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Abstract

A mean-field selective optimal control problem of multipopulation dynamics via tran-
sient leadership is considered. The agents in the system are described by their spatial
position and their probability of belonging to a certain population. The dynamics in
the control problem is characterized by the presence of an activation function which
tunes the control on each agent according to the membership to a population, which,
in turn, evolves according to a Markov-type jump process. In this way, a hypothetical
policy maker can select a restricted pool of agents to act upon based, for instance, on
their time-dependent influence on the rest of the population. A finite-particle control
problem is studied and its mean-field limit is identified via I"-convergence, ensuring
convergence of optimal controls. The dynamics of the mean-field optimal control is
governed by a continuity-type equation without diffusion. Specific applications in the
context of opinion dynamics are discussed with some numerical experiments.
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1 Introduction

Multipopulation agent systems have drawn much attention in the last decades as a tool
to describe the evolution of groups of individuals with some features that can change
with time. These models find their application in contexts as varied as evolutionary
population dynamics [11, 36, 48], economics [53], chemical reaction networks [39,
42, 44], and kinetic models of opinion formation [31, 50]. In these models, each
agent carries a label that may describe, for instance, membership to a population (e.g.,
leaders or followers), or the strategy used in a game. While this label space is often
discrete, for many applications (and also as a necessary condition for the existence
of Nash equilibria [43]) it is useful to attach to each agent located at a point x € R?
a continuous variable which describes their mixed strategies or, referring back to the
context of leaders and followers, their degree of influence. If U denotes the space
of labels, this may be encoded by a probability measure A € P(U). It is natural to
postulate that A can vary with time according to a spatially inhomogeneous Markov-
type jump process with a transitionrate 7 (x, A, (x, L)) that may depend on the position
x of the agent and on the global state of the system (x, A), containing the positions
and the labels of all the agents. Leadership may indeed be temporary and affected, for
instance, by circumstances, need, location, and mutual distance among the agents.

Mean-field descriptions of such systems allow for an efficient treatment by replacing
the many-agent paradigm with a kinetic one [21, 23], consisting of a limit PDE whose
unknown is the distribution of agents with their label, as those obtained in [6, 7, 41,
49] (see also [40] for a related Boltzmann-type approach).

A further step which we devise in this paper is the extension of the mean-field point
of view to the problem of controlling such systems, possibly in a selective way. The
underlying idea is the presence of a policy maker whose control action, at any instant
of time, concentrates on a subset of the population chosen according to the level of
influence of the agents.

More precisely, in a population of N agents, the time-dependent state of the i-th
agentis givenby t — y;(¢) = (x;(t), A;(t)), where x; € R and A; € P(U), for every
i =1,..., N, and evolves according to the controlled ODE system

Xi = v(xi, Ay (6, 0) + h(xi, Aq, (X, 0)ui

Ai = T (xi, Ay (X, 1)) (D

where v is a velocity field, u; is the control on the i-th agent belonging to a compact
convex subset K of RY, and h > O is a non-negative activation function selecting
the set of agents targeted by the decision of the policy maker, depending on their
state and, possibly, on the global state of the system. The values u; are determined by
minimization of the cost functional
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En(y.u) = ][ Ly, wN)dz+ ][ swnd 2

where ¥V is the empirical measure defined as ¥,V := % ZlN=1 3y, and ¢ is a
positive convex cost function, superlinear at infinity, and such that ¢ (0) = 0; finally,
the Lagrangian Ly (-) is continuous and symmetric (see Definition 1 and Remark 2
below).

In this paper we show that the variational limit, in the sense of I"-convergence [13,
26] in a suitable topology, of the functional introduced in (2) is given by

T
EW,w) = ]L / L(»y, ¥)d¥;(y)dt
0 RIxP(U)

T
+ ][ / B w(t. y) d¥ (y) dr, 3)
0 JRIXPWU)

where £ is a certain limit Lagrangian cost and where ¥ € P(R? x P(U)) and w are
coupled by the mean-field continuity equation

8, + divib(t, )W) = 0 for b(t, y)i= (”(y’ ) ;(hy(yl}/:‘)’f)w“’”>, @)

with the request that w be integrable with respect to the measure 7¥; ® dt. From the
point of view of the applications, we remark that our main result Theorem 2 implies
that a minimizing pair (¥, w) for the optimal control problem (3) can be obtained as
the limit of minimizers (y", u"V) of the finite-particle optimal control problem (2) (a
precise statement is given in Corollary 1).

In this sense, our result extends to the multipopulation setting the results of [32,
34] with the relevant feature that the activation function 4 allows the policy maker to
tune the control action on a subset of the entire population which is not prescribed a
priori, but rather depends on the evolution of the system. At fixed time ¢ > 0, it can
target its intervention on the most influential elements of the population according to
a threshold encoded by 4. This is similar, in spirit, to a principle of sparse control,
as considered, e.g., in [1, 22, 33]. Again, our model includes additional features;
in particular, a control action only through leaders is already present in [33], where
however the leaders population is fixed a priori and discrete. A localized control action
on a small time-varying subset w(¢) of the state space of the system is presented in
[22] as an infinite-dimensional generalization of [37]; there, no optimal control is
considered and the evolution of w(¢) is algorithmically constructed to reach a desired
target, instead of being determined by the evolution itself. The numerical approach
of [1] makes use of a selective state-dependent control specifically designed for the
Cucker—Smale model. For other recent examples of localized/sparse intervention in
mean-field control systems, we refer the reader to [3, 4, 18, 24, 38, 46, 51].

The role of the variable A deserves some attention. It can be generally intended as
a measure of the influence of an agent, accounting for a number of different inter-
pretations according to the context. Similar background variables have been used in
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recent literature to describe wealth distribution [28, 30, 45], degree of knowledge [16,
17], degree of connectivity of an agent in a network [5, 15], and also applications
to opinion formation [29], just to name a few. Comparing to these other approaches,
our mean-field approximation (3), (4) features a more profound interplay between the
variable A and the spatial distribution x of the agents, resulting in a higher flexibility
of the model: not only is A changing in time, but its variation is driven by an optimality
principle steered by the controls.

We present some applications in Sect. 5 in the context of opinion dynamics, where
A represents the transient degree of leadership of the agents. Specifically, in the former
example we highlight the emergence of leaders and how this can be exploited by a
policy maker; in the latter, two competing populations of leaders with different targets
and campaigning styles are considered, and the effect of the control action in favoring
one of them is analyzed.

The plan of the paper is the following: in Sect. 2 we introduce the functional
setting of the problem and we list the standing assumptions on the velocity field v,
on the transition operator 7, and on the cost functions Ly, £, and ¢; in Sect. 3 we
present and discuss the existence of solutions to the finite-particle control problem; in
Sect. 4 we introduce the mean-field control problem and prove the main theorem on
the I'-convergence to the continuous problem. In Sect. 5 we discuss the applications
mentioned above.

1.1 Technical Aspects

We highlight the main technical aspects of the proof of Theorem 2. The I"-liminf
inequality builds upon a compactness property of sequences of empirical measures lI/tN
with uniformly bounded cost £x. The hypotheses on the velocity field v and on the
transition operator 7 in (1) (see Sect. 2) imply, by a Gronwall-type argument, a
uniform-in-time estimate of the support of &, ensuring the convergence to a limit ¥;.
The lower bound and the identification of the control field w are consequences of the
convergence of Ly to £ and of the convexity and superlinear growth of the cost func-
tion ¢. As for the I'-limsup inequality, we remark that the sole integrability of w
(contrary to the situation considered in [32]) does not guarantee the existence of a
flow map for the associated Cauchy problem

X =v0i,y) +h(yi, yw, y;),
A =TOi, y), ©)
yi(0) = yo.i,

and therefore does not allow for a direct construction of a recovery sequence based on
the analysis of (5) due to the lack of continuity with respect to the data. Following the
main ideas of [34], we base our approximation strategy on the superposition principle
[11, Theorem 5.2], [41, Theorem 3.11] (see also [9, 10, 20, 47]), which indeed selects
a sequence of trajectories z"¥ such that the corresponding empirical measures A{V =

% ZIN=1 SzN(l) converge to ¥; and the cost Ey &N, uM) converges to £(¥, w), where
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we have set ulN (1) := w(t, le (#)). The explicit dependence of (5) on the global state
of the system calls for a further modification of the trajectories zV . Here, the fact that &
may take the value O introduces an additional technical difficulty as we cannot exploit
the linear dependence on the controls in (1). To overcome this problem, we resort once
again to the local Lipschitz continuity of v and of 7', and construct the trajectories y”v
by solving the Cauchy problem

xXi =v(Qi, y) +hQi, yui,
X =TOi, y), (6)
yi(0) = yo,;.

By Gronwall estimates, we can conclude that the distance between AtN and the empir-
ical measure II/lN generated by y” is infinitesimal, so that we obtain the desired
convergences of d/tN to ¥; and of En( yN ,u) to E(¥, w). Let us also mention that
the symmetry of the cost is used in a crucial way to deal with the initial conditions
in (6).

2 Mathematical Setting

In this section we introduce the mathematical framework and notation to study our
system.

Basic notation. Given a metric space (X, dx), we denote by M(X) the space of
signed Borel measures p in X with finite total variation || ||Tv, by M4 (X) and P(X)
the convex subsets of nonnegative measures and probability measures, respectively.
We say that u € P.(X) if u € P(X) and the support spt i is a compact subset
of X. For any K C X, the symbol P(K) denotes the set of measures i € P(X) such
that spt © € K. Moreover, M (X; R4 ) denotes the space of R9-valued Borel measures
with finite total variation.

As usual, if (Z, dz) is another metric space, for every u € M4 (X) and every u-
measurable function f: X — Z, we define the push-forward measure fyuu € M4 (2)
by (fep)(B) := w(f~Y(B)), for any Borel set B C Z.

For a Lipschitz function f: X — R we define its Lipschitz constant by

Loy = sy O = FO
x,yeX dX(X, y)
XF#y

and we denote by Lip(X) and Lip,(X) the spaces of Lipschitz and bounded Lips-
chitz functions on X, respectively. Both are normed spaces with the norm || f||Lip :=
Il flloo + Lip(f), where |||l is the supremum norm. Furthermore, we use the nota-
tion Lip, (X) for the set of functions f € Lip, (X) such that Lip(f) < 1.
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In a complete and separable metric space (X, dy), we shall use the Wasserstein
distance W in the set P(X), defined as

Wi, v) == sup{/ odu —/ pdv:ge Lipl(X)}.
X X
Notice that Wy (u, v) is finite if © and v belong to the space
Pi1(X) := {M e P(X): / dx(x,x)du(x) < +oo for some x € X}
X

and that (P1(X), W) is a complete metric space if (X, dy) is complete.
If (E, ||-||g) is a Banach space and © € M (E), we define the first moment m 1 (1t)
as

my(u) 2=/||x||EdM~
E

Notice that for a probability measure u finiteness of the integral above is equivalent
to u € Pi(E), whenever E is endowed with the distance induced by the norm ||-||g.
Furthermore, the notation C;(E ) will be used to denote the subspace of C,(E) of
functions having bounded continuous Fréchet differential at each point. The symbol V
will be used to denote the Fréchet differential. In the case of a function¢: [0, T]X E —
R, the symbol 9, will be used to denote partial differentiation with respect to .

Functional setting. We consider a set of pure strategies U, where U is a compact
metric space, and we denote by ¥ := R¢ x P(U) the state-space of the system.

According to the functional setting considered in [11, 41], we consider the space
Y :=R9 x F(U), where we have set (see, e.g., [8, 12] and [52, Chap. 3])

FU) = span(P(0)) " < (Lip(U)). )

The closure in (7) is taken with respect to the bounded Lipschitz norm ||-||gL, defined
as

leliBL == sup { (1, @) : @ € Lip(U), ll¢llLip < 1}  forevery u € (Lip(U))".

We notice that, by definition of || - ||gL, we always have

il < llllry  forevery u € M(U),

in particular, ||A|BL =1 for every A € P(U).

Finally, we endow Y with the norm ||yl = [[(x, M)l := x| + | AllBL -

For every R > 0, we denote by B}; the closed ball of radius R in Y, namely
BY ={y € Y : |lylly < R} and notice that, in our setting, B is a compact set.

As in [41], we consider, for every ¥ € P1(Y), a velocity field vy : ¥ — R4 such
that
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(v1) forevery R > 0, vy € Lip(BL; RY) uniformly with respect to & € P(BL), i.e.,
there exists L, g > 0 such that

[vg (y1) — v (32)| < Ly rllyt — y2lly  forevery yi,y2 € Y;

(v2) forevery R > O there exists L, g > 0 such that for every ¥, ¥ € P(BI’;) and
every y € B};

[vg, () — vy, W] < Ly g W1 (Y1, ¥2) ;

(v3) there exists M, > 0 such that for every y € Y and every ¥ € P (Y)

lve (M| < My(1+ [Iylly +mi(®)).

As for 7, for every ¥ € P;(Y) we assume that the operator 7y : ¥ — F(U) is
such that

(7p) forevery (y, ¥) € Y x P1(Y), the constants belong to the kernel of 7y (y), i.e.,
(Ty (y), 1)]—‘(U),Lip(u) =0,

where (-, -) denoted the duality product;
(77) there exists M7 > 0 such that for every y € Y and every ¥ € P(Y)

176 Wl < M7 (1+ Iylly +mi(¥));

(72) forevery R > 0, there exists L7 g > 0 such that for every (y1, ¥1), (32, ¥2) €
BE x P(BY)

175, (y1) — T, ()L < L7, (1 — y2lly + Wi(¥1, ¥2)) ;

(73) for every R > O there exists g > 0 such that for every ¥ € P;(Y) and every
y=1(x,A) € B}g we have

Ty (y) + SrA > 0.

For every y € Y and every ¥ € Pi(Y) we set by (y) = (3’58;)’ which

is the velocity field driving the evolution; we also consider an activation function
hy: Y — [0, 400) satisfying:

(h1) hy is bounded uniformly with respect to ¥ € P;(Y);
(h2) forevery R > O there exists L, g > 0 such that for every ¥, ¥» € P (B%) and
every yi, 2 € B};

lhg, (1) — b, (02)] < Li g (Ily1 — n2lly + Wi (¥, ¥2)).
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Remark 1 We notice that assumptions (7p) and (73) together imply that for every
y = (x,)) € B§ we have 7y (y) + SgA € P(U), as shown for instance in [41,
formula (3.13)].

In order to define the optimal control problems of Sects. 3 and 4 , we have to
introduce some further notation. For every N € N, we define

N
1
PN(Y):= {lll € P(Y) : thereexist yi,...,yy € Y suchthat ¥ = NZ(S”}.
i=1

In particular, we notice that, up to a permutation, every N-tuple y" := (y1,..., yy) €
Y™ can be identified with an element ¥ € PV (Y). We now give the following two
definitions (see also [34, Definition 2.1].

Definition 1 For every N € N, we say that a map Fy: Y x YN — [0, +00) is
symmetric if Fy(y,y) = Fy(y,o(y)) forevery y € Y, every y € YV, and every
permutation o : YV — YV,

Remark 2 Notice that, by symmetry and by identifying yV:= (y1,...,yy) € YV
with & = % ZlNzl dy,, we may write Fy(y, wN) for Fy(y, yN).

Definition2 Let Fy: Y x YV — [0, +00) be symmetric. We say that Fy Pi-
converges to F: Y x Pi(Y) — [0, +0o0) uniformly on compact sets as N — oo
if for every subsequence Ny and every sequence ¥ € PNk(Y) converging to ¥ in
P1(Y) w.r.t. the 1-Wassertstein distance we have

lim sup [Fy, (y, %) — F(y,¥)|=0 for every compact subset K of Y.

k— 00 yek

For the cost functionals for the finite particle control problem and for their mean-
field limit we consider the functions ¢ : RY — [0, +00), Ly: Y x YNy = [0, +00),
and L: Y x P1(Y) — [0, +00) such that

(¢1) ¢ is convex and superlinear with ¢ (0) = 0;

(L1) Ly is continuous and symmetric;

(L2) Ly Pi-converges to L uniformly on compact sets;
(L3) forevery R > 0, L is continuous on BY, x P(B}).

We conclude this section recalling an existence result for ODEs on convex subsets
of Banach spaces. We refer to [14, Sect. [.3, Theorem 1.4, Corollary 1.1] (see also [11,
Theorem B.1] and [41, Corollary 2.3]) for a proof.

Theorem 1 Let (E, || - ||[g) be a Banach space, C a closed convex subset of E, and
let A(t,): C — E, t € [0,T], be a family of operators satisfying the following
properties:

(i) for every R > 0 there exists a constant Lg > 0 such that for every cy, ¢y €
CNBrandt €(0,T]

A, c1) = A(r, e2)lle < Lrller — c2llg:
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(i) there exists M > 0 such that for every ¢ € C, there holds
[A@ Olle < M1+ |clle);

(iii) for every ¢ € C the map t — A(t, ¢) belongs to L' ([0, T1; E);
@iv) for every R > O there exists 0 > O such that

celC, |cle<R = c+0A{F,c0)eC.

Then for every ¢ € C there exists a unique absolutely continuous curvec: [0, T] — C
satisfying ¢; € C forallt € [0, T] and

d
Ec[ =A(t,¢;) in[0,T], co==¢C

fora.e. t € [0, T]. Moreover, if ¢!, ¢? are the solutions starting from the initial data
¢l é2eCnB R respectively, there exists a constant L = L(M, R, T) > 0 such that

Lt ”C—l

le) = cflle <e — &g, foreveryt €[0,T].

3 The Finite Particle Control Problem

We now introduce the finite particle control problem. We fix a compact and convex
subset K of RY of admissible controls with 0 € K. Forevery N € N and every control
function u; € L! ([0,T]; K),i =1,..., N, the dynamics of the N-particles system
is driven by the Cauchy problem

)"i(f)=bg,t1v(y,'(t))+( fori=1,...,N,

yi(0) = yo,; €7,

By v (i (2))ui (1)
0 (3)

where we have set WtN i= % ZlNzl Oy, (1) € PN (Y). For simplicity of notation, we
set uV(t):= (u1(t),...,un(t)) € KN for every t € [0, T]. In view of assump-
tions (v1)—(v3), (Z9)—(73), and (h1)—(h2), applying Theorem 1 we deduce that the
Cauchy problem (8) admits a unique solution yN = (y1,...,yn) € AC([0, T]; YV,
which is also identified with the empirical measure lI/tN , up to a permutation. To ease
the notation in our analysis, we give the following definition.

Definition 3 We say that (y",u™) € AC([0, T]; YV) x L'([0, T]; K") generates
the pairs (&N, vV) € AC([0, T]; (P (Y); W1)) x M([0,T] x Y;RY) if ¥V =
N @ L0, T with W)V = L3N 8, ) and vy = v ® £'L[0, T] with

1 N
v{v = N Zh‘l’tN Oui )8y, (),

i=1
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where £1 [0, T] denotes the Lebesgue measure on R restricted to the interval [0, T].
In a similar way, if y(l)v = (0,1,.--5YO.N) € YN, we say that y(I)v generates LIION €
PNy ifwd = L3N 8y

Given y(])v = (0.1,--->YON) € YN, we define the set of couples trajectory-control
solving the Cauchy problem (8) as

Sd):=1{(.w) e ACI0, T1; YY) x L' ([0, T]; KV) : (y,u) solves (8)}. (9)
Given functions ¢, Ly, and L satisfying conditions (¢1), (£1), and (L), for every

initial condition y{ € YV and every (y, u) € AC([0, T1; YV) x L([0, T1; KV), we
define the cost functional

N T N T
1 1
N . i N - i . N
EX (y, )= N;:l% Ly i), ¥, )dr+Ni§:l]€ ¢ ui(n)dr if (y, u) € S(yy)
+00 otherwise,

(10)

where (¥, vV) is the pair generated by (y, u). Therefore, the optimal control problem
for the N-particle system reads as follows:

min {glyvév(y, w): (y,u) e AC([0, T]; YNy x L' ([0, T]: KN)}. (11)

We now prove the existence of solutions of the minimum problem (11). First, we
state the boundedness of the trajectories y for given control and initial datum, which
will also be useful in the I"-convergence analysis of Sect. 4.

Proposition 1 For every N € N, every initial datum y(])V = (Jo,1,---»YO.N) € Yy,
and every (yN, uly e S(y(])v) we have

sup ||Yi||L00([(),T];?) <C ~ sup 1y0,i I (12)
N i=1,....N

i=l1,...,
for a positive constant C independent of N.

Proof Let (¥, v") be the pair generated by (y", u"). Since the control u” takes
values in KV with K compact in R4 and in view of the assumptions (vy), (71),
and (hy), for every t € [0, T] we estimate

t t
Iy Ol < Iy, lly + /0 gy (i (D)l dr + /0 gy i (D) (1) d
t
< Iyo.illy + /0 (My + M)A+ i (0l + mi (@) de + Ct

t
< Iyolly + /0 My + M) (1+ Ii@ly + sy (@)ly) de +C,
j=l....

@ Springer



Applied Mathematics & Optimization (2022) 85:22 Page 110f44 22

for some positive constant C depending only on 4 and K. Taking the supremum
overi € {l,..., N} in the previous inequality and applying Gronwall inequality we
deduce (12). O
Proposition 2 Forevery N € N and every initial datum y(I)V € YN, the minimum prob-
lem (11) admits a solution (yN, u). If(lIIN, vN) is the pair generated by (yN, ul),
then also the pair (yN, ﬂN) where

ﬁi(t)z{ui(t) if hyn(i(0) # 0, i—1.....N (13)

0 otherwise,

is a solution of (11). If the cost function ¢ satisfies {¢p = 0} = {0}, then every
solution (yN,uN) of (11) satisfies u;(t) = 0 a.e. on {t € [0, T] : hyn (i (1)) = 0}
fori=1,...,N.

Proof Let us fix N € N and let u) = (ug1,...,ux,n) € L'([0, T]; KV) and
y,l{v = Vk1,..-,YkN) € AC([0, T, YN) be a minimizing sequence for the cost

functional 81{,6\/. In particular, we may assume ( y,jcV , u,’(v ) € S( y(l)v ) for every k. Let us
further denote (¥, vY) € AC([0, T1; (PN (Y); W) x M([0, T1 x Y; RY) the pair
generated by ( y,lcv , u,iv ).

Since u,](V takes values in K and K is compact and convex in R¢, up to a subse-
quence we have that u)Y —u™ weakly* in L>([0, T1; K"). By Proposition 1, y is
bounded in C([0, T]; YV). Let us fix R > 0 such that ||y,1{V(t)||?N < Rfort €[0,T]
and k € N. Then, by (vy), (71),and (h;),foreverys <t € [0, T],everyi = 1,..., N,
and every k we have that

t t
yk,i (1) — ye,i (¥ S/ IIbq/klyr ki () llyde +/ |hq/k1?/r i (T))ug,i(v)|dt

t
< / (My + M) (1 + llyei (©lly +mi () de + Clt — 5|
N
<2M, + M7)(1 + R)|t —s|+Clt —s|.
Thus, y,iv is bounded and equi-Lipschitz continuous in [0, T]. By Ascoli-Arzela
Theorem, y,’{v converges uniformly to some yV e C([0, T]; YV) along a suitable
subsequence, and yV(0) = y(’)V . Furthermore, if (&, v") is the pair generated
by (yV, u"), we also deduce that & — ¥V in C([0, T1; (PN (Y); W1)). In view

of (v2), (T2), and (hy), it is easy to see that (yV, u™) € S(y)).
Finally, the continuity of £y and the convexity of ¢ yield the lower semicontinuity

N
of the cost functional 81{10 , so that
vy v
SN, uy < lim inf EX (i ud)
—00
and (yN, u™) is a solution of (11).
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The second part of the statement follows from the structure of system (8). Indeed,
if we define @& as in (13), the trajectory y”V solution of (8) does not change and
(yN, IZN) € S(y(l)v). Since the cost function ¢ is non-negative with ¢(0) = 0, it is

N N
easy to see that 51{,0 N, @) < 8;\’,0 (y", u™). Finally, if {¢ = 0} = {0}, the previous

inequality and the minimality of (yV, u®) imply that u; (t) = i; (t) for t € [0, T]and
i =1,..., N, and the proof is concluded. O

4 Mean-Field Control Problem

Before introducing the mean-field optimal control problem and stating the main
I"-convergence result, we discuss the compactness of sequences of pairs trajectory-

N
control (yV, u") with bounded energy 81)\,,0 . To ease the notation, given a curve
W € C([0. T]: (P1(Y); W1)) we denote by hy the map (¢, y) + hy,(y) and by
hg ¥ the curve t — hy, ¥; identified with the measure iy, ¥; ® Lo, 7. Similarly
to (9) we define, for every @0 € P.(Y), the set

S(W) == {(¥,v) € AC([0. T]: (Py(Y): W1)) x M([0, T] x Y; RY) :

v L hgW € KhygW-ae., (¥, v) solves

T d(hg¥)

0¥ + div(by, ¥; +v;) = 0 with ¥y = Y and v, = vy, 0)}. (14)
Proposition3 For N € N, let y)' = (yo1,....yon) € YV and (yV,u) €
S(yf)v) with corresponding generated measures IIION e PNY) and WN,vN) €
AC([0, TT; (PN (Y); W1)) x M([0, T] x Y; RY). Assume that WY — Wy € Pe(Y)
in the 1-Wasserstein distance and that

N
sup 51{,0 N, u") < +oo0. (15)
NeN

Then, up to a subsequence, the curve gN converges uniformly in C([0, T]; (P1(Y);
W) 1o ¥ € AC([O, T];A(Pl(Y); W), vV converges weakly* to v € M([0, T] x
Y;RY), and (¥, v) € S(¥).

The proof of Proposition 3 is provided in Sect. 4.1.
Remark 3 Since v < hy¥ for (W,v) € S(ljl/\o), there exists a function v €
L,]Wq,([O, Tl xY; Rd) such that v = vhy ¥ . Furthermore, if we consider v(z, y):=
v(t, Y) iy 20y (t, ¥), we still have v = vhy V.

In view of the compactness result in Proposition 3, for ¥ € C([0, T']; (P1(Y); Wy))

and v € M([0, T] x Y; R?) we define the cost functional for the mean-field control
problem as
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T
T vy ]g /Y L0y, ¥) A% () di + Puin(W, ) if (. v) € SWD),
+00 otherwise,
(16)

where we have set for (A, u) € S (&/\0)
Pmin(A, p):=min{@(w, A) : w € L}MA([O, TIxY;K), p=whpdA},  (17)

T
D(w, A):= ][ / ¢(w(t, y)dA;(y)dr forw € L}IAA([O, Tl xY;K). (18)
0 Y
With the above notation at hand, the mean-field optimal control reads as
min {£%0W,v) (¥, v) € CAO, T1 (P1(Y): W) x MU0, TI x Vi RD | (19)

In order to discuss the existence of solutions to (19), we introduce the auxiliary func-
tionals

T
— Y i — d
DA, )= i]ﬁ $(Ar ) dr if g < A, ¢<A,,ut>==/y¢(£<y))dm<y> (20)
. 13

+00 otherwise,

for every (A, p) € AC([0, T1; (P1(Y); Wi)) x M([0, T x Y; R?). In the next two
propositions we show the existence of solutions to (19). We start by proving that for
each (¥, v) € S(¥), the support of ¥; is bounded in Y uniformly.

Proposition 4 Let Y € P.(Y). Then, there exist R > 0 and L > 0 such that for
every (W,v) € S(Wy) the curve t +— W, is L-Lipschitz continuous and satisfies
spt(¥;) C BL.

Proof Let (¥, v) be as in the statement of the proposition. In particular, we may write
v = why ¥ forw € L}WW([O, T] x Y; K) such that

T
Boin (W, v) = ]é /Y $ (Wit y)) AW (v) dr.

Since ¢ (0) = 0 and ¢ > 0, without loss of generality we may suppose w(z, y) = 0
in{(¢,y) € [0, T] x Y : hy(t,y) =0}.

Let us first give a bound on the first moment m1(¥;). To do this, we fix a function
. € Co(FWU))suchthat 0 < ¢ < 1 and ¢(A) = 1 for A € P(U), which is possible
since P(U) is a compact subset of F(U). For every n € N and every ¢ > 0, let us fix
ge(x) 1= /|x|> + €2 and 6, (x) := 0(%), where § € C.(R%) is such that 0 < 6 < 1,
Vi8] < 1in R4, f(x) = 1 for |x|] < 1, and 8(x) = O for |x| > 2. Recalling that
y = (x, 1), we have that the function ¢ g0, € C.(Y) and
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/? 86 (X)0, (x) AW, (y) — /? g6 (X)6,(x) A% (y)
t
_ /0 /7 Vs (8 (10 () - b () AW () @1

t
+ /0 /? g, () Vi (g ()0, () - w(r, y) W (y) dr.

A

Since |V, 6,| %, g:(x) < |x| + ¢, and (h1)—(h3) hold, we continue in (21) with

/7 26 (X)6, (x) AW, (y) — /7 26 (X)0,(x) A% (y)

<+ [ [ o,y aw o+ T (24 £,
n’ Jo Jy n

for a positive constant C dependent only on 4 and on K. Passing to the limit, in the
order, as ¢ — 0 and n — o0, and using (v3) and (77), we deduce from (22) that

(22)

t
mp(¥) < ml(l?/\o) + 4(M, + MT)/ (1 +mi(¥;))dr +2CT. (23)
0

Since ¥; € P(Y) for every t € [0, T'], applying Gronwall inequality to (23) we infer
that

sup mi(¥) < (my (W) + CT)e T MAMT) (24)
t€[0,T]

for some positive constant C only depending on /, K, v, and 7.

We now prove the uniform bound of the support of ¥;. To do this, we will apply the
superposition principle [11, Theorem 5.2]. The curve ¥ € AC([0, T]; (P1(Y); W1))
solves the continuity equation

W, +divb(t, )W) =0  with ¥ = ¥, 25)

where the velocity field b: [0, T] x Y — Y is defined as
h t,
b(t,y):zbwt<y>+( u e ”) fory e ¥ 26)

and is extended to 0 in Y \ Y. By (24), (v3), (77), and (/11), and by the fact that
w(t,y) € K, we can estimate

T T
/ /7 6, Yy d¥(y)dt < (My + M7) / /7(1 + Iylly +mi(¥)) d¥ (y) dt
Jo Jy Jo JY 27

T
+/0 /Ylhw,(y)w(t,y)ld%(y)dt < 4o00.
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We are therefore in a position to apply [11, Theorem 5.2] with velocity field b. Hence,
there exists 7 € P(C([0, T]; Y)) such that

U, = (evy)gr  foreveryt € [0, T], (28)

where ev;(y) := y(t) forevery y € C([0, T]; 7) and every ¢ € [0, T]. Moreover, 7
is concentrated on solutions of the Cauchy problems

y(®) =b(t, y@)),
{ ¥ (0) = yo € spt(¥p). (29)

For every y € C([0, T]; Y) solution of (29), for t € [0, T] we have, by (v2), (72),
and (hy), that

t
lyOlly < lyolly + (My + MT)/O A+ lly@Olly +mi(¥r))dr + CT, (30)

where C is as in (22). Again by Gronwall inequality, since yg € spt(ljl/\o) and (24)
holds, we deduce from (30) that there exists R > 0 independent of ¢ such that every
solution? > y(t) of the Cauchy problem (29) takes values in B, so that spt(¥;) € B};
by (28). This implies, together with (vy), (77), and (h}), that

6@, Wiy = My +M7)(1+2R)+C €19}

forevery ¢t € [0, T] and every y € spt¥;. Since ¥ solves (25), we deduce that ¢ — ¥,
is Lipschitz continuous, with Lipschitz constant L only depending on R. In particular,
all the above computations are independent of the choice of (¥,v) € S (1170). This
concludes the proof of the proposition. O

Proposition 5 For every ljl/\o € P.(Y) the minimum problem (19) admits a solution.

Proof The proof of existence follows from the Direct Method. Let (¥, vi) € S (f[/\o)
be a minimizing sequence for (19). For every k, we may write vy = wyhy, ¥ for
we € L, 5, (10, T1 x Y; K) such that

k

T
Pmin (i, Vi) =]£ /Y¢(wk(t, ) d¥ ,(y) dz.

Without loss of generality we may suppose wi (¢, y) = Oin {(¢,y) € [0,T] x Y :
ha (1, y) = 0).

By Proposition 4, ¥ ; have a uniformly bounded support in ¥ and is equi-Lipschitz
continuous. By Ascoli-Arzela theorem, there exists ¥ € AC([0, T]; (P1(Y); Wy))
such that, up to a subsequence, ¥, converges to ¥ uniformly in C ([0, T']; (P1(Y); W1)).

Since vy = wihy, WYk, we have that, up to a subsequence, vy—v weakly*
in M([0, T]xY; R?). Let us define the auxiliary measure g, := w; ¥ € M([0, T]x
Y; R?). In particular, we may assume that g, —p weakly* in M([0, T] x Y; RY).
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Thus, thanks to (41), to the uniform convergence of ¥ to ¥, and to Qe fact that
spt(Wk.r) € B}g, we also have that v = hy . By definition of @,,;, and of @ (see (17)—
(18) and (20)), we have that for every k

Doin (Wi, vie) = D (Wi, ¥i) = D (W, 1),

so that

sup @ (¥, py) < +oo.
k

Applying [19, Corollary 3.4.2] we infer that p < ¥ and

(W, p) < liminf @ (¥, py). (32)
k—o00

Since v = hy u, we also have that v < hygW. Moreover, since K is convex and
compact with 0 € K, we have that w := g—l’;, € K for ¥-ae. (¢t,y) € [0, T] x Y and

d d(h
v (ty) = (hyp)

A ®) = A ®) (t,y) =w(t,y) e K for hyW-ae. (t,y) € [0,T] x Y.

Thus, (¥, v) € S(¥) and, by (32),

Pin(W,v) < @ (w, ¥) = S, p) < liminf & (W, pp) = liminf i (W, v).
— 00 — 00
(33)

Finally, by (£3), by the uniform convergence of ¥ to ¥, and by the uniform inclu-
sion spt(¥ ;) € B,’;, we get that

T T
][ / L(p. ) AW () di = Tim ][ / LoV AW, (). (34)
o Jy k=00 Jo Jy
Combining (33) and (34) we infer that
%W, vy < liminf %W, vp),
k— 00

which concludes the proof of the proposition. O
We are now in a position to state our main [ -convergence result.

Theorem 2 Let @0 € P.(Y). Then the following facts hold:

(I"-liminf inequality) for every sequence (yN, u) e AC([0, T1; YN) x LY([0, TT;

kNyand y} € YN, let WV, vN) € AC([0, T1; (P1(Y); Wi)) x M([0, T] x Y; RY)
be the pair generated by (yN , u™) and let lI/ON be the measure generated by y(l)v . Assume
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that N converges to W in C([0, T']; (771(Y) W), that vN converges weakly* to v
in M([0, T x Y; RY), and that Wi (¥, '1/0) — 0as N — oo. Then

o~ N
eV, v) < lim inf & (N, ul). (35)
—00

(F—limsup inequality) for every (¥,v) € S(&l\o) and every sequence of initial
data y0 € YV such that the generated measures 11’0 satisfy Wi (¥, ,l/IJ\O) — 0,
there exists a sequence (yN uly e S(y ) with generated pairs wN vNy €
AC([0, T]; (P1(Y); Wi)) x M([0, T]x Y; ]Rd) such that N — W in C([0, T); (P1
(Y); W), v —v weakly* in M([0, T] x Y; R?), as N — o0, and

—~ N
EY W, v) > lim sup 51{,0 N, u). (36)

N—o00
We provide the proof of Theorem 2 in Sect. 4.1.
As acorollary of Theorem 2, we obtain the convergence of minima and minimizers.

Corollary 1 Let Yy € P(Y) and let yf)v e YN a fixed sequence of initial data with
generated measure lI/N e PN(Y) satisfying Wi (¥, @) — 0as N — oo. Then for
every sequence (yN N) € S(yév) of solutions to (11) with generated pairs wN, vNy,
there exists (¥ ,v) € S (11/0) solutlon to (19) such that, up to a subsequence N 5w
in C([0, T1; (P1(Y); W1)), vN—v weakly* in M([0, T] x Y; R?), and

—~ N
EV W, v) = lim &° N, u").
(¥, v) Am £y ", u’)

Proof The result is standard in I"-convergence theory (see, e.g., [13, 26]) and follows
from the compactness result in Proposition 3 and from Theorem 2. O

4.1 Proofs of Proposition 3 and Theorem 2

Before proving Proposition 3 and Theorem 2, we state two lemmas regarding the

N J— —
control part of the cost functional 51)\;0 and the functionals @ and ¢ defined in (20).

Lemmal Lert N € N, let (y,u") € AC(10,T];YN) x L'([0,T]; K¥), and
let (N, vN) € AC([0, T1; (PN (Y); Wi)) x M([0, T x Y; R?) be the pair gen-
erated by (yN , u™N); finally, let

N
1
o= 2 uiWdy, M= pd @ L1110, T, (37)

Then, for a.e. t € [0, T] we have

1Y _
5 2 Pwi) = ¢, u). (38)

i=1
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Ify0 e YV and the pair (yN, u) e S(y ) is such that u;(t) = Olth,zv(y,(t)) =0
fori=1,...,Nandt € [0, T], then for a.e. t € [0, T], we have that

1 & _
5 20w ®) =W, 1), (39)
i=1

Proof The proof of (38) can be found in [34, Lemma 6.2, formula (6.2)]. Arguing as in
the proof of [34, Lemma 6.2, formula (6.3)] we may also prove (39). Referring to the
notation in [34, Lemma 6.2], the only modification we have to make is that, whenever
yi(t) = yj(t) fort € § C [0, T] and for some i # j, the equality y;(t) = y;(¢)
for a.e. t € S only implies that Ay~ (i (£))u; (1) = hyn (yj(®)u;(t) forae. t € S.
Therefore, for a.e. t € SN {hWrN ([y,- (1)) # 0} we havie u;(t) = uj(t). Instead, for
ae.t € SN{hyn(yi(t)) = 0} wehave u; (t) = u;(¢) = 0 by assumption. This implies
that u;(t) = u jt(t) a.e. in S, and the proof can be concluded as in [34, Lemma 6.2]. O
Lemma?2 Let lllo € P.(Y) and y0 € YV be such that the generated measure lIIN
converges to '1/0 in the [-Wasserstein distance. Let (yN Ny e S(y ) and let
W@V, vNy e AC([0, T1; (P1(Y): W1)) x M([0, T x Y; RY) be the corresponding
generated measures, according to Definition 3. Assume that

N
sup 5,{,0 O, u") < +0
NeN

and that WN _— W uniformly in C([0, T]; (P1(Y); W1)) and N~y weaklf
in M0, T1xY; RY). Then, v < hy W, dhdﬁ € K forhgW-ae. (t,y) €[0,T]xY,
and

cD-tp)<1"le ! (1)) dt 40
min (¥, ) < lim in N;]ﬁ ¢ (u; (1)) dt. (40)

Proof We deﬁne the auxiliary measures uV and [Lt asin (37) and we notice that v
hyvp?, = hq,N [Lt for ¢t € [0, T]. In view of Proposition 1, both " and v

supported on a compact subset of [0, T'] x Y and are bounded in M ([0, T] x Y; Rd ).
In particular, we deduce that there exists g € M ([0, T'] x Y; Rd) such that, up to a not
relabelled subsequence, [LN —u weakly* in M([0, T] x Y: Rd). Since (hy) holds,
wN — @ uniformly in C([0, T1; (P1(Y); W1)), and u"V and vV have uniformly
compact support, in the limit it holds v = hy u.

N
By Lemma 1 and by the boundedness of the energy £ Y0 it is clear that

sup (PN, u) < 400,
NeN

Hence, we can apply [19, Corollary 3.4.2] to infer that, in the limit, p < ¥ and

D W, p) < liminf WV, uV). (41)
N—oo
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Since v = hy p and p <K ¥, we have that v < hg V. Furthermore, being K a convex
and compact set with 0 € K, we have that (t y) € K forW-ae.(t,y) € [0, T]xY.

and, denoting w:= J%,
dv d(hyp) B
L) = ty)=wt y)eK forhyW-ae.(t, 0.T]1x7,
et = Ty OV = €K forhy¥eae. (t,y) € 10,T]

so that v = why ¥ and @ (w, ¥) = @ (¥, w). Finally, by definition of ®y,;, in (17)
we get (40). O

We now prove Proposition 3.

Proof of Proposition 3 Let yl/, (y", u"™), (W™, vV), and ¥/ be as in the statement
of the proposition. Since W} (lIION , %) — 0as N — o0, by Proposition 1 we obtain
that for every ¢ € [0, T] the probability measure ¥,V has support contained in the
compact set Bﬁ; for a suitable R > 0 independent of 7 and N. This implies that the
curve ¥V takes values in a compact subset of P (Y) with respect to the 1-Wasserstein
distance. Let us now show that the sequence ¥ ¥ is equi-continuous. Thanks to the
assumptions (v1), (77), and (hy), to the fact that u(r) e KV and spt(llltN) C B),; for
t €[0,T], forevery s < t € [0, T] we estimate

Wi (N, o) = sup { /Y n AWy —wNy(y)ine Lipl(Y)}

L
sup {N E (nGi() —n(i(s)) :n € LiP1(Y)}
P (42)

I A

—Z / lu i (Dl de + - / gy (i (D) (1) d

IA

(2(Mu + M) (1 +R)+O)t — SI,

for a positive constant C independent of 7, s, and N. Therefore, o g equi-continuous
in C([0, T']; (P1(Y); W1)) and, by Ascoli-Arzela Theorem, it converges, up to a sub-
sequence, to a limit curve ¥ in C([0, T']; (P1(Y); W1)). By (42), ¥ is also Lipschitz
continuous.

