter to check that

(2) dw,2) = dw.z) +28.(h)dz?,

where S,(h) = (%), — %(%)2 is the Schwarzian derivative of h with respect to
z. If both charts are projective, then h is a Mobius transformation, which implies
S.(h) =0, and hence the result. O

Definition 3. Let (P, n) be a projective structure on S and let P be its projective
atlas. Then, there exists a second order differential operator d : M* — M?2, such
that 0|y = 0(y,.), for every (U, z) € P.

To apply projective structures in the study of isotropic curves we need a slightly
more general notion.

Definition 4. Let D C S be a discrete set. A meromorphic projective structure
on S is a projective structure (P,n) on S\ D, satisfying the following condition:
for every pg € D, there exist an open neighborhood U, with U N D = {po}, and a
section p : U \ {po} — P, such that p*(n) is meromorphic on U. A point py € D
is a removable singularity if P and n can be extended across pg. If the points of D
are not removable singularities, we say that D is the singular locus of (P,n). We
can use (2) to define the operator d : M* — M? also for meromorphic projective
structures.

3We implicitly assume that v,z (0) = 0.



4. ISOTROPIC CURVES IN Q3

4.1. Isotropic curves and Legendre associates. A nonconstant holomorphic
map f : S — Q3 from a connected Riemann surface S into the complex quadric
Q3 is said to be an isotropic curve if f*(g) = 0. Given [¢] € CP?, the pencil
{P €Qs |[§ C P} is a complex null geodesic [30], referred to as a null ray. We
will only consider isotropic curves which are not null rays.

Let f be an isotropic curve and pg a point of S. Let (U, z) be a complex chart
centered at pg and uy, uy : U — C* be two maps, such that f|y = [u; A up]. Let
5(2,C) denote the space of symmetric 2 x 2 matrices and consider the nonconstant
map m = (r;;) : U — §(2,C), defined by r;; = w(u;,u}). Notice that f is
isotropic if and only if det (1h) = 0. Possibly shrinking U, there exist a nowhere zero
map m : U — 5(2,C) and a nonnegative integer ki, such that m = z¥1m. The integer
k1 is the ramification index of f at pg. Possibly switching u; and us and shrinking
U, we may assume that myo is nowhere zero. Then, [—mgou; + mious] : U — Ccp?
does not depend on the choice of u; and us. Thus there exists a holomorphic map
i 8 - CP?, such that o = [—ma2u; +m2us]. By construction, f*is a Legendre
map and f*#(S) is not contained in any contact line of CP?. We call f! the Legendre
associate of f. The divisors of the critical points of f and f* will be denoted by
Ay and Ayy, respectively.

Remark 2. Conversely, if f!: S — CP? is a Legendrian curve not contained in a
contact line, then f = [f*Af%'] : S — Qs is an isotropic curve which is not contained
in any isotropic ray. This and the result of Bryant [6, Theorem G], asserting that
any compact connected Riemann surface can be holomorphically embedded in CP?
as a Legendrian curve, imply that for every compact Riemann surfaces S there
exists a generically one-to-one isotropic curve f : S — Qs.

4.2. Isotropic curves and classical surface theory. For a given isotropic curve
f S — Qgs, consider the discrete subsets Ef = f(5) N A, Ef = f(S)N B, and
Eﬁf = f#(S)N Q. If S is compact, these are finite subsets. Let S; = S\ Ey,
§f =S\ Ef, and Sgc =S\ Egc The following theorem is a compendium of
results ranging from the 19th century through the first decades of this century
[43, 7, 6, 13, 27, 29, 31, 17].

Theorem A. Let f: S — Qs be an isotropic curve. Then,

(1) ¢rs == lrs o f : S; — R3 is a conformal, branched minimal immersion.
The points of Ef are the ends of ¢ps.

(2) ¢pr2 = {lri2of: Sy — R*! is a conformal, branched mazimal immersion.
The points of Ey are the ends of ¢gs.

(3) q~5%3 = lys o f §f — H3 is a conformal, branched CMC 1 immersion.
The points of Ef are the ends of ;Z;’;.[S.

(4) qNSHm = lyn20f: §f — HY2 is a conformal, branched spacelike CMC' 1
immersion. The points of Ef are the ends of 57.(1,2.

(5) qﬁg_p = 62_13 o ft: S’; — H3 is a flat front. The points ongc are the ends of
Wi

(6) ¢§11,2 = Eg_tm o fh: Sfc — HY2 is a spacelike flat front. The points of Egc
are the ends of ¢L1,2-
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(7) ¢ﬁs4 :=wo ft: S5 = 8% is a branched superminimal immersion.

The listed maps are said to be the branched (or frontal) immersions tamed by f.

Remark 3. According to [6, Theorem F], a Legendre curve from a Riemann surface
S to CP? not contained in a contact line can be written in the form

(3) fF=1(2¢',299',2hg' — g, 1],

where g and h are meromorphic functions with g nonconstant. In view of Theo-
rem A, one can derive explicit representation formulae for the branched (frontal)
immersions tamed by f in terms of the meromorphic functions g and h (see for
instance [39, 29, 16, 17, 34]). As an example, in [29], the Bryant representation
formula for Legendrian curves in CP? was implicitly used to find flat fronts in H3
with n smooth ends (see Figure 1). The generating meromorphic functions are
gn(2) = 271 (2" = 1)@=/ and f,(2) = 272(1 + 2") (2" — 1)?~™/" n € N. They
are defined on a covering of C punctured at the nth roots of the unity.

¢

FIGURE 1. Flat fronts in hyperbolic 3-space with 5 and 7 ends, with
rotational symmetries of order 5 and 7, originated by the meromorphic
functions (gs, hs) and (g7, h7), respectively.

Definition 5. Let ¢ and (,ZAS be tamed })y f and f, respectively. We say that
¢ is a conformal Goursat transform of ¢ if there exists A € Sp(2,C), such that

F(S) = A-f(S).

Remark 4. The (classical) Goursat transformation was originally introduced for
minimal surfaces in Euclidean space by Goursat [18, 24]. The classical definition
can be rephrased as follows.

e Let ¢ and QAS be two branched minimal immersions in R? tamed by f and f ,
respectively; ¢ and QAS are (classical) Goursat transforms of each other if there exists
an element A of the subgroup {X € Sp(2,C) | X(e1 Ae2) =e1 Neg, X(ezAey) =
es Aeg} =2 SL(2,C), such that f=A4-f.

This means that the Gauss maps of ¢ and d; differ by a M&bius transformation of S2.
Taking this point of view, one can define a Goursat transformation for isothermic
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surfaces in R? [20] which generalizes the classical one but, excluding the case of
minimal surfaces, seems not directly related to our definition.

A Goursat transformation for CMC 1 surfaces in H? has been considered in
[14, 37, 41, 4]. Tt can be described as follows.

e Let ¢ and QAS be two CMC 1 immersed surfaces of H? tamed by f and f; ¢ and ¢E
are (hyperbolic) Goursat transforms of each other if there exists an element A of the
subgroup {X € Sp(2,C) | Xe; = e1, Xes =e3, X(ea Aey) = ex Aeg}t = SL(2,C),
such that f: A-f.

Therefore, our definition is a natural generalization of both the classical and hy-
perbolic Goursat transformations.

4.3. The projective structure of an isotropic curve. The zeroth order frame
bundle along an isotropic curve f : S — Qg is the principal Gyp-bundle Fy — .5,

(4) Fo=A{(p,A) € SxSp(2,C) | f(p) = 7(A) = [A1 A As]}.
The holomorphic sections of Fy are called symplectic frames along f. Let H; be the
2-dimensional Lie subgroup {X € H | (Xe;) A e; = 0}, isomorphic to SL(2,C);.

Theorem B. Let f : S — Q3 be an isotropic curve and S, = S\ |[Af| U |Ap].
There exists a unique reduced bundle w : F — Sy of Fols, with structure group Hy
such that:

e F 3> (p,A) — A € Sp(2,C) is an integral manifold of the Pfaffian differential
system given by

B)  pli=vi=wl—vr=91 - 30 =40, —3pi=ps =0, ¢, #0.
e There exists a meromorphic quartic differential 6 on S such that 7 (8) = @3 (03)3.

o F with the sl(2,C)-valued 1-form n = p3(a} —a2) — 67 1/3pjal — (3/32)1/3p3a?
is a meromorphic projective structure with singular locus D C |Ay|U|A .

Proof. For the proof of Theorem B, we need the following two lemmas.

Lemma 4. Let f be an isotropic curve defined on an open disk D, C C centered
at the origin. Let k1 and kg be the ramification indices of f and f* at 0. Possibly
shrinking D there exists a meromorphic lift A : D, — Sp(2,C) of f, holomorphic
on D, and satisfying (5). If ky = ko =0, A is holomorphic.

Proof of Lemma 4. Let (by,...,bs) € Sp(2,C), so that f(0) = [by A by]. Then,
f = [111 /\UQL where u; = bl +m11b3 +m12b4 and Ug — b2 +m12b3 +m22b4. Let
m = mqiaj +miz(al+a?)+maoza? and k; be the ramification index of f at 0. Then,
dm = zFidz, where m : D, — s(2,C) satisfies m(0) # 0 and det(m) = 0. Without
loss of generality, we assume that mao(z) # 0, Vz. Let Xy € Sp(2,C) be given by
Xo = (—tose} —13, e} +my0el +1m5y mioed +e3 +ef)|o and let B : D. — Sp(2,C) be
the frame B = (u;,us, bs, by) Xo. Then, B~1dB = zFir(a’el +a(e} +e2) +e2)dz,
where r = mgp and @ = 771 (i12(0)tge — Mg (0)i2). Note that a has a zero of order
1+ ko at 0. We assume (1 +ia)(z) # 0, Vz. Let z; : D. - C, j =0,...,4, be
defined by

) 1+ia k(14 a?)?
x():leog(\/m), $1:*Ta

-1
1 E Tjh .
2 2y k1yj—1 ZT’ J=2,34,
2(r2(1 + a?)zk1)i =z

Tj =
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where
220 = 3(2(log(Z)) + £2%2),
T21 = %,
2 " 1" 2 2 71
z30 = =5 (G — ) + 55 (2 (log(a)? — 7 (i (log(r))? — 15 75—,
w1 = —H2= 4 (log(ra')),
L3y = — B
and
1 v " d d
a0 = ?0(4T3% _ L(llr ?(10g( a)) +r2r') + 3(2rr” 3rr’2)£(log(a’)

+ 37“27“/(di(10g< M2 4 21r (di(log( N3 —4r?r™” 4 3¢ (6rr" — 5(r")?)),
Tq1 = 20&,2 (2r2a’a” + 3d’ (2rr’ — r?)a” + 3a?(3r'"? — 2rr"))),
Ty = —k1(2 + k1) 2 (log(ra’))r®,
T43 = —55k1(8 + 6ky + k3)r®

Consider the maps X,Y : D, — Sp(2,C), defined by

X = cos(xg) Iy — sin(zo) (el — e? + e} — el),
Y =e3+e}+ated — zoel +azeld + xi(e] + xoe? + (x4 + wow3)e} + x3el).

The lift BXY satisfies the required properties. O

Lemma 5. Let A and A be two lifts of f satisfying (5). Then A1 A is H; -valued.
Conversely, if A satisfies (5) and if X is Hy-valued, then A = AX satisfies (5).

Proof of Lemma 5. Let X = Ailg, « and a be the pull-backs by A and A of the
Maurer—Cartan form. Then,

(6) a=X"taX +dX).

From of = aj = 0 and (6), we get a3 = (X?)%a3 and af = X?X3a3. Since
a3 =aj=0and o # 0, we have X7 =0. From o =af =af —a3 =0, X7 =0
and (6), we have a? — a3 = (X2)"1(X] — (X2)%)a3. Since a? — a3 = 0, then
X1 = (X2)3. From ai” :0/1L =d? a5 =01 -3a3=0, X=X} - (X3)*=0
and (6), we obtain a} —3a3 = (3X7 X3 —4(X3) 1 X2)a3. Hence X3 = %(X%)zXf.
From of = of = a2 — a3 = ol —3a2 = 404273044 =0, X1 = X] - (XQ) =
4X} - 3(X2)?°X7 = 0 and (6), we have 4a3 — 3a% = —5(X? X2 + X4(X2) ) as.
Thus, X} + X3(X3)?2 =0. From o} = af = a2 — a% =al -3t =0a; =0 X? =
X1 —(X2)? = X}+X3(X2)? = 0 and (6), we obtain a = ((X3)~ 1X§—inX§)a‘21.
Hence,

XE=X) =X = X=X = X - (8) = X+ X00)°
=4X3 — X3X7X3 =4X; — 3(X3)’X] =0.

This proves that A is Hj-valued. Retracing the calculations, one sees that if A

satisfies (5) and if X is Hy-valued, also AX satisfies (5). O

Lemmas 4 and 5 imply that, for every pg € S, there exist an open neighborhood
U and a cross section U — Fy satisfying (5) and that the transition function of two
such sections is Hy-valued. This proves the existence and uniqueness of the reduced
bundle F. In addition, if pg € |Af|U|Ay:], then there exist an open neighborhood
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U, such that U N |Af| U|Ap:| = {po}, and a cross section A : U\ {po} — F.
The point pg is either a removable singularity or a pole. We call A a meromorphic
section of F at pg. The pull-back of the Maurer—Cartan form by a meromorphic
section is holomorphic on U \ {pp} and meromorphic on U.

Let A, A be two sections of F such that A = AX. Put X = S(z), where
x: UNU — SL(2,C); and denote by « and & the pull-backs of the Maurer-
Cartan form. Then, 43 = (21)2a3 and &} = (z1)7%al. This implies that i (¢3)?
is projectable, i.e., there exists a holomorphic quartic differential § on Sy, such that
T(8) = @3(93)®. I py € |Af|U|Ap| and A : U — F is a meromorphic section
defined on an open neighborhood of pg, then |y = A*(¢3(¢3)3). This implies that
0 is meromorphic on U.

Let A, A be as above. From & = S(z) 'aS(x) + S(z)'dS(z), we have A*(n) =
r7LA*(n)x + 2~ 1dx. Taking into account that A*(n?) is nowhere zero, it follows
that n is a Cartan connection. O

Definition 6. We call (F,n) the projective structure of f. A point pg € S is said
to be heptactic if 6|, = 0. An isotropic curve with 6 = 0 is called a conformal
cycle* If § # 0, f is said to be of general type. The conformal bending of an
isotropic curve of general type is the meromorphic function  := 0(8)2/4.

Remark 5. In his analysis of isotropic curves in C?, E. Cartan [11, 24] defined, for a
generic isotropic curve f : S — C3 (minimal curves in the classical terminology), a
nowhere zero holomorphic 1-form w on S, the element of pseudoarc, and a holomor-
phic function k, the curvature. One can write ¢ and () in terms of w and k. As a
result, we obtain § = f%(f)k” — 4k%)w*, where the derivatives are computed with
respect to w. If z: S — C is a uniformizing parameter for w, then f is a conformal
cycle if and only if either k = 0, or else k = {/15/20(¢ 4,)(1/2/152), where pg, 4,
is the Weierstrass elliptic p-function with invariants g, and gs. If k = 0, we get a
twisted cubic. Assuming 5k” — 4k? # 0, we have 0(§) = hw?, where

h— 5r(®) 1125k () — 103") 4800k ) (k2 4-2K"2) 4512k (2% —x°)
= 2%’ —4x2) 80(5k” —4k2)2 :

4.4. Conformal cycles. The group SL(2,C) acts on CP? and Q3 via the repre-
sentation S (cf. Section 2.1). Apart from fixed points, the orbits of this action are
1-dimensional and conformally congruent to each other. Let CcCP?andCC Q3
denote, respectively, the orbits through [e1] and [e; A ez]. The equivalence problem
for conformal cycles is solved by the following.

Proposition 6. The orbit C is a rational conformal cycle and C is its Legendre
associate. In addition, any other cycle is conformally congruent to C.

Proof. The stabilizer of the action of SL(2,C) at [e1 A ez] is SL(2,C);. Hence
C is biholomorphic to CP'. The 3-dimensional subgroup H = S(SL(2,C)) is the
maximal integral submanifold through I, of the left-invariant completely integrable
holomorphic Pfaffian differential system on Sp(2,C) given by

(7) Pl = @1 =0l — 3 = 91 — 3¢5 = 4p; — 3] = ¢} = 3 = 0.
Then, {(P,A) € C x H| [A; A A3] = P} is a reduction of the zeroth order frame
bundle of C with structure group H;. From (7), it follows that this bundle is

“We implicitly assume f(S) is not properly contained in any other cycle.
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the projective bundle of C. Since @i = 0, the quartic differential of C vanishes
identically. This proves that C is a a conformal cycle. The punctured curve C, =
C\{[es Ae4]} is parametrized by f(z) = [v(z) Aw(z)], where v(z) = e1+ éeg - §e4
and w(z) = ey — %eg + zey. The orbit C is the twisted cubic z — [u(2)], u(z) =
e;+zeg— %63 + §e4. Since w = u’ and v = u— 2w, it follows that Cis the Legendre
associate of C.

Next, let f : S — Qs be any other conformal cycle and F; be its projective
bundle. Since f is a cycle, the map ¥ : (p, A) € Fy — A € Sp(2,C) is an integral
manifold of (7). Then, there is B € Sp(2, C) such that ¥(Fy) C B-H. This implies
f(Sy) € B-C. By continuity, f(S) C B -C and, by maximality, f(S)=B-C. O

Remark 6. According to [8, 9], it follows from Proposition 6 that conformal cycles
exhaust the class of isotropic embeddings of CP' into Qs of degree 4.

Definition 7. The surfaces associated to a conformal cycle can be viewed as the

counterparts of the Cyclides of Dupin in the classical Lie sphere geometry (see for

instance [24]). For this reason they are called pseudo-Cyclides. By construction, all

pseudo-Cyclides are Goursat transforms of the ones tamed by the standard cycle
53 2 22

F2) = [(v(2)) = [(e1 + Srea = Frea) A (eg = Tea + zea)].

FIGURE 2. A CMC 1 pseudo-Cyclide of H* with four embedded ends.

Example 7 (Standard models for pseudo-Cyclides). Up to a homothetic factor, the
minimal and maximal surfaces tamed by the standard cycle are the Enneper surface
and the conjugate of the mazimal space-like Enneper surface of the second kind [27].
The CMC 1 surface in hyperbolic 3-space tamed by f is a Goursat transform of
the rotationally-invariant Catenoid cousin with parameter p = 1 (cf. [7, 24]),
while the CMC 1 surface in de Sitter space tamed by f is the spacelike Catenoid
cousin considered in [31]. The flat front tamed by f is a Goursat transform of the
rotationally invariant front with parameter p = —2 considered in [29]. Finally, the
superminimal surface in S* tamed by f is a Goursat transform of the Veronese
embedding [13]. Figure 2 depicts a CMC 1 pseudo-Cyclide in hyperbolic 3-space.
It is not embedded and possesses four smooth ends.
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4.5. Geometric meaning of heptactic points. The 7-dimensional complex ho-
mogeneous space € = Sp(2,C)/H is the manifold of conformal cycles of Q3. Let
f be an isotropic curve, p € S, a generic point, and A € F|, (cf. Theorem B).
The cycle Cs|, = A-H- f(p) is independent of the choice of A. We call C¢|, the
osculating cycle of f at p. The holomorphic map Cy : S, 2 p+— C, € € is called the
osculating map of f. Using the projective structure and the Pliicker map, one can
prove the following.

Proposition 8. Let f be an isotropic curve. Then:

o f and Cy|, have analytic contact of order > 5 at p, for every p € S,.

e f and Cs|, have analytic contact of order > 5 at p € S, if and only if p is
an heptactic point.

o The heptactic points of f are the critical points of the osculating map Cy.

Remark 7. Proposition 8 implies that, if ¢ is tamed by f : S — Qs, then the
projection of C¢|, onto the appropriate Riemannian or Lorentzian spaceform is a
pseudo-Cyclide with analytic contact of order at least 5 with ¢. In addition, ¢
is the envelope of the 2-parameter family of its osculating pseudo-Cyclides. This
is reminiscent of a similar property for surfaces in Lie sphere geometry (cf. [3]).
Figure 3 reproduces a CMC 1 surface tamed by a generic isotropic curve (in green)
and one of its osculating pseudo-Cyclide (the same one depicted in Figure 2).

FIGURE 3. A CMC 1 embedded surface tamed by an isotropic curve of
general type (green) and one of its osculating pseudo-Cyclides (orange).
The pseudo-Cyclide is the same one of Figure 2.

4.6. The equivalence problem. Let f:9—Qzand f : S — Q3 be two isotropic
curves. We say that f is dominated by f if there exist a holomorphic map h: S — S
and X € Sp(2,C) such that f = X - foh.

Theorem C. Let f:8 — Qs and f : S — Qg be two isotropic curves of general
type. Then f is dominated by fif and only f there exists a holomorphic map
h:S — S such that h*(6) =6 and h*(0d) = 0(0).
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Proof. 1t suffices to show that two isotropic curves f, f : .S — Qs of general type
have the same quartic and quadratic differentials if and only if f = X - f, for some
X € Sp(2,C). In the proof we consider F; and ]-"f as projective bundles, with
structure group SL(2,C); acting on the right via the representation S. The proof
is organized in a first step, two technical lemmas and a second step.

Step I. Suppose that f = X f. Then, Fy=XFpandF: (p,A) € Fy — (p,X A) €
F; is a bundle map such that F*(¢) = ¢. Hence, F*(7) = n and 6 = d;. Since
F preserves the Cartan connections, the projective atlases induced on S by (Fy,7n)
and (F,1) do coincide. This implies that 9(6) = 3(d).

Lemma 9. Let (P,n) be a singular projective structure on S, let (U, z) be any
complex chart of S and let p : U — P be a cross section. Put e§dz = p*(n]’-). Then

(8) o = w2y + v,z dz’,

where
2\ 2\/ 2\/

O twen =25+ O (39 ) ra (@) + i de)
1 1 1

and Oy, is defined as in (1), although (U, z) is not a projective chart.

Proof. Tt is easy to see that t(U727p)d,22 does not depend on the choice of the section p.
Let Z be another coordinate and h the transition function Zoz~1. A straightforward
computation shows that v(y,. n)dz? = vz p)dz* — 28.(h) dz*. From (2) it follows
that the right hand side of (8) does not depend on the choice of the local coordinate
and of the cross section. If (U, z) is a projective chart and p is a flat section, then
t(w,z,p) = 0. This implies the result. ([l

Lemma 10. Let (P,n) be a singular projective structure on S with singular locus
D. Leté be a meromorphic quartic differential and Sy = S\ DU|A;|. There exists a

unique reduced bundle 7 : P — Sy of P|s, with structure group Zs = {eaj + ¢ 'a3
% =1}, such that 7(8) = 63/*(n})* and n} = 0. In addition, T*(0(8)) = 4ninl.

Proof. Let D : P|g, — C be the holomorphic function such that () = D(n?)*.
By construction D(p - ) = (21)®D(p), for every p € Plg, and every = € SL(2,C);.
Thus, P = {p € Pls, | D(p) = 6%/} is a reduction of P|s, with structure group
H = {z € SL(2,C); | («}1)® = 1} such that #*(§) = 63/4(n?)*. The 1-form n}
is tensorial on P. Thus, ! = En?, where E is a holomorphic function such that
E(pz) = ¢ 2(E(p) — exd). Then, P = {p € P | E(p) = 0} is the unique reduction
of Plg, such that 7*(6) = 6*4(n})*, n] = 0. Let (U,2) be a complex chart and
p: U — P be a cross section such that § = 63/4dz*. Then el =0 and (e2)* = 1.
Using the Lemma 9, we have t(y . ») = 4e3ei. Therefore, 9(6) = 4p*(nin3)). Taking
into account that n? and n} are tensorial on P, we have #*(2(8)) = 4n2nJ. O

Step II. Next, assume 6 = 4§ and 9(5) = 9(). Let D, = [Af|U|Ap| U|A;|U
A |U[As| and p: S — S\ D, be the universal covering. Since p*(d) is a nowhere

zero holomorphic diffeliential, S is biholomorphic either to C, or to the unit disk.
Then, there exists z : S — C such that § = dz*. Consider the Zg-reductions Fyop
and F fop of the projective bundles Fyop, and F fop constructed in Proposition 10.
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Since S is simply connected, they are trivial. Pick two global trivialisations A and
A and denote by «, @ the pull-backs of the Maurer—Cartan form. Possibly acting
on the right with an element of Zg we have a3 = 43 = dz. Since aja? = 4343 =
0(9), then a@ = &. By the Cartan—Darboux congruence Theorem [24], there exists
X € Sp(2,C) such that A = X A. This implies f0p = X f op. Hence f=XF, as

claimed. 0

Proposition 11. Let S be a simply connected Riemann surface. Let § and - be
two holomorphic differentials of degree four and two, respectively. If 6, # 0, for
every p € S, then there exists an isotropic curve f : S — Qg of general type, such
that 6y = 6 and 9(d5) = v. Moreover, f is unique up to the action by an element
of the symplectic group.

Proof. By the Uniformization Theorem, taking into account that on the Riemann
surface S there is a non-null holomorphic differential 4, it follows that .S is equivalent
to either the complex plane or the unit disk. On S, we can then consider a global
holomorphic coordinate z : S — C and write v = I'd22, § = D dz* with Dy, #0,
for each p € S. Since S is simply connected, we can choose a fourth root of D,
say v'D. Next, let E := I'/v/D and consider the holomorphic sp(2, C)-valued 1-
form ¢ = (e} + e + e} — e})V/Ddz + (e} + 3(e? — e}))Edz. Now, ¢ satisfies the
Maurer—Cartan equation and hence, by the Cartan—Darboux existence theorem,
there exists a holomorphic map A : S — Sp(2, C) such that ¢ = A='dA. The map
f:832pr— [Ai(p) AN Ax(p)] € Q3 defines an isotropic curve with the required
proprieties. The uniqueness assertion follows from Theorem C. O

Theorem C and Proposition 11 can be rephrased in terms of projective structures.

Corollary 12. Let f:5— Q3 and f : 8 = Q3 be two isotropic curves of gAeneml
type. Then f is dorpinated by f if and only if there exists a projective map h : S — S
such that h*(8) = 9.

Corollary 13. Let (P,n) be a projective structure on S with singular locus D and
let 0 be a nonzero meromorphic quartic differential on S. Letp : S, — S\ DU|As|
be a universal covering. Then there exists a generic isotropic curve f : S, — Q3
whose projective structure is equivalent to (p*(P),p*(n)) such that p*(8) = 5.

