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ABSTRACT

The solution of the eigenvalue problem for neutron transport is of utmost importance in
the field of reactor physics, and represents a challenging problem for numerical models.
Different eigenvalue formulations can be identified, each with its own physical signifi-
cance. The numerical solution of these problems by deterministic methods requires the
introduction of approximations, such as the spherical harmonics expansion in PN mod-
els, leading to results that depend on the approximations introduced (spatial mesh size,
N order, ...). All these results represent, in principle, sequences that can easily profit
from acceleration techniques to approach convergence towards the correct value. Such a
reference value is estimated, in this work, by the Monte Carlo technique. The Wynn-ε
acceleration method is applied to the various sequences of eigenvalues emerging when
tackling the solution of the PN models with different orders and increasing spatial accu-
racy, in order to obtain more accurate, benchmark-quality results. It is shown that the
acceleration can be successfully applied and that the analysis of the results of different
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acceleration approaches sheds some light on the physical meaning of the numerical ap-
proximations.

KEYWORDS: neutron transport, PN approximation, eigenvalue problem, Wynn-ε acceleration techniques

1. INTRODUCTION

The determination of the eigenvalues of the neutron balance equation represents a significant prob-
lem in reactor physics. The mathematical problem can be given in different formulations, each
one characterized by a specific physical interpretation. Some of these formulations are especially
interesting to be studied: the multiplication or k-eigenvalue [1], the time or α-eigenvalue [2], the
effective multiplication factor per collision or γ eigenvalue, originally introduced by Davison [3]
and, finally, the effective density factor or δ-eigenvalue, related to the overall atomic density of
the system [4]. In a previous work [5] these formulations for the neutron transport eigenvalue
equation have been studied, adopting a simplified geometrical 1D slab configuration, aiming at the
analysis of the characteristics of the PN approach [6] to the numerical solution of these problems.
Several benchmarks available in the literature have been used to compare the results obtained and
some peculiar trends of convergence of the eigenvalue with respect to the order N of the spheri-
cal harmonics approximation have been observed. In particular, the influence of the choice of the
boundary conditions (Mark [7,8] or Marshak [9]) and the different patterns emerging when solved
by odd-order and even-order PN have been detected.

In this contribution, we aim at focusing our attention on the convergence of the eigenvalue problem,
referring to both the convergence of the single PN model, which is affected by spatial discretization
errors, as well as the convergence to the ”true” eigenvalue of the transport problem with increasing
N . For this purpose, the possibility to apply acceleration techniques to the sequences of eigenval-
ues obtained in different problem setups are investigated. To perform this analysis we focus on
the keff formulation of the transport equation using the W-ε acceleration scheme [10]. Results are
compared to reference Monte Carlo values computed for this work.

2. THE WYNN-ε ACCELERATION SCHEME

The Wynn-ε acceleration [11] is but one algorithm of a wide class of accelerations called Shanks
acceleration [12]. Accelerations find their use in calculus, which is limit-based. Essentially, all
limit operations, convergent or not, lend themselves to numerical acceleration. An acceleration
determines the asymptotic approach to the limit, usually reaching it more quickly than a simple
consecutive approach of a sequence as a countable set. Accelerations are applicable to any se-
quence, convergent or not, in order to approximate the limit or anti-limit. Here, we consider only
convergent sequences generated by solutions to the 1D transport equation in the spherical har-
monics approximation and finite difference spatial discretization. The basic concept is to consider
a finite sequence, say n, and determine a set of parameters assumed to represent the asymptotic
behavior of the set as, in our case, the spherical harmonics order becomes large and the spatial dis-
cretization becomes small. In this way, one establishes a set of algebraic equations for the assumed
parameters including an estimate of the limit. This final result amounts to a Padé approximant
(m,n). For the case (n, n), Wynn very cleverly constructed the following algorithm and tableau:

ε
(m)
−1 = 0, (1)

ε
(m)
0 = keff,m m = 0, . . . , L, (2)
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ε
(m)
k+1 = ε

(m+1)
k−1 +

1

ε
(m+1)
k − ε

(m)
k

k = 0, . . . , 2K − 1; m = 0, . . . , L, (3)

where the sequence keff,m is to be accelerated to convergence. The resulting tableau is sketched
in Figure 1. Then, every odd column becomes an approximation to the limit of the sequence,
where the last entry is considered the “best” approximation (see arrow). Note that the sequence
can have an irregular index, i.e. any stride. If we know all the terms of the sequence, then the
tableau will grow on the fly as more terms of the sequence are included to hopefully provide a
better approximation as n increases.

Figure 1: Wynn tableau adopted to accelerate convergence.

3. APPLICATION TO THE EIGENVALUE PROBLEM

Here we will apply W-ε to find an optimized solution of the PN approximation to the 1D transport
equation eigenvalue. Optimized, in our context, indicates a fully accelerated solution. We believe
that our results will be the first instance of such a fully converged solution to the eigenvalue prob-
lem. It is recognized that for any numerical approximation using discretization and/or iteration,
the solution will contain residual or truncation (discretization) errors, not to mention round-off
errors. Convergence acceleration attempts to correct for these errors and can be thought of as a
constructive sensitivity study with regard to error from a numerical method. Usually, one performs
sensitivity studies to observe perturbations of a solution with respect to tightening or loosening of
the imposed calculational error limits. They do not lead to a systematic correction, but to a general
confirmation. Convergence acceleration, on the other hand, provides a systemic correction that
could lead to an improved solution. Note that we characterize acceleration with words like “at-
tempts” or “hopefully leads to” because, in practice, we are performing a numerical experiment.
Like all experiments, we do not generally know the outcome, unless there is confirmatory theo-
retical data. Unfortunately, the theory of convergence acceleration does not include wide-reaching
theory [13]. Thus, we can only observe and conjecture, exploiting, for the specific application, the
results computed with the Monte Carlo method, which is usually assumed as a numerical reference
within its statistical confidence interval.

Our experiment concerns a large number of PN solutions in the range N = 1 through 1000 for
one- and two-group characterizations of a critical Pu-239 slab reactor, whose physical data, taken
from [14], where all eigenvalues are set to unity to five digits, are reported in Tables 1 and 2.
Different PN eigenvalue sequences are generated according to the kind of boundary conditions
(BCs) employed to approximate vacuum, i.e. Marshak and Mark boundary conditions. In the
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ν [-] Σt [cm−1] Σf [cm−1] Σs,0 [cm−1] Σs,1 [cm−1] Σs,2 [cm−1]
2.5 1 0.266667 0.7333333 0.2 0.075

Table 1: Material data for the one-group problem. The critical thickness is equal to 1.54064 cm.

latter case, for even values of N , we distinguish between Mark A, i.e. the incoming directions for
the vanishing flux are the roots of the Legendre polynomial PN+1 excluding 0, and Mark B, when
the roots of PN are employed.

ν1 [-] Σ1 [cm−1] Σf,1 [cm−1] Σ1→1 [cm−1] Σ1→2 [cm−1] χ1 [-]
3.1 0.22080 0.09360 0.07920 0.04320 0.575

ν2 [-] Σ2 [cm−1] Σf,2 [cm−1] Σ2→1 [cm−1] Σ2→2 [cm−1] χ2 [-]
2.93 0.33600 0.08544 0 0.23616 0.425

Table 2: Material data for the two-group problem. The critical thickness is equal to 3.5912040 cm.

We perform convergence acceleration on both the spherical harmonics order and the spatial dis-
cretization to achieve a truly, fully converged transport solution. Converging both sequences is
a novel application of the algorithm. W-ε acceleration allows a window to span every, say, 15
elements of the sequence for example, where only the elements in the window are accelerated.
The window advances through the sequence one term at a time. This strategy assumes that the
early terms of the sequence are less precise than the later terms so they should be given less im-
portance than the following ones. Overall spherical harmonics and spatial convergence comes by
performing spatial convergence for each set of PN approximations at finer and finer spatial dis-
cretizations. The W-ε action is to converge the PN approximations at each spatial discretization
and then converge the spatial discretizations across PN approximations. There are many ways to
make sequences and we believe that this is the most intuitive and straightforward.