Since u” takes values in KV with K compact and &, ~ is bounded by (/1), we have
that, up to a further subsequence, v¥ —v weakly* in M([0, T] x Y; R?). Since the

N
cost functional 81{,0 (y", u") is bounded, we deduce from Lemma 2 that v < hy ¥
and 225 (t, y) € K for hyW-ae. (1,y) € [0, T x Y.
We ﬁnally show that (¥, v) solves the corresponding continuity equation in the
sense of distributions. By the uniform convergence of ¥ to ¥, we have that ¥ = 7
For every test function ¢ € C2°((0, T) x Y), since (y", u™) € S(yl)), we have that,

for every ¢t € [0, T],
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t
/, o, y)dwN(y) = / /, dp(t, y)dw) (y)de
Y 0 Y
t
+ / /,Veo(ny)-bw,w(y)d%N(y)dr (43)
0 Y
t
+/ /7Vx<p(r, y)dvN (y)dr
0 Y

§ince wN — win C([0, T]; (P1(Y); W1)) and v —v weakly* in M([0, T] x
Y:; R?), we only have to determine the limit of the second integral on the right-hand
side of (43). To do this, we estimate

t
/0 (/Yvw(f, y)~bq/gV(y)de’(y)—/YV<p(f, y)'bwf(y)d%(y)> dr

t
< /0 /7 V002, ) - (g () — b, ()| 4w () d (44)

t
+‘/ /7V<p(r,y)~blpr(y)d(l1/tN—lI/T)(y)dr = IN 4+ 1.
0 Y

By the regularity of the test function ¢, by assumptions (vy) and (73), and by the
uniform inclusion spt(¥,Y) € BY, we may estimate 7} with

t
I]N = LR”§0”C§’°((0,T)><7)‘/O Wl(way ¥r)dr,

for a positive constant L g depending only on R. Since ¥ — ¥ in C([0, T1; (P1(Y);
W1)), we deduce from the previous inequality that / 1N — 0 as N — oo. Again
by (v2) and (72), the function y — Ve(¢, y)by, (¢) is Lipschitz continuous on B% for
every t € [0, T], with Lipschitz constant Cg > 0 uniformly bounded in time. Since
spt(¥;), spt(W,N) C Bfe fort € [0, T], we estimate 12N with

t
B e [ w
0
and 12N — 0 as N — 00. We can now pass to the limit in (44) to obtain that

t t
lim /0 /YWJ(T, y)-bw,N(y)d‘I’TN(y)dr=/O /?Wp(f, y) - by, (y) d¥: (y) dz,

N—o0

which in turn implies, by passing to the limit in (43), that

1 t
/7 ol y) AW (y) = /0 /Y dro(z. y) AW, (y) dr + /0 /7 Vo (t.y) - by, () d¥y (y) de

.
+/ /7Vx(/)(t’y)dvt(y)dt~
0 Jy
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By the arbitrariness of ¢ € C2°((0, T') x Y), we conclude that (¥, v) € S(@o). This
completes the proof. O

Eventually, we prove the I"-convergence result.

Proof of Theorem 2 The proof follows the lines of [34, Theorem 3.2]. We divide the
proof into two steps.

Step 1: I"-liminf inequality. Let (¥, v), (y", u™), Y/, &V, v"), and ¥} be as in

N
the statement. If lim inf y_ oo 51{,0 ( yN ,u’) = 400 there is nothing to show. Without

loss of generality we may therefore assume that

N
sup 51}\),0 N, u") < +oo,
NeN

N
which implies, by definition (10) of £y° , that (yV, u™) € S(yY) for every N. Fur-
thermore, by Proposition 1 there exists R > 0 independent of N and ¢ such that
spt(lI/[N ) C B%. By Proposition 3 we have that the limit pair (¥, v) belongs to S (@0)
and spt(¥;) C B% for every ¢ € [0, T']. Applying Lemma 2 we infer that

N T
Prin (¥, v) < ljvnii?of % ;:]([) ¢ (ui(1))dr. (45)

Since Ly P1-converges to £ uniformly on compact sets and spt(!l/tN ), spt(¥) € BY,
we get that

T
][ / L(y, ¥)d¥(y) dt
0 JBY

T
— lim f / LG, ) dw (v) dr
0 JBY

T
][ / L(y, ¥)d¥(y) dt
0 Y

N—o0

T (46)
= lim ][ /EN(y, e Ny dwN(y)de
0 Y

N—00

1 T
= lim —Z][ L (yi (@), ¥N)dr.
i=170

N—oo N
Combining (45) and (46) we conclude that
—~ N
EY (@, v) < liminf 81{,0 N, u),
N—o0

@ Springer



22 Page22of44 Applied Mathematics & Optimization (2022) 85:22

which is (35).

Step 2: I"-limsup inequality. We will construct a sequence (yV, u”) such that
~ N
N, vy = lim &° (N, uV) 47)
N—o00

and we recall that this condition is equiAvalent to (36).

Let (¥,v) € S(@o) be such that E¥0 (¥, v) < 400, and let w € L}ww([O, T] x
Y; K) be such that v = why ¥ and @pin (¥, v) = @ (w, ¥). In particular, we may
assume that w = 0 on the set {(¢, y) € [0, T] x Y: hy, (y) = 0}.

As in [34, Theorem 3.2], the construction of a recovery sequence is based on the
superposition principle [11, Theorem 5.2]. The curve ¥ € AC([0, T]; (P1(Y); W1))
solves indeed the continuity equation

O + div(b(r, )W) =0  with ¥y = ¥, (48)

where the velocity field b: [0, T] x Y — Y is defined by
h t
b(f,y):bw,(y)-i-( w’(y)(l)v( ,y)) foryeY (49)

and is extended to 0in Y \ Y. By Proposition 4, there exists R > 0 such that spt(¥;) <
B§ for every ¢ € [0, T'], and arguing as in (27) we get that b € Llll,([O, T x7Y).

We are therefore in a position to apply [11, Theorem 5.2] with velocity field b.
Setting

r:=c(o,TLY),

A= {y el : y(@)eY fort € [0, T] and solves

y (1) = by, (y (1)) + (hw,(y(t))g)(t, J/(t))>

in [0, T with y(0) € spt(@o)},

we infer that there exists a probability measure 7 € P(I") concentrated on A such
that for every ¢t € [0, T] ¥; = (ev,)gmw. We further notice that Proposition 4, the
boundedness of the control w, and assumptions (v3), (77), and (k) yield

/A Iy llydr(y) < +oo. (50)

We define the auxiliary functional

T
]—'(y):][ ¢(w(t, y()))dt forevery y € A. (51)
0
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We notice that by Fubini Theorem

T
/f()/)dﬂ(y)=/][ ¢ (w(t, y()))drdr(y)
r rJo
T
=][ /¢(w(t,€vt(y)))dﬂy)dt
0o Jr
T
=]§ /Y¢(w(t, ¥) d¥i(y) dt = Ppin (¥, v).

Furthermore, F is lower semicontinuous in A. Indeed, if y, y € A are such that y, —
y with respect to the uniform convergence in I", since w takes values in the compact
set K we immediately deduce that w(-, yx(-)) is bounded in L*°([0, T']; R%), and
therefore converges weakly*, up to a subsequence, to some g € L>°([0, T']; RY) and,
by convexity of ¢, we have the lower-semicontinuity (see, e.g., [25, Theorem 3.23])

T
][ ¢(g(n)dr < likminf Fe)-
0 —00

Since y; € A for every k, for s < t € [0, T] we can write

t
o - ns) = | <bl1/1 () + (h‘”f e Vk(””)) dr.

Passing to the limit in the previous equality we deduce, thanks to (v1), (72), and (h7),

!
-y = [ (bw, (@) + (h‘”f(y(g”g (’))) d.

On the other hand, being y € A we have that

t
yo -y = [ <bw, (r (@) + (h‘”f (e V“”)) dr,

which implies, by the arbitrariness of s and ¢, that hy, (v (7))g(t) = hy, (y (r))w(z,
y(t)) for ae. T € [0, T]. Hence, g(t) = w(t, y(¢)) forae.t € {s € [0,T] :
hy, (y(s)) # 0}, while w(t,y(t)) = Ofort € {s € [0,T] : hg (y(s)) = 0}
Since ¢ > 0 and ¢ (0) = 0, we finally obtain

T
Fy) = ][ ¢(g(1)dr < liminf 7 (y).
0 — 00

By Lusin theorem, we can select an increasing sequence of compact sets Ay €
Ag4+1 € Asuchthat (A \ Ag) < % and F is continuous on Ay. Setting

1
)= ml A € P(I),
k (A0 k )
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we have that
lim Wi(r. 70 =0, lim / Fly) dme(y) = / Foydn).  (52)
k—o00 k—o00 r r

In particular, the first limit follows from (50) and from the narrow convergence of 7
to r. The second limit is a consequence of the first.

Since Ay is compact, we can select a sequence of curves {(y)i" : i =
1,...,m, m € N} C A such that for every k the measures

. 1 m
Ty = > S € PUD)
i=1

satisfy
lim W (7', 7x) =0, lim /f(y)dﬁ}?(J/)Z/T-()/)dﬁk(V), (53)
m— 00 m—oo | r

where the second equality is due to the fact that F is continuous and bounded on Ay.

Let us fix a countable dense set D:= {@;}een in Co ([0, T] X Y; R9). We recall
that, by construction, on the set Ay the function y +— F(y) is continuous. Since ¢
is superlinear, this implies that w(-, y;(-)) — w(-, ¥ (:)) in LP([0, T; R?) for every
p < 400 whenever y;j, y € A with y; — y. Hence, also the map

T
VH/O Qe(t, y () w(t, y (t)hy, (y (1)) dt

is continuous in Ay for every £ € N. Combining this fact with (52) and (53), we are
able to select a suitable strictly increasing sequence m (k) such that for every m > m(k)
it holds

o 1
Wiy ) < a (54)

1
‘/ f()/)dﬁf()/)—/ Fy)dme(y)| < A (55)
r r

T
1
‘ / /0 pet, yO)w(t, y 0))hy, (y () dt d(Ty —T)(y)| < A for £ <k,
r
(56)
where in the last inequality we have used that 77} converges narrowly to 7y as m — 00
and that 7" is concentrated on curves belonging to Ay.

Therefore we set = ﬁ,ﬁv for m(k) < N < m(k + 1) and obtain that

lim W(wy, ) =0, (57)
N—oo
so that
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lim [ F(y)dan(y) = Pmin(¥, v). (58)
N—oo J

We now construct the recovery sequence ( yN cul ). First, we define the auxil-
iary curves AZN: = (evp)gnrny € AC([0, T]; (P1(Y); Wp)) and the corresponding
curves zV = (z1,...,zn) € AC([0, T1; YY) so that AN = % >N 8. Then,
we set u;(t): = w(t, z;(¢)) for every t € [0,T], every i = 1,..., N, and every
N € N, and aV = (u1,...,un) € Ll([O, Tl; KN). In particular, each component
of zV solves the ODE

zi(t) = by, (z; (1)) +

hy, (z; (t))u; (1)
o)

with initial point z; (0) € spt(l?/\o). The curves z"¥ have to be further modified, since in
the ODE (59) the velocity field by, still contains the state of the limit system ¥; rather
than AV, and the initial data z))' = (z(0), ..., zx(0)) do not coincide with y{)'.

Being lPON and Aév two empirical measures, we can find a sequence of permuta-
tions o™V : YV — Y¥ such that

Wiy, Af) = — Zno ¥)); — 2 (O] (60)

Let us further denote by a i RHN > (RN the spatial component of oV

We set y0 = oV (yo) and denote by ¥¢,; its i-th component. We define y yV
Oy, ---.yn) € AC(0, TT; Y™) by solving fori = 1, ..., N the Cauchy problems

Vi () = by (5 (1) +
Yi(0) =g,

Iy (5 ()7 (1)
0 ’ (61)

where, as for the Cauchy problem in (8), we have set lI/N N Zl 195, € PN(Y).
By [41, Corollary 2.3] system (61) admits a unique solution and (y yN aV ) e S( y(l)v ).
Finally, we set (yV, u™) := ((c™)~'GM), (aRd) t@")) e S(yY), where, with a

slight abuse of notation, we have denoted by O'Rd the action of the permutation o

on
the (R?)N -component of y».

We denote by (&N, v"V) and (AN, yV) the pairs generated by (¥V,#") and
by (zV, "), respectively, and notice that, by invariance with respect to permuta-
tions, (&N, v") coincides with the pair generated by ( yN ,uN). We want to show

that

wN 5 win C([0, T]: (P1(Y); W;))and vNAvweakly*in M0, T] x Y; Rd).
(62)
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To do this, we will prove that

lim sup Wi, ANy =0 and lim sup Wi(AN,¥)=0 (63)
N—004€[0,T] N—004¢[0,T]

and that
vV — V=0 and pV—v weakly*in M([0, T] x Y; R%), (64)

so that (62) follows by triangle inequality.

Let us consider the pair (A", ™). Since z;(0) € spt(¥) foreveryi = 1,..., N
and fﬁo € P.(Y), Proposition 1 yields the existence of R > 0 independent of N
and ¢ such that spt(A{V ) C B% for every t € [0, T']. Repeating the computations
performed in (42) we obtain that A" is equi-Lipschitz continuous with respect to .
The convergence in (57) implies that Wl(AfV ,¥) — 0 for every t € [0,T] as
N — o0, so that an application of Ascoli-Arzela Theorem yields that AN — W
in C([0, T]; (P1(Y); W1)). This proves the second convergence in (63).

To prove the first convergence in (63), we estimate the distance between 3" and zV.
First we notice that, up to possibly taking a larger R, we have that ||y; ()]l < R for
everyi =1,..., N forevery N € Nand for every ¢ € [0, T, so that spt(%;") < BY.
Forevery t € [0, T]and every i = 1, ..., N we have, by definition of y; and z; and
by assumptions (v2), (72), and (47),

t
llzi (1) =¥ Olly <Nzi(0) — oIl + /0 by, (zi (1)) — byy (¥; () Iy dT
t
+/0 lhy, (zi (7)) — hyy (7; ()] lw(T, zi ()] dT (65)

t
=11zi (@) = ¥o,: Il + LR/O (Izi (@) = ¥ (@lly + Wi (¥, &) dr,

for some positive constant L independent of N. Hence, by Gronwall and triangle
inequalities we deduce from (65) that

17,0 = 21 0)lly < 7 (12 0) = Fo, Iy

1
Lo [ @Al s Al dr). 6
0

Summing (66) overi = 1, ..., N and recalling (60), we infer that for every ¢ € [0, T']

1 N
W@, AN = =3l =50l

i=1

Jda
SeLRTWI(%N,ASUJrLReLRT/ WY, ANy + W (@, AN))dz. (67)
0
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Applying once again Gronwall inequality to (67) we obtain for every ¢ € [0, T]
N 4N LRT N gN LRT ’ N LRTelrRT
Wi (¥, ,At)§<€ RWi(Ag, ¥y )+ Lge™*® / W](Wt,At)dt>e rE€TT
0

(68)
Since W1 (A}, %) — 0, W%, ¥p) — 0, and the second limit in (63) holds,
from (68) we conclude (63) and the convergence of ¥ ¥ to W in C ([0, T; (P1(Y); Wy)).
We now turn our attention to (64). The second convergence in (64) is a matter of

a direct computation. Indeed, for every ¢ € C.([0, T'] x Y: R9) and every ¢ > 0 we
can fix ¢y € D such that ||¢ — W”cqo,ﬂx?) < ¢ and estimate

T
‘/ /w(r,y)dmN—v)(r,y)‘
0 Y

T
5/0 /?no(r,y)—<pz<r,y>|d|nN—v|<t,y)

T
+'/ /w(uy)d(nN—v)(r,y)'
0 Y

1 T
<Ce+ ’ﬁ Z/o @e(t, zi )w(t, zi (1)) hy, (zi (1)) dt
i=1

T
- /0 /7 oo(t, Y)w(t, Y)hy, (y) A%, (y) dt (69)

T
:Ce+’/0 /?w(t,y)w(t,y)hw,(y)d/lfv(y)dt

T
_/o /Yfpz(t,y)w(t,y)hw,(y)d‘l’t(y)dt

T
=Ce+’/r/0 et y)w(t, y(@)hy, (y(t))dtdry(y)

)

T
_/r/o @e(t, y () w(t, y (1)hy, (y (1)) dr dm (y)

for some positive constant C independent of €. We now estimate the right-hand side
of (69). By definition of 7y and by (54) and (56), for every N € [m(k), m(k + 1))
with k > ¢ we have that

T
’/r/o @et, y@)w(t, y (1) hy, (y (@) drdry (y)
T
_/r/o @e(t, y @)w(t, y (1) hy,(y (@) drdm(y)

=

T
/r/o e (1, y O)w(t, y (1) hy, (y (1) dr TR ()
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T

_/r/o w(t,y(t))w(t,y(t))hq,,(y(t))dtdﬁk(y)‘
T

+‘/1"/0 @e(t, yO)w(t, y()hy, (v (1)) dr dTr(y)

T
_/r/ f/’e(t,V(t))w(t,J/(t))hw,()/(t))dtdﬂ(y)'
1

_k

/ / @e(t, y@)w(t, y()hy, (y(t))dedr(y)
7T(Ak) Ay

_/r/o wz(t,)/(t))w(t,V(t))hw,(y(t))dtdﬂ()/)'-

Passing to the limit as N — oo in the previous inequality we get by the boundedness
of w, ¢¢, and h, that

JJim //(pe(t y@)w(t, y (®)hy, (y () dt dry ()
:/r/o @e(t, y () w(t, y()hy, (y(t))dtdr(y).

Therefore, passing to the limsup as N — oo in (69) we obtain

T
/ /,go(z,y)d(nN —v)(t,y)
0 Y

By the arbitrariness of & and ¢ we infer that ¥ —v weakly* in M([0, T'] x Y; RY).
We now turn to the first convergence in (64). For every ¢ € C.([0, T] x Y; RY) we
have that, using the definition of N of 21N , and of the controls u”,

lim sup < Ce.

N—o00

T T
Jp(t,wva(r,y)—/ /w(r,wdn’v(r,y)‘
Y 0 Y

1L T
= ‘ﬁ Z/o (o, 7; (t))hq,/v (1) — @(t, 2 (1)) hy, (zi (1)) w(t, zi (1)) dt
i=l1

IA

1 &L T
v /0 [0t 5:(0) = @(t. 2 )] - [y x Gy @)z, 1)) dr
i=l1

L [ hyn (Vi (1) = hy, (zi )| - @, zi (D) w(t, zi (1)) | dr.
TN i=1 70
(70)

In order to continue in (70) let us fix a modulus of continuity w, for the function
. Notice that, without loss of generality, we may assume w,, to be increasing and
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concave. Thus, by (h1), (h2), by the fact that w(¢, z;(t)) € K and y;, z; € B}; for
everyt € [0, T]and every i = 1, ..., N, and by the inequalities (67), (68), we can
further estimate (70) with

T T
[ o, y)dv™(t, y) —/ /Jp(t, y) g, y)‘
Y 0 Y

c& T
=< ﬁ Z/O [wrp(”Zi ® =yiOly) + ||(P||C([0,T]X7)(||Zi(t) =yiOly + Wi (¥, lI’tN))] dt
i=1

T 1 N
< C/ wga(N > llzi(o) —m)uy)dt
JO i—1
T
+Cllgo\lc([oﬂxy)(eLRTTwl(lI/ON,A(f)\')+(l+LRTeLRT)/ Wl(d/,N,lP,)dt>
0
T
5CTw(p(eLRTwl('I/(fv,A(I;’)—i-LReLRT/O Wl('I/,N,lI/,)dt>
T
+cngouc(w,my)(eLRTTW1<w0N,A{)V>+<1+LRTeLRT>/ W1<W,N,w,)dr),
0

where C > 0 is a constant independent of N. Therefore, by (63) we conclude that

lim
N—o0

T T
,w(uy)va(t,y)—/ /cp(t,wan(r,y)' o,
Y 0 Y

which yields the first convergence in (64).
Finally, we prove (47). As already observed, ( yN ,uly e S( y{)\’ ) by construction,
so that

&l oV, N)— ][ LyGi@), o) de + — Z f ¢ (ui (1)) dr.
(71)

Since spt(KI/,N), spt(¥;) C B}g for every t € [0, T] and, by (L) and (£3), Ly is
continuous and Ly Pj-converges to £ uniformly on compact sets, we have that

lim — ][ Ly i), ¥Nyde = hm][ /LN(y, wNydwN dr

N—>ooN
= lim][ / Ly(y, wN)dwN dr
N=eoJo /B (72)
T
0 JBY
T
0 Y
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As for the second term on the right-hand side of (71), we recall thatu™ = (aﬂgi,)’1 @™)
with u; () = w(t, z; (t)) and that AN (evy)s#my, so that we can write

T
—Z][ B (1)) dt = ][ $ @ (1)) dt = ]ﬁ /qu(w(r,y))dA,N(y)dr
= / f sty ) drdny ) = [ Foamm.
rJo r

In view of (58), we infer that

lim —Z f B @i () df = Pyin(W, ),

N—oco N

which implies, together with (72), that
0 7
lim & (N, u) = %W, ),
N—o00
which is (47). This concludes the proof of the theorem. O

5 Numerical Experiments

In this section we consider specific applications of our model in the context of opinion
dynamics. In Sect. 5.1, we discuss the effects of controlling a single population of
leaders. In Sect. 5.2, instead, two competing populations of leaders and a residual
population of followers are considered, but the policy maker favors only one of the
populations of leaders towards their goal.