4.7. Conformal deformation and rigidity. We adapt to our specific context,
the general concepts of deformation and rigidity [10, 19, 22, 23].

Definition 8. Let f, f : S — Q3 be two isotropic curves. We say that f is a
kth order conformal deformation of f if there exists a holomorphic map D : S —
Sp(2,C), such that f and D(p) - f have analytic contact of order k at p, for every
p € S. A deformation is trivial if it is congruent to f. We say that f is deformable of
order k if, for every po € S\ |Af|U|Af:|U|As], there exist an open neighborhood U
of pg and an isotropic curve of general type f : U — Qs, such that f is a non-trivial
kth order deformation of f|y. Otherwise, f is said to be rigid to order k.

Theorem D. An isotropic curve of general type is deformable of order four and is
rigid to order five.

Proof. We first recall the following.
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Fact. Two holomorphic mapsAw, zZA) : S — CP* haveAthe same kth order jets at pg
if and only if for any lifts ¥, ¥ : § — C® of ¥ and ) and for every complex chart
(U, z) with py € U, there exist g; € (QI’O(S)|pO)n, n=0,...,k, such that

. , AWk
(10) )y, = Ey&w Wlpgs G= 0,k (W) = T (@),

where ¢ € N are defined by ¢} = c; =1land by ¢/ =/~ + &7, for every j > 2
and 1 <17 < j.
Since the result is local, we may assume the existence of a global section A of the
Zg-bundle Fy. Recall that

3
(11) ATdA = (e3 + el +ef —e3)( + (e + 7 (
where (,7n are holomorphic 1-forms and (|, # 0. Without loss of generality, we
may suppose that ¢ is nowhere zero. It defines on S a unimodular affine structure
consisting of all complex charts (U, z) such that ¢ = dz, n = bdz. Let f be another
isotropic curve of general type and A be a cross section of F 2 Then

el —el))n

(12) A7YdA = a(el + €2 + e} — e3)d2+b(e2 + i(

where a, b are holomorphic functions, a # 0. Without loss of generality, we suppose
that a is nowhere zero. The quadratic differential

—ei))dz,

o= (o (2B

does not depend on the choice of the unimodular affine chart.

Lemma 14. f is a fourth order conformal deformation of f if and only if V=
v+ 8.

Proof. Let A : Q3 — Qs be the Pliicker map and L : Sp( ) — O(€5,g¢) be the
spin covering homomorphism. Consider ¥y = Ao f, 77/1 =)Ao f and let A, A:S5—
O(€?, g¢) be the maps defined by A =Lo A, A =LoA. Then, A is a lift of ¢ and
Ay is a lift of ¢. In addition, A and A satisfy A~'dA = Ndz and A~1dA = Ndz,
where N,N : S — 0(€?, g¢) are given by

(13) N = (b} + v2(b} — b3) — bf — bj +b3) + b(b] — b} + ;75 (b3 — b3)),
it = a(bh + v2(b] — b3) — bl — b +b3) + b(bI — b + 12 (b} — b).
Let F(p), ?(h) : § — C® be given by the recursive formulae

~ d N N
14 F =F =b F =(— +N)F,_ F =(— +N)F(y,_
(14) ©) =Fo) =b1, Fup (dz +N)Fn-1), Fu (der JE(h—1),

where (by,...,bs) is the canonical basis of C°. Define F, F : S — GL(5,C) by
F= (F(0)7 .. ,F(4)) and by F = (F(0)7 e ,F(4)). Then

(15) JHA)=A-F, JYA)=A-F,

where

4 _ dA; d2A, dPA; d*A
J( )(Al) - A17 dzl ) dz21 ’ dzzl ) dz41 ;

N ~ A 2 1 3 1 4 7

JB(A) = (A, ¢4 dAL & A d

dz 0 dz? 0 dz3 0 dz*
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From the fact mentioned at the beginning of the proof, f is a fourth order defor-
mation of f if and only if there exist a holomorphic map D : S — O(€%, g¢) and

holomorphic functions r;, = 0,...,4, such that
(16) JHA) =D - TP (A)-R
where

(17) R = roI5+71(b? +2b3 +3bi +4b3) +73(b3 +3bj +6b3) +73(b] +4b3) +r4b3.
By construction, we have

(18) D=AFR'F 1AL

This implies that FRF~! takes values in the orthogonal group O(€®, g¢). Imposing
the orthogonality conditions, we obtain, letting ¢ = 41,

T = 8&27

r1 = 2eaa’,

ro = 5(5( 3b — a2b) + 296’2 + 4aa"),

(19) 7= (1400 + 132a0'a" + (3904”2 — 200426 + 2356°b)a’ — 35a% + 350¥ ) ,

_w% (1372a2a/am + (1266&4b + 480aa’? — 720a3b + 624a%a")a" +
a

(2548a*b" — 1960a°b")a’ + (8342a3b — 6760a2b)a’? + 91954’ +
588G° + (2940 — 900bb)a° — (294(2 + b'') + 513b%)a’t + 387A6b2)

and, in addition,

(20) b=-b+2— —3

This proves that Vi =Vf+s. Conversely, if Vi =Vf+Ss then b is as in (20). Define
70y-.-,74, R, and D as in (19), (17) and (18). Then D is O(€®, g¢)-valued. From
(18) it follows that .A4; and .A; satisfy (16). This implies that f is a fourth order
deformation of f. O

As a consequence of the Lemma 14, it follows that an isotropic curve of general
type is deformable of order four and that its local deformations depend on one
arbitrary holomorphic function. We conclude the proof by showing that an isotropic
curve of general type is rigid to order five. Let f be a fifth order deformation of f
Since f is a fourth order deformation of f, then b is as in (20) and the lifts Al, A,
of ¥ and v satisfy (16), where R and D are as in (17), (19) and (18). Since f is a
fifth order deformation, there exists a holomorphic function r5, such that

d5./zl1 (4) d5A1
da5 = J <A1)<’I“5b1 + 5rybs + 10r3bs + 10m5by + 5T1b5) + 79 da5 s
where (b1, ..., bs) is the standard basis of C®. Taking into account that
d> Ay BA
s e s = A6
we obtain

Aﬁ'(g)) = DA(F(T5b1 + 5r4bg 4+ 10r3bs + 107“2b4) + ToF(5)).
Using (18), we have
?(5) = 1:“R71((7"5b1 + 5r4bg + 1073bg + 107"212)4) + ToFilF(5)),
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which, in turn, implies

(21) FRﬁ‘*lf‘(a = F(T5b1 + 57r4bg + 10r3bs + 107’212)4) + TQF(5).

The second scalar equation of the system (21) implies 6a(1 — a*) = 0. Then a is a
fourth root of unity. Possibly acting on the right of A with an element of Zg, we
may assume & = 1. From (20), we have b = b. Then, (11) and (12) imply that

A= X-A, for a unique X € Sp(2,C). This proves that f and f are conformally
congruent to each other. [

5. ISOTROPIC CURVES WITH CONSTANT BENDING

5.1. Isotropic W-curves. Let ¢ = m/n € Q be a nonzero rational number, |g| #
1. Put ¢, =m+n (mod 2) and define v,,w, : C — C* by

(m+n)(1+eq)
(22) Vq(z) = (m - n)el - (m + Tl)z(lJrE‘J)meg — 22\/%2:%@47
(m+n)(14+eq)
wy(z) = (m—n)es — 22\/%;:%93 + (m+n)zn(0+edey,

Let f; : CU {0} — Q3 be the one-to-one isotropic curve defined by f,(z) =
[vq(2) Aug(2)], fq(00) = [es Aeq]. We call f, the isotropic W -curve with parameter
g. The Legendre associate of f, is computed to be

(23) fg(z) _ [ivi(er +iz0He0mey) + \/E(Z(HEQ)Q(M n>e2 3 Z<1+sq>2<m+n> el
which is a W-curve in the classical sense (cf. [1, 13]). This motivates the termi-
nology. If ¢ = +£3,£1/3, f, is a conformal cycle. For all other values of ¢, the
isotropic W-curve is of general type. Assuming g # +3,+1/3, one can explicitly
build a global meromorphic section of the Zg-bundle F , holomorphic on C, with
poles at 0 and co. Consequently, one can compute the meromorphic differentials
to obtain

9m* — 82m?n? +9n* 2(m? +n?)
(5q=— 10024 dZ, ’YQZTCZZ
Thus, f, has constant bending
(24) kg =—16(1+¢*)*(9¢" — 824> +9)7", qeQ\{+3,+1/3}.

In particular, fq, f,-1, f-q and f_,—1 have the same differentials. By Theorem
C, from the viewpoint of conformal geometry, these curves are then equivalent
to each other. Consequently, we may assume ¢ > 1. From [8, 9], using (22)
and (23), it follows that the degree dy, and the ramification degree rs, of f, are
ry, = 2((1 +e4)n — 1) and dy, = (1 +¢4)(m +n). In particular, if ¢ = 2p + 1 is
an odd integer, f, is an isotropic immersion of degree 2(p + 1). Referring again to
[8, 9], conformal cycles exhaust the class of isotropic immersions of degree 4 and
each isotropic immersion of degree 6 is conformally equivalent to fs.

Remark 8. If m 4+ n is even, the W-curve fg is congruent to the Legendrian curve
with Bryant’s potentials g = iz(»~")/2 and f = (m — n)z"/n. If m +n is odd, fg
is congruent to the Legendrian curve with Bryant’s potentials g = —iy/m/nz""™
and f = (m — n)m®/(m—r)pm/(n=m)),2n

Example 15. We now briefly describe the surfaces tamed by isotropic W-curves,
with the exclusion of the cycles (i.e., ¢ = £3,+1/3), already considered in Example
7. Let g =m/n € Q\ {£1,£3,+1/3}.
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FIGURE 4. The minimal surfaces tamed by f5,3 (left) and by f3/2 (right).

(1) The minimal surface tamed by f, is a conformal Goursat transform of the
branched minimal immersion with Weierstrass data (2"1(@), 2#2(@dz), where hy(q) =
$(n—m)(1 +&,) and ha(q) = (m+n)(1+¢,) — 1. In particular, if m = 2 + 1,
n =1,then hy = ho = m and, if m =2m + 1 and n = 1, we have hy = m + 1
and he = m — 1. The minimal surfaces with this Weierstrass data are the Enneper
surface of order 1 and the Ay surface of order rn, respectively (cf. [15, pp. 202-
204]). These are conformal Goursat transforms of each other. The Enneper surface
of order 7 possesses one non-embedded end of order 2m + 1 at infinity. The Ay-
surface of order m has one non-embedded end of order 2/m + 1 at infinity and one
planar embedded end at the origin. Then, they are not classical Goursat transforms
of each other. This shows that the (conformal) Goursat transform can modify the
behaviour of the ends, even in the case of minimal surfaces tamed by rational
isotropic curves. Figure 4 reproduces the minimal surfaces tamed by the isotropic
W-curves f5,3 and f3/, respectively.

(2) The CMC 1 surfaces of hyperbolic 3-space tamed by isotropic W-curves are
Goursat transforms of the Catenoid cousin with rational parameter p = (¢ — 1)/2
considered in [7]. CMC 1 surfaces in hyperbolic space with and arbitrary number m
of smooth ends and a rotational symmetry group of order /. — 1 can be constructed
from the CMC 1 surface tamed by fo,,41, via Goursat transformation [4]. Figure 5
depicts a Goursat transform of the Catenoid cousin with parameter 5, with seven
ends. It is invariant by the group of order six generated by the rotation of angle 27 /6
around the z-axis. This shows that the Catenoid cousin with rational parameter
(¢—1)/2 is a conformal Goursat transform of the minimal surfaces with Weierstrass
data hi(q) and ha(q).

(3) The flat front of H? tamed by f, is a Goursat transform of the flat fronts
of revolution with rational parameter u = (¢ — 1)/(¢ + 1) examined in [29]. In
particular, the flat front of revolution with rational parameter p is a conformal
Goursat transform of the Catenoid cousin with parameter p/(p — 1).

5.2. Isotropic curves with constant bending. Let f, be an isotropic curve
with constant bending x. We say that f is of regular type if kK # 1,—16/9 and
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FIGURE 5. A CMC 1 surface with seven smooth ends and symmetry
group of order six: Goursat transform of the Bryant surface tamed by
f11. The points coloured in cyan are the ends.

of exceptional type, otherwise. Let D4 be the dihedral transformation group of C
generated by z — 1/z and z — —z. Let |[z]| be the equivalence class of z € C in
C/D4. Given xk € C\ {1,—16/9}, we choose ¢ such that ¢ = k. The equivalence

class of \/(50 —4v/c2 —1)(5¢ + 4V ¢ — 1)~ does not depend on the choice of ¢ and
of the square roots. This originates a map

r:C\{1,—16/9} 5 k — r = |[\/ (5c — 4v/ — 1)(5¢ + 4/ — 1)-1] € €/Ds.

The range of r is C/Dy \ {|[3]|}. For instance, r, = |[q]|, as can be easily seen from

(24). Note that Q is Dy-stable. Its projection to C/Dy is denoted by |[Q]|.
The main result of the section is the following.

Theorem E. Let f: S — Q3 be a compact isotropic curve with constant bending
k. Then, f is of general type, r(k) belongs to |[Q]|, and f is dominated by f,, where
q is the unique element of r(k) strictly greater than 1.

The proof of Theorem E is based on the following three lemmas.