4. RESULTS

Figures 2 to 4 display, on the left, the relative errors between two consecutive keff’s of the unaccel-
erated solution (solid line) and for the accelerated sequence (colored dots) for each of four of seven
discretizations employed (Nx=10, 20, 40, 80, 160, 320, 640 spatial points), while the ratio of the
relative errors of the unaccelerated to the accelerated eigenvalues is shown on the right, considering
the different boundary condition options. It should be noted that, if the ratio is greater than unity,
the precision advantage goes to acceleration. This is the first of two examples of accelerations (one
and two groups). It is obvious that the W-ε acceleration generally gives a more precise keff by sev-
eral orders of magnitude. From these figures, it is quite evident that W-ε can provide up to seven
orders of acceleration, although there are several dozen of points where the unaccelerated is more
precise, mostly occurring for low N . It can be noticed by inspection that, after a strong error decay
at low N , the points become more scattered for increasing spherical harmonics orders, which is
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Figure 2: Relative difference between two successive iterates for the original and accelerated sequences (left)
and original to accelerated sequences ratio using Mark A BCs for a two-group critical Pu-239 slab.

Figure 3: Relative difference between two successive iterates for the original and accelerated sequences (left)
and original to accelerated sequences ratio using Mark B BCs for a two-group critical Pu-239 slab.

Figure 4: Relative difference between two successive iterates for the original and accelerated sequences (left)
and original to accelerated sequences ratio using Marshak BCs for a two-group critical Pu-239 slab.

likely due to the truncation error. It is interesting to observe that, when Mark B BCs are imposed,
the relative errors of the original sequences for the cases with 10 and 20 nodes show an oscillat-
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ing behaviour, which is likely to be the cause for the reduced acceleration. These oscillations are
damped when finer spatial discretizations are employed. In such a case, the relative difference
between the accelerated sequence becomes better than the original sequence one, as clearly visible
in Figure 3 on the right.

Nx No W-ε W-ε (N ) W-ε (Nx) W-ε (N , Nx)

10 0.99813885 0.99813705 0.99813885 0.99813705
20 0.99947502 0.99947326 0.99947502 0.99947326
40 0.99984927 0.99984754 0.99999488 0.99999318
80 0.99995775 0.99995608 1.00000203 1.00000040

160 0.99998917 0.99998765 1.00000198 1.00000060
320 0.99999800 0.99999674 1.00000203 1.00000050
640 1.00000036 0.99999933 1.00000108 1.00000034

Monte Carlo 1.000000344 ± 3.401 ·10−6

Table 3: Unaccelerated and accelerated sequences for the two-group problem, obtained with N=1000 imposing
Mark A BCs. The Monte Carlo result is provided with a confidence interval of 2σ.

Nx No W-ε W-ε (N ) W-ε (Nx) W-ε (N , Nx)

10 0.998136907 0.998136886 0.998136907 0.998136886
20 0.999473142 0.999473096 0.999473142 0.999473096
40 0.999847491 0.999847387 0.999993182 0.999993027
80 0.999956149 0.999955928 1.00000059 1.00000026

160 0.999987812 0.999987487 1.00000084 1.00000043
320 0.999996815 0.999996636 1.00000067 1.00000038
640 0.999999235 0.999999203 0.999999905 1.00000046

Monte Carlo 1.000000344 ± 3.401 ·10−6

Table 4: Unaccelerated and accelerated sequences for the two-group problem, obtained with N=1000 imposing
Marshak BCs. The Monte Carlo result is provided with a confidence interval of 2σ.

The final step is to accelerate across the spatial discretizations. In Tables 3 and 4, we see the true
power of W-ε acceleration. The first two columns (identified by No W-ε and W-ε (N )) are the last
keff’s from Figure 2 at N=1000 for each discretization identified by the number of spatial points
Nx. These values should be the most converged for the unaccelerated and accelerated sequences.
The last two columns (identified by W-ε (Nx) and W-ε (N , Nx)) are the W-ε accelerations of the
first two columns across discretization. The results are quite informative. The spherical harmonics
accelerated values are very similar at each discretization, but approach unity with finer discretiza-
tions, as anticipated. When columns 1 and 2 are accelerated in discretization, the values become
even closer to unity and eventually overtake unity at the 1/100 of pcm level. When compared with
Monte Carlo results, we observe an excellent agreement up to 2 ·10−2 pcm. The agreement is even
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more remarkable when one considers that in all the PN solutions there are only 14 values out of
7000 that are above 1. So, it seems, W-ε is truly finding the keff .

