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Non-convex sweeping processes in the space of
regulated functions®

Pavel Krejéil Giselle Antunes Monteiro! Vincenzo RecuperoY

Abstract

The aim of this paper is to study a wide class of non-convex sweeping pro-
cesses with moving constraint whose translation and deformation are represented
by regulated functions, i.e., functions of not necessarily bounded variation admit-
ting one-sided limits at every point. Assuming that the time-dependent constraint
is uniformly prox-regular and has uniformly non-empty interior, we prove existence
and uniqueness of solutions, as well as continuous data dependence with respect to
the sup-norm.

Keywords: Evolution variational inequalities, Sweeping processes, Regulated functions,
Prox-regular sets
2010 AMS Subject Classification: 34G25, 34A60, 47J20, 49J52, 74C05

Introduction

Sweeping processes were introduced in [?] as an abstract setting of problems arising for
example in elastoplasticity modeling, where the constitutive relation can be formulated as
a constrained evolution system. Typically, the functional framework consists in assuming
that

X is a real Hilbert space (0.1)

endowed with scalar product (-,-) and norm |z| = y/(z,z) for x € X, and one considers
a family C'(t) C X of nonempty closed subsets of X parameterized by the time variable
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t € [0,7], where T" > 0 is some given final time. The problem is to find a function
€ :[0,7] — X with a prescribed initial condition £(0) = &, € C(0), such that £(t) € C(¢)
for all ¢ € [0,7] and its derivative at time ¢ points in the outward normal direction to
C(t) at the point £(¢). Formally, this can be stated as

—¢(t) € Now(&(t))  for t€(0,T), £(0) = &, (0.2)

where both the “time derivative” £(t) and the outward normal cone Ney(£(2)) to O(t)
at the point £(t) have to be given an appropriate meaning.

In the paper [?], this problem is uniquely solved provided that C(t) is convex for
every time ¢ and that the mapping ¢ — C(t) is absolutely continuous in terms of the
Hausdorff distance. In this case the solution ¢ turns out to be absolutely continuous
and (77?) is satisfied almost everywhere. In [?] the analysis of sweeping processes was
then extended to the case when the convex moving set C(t) has bounded variation with
respect to the Hausdorff metric. Under this weaker assumption, inclusion (?7?) has to be
properly interpreted in the sense of the differential measures and it is shown to admit a
unique solution of bounded variation.

The technique introduced in [?] is based on the so-called catching up algorithm and
consists in approximating C(t) by a sequence of right continuous step convex-valued
functions Cy(t), i.e., functions such that [0,7] is partitioned into a finite number of
intervals where Cy(t) is constant. The approximate solution is constructed as a step
function & (t) by an iterative process, where the next value is obtained by projection
onto the current set Ci(t). The argument then consists in proving that the sequence {&}
uniformly converges to a right continuous BV function £ solving the suitable generalized

version of (?77?), that can be also represented by the integral variational inequality (see
also [?])

/T (€(t) — 2(t), d&(t)) <0 forall z:[0,7] — X, z(t) € C(t), (0.3)

where the test functions z are required to have some regularity properties, e. g., bounded
variation, and where the integral is understood in terms of the differential measure d¢.

A relevant particular case of sweeping process occurs when the constraint C'(t) has a
fixed shape and moves only by means of translation, i.e., if C(t) is of the form C(t) =
u(t) — Z for a given function w : [0,7] — X and a fixed closed convex set Z C X.
The resulting input-output relation u +— £ is called the (vector) play operator and it was
independently studied in the monograph [?] when X is finite dimensional, Z is bounded
with non-empty interior, and u is continuous. An extension to the space of regulated
functions has been done in [?] and (?7) is understood in the sense of Kurzweil or Young
integral. Note that the Young integral can be interpreted as a variant of the Kurzweil
integral, see [?]. A comparison between the measure approach and the Kurzweil/Young
integral approach to (??) is discussed in [?, Section A.4].
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Indeed, the integral in (??) makes clear sense only if the solution ¢ is of bounded
variation. This can be achieved if the moving constraint has non-empty interior, as it
has been shown for the case of continuous inputs independently in [?] and in Section
19 (mostly written by A. Vladimirov) of [?]. More general cases of continuous convex
moving sets C(t) with non-empty interior were studied in [?, ?] (see also [?, Chapter 2]).
In all these references the fact that the set of constraints has non-empty interior allows
the resulting solution to be of bounded variation.

All the above mentioned results deal with the case of convex constraints, however, the
convexity assumption turns out to be too restrictive in some applications, for example,
in problems coming from the modeling of crowd motion [?]. The study of non-convex
sweeping processes started with M. Valadier [?] and, since then, has called the attention
of many other authors, e.g., [?, 7, ?]. An important concept which allows to get around
the convexity of sets is the notion of uniform prox-regularity. These are closed sets having
a neighborhood where the projection exists and is unique. Sets with such a property
appear in the literature under different terminologies; being introduced under the name
of ‘positively reached sets’ by H. Federer [?] in finite dimensional setting. A series of
properties as well as the connection between sets and functions was deeply investigated in
[?7] (therein called ‘weak convex sets/functions’). The notion of prox-regularity was later
extended to infinite dimensional spaces, [?, 7], and appears to lead to an appropriate class
of non-convex sets for which one can prove existence and uniqueness results for sweeping
processes, see for instance [?7, 7, 7, 7 ?]. Notably, a recent paper [?] presents a fairly
general result for BV sweeping processes with prox-regular constraints. The case when
the moving uniform prox-regular constraint has unbounded variation was instead dealt
with in [?] where it is assumed that C(t) is continuous in time: In this paper another
geometric condition is also required, namely C(t) has uniform non-empty interior, which
essentially means that cusps are not admitted on the boundary.

In the present paper we address the situation where the set of constraints is uniformly
prox-regular and has uniform non-empty interior, but we also allow C(t) to be discon-
tinuous with possibly unbounded variation in time. We believe that the analysis of the
problem becomes more transparent if in the motion of the set C(t), we separate the effects
of translation in the space X from the effect of shape change, since in the mathematical
description, translation and shape changes play completely different roles. To be more
precise, we consider C(t) of the form C(t) = u(t) — Z(w(t)) for given w : [0,T] — X
and w(t) : [0,T] — A, where A is a closed set of parameters in a Banach space W, and
we only assume that the translation u and deformation w are requlated right-continuous
functions, i.e., they admit the one-sided limits u(t+) = u(t), u(t—), w(t+) = w(t), w(t—)
at every point ¢t € [0,7], with the convention u(0—) = u(0), w(0—) = w(0). Note
that such functions are also called “cadlag” in the literature (= continue a droite, lim-
ite & gauche), see [?]. Concerning the shape of the moving constraint, we assume that
Z(w(t)) is uniformly prox-regular and has uniformly non-empty interior. Indeed, since the
projection onto a prox-regular constraint is defined only in a small neighborhood of the



constraint, we have to keep the admissible jumps of the inputs v and w within suitable
limits.

The functional framework of regulated functions is convenient, since regulated func-
tions are limits of step functions with respect to the topology of uniform convergence.
We substantially make use of the Kurzweil integral calculus, which is compatible with
the uniform convergence concept. Since Moreau’s catching-up algorithm yields the exact
solution in the Kurzweil integral setting for step functions u and w, we obtain the general
existence result in a standard way by passing to the limit.

The paper is structured as follows. In Section ?? we recall the notion and main
properties of prox-regular set, and a rigorous statement of the main problem is specified
in Section ??7. In Section 7?7 we analyze a discretized version of our problem and derive a
uniform bound for the output variation. Section 77 is devoted to the proof of convergence
of the discrete scheme and of the continuous dependence property. In Section 7?7 we
study the case when the inputs u,w are continuous or absolutely continuous. Finally in
Appendix 77, we collect some basic properties of the Kurzweil integral, which is a major
tool in our analysis.

1 Prox-regular sets

Definition 1.1. Let Z C X be a closed connected set and let dist(z, Z) := inf{|z — 2| :
z € Z} denote the distance of a point x € X from the set Z. Let r > 0 be given. We
say that Z is r-proz-regular if the following condition hold.

Vye X : dist(y, Z) =d e (0,r) Jo e Z:dist (:c—i—g(y—x),Z) :§|y—x|:r. (1.1)

Note that this is in agreement with [?, items (a) and (g) of Theorem 4.1]. We start
with an easy lemma.

Lemma 1.2. Let Z C X be an r-prox-reqular set, and let y € X be given such that
dist(y, Z) = d < r. Let x satisfy the condition (?7). For s € [0,7] put y(s) = = +
(s/d)(y —x). Then dist(y(s),Z) = (s/d)|ly — x| = s for every s € [0,7].

Proof. For s € [0,r] we have |y(s) — x| = s. For every z € Z we have by the triangle
inequality

T—S
ré\y(r)—ZIST!@/--’L’H!@/(S)—Z!=7“—8+!y(8)—ZI,

hence, |y(s) —z| > s for all z € Z, which we wanted to prove. [

For the reader’s convenience, we explicitly state and prove an easy result going back
to [?, formula (1.2), (a) and (f) of Theorem 4.1].



Lemma 1.3. A set Z C X is r-prox-reqular if and only if for every y € X such that
d =dist(y, Z) < r there exists a unique x € Z such that |y — x| = d and

u|$—z|2 >0 Vze Z (1.2)
2r

Proof. We first prove that for every r-prox-regular set Z condition (??) holds. The case

d = 0 is trivial and it suffices to choose = y. For y € X such that dist(y, Z) = d € (0,r)

we use (??) and find 2 € Z such that |y — 2| =d. Put y = 2+ L(y —x). By (?7) we

have dist(y, Z) =r = |y — z|. Let now z € Z be arbitrary. We have

1 1 1 r -
0 < 3li=sPgli=ol = (5= a5 = )+ 3lo—s = 5 (0 =m0 - 2 + Lo o)
(1.3)
and (7?) follows.
To check that (??) holds for a unique = € Z, assume that there exist z1,29 € Z

satisfying (?7?). Then

|?J - m1|
2r

w;—jﬂm — 12> 0.

(y — x1, 21 — x2) + |1 — m9]* >0,
<y — T2,T2 — 451) +

Summing up the above inequalities we obtain

ly — o1| + [y — 22
|71

d
. 2 o % . 2
o IQ\ =7 |96‘1 I2| s

o1 — 0] <
hence x1 = 5, and the ”only if” part of the proof is complete.

Assume now that for every y € X such that d = dist(y, Z) < r there exists a unique
xr € Z such that |y — x| = d and (??) holds. Let y € X be arbitrarily chosen such that
dist(y, Z) = d € (0,7). For ¢ as in (?7) we can now read (?7) in the reverse order and
check that |§—z| > |j—z| = 5|ly—az| forevery z € Z. Therefore dist(z+(r/d)(y—x), Z) =
(r/d)|ly — x| = r, which we wanted to prove. |

Clearly, every convex closed set Z C X is r-prox-regular for all » > 0. The vector
y —x in Lemma 77 is called outward prox-normal vector. Indeed, an r-prox-regular set
Z admits a neighborhood U,.(Z) := {y € X; dist(y,Z) < r} such that the mapping
P :U.(Z)— Z which with y € U,(Z) associates € Z from Lemma ?7? is well defined
and is called the proximal projection onto Z. Moreover, the set

Nz(.r):{§€X;<€,I—Z>+§|$—Z‘2ZO Vze Z} (1.4)

is called the proximal normal cone to Z at the point x, see, e.g., [?].
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We always have 0 € Nyz(z) for every Z and every z. One might expect that the
proximal normal cone to an r-prox-regular set contains nonzero elements for each z € 07.
Examples show that if X is infinite-dimensional, a nonzero outward normal vector may
fail to exist even in the convex case, and the existence is guaranteed if for example Z
is convex and has non-empty interior (see, e.g., [?, Proposition 2.11]). In the sequel,
we therefore restrict the family of admissible sets Z and we now formulate a suitable
non-empty interior condition for the nonconvex case. Here and in what follows for z € X
and § > 0 we denote by Bs(z) the closed ball {y € X; |y — x| <d}.

Definition 1.4. Let Z be a family of r-prox-regular sets Z C X. We say that elements
Z € Z have uniformly non-empty interior if there exist R > 3 and p € (0,2r/(1 + R?))
such that for every Z € Z we have

VeeZ dJxreZ: |vr—Z| < Rp, Bs,(T) C Z. (1.5)

Condition (?7) can be equivalently written as
Ipe (o, g) VeeZ FTeZ: |v—F2+p° < 2rp, Bsy(Z)C 2. (1.6)

Indeed, if (??) holds, then 2rp > (1+R?)p* > |x—Z|*+p?, which implies (??). Conversely,
if (?7) holds, then there exists R > 3 such that
_ 7|2 2
Ll ey
p p
and (7?) follows.

Lemma 1.5. Let an r-prox-reqular set Z C X satisfy condition (?7) for some admissible
values of R > 0,p > 0. Then for every x € 0Z there exists a unit vector £ € X such
that

1
(f,a:—z)+2—r]x—z|220 Vz e Z. (1.7)

Proof. Let © € 0Z be given. We find a sequence {y,;n € N} C X \ Z such that
sup, ey dist(yn, Z) < r and y, — = as n — oco. By (??) there exist z, € X such that
En = |Yn — xn| = dist(yn, Z) < |y, — z|. From Lemma ?7? it follows that the inequality

(Y — |

<yn_mn7xn_z>+ 2 |£L’n—2|2 Z 0 (18)
holds for every n € N and z € Z. For all n put
1
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for every n € N and z € Z.
We have |z, — 2| < |y, — 2| + |yn — x5, hence,

lim |z, —z| = 0.
n—oo

All &, are unit vectors. We can therefore find & € B;(0) such that &, — £ weakly
in X. In (?7), we choose
z=1T+ p&,

with the notation from (?7), and obtain

(nran —T) —p+ 2—1T (Jzn — 2> + p* — 2p (&0, 20 — 7)) > 0.
Multiplying the above inequality by 2r we have by virtue of (??) that
2(r — p) {&n, 2 — T) > 2rp — p* — R*p* = p(2r — p(1 + R?)) =: v > 0. (1.10)
Passing to the limit in (?7?) (note that x,, converge strongly and &, weakly) we see that
2(r —p) oo,z —T) > 7> 0. (1.11)

This implies, in particular, that |{.| = o € (0,1], and passing to the limit in (??7) we
conclude that .
(foo,x—z)+2—]x—z|2 >0 Vze Z (1.12)
r

This is precisely (??) for £ =& if 0 =1. For 0 <1 we put y = 2 + 7€~ . Then
1 2
(y—x,x—z>+§|x—z| >0 VzeZ,

which is equivalent to the fact that |y — z| > |y — x| = ro for all z € Z (argue as in the
computation in (??)). Thus, by Lemma ?? for d = ro we have

ly — x|
2r
hence (?77?) holds for £ = ¢, /0. ]

In the situation of Figure 7?7, where the set Z admits a sharp cusp at x, for every
p > 0 and every I positioned as in the picture we have that

v — 2> >0 VzeZ, (1.13)

<y—x,x—z>+

|z — Z|? + p? = 6rp+ 10p* > 2rp,

7
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Figure 1: Violation of the uniform non-empty interior condition.

and this is enough to show that condition (?7) is violated. In [?, Theorem 4.2], the study
of nonconvex sweeping processes relies on an interior cone condition which we write in

the form
ds>0 Id>0 Ve e Z Jx* € Z, |z —2"| < d:

Va € (0,1], z+ a(z" —2) 4+ aB(0) C Z.

Let us make the following interesting observation.

(1.14)

Lemma 1.6. Conditions (??) and (??7) are equivalent.

Proof.  Assume first that (??7) holds. It suffices to put p = as/3 and T = 2z + a(z* — x).
Then |z —z*+p? —2rp = o?(|Jz* —z|* +5%/9) — (2/3)ars < a?(d* +s*/9) — (2/3)ars < 0
for o sufficiently small.

Conversely, assume that (??) holds and suppose by contradiction that (??) is not
satisfied, so that in particular there exist © € Z, ag € (0,1] and z € By(0) with z # 0,
such that z,, ;= +ay(T —x+pz) € Z. Since 1 :=ax+ (T—x+pz) =T+ pz € Z by
virtue of (?7), we have that oy < 1, and the segment connecting z,, and x; necessarily
intersects the boundary 07 of Z, therefore there exists o € (0,1) such that

To:=x+a(T —x)+apz € IZ.

Hence by Lemma ?? and Lemma 77, there exists £ € X, [¢| = 1 such that dist(z, +
r€, Z) = r. By hypothesis, both x and Z + 3p¢ belong to Z, hence

|z + 7€ — 2| >,
20+ (7 = 3p)€ — 7] >
In other words,
la(Z — ) +apz+71E| >,
(1-a)(@ - 2) = (r — 3p)€ — ap2| > 7,



hence, using the triangle inequality and the fact that |z| <1,

|z — ) +ré] 27— ap,
(1= a)(@ —2) = (r = 3p)¢| =7 = ap,

and, squaring both inequalities,

2|z — z|? + 2ar (£,7 — 2) > —2arp + a?p?,
(1—a)}7 — 2> = 2(1 —a)(r —3p) (£,7 — x) > 6rp — 9p® — 2arp + a?p?.