Lemma 16. Let f : S — Q3 be a compact isotropic curve of general type with
constant bending k. Ifr.. € |[Q]|, then f is dominated by the isotropic W-curve f,
where q is the unique element of r,, strictly greater than 1.

Proof of Lemma 16. We start by recalling the following two facts about isotropic
W -curves.

o fy: CP' — Qs is injective with at most two branch points at 0 and oo,
with f,(0) = [e1 A eq] and fy(00) = [e3 A ey].

e There exists a holomorphic frame field A, : CP' \ {0,00} — Sp(2, C), such
that

_ 3 3 dz
(s(e} + % +ef — ) — 4(m? +n?)s™ (e + JF — Tel)) 2,

(25) A;'dA, = .

i

/10
where s is a fourth root of —9m?* 4+ 82m?n2 — 9n*.

Next, we prove that there exists X € Sp(2,C) such that f(S) C X - f,(CP"). Put

¢ = —4i(m? + n?)s~2. Notice that ¢> = k. Let Sy = S\ |Af|U|Ap| U |A5f|.
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Consider the universal covering p : Sﬁ — S,. By construction, Sﬁ % CP'. Hence,
Sy is contractible. From Lemma 10, f o p admits a lift A : Sy — Sp(2, C) such that

(26) A7'dA = ((e) +ef +ef —ef) —clef + 2ef — 3el))(, 1<qg<3,
A7ldA =i((el + el + e} —ef) —cled + 3e? — 3e}))¢, ¢>3,

where ( is a nonzero holomorphic 1-form. Let w : Sﬁ — C be defined by

w = exp (H)l_“g‘%‘“‘” 101/2571 /<> .

From (25) and (26), we have A~'dA = w*(A;'dA,). Then, there exists X €
Sp(2,C), such that A = X - A; ow. This implies fop = X - fy ow. Hence, f(S;) C
X - fq((CJP’l). By continuity, f(5) C X - fq((C[Pl). Possibly replacing f with X' f,
we can assume f(S) C fq((C]P’l). Since f, is injective, there exists a unique map
h:S — CP' suchthat f = f,oh. Let S, = S\ f~'([e1Aez])Uf ' ([esAes]). Taking
into account that fy|cpt\j0,00} is immersive, then h|s, is holomorphic. Consider a
point py in f~1([e; A ez]). In an open neighborhood U of pg, we have

flu =[(e1 + fies + fles) A(ex + fies + fres)],

where f; are holomorphic on U and f; (po) = 0. From (22), we have

R S 2 =

N L s A SRR CEEATY
m—n ’ m-—n ’ m-—n

Then h is holomorphic on U. The same argument shows that h is holomorphic also

on a neighborhood of every point of f~!([es A e4]). This concludes the proof of

Lemma 16. U

Lemma 17. There are no compact isotropic curve of general type with constant
bending k such that v, ¢ |[Q]].

Proof. Consider the maximal abelian subgroup T2 C Sp(2,C),
T2 = {u'e} + v~ 'e? + ue} + ve} | u, v € C}.

Let U C U be the subset defined by

U = {[(e1 +mies+mies) A(ez+mies+myeq)] | mi,mi,my # 0, mimy # (m)*}.

Then, U is T2-stable, the action of T2 has no fixed points and
E:{PT|P :[(e1+e3+e4)/\(e2+e3+re4)},7’7&0,1}

is a slice. Let O, be the TZ?-orbit through P,. The orbits are the integral manifolds
of the holomorphic completely integrable plane field distribution generated by the
two fundamental vector fields of the action. In addition, O, inherits a conformal
structure from Q3. Let N;F and A& the two null distributions of O,.. They can be
viewed as completely integrable real distributions of rank 2.

Let K € C, k # 1,—16/9. Choose ¢ such that ¢ = k. Define A\; and Xy by
A= 1(5c—4(2=1)Y2)Y2 and Ay = L(5c+4(c? —1)/2)1/2. Observe that Ay # Ao
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and |[A1/A2]| = re. Let v, w, : C — C* be defined by

B AL+ A2 oy 21')\1/2)\5/2 (A1 4+A2)z
MR VR v D VR o
21’/\1/2)\;/2 (a4Ag)z A1+ Ao gz
Wm—eg—ﬁe e3+7>\1_)\26 €y.
Then,
(27) fo=[ve Awe]:C—U

is an isotropic curve with constant bending . If A1 /A2 is not rational, fm is injective
and f,i((C) is contained in the orbit O,, r = (A1 +X2)?/4A; A2. Thus, f,{ is an integral
manifold of one of the two null distributions of O,..

We are now in a position to conclude the proof of Lemma 17. By contradiction,
let f:S — Q3 be a compact isotropic curve with constant bending x, with xk #
1,-16/9 and r, ¢ |[Q]|. Consider S, = S\ D, D = |Af|U|Ap| U |As]. Since
f and f,.{ have the same constant bending, proceeding as in the proof of Lemma
16, there exists X € Sp(2,C), such that f(S,) € X - f.(C). Possibly replacing f
with X1 f, we assume f(5,) C f.(C). If r,, ¢ |[Q]|, f is an integral manifold of a
completely integrable distribution of O,. Thus (cf. [42, Theorem 1.62, p. 47]) there
exists a differentiable map h : Sy — C, such that f|s, = fn o h. Since f and f,
are holomorphic, also h is holomorphic. Note that f(S) N (Q3\U) # (). Otherwise,
f(S) C U and U is biholomorphically equivalent to C3. Hence, by the maximum
principle, f would be constant. Next, pick pg € S such that f(po) ¢ U. The point
po belongs to D. In fact, if pg ¢ D, we would have f(po) € f(Sx) C f.(C) C U.
Choose a complex chart (U, z) centered at pg, such that D NU = {po}. The next
argument is of a local nature, so we can think of U as an open disk of the complex
plane and take py = 0. There exist a positive integer ¢ and holomorphic functions
m3, mf, m3 : U — C, not all vanishing at the origin and not identically 0 on U,
such that

flg = [(e1 + 2~ (mies + mies)) A (e2 + 2~ “(mies +mieq))],

where U = U \ {po}. Therefore, on U we have

Z—Zm% — _ §1t§2 e?)qh(z)7
_ 2iA/2A8/?
(28) P Zméll — _ )\117)\5 ,e(/\1+>\2)h(2)7
27tmf = 7§1f§§ e2r2h(2)

