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ABSTRACT: Concrete has been widely used in the construction of roads, highways, industrial floors and
pavements since early twentieth century. Construction methods generally include placement of joints at specific
distances to control the cracking phenomenon. The latter is due to the development of tensile strains caused by
the shrinkage of concrete and by environmental factors, such as temperature gradient. However, joints result
in reduced load carrying capacity, local failure, and pavement damage. To reduce the number of joints, the
fracture toughness of concrete can be enhanced by adding fibers. As the models available for conventional
fiber-reinforced concrete (FRC) cannot be extended to high-performance fiber-reinforced concrete (HPFRC),
the aim of this work is to describe a new model to design HPFRC joint free slabs. Specifically, a composite cross
section made of soil and concrete, which is subjected to imposed strains, is modelled through the Colonnetti’s
theory of elastic coactions. In this way, not only the effect produced by concrete shrinkage but also the nonlinear
response of HPFRC in the strain hardening stage are taken into account. For given maturity curves, crack does
not appear if the maximum tensile strain provided by the model is lower than the strain that produces localization
in HPFRC.

1

INTRODUCTION

Nowadays, reinforced concrete is the most used building material, especially in structures and infrastructures. Focusing on pavements, concrete is almost the
only alternative to asphalt, and the first guidelines
for the design of concrete pavements were introduced
about 30 years ago (AASHTO 1993). Afterwards, several guidelines were also proposed (Choi et al. 2005;
Rasmussen et al. 2009; Roesler et al. 2016; Söderqvist
2006).
Although concrete slabs guarantee longer term service life and can be easily built, a specific attention is
required during the first days of curing. Indeed, due
to the shrinkage phenomenon and to the low strength
in tension, concrete is prone to cracking at early age.
More precisely, when applied stress overcomes the tensile strength, concrete fails and crack growths. It can
occur just after casting, when strength increases at a
slower rate than the constrained stresses induced by
the reduction of volume.
As cracks can compromise both durability and functionality of pavement, contraction joints are frequently
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used to control the cracking phenomenon (FHA 2019).
In practice, the upper side of the slabs is sawn at regular
intervals during the first hours after casting.
Nevertheless, joints generate several problems to
the pavement in service. Traffic movements can damage the joint (joint-edge chipping and cracking) and
facilitate the penetration of aggressive chemicals,
which in turn affect the durability of pavements.
For these reasons, jointless pavements, also made
with fiber reinforced concrete, have been proposed
(ChunPing et al. 2015; Larrard et al. 2011; Zhang
et al. 2013). In fact, several studies have shown that the
addition of fibers, either steel or polymeric, improves
the mechanical properties in tension, and controls the
widening of cracks (Tehmina et al. 2014; Yoo et al.
2018). At early age, experimental results show that the
presence of 0.2 ÷ 0.3% of nylon fibers may reduce
the effect of drying shrinkage (up to 75%) in a cementitious matrix (Choi et al. 2011). Furthermore, the
performances improve when high performance fiber
reinforced concrete (HPFRC) is used to cast thin concrete pavements, even in the case of instant repairs or
quick renewal of roads (Burger 2010; Hachiya et al.
DOI 10.1201/9781003316404-86

2006, R. 2009). As HPFRC shows a strain-hardening
behavior (Graybeal 2016) before reaching the localization of tensile strain (Ramadoss 2008; Savino
et al. 2018), the fibers may completely substitute the
conventional reinforcement, and reduce/eliminate the
presence of joints.
For instance, Destrée et al. (2016) discussed the
main parameters of concrete shrinkage and provided a
model for the analysis of slab made of FRC (see Figure 1). It is based on the classical tension stiffening
equations of RC structures, and includes the bond slip
mechanisms between soil and FRC and between fiber
and matrix, and the fracture mechanics of the matrix
in tension.

Figure 2. Tensile behavior of (a) conventional FRC and (b)
HPFRC.

Figure 1. Mechanical behavior of cracked fiber-reinforced
cementitious composite (Destrée et al. 2016): (a) stress-strain
relationship of the cement-based material; (b) bond-slip
model between FRC and soil; (c) bond-slip model of the fiber
within the matrix.