Taking into account that » —3p > 0 by (?7), we now eliminate the term (£,z — x) from
the above inequalities and obtain

-3 -3
(1—a)(1—a+ar p)|x—x|227‘p<6—2a—2(1—o¢)r p)
r

r

; (1.15)
r —
+p2(—9+a2+a(1—a) p).
r
Therefore, since (r —3p)/r < 1, from (??) and (??) we infer that
2rp — p* > |z — x|* > drp — 9p°.
This implies that r < 4p, which contradicts (??). The proof is complete. [ |
In what follows, we assume that
W is a real Banach space endowed with norm | - |y (1.16)
and that
A is a closed subset of W, (1.17)

and consider r-prox-regular sets Z(w) depending on an additional parameter w belonging
to A. We assume that the dependence of Z on w is continuous with respect to the
Hausdorff distance

dy(Z, Z) := max{sup dist(z, Z), supdist(2, Z)},

z2€Z 262
more specifically, we assume that

Ve>030>0: |w—wlw <d = dy(Z(w), Z(w)) < e. (1.18)



2 Statement of the problem

In this section we provide a rigorous formulation of the non-convex sweeping process in
the framework of regulated functions. We first recall some basic facts about regulated
functions which can be found, e.g., in [?].

Definition 2.1. Assume that (?7) holds. A function f :[0,7] — W is called regulated
(on [0,T]) if it admits the one sided limits f(t—), f(t+) for every t € [0,T], with the
convention that f(0—) := f(0) and f(7+) := f(T). The space of W -valued regulated
functions on [0,7] is denoted by G(0,7;W) and we also set Gr(0,T;W) := {f €
G(0,T;W); f(t+) = f(t) Vt € [0,T]}.

Indeed, every regulated function is bounded and the set of its discontinuity points is
at most countable, cf. [?, Corollary 1.3.2]. Moreover, the space G(0,7; W) endowed with
the supremum norm

LFIF = upT]\f(tﬂw for f e G(0,T;W) (2.1)

s
tel0
is a Banach space and Gg(0,7; W) is its closed subspace.

An important dense subset of G(0,7; W) consists of the so-called step functions, that
is, functions f :[0,7] — W such that there is a division 0 =tg <t; < --- <t, =T for
which f is constant on any interval (¢;_1,%;), j=1,...,m.

Another proper subset of G(0,7;W) important in our investigation is provided by

the space BV (0,T; W) of functions of bounded variation which we now briefly recall. For
f:00, 7] = W and for a,b € [0,T], a < b, we set

Yar [ := sup {Z 1f(t;) = fti-)lw; a=tg < -+ <tm=0b me N} : (22)
a, =

and we define BV(0,T;W) := {f : [0,T] = W; Varp f < oo} and BVR(0,T;W) :=
BV (0, T;W)NGRr(0,7;W). It is also convenient to set
V() = Var f (2.3)
for t € [0,7] and f € BV(0,T;W). The function V(f) is bounded and nondecreasing
for every f € BV(0,7;W), hence V(f) € BV(0,T;R).
The following result will be used throughout the paper (see, e.g., [?, Theorem 1.3.1]
or [?]).

Proposition 2.2. For each f € G(0,T;W) there ezists a sequence of step functions
fr : [0,T] = W, k € N which is uniformly convergent to f on [0,T] and such that
([0, 7)) € f([0,T]). In particular, if f € Gr(0,T;W) one can assume that every fy
is right continuous, and if f € BV(0,T;W) then Varjy fr < Vargy f for every k € N
and t € [0,T].

10



Now we are ready to state the precise formulation of our main problem.

Problem 2.3. Assume that (??) and (?7)—~(??) hold and that r > 0. Let {Z(w); w € A}
be a family of r-proz-reqular subsets of X satisfying (??). For given functions u €
Gr(0,T;X), we Gr(0,T; W) such that w(t) € A for every t € [0,T] and xo € Z(w(0)),
we look for functions & € BVR(0,T;X) and x € Gr(0,T; W) such that £(t) 4+ z(t) = u(t
for all t € [0,T] and

T

| et ==, a0y + 5 [ lat) = 0 vy = 0

Vz e G(0,T;X), z(t) € Z(w(t)) for allt € [0,T], (2.4)
z(0) = . (2.5)

The two integrals in (??) are meant in the sense of the Kurzweil integral introduced
in [?]: In the first integral we are integrating X -valued functions, while on the second
integral the particular case of real-valued functions is considered. In Appendix 7?7 we
briefly recall the main elements of the Kurzweil integral calculus. A comparison with
(?7) shows that (??) can be interpreted as an integral formulation of the inclusion (77)
with C(t) = u(t) — Z(w(t)). The solution of Problem ?? will be provided by Theorem
?? below under an additional assumption (77?).

3 Discrete sweeping processes

In this section we study a family of discrete sweeping processes which are obtained by an
implicit Euler discretization scheme for inequality (77).

Lemma 3.1. We assume that {Z(w);w € A C W} is a family of r-proz-reqular subsets
of X satisfying condition (?7), and that {u;;j € NU{0}} C X, {w;;7 e NU{0}} C A

are given sequences such that
r .
dr(Z(w;), Z(wj—1)) + |uj —wja| < 77 VjEN (3.1)

for some M > 2. We further assume that xo € Z(wy) is a given element and put &, =
up — xo. Then there exists a unique pair of sequences {&;;j € N} C X, {z;;j e N} C X
such that

vy € 20w, & ==y, {6 — &y — 2+ S P> 0 vz € 2(wy). (32)
Moreover the following estimates hold for every j € N:
2M AM — 1
|2 = wj1| < grr—lu = wimal + 5 du(Z(w;), Z(wj-)),
(3.3)
AM — 1
& =&l < (luj = wjmr| + du(Z(w)), Z(w;-1))).

2M -1

11



The exact value of the constant M is not important for the moment. It will be
specified below in Theorem ?7.

Proof of Lemma ??7. The sequences z; and &; can be uniquely constructed in the
following recursive way. Assume that we have already constructed z; € Z(w;) and &; =
u —x; for i =0,...,5—1, and put y = z;1 + u; — uj_;. From (?7?) it follows that
d = dist(y, Z(w;)) < r/M, thus by Lemma ?? there exists a unique = € Z(w;) such that
ly — x| = d and

ly — x|

2r

Putting z; := = and & := u; —x; we obtain y —x =¢&; —§;_; and (?7?) follows. Now by
construction we have

(y—w,x—2) + |t — 22 >0 Vze Z(w,).

r

1§ — &) < i

for every j € N, and Lemma 77 enables us to find ;1 € Z(w;) such that |z;_; —Z;_1| =
dist(z;_1, Z(w;)). Therefore putting z = 2;_; in (??) yields

(3.4)

<€j — fj—laxj — .f%j_1> + %kﬁ] — jfj_1’2 Z 0 for ] < N, (35)
which implies
|2 — 5] < (uy — wjor, @y — &) + W\% — &1+ (o — &y, 25— o)

. 1 . . .
< uy = wjalley = &5l + gzles — 3l + |z — &5l 2y — 2541,

Hence,

1 .
(1 - m) |z — 25| < du(Z(w;), Z(wj—1)) + [u; — ujal,

which implies that
|zj — xja| <oy — Tja] + |wjo1 — &5

2M
< IM — 1 (dH(Z(wj)v Z(wj-1)) + u; — Uj—1|) +dp(Z(w;), Z(wj_1))

and we easily obtain the upper bounds (?7). ]

3.1 FEstimates of the total variation

Let the assumptions of Lemma ?? hold and let {&;} be the sequence defined by (?7?). It
is easy to estimate the output variation Z?Zl |&; — &—q| for any n € N using (?7?) if we
control the input variation )77, (Juj — wj—1] + dy(Z(w;), Z(w;—1))) . In this subsection,
we show that if Z(w) have uniformly non-empty interior, the variation of {{;} can be
estimated even if the variations of {u;} and {w;} are unbounded. The argument is based
on the following statement.
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Proposition 3.2. Let {Z(w);w € A}, {u;},{w;}, and M satisfy the assumptions of
Lemma ??. Suppose further that all elements of the system {Z(w);w € A} have uniformly
non-empty interior with p, R as in Definition 77, and assume that there exist jo < j1 such
that

|uj — wjo| + du(Z(w;), Z(wj,)) < p - for j=jo+1,... J1 (3.6)

Then, if {x;},{&;} satisfy (??) and putting p = p(2r — p), we have that

> 1 -l < piog (). (3.7)

Jj=jo+1

where the right-hand side of (?77) makes sense since by Definition ?? we have (1+ R?)p <
2r so that
R*p?* < pu. (3.8)

Proof. In (?7?) it suffices to consider those values of j for which |{; — &;,41] > 0. By
Definition ?? we choose Z € Z(wj,) such that

|uj0 - gjo - f| < R,O, B3p(j) C Z(wjo)a (3'9)

and put in (??) for j=jo+1,..., 7

Z=u; — uj, + pM + . (3.10)
& — &5l

This is an admissible choice provided we show that
ng(i’) C Z(w]) for 7=70+1,...,71. (311)

Indeed, assume that there exists j € {jo+1,...,j1} and y € X such that |y — z| < 2p
and y ¢ Z(w;). We have y € Z(w,,), hence dist(y, Z(w;)) =: 6; € (0,p]. Let &; € Z(w;)
be such that |y — z;| = d;. For s € [0,7] put