To show that this excellent agreement is real and not a fluke, we consider the one-group case.
Figures 5 to 7 show the same plots as for the two-group case indicating the same degree of accel-
eration. Table 5 shows the acceleration across the dicretizations. However, full agreement to the
seventh digit on rounding comes when acceleration is applied to the spatial discretizations. The
agreement is simply outstanding.

Figure 5: Relative difference between two successive iterates for the original and accelerated sequences (left)
and original to accelerated sequences ratio using Mark A BCs for a one-group critical Pu-239 slab.

Figure 6: Relative difference between two successive iterates for the original and accelerated sequences (left)
and original to accelerated sequences ratio using Mark B BCs for a one-group critical Pu-239 slab.

Figure 8 shows the effectiveness of the W-ε acceleration scheme with respect to the Monte Carlo
reference for the one- and two-group cases. All the eigenvalues fall within the 2σ confidence
interval, represented by the shaded area, with some important differences. The first group of values
on the left is the best PN estimate, withN = 1000 andNx = 640, while the second group shows the
spherical harmonics accelerated results for the same number of meshes. It is interesting to notice
that the spherical harmonics acceleration shrinks the differences due to the boundary conditions,
but leaves some bias with respect to the Monte Carlo result due to the inaccurate treatment of the
spatial variable. Similarly, when the spatial acceleration is performed on the N = 1000 case, the
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Figure 7: Relative difference between two successive iterates for the original and accelerated sequences (left)
and original to accelerated sequences ratio using Marshak BCs for a one-group critical Pu-239 slab.

Nx No W-ε W-ε (N ) W-ε (Nx) W-ε (N , Nx)

10 0.99783010 0.99782900 0.99783010 0.99782900
20 0.99937445 0.99937338 0.99937445 0.99937338
40 0.99982891 0.99982786 1.00001840 1.00001737
80 0.99996565 0.99996462 1.00002451 1.00002349

160 1.00000653 1.00000554 1.00002401 1.00002305
320 1.00001848 1.00001760 1.00004181 1.00002137
640 1.00002180 1.00002112 1.00002257 1.00002257

Monte Carlo 1.000022654 ± 3.376 ·10−6

Table 5: Unaccelerated and accelerated sequences for the one-group problem, obtained with N=1000 imposing
Mark A BCs. The Monte Carlo result is provided with a confidence interval of 2σ.

algorithm provides an extrapolation with respect to space but does not provide an improvement
in the transport phenomena detail. However, when the full Wynn-ε acceleration is applied, all the
eigenvalues cluster around the Monte Carlo reference. This practical evidence can be observed
also for larger values of N , as shown in Figure 9, where a more limited sequence of values is used,
in the range N=1980 through 2000, which saves significant computational time.

5. CONCLUSIONS

In this work the W-ε acceleration approach is applied to improve the estimate of the keff eigenvalue
using the PN approximation for the neutron transport equation in plane geometry within one-
and two-group models. It is shown that the acceleration scheme is highly effective and provides
accurate results as compared to Monte Carlo, used as a reference. This paper demonstrates, for the
first time, the concept of a true deterministic transport solution defined as a solution fully converged
in all discrete approximations.

In a future work, the same technique will be applied to different formulations of the eigenvalues,
to the estimation of higher-order eigenvalues and perhaps non-critical configurations. The study
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Figure 8: Differences between PN keff values and the Monte Carlo reference for the one- (left) and two-group
(right) critical Pu-239 slab problems. The angular expansion order ranges from 1 to 1000.

Figure 9: Differences between PN keff values and the Monte Carlo reference for the one- (left) and two-group
(right) critical Pu-239 slab problems. The angular expansion order ranges from 1980 to 2000.

will be also extended to investigate the possibility to apply the acceleration for the estimation of
the eigenfunctions. Finally, this technique begs for the application of parallel processing. The
application of convergence acceleration demonstrated here is called ex-code convergence. Ex-
code refers to the determination of the entire sequence before hand and then applying W-ε for
convergence. This is in contrast to in-code convergence, where the W-ε tableau is constructed on-
the-fly and likewise compared to the original sequence error. Thus, a code’s precision is rendered
on the fly saving significant computation time, especially in light of parallel computing.
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