Although the model can be used to design jointless slabs using steel fibers, the application cannot be
extended to HPFRC, because, for this cement-based
material, the strain localization in tension, εc,cp , does
not occur at the first cracking, εc,cr (see Figure 2b).
Accordingly, a new model, able to predict the mechanical behavior of slabs on grade is proposed. More
precisely, a composite cross-section made of concrete
and elastic soil (see Figure 3), and subjected to the
imposed strain εsh (sh = shrinkage), is analysed. The
proposed model calculates the internal states of stress
and strain by means of the Colonnetti’s theory of elastic
coactions (Colonnetti 1950), when material properties
are known at every stage of curing. The model works
within Stage I (i.e., in absence of strain localization)
and can be applied also in the cases of conventional
concrete and FRC, in which εc,cr = εc,cp (Figure 2a).

2

PROPERTIES OF MATERIALS

The model analyzes slabs on ground during the curing stage, just after casting. To evaluate the state of
stress and strain in this scenario, it is necessary to

Figure 3. Composite cross-section analyzed by the proposed model, in the case of uniform shrinkage strain εsh .

know the mechanical properties of concrete, including shrinkage, at any time. However, each parameter
(e.g., shrinkage strain, tensile strength, compressive
strength, etc.) shows different rate of development
after casting.
2.1

Mechanical performances of concrete and soil

HPFRC has a strain hardening response in tension
(as depicted in Figure 2b) and a linear elastic behavior in compression. The parameters of a possible
stress-strain relationship are described by exponential equations (Eurocode 2 1-1 1992; fib Model Code
2010; ACI 209R-92 1997). However, tensile strength
tends to increase more rapidly than the compressive
strength (Bentur 2003).
Some studies (Boshoff 2012; Combrinck et al.
2019; Hammer et al. 2007; Roziere et al. 2015) defined
the tensile strain capacity of concrete at early age,
which reaches the minimum during the setting time
(up to 10 hours) and before early hardening (see Figure 4). This is due the fact that a significant increase of
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the elastic modulus occurs earlier than the increment
of the tensile strength. For this reason, two types of
analyses are carried out after casting:
•
•

short term analysis (STA), from 2 hours to 96 hours;
long term analysis (LTA), from 4 days to 28 days.

Figure 4. Tensile strain capacity vs. time (Boshoff 2012).

In both the cases, the equations provided by
Eurocode 2 are taken into consideration. Specifically,
compressive strength of concrete, at various ages, may
be estimated as follows:
fcm (τ ) = βcc (τ ) · fcm
$
 ½ <
28
βcc (τ ) = exp s 1 −
τ

(1)
(2)

where fcm (τ ) = mean concrete compressive strength
at time τ ; fcm = mean compressive strength at 28
days; βcc (τ ) = coefficient which depends on τ ; and
s = coefficient that depends on the type of cement.
As a first approximation, the value of the tensile
strength with time, fctm (τ ), is given by:
fct (τ ) = (βcc (τ )) · fctm
α

(4)

where Ecm = modulus of elasticity at 28 days.
Tensile strain at cracking can be calculated by using
the modulus of elasticity in compression, Ecm (τ ), and
the tensile strength fctm (τ ):
>
(5)
εc,cr (τ ) = fct (τ ) Ecm (τ )
To take into account the results of previous studies
(Boshoff 2012; Combrinck et al. 2019; Hammer et al.
2007; Roziere et al. 2015), in the case of STA, the tensile strain capacity is calculated by means of a suitable
correction:
εc,cr (τ ) = ε (τ ) ·

εc,cr (τ = 96h)
ε (τ = 96h)

Figure 5. The Young’s modulus of soil.