By Lemma ?? we have dist(y;(s), Z(w;)) = |y;(s) — ;] = s. On the other hand, for
p<s<p+9d; we have

_ _ S _
) ~al < ly=al+ (5~ 1) -l <30
j
hence y;(s) € Z(wj,), dist(y;(s), Z(w;)) = |y;(s) — Z;| = s > p, which is a contradiction,
and (?7) is proved. It follows that z given by (??) can be chosen as test element in (?7)

13



forall j =jo+1,...,51. We obtain
(& = &1 i — & = T) — pl&; — &1l

|§J gj : (luﬂ'o —&G -+ - —— 2 (& — &1, uj, — &5 —i'>) >0,
| 5] 1|
that is
<1 - g) <£] - 5j—17uj0 - fj - 'in> %’um 5] $’2 > p< ) |€] Sj 1| (3‘12)
Put
’ R N | A Sl
UJ - |UJ0 5] l‘| ) 5] - r—p . (313)

Using the elementary inequality (a,a —b) > 1(|a|® — |b]?) for a,b € X we easily conclude
that

1
(& = &1 w5 =& = T) < =5 (Uj = Uj-a). (3.14)
Combining (?7?), (??7), and (??) we get
Ujfl—Uj—i—SjUj E,MS]' (315)

with 1 = p(2r — p) as in the hypotheses. Inequality (??) holds trivially if ; = &;_4, so
that it is fulfilled for all j = jo+1,...,71.
We first rewrite (?77?) as
(]_ - Sj)Uj S Uj—l — HUSy. (316)

We have M > 2 and p < r/5. Hence, from (??7) and (??) it follows that s; < r/M(r—p) <
5/8 < 1. Furthermore, (??7)—(??) yield that

U, < R*p* < p. (3.17)
By induction it follows from (??) that U; < p for all j = jo+ 1,...,71. Using (??) we
conclude that U; < U;_; for all j =jo+1,..., 1, and we rewrite (?7) again as
Ui—1 —U,
Pt R 3.18
SJ - - UJ ( )
For all v € [U;,U,_4] we have yu — U; > p— v, hence
Uiy — U Uit do
s-gggf = log(p — U;) —log(p — U;_1).
J [ — Uj U, -0 ( ]) ( J 1)
Summing up the above inequalities over j we obtain
p—Uj
Z & =&l < (r - >1og< UJ) (3.19)
— Yo

Jj=Jjo+1
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and the assertion follows from (?77?). |

Note that (??) is the so-called catching up algorithm, see [?]. It can also be interpreted
in terms of the Kurzweil integral of piecewise constant functions, and we explain this
approach in the next Subsection.

The uniform nonempty interior condition (??) is necessary for the validity of the upper
bound (?7) if the input variation is unbounded. In the situation of Figure 7?7, we can
consider a fixed set Z(w) = Z, the initial condition zy = z at the tip of the cusp, and
an input {u;} which oscillates perpendicularly to the vector Z —x. Then we easily check
that the recipe (??) yields §; = u;. The variation of {¢;} is therefore the same as the
variation of {w;} which can be arbitrarily large.

3.2 Kurzweil integral sweeping processes

Consider right continuous step functions « : [0,7] — X, w: [0,7] — A C W of the form

U(t) = Z uj—1X[tj71,tj)(t) + umX{tm}(t)v
o (3.20)
w(t) = ijle[tj_l,tj)(t) + Wi X {0} (),
j=1

corresponding to a division 0 =ty < t; < --- < t, =T of the interval [0,7]. In (??), xa
denotes the characteristic function of A C [0,77], that is, xa(t) =1 for t € A, xa(t) =0
for t € [0,7]\ A.

Let u;,w; satisfy the hypotheses of Lemma 7?7, let z,,§; be associated with u;, w;,
as in (77), and put

x(t) = chjflx[tj—btj)(t) + me{tm}(t)v (3.21)
i=1

E1) =) &mXty 1) () + EmX gty (1) (3.22)
j=1

Then x(t) € Z(w(t)) for all t € [0,T], and (?7) can be written in Kurzweil integral form
(??), indeed, on one hand, by Theorems ?? and ?? we have

m

/0 (x(t) = (1), d&(1)) = Z/t (@(t) = 2(t), d(&=1X1t,-0t) + EX03) (1))

j=17ti-

I

(x5 — 2(t5), & — 1) - (3.23)

1

J
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On the other hand, observing that

m—1 J m
= O & = Gl Xitytr® + D 1k = Gt Xqtn} (1)
j=1 k=1 k=1

and using Theorem 7?7 we get
tj
[ 1a0) = 0P V) =12y~ 2)PIgs ~ ] for =1 m,
ti—1

and consequently

[ e —stoRavn =32 [ o st avien

= Z |zj — 2( | &5 — &l (3.24)

Thus it follows from (??)—(??) that (??7) and (??) are equivalent.
The following property of Kurzweil integral variational inequalities will be useful in
the sequel.

Lemma 3.3. Let v € Gg(0,T;X) and £ € BVR(0,T;X) satisfy (??). Then for every
0<o<7<T we have

| et =z, dgwn+ o [ - s0Pav©@@z0 629
for every requlated test function z : [o,7] — X, 2(t) € Z(w(t)) for all t € [o,7].

Proof. The argument is standard and follows the lines of the proof of [?, Lemma 2.2]. Tt
consists in choosing z(t) in (??) in the form

x(t) for t € [0,0] U (7,7,
) = { Z(t) for t € (o,7].

4 Arbitrary right continuous regulated inputs

One of the main tools in further analysis of the Kurzweil integral variational inequality
(7?) is the Kurzweil integral counterpart of the Gronwall Lemma which goes back to [?,
Chapter 22]. For the reader’s convenience, we prove Lemma ?? in Appendix ?7 as a
simplified version of the general theory which is sufficient for our purposes. We start by
proving a general uniqueness result.
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Lemma 4.1. Let {Z(w);w € A} C X be a family of r-proz-reqular sets satisfying (?77?)
and let w € Gr(0,T;X), w e Gr(0,T; W), w(t) € A forallt € [0,T], and xy € Z(w(0))
be given. Then there exists at most one function & € BVR(0,T; X) such that (77)—(?7?)
hold with x(t) = u(t) — &(t) for every t € [0,T].

Proof.  Assume by contradiction that there exist two solutions &;,& € BVx(0,T; X) of
the variational inequality

A (ult) — &(t) — =(t), &) +——/ u(t) — &(8) — 2(OPAV(END) 20 (4.1)

for every 2z € G(0,T; X), 2(t) € Z(w(t)) for all t € [0,T], i = 1,2. By Lemma ??, we
have for all 7 € [0, 7] that

[ 1wt -0 - 20, @) + o [ - 60 - 0P avE@0 20 (42)

for every admissible Z, ¢ = 1,2. In the variational inequality (??) we now choose Z(t) =
u(t) — &(t) for i =1 and 2(t) = u(t) — & (t) for ¢ =2, and sum the two inequalities

up. This yields for £ = & — & that

G0N /Wf|2 V(&) + Ve, (1.3

We have indeed £(0) = 0, and [ (£(t) > 1|¢€(7)[* by Corollary ??. We are thus in
the situation of Lemma 77 which ylelds 5 = () hence, & = & and the proof is complete.
|

We now state the main existence theorem for (??7) for the case of right-continuous
regulated inputs with moderate jumps under two different hypotheses, namely that either
the sets Z(w) have uniformly non-empty interior condition, or, alternatively, the inputs
have bounded variation.

Theorem 4.2. Let {Z(w);w € A} C X be a family of r-proz-regular sets satisfying (77)
and let u € Gr(0,T;X), w € Gr(0,T; W), w(t) € A forall t € [0,T] be given such that

r* = sup (du(Z(w(t)), Z(w(t—))) + |u(t) —u(t—)|) < %? M= > +4\/%'
te(0,77]

(4.4)

Assume furthermore that at least one of the following two conditions holds:

(i) The sets {Z(w);w € A} have uniformly non-empty interior with p, R as in Defini-
tion 77.

(i) A=W, ue BVg(0,T;X), we BVg(0,T; W), and
dL >0 le,wg e W dH(Z(wl), Z(’wg)) < L|w1 — W W - (45)
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Then for every initial condition xo € Z(w(0)) there exists a unique & € BVg(0,T; X) and
a unique x € Gg(0,T; X)), x(t) € Z(w(t)), £(t) +x(t) = u(t) for all t € [0,T], such that
(??) holds and x(0) = xy. Moreover, the piecewise constant approzimations €% defined
in (7?7) below and associated with the catching up algorithm (?77?7) converge uniformly to €.

Proof. First of all let us consider some v < r* and a division 0 = to<ti<---<iny=T
such that

A (Z(w(t)), Z(w(E;1))) + [u(t) — u(Er)| < v for t€[fin,d), i=1,...,N. (4.6)

The idea of (77?) is to isolate the points where the jumps are higher than v, and estimate
the variation of ¢ separately inside the intervals [£;_y,#;), and across the big jumps. The
number N depends on v, indeed, but for a regulated function, it is always finite.

Let {u®}, {w®™} be sequences of right continuous step functions which converge
uniformly on [0,7] to u, w, respectively, as k — oo, and such that

sup (d(Z(w® (1)), Z(w®(t-))) + [u® () — uP (t-)[) <7 (4.7)

te(0,7]

for all £ € N. Thanks to (??) we find ko € N such that for k > kg we have

S du(Z(w(t)), Z(®(1))) + Ju — M| < g (4.8)

We now choose arbitrary k,1 > k. We can assume that the functions u®,u® w® w®
are step functions of the form

k
u(k) (t) = Z ug‘—)1X[tj717tj)(t) + UES)X{tm}(t)a
j=1

. (4.9
1
u(l)(t) - Z u5'21X[tj71,tj)(t) + ugz)X{tm}(t)a
j=1
k
w®(t) =3l x4 () + 0 g (8),
7~ (4.10)
1
w(t) =D X (D) + 08X (1),
j=1
where 0 = t) < t; < --- < t,, = T is a division containing all discontinuity points
of all functions u®, u®, w® w® as well as the points o, ...,y ; moreover, we assume
uf) = 4V — 4. By (27 h
0 =1uy =ug. By (??) we have
k k k k x
i (Z(w"), Z(@w™) + [ul? — | < <r (4.11)
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for j = 1,... m. Hence condition (??) holds with w;, wu; replaced with wj(-k), ugk) etc.,

and the corresponding solutions of (?7?) for k,l > ky from Lemma ?? have the form

ij 1X[t—1.t) )‘i‘f X{tm}(t)v
(4.12)

m

Z{f] 1X[t5-1,t) )‘i‘f X{tm}()

where fj(.k) (respectively £j ) satisfy (??) with w;, w;, x;, & replaced with ug-k), wj(k),

xﬁ-k), ¢ (respectively ul’, wi’, 2 ¢”), and where zf) = 2" = 2, 2®(t) =
() — W (t), 2O(t) = u(t) ~ 5(0@)

We now make use of hypothesis (?7) and of the triangle inequality to obtain for all
k>koand t € [ti_1,4;), i=1,...,N that

dr(Z(w™ (1)), Z(w P ({i1))) + [P (1) — P (Ei)| < 20 (4.13)

We now distinguish between the two cases (i) and (ii) specified in Theorem ??. In Case
(i), we choose

v = min {r*, g} (4.14)

with p from Definition ??. Then condition (?7) is satisfied, so that we can use Proposition
?? for estimating the output variation. Indeed, We have

N
Var £®) = ( Var + €% t;) — (k) ti— ) 4.15
Var¢ ;s €M (E:) — €M )] (4.15)
and similarly for €0, Thus, we get from Proposition ??, (??), and (??) the upper bound
(k) _ K .
max{[\of%ﬂr]ﬁ [\O/z%f } < N(r—p)log (M — R2p2> +3Nr* =: C, (4.16)

which is independent of k£ and [ and depends on u only through the number N. In Case
(ii), we have by virtue of Proposition 7?7, (?7), and (??) that

(0,77 (0,77 7] (0,77

max{Varf , Var ¢¢ }<3Varu—|—3LVar = C. (4.17)

Now let us choose z = x( € Z( ](l)) in (77?) for xg) such that |55j —xjk)| = dist(argk), Z(w](-l)))
and, similarly, z = x ) e Z( ) in (?7) for xg-k) such that \ig»l)—xy” = dist(:cgl), Z(w§- ))),
we obtain that

o 0 0 .0\, 8 =& w
. - N
<5j =&, Ty — @ > Tu‘j — &y

L0 ® o\ 187 =8 w ok

(4.18)
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Put

J J

A= sup (|u(»l) —ul?| + dH(Z(wy)), Z(w(k)))) :
We have
R l l D_ Wl k

k k k ~(1 k k k l k l k
A 2 1

|g;§” —aPE < (A4l —gPl) <l - PP+ (1 + E) A%,
A 2 1

2 — 2P < (A +1¢¥ — 55“\) <1+ w)leV — PP+ <1 - E) A’

where x > 0 is chosen in such a way that

r* = FTSE (4.19)

Furthermore, put

l (k
5j:|f](') 1|+|5 )1|

jf
We sum up the inequalities in (??) and use the above formulas to obtain

(6" - 6" - (62 - g0.6" - ) < (6 - &%) - (€ - g, o - )
vy (L0 + 0 du(2ul)). 204 )

<9 (1+/<) <|§ k) §](1)|2+U>7 (4.20)

where . 5
U=-A?+ -
K 1+k

A.

Similarly as in (??) we have

(€0 — ) — (€0, — 9.6 — ) > L (160 — e — 1, — ey

In order to simplify further the argument, we put

0;(1+ kK
Vo= jef - e, = 2 (4.21)
Then (??) can be written in the form
Y, =Y, 1 < \U+Y;) for j=1,...,m. (4.22)
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By (??7)-(??) we have

- C(1
Z + “), (4.23)
where C':= max{C,C}, and, by (??), (??), and (??) we have
2(4M — 1) 2r(4M — 1)
0, < ————21r" = : 4.24
I=ToM -1 T MEM 1)1+ k)2 (424)
Then we get from (??) and (?7) that
2(4M — 1) 1
A < = : 4.2
TTMQERM -1)(1+kK) 14k (4.25)
forall j =1,...m. Then
J Jj—1
vi[Ja-x) -y JJa- <)\UH ) < \U. (4.26)
i=1 i=1
Summing up the above inequality over 7 = 1,...,p for an arbitrary p < m and using the

fact that Yy = 0 we obtain

p p
2C'(1
v, T[1- a0 < S A < 290E8)y,
Hence, we obtain for all p =1,...,m the estimate

20(14+k), 45 1
<
Yo < r Uilll—)\

Using (?7), (??), and the elementary inequality log(1l + s) < s for s > 0, we therefore
have

10g<H1—1Ai>:210g<1—1&>§.21f HKZA HH)

=1

This yields the final estimate

|€®) — D)2 = max{Y,;p=1,...,m} < cU

< O (u®=uO) + 0 —uO|? + dp(Z ("), Z (")) + diy (Z(w?), Z(w™)))
(4.27)
where C,C* > 0 are suitable constants independent of k and . Then {¢®} is a
Cauchy sequence in the space of right-continuous regulated functions which has uniformly
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bounded variation, and we conclude that there exists a function £ € BVg(0,7; X) such
that [|€®) —¢|| — 0 as k — oo. Then also the functions ®*) = u® — ¢®) converge
uniformly to x = u — &, and z(t) € Z(w(t)) for all ¢t € [0, 7] and we have

/<xk> ), de® (¢ >+—/ 2 ®(@) — (D)2 dV(ED) (1) > 0, (4.28)

whenever 0 < 0 < 7 < T and 2z € G(0,T;X) with z(t) € Z(w®(t)) for all t €
[0,T]. The functions V®¥(¢) := V(£®)(t) are nondecreasing and uniformly bounded by
max{C,C} due to (??)-(??); hence, thanks to the uniform convergence of £*), they
converge uniformly to a bounded nondecreasing function V' and we have that V (&)(7) —
V(€)(o) <V(r)—=V(o) for 0 <o <7 <T, by the lower semicontinuity of the variation.
Therefore passing to the limit as & — oo in (?7?) yields

[ ety = sto), ey + o [ lote) )P av () = 0 (4.29)

whenever 0 <o <7 <T and z € G(0,T; X) with z(t) € Z(w(t)) for all ¢t € [0,T]. By
virtue of [?, Lemma A.9] we know that the integrals can also be interpreted as Lebesgue
integrals over [0, 7] (see Remark ?? below) with respect to the differential measures
generated by ¢ and V', which we denote d¢ and dV, respectively. In what follows, given
a measure i, we write [ ;(f, du) to denote the Lebesgue integral of f with respect to
the measure p over the interval J; and by L'(u; E) we denote the space of p-integrable
E-valued functions. Since V(&)(7) — V(€)(0) < V(1) — V(o) whenever 0 <o <7< T,
we have that dV(§) is absolutely continuous with respect to dV, hence there exists
h € LY(dV,R) such that dV () = hdV and 0 < h(t) <1 for all t € [0,7]. Moreover,
dV () is the total variation measure of d¢, thus there exists n € L'(dV/(£); X) such that
In(t)] = 1 for every t € [0,T] and d¢ = ndV (). Therefore we infer that dé = hndV
and (?77?) reads

1 _

[ @)= @hon) )+ o [ e - 0PV z0 @30)
[o,7] [o,7]

whenever 0 < o <7 < T and 2 € G(0,7;X) with 2(t) € Z(w(t)) for all ¢ € [0,T].

Now we divide (??) by V(7) — V(o) for every dV -Lebesgue point ¢ of both integrands

(x(-) — 2(-), h(-n(-)) and lz(+) — 2(+)|?, and for every 7 € (o, 7] such that V(r) -V (o) >

0. Letting 7 go to o we infer that

(x(t) — 2(t), h(t)n(t)) + 21r]93( t)—z(t)]> >0 for dV-a.e. t €0, T]. (4.31)

If B, C[0,7T] is the Borel set where h(t) > 0, then from (??) we infer that

1
2rh(t)

(x(t) — 2(t),n(t)) + lz(t) — z(t)* >0  for dV-ae. t € B, (4.32)
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which implies that 7n(t) € Ny (z(t)) for dV-ae. t € By (argue, e.g., as in (??)-(?77)
recalling that 0 < h(t) < 1). Therefore, as Z(w(t)) is r-prox-regular and |n(t)| = 1, it
follows that

(x(t) — 2(t),n(t)) + %b&(t) —z(t)]? >0 for dV-a.e. t € By. (4.33)

Multiplying (?7?) by h(t) we therefore obtain that

((t) —z(t),h(t)n(t)>+%|x(t) —2)Ph(#) >0 for dV-ae. te[0,T], (4.34)

hence integrating with respect to dV over [0,T] and recalling that d¢é = hndV and
dV (&) = hdV, we get

[t -a0.dc0)+ 5 [ el PO z0 (439)
[0,7] (0,7

for every z € G(0,7;X) with z(t) € Z(w(t)) for all t € [0,7], (where the integrals
exist as Lebesgue integrals, therefore also as Kurzweil integrals) i.e. (??) holds and the
existence part is proved. Uniqueness follows from Lemma ?7?. [ ]

Theorem 7?7 states that the time discrete approximations of ¢ defined by the catching
up algorithm (??) converge to the unique solution £ of (??) uniformly. We now show that
in Case (i) of Theorem ?7?, also the input-output relation defined by (??) is continuous
with respect to the sup-norm. We need two preliminary results.

Lemma 4.3. Assume that Zy, Z are two non-empty closed r-prox-reqular sets of X such
that dg(Zy, Zy) < oo and assume that 0 < 6 < r/2. Then there ezists a constant C' > 0
depending only on 1 such that for every yi,ye € X, dist(y;, Z;) < 9 for i = 1,2, we have

G =GP <C(lyr — wol® + d5(Z1, Zo) + du(Zh, Zo)) (4.36)
where (; € Z; denotes the unique vector in Z; such that |y; —(;| = dist(y;, Z;) for i =1,2.

Proof. Using the r-prox-regularity of the sets Z;, Zy we infer that for every z; € 7,
and zo € Zy we have

G =GP =y — Gz — Q)+ (y2 — G 22 — Go)
+ (g1 — 1, G — 21) + (Yo — G2, G — 22) + (Y1 — Y2, 1 — (2)

1 1
< L 2, 2
_2T|y1 Gillz = G +2r|y2 Caollz2 — Cof
+ 1y — Q|G = 21| + |y2 — Gl|¢ — 22| + |y — v2|¢ — ¢

)
< §(|Zl — G+ 22— Q) + 016 — 21l +1G — 22)) + 11 — 211G — G-
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We now take in the previous inequality z; and zp such that max{|z; — (|, |22 — (1|} <
du(Zy,Z,), and denote E = |1 — G|, D = dy(Z1,25), Y = |y1 —y|. We have |z — (| <
|21—Co|+|C—C1l, |2a—Co] < |22—Ci]+[¢1—C2|, and from the Young inequality ab < a?/4+b>
for a,b € R we get

o2

1
EQS—(E+D)2—|—25D+YE§§<E+D)2+7’D+YE

<

NNGIICE

1
E*+ (D+Y)?+ 5D2 + 7D,

and (?7) follows. [ ]

Corollary 4.4. Let {Z(w);w € A} be a family of r-prox-reqular sets satisfying (77).
Assume that 6 > 0, y € Ggr(0,T;X), w € Gr(0,T;X) are given such that w(t) € A
and dist(y(t), Z(w(t))) < 1/2 for every t € [0,T]. Let ¢ : [0,T] — X be defined in such
a way that ((t) is the only vector in Z(w(t)) such that

wi) - cw.c0 -2+ OOy ops0 viezwe). @
Then ¢ € Gr(0,T;X).
Proof. Let us fix ¢ty € (0,T]. For each ¢ > 0 we use (??) to find ¢; < ¢, such that

ly(T) —y(to—)| + da(Z(w(r)), Z(w(to—))) < e for 7 € (t1,1o). (4.38)
Thanks to Lemma ?7 there exists a constant C' > 0 such that

C(8) = C()* < Cly(t) — y()* + du(Z(w(t)), Z(w(s))) + diy (Z(w(t)), Z(w(s)))

whenever t; < t < s < tp, so the existence of ((tp—) € X follows from (?7). The
argument for the right limits is analogous. [ ]

Theorem 4.5. Let {Z(w);w € A} be a family of r-proz-reqular sets satisfying (77?)
and having uniformly non-empty interior with p, R as in Definition 77, and consider the

subset D C Gg(0,7;X) x Gg(0,T;W) x X defined by

D = {(u,w, zp) : w(t) € A fort € [0,T], xo € Z(w(0)), and (??) holds}
Then the mapping R : (u,w,z9) € D — & € Gg(0,T;X) which with given u €
Gr(0,7;X), w € Gg(0,T;W) and an initial condition xzo € Z(w(0)) associates the

solution £ € Gg(0,T; X) is continuous with respect to the norm || -||.

Proof. Consider sequences {u,} in Ggr(0,7;X) and {w,} in Gr(0,T;W), w,(t) € A
for all ¢ € [0, T] which converge uniformly to u and w, respectively, and initial conditions
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2% € Z(w,(0)) which converge to zy. We proceed as in the proof of Theorem ?? and for
p as in Proposition 7?7 we find a division 0 = to <ty <--- <ty =T such that

We further find ng € N such that for n > ny we have

sup dp(Z(w(t)), Z(wn(t))) + lu —un| <

te[0,7)

@Ib

(4.40)

For each n > ng we construct a piecewise constant approximations usl of u, and wy,

of w, asin (?7?7)-(??) and find k, € N such that

(k)

sup dy(Z(wa(t)), Z(w® () + [|un — ulP|| < P for k > k.
te[0,7 3

By the triangle inequality we have for all n > ng and k > k, that

dy(Z(w® (1)), Z(w® (#:_1) + [uP(t) —uP (1) < p for t € [fi1,t),, i=1,...N.
(4.41)
We now proceed as in the proof of Theorem ??7 and obtain for the piecewise constant
solutions @S’“’, as a counterpart of (??), the estimate

sup Var f‘nk) <C (4.42)
n>ng,k>ky [0,7]

with a constant C' depending only on u and the geometry of the sets Z(w). We already

know that for every n > ng, @2’“) converge uniformly as £ — oo to the unique solution
&, of the variational inequality

[ () = 6001 = 20 datm) + o [ ) = ) = 0P V€D 2 0 (449

for every ¢t € [0,7] and every z € G(0,t; X), (1) € Z(w,(7)) for 7 € [0,t], where we
have also used Lemma ??7. Moreover, we have

sup Val}r £ <C (4.44)

n>ng [ o

by virtue of (??7). On the other hand, we have

[ tur) =€) =200, a5 + 57 [ 1) = 60) =PV 20 (@)

for every t € [0,7] and every z € G(0,t;X), z(r) € Z(w(r)) for 7 € [0,t]. Let
us observe now that for every ¢ € [0,7] we have u(t) — &(t) € Z(w(t)), and we find
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Ca(t) € Z(wy(t)) such that |u(t) —&(t) — Cu(t)] = dist(u(t) —&(t), Z(wn(t))). Similarly, we
find (,(t) € Z(w(t)) such that |u,(t) — & (t) — (o ()| = dist(u, (t) —&a(t), Z(w(t))). Let us
set for simplicity A,, = sup. dg(Z(w(7)), Z(w n( M)+ anll, p =u—u, and &, = £—&,.
From Corollary ?? it follows that ¢, and ¢, are regulated for every n sufficiently large,
hence, putting 2(7) = (,(7) in (??), we obtain

/<u> a&(r))

<o [ ADF WV E)()

< 5 [ Qa0 + )] + anfr) = 67) — G AVE))
< 5 [ I+ 45 () + 4 (20 (7). Z o)) V(O
%/t (1€ (7)]” + 2A7) AV(€)(7) (4.46)

Putting z(7) = (,(7) in (??) and using the same argument as in (?7?) yields

- [ - &0 -6 aamn < - [P 28D avE)n. @
On the other hand we have that
[ (@), s
= [{6n) —w(r). 46 + [ {m(r). d6s)
= [{6n) — (e, 4t = [ (&)~ ta(r). s + [ (i) )

= [0~ ur) + G, de) + [ () — ) — G, de(r)
~ [ = )+ (). 46— [ Gl () — (), o)
/<un , déa (1)) (4.48)
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Therefore from (?77?), (??), and (??) we infer that

< [ ) = 60 =GNV + [ i) - £60) - G aViE) D)
/ (&(r)F + 282 A(V(E) + V(&) / ()] AV (€)(7)
< [ 3@+ ViEN @+ [ (6 +280d4V© +VENE. (149

and using Corollary ?? we obtain that there exists a suitable constant C' > 0 independent
of n such that

6 ()] < 16 (0) + /0 (An + A7 + € (7)) dga(T) (4.50)

with ¢,(7) = C(V(&)(T) + V(§)(7)). This is an inequality of the form (??) with
z(t) = A, + A2 + [£,(t)]>. The functions g, are bounded above independently of n
as a consequence of (??). From Lemma 77 it thus follows that there exists a constant
C > 0 independent of n such that

&) < C (A, + A2 +16,(0)),

for every t € [0,7], and the assertion follows easily. [ |

5 More regular inputs

In this section we consider the cases when the inputs are continuous or absolutely con-
tinuous and prove that so is the solution of Problem 7?7 under appropriate assumptions.
Before proceeding with the continuous case we first prove a local result.

Lemma 5.1. Let {Z(w);w € A} C X be a family of r-prox-reqular sets satisfying
(??), and let v € Gr(0,T;X), w € Gr(0,T;W), and d € (0,7/2] be given, and for
0<o <7 <T such that for all t € [0, 7] we have dy(Z(w(t)), Z(w(o)) < d put

U(o,7) = sup |u(t) —u(o)|+ sup |u(t) —u(o)[’

te€(o,T] te€lo,7]
+ Sup du(Z(w(t)), Z(w(0))) + Sup diy(Z(w(t)), Z(w(0))).

Let £ € BVR(0,T;X) be a function satisfying (??)—~(??). Then there exists a constant
C* > 0 such that for all 0 <o < s <7 <T we have

[€(s) = &(0)]* < C*U (o, 7) X%(f)- (5.1)
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Proof. Let v = u —&. By Lemma 77 for arbitrary 0 < 0 < s < 7 < T, where
we choose Z(t) = %(o,t) € Z(w(t)) for t € [o,7] in (??) such that |z(o,t) — z(0)| =
dist(z(0), Z(w(t))). By virtue of Corollary ??, this is an admissible choice, and we obtain

[ o) - ¢ - ato0). dgo) + 5 [t - 60 - sto.0P VOB 20, 62)

hence,

S

/s<u< )= €(0) — ulo) + (o). (o) — [ (5(0:0) = a(o), d€(0)
o (5.3)

/ () —ul0) + £(0) — #(0,t) + (0)]* AV (€)(t) = 0.
From this inequality and from Corollary ?? we infer that
3166 €@ < [ (e-¢(0). aeto)
</ {ult)—u(o), d&(t)) — / {ilo.t) — 2(o), dé(t)
‘e / [u(t)—u(0)? + E0)—~E(@) + |a(o) — #(o,0)]) dV(E)()
<C / ™)+ € — £0)7) AV (©)(t)

with C' = max{1,3/(2r)}. We now use Lemma ?? with v = 2CU(o, 1) Var, £, 2(t) =
|E(t+0)—£&(0)]? and g(t) = 20V (€)(t+0) for t € [0,7—0]. Lemma ?7? yields z(t) < vy(¢)
for t € [0,7 — o]. Since y is bounded by virtue of (??) of Lemma ?? and the bounded
variation of &, we obtain

€(s) = (o) < 20 ¥ OU (0, 7) Var (), (5:4)

[o,7]

which we wanted to prove. [ |

As a first corollary of Lemma ?? we prove that in Case (i) of Theorem 77, the output
is continuous if the inputs are continuous. We thus provide an independent proof of the
result obtained in [?, Theorem 4.2] reformulated in terms of the Kurzweil integral.

Corollary 5.2. Let {Z(w);w € A} C X be a family of r-prox-reqular sets satisfying
(??) and having uniformly non-empty interior with p, R as in Definition 7?7, and let
uw e C(0,7T]; X), w € C([0,T]; A), and zo € Z(w(0)) be given. Then there ezists a
unique £ € BV (0, T; X)NC([0,T]; X) and a unique x € C([0,T]; X), x(t) € Z(w(t)),
E(t)+x(t) =u(t) for all t € [0,T], such that (??) holds and x(0) = xq.
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Proof. The existence and uniqueness of the solution ¢ follows from Case (i) of Theorem
7?7, and the continuity of £ is an immediate consequence of Lemma 77. [ |

Finally we turn our attention to the absolutely continuous case. The result reads as
follows.

Corollary 5.3. Let {Z(w);w € A} C X be a family of r-prox-reqular sets satisfying
(?7), and let w € WH(0,T;X), w € WHN0,T; W) be arbitrarily chosen. Then the
solution & to (?7) with any initial condition xo € Z(w(0)) belongs to WH(0,T; X) and
the variational inequality

<x(t) -z, f(t)> - |§2(?‘ lz(t) — 2 >0, a(t) +£(1F) = u(t), (5.5)

holds for a.e. t € (0,T) and all z € Z(w(t)).

Proof. Let us start by observing that by virtue of Case (ii) of Theorem ?7? there exists a
unique ¢ € BVR(0,T; X) satisfying (??)—(??) with x(t) = u(t) —&(¢) for every t € [0,T].
As in Lemma ?7 we consider 0 < 0 < s < 7 < T such that Varp,(w) < r/L. Using
(??) we obtain

Ulo,7) < (1+ [[ul]) ?/al]“(U) + 01+ |lwllw) ?/al]“(w)

with a constant C' depending only on L. By (?7?) there exists a constant C' > 0 such
that for all 0 <o <7 < T we have

1€(1) —&(0)] < C'\/Var(ﬁ) <Var(u) + Var(w)). (5.6)

[o,7] [o,7] [o,7]

For any 0 < a < b < T and any sufficiently fine division a =ty < t; < --- < t,, = b such
that Vary, . )(w) < d <7 forall j = 1,...,m we thus have by the Cauchy-Schwarz
inequality

ZI&(@) —&(t)] < CZ\/ [ Var,(f)( Var (u) + Var (w))

[ti—1.t5] [ti—1,t5]

<03 var (6,5 var )+ ar ),

i1 \[t-ut] [tj—1.t]

hence,




which implies

[a,b] [a,b] [a,b]

Var(€) < C? <Var(u) —|—Var(w)> = (2 / (Ja(t)] + | (t)|w) dt. (5.7)

Since (??) holds for all @ < b, we conclude that § is absolutely continuous and £(t)] <
C?(Ju(t)|+]w(t)|) almost everywhere. Inequality (?7) then follows from the general theory
of the Kurzweil integral and from Lemma ?7. [ |

A Appendix

In this section we recall some basic facts about the Kurzweil integral which are needed
throughout the paper. A good account on such a theory, though restricted to integration
of real-valued functions, is the monograph [?]. The results here are stated for functions
with values in the space X endowed with a scalar product (-,-). Analogous statements
in X are proved for the Young integral in [?] and [?]. Note that under the hypotheses of
Theorem ?? below, the Kurzweil and the Young integral coincide, see [?].

Let [a,b] be a nondegenerate interval of R and let I'(a, b) be the set of strictly positive
functions on [a,b]: any 6 € I'(a,b) is called gauge in the framework of the Kurzweil
integration. A partition associated with a division a =ty <t; < --- <t, = b is a set of
the form

D ={(7,[tj-1, ;]); 7 € [t-1, 4], j=1,...,m}, (A.1)

and if § € I'(a,b) we say that D is d-fine if
[tj—17tj] C (Tj — 5(Tj),Tj +5(Tj)) for j = 1, e,
tio1 <7 for j=2,...,m, (A.2)
T < t; forj=1,....m—1.

It can be proved that the set Fs(a,b) of d-fine partitions is non-empty, so that for f :
[a,b] = X and g : [a,b] — X given, we can define the Kurzweil integral sum

Kp(f,g) = Z (f(75),9(t5) — g(tj-1)) - (A.3)

We say that J € R is the Kurzweil integral over [a,b] of f with respect to g if for every
e > 0 there exists a 6 € I'(a, b) such that for every D € Fs(a,b) we have |J—Kp(f,g)| <
€. In this case we write

J= / (1), dg(t)) (A1)

and if X is the real line R we consequently write J = f(f f(t)dg(t). It is easily seen that
if J exists, then it is unique.
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Here is a sufficient condition for the existence of the Kurzweil integral which is sufficient
to our purposes and is tacitly used in the paper.

Theorem A.1. If f € G(a,b; X) and g € BV(0,T;X) then f: (f(t), dg(t)) exists.
Moreover the function (f,g) — f ), dg(t)) is bilinear on G(a,b; X) x BV (a,b; X)

Remark A.2. It is worth mentioning that for f € G(a,b;X) and g € BV(0,T; X),

the Kurzweil integral f ), dg(t)) coincides with the Young integral as well as with
the Lebesgue integral with respect to the vector measure generated by ¢. This fact can
be easily shown for step functions and extended to regulated functions via convergence
theorems. See [?, 7] for results on variational inequalities involving these integrals.

Theorem A.3. If the integral f ), dg(t)) exists, then f ), dg(t)) exists for every
subinterval [c,d] € [a,b]. In partzcular for every c € (a,b)

/ (1), dg(t)) = / (R, dg(t) + / (A1), dg(t))

Theorem A.4. For any function f:[a,b] = X and v € X we have:

/ (F(8), A(vxpan) (1)) = — (F(7),0) for 7 € (a,b],

b 0 if ™€ (a,b),
(i) | (f@), d(oxgny) (@) = —{f(a).v) if T=a,
¢ (f(b),v) if T=0.
Theorem A.5. Let [ : [a,b] — X and g € Gg(a,b; X) be such that f ), dg(t))

exists. Then for ¢ € (a,b] we have

/C (f(t), dg(t)) = lim [ (f(t), dg(t)) + {f(c), g(c) — g(c—)).

S—Cc— a

We also need the following convergence result.

Theorem A.6. Assume that f, f, € G(a,b; X) and g, g, € BV (a,b; X) for every n € N.
If ||[f = full = 0 and [|g — gnl| = 0 as n — oo, and if sup,, Vary g, < 0o, then

n—oo

b b
i [ (fu(t) gu(t)) = / (F(0). 9(1)). (A5)

For scalar-valued functions, we have the following easy comparison lemma.
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Lemma A.7. Let fi, fo € G(a,b;R) be such that fi(t) < fat) for all t € [a,b], and let
g : [a,b] = R be nondecreasing. Then

/fl ) dg() /f2 ) dg (1)

Integration by parts in the Kurzweil theory involves additional jump terms and the
result reads as follows.

Theorem A.8. For every f,g € BV (a,b; X) we have

b/uodm»./@@@ﬂm=0@y@»wﬂmwm
+ 3 (U0 - £6-),9(0 - gle=) = (F(E+) — F@gt+) — 90) ). ()

tela,b]

Corollary A.9. For every g € BVg(a,b; X) we have

[ a0 d90) = S0P - Jlo@P + 5 3 lot) - g-)F (A

teab]

Of course, the number of summands in (?7) and (?7) is at most countable and the
sums are finite.

A Gronwall-type argument exists in the Kurzweil theory, too, but it is less elementary
than for the Lebesgue integral. Herein we present and prove a simplified version of such
result which is sufficient for our purposes.

Lemma A.10. Let g: [0,T] — R be a right-continuous nondecreasing function such that
for all t € (0,T] we have

1
9(t) —g(t=) < 5 (A.8)
Then the Kurzweil integral equation
t
vt) =1+ [ ¥ dgr) e 0.7 (A9)
0
has a unique nondecreasing right-continuous solution y : [0, T] — [1,00) and
y(t) < 20M=90) ¢ [0, 7). (A.10)
Proof. Assume first that ¢ is a step function of the form
Zga 1X(tj—1,6) () + Gm Xt} (F) (A.11)
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with go < g1 < ... < gm, g; —9j—1 <1/2 for j=1,...,m. Then y is a solution of (?7?)
if and only if for all j =1,...,m and t € [t;_1,t;) we have y(0) =1 and

y(t) =1+ Z_: y(ti)(gi — gi-1),  y(tm) =1+ Z y(t) (9 — gi-1). (A.12)

In other words, y is a step function of the form

t) = Z Yi-1X[t5-1.t5) (8) + YmX{tm} (£) (A.13)
=1
with
—1+Zyl gi—gio1) for j=0,1,....,m. (A.14)

From (?7) it follows for all j > 1 that y; — y;_1 = y;(g; — g;—1), and we easily conclude
by induction that

J
1
Yj ||1 1 — g +gi—1 - or j ) , M, Yo ( )

Consider now a sequence {g*):k € N} of nondecreasing step functions of the form (?7?)
which converges uniformly to g as k — oo and such that ¢g*)(t) — g (t—) < 1/2 for all
k€N, and ¢®™(0) = g(0), ¢¥)(T) = g(T). We prove that the associated sequence {y*)}
of solutions to the equation

y P () =1+ /t y P (r)dg®(r) vV t € [0,T) (A.16)

is a Cauchy sequence in Gg(0,7;R) and the solution y of (?7) is obtained by passing to
the limit as k — oo in (77).
To this end, we find kg € N such that

1
k>ko = |lg® —g| < R (A.17)

Let k,1 > kg be fixed, and let ¢, g be of the form

k
= Z 90Xt 1) () + I8 X 1,0y (1),
= (A.18)
Zg] X[yt (E) + Qy(q?X{tm}(t)-
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The corresponding solutions y*) y® are

k
y ) ="y Xt ) () + 18X (e (1),
j=0

. (A.19)
!
v =Y Xty () + YDX (0 (),
=0
and we have " ' o
J k
. 1— g + g
yg—k) =20 o j=1...m. (A.20)
Y; i 1 —9;" + 9,5
To make the formulas short, we denote Agk) = gz-(k) — gz@l, AZ(»I) = gi(l) — gz-(l_)l, and rewrite
(??) for j=1,...,m as
O J (k) j (k)
N 1—A,; @ Ak 1-A; ) _ A(k)
log| 2= | =) log| —— | = (A=A +log | — | — (A=A
(3) -2 (i37) -2 1=
O 0,y 1- AP W A®
=g = g™+ | log Ao )~ Al -an ) (A.21)
i=1 B
where
1- AP AP — AP
log ) = A0 =AM =g [ 1+ =—=— | — (AP - al)
1—AY 1—AY
_ . A(l) _ Agk) Al(l) N A(k) (Az('l) . Az('k))Az(‘l)
el TNV NG 1—AD

We have 1 — Agl) > 1/2 and, by (?7), ]AEZ) — Agk)\ < 1/4. Using the formula |log(1 +
s) — s| < s? for every |s| < 1/2 we thus obtain from (??) for k,1 > ko that

log " — log ' ‘ <

J
k l k l l k
g’ = g+ 3 (480 = APE +20al Al — AP]), (a.22)

1=

We now use the elementary inequality

l l k k l l k k
AP = APP - 2a0AY - AP < 12 max ‘gél) -9, )‘ (|g§) —gihl + g - gﬁ)ll)

-----

to conclude that there exists a constant C' > 0 depending only on the difference ¢(7')—g(0)

such that
log y]@ — log y](-k) <’ max

. (2
7777 J

g - gi(k)‘ : (A.23)
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Note that the sequence y*) is uniformly bounded from below by virtue of (??). To derive
an upper bound for £k € N and j =1,...,m we notice that

AP AP
log " Zlog (1 NG > > — AT 2(g"(T) — g™ (0)) = 2(g(T) — 9(0)).
i=1 - i=1
Hence, 1 < y®(t) < C for every t € [0,T] and k € N, where
O — o2(a(M)=g(0)) (A.24)

Finally, the uniform convergence follows from (??). Uniqueness is a consequence of the
following Gronwall-type statement. [ |

Lemma A.11. Let g : [0,7] - R and y : [0,T7] — [1,00) be as in Lemma ??, and
assume that a right-continuous function z : [0,T] — [0,00) satisfies for some v > 0 the
inequality

2(t) < +/0 z(t)dg(r) Vte|[0,T]. (A.25)
Then z(t) < ~y(t) for all t € [0,T].

Proof. Put v(t) = z(t) — yy(t) for ¢t € [0,T]. Then

v(t) S/o v(T)dg(r) Yt e[0,T] (A.26)

and assume that the set A = {t € [0,7T] : v(t) > 0} is non-empty. Put to = inf A. Then
either tg = 0 and v(0) = 0 by right-continuity, or ¢, > 0 and, by Theorem ?7,

0< ulty) < / "u(r) dg(r) < (to)(glto) — glto—)).

yielding (1 — (g(to) — g(to—)))v(to) < 0. Recalling (??) , we conclude that v(t) =0 for
all t € [0,%9]. We now choose a sequence {t,;n € N}, ¢, \ to as n — oo and such that
v(t,) > 0. Let A, be the sets

An = {t € [t07tn] : U(t> > U(tn>}u
and put £, = inf A,.. Then for all n € N we have v(t,) > v(t,), t, > to, and, by Lemma
77,

o) < [ olr)dg(r) < vlEn)(alE)  glto).

to
which is a contradiction for n sufficiently large. [ |

The solution of (??) is also known as the generalized exponential function, see [?]. In
particular, for g continuous, the solution is given by y(t) = e9®=9(0)
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