In both cases, for the continuity equation (4) we use a finite volume scheme with
dimensional splitting for the state space discretization, following a similar approach
to the one employed in [6]. Introducing a suitable discretization of the density ¥ =
W (t,, y;) on uniform grid with parameters Ax, AX in the state space, and Af in time,
the resulting scheme reads

- At
U=yl 4 T (Tis1 219" 1) = Ti—1 219" 1(00))

~ At
R /i T (Vig12¥", w"1(yi) = Vic12[¥", w"1(3i))
where 7;41 /2, Vi+1,2 are suitable discretizations of the transition operator and the
non-local velocity flux, respectively, and w” denotes the control computed at the
corresponding time. Notice that the update of ¥ follows a two-step approximation,
firstin A then in x, of the continuity equation (4) (see also [7] for arigorous convergence
result).
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The realization of the control is approximated using a nonlinear Model Predictive
Control (MPC) tecnique. Hence, an open-loop optimal control action is synthesized
over a prediction horizon [0, T}, ], by solving the optimal control problem (3), (4). Hav-
ing prescribed the system dynamics and the running cost, this optimization problem
depends on the initial state and the horizon T, only. The control w*, which is obtained
for the whole horizon [0, T}, ], is implemented over a possibily shorter control horizon
[0, T.]. At t = T, the initial state of the system is re-initialized to ¥ (7,) and the
optimization is repeated. In this setting, to comply with an efficient solution of the
dynamics, we perform the MPC optimization selecting T, = T, = At. This choice
of the horizons correponds to a instantaneous relaxation towards the target state. For
further discussion on MPC literature we refer to [1, 27, 35] and references therein.

5.1 A Leader-Follower Dynamics

In this setting, the set U consists of two elements, thatis U := {F, L} and is endowed
with a two-valued distance

0 = dist(F, F) = dist(L, L), 1= dist(F, L) = dist(L, F).

The space P ({F, L}) is identified with the interval [0, 1]; accordingly, in the discrete
model, }; is a scalar value describing the probability of the i-th particle of being a
follower.

In order to tune the influence of the control, the simplest possible choice is to
fix a function hy (x, A) = h(X) in (8) for a suitable bounded non-negative Lipschitz
functionz2: [0, 1] — R.Inthe applications, where the policy maker aims at controlling
only the population of leaders, the ideal function / should be non-increasing and equal
to zero when A is close to 1. As shown in Proposition 2, if the cost function ¢ satisfies
{¢ = 0} = {0}, the optimal control will steer only agents with small A.

It is natural to partition the total population into leaders and followers, according
to 1. Given ¥ € P(R? x [0, 1]), and for a fixed Lipschitz function g: [0, 1] — [0, 1],
we define the followers and leaders distributions as

jy (B) = / g d¥ (x, 1),
Bx[0,1] (73)

iy (B) :=/ (1= g(1)d¥(x. h),
Bx[0,1]

for each Borel set B ¢ R?. In particular, the sum ug (B)+ u&, (B) coincides with the
first marginal of ¥ and therefore it counts the total population contained in B. In the
discrete setting, the leaders and followers distributions in (73) are given by
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1
pgn (B) = 37 g,

i:x;eB

1 1
pgn (B) = i 1 xi € BY =y (B) = — 3 (1= g().

i:x;i€B

(74)

A typical choice for g is any Lipschitz regularization of the indicator function of the
set {A > m}, with m > 0 a small given threshold. Doing so amounts to classifying
agents with small A (and therefore high influence) as leaders and the remaining ones
as followers. However, different and softer choices for g are possible. For instance,
the choice g(A) = X allows one to measure the average degree of influence of an agent
sitting in the region B on the remaining ones.

It is a common feature of many-particle models to assume that each agent expe-
riences a velocity which combines the action of the overall followers and leaders
distribution. Hence, these velocities are an average velocity of the system, weighted
by the probability X that an agent located at x has of being a follower, and have the
general form

vy (x, A) = g1(A)

R4 x[0,1]
x [KFF(x —x)ga) + K (x — x') (1 — ga(W) ] dW (v, 1)
+(1—g1(0)
R4 x[0,1]

x [KFE(x = xgo (W) + KEE(x — x) (1 — g2 (W) dw (x', 1),
(75)

where the functions g;: [0, 1] — R (for i = 1, 2) are given Lipschitz continuous
functions and K**: RY — R for x, e € {F, L} are suitable Lipschitz continuous
interaction kernels. Let us remark that the choice g; = g» = g, so that the velocities
actually depend on ¥ through the distributions y,g, and Mén is quite plausible in this
kind of modeling. In the discrete setting, a velocity field of this kind reads as

vy (Xi, Aj)

1Y =
= glui)(ﬁ DK i —xgati) + 5 D KM i — (- gz(x,-»)
j=1 j=1

1Y 1Y
+ - glui))(ﬁ DKM = xga0g) + 5 2K — (1 = gz()»j)))-
j=1 j=1

Similar principles can be used for defining the transitions rates. According to the
identification of Py ({ F, L}) with [0, 1], the transition operator 7y (x, A) will be iden-
tified with a scalar (see (76) below), instead of taking values in the two-dimensional
space F({F, L}). Indeed, in this case (7p) uniquely determines the second component
of 7y once the first one is known. For instance, one can consider
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Ty (x, 1) = —arp(x, ¥)g3(d) +ar(x, ¥)(1 — g3(2)), (76)

with a4 having the typical form

Ae(x, W) = / Ho(x —xle(\)YdWw (x', 1), fore e {F, L},
R4 x[0,1]

and where g3: [0, 1] — [0, 1], H,: RY — R4, and £,: [0, 1] — [0, 1] are given
Lipschitz functions. Notice that condition (73) amounts to requiring that the conditions

e 20, g3(0)=0, g(l)=1 (77)

are satisfied (equivalently, the evolution of X is confined into [0, 1]). If one chooses
g3(A) = A, for fixed x and ¥ the evolution of A is governed by a linear master equation.
Instead, for g3 = g, the switching rates oy and oy, are activated depending on the
population to which an agent belongs. The function H, can be used to localize the
effect of the overall distribution on the transition rates; within this model, an agent
sitting at x is able to interact only with agents in a small neighborhood around x.
Similarly, with a proper choice of £,, one can tune the influence of the surrounding
agents according to their probability of belonging to the populations of followers or
leaders. The choice £ = 1 —¢; = g corresponds to having rates which depend on ¥
through the distributions ug and /1,@. Let us however stress that, in general, also with
these choices it is not possible to decouple equation (14) into a system of equations for
Mg, and ,u@, which, on the contrary, can only be reconstructed after solving for ¥ first.
Some particular cases where this is instead possible are discussed in [41, Proposition
4.8].

With the arguments of [41, Sect. 4], one can see that choices of vy and 7y made
in (75) and (76) fit in our general framework. Let us remark that in [41, Sect. 4], only
the case g(1) = g;(A) = X, i = 1, 2, 3 was discussed, but the adaption to the current,
more general situation, is straightforward.

A typical Lagrangian that we may consider should penalize the distance of the
leaders from a desired goal. This may be encoded by a function of the form

L1(x,2) =0 |x — x|%, (78)

where ¥ € R? is the position of the desired goal and 8: [0, 1] — [0, 1] is zero when
A is above a given threshold (a possible choice is even (1) = 1 — g())). Moreover, a
competing effect, depending on the overall distribution of the population, can be taken
into account: leaders should stay as close as possible to the population of followers,
in order to influence their behavior. This may be encoded by a function of the form

2

Lo(x, A, ¥)=0(r) , (79)

X —][ x'dub (x")
Rd

which favors a leader agent to be close to the barycenter of the followers distribution.
Notice that the function £, depends continuously on ¥ as long as ug (R?) > 0, which
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is always the case in practical situations. Hence, the Lagrangian of the system is the
sum

L, M ¥)y=ali(x, )+ —-a)lo(x, A, ¥), (80)

for a € [0, 1] a given constant.
Finally, a very simple and natural family of cost functions is

¢p(u) = Llul?,  for p e (1,+00) and u € RY. 81)
p

In particular, ¢, is strictly convex and {¢, = 0} = {0}, so that the conclusions of
Proposition 2 hold true in the case hy = h mentioned above. Namely, the optimal
control u € L'([0, T]; (R)V) in the N-particle problem will actually act only on
the population of leaders, while the evolution of the population of followers will be
determined by the velocities and transitions rates detailed above.

5.1.1 Test 1: Opinion Dynamics with Emerging Leaders Population

We study the setting proposed in [2, 31] for opinion dynamics in presence of leaders
influence, and we assume that x € [—1, 1], where {1} identify two opposite opinions.
The interaction field vy (75) is characterized by bounded confidence kernels with the
following structure

K*(x —x) = xe({lx = x| < kwe}),  forx, e e {F, L}, (82)

where ¢ > 0 is a regularization parameter for the characteristic function x and ke,
represent the confidence intervals with the following numerical values,

Krpp = 0.25, Krprp = 0.5, KLF = 0, Krrp = 0.2.
The weighting functions g1, g» are such that g1(A) = g2(X) = £(A) with

C(A—1)

‘) = C=10% 1=05. (83)

1+ ¢CO=0)’
The transition operator 7y (x, A) in (76) is identified by the following quantities
ap(x,¥)=ar (1 =Dr(x,¥)), ar(x,¥)=ar(l —Drx,¥)), gQ*) =4,

where the functions DF and Dy, represent the concentration of followers and leaders
at position x and are defined by

(x —x)?
g

De(x,¥) = S./ exp

}G.()J)dW(x/,)J), ec{F,L}, (84)
Rdx[o,l]
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Fig. 1 Test 1. Intial distribution ¥ (x, 1) and the marginals associated with the opinion space ulf,(t, X),

u@ (t, x), and to the label space v,’l; (t, 1), vé, (t, 1). The red dashed line marks the target positionx = — 0.5
(Color figure online)

with Ggp(A) = £(A) and G (L) = 1 — Gr (L), and S, normalization constants such
that concentrations are bounded above by one, i.e., Do (x, ¥) € [0, 1] to preserve the
positivity of the rates o« and oy, and with the following parameters

arp = 0.025, aj = 0.05, OfF =0 = 0.1.

Finally, the cost functional is defined by the Lagrangian defined in (80), which
steers followers towards x = — 0.5 and keeps track of followers average position with
o = 0.35and O(A) = 1 — £(A). We account for quadratic penalization of the control
in (81) by choosing y = 2.

In Fig. 1, we report the choice of the initial data, and the marginals ,ulf,(t, X),
ué, (t, x) relative to the opinion space, and to the label space Ug(l, A, vlf, (t, A). The
structure of the initial data is a bimodal Gaussian distribution defined as follows

2 2
— A—A
Wolx. h) = Co(exp{ e sz) ( : F) }
Ox.F O\ F
(x —x1)*  (A—2ip)?
+exp{ — 5 - 5 ,
Ox.L 0L

where 0 p = 0}, =1/100, 07, =1/50,07 ; = 1/30, A = 0.45, A, = —0.45,
xr = 0.3, xy = 0.7 and Cy is normalizing constant.

Figure 2 reports from left to right four frames of the marginals up to time ¢ = 10,
without control. We observe transition from leader to follower, and viceversa, where,
without the action of a policy maker, the initial clusters of opinions remain bounded
away and no consensus is reached. In Fig. 3, control is activated and in this case we
observe the steering action of the leaders towards the target position x.

We summarize the evolution of controlled and uncontrolled case up to final time
T = 50 in Fig. 4, comparing the controlled and uncontrolled cases, respectively.
We compare marginals /Li and ué, and the percentage of followers and leaders as
functions of time.
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Fig.2 Test 1. Evolution of the marginals without control. In the top row [,Lg (t, x) and ,ué (t, x) are depicted;
in the bottom row vg (t, 1), vlﬁ (¢, 1) are depicted, both for time frames associated with 7 = 0.5, 2, 3.5, 10
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Fig.3 Test 1. Evolution of the marginals with control. In the top row uf; (t, x) and “5/ (t, x) are depicted;
in the bottom row v,f; (t, 1), vé, (t, 1) are depicted, both for time frames associated with r = 0.5, 2, 3.5, 10

5.2 Two-Leader Game

A rather natural extension of the situation considered in Sect. 5.1 consists in studying
the interaction between three different populations: one of followers, still denoted
with the label F, and two of leaders, denoted by L and L, respectively, competing
for gaining consensus among the followers and working to attract them towards their
own objectives. A policy maker may choose to promote one of the two populations of
leaders by favoring the interactions among these leaders and the followers. We discuss
here how to model such a scenario within our analytical setting.

The set U consists now of three labels U := {F, L, L,} endowed with the distance
d: U xU — [0, +00) defined as

d(F,Ly)=d(Ly, F)=d(F,Ly) =d(Ly, F) =d(Ly, L2) =d (L2, L):= 1,
d(F,F)=d(L, L) =d(Ls, Ly):=0.
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Fig. 4 Test 1. Upper row: uncontrolled case; bottom row: controlled case. Left and central plots depict
marginals in the time-space domain. Right plot shows the percentage of population associated with leader
or follower populations as functions of time

The space of probability measures P(U) is identified with the simplex of R3

{A:(,\F,,\Ll,m) €R’: = 0forecU, Y o= 1}
eclU

or, equivalently, to the subset A of R2
Ai={h=(0p hry) €R* 1 0 <A, hpy <1, Az, +4r, < 1)

Hence, in a discrete model the scalar values Ar, ;, Az, ; stand for the probability
of the i-th particle of being an Li-leader and an Lj-leader, respectively. Clearly,
Ari = (1 —=Ap,i — AL,,;) represents the probability of being a follower.

Assuming that the policy maker wants to promote the goals of the leaders L1, the
influence of the controls on the populations dynamics may be tuned by the function
hy (x, A) = h(hL ,) for a bounded non-negative Lipschitz function h: 0,11 = [0, 1]
suchthat i(Az,) = 1 foriz, closeto 1and i(kr,) = O for A, close to 0. Considering
a cost function ¢ of the form (81), for instance, the control u € R4 will act only on
the L-leaders, as a consequence of Proposition 2.

Given ¥ € P(Rd x A) and a Lipschitz continuous function f = (f1,, f1,): A —
A such that fL_/. A = fL_/. (AL j), for j = 1,2, we define the followers and leaders
distributions as

Lj .
BxA

WL (B) ::/B = i) = o)) A0 (5.3

for every Borel subset B of RY. In the discrete setting, the leaders and followers
distributions are
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Lj 1 .
mgyB) = Y7 0y, forj=12,

i:x;eB

1
pgn(B) =+ D (1= [, Gy i) = f1, 0tz 0))-

i:x;i€B

A possible choice for f7; is any Lipschitz regularization of the indicator function of
the set {)LL_/ > m} withm > % and such that fL_]. (ij) = 0 for AL; < % compatible
with the request that f maps A in A. We further notice that the choice f7 i (AL j) =L,
is still allowed with the same interpretation given in (74).

The velocity field vy (x, 1) in (75) can be easily modified for the current scenario

by setting, for instance,

g (2, A) 1= vl O, ) 4 vg2 (e, 1) + vl (x, b)),
where forx € {F, Ly, L»}

vy (X, 2) = fu(d) /Rdm > KT =) A0 dE ) (85)

oc{F,L,Ly}

under the additional condition that fr(A) =1 — f1,(Ar,) — f1,(AL,). The transition
Ty (x, A) is now given by

_aLlLl(-x9 "I/) OlLlLZ(X,lP) (XLIF(X,‘I/)
Ty (x,)):= a1, (x,¥) —ap,,(x,¥) ap,rx,¥)
app, (x,¥)  app,(x,¥) —app(x,¥)
ng()\-Ll)
X 8L, (AL,) (86)
1 - 8L, ()\'Ll) - ng()\Lz)

where the transition rates « are defined as in (77) with the obvious modifications,
and gz, have similar properties as f,. To comply with (7p), we need (see [41,
Proposition 5.1])

Cas (6, W) = ) ctaa(x, W), (87)

*cU
*F£e

in view of which we can write (omitting the dependence on x, ¥)

To(x,0) = (_((XL|L1 +or,F) oL L, —QLF ) (ng(?»L.)> n <01L.F>

AL, — o, — (@, o, F) ) \ 8L, (AL,) ALyF

in order to determine the evolution of the two independent parameters A7, and Ay, .

Since the policy maker promotes the L-leaders, the Lagrangian should penalize the
distance of the population L from their goal. As in (78), this is done by considering
a function of the form
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Li(x, 2):=00p)|x — %%,

where X € RY denotes the desired goal of the Li-leaders and 6: [0, 1] — [0, 1]is a
continuous function which is 0 close to 0 and 1 close to 1. With the same idea, the
second term (79) is modified in order to penalize only the distance of the L;-leaders
from the barycenter of the followers

2
Lz(-xa }"a W) - G(ALl)

X —][ x/ dug,(x/)
R4

Again, we notice that L, is continuous as long as (Rd ) > 0. Finally, the
Lagrangian £ of the system has the same structure of (80), i.e. L=al + (1—a)ls
for a parameter « € [0, 1] to be tuned.

5.2.1 Test 2: Opinion Dynamics with Competing Leaders

We consider the opinion dynamics presented in Test 1, where the opinion variable
is x € [—1, 1] with {£1} two opposite opinions. We introduce two populations of
leaders competing over the consensus of the followers. The first population of leaders
L1 has aradical attitude aiming to mantain their position, and their strategy is driven by
the policy maker. Instead, the population L, is characterized by a populistic attitude,
without the intervention of an optimization process: they are willing to move from their
position in order to have a broader range of interaction with the remaining agents.

The interaction field vy (85) is characterized by bounded confidence kernels with
the following structure

K*(x —x') = xe({lx = x| < wwe}),  forx, e € {F, Ly, Lo}, (88)

where ¢ > 0 is a regularization parameter for the characteristic function x and ke
represent the confidence intervals with the following numerical values,

KFrp = 0.35, KFL] = 0.5, KFL2 =O.5, KL]F = KL2F = O,
KL Ly = 0.4, Kl,L, = 0.8, KLiL2 = KL,L2 =0.

The weighting functions f7,, fi, are such that fL/. (ALj) =1- Z(ALj) with

C(A—2) _

W)= —— C=10°, 2=0.5. 89
W) = o (89)

The transition operator 7y (x, A) in (86) is identified by the following quantities
app( W) =ap,r(1=DLx, W),  app(e, W)= Y arr(x, ¥)

j=12
ar;L;(x,¥)=ar;L; 1 =Dpx,¥)), oarr;(x,¥)=oarr;(x, ¥),
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Fig.5 Test 2. Initial distribution ¥ (x, A) and the marginals associated with the opinion space x, 5/ (t, x),

u@(z, x), and the label space (A, AL,), vy (7, }). Red dashed line corresponds to the target opinion for
L leaders (Color figure online)

and oy, 1,(x,¥) = ar,r,(x, ¥) = 0, coherently with respect to (87). Functions Dr
and Dy, represent the concentration of followers and the total concentration of leaders
at position x, defined similarly to (84). We use the following parameters

aLjF = 0.015, aLij = 0.025, ] = 1, 2.

The weighting function g; (1) is defined as in (89) with C = 20 and A = 0.5. Finally,
the cost functional is defined by the Lagrangian defined in (80), with A = A, since
only the radical leaders are controlled. Radical leaders aim to steer followers towards
x = —0.75 and keeping track of followers average position with weighting parameter
a =0.85and (1) = 1 — £(A). We account for quadratic penalization of the control
in (81) by choosing y = 2.

In Fig. 5, choice of the initial data, and the marginals ,ug(t, x), ,ul,],' (t,x) and
/Léz (z, x) relative to the opinion space, and to the label space vy (, A), defined as
follows

(x—xp)? A —Ap?
Yo(x, L) := Co(exp{ — 3 — 3
Ox.F O).F
(x—x)* A=A
+ ) eXP{ e e N ;
j=1.2 Ox.j O
where here A = (A, Ar,), the parameters are O’)%’F = 1/40, O’)%j = 1/100, afyj =
1/60, 07 . = 1/250, AF = (0.2,0.2), 41 = (0.2,0.65), 12 = (0.65,0.2), xp =0,
x1 = —0.65, xo = 0.65, and Cy is a normalizing constant.

Figure 6 reports from left to right four frames of the marginals up to time t =
{5, 15, 27.5, 50}, without control. Without the action of a policy maker, the majority
of followers are driven close to the initial position of populist leaders L», who interact
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t=15

Fig.6 Test 2. Evolution of the marginals without control for time frames t = {5, 15, 27.5, 50}. Bottom row
depicts ui (t, x), ,u,él (t, x) and MI‘LZ (t, x); top row shows vy (¢, L)

Fig. 7 Test 2. Evolution of the marginals with control for time frames r = {5, 15, 27.5, 50}. Bottom row
depicts ui (t, x), Mél (t, x) and uéz (t, x); top row shows vy (¢, L)
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Fig. 8 Test 2. Percentage of population associated with leader L, L, and follower as functions of time.
Left plot: uncontrolled case. Right plot: controlled case
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with a wider portion of agents. In Fig. 7, the control action of the policy maker is
activated resulting in a different distribution of the followers: while the populistic
leaders retain some capability of attraction, the portion of the followers which is
driven towards the target position x of the radical leaders L is considerably larger
than in the uncontrolled case (Fig. 8).
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