(3)

where fctm = mean tensile strength at 28 days of curing;
and α = 1 when τ < 28 days.
Focusing on the stiffness, the variation of the
modulus of elasticity with time, Ecm (τ ), is:
Ecm (τ ) = βcc (τ )0.3 Ecm

where ε(τ ) = ε (τ = 96 h) = tensile strain at first cracking, calculated at τ = 96 h, respectively on the function
drawn in Figure 4; and εc,cr (τ = 96 h) = strain at first
cracking calculated through Eq.(5).
In other words, the tensile strain at first cracking is calculated by scaling the curve reported in
Figure 4 (Boshoff, 2012), with respect to the value
computed at 96h (Eurocode 2 1-1 1992).Young’s modulus is consequently updated with respect to the new
value of tensile strain capacity by means of Eq. (5).
Ultimate tensile strain (i.e., εc,cp in Figure 2b) and
the slope of the hardening branch can be similarly
calculated.
The soil, assumed as an aged material, is characterized by an elastic modulus, Eto , at the interface with
the slab. It linearly increases with the depth according
to the coefficient Kt , as shown in Figure 5. Hence, for
a given thickness, SS , of the soil, the average value of
the elastic modulus is given by:


SS
Kt · Ss
= Et0 +
(7)
Et z =
2
2

(6)

2.2 Shrinkage model
Focusing on the curing of concrete, several studies
have been carried out in the last years. The shrinkage strain εcs is composed by the drying, εcd , and the
autogenous, εca , contributions:
εcs (τ ) = εcd (τ ) + εca (τ )

(8)

Drying shrinkage strain develops slowly, since it
is a function of the migration of the water through the
hardened concrete. As autogenous shrinkage increases
during the hardening of concrete, a major part of
εca develops in the early days, as illustrated in Figure 6a, where the two components of shrinkage are
plotted as a function of concrete aging (Gribniak et al.
2011).
Zhang et al. (2003) noted that most of the total
shrinkage in high-strength concrete can be attributed
to autogenous shrinkage (see Figure 6b), rather than
drying shrinkage. Whereas, due to the higher waterbinder ratio, drying shrinkage is dominant in normal
concrete (Yoo et al. 2018).
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where:

Figure 6. Shrinkage strain components in (a) normal and
(b) high-strength concrete.

Gardner & Lockman (2001) provided the GL-2000
model, which can be applied to conventional concrete
having the water-cement ratio within the range 0.4–
0.6, and a compressive strength lower than 82 MPa (at
28 days). Another model was proposed by Bazant &
Baweja (2001). It is called B3 Model and shows very
low coefficient of variations, if compared with the
results provided by ACI209R (1997) and Eurocode 2
1-1 (1992). In the latter, used herein for the structural
analysis, the drying shrinkage strain with the time can
be calculated as follows:

εca (∞) = 2.5 (fck − 10) 10−6

(14)

βas (t) = 1 − exp −0.2t 0.5

(15)

The maximum shrinkage strains computed with the
previous formulae can vary between 300 and 900 µε.
However, some researchers (Al-Saleh 2014; Gűneyisi
et al. 2014; Yoo et al. 2014; Zhang et al. 2013) suggested an increment of the upper bound, in order to
maximize the structural effect of shrinkage on the slabs
on ground. Moreover, also the distribution within the
thickness of a slab needs to be better investigated. For
instance, Rasmussen & McCullough (1998) assumed
a linear distribution, in which the full shrinkage strain
appears on the surface of the concrete pavement,
whereas zero shrinkage is at the mid-depth of the slab.
Heath & Roesler (1999) measured the distribution of
drying shrinkage by installing strain gauges at different depths of a full-scale slabs on grade. They observed
a remarkable difference of shrinkage strain on the top
and the bottom of the slab. Thus, shrinkage strain cannot be neglected also on the bottom surface, but, at the
same time, it cannot be equal to that on the top. More
recently, a new model (Tiberti et al. 2018) assumes
100% of total shrinkage, calculated through Eq. (8),
on the free surface. Then, a linear decrement of the
drying shrinkage strain is assumed in the rest of the
cross-section (it is 50% or 75% lower on the bottom
surface).
3 A NEW MODEL FOR SLABS ON GROUND

In these equations, fcmo = 10 MPa; αds1 and
αds2 = coefficients depending on the type of cement;
RH = ambient relative humidity (%); RHo = 100%;
τs = age of concrete (days) at the beginning of drying
shrinkage (or swelling); and h0 = notional size of the
cross-section.
The autogenous strain can be calculated as:

Referring to the composite cross-section depicted in
Figure 3, and made by HPFRC and soil, a new algorithm for measuring the effect of shrinkage of the
cement-based material can be developed. To be on the
safe side, the stress in the HPFRC is maximized by
assuming the existence of the perfect bond between
the two layers. Indeed, if a slip between HPFRC and
soil exists, both strain and stress reduce in the upper
layer.
According to Figure 3, the geometrical input data
of the problem are S (= thickness of the slab), SS
(= thickness of the soil), and b (= width of both slab
and underlying soil). If the whole cross-section resists
to the external actions, the soil can be considered as
the steel reinforcement in a reinforced concrete crosssection. After casting, the only load applied on the slab
is the shrinkage, which can be considered as imposed
strain acting in the concrete layer. Consequently, both
stresses and strains in the composite cross-section of
Figure 3 can be calculated by using the Colonnetti’s
theory of elastic coactions (Colonnetti, 1950).
Obviously, the elastic properties of the HPFRC layer
vary with the time, therefore, at a fixed time τ > 0, the
homogenized geometrical parameters of the composite
cross-section are calculated:

εca (t) = βas (t) εca (∞)

Eo = Ec (τ )

εcd (t) = βds (τ , τs ) · kh · εcd,0

(9)

where kh = coefficient depending on the notional size,
and:



fcm
εcd,o = 0.85 (220 + 110 ∗ αds1 ) ∗ exp −αds2
fcmo

βRH

∗ 10−6 ∗ βRH


 
RH 3
= 1.55 1 −
RHo

βds (τ , τs ) =

(τ − τs )


(τ − τs ) + 0.04 h3o

(10)
(11)

(12)

(13)
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(16)

Ao =

Ec
Et
·S ·b+
· Ss · b
Eo
Eo

Sx0 b · s
=
YG =
A0

S
2

+ Ss +

(17)
Et
Ec

·b·

Ss2
2

A0

(18)




2 
S
bS 3
+b·S
Ix0 =
+ Ss − Y G
12
2


2 
bSs3
Ss
Et
+
+ b · Ss
− YG
12
2
Ec

(19)

where, Eo =Young’s modulus of elasticity used to
homogenize the cross-section; Ao = homogenized
area of the cross-section; Yg = ordinate of the
centroid; Sxo = homogenized static moment; and
Ix0 = homogenized moment of inertia.
Assuming that plane section remains plane, the state
of stress in concrete (σz,c ) and soil (σz,s ) are orthogonal to the Z direction (see Figure 3). They can be
calculated as:

σz,c = E (λ + µx · y − εim ) if 0 ≤ y ≤ S
(20)
σz,s = E (λ + µx · y)
if S ≤ y ≤ Ss
where, y = ordinate of the point with respect to the
intrados; εim = imposed strain (in this case, t is due to
shrinkage); λ = total axial deformation; and µx = in
plane total curvature.
The strain parameters (i.e., λ and µx ) are the sum
of the elastic contribution, due to the external explicit
actions (i.e., λel and µel ), and of the effect produced by
imposed strain (λpl and µpl ). As no external loads are
applied (i.e., λel = µel = 0) the total strain parameters
are calculated as follows:
λ = λtot = λel + λpl =

1 Ec
∫
· εim dA
A0 Ac Ec

µx = µtot,x = µel + µpl =

1 Ec
∫
· εim · ydA
A0 Ac Ec

(21)

(22)

However, when the non-linear stage of the cementitious matrix is reached (i.e., εc,cr ≤ ε ≤ εcp in Figure 2b), Eqs.(18)–(19) are not valid.
Nevertheless, according the Colonnetti’s theorem
(Colonnetti 1950), nonlinear contributions can be
taken into account by introducing suitable imposed
strain, εnl , as shown in Figure 7 (where the subscripts
“E” = “elastic” and “R” = “real law” indicate the
type of stress calculation, respectively). In practice,
for a given ε, the linear stress-strain relationship is
translated up to the real relationship through εnl :
εnl =

E · ε − σ (ε)
E

(23)

Finally, the state of stress can be calculated with
Eqs.(21)–(22) by assuming εim = εsh + εnl .

Figure 7. Effect of nonlinear behavior of the constitutive
law and calculation of the εnl .

As εnl has to be continuously updated, an iterative
procedure for the calculation of the states of stress
and strain is introduced. The iterations end when the
difference between two consecutive values of εnl is
negligible (i.e., when two consecutive states of stress
are mathematically coincident).
If the strain in each point of the cross-section is
lower than the strain at beginning of strain localization:
ε (y, τ ) ≤ εc,cp (τ )

0≤y≤S

(24)

macrocracks do not appear (or crack width is much
lower than the admissible values). In these cases, joints
are not necessary.
As tensile stresses in the soil are not allowed, the
thickness SS must be iteratively changed until only
compressive stresses are present in the soil (see Figure 3). In other words, the thickness of the soil substrate
is not input of the problem. In this way, the whole procedure is composed by the two encapsulated iterative
parts shown in Figure 8.

4

NUMERICAL RESULTS

The procedure previously described is herein applied
in two different slabs: slab_1 and slab_2. In both the
cases, the thickness is the same (S = 100 mm), whereas
the mechanical parameters of soil are summarized in
Table 1.
The slabs are made with different types of concrete,
normal concrete (C30/37) in the slab_1, and HPFRC in
slab_2, whose mechanical properties are illustrated in
Table 2. The properties of C30/37 are those suggested
by Eurocode 2 1-1 (1992) and measured at 28 days.
On the contrary, the properties of HPFRC have been
provided by a building material supplier, and concern
a product available on the market (Esser et al. 2015).
The model computes the states of stress and strain in
both the slabs under the hypothesis of a curing at 20◦ C
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Table 2.

Mechanical properties of concrete and HPFRC.

b (mm)
S (mm)
Cement class
Rck (MPa)
fck (MPa)
Ecm (MPa)
fct (MPa)
fct,max (MPa)
εc,cr (‰)
εcp (‰)
εcu (‰)

slab_1

slab_2

5000
100
32.5N
37
30
33000
2.00
2.00
0.06
0.06
3.5

5000
100
42.5R
50
40
36300
2.50
3.00
0.07
2.00
3.5

(RH = 50%) for 28 days. In this period, the shrinkage
is assumed to be the only external action on the slab.
The dashed curves reported in Figure 9a and 9b
show the maximum tensile strains reached in the
slab_1 and slab_2, respectively. More precisely, these
strains are calculated after considering three different distributions of shrinkage (Tiberti et al. 2018). In
the same figures, the maximum strain capacity of the
cement-based materials is also reported.

Figure 8. Flowchart of the proposed model.

Table 1.
the soil.

Mechanical properties of

Et0 (MPa)
Kt (MPa/mm)

5000
5

Figure 9. Numerical outcomes in case of (a) slab_1
(C30/37) and (b) slab_2 (HPFRC).

Figure 9a is representative of a concrete that produces a crack 7 hours after casting (i.e., when the
strain capacity of concrete is the lowest). In this situation the presence of joints is necessary. In the case
of HPFRC (see Figure 9b), due to the absence of crack
localization, contraction joints may be avoided.
Nevertheless, in both the slabs, the bi-logarithmic
diagrams do not show remarkable variation of tensile
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strains with the shrinkage distribution. On the contrary, numerical results show that the most important
parameters to obtain jointless slabs on ground are the
tensile properties, especially the strain capacity, and
shrinkage evolutions (both autogenous and drying).
5

CONCLUSION

Tensile strain capacity of the cementitious matrix is
important for designing jointless slabs, and controlling crack widths after strain localization, as well.
Current methods for the characterization of tensile
properties in concrete and FRC cannot be extended
to HPFRC, because in the latter strain localization in
tension does not occur at cracking (enhanced capacity). At the same time, mechanical models devoted to
the analysis of conventional reinforced concrete (or
FRC) slabs on ground behave differently than those
made with HPFRC. Hence, a new model for designing jointless slab on ground, made with HPFRC (i.e.,
a strain hardening material) has been proposed. Based
on the results of the analyses previously described, it
can be observed that to avoid shrinkage cracking few
hours after casting, it is of fundamental importance
to know the mechanical properties of cement-based
materials at very early age. Specifically, the evolutions
of tensile strengths and strains with time are the most
significant parameters, like the shrinkage actions. If
the tensile strain capacity increases, as in the case of
HPFRC, the jointless slabs can be built.
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