Next, we use (28) to get a contradiction. At least one of the functions mé— is nonzero
at the origin. Suppose m3(0) # 0. Possibly taking a smaller neighborhood, we
assume that m$ is never zero. So we can write m3 = e+ and h = a+ ib, where
a3, B3, a, b are real valued. Consider a small circle C, = {7 | t € R}, such that
the functions m{ and m3 are never zero on C,. Hence, we have

m3(ePTity = ea?(t>+iﬁf(t)7 mi(ePtit) = ea;‘u)wf(t),

(29) 4(gptit 2()+iB3 (1) +it (H)+iB(2)
mg(elT") = X2\ g (ePTH) = e TP

where a, o3, of, af, B3, 3 are periodic function of period 27 and

ﬂ%(t+27):ﬂf+27rn1, ﬁé(t+27):ﬂ%+2ﬂ'n2, Ny, N2 GZ
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From (28) and (29), we have
21 (a(t) +3B(t)) = lp + i (t) +i(lt + B3 (t) + 2wy — ) — c1,

(30) 2o (a(t) +iB(t)) = lp+ aa(t) +i(0t + B3(t) 4+ 2wy — ) — c2,

where 711, o are two integers and c1, co are the constants defined by e®* = (A +
A2) (A1 —Ao) 7t and e = A1/ A2(A1 — X2) L. Since [[A2/A1]] € v ¢ |[Q]], we have
Ao =71A1, 7 ¢ Q. From (30), we get

lp 4 a5 (t) +i(0t 4 By (t) + 2mhy — ) — o =

(31) r(lp+ a3 (t) +i(lt + BE(t) + 2mhy — ) — c1).

Taking into account the periodicity and the quasi-periodicity of the functions a§ and
B} and using (31), we conclude that 27i(¢ + ng) = 2milr, which is a contradiction.
With the same argument, one can show that assuming m3(0) # 0, or m$(0) # 0,

O

would yield to a contradiction as well.

Lemma 18. There are no compact isotropic curve of exceptional type with constant
bending.

Proof. We shall give the proof in the case k = 1. The same argument can be used
in the other case. The general structure of the reasoning is quite similar to that of
the previous proof. First, observe that

(32) f :Coz—[(e1+€”e3+zeq) A(ea+ ze3 — e “eq)] € Q3

is an embedded isotropic curve with constant bending x = 1. By contradiction, let
f S — Q3 be a compact isotropic curve with bending 1. Consider the exceptional
locus D = |Af|U|As:|U|As| and put S, = S\ D. In analogy with Lemma 16, one
can prove that f(S,) C X - f(C), for some X € Sp(2,C). Replacing f with X'f,
we may assume f(S,) C f(C). Since f is an embedding, there exists a holomorphic
map h : S, — C such that foh = f|s,. Choose py € S, such that f(po) ¢ U. As in
Lemma 17, py € D. Consider a coordinate system (U, z) centered at pg, such that
UND = {po}. The next argument is of a local nature, so we assume that U is an
open disk on the complex plane and take pg = 0. There exist a positive integer ¢
and holomorphic functions m3, m$, m3 : U — C, not all vanishing at the origin and
not identically zero on U, such that

(33) flo = [(e1 + 27 (mles + mies)) A (e2 + z~“(mies + miey))],

where U = U\ {po}. Possibly shrinking U, there exist integers 0 < k3, k¥, ki < ¢, at
least one of them zero, and holomorphic functions p3, ui, 43, such that m$ = P e“i’,
mi = ZMient, m3 = zF2¢i3 . Comparing (32) and (33), we have
h = zk?_ée“?, el = zk?_ée”i’, eh = _pka—tens

These equalities hold on U. We claim that k3 — ¢ = 0. Consider a circle {e"+ |
t € R} contained in U. Then, h(e" %) = a(t) + ib(t) and u3(e"+%) = ai(t) +3ibi{’(t),
where a, b, a}, b3 are periodic, of period 27. The equality el = ZFi—terr gives
a(t)+ib(t) = (k3 —0)(r+it) +a3(t) +ib3(t) + 2mni, for some 7 € Z. The periodicity
of a, b, a3 and b3 implies k3 — ¢ = 0. The same argument shows that k3 — ¢ = 0.

_ 4 3 4 . 3 T
Hence kf = 0and h = z7 %1, ef = et1, e = —et2 on U. Thus, 1 =¢* €. In
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turn, this implies pu3 = 2 lerl 4 2mni, i € Z. This gives the seeked contradiction,
since the left hand side is bounded near 0 and the right hand side is unbounded. O

Example 19. It is easy to show that the Catenoid cousins of H? (cf. [7]) with
parameters p and p(1 — 2u) 1 are Goursat transforms of each other. So, from our
perspective, it suffices to examine Catenoid cousins with p € (—1/2,0). We exclude
the case p = —1/3 corresponding to a pseudo-Cyclide. The Catenoid cousin with
parameter u € (—1/2,0), u # —1/3, is tamed by the standard isotropic curve (27)
with constant bending

4(1 4 2u 4 2u?%)?
K =
P44 16p — 7p2 — 18u3 — 9ut

€ (—o00,—16/9) U (1, +00).

Two rotationally invariant flat fonts (cf. [29]) of H3 with parameters m and 1/m
are Goursat transforms of each other. So, we may assume m € (0,1). If m = 1/2,
the flat front is a pseudo-Cyclide. Excluding this case, a rotationally invariant flat
front with parameter m € (0,1), m # 1/2, is tamed by the standard isotropic curve
with constant bending
41+ m)?
T it —Tm? + 4

In particular, the Catenoid cousin with parameter u € (—1/2,0) is a Goursat
transform of the rotationally invariant flat front with parameter m = —u/(14p) €
(0,1). The Catenoid cousins or the rotationally invariant flat fronts tamed by
W-curves are those with rational parameters.

Example 20. Consider the isotropic curve

f(z) =[(e1 + ee3 + zeq) A (ex + ze3 — e “ey)]

with conformal bending x = 1. The minimal surface tamed by f is the Catenoid.
Consider

. b b .
fo= (cosh(i)Ll + sinh(i)(e% +ef—el—e3)f, beR.

The 1-parameter family {¢y }per of minimal surfaces tamed by {f, e is the Bonnet
deformation of the Catenoid [5, 24, 33]. With the exception of the Enneper surface
and planes, the Bonnet family exhaust (up to similarity transformations of R3)
the class of minimal surfaces with plane line of curvature. Note that all Bonnet
minimal surfaces are conformal Goursat transforms of the catenoid. The minimal
surface ¢, tamed by f, = ((—1)1/4(e% +e2)— (=1)"4(e3 + ei))fb is the associate
of (;ASb (for b = 0, we have the Helicoid). Then, {qvbb}beR is the Thomsen deformation
of the Helicoid [40]. The Thomsen surfaces, the Enneper surface and the plane are
(up to a similarity of R?) the only minimal surfaces which are affine minimal as
well [2]. By construction, the Thomsen surfaces are conformal Goursat transforms
of the Catenoid.

Example 21. Up to a linear change of the independent variable, the CMC 1
surfaces of H3 and H%?! tamed by the isotropic curve with constant bending —16,/9
are the Enneper cousin and the spacelike Enneper cousin considered in [7, 31]. They
are conformal Goursat transforms of each other.
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