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Prof. Pietro Antonio Grassi, Università Piemonte Orientale, Italy,
Prof. Silke Klemm, Università degli Studi di Milano, Italy,
Prof. Jorge Zanelli, Centro de Estudios Científicos (CECs), Valdivia, Chile.

Politecnico di Torino, 2022





Abstract

This thesis focuses on the study of rigid supersymmetry and supergravity theories with the
aim of exploiting them in the analysis of 2+1 dimensional condensed matter systems, like
graphene.
In the first part, we perform a holographic analysis, in the context of the AdS/CFT
conjecture, of the four dimensional pure N = 2 anti-de Sitter supergravity. It is carried out
by including all the contributions coming from fermionic fields and studying the behaviour
of the bulk fields and parameters at the boundary of asymptotically locally AdS spacetimes.
Furthermore, we construct the corresponding currents of the conformal field theory and
show, by following the prescription of the AdS/CFT correspondence, that they are in fact
conserved at the quantum level.
In the second part of the thesis, inspired by a duality discovered by Kapustin and Saulina,
we construct the superspace Lagrangian for an N = 4 rigid supersymmetric theory of
hypermultiplets, whose superspace isometry is encoded in the D2(2, 1; α) exceptional
supergroup. After projecting the Lagrangian to spacetime, in order to enlight some features
of the model, we perform two different twists on the spinorial fields of the hypermultiplets.
The first one relates our work to that of Kapustin and Saulina, generalising it to the case
in presence of a cosmological constant. The second allows to obtain a Lagrangian whose
structure admits the “unconventional supersymmetry”.
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Chapter 1

Introduction

Science has its motive power in many aspects of human being: wild curiosity for what
surrounds him, attempt to control Nature and its manifestations, a strong inclination in
looking for recursive elements inducing general rules, and surely many other elements better
understood by Humanities researchers. Among the large amount of achievements reached
because of these fundamental features, we can certainly include the mathematical language,
whose origin is lost in the mists of time. Still today people debate about its essence: for
someone it is only a human mental language, casually capable of grasping some aspects of
Universe phenomena, for other ones the Book of Nature is really written in a mathematical
language. Despite this very interesting controversy, throughout history mathematics has
primarily proven its great worth as an instrument to describe and manipulate the world.
Indeed, we have evidence of its use since the dawn of human civilisation: from applications
to engineering problems to record time and formulate calendars, not forgetting to mention
its exploitation for purposes of taxation, commerce and trade.

Whereas geometrical beauty and harmony basically preempted the data of reality
in the analysis of Nature until the introduction of scientific method, the relationship has
overturned with the emergence of science in its modern fashion, and mathematics has
started to come after the observation of phenomena and collection of experimental data, in
an effort of modelling the latter by considering its founding properties.
During its journey, physics, considered by the most as the “queen of sciences”, has ventured
further and further into the comprehension of infinitely small and infinitely large. However,
because of the increasing velocity of the progress of knowledge, already in the twentieth
century there has been a sort of trend reversal: mathematics, with its elegance and principles
of symmetry, has led theoretical physicists towards new models in an attempt to go beyond
the acquired understanding, partly due to the absence of suitable technologies to obtain
new experimental data at the frontiers of research, partly to guide experiments in testing
the results of the new theories. For instance, by following this path, the procedure of
spontaneous symmetry breaking and the Higgs model were formulated in the framework of
gauge invariant quantum field theories in 1964, with the aim of understanding theoretically
the mechanism responsible of the non vanishing masses for vector bosons in the Standard
Model. In this specific case, the principle of gauge symmetry brought physicists to suggest
the existence of a new particle, the Higgs boson, effectively detected about fifty years later
at CERN, whose discovery completed the so-called Standard Model of particle physics,
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2 CHAPTER 1. INTRODUCTION

which describes three of the four fundamental forces of Nature (electromagnetism, weak
and strong nuclear forces).
In 1915, Einstein, driven by another symmetric postulate called equivalence principle, built
the theory of General Relativity and improved our comprehension of the last fundamental
interaction, namely the gravitational one, until to that time explained through the Newtonian
theory. General Relativity cured some discrepancies already known between theory and
experimental data, for instance the “anomalous” precession of the perihelion of Mercury,
but it also predicted some new effects never observed before, like the light rays bending
and the gravitational waves, the latter being detected only one hundred years after the
formulation of Einstein’s theory in 2016 by the Advanced LIGO (Laser Interferometer
Gravitational-Wave Observatory).

These two models represent our best understanding of the physical world today, from
its microscopic phenomena to cosmological manifestation. However, they are not complete.
In fact, the Standard Model has an amount of problems which goes from phenomena not
predicted from the theory (dark energy, dark matter, neutrino masses and matter-antimatter
asymmetry) to experimental results not explained, like the significant discrepancy between
the theoretical and the measured value of muon’s anomalous magnetic dipole moment
(called, in short, “muon g − 2”).
Thus, in light of these mismatches, an extension of Standard Model is deemed necessary,
but it also brings along some theoretical problems, which physicists have to deal with.
For instance, in quantum field theories, coupling constants and masses are not generally
constant. Indeed, they are said to run with energy, that means their value depends on
the energy of the considered process. The Standard Model is a gauge theory based on
the gauge group SU(3) × SU(2) × U(1), which thus has three independent coupling con-
stants. If a unifying and more fundamental theory, built on a gauge group which includes
SU(3) × SU(2) × U(1) as subgroup, exists, it should be characterised by an energy scale
where the three coupling constants, following their renormalisation group evolution, coincide.
On the contrary, coupling constants in Standard Model never meet at a common energy
scale. On the other side, when the running of masses is considered, in particular that of the
Higgs boson, one would expect that the large quantum contributions to the latter would
inevitably make the mass huge, unless an incredible fine-tuning cancellation between the
quadratic radiative corrections and the bare mass happens. The worry concerns future
theories of fundamental particles, where an excessive fine-tuning of parameters could be
carried out. In the community of theoretical physics, this is called hierarchy problem.
A further complication comes from the strong interaction sector. In particular, the La-
grangian of Standard Model would allow for a CP (charge conjugation+parity transforma-
tion) violating term. Experimentally, however, no such violation has been found, implying
that the coefficient of this term is very close to zero, which can be regarded as a peculiar
fine-tuning. This issue is known as “Strong CP problem”.

On the other hand, there are no experimental reasons to improve our gravitational
description, yet. However, General Relativity can be thought as the classical level of a more
fundamental quantum theory, and once the second quantisation procedure is implemented
on Einstein’s theory, its non renormalisability nature appears, in contrast with Standard
Model. This aspect can immediately be evinced by considering the negative mass dimension
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of the gravity coupling constant κ =
√

8πGN , GN being Newton’s constant. The latter
feature has a dramatic impact on the superficial degree of divergence of correlation functions.
Indeed, the number of divergent Feynman diagrams gradually increases with loops and, in
turn, a growing amount of counterterms has to be disposed to manage the ultraviolet poles.
Therefore, the quantum theory of General Relativity would ultimately not be predictive.

Possible extensions including both the Standard Model and General Relativity in the
framework of quantum field theories must necessarily undergo to the limits imposed by two
famous theorems. The former [1], formulated by Coleman and Mandula, puts restrictions
on the form of the algebra underlying an interacting relativistic quantum field theory
in the presence of massive particles and allowing only bosonic generators. In this case,
symmetries are limited to the direct sum of the Poincaré transformations and, possibly, a
finite-dimensional compact Lie algebra, representing the so-called internal symmetries. If
fermionic generators are allowed, the situation is governed by Haag-Łopuszański-Sohnius
theorem [2], and a graded algebra, also called “superalgebra”, with spinorial charges Qi

α

can be considered, where α is a spinorial spacetime index and i = 1, . . . , N labels the
number of supersymmetries in the theory. Therefore, this kind of theories realises the
most general model possible within the framework of the few assumptions made in the
hypotheses of Coleman-Mandula and Haag-Łopuszański-Sohnius theorems. Supersymmetry
(SUSY) is a dynamical theory based on a superalgebra. Due to the structure of the
supersymmetric algebra and field transformations, every bosons is required to have a
fermionic supersymmetric partner and viceversa: the two classes of elementary particles
found in Nature are, in a sense, unified.

Let us go back to the aforementioned issues of Standard Model. The introduction of
supersymmetry in the construction of a unified quantum theory brings several benefits,
which can solve or, at least, soften these problems. As a first example, the radiative cor-
rections to the Higgs mass produced by the renormalisation procedure are logarithmically
divergent with the energy in the Minimal Supersymmetric extension of Standard Model
(MSSM), rather than quadratically. This feature is caused by the cancellation occurring
between the loops contributions of every particle and its super-partner, and significantly
improves the situation concerning the hierarchy problem.
Another important result of the MSSM concerns the running coupling constants of electo-
magnetism, weak and strong nuclear forces. In fact, when their values are extrapolated to
high energies, they join together at a scale of about 2 · 1016 GeV.
Eventually, since the MSSM contains new particles, it is possible to speculate on suitable
candidates for dark matter.

The parameters of global supersymmetry transformations are constant anti-commuting
Majorana spinors Ôα. When the latter are promoted to be arbitrary spinorial functions
of spacetime (i.e. local parameters), gravity has to be included through the introduction
of a dynamical metric field gµν , associated to the spin 2 particle (graviton). Indeed, the
anticommutator of two local supersymmetry transformations closes on infinitesimal diffeo-
morphism on spacetime, which is the symmetry principle underlying General Relativity.
Theories featuring local supersymmetry are called supergravities (SUGRA).
The simplest model in this setup is the N = 1 (also said minimal) pure supergravity in
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four dimensions, constructed with a gravitational multiplet only. The latter is composed
by the previously mentioned graviton and a spin 3/2 vector-spinor field called gravitino,
usually denoted by Ψα

µ.
There exist several generalisations to the case just described, which can in turn be mixed up.
Firstly, theories which admit a vacuum different from the Minkowski spacetime, as de Sit-
ter [3] or anti-de Sitter backgrounds. Secondly, theories with more than one supersymmetry
or in higher dimensions can be considered, the former being defined extended supergravities.
A further possibility is represented by the coupling of different kind of multiplets (hyper,
vector, . . .) to the gravitational one, creating richer structures. Eventually, more realistic
phenomenological models can be obtained in the broad world of gauged supergravities1,
derived by promoting a suitable global symmetry group of the theory to a local symmetry
group, gauged by some vector fields already present in the multiplets. This procedure is
often exploited to introduce a scalar potential or a cosmological constant in supersymmetric
models.

N -extended supergravities contain N gravitini, each of them associated to a super-
charge. Furthermore, the more the number of supersymmetries increases, the larger the
supermultiplets are. This poses a constraint on the amount of allowed supersymmetries
for consistent theories coupled to gravity. In particular, in a two-derivative field theory,
the maximum spin of a particle has to be 2, which in turn implies Nmax = 8 in four
dimensions. The maximal ungauged supersymmetric gravity theory N = 8 is unique,
namely the field content and interactions are completely fixed by supersymmetry, and there
are indications that it could be perturbatively finite, its finiteness being tested until four
loops [5]2. However, while rigid supersymmetry makes radiative corrections less severe, the
renormalisibility is not guaranteed for quantum theory of supergravities and, in general,
they suffer ultraviolet divergences as General Relativity.
For the reasons just mentioned, as the time went on, theoretical physicists started to think
that supergravity theories might be the low-energy limit of a more fundamental UV complete
quantum theory, meant to unify the known interactions to date: the superstring theory
was recognised as a suitable candidate for that purpose. In this framework, the elementary
objects are closed and opened strings of finite length üs =

√
αÍ and tension T ∼ 1/üs, whose

oscillation modes give rise to particles and interactions. Indeed, the spectrum of the closed
string accommodates the graviton, whereas that of the open string provides gauge vectors.
The superstring theory is consistently constructed as a conformal two dimensional sigma-
model (worldsheet) embedded in a ten dimensional spacetime (target space). A perturbation
expansion of the theory can be expressed in terms of the string coupling constant gs,
which is not a free parameter of the model, but a dynamical quantity fixed by the vacuum
expectation value of the dilaton field on the chosen background. The low-energy limit of
the superstring theory is obtained by taking the limit üs → 0 (or, equivalently, by sending
the tension to infinity). In this regime, strings appear as point-like objects (i.e. particles)
and their dynamics is captured by a ten dimensional supergravity, which provides an
effective theory. A solution of the latter theory is the target space where the string model

1A beautiful and up-to-date review on this topic can be found in [4].
2Further developments on the theory at more than four loops can be found in [6].
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is embedded. A classical supergravity description can be exploited if, besides the string
length limit, one also restricts at tree-level in the coupling constant gs.
Five different models were proven to be consistently formulated in the framework of the
superstring theory on different backgrounds: type I, type IIA, type IIB, Heterotic SO(32)
and Heterotic E8 ×E8. This fact could be thought at odds with the initial hope of finding a
unique unifying quantum theory. However, in the 90’s, it turned out that these five versions
could be related each other through some correspondences, called T, S and more generally
U-dualities. The former concerns the compactifications which can be performed on the five
models and, for instance, allows to map type IIA into type IIB. The second is a strong/weak
coupling duality, linking two theories with coupling constant gs and 1/gs. For example, the
S-duality relates the strong and the weak regime of type IIB. Lastly, U-dualities include a
mixing of the previous two.
In this scenario, an idea took hold: the different superstring theories could be effective
descriptions of the same microscopic degrees of freedom and specific limits of a more general
theory, the M-theory. To date the fundamental degrees of freedom of the latter are unknown,
but, in the low-energy regime, M-theory falls into the unique eleven dimensional supergrav-
ity [7], whose fields content has already been discovered. Furthermore, the discovery of
the dualities has brought to light the existence, besides the strings, of other fundamental
objects in superstring theory, that are solitonic extended objects called D-branes.
Although until today no experimental support exists for phenomenological models in the
setup of superstring theory, a renewed interest for this mathematical framework sparked
in 1997, when Maldacena proposed the AdS/CFT conjecture [8] for the first time, which
would have been revealed one of the main developments of the last decades in theoretical
physics. It states that there exists a correspondence between a theory of quantum gravity,
formulated in terms of string theory or M-theory, defined on a background given by the
product of an anti-de Sitter space and a compact manifold, and a particular supersymmetric
quantum field theory called superconformal field theory, living on the boundary of anti-de
Sitter.
The interesting feature of this conjecture is the fact that, for certain values of the parameters,
one has a duality between a strongly coupled field theory and a weakly coupled gravity
theory, which translates in the possibility of analysing new unexplored regime in quantum
field theories, as the strongly coupled one. Indeed, it is possible to get information on
the latter by doing classical computations in (super)gravity and using the rules of the
correspondence. We will further elaborate on the original formulation of the AdS/CFT
conjecture in the following of this Introduction.

The thesis is organised as follows.
In the rest of this introductory part we illustrate the so-called rheonomic approach, a
useful tool for the construction of supergravity theories (Section 1.1) and we discuss the
AdS/CFT conjecture in the case of its best studied example (Section 1.2). Furthermore,
we briefly introduce the wide topic of Analogue Gravity, mainly focusing on the 2+1
dimensional condensed matter systems, like graphene, and we describe the main features of
unconventional supersymmetry, a model capable to connect condensed matter and high
energy physics (Section 1.3). These topics are the fundamental ingredients exploited for
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our analysis in the core of the thesis.
In Chapter 2 we develop in detail the holographic framework for an N = 2 pure anti-de
Sitter supergravity model in four dimensions, including all the contributions from the
fermionic fields, by constructing the corresponding superconformal currents and showing
that they satisfy the related Ward identities.
In Chapter 3 we develop a three dimensional N = 4 theory of rigid supersymmetry describing
the dynamics of a set of hypermultiplets on a curved AdS3 worldvolume background, whose
supersymmetry is captured by the supergroup D2(2, 1; α). Furthermore, to unveil some
remarkable features of this model, we perform two twists, involving the SL(2,R) factors of
the theory.
Eventually, we conclude both Chapter 2 and 3 with comments on the obtained results and
a discussion of the possible future developments for the works carried out during the PhD.
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1.1 Rheonomic approach to supergravity theories
The construction of global and local supersymmetric Lagrangians has been one of the
main issue to deal with in the community of theoretical physicists after the introduction
of the concept of supersymmetry. Some methods have been developed during the years,
like Noether coupling and superfields ones. The former is based on a recursive lengthy
algorithm, whose cumbersome increases significantly as one considers more supersymmetric
or higher dimensional theories. The difficulties of superfields construction reside in the fact
that it is scarcely understood for models with a generic number of supersymmetries.
In this Section, we will focus on describing the basic facts about one of these methods, called
rheonomic or “geometric” approach, introduced in [9,10]. Its major strengths are the clarity
of the basic principles on which it is established and the automated algorithm exploited to
build Lagrangians. Through the rheonomic approach, we will be able to write the action for
the four dimensional anti-de Sitter N = 2 theory in Chapter 2 and that for hypermultiplets
on D2(2, 1; α) superspace in Chapter 3, despite the latter will be characterised by rigid
supersymmetry. Indeed, the rheonomic approach, which was originally formulated for
supergravity, turns out to be, bearing in mind some cautions, a suitable procedure also for
global supersymmetric models.

Let us consider Lie supergroups G whose superalgebras g can be split as

g = h ⊕ i ⊕ o , (1.1.1)

where h, i, o are, respectively, the Lorentz bosonic subalgebra (plus, possibly, a further
internal algebra), the bosonic subspace of translations and the fermionic subspace of
supersymmetric transformations. We can deduce the latter partition from the following
relations

[h, h] ⊂ h , [h, i] ⊂ i , [h, o] ⊂ o ,

[i, i] ⊂ h , [i, o] ⊂ o , {o, o} ⊂ h ⊕ i , (1.1.2)

fulfilled by h, i, o. Furthermore, h can be recognised as the gauge subalgebra of the model, i
as the inner space (indeed its dimension is equal to the number of spacetime directions),
whereas o corresponds to the outer space. In fact, h ⊕ i is the bosonic subalgebra of g.
Since the structure just depicted is always verified in the known theories, we narrow the
field of superalgebras to those which satisfy these requirements.
A Lie superalgebra can also be expressed, in the Maurer-Cartan formalism, in terms of
1-forms σA, dual to the generators TA of g,

σA (TB) = δA
B , dσA(TB, TC) = −σA ([TB, TC ]) , (1.1.3)

through the Maurer-Cartan equations

dσA + 1
2C

A
BC σ

B ∧ σC = 0 A,B,C = 1, . . . , dimg , (1.1.4)

whose left-hand side is recognised as the curvatures (or field strengths) RA of σA. The
latter equations are relations dual to the superalgebra (anti)commutators and, with the
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additional requirement d2 = 0, enforces Jacobi identities on the structrure constants.
Lie superalgebras can describe vacuum solutions of gauge theories because of their “rigidity”,
due to the fact that their (pseudo-)Riemannian geometry is fixed in terms of their structure
constants CA

BC . Indeed, it is clear from the definition of the curvatures that they vanish for
Lie superalgebras. The 1-forms associated to the generators of i and o are usually identified,
respectively, with the vielbein V and the gravitini Ψ.

Until now we have considered, referring to [10] classification, group manifolds G.
However, whether one wants to construct a model where the structure of superspace is
dynamical, “soft” group manifolds G̃ have to be introduced. These are “softened” versions
of the previous G, namely they closes with structure functions depending on the spacetime
point, rather than structure constants, and G̃ is locally diffeomorphic to G. In turn,
soft 1-forms µA, dual to the soft generators, have to be considered, but, in this case, the
Maurer-Cartan equations are no longer automatically satisfied and become

RA = dµA + 1
2C

A
BC µ

B ∧ µC Ó= 0 . (1.1.5)

The curvatures RA obey to the so-called Bianchi identities (also known as integrability
conditions), which are a direct follow-up of d2-nilpotency

∇RA ≡ dRA + CA
BC µ

B ∧RC = 0 , (1.1.6)

∇ being the G-covariant derivative. The 1-forms µA are identified with the fields of the
theory in the gravitational multiplet.
We are now able to interpret the gauge transformation laws of µA generated by an infinites-
imal vector Ô = ÔATA as diffeomorphisms

δµA ≡ £Ôµ
A = (ιÔd + dιÔ)µA = ∇ÔA + ιÔR

A , (1.1.7)

where £Ô, ιÔ denote, respectively, the Lie derivative and the contraction along Ô. If we
want to reproduce the usual gauge theories, where infinitesimal gauge transformations are
given by covariant derivative of the gauge parameters, the curvatures must satisfy the
horizontality condition

ιÔR
A = 0 , (1.1.8)

which can also be read as the fact that the curvatures have non vanishing components only
on spacetime directions of the softened Lie supergroup.
Conversely, when gravitational theories are considered, the horizontality property for some
of the curvatures (particularly, those associated to translations and local supersymmetry
transformations) no longer holds and the transformation law for the gauge potentials
(vielbein and gravitino), which can be still expressed as a Lie derivative, is no longer a
gauge transformation. On the contrary, local Lorentz transformations and other internal
symmetries keep their gauge status: from this one can understand the reason why h is
called gauge subalgebra.
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To summarise the discussion3 up to here in few words, general relativity and supergravity
can not be interpreted as genuine gauge theories.

In light of the previous analysis, the geometric approach to supergravity treats su-
persymmetry transformations as diffeomorphisms in fermionic directions on a manifold
having both bosonic and fermionic dimensions. Despite the benefits it brings in constructing
Lagrangians, performing computations and deriving transformation laws for the fields,
this formulation can in principle introduce new extra dynamic information with respect
to the standard spacetime procedure. Indeed, physical actions are formulated on bosonic
manifolds and the same happens in the rheonomic approach, where a bosonic submanifold
of the entire superspace is determined by choosing θα = dθα = 0, θα being the fermionic
coordinates. Thus, a procedure thanks to which spacetime information are extended to
the whole superspace without introducing new physical content is needed. This is called
rheonomic extension mapping and consists in the requirement that all the fields have to be
uniquely determined in terms of spacetime quantities. We will further elaborate on this
point in a moment.

Besides the latter condition, rheonomic Lagrangians have to satisfy further criteria.
First of all, they must possess a number of symmetries: coordinate transformations, rigid
scale and h-gauge invariances. The former is a well-known feature inherited from general
relativity.
The second one is due to the fact that the Lie superalgebra structure is left unchanged by
the following transformation generated by a scaling factor w Ó= 0

Th → Th, Ti → w−1Ti, To → w−1/2To . (1.1.9)

As a consequence, the dual 1-forms µh, µi, µo and the respective curvatures Rh, Ri, Ro

transform as

µh → µh, µi → wµi, µo → w1/2µo,

Rh → Rh, Ri → wRi, Ro → w1/2Ro . (1.1.10)

Lagrangians will have to be constructed by assembling the pieces in order to obtain an
expression with the right scaling under this map.
The latter symmetry corresponds to the requirement that Lagrangians must be the same
after a transformation under the real gauge algebra of the theory, namely h, which usually
is identified as a Lorentz algebra plus an internal one.
Another issue concerns the Hodge dual operator. It is usually exploited in the construction
of kinetic terms (for instance for scalar fields), but when the Lagrangian is formulated as

3Since we are more interested in showing results and present principles and methodologies to build
rheonomic Lagrangians than discussing the accurate mathematical structure in which the subject has been
formalised, we refrain from introducing the framework of principal bundles (for an exhaustive discussion,
see [11]). In fact, we would have needed the latter since the moment in which we wanted to implement
dynamics within the Lie superalgebras setup (i.e. to obtain usual gauge theories). Furthermore, when one
tries to correctly reproduce the physical transformation laws of gravitational models, the mechanism of
principal bundle breakdown has to be taken into account. A description of this formalism in the context of
fibre bundles was developed in details in Section 5 of [12].
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a D-form in superspace, as in the case of the standard4 rheonomic approach, Hodge dual
operation has not a mathematical definition. This problem can be overcome in most of the
cases through a simple trick, that is by introducing an auxiliary field whose equations of
motion reproduce the original expression with the Hodge dual operator. The reader can
find an explicit example in Chapter 3.
Eventually, RA = 0 must be included in the set of solutions of the theory as a particular
case in which the soft group manifolds fall into the “rigid” setup of Lie superalgebras, in
which case all the invariances of the theory are realised as global symmetries.

The aforementioned principles brought the authors of [10] to define five building rules
for the construction of rheonomic Lagrangians.

A) Geometricity: Lagrangians should be D-forms, D being the spacetime dimension,
constructed out of the soft 1-forms µA and, possibly, of some 0-forms, as for the implemen-
tation of the Hodge dual trick, by using only the diffeomorphic invariant operators d and ∧,
which are respectively the exterior derivative and the wedge product. Furthermore, we say
that a Lagrangian is strongly geometrical whether it includes only 1-forms, otherwise it is
named geometrical “tout-court”. In fact, 0-forms are mainly exploited when one couples
matter multiplets (spin 0 and 1/2 fields) with the gravity one or when spin 0 and 1/2
appears directly in the gravitational multiplet. A particular example where we explicitly
build a Lagrangian for hypermultiplets, although without coupling them to gravity, will be
shown in Chapter 3.
Starting from a geometrical Lagrangian L, the action is obtained as its integral on a D
dimensional bosonic hypersurface M immersed in the superspace M

I =
Ú

M⊂M
L . (1.1.11)

Furthermore, rule A) implies that strongly geometrical Lagrangians should be polynomials
in the curvature RA and the degree of the polynomial in RA is at most

ê
D
2

ë
(i.e. integer

part of D
2 ) since L is a D-form. Regarding ordinary D dimensional supergravity theories,

Lagrangians are always polynomials of degree 2 in RA, otherwise one would get spacetime
equations of motion of order greater than 2.

B) h-gauge Invariance: Lagrangians must be h-invariant, namely every term should be
a scalar under h gauge transformations. This can be further paraphrased by stating that h
indices have to be saturated.
Moreover, coefficients in front of every term must be constructed only with h-invariant
tensors and it can be proved that bare µh 1-forms can appear only if their global coefficient
is a closed (D-1)-form.

C) Homogeneous Scaling Law: Each term in D dimensional Lagrangians must scale
under the scaling law (1.1.10) as

è
wD−2

é
, which corresponds to the scale-weight of the

4In fact, a new formalism to define the Hodge dual operator and extend the action integral to superspace
has been developed in [13,14] during the last years.
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Einstein term. This rule can also be viewed as a request of independence of both equations
of motion and Bianchi identities from the scaling factor w.

D) Vacuum Existence Field equations of Lagrangians should admit the solution RA = 0
and, therefore, be at least linear in the curvature 2-forms.

E) Rheonomy: The curvature 2-forms can be projected along the soft 1-forms as

RA = RA
BC µ

B ∧ µC . (1.1.12)

The intrinsic components RA
BC are divided into inner components, when both B and C

span i indices, gauge components, if at least one of the two indices belongs to h, and outer
components, which are the leftover ones. Schematically:

inner components: RA
iÍi

outer components:
î
RA

io, R
A
oÍo

ï
≡ RA

to

gauge components:
î
RA

ih, R
A
oh, R

A
hÍh

ï
≡ RA

Bh , (1.1.13)

with t ≡ i ⊕ o.
For the theory extended to superspace to have the same physical content as the theory on
spacetime, some constraints have to be imposed on the parametrisation of the supercurva-
tures: this is what is named a set of rheonomic constraints. Indeed, in the expansion of the
curvature 2-forms in superspace, the rheonomic prescription requires that the outer compo-
nents must be expressed, on-shell, as linear tensor combinations of the inner components,
that is, mathematically speaking,

RA
to = C

A|iÍi
toB RB

iÍi . (1.1.14)

In addition to the latter constraints, one has also the horizontality condition

RA
Bh = 0 , (1.1.15)

i.e. the gauge components vanish. However, there is no need to impose it, since it holds
in light of rule B). Hence, the essential requirement in rule E) is the validity of (1.1.14),
which, in turn, can be read as

RA = RA
iÍiV

iÍ ∧ V i + C
A|iÍi
iÍÍoBR

B
iÍiV

iÍÍ ∧ Ψo + C
A|iÍi
oÍoBR

B
iÍiΨoÍ ∧ Ψo , (1.1.16)

where, for concreteness, we assumed that the inner directions are spanned by the vielbein
µi ≡ V i, whereas the outer ones are spanned by the gravitini µo ≡ Ψo.

In Chapter 2 and 3, the rules of the geometric approach described here will be put
into practice to build the Lagrangians for the N = 2 AdS4 supergravity and the D2(2, 1; α)
global supersymmetric theory.
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1.2 Gauge/gravity duality in a nutshell
Since its inception, the anti-de Sitter (AdS) / Conformal Field Theory (CFT) holographic
correspondence [8, 15, 16] has provided an important tool to investigate the strong coupling
regime of field theories on a fixed background using classical supergravity on (possibly
asymptotically) anti-de Sitter (AAdS) spacetimes in one dimension higher. This is a
powerful framework since, being an intrinsically non perturbative strong/weak coupling
duality, it opens a window on aspects of the gauge theory which are otherwise not accessible.

In its original formulation, the duality was conjectured as a correspondence between the
full type IIB superstring theory on AdS5 ×S5 and N = 4 four dimensional Super Yang-Mills
theory on the boundary of the AdS5 spacetime. This statement was proposed in [8] for
the first time, where the author justified the correspondence by showing a groundbreaking
argument. We briefly review it.
Let us consider the type IIB supergravity action in ten dimensions and focus on the sector
of the Lagrangian relevant to describe a Dp-brane solution. Such action, in the string frame,
reads

S = 1
(2π)7ü8

s

Ú
d10x

√
−ge−2φ (R + 4∂µφ ∂

µφ) −
√
g

2

A
F 2

1 + F 2
3

3! + F 2
5

5!

B
, (1.2.1)

where R and φ come from the Neveu-Schwarz sector and are, respectively, the Ricci scalar
of the ten dimensional manifold and the dilaton, while F1 = dA0, F3 = dA2, F5 = dA4
are the field strengths of the Ramond-Ramond fields. The vacuum expectation value of
the scalar field éeφê = gs shall be deemed to be the coupling constant in the supergravity
theory. Interestingly, as can be clearly seen by writing the action in the Einstein frame,
there is no coupling between the dilaton and the Ramond-Ramond fields once one considers
D3-branes, which will be exactly the case under inspection. The prefactors are inherited
from the string theory, üs =

√
αÍ being the string length scale.

An ansatz for the solution can be written as

ds2 = H−1/2
p (r)

1
−dt2 + . . .+ dx2

p

2
+H1/2

p (r)
1
dy2

1 + . . .+ dy2
9−p

2
(1.2.2)

Atx1...xp = Hp(r)

eφ = gsH
3−p

4
p (r)

where r2 ≡ y2
1 + . . .+ y2

9−p is the transverse distance from the brane and the expression for
Hp(r) is fixed once the ansatz is plugged in the equations of motion:

Hp(r) = 1 + L7−p

r7−p
. (1.2.3)

The latter correctly reproduces the Minkowski space in the limit r → ∞. In order to fix the
constant L in (1.2.3), one has to consider the quantisation condition on the brane charge,
taking into account all the normalisation factors

1
(2πüs)p+1 gs

Ú
S8−p

∗Fp+2 = N ∈ N =⇒ L7−p = (2π)p−2fpü
7−p
s gsN , (1.2.4)
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with fp a numerical factor dependent on the value p and S8−p identifying a (8 − p)-sphere.
Besides its interpretation of brane charge, N can be physically understood as the number
of overlapped Dp-branes in r = 0.
Let us consider now the p = 3 case and take the limit r → 0, commonly known as near brane
or “near horizon” limit. This is precisely the point where the AdS/CFT correspondence
emerges. Indeed, taking into account the regime

αÍ → 0 & r

αÍ = u = fixed , (1.2.5)

one suppresses the corrections in αÍ (or equivalently in powers of the curvature) in the
supergravity action and the brane theory decouples from the bulk:

κ2
10 = 8πG10 = 64π7g2

s(αÍ)4 → 0 . (1.2.6)

Furthermore, the previous expressions for ds2, H3 and L take the form

ds2 = αÍ
C
(4πgsN)1/2

A
du2

u2 + ds2
1
S5
2B

+ u2

(4πgsN)1/2 dxµdxµ

D
(1.2.7)

H3 = 1 + L4

r4
r→0=⇒ 4πgsN

u4(αÍ)2

L4 = (2π)4gs(αÍ)2N

4Vol(S5) = 4πgs(αÍ)2N

where Vol(S5) and dxµdxµ stands, respectively, for the volume of the 5-sphere and the four
dimensional Minkowski metric.
The near brane metric represents an AdS5 × S5 manifold, which preserves the maximum
amount of supersymmetries of the theory (32 supercharges) and the constant L plays the
role of curvature radius for both AdS5 and S5. The limit in which supergravity can be
trusted is

L4

ü4
s

º 1 =⇒ 4πgsN º 1 , (1.2.8)

namely when the string length is much smaller than the spacetime curvature radius.
As it is well-known, supergravity models suffer ultraviolet divergences and the quantisation
of superstring on AdS5 × S5 is an issue not completely understood yet. For these reasons,
it is convenient getting in a framework where supergravity can be treated as a classical
theory. In order to suppress quantum effects from the string, gs is required to be fixed and
small, implying

4πgsN º 1 & gs ¹ 1 =⇒ N º 1 , (1.2.9)

from which the notorious large N limit derives.

Until now we have interpreted the Dp-brane as a supergravity solution, which can be
regarded as a closed strings point of view. However, these objects may be also seen as
extended entities where open strings ends are attached. When one considers N Dp-branes
separated by some distances denoted by r and takes the same limits of (1.2.5), they decouple
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from the bulk and the low energy effective theory defined on them is described by a (p+1)
dimensional Super Yang Mills (SYM) action with gauge group U(N). A way to understand
the latter statement is looking at the field content on the worldvolume of the brane, which
means neglecting those fields defined in the transverse directions. It is composed of a non
abelian gauge field, 9 −p scalars in the adjoint representation of U(N) and the right number
of gauginos in the adjoint representation to balance on-shell bosonic and fermionic degrees
of freedom.
A relation between the coupling constant gY M of the SYM and the parameters appearing in
string theory can be found as follows. Let us remember that one Dp-brane has an effective
description as a Dirac-Born-Infeld theory

SDBI = −Tp

Ú
dp+1x e−φ

ñ
det (g + 2παÍF ) , (1.2.10)

where F is the 2-form field strength of a gauge potential 1-form and Tp = 1
(2π)p(αÍ)p+1gs

is
the tension of the brane determined through string computations. Once one expands the
previous expression in powers of αÍ, requiring αÍ → 0 and gs small but fixed, the kinetic
term of a U(1) gauge vector field appears. Particularly, the coefficient in front of it is,
by definition, the coupling constant of the theory. Considering N > 1 branes, the exact
non-Abelian form of the Dirac-Born-Infeld action is not known, but its form is fixed by
symmetries and supersymmetry at two-derivative level. Indeed, specialising to the p = 3
case, the only four dimensional two-derivative gauge theory with the correct number of
Poincaré supercharges (16) is the N = 4 SYM5. Then, by comparing the coefficients in
front of the kinetic term, we get

g2
Y M = 4πgs ¹ 1 . (1.2.11)

One may think that we are selecting the weak coupling regime of this theory. However,
this is not true. Indeed, as proved by ’t Hooft argument, once one considers the large N
limit, the effective coupling constant of Feynman diagrams of the theory is λ = g2

Y MN º 1
and the perturbative series of Feynman diagrams is effectively reorganised in terms of their
topology, with λ as effective coupling constant, the planar diagrams giving the dominant
contribution. Thus, in the limit in which the classical effective low energy description of the
(super)gravity side can be trusted, the corresponding regime of the dual theory is strongly
coupled.
A first and basic test to take seriously the correspondence would be the matching between the
symmetry groups of the two theories. In fact, on the gravity side we have the isometry group
of AdS5 ×S5, namely SO(2, 4) × SO(6), and 32 supercharges of the theory preserved entirely
by the solution. On the gauge side, the d = 4 conformal group SO(2, 4), the R-symmetry
group SU(4) and 32 supercharges, related to the N = 4 supersymmetries, appear. Now, we
need just to remember the known isomorphism SO(6)∼SU(4) and the check is concluded. All
the generators can be assembled in a single supergroup, which turns out to be SU(2, 2|4) [17].

The holographic correspondence has been extended to more general backgrounds of
the form AdSD × Mint, possibly with less supersymmetry, which can be embedded in other

5Half of the 32 Poincaré supercharges of IIB supergravity are broken by the D3-branes.
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string theories or M-theory, such as the maximally supersymmetric AdS4 ×S7 and AdS7 ×S4

solutions of the eleven dimensional supergravity and variants thereof. A valuable approach
to the study of holography on a background of the form AdSD × Mint is to restrict to an
effective D dimensional low energy supergravity originating from superstring/M-theory
compactified on the internal manifold Mint. Such procedure, called Kaluza-Klein reduction,
leads to an infinite tower of fields, which can be split in a finite number of “light” modes
and an infinite amount of “heavy” ones. Since we want to focus on the low energy regime
of the theory, we need to implement a consistent truncation, namely we set all the heavy
modes to zero in the equations of motion, leaving us with those for the light ones. This is
possible only when the latter don’t source the heavy modes in the field equations [18].
The dimensional reduced supergravity admits the AdSD part of the higher dimensional
background as a vacuum and typically is of gauged type. The geometry of Mint determines
the amount of supersymmetry preserved by this AdSD vacuum and the general features
of the effective theory. In this setting, the AdS/CFT conjecture can be restated as a
holographic relation between the AdSD supergravity and a d = D − 1 dimensional super-
conformal field theory (SCFT) at the boundary of the AdS geometry6. Most interestingly,
the duality has been extended, on the gravity side, from global AdS to backgrounds which
have an AAdS geometry, reproducing the renormalisation group flow of the dual theory to
an infrared (IR) conformal fixed point, the energy scale being fixed by the radial coordinate
on the D dimensional spacetime. Indeed, the essential ingredient for this correspondence
is the conformal structure of the boundary of AAdS spaces. These are spacetimes with
negative curvature and whose metric has a pole of order two in the asymptotic region
or, more precisely, conformally compact manifolds [19, 20]. Supergravity solutions that
are asymptotically (locally) AdS can be holographically interpreted generically either as
explicit deformations of SCFTs or as models in which the superconformal symmetry is
spontaneously broken.

Several important results have been obtained in the holographic study of strongly
coupled quantum field theories, within the so-called bottom-up approach. This latter consists
in crafting an appropriate D dimensional AAdS gravity background of a suitably chosen
gravity theory, which can reproduce interesting non perturbative phenomena of a boundary
field theory, with some given general properties. In this approach emphasis is not given
to the higher dimensional ultraviolet (UV) completion of the (super)gravity theory, which
typically has a minimal amount of supersymmetry, if any. Moreover, only certain features
of the dual field theory are known, which are suitably fixed by the chosen background
through the holographic correspondence.

As opposed to the bottom-up one, the so-called top-down approach is restricted to
gravity theories whose higher dimensional UV completions in superstring or M-theory
are known. This has the advantage that the dual CFT is often known. In most cases
supergravity models considered in this setting feature an extended amount of supersymmetry
(i.e. no less than eight supercharges), which makes them more constrained in field content

6The spectrum of the fields in the D dimensional supergravity theory corresponds only to a sector of
the operators on the dual field theory side.
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and interactions and, therefore, more predictive.7
From a formal point of view, the AdSd+1/CFTd correspondence states that the CFTd

partition function is equal to the gravitational partition function in AAdS space in one
dimension higher [15,16],

ZG[Φ̂ → Φ̂(0)] = ZCFT[J ≡ Φ̂(0)] . (1.2.12)

In the above formula, ZG[Φ̂(0)] is the quantum partition function of the gravity theory in
AAdS space, as a function of the boundary value Φ̂(0) of the bulk field Φ̂, while ZCFT[J ] is
the quantum partition function of the corresponding CFT, in which the source J of a local
operator O(x), dual to Φ̂, is identified with Φ̂(0).

Let us recall the definition of the quantum effective action W [J ] for a d dimensional
CFT on ∂M in terms of the partition function ZCFT[J ]

ZCFT[J ] = eiW [J ] =
Ú

Dφ eiI[φ]+i
s

∂M ddx O(φ)·J , (1.2.13)

where the symbol φ(x) collectively denotes the fundamental fields of the CFT on which the
functional integration is performed. The action I[φ] should already be renormalised, that
is, finite in the UV region. Even though W is a (non local) function of the external source
J (x), the physical information of the theory is contained in the n-point functions of the
operators O(φ(x)),

éO(x1) · · · O(xn)êCFT = Z−1
CFT[0] δnZCFT[J ]

iδJ (x1) · · · iδJ (xn)

-----
J =0

. (1.2.14)

In particular, different correlators are related by Ward identities which express the symme-
tries in the CFT at the quantum level.

Let us expand on the identification (1.2.12) in the special case of a pure AdS gravity
theory in which the only bulk field is the metric ĝµ̂ν̂(x) defined on the AAdS spacetime, to
be denoted by Md+1. In this case the gravitational partition function has the form

ZG[g(0)] =
Ú

Dĝ eiIren[ĝ] Ä eiIon−shell[g(0)] . (1.2.15)

Up to a conformal transformation, g(0)µν is the value at the conformal boundary of the bulk
field ĝµ̂ν̂(x), on which Dirichlet boundary conditions are imposed: δg(0)µν

---
∂M

= 0. The
gravitational action Iren[ĝ] has to be consistent with the boundary conditions and has to be
finite in the asymptotic (IR) region. In equation (1.2.15) the classical approximation, for
weak gravitational couplings, is performed, in which the partition function can be evaluated
on the classical solution, by a saddle point approximation, giving rise to the on-shell action
Ion−shell[g(0)]. The boundary metric g(0)µν becomes the source in the boundary CFT.

The AdS/CFT correspondence in the classical approximation of gravity identifies the
quantum effective action W as

W [g(0)] Ä Ion−shell[g(0)] , (1.2.16)
7For a discussion on bottom-up versus top-down approaches see, e.g., [20].
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where the boundary metric becomes a background field in the CFT, so that the energy-
momentum tensor operator T µν(φ, g(0)) also depends on it. The expectation value of the
latter can be calculated as a 1-point function from the effective theory,

éT µνêCFT = 2ñ
|g(0)|

δIon−shell[g(0)]
i δg(0)µν

= τµν , (1.2.17)

and τµν is the holographic stress tensor in the gravity side.
The conformal Ward identities in the CFT have the form

∇(0)µτ
µν = 0 , τµ

µ = A , (1.2.18)

where A is the Weyl anomaly [21]. This quantum result can, therefore, be obtained in the
classical regime of AdS gravity.

Holographic renormalisation
For the above formalism to be well-defined, a field theory has to be finite at short distances.
However, a general feature of quantum field theory is that UV (and IR) divergences can
appear at quantum level in the correlation functions. In order to guarantee the consistency
of the theory, these unphysical effects are usually removed through the procedure of
renormalisation. In the framework of the AdS/CFT correspondence, which is in fact a
UV/IR duality, i.e. the ultraviolet regime of the field theory is related to the infrared one
of the gravity side and vice versa, it is natural to think that the UV poles of CFT n-point
functions (1.2.14) could be cancelled holographically, by adding appropriate boundary
counterterms in the dual theory. Indeed, a first systematic method in this direction was
implemented at the beginning of the century [22,23] and was then applied to various bosonic
theories, in particular to gravitational actions coupled to bosonic matter fields.8 Briefly,
the procedure consists in regulating the bulk on-shell (super)gravity action by introducing
a cut-off on the radial coordinate, adding appropriate boundary counterterms to eliminate
the divergences and then removing the cut-off.9

In the subsequent years, the holographic renormalisation scheme was implemented
also for actions including fermionic fields. In [26] the authors studied the case of the four
dimensional N = 1 supergravity including contributions from the gravitini, while in [27]
the boundary counterterms for the minimal N = 2 gauged supergravities in D = 4 and
D = 5 have been analysed, restricting to quadratic order in fermions in the action, by using
a Hamiltonian approach. Five dimensional supersymmetric holographic renormalisation
has also been considered in [28].

A different approach to the holographic renormalisation was developed in [29], where
it was named topological regularisation. It was proven to give the same results as the
standard procedure in pure gravity in four dimensions, having however the quality of giving
a topological meaning to the resummation of the holographic counterterms series expansion.

8A very good review of the subject can be found in [19].
9For completeness, let us mention that Gibbons and Hawking had already proposed to add a boundary

contribution in 1977, namely the Gibbons-Hawking(-York) term, in order to have a well-defined variational
principle for gravity theories [24,25].
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A detailed comparison of both counterterm series has been developed in pure AdS gravity
in any dimension in [30]. In particular, the topological counterterm needed to regularise
four dimensional gravity turns out to be the Gauss-Bonnet term and it is also able to
restore the diffeomorphisms invariance, broken by the presence of the boundary [31–33].
Moreover, the addition of this contribution allows to express the renormalised action in the
MacDowell-Mansouri form [34].

The above papers treat gravity in the second order formalism. However, an alternative
formulation to the latter is the first order formalism, where the spin connection is considered
as an independent field from the vielbein [35–40]. In this approach, the powerful tool of
exterior calculus and the differential form language can be employed, yielding a geometrical
description of gravity. The same approach was used in [41] to extend the results of [31–33]
to supergravity and to find the counterterms needed to restore the local supersymmetry10,
broken by the presence of a boundary, for the cases of pure N = 1 and N = 2 AdS4
supergravities. The boundary terms found in [41] to restore supersymmetry (that is
interpreted as diffeomorphisms in the fermionic directions of superspace in the geometric
approach) are in fact the supersymmetric extension of the Gauss-Bonnet term, which was
necessary to restore diffeomorphisms invariance in the case of gravity. Correspondingly,
those boundary terms were precisely the ones needed to rewrite the total supergravity
action in a supersymmetric MacDowell-Mansouri form.
However, while the topological regularisation was shown to be able to renormalise the bulk
action for the pure gravity case, the same has not been proven yet for its supersymmetric
extension, in particular for the pure N = 2 AdS4 supergravity. In Chapter 2 of this thesis,
we proceed from the foregoing works to achieve this goal but, in contrast to [27], we consider
the full contribution from the gravitini and start from a rather general setup for what
concerns gauge fixings, in view of possible future developments.

Conformal Field Theory at the Boundary of anti-de Sitter
From a different, but complementary, point of view, we explore a relation between the
classical local symmetries of an AdS gravity defined on the bulk manifold MD and the
quantum symmetries in a field theory defined on ∂M. The latter match the asymptotic
symmetries, at radial infinity, of the gravitational background. In our approach, they
appear as residual symmetries left over after the gauge fixing of bulk local symmetries
and whose parameters take value on ∂M. This matching of symmetries is justified from
the group theoretical point of view. Namely the isometries of the AdS vacuum in D =
(d+ 1) dimensional asymptotically AdS spaces are described by the SO(2, d) group, whose
generators are Jab, Ja

11.
The d dimensional boundary breaks the bulk local symmetries in the xd (radial)

direction that naturally leads to the d + 1 decomposition of the Lorentz indices into
10This is due to the fact that, differently from quantum field theories defined on manifold without

boundary, we have not the freedom of setting to zero the asymptotic value of the bulk fields in the context
of AdS/CFT correspondence, since the latter are interpreted as sources for the operators in the CFT. By
requiring their values to vanish, it would mean switching off generic sources in the field theory.

11Here, we restrict for simplicity the discussion to the bosonic sector, but its supersymmetric extension
will be considered in Chapter 2.
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a = (i, d). In that way, the bulk isometry group is isomorphic to the conformal group
with generators Jij, Pi = Ji + Jid, Ki = Ji − Jid, D = Jd

12. Therefore, choosing suitable
boundary conditions for the AdS gravity fields in D dimensional bulk, which are ω̂ab (along
Jab) and 1

ü
V a (along Ja), we can identify its d dimensional boundary field content as

sourcing the operators of the CFT. Using the isomorphism, the boundary background fields,
i.e. sources J = {ωij, Ei, B,S i} associated with the conformal generators, have the form

Jij : ωij ∼ ω̂ij ,

Pi : Ei ∼ V i
+ = 1

2
1
üω̂id + V i

2
,

D : B ∼ V d ,

Ki : S i ∼ V i
− = 1

2
1
üω̂id − V i

2
.

This near-boundary rescaling is the first step in removing the long-distance divergences
present in (super)gravity theory in asymptotically AdS spaces, equivalent to renormalisation
of the holographic CFT. From this discussion, we draw the following conclusions. First, a

12A d dimensional conformal theory is a model invariant under the following transformation of the metric

gÍ
µν = Ω(x)gµν . (1.2.19)

The symmetries obeying this relation are translations, Lorentz transformations, dilation and special
conformal transformations, to which the following generators are, respectively, associated:

Jµ = −i∂µ , Jµν = i(xµ∂ν − xν∂µ) , D = −ixµ∂µ , Kµ = −i(2xµxν∂ν − x2∂µ) . (1.2.20)

The latter satisfy the algebraic structure

[Jµν , Jρσ] = i
!
ηµρJνσ − ηµσJνρ + ηνσJµρ − ηνρJµσ

"
[Jµν , Jρ] = i

!
ηµρJν − ηνρJµ

"
[Jµ, Jν ] = [Jµν , D] = 0

[Jµν , Kρ] = i
!
ηµρKν − ηνρKµ

"
(1.2.21)

[Kµ, Jν ] = −2iJµν − 2iηµνD
[D, Jµ] = iJµ

[D, Kµ] = −iKµ

and can be reorganised in a single matrix as

Jµ̂ν̂ =

 Jµν
Kµ−Jµ

2 − Kµ+Jµ
2

− Kµ−Jµ
2 0 D

Kµ+Jµ
2 −D 0

 µ̂, ν̂ = 0, . . . , d + 1 , (1.2.22)

which, in turn, fulfill a simple commutation rule

[Jµ̂ν̂ , Jρ̂σ̂] = i
!
ηµ̂ρ̂Jν̂σ̂ − ηµ̂σ̂Jν̂ρ̂ + ην̂σ̂Jµ̂ρ̂ − ην̂ρ̂Jµ̂σ̂

"
, ηµ̂ν̂ = diag(−1, 1, . . . , 1, −1) . (1.2.23)

The latter relation identifies SO(2, d), which indeed is the isometry group of AdSD (D = d + 1). This
rearrengement proves the isomorphism existing between the symmetry groups of AdSD and a conformal
theory in d dimension.
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full linearly realised conformal group on the boundary can be made manifest only in first
order formalism, where the spin connection is an independent field. Second, the conformal
structure on the boundary naturally introduces two geometric quantities in d dimensions, a
dilation gauge field B and the Schouten tensor S i. They will play an important role for the
analysis of symmetries of this holographic correspondence in Chapter 2.
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1.3 Analogue Gravity, graphene and unconventional
SUSY

In 1915 general relativity was conceived to unify special relativity and Newton’s universal
law of gravitation, as well as giving an answer for the discrepancy between some predictions
of the latter theory and experimental observations. In order to get a satisfactory description,
general relativity, thanks to the application of the branch of mathematics called differential
geometry, represents gravity as a distortion of spacetime geometry where objects exist and
move. This feature makes gravity unique among the other fundamental forces, which are
interpreted by means of (quantum) fields defined on a fixed background.
This special feature of gravity has brought many problems in physicists intent of unifying
the four fundamental interactions known nowadays, but it has also given the possibility
to exploit this model in situations different from those for which it was thought in the
first instance. Indeed, since the earliest years of general relativity life, formal analogies
between Einstein’s theory and completely different contexts have surprisingly been found,
like the study of sound waves in a moving fluid, supersonic fluid flow, phononic Hawking
radiation and many others phenomena typically (but not only) based on condensed matter
systems [42]. The sector of theoretical physics which focuses on the analysis of such analogies
goes under the name of “Analogue Gravity”, as the reader can intuitively understand. When
we talk about analogies, we should interpret them as mathematical parallelisms, rather
than identities, which instead could be considered as completely physical equivalences. In
particular, an analogue model can capture and reflect a sufficient number of features of
general relativity, but not necessarily all of them.
Some analogue models can be interesting for experimental reasons, since they allow to
experience effects which are only theoretically hypothesised in their high energy counterpart.
Other ones provide new light on puzzling theoretical questions. On the contrary, new
insights carried out within the context of general relativity can be exploited to better
comprehend aspects of analogue models. Therefore, in principle, there is not an a priori
preferential direction in the information flow.

The first paper which allows us to discuss of Analogue Gravity is [43], where Gordon
tried to analyse dielectric media by using an “effective metric”. More precisely, the latter
has the feature of mimicking the former and reads

geffective
µν = ηµν +

1
1 + n−2(x)

2
VµVν , (1.3.1)

where ηµν is the usual flat metric, Vµ is the constant 4-velocity of the medium and n(x) is
the value of the refractive index in the point of coordinate x.
The idea of effective metric techniques was momentarily forgotten for about thirty years,
but it came back in [44], when Pham showed that, under certain conditions, Maxwell’s
equations could be expressed in terms of a particular effective metric

geffective
µν = gµν +

A
1 − 1

Ôµ

B
VµVν , (1.3.2)

with gµν , Ô and µ as, respectively, the spacetime metric, the permeability and the permittivity.
The analogy was further developed during the following years, coming to the achievement
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that an arbitrary gravitational field can be represented as an optical medium if the latter is
subjected to the rather unphysical restriction that the electric permittivity is proportional
to the magnetic permeability.
Another result was obtained with the extension of the previous analogue models to the case
of flowing fluid media, namely assuming that Vµ is no longer constant [45].

In the 1980s analogue models found another application in the study of propagation of
shockwaves in astrophysical contexts. Indeed, in [46] it was shown that the wave equation
for linear perturbations of a relativistic perfect fluid on a Schwarzschild background exhibits
a relativistic wave equation on an effective metric, which can also admit horizons. The
latter paper can be considered a step forward for the Analogue Gravity framework precisely
because of the introduction of such a general relativistic Schwarzschild background.

The seminal paper of 1981, which divided the “historical” phase of Analogue Gravity
from the modern one, is commonly identified with “Experimental black hole evapora-
tion” [47], where Unruh developed a model based on fluid flow and translated it in the
general-relativistic black holes setting, inquiring crucial issues concerning Hawking radiation.
In fact, [47] seems to be one of the first papers where the Hawking radiation nature was
disclosed: it appears that it is not an effect related to general relativity framework or
formalism, but it occurs when we are in presence of a quantum field theory defined on a
curved background with a horizon.
During the 1990s and the first decade of 2000, many works tried to make more precise
the correspondence between black holes and Analogue Gravity theories, by exploring the
mapping of concepts like horizon, ergosphere and surface gravity, discussing the implications
of Bekenstein–Hawking entropy for analogue models [48–50] and looking for experimental
evidences [51].

In the aforementioned scenario, an analogy between condensed matter systems on a
lattice and general relativity were carried out. In fact, it turned out that, in the continuum
limit, the spatial distortions set up by defects in crystals (i.e. change in the arrangement
of atoms) can be modeled through geometric properties of an affine space with torsion
and curvature. Indeed, no perfect lattices can be created in the laboratory, since chemical,
electrical and structural imperfections always appear. The latter show up as foreign atoms,
a surplus or deficiency of electrons, as well as a lack of local symmetry.
To be more specific, we will focus on defects for the two spatial dimensions case, as graphene-
like materials, because we will be interested in them in the continuation of this thesis. In
this instance, codimesion-2 defects, that in three spatial dimensions would be line-like, as
dislocations and disclinations, become point-like. Dislocations can be found when a number
of vacancies (missing atoms) or interstitials (an excess of atoms) occur within the crystal
and destroy the traslational invariance by multiples of the lattice vectors. Furthermore, they
can be mathematically characterised through the Burgers vector. To better understand the
meaning of the latter, let us consider a geometrical circuit in an ideal lattice and map it
into a disturbed crystal because of the presence of a dislocation line: the Burgers vector
measures the failure to close of the image of the circuit. Interestingly, it can be proved that
the dislocation density is directly related to the torsion tensor of an affine space13.

13For further details see [52].
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On the other side, disclinations are a different kind of defects, capable of destroying the
global rotational order of a crystal, saving it locally nevertheless. They occur when the
coordination number (namely the nearest neighbours) of some atoms change because of
local strain and twist. For instance, in a hexagonal lattice like graphene, one can produce
configurations with 5-folded and 7-folded disclinations. It is known that the disclination
density can be related to the Einstein tensor, which, in turn, is formed from the curva-
ture tensor. As a result, the disclination density is linked to the curvature of an affine space14.

Up to this point, only geometric properties of spacetime have been played a role in
the analogy. The latter can be further extended by introducing fermionic matter on the
gravity side, which would allow to include the description of the electronic properties
of these materials. In particular, we will take into account a regime where the charge
carriers, modelled as pseudo-particle wavefunctions, have long wavelengths compared to the
characteristic lattice length, feeling the background as a continuum. Otherwise, the effective
geometrical description, provided by general relativity, breaks down and one has to be
aware that the structure is actually composed of discrete pieces, i.e. atoms and molecules.
For sake of concreteness, we will analyse the specific case of pure, isolated graphene, where
the real space substrate consists of a two dimensional honeycomb lattice of carbon atoms.
The latter is, in turn, composed by two inequivalent sublattices, whose atoms locations are
designated as sites A and B. Indeed, if one chooses two basis vectors a1, a2 on the plane
and applies a linear combination (with integer coefficients n1, n2) of them on the position
of an atom, at most two vertices of the hexagon can be reached (Figure 1.1): these are
considered sites A, whereas the remaining ones are called sites B. We call R = n1a1 + n2a2
the linear combination of the basis vectors.

Figure 1.1: The real space substrate of graphene represented as a honeycomb structure,
picture taken from [53].

14Also in this case, we refer to [52] for further information.
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A reciprocal lattice in momentum space can also be defined through the equation
eiK·R = 1, where K is a generic vector which connects two points of this grid. Just like
for the real space, two basis vectors b1, b2 can be constructed, requiring an orthogonality
condition with a1, a2, and two sets of inequivalent sites are recognised, usually called K
and K’15. The reciprocal lattice has a honeycomb structure, but rotated by π

2 with respect
to the physical space one.
Let us now consider the spectrum of the Hamiltonian in the so-called nearest neighbors
tight-binding approximation. It can be proved that two bands, π and π∗, exists and they
look like two Mexican hats upside down with respect to each other. Furthermore, π and π∗

touch each other (namely, they have the same energy level) in six points, corresponding
exactly toK andK’, forming the so-called Dirac cones. K andK’ are, in turn, denominated
Dirac points.
The fermions behaviour can be approximated by the Taylor expansion of the Hamiltonian
around the Dirac ponts, since the band-width of π and π∗ is about 15-18 eV, which is far
greater than the typical energy values that come into play with applied voltages and temper-
atures. In this setup, the pseudo-particles behave in a “relativistic” way: this can be deduced
from the linear dispersion relation between the energy and the quasi-momentum. On account
of their relativistic behaviour, the pseudo-particles follow a “Dirac equation”16, which is
massless if the graphene layer is pure and isolated, whereas is massive in presence of defects
or external potentials. Interestingly, as a consequence of this mathematical description, the
charge carriers possess an additional twofold degree of freedom called “pseudo-spin” number.

On the gravity side, the inclusion of fermions is implemented through the exploitation of
local supersymmetric theories. However, the gravitini appearing in this framework are spin
3/2 massless fields, whereas, in the case of graphene, pseudo-particles propagating on the
lattices are described through spin 1/2 particles. Therefore, it would seem that the gravitini
have no counterpart on the condensed matter side. Luckily, a substantial improvement in this
direction has been achieved in [54] and goes by the name of “unconventional supersymmetry”
(we will refer to theories featuring this symmetry also as AVZ models). In this paper,
the authors assumed that all bosonic and fermionic fields enter as part of the connection,
transforming in an adjoint representation under local “supersymmetry”, rather than a vector
one. Indeed, it is often possible to combine an adjoint and a vector representation of a
certain group into an adjoint representation of a larger group. Once this procedure is carried
out, the resulting theories could have completely different supermultiplets and dynamical
features with respect to the “usual” supersymmetry. Indeed, it results that spin 1/2 and 1
fields are fundamental in such a model, whereas the others can be composite. Furthermore,
the number of bosonic and fermionic degrees of freedom are no longer constrained to be the
same, since their amount is now determined by that of bosonic and fermionic generators to
which the fields are coupled in the connection.
For instance, in [54] the simplest case of a Chern-Simons 3-form is analysed, providing

15In the present discussion, with an abuse of notation, we are denoting points and vectors with the same
symbols. It will be clear from the context which object we are referring to.

16Here, we have used the quotation marks since the charge carriers propagate in the honeycomb lattice
with Fermi velocity vF Ä 106 m/s, which plays the role of the speed of light in the original Dirac equation.
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a Lagrangian for the OSp(2|2) superconnection in 2+1 dimensions. As a result, they
found no gravitini, despite supersymmetry appears as an off-shell (gauge) symmetry of
the Lagrangian. The latter, apart from a torsional term, describes a standard theory for a
charged Dirac particle minimally coupled to a U(1) potential and interacting with a fixed
geometry. Indeed, since the model is three dimensional, the metric (that is to say the
vielbein) has no degrees of freedom.
The (possibly massive) spin 1/2 fields χAV Z

I are related to the gauge connection ΨIµ of the
odd symmetries through the so-called matter ansatz :

ΨIµ = iγie
i
µχ

AV Z
I , (1.3.3)

ei
µ being the rigid dreibein of the spacetime where the Chern-Simons Lagrangian is integrated

on. By implementing (1.3.3), we are, in fact, projecting out the spin 3/2 component of
the Rarita-Schwinger field and keeping the spin 1/2 one, as can be understood from the
expression fulfilled by Ψµ, 3

δµ
ν − 1

3γνγ
µ
4

Ψµ = 0 , (1.3.4)

where
1
δµ

ν − 1
3γνγ

µ
2
is identified with the spin 3/2 projector. Thus, it can be concluded

that the unconventional supersymmetry uses the discarded spin 1/2 sector of supergravity.
In the context of condensed matter systems, the dreibein can be thought as a non dynamical
background, even though not necessarily trivial, provided by the material underlayer on
which the fermionic excitations propagate.
The emergence of such dreibein in (1.3.3) resembles the introduction of a metric through a
covariant gauge fixing, required to implement the BRST quantisation procedure. In fact,
as we will further explore in Chapter 3, this intuition inspired the paper [55], where the
matter ansatz was tried to be read as a gauge fixing of a Chern-Simons theory.
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Chapter 2

N = 2 AdS4 SUGRA, holography and
Ward identities

In Section 1.2 the essential notions about the gauge/gravity duality were introduced. In
particular, we mentioned the issues of holographic renormalisation and recovery of the
supersymmetry in theories defined on a manifold with a boundary. We reviewed two
different approaches to the topics: the standard renormalisation scheme and the topological
regularisation. The latter allows to obtain the same results as the former in pure gravity,
whereas its formalism was partially extended to supergravity in [41]. Indeed, the countert-
erms needed to restore the local supersymmetry were found for the cases of pure N = 1
and N = 2 AdS4 supergravities. However, while the topological regularisation was shown
to be able to renormalise the bulk action for the pure gravity case, the same was not been
proven yet for its supersymmetric extension.
The purpose of the investigation presented in this Chapter, based on [56], is to generalise
the holographic analysis of [26] to an extended supergravity, namely to a pure N = 2
model1, by analysing the consistency of the boundary theory. In order to do so, we show
that the Ward identities of the dual field theory are satisfied, as expected for a SCFT in
three dimensions. This result would prove the actual renormalisation of the theory.

As far as the asymptotic symmetries and the gauge fixing conditions defining them are
concerned, we shall keep our analysis as general as possible. More precisely, we shall be
taking a “cautious approach”, only imposing those gauge fixing conditions which appear
to be strictly necessary for the consistent definition of the asymptotic symmetries. The
reason for this relies on one of the motivations which have inspired the present analysis,
namely the application of the AdS4/CFT3 holographic approach to the study of the AVZ
model, described in Section 1.3. The latter has been embedded, as a boundary theory, in
pure N = 2 AdS4 supergravity in [57], although a fully fledged holographic correspondence
has not been developed yet. The present investigation represents a preliminary result in
this direction. Having this in mind, we will avoid imposing the constraint γµψµ = 0 on the
gravitino field at the boundary since, in the AVZ model, this condition has to be relaxed,

1Some aspects of the minimal N = 2 gauged supergravity in the context of holography were already
discussed in [27].

27
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as the dynamical fermion of the theory is identified with the contraction γµψµ itself. This
fermion satisfies a Dirac equation and, as previously mentioned, was shown to be well-suited
for the description of the electronic properties of graphene-like materials near the Dirac
points [54, 58]. Holographically embedding the AVZ model in N = 2 AdS4 supergravity
and eventually in N > 2 theories paves the way for a top-down approach to the study of
this condensed-matter system in a gauge/gravity framework.

This Chapter is organised as follows. In Section 2.1 we review the asymptotic sym-
metries in Einstein AdS4 gravity for purpose of introducing the first order formalism and
in Section 2.2 we summarise the geometric approach to pure N = 2 AdS4 supergravity
in the presence of a boundary. Sections 2.3 and 2.4 are devoted to the near-boundary
analysis of supergravity fields and local parameters. Then, in Section 2.5, we write out the
superconformal currents and Ward identities, proving that the latter are indeed satisfied
off-shell on the curved background when the bulk equations of motion are imposed. We
conclude with a discussion of the obtained results and some final remarks. Useful formulas
and conventions are gathered in Appendix A.1, while details on computations are collected
in Appendix A.2 and Appendix A.3.

2.1 Asymptotic symmetries in Einstein AdS4 gravity
We start our discussion with a review of the results in pure AdS gravity and reformulating
them in first order framework.

Asymptotically AdS spaces MD in D = d + 1 dimensions are conformally compact
Einstein spaces [19] which can be described in terms of local coordinates xµ̂ = (xµ, xd), xµ

(µ = 0, . . . d − 1) and z = xd being, respectively, local coordinates on the boundary ∂M
and the radial coordinate. In this frame, the asymptotic AdS boundary is located at z = 0.
In a neighborhood of z = 0, asymptotically AdS backgrounds admit a metric ĝµ̂ν̂ (with a
mostly negative signature) in the Fefferman-Graham (FG) form,2

ds2 = ĝµ̂ν̂ dxµ̂dxν̂ = ü2

z2

3
− dz2 + gµν(x, z) dxµdxν

4
, (2.1.1)

where ü is the AdS radius, gµν is regular on the boundary and admits a power expansion in
the radial coordinate z,

gµν = g(0)µν(x) + z2

ü2 g(2)µν(x) + · · · . (2.1.2)

In pure AdS gravity, only even powers in z appear in the series, until the order zd−1. In
general, addition of matter fields, as is the case in supergravity, requires more general
powers in the z-expansion of the metric, depending on the value of the AdS mass of the
field. By solving order by order the Einstein equations, the coefficients in the expansion are

2The most general asymptotically AdS metric contains also the subleading ĝzµ terms, in particular
ĝzµ = O(z) in three dimensions [59] and ĝzµ = O(z2) in four dimensions [60]. They can always be set to
zero by choosing FG coordinate frame on a patch near the boundary.
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determined as local functions or derivatives of g(0)µν . For instance, g(2)µν depends linearly
on the curvature, in a combination that produces the boundary Schouten tensor Sµν(g(0)),

g(2)µν = ü2Sµν = ü2
A

R̊µν − 1
2(d− 1) g(0)µν R̊

B
, (2.1.3)

where R̊µ
νλσ(g(0)) is the boundary Riemann curvature and R̊µν and R̊ are the corresponding

Ricci tensor and Ricci scalar, respectively.3 On top of this, there is a term zd log z in
odd spacetime dimensions D. Furthermore, only the local part of the mode g(d)µν can be
resolved from the equations of motion, as it is proportional to the holographic stress tensor
of the theory [19,22].

The invariance of (2.1.1) under radial diffeomorphisms leads to the Penrose-Brown-
Henneaux (PBH) transformations [61]. The full set of residual symmetries includes, besides
the PBH transformations, the boundary transversal diffeomorphisms. The latter have the
form of asymptotic symmetries, namely their parameters take value on ∂M and the AdS
gravity is invariant under the action of these transformations at asymptotic infinity.

In an explicit form, by using the definition of the Lie derivative δĝµ̂ν̂ = £ξ̂ĝµ̂ν̂ for
diffeomorphisms generated by the parameters ξ̂µ̂, the FG gauge fixing implies

δĝzz = 0 ⇒ ξ̂z = zσ(x) ,

δĝµz = 0 ⇒ ξ̂µ = ξµ(x) + z2

2ü g
µν
(0)∂νσ + O(z4) , (2.1.4)

where ξµ(x) and σ(x) are arbitrary local parameters on the boundary.
From δĝµν = ü2

z2 δgµν , we obtain the transformation law of the first terms in the asymptotic
expansion of (2.1.2)

δg(0)µν = £ξg(0)µν − 2σ g(0)µν ,

δg(2)µν = £ξg(2)µν − ü∇(0)
(µ ∇(0)

ν) σ . (2.1.5)

In the first equation of (2.1.5), it is clear that radial diffeomorphisms induce Weyl transfor-
mations on the boundary described by the parameter σ(x). This purely kinematic treatment
allows to determine the local part of the coefficients in the series (2.1.2), without resorting
to the asymptotic resolution of the field equations. In fact, it is carried out by integrating
the Weyl parameter from the transformation law.
Our interest in the asymptotic symmetries is due to the fact that they produce conservation
laws which are mapped into holographic Ward identities for the boundary CFT.

Holographic gauge fixing in first order formalism
Concerning our specific case, we work in first order formalism in D = 4, where the
independent fields are 1-forms on M4. Indeed, one has the vielbein V a = V a

µ̂(x) dxµ̂,
stemmed from the metric ĝµ̂ν̂ = ηab V

a
µ̂V

b
ν̂ (with the Minkowski metric ηab), and the spin

3The conventions adopted on curvatures can be found in Appendix A.1.
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connection ω̂ab = ω̂ab
µ̂ (x) dxµ̂. World indices on four dimensional spacetime are denoted by

hatted Greek letters µ̂, ν̂, . . . = 0, 1, 2, 3, whereas the corresponding anholonomic tangent
space indices are labeled by Latin letters a, b, . . . = 0, 1, 2, 3.

Besides general coordinate transformations δxµ̂ = −ξ̂µ̂, which define local translations
with parameters pa = ξ̂µ̂V a

µ̂, the theory is endowed with local Lorentz invariance, whose
parameters are jab = −jba. The AdS gravity in first order formalism is invariant under the
general transformations4

δV a = D̂pa − jabVb + ipT̂
a ,

δω̂ab = D̂jab + 2
ü2 p

[aV b] + ipR̂
ab, (2.1.6)

where D̂(ω̂) is the Lorentz-covariant derivative, R̂ab(ω̂) is the Lorentz curvature and
T̂ a = D̂V a is the torsion 2-form. We have also introduced the SO(2, 3) curvature
R̂ab = R̂ab − 1

ü2 V
aV b = 1

2R̂
ab
µ̂ν̂dxµ̂dxν̂ and the contraction operators ipR̂ab = pcV ν̂

cR̂
ab
ν̂µ̂dxµ̂,

ipT̂
a. For the non supersymmetric case, discussed in this Section, we will assume that the

gravitational field is torsionless, namely ipT̂ a = 0.

In order to extend the discussion to AAdS spacetimes in first order formalism, we have
to specify the form of V a and ω̂ab. To this end, we have ten local parameters (pa, jab) at
our disposal to gauge fix. This holographic gauge fixing will provide the radial expansion
of gauge fields and parameters. Furthermore, the residual transformations (which leave
invariant the gauge fixing) have to induce boundary Weyl dilations and transformations of
boundary fields, which, in turn, lead to the conservation laws.
In this framework, the radial components of the gravitational fields are considered as
Lagrange multipliers, similarly to the lapse and shift functions in the Arnowitt–Deser–Misner
(ADM) formulation of gravity [62]5. The simplest choice V a

z = 0, ω̂ab
z = 0 leads to a trivial

theory on the boundary with an non invertible vielbein.
On the contrary, a suitable gauge fixing for spacetime diffeomorphisms pa and Lorentz
transformation jab is

V a
z = ü

z
δa

3 , ω̂ab
z = 0 . (2.1.7)

The latter conditions, in principle, are sufficient to determine local symmetries. However, in
AdS space, the vielbein should be chosen so that it reproduces the FG metric (2.1.1). For
this reason, we assume an adapted frame where the boundary is orthogonal to the radial
coordinate,

V 3
µ = 0 . (2.1.8)

The latter condition can be relaxed as long as the fall-off of the field V 3
µ(x) is consistent

with the behaviour of AAdS spaces. As shown in [36, 63], this field plays a role in the
4 This transformation law comes from the combination of local Lorentz transformations and the Lie

derivative £pA = d (ipA)+ ipF , where A and F denote, respectively, a generic gauge field and its associated
field strength.

5Radial expansions and holography in gravitational theories on Riemann-Cartan spaces were developed
in [37] and applied, for instance, in three [37–39], four [40], and five [37] bulk dimensions for different setups.
They were discussed for arbitrary dimensions in [36].
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explicit construction of the conformal algebra for the dual CFT. By setting V 3
µ to zero, the

Weyl rescalings of the boundary are still there, but their realisation become non linear, as
the associated field turns into a composite field.

As mentioned before, the choice (2.1.7) is holographic whether it produces a radial
expansion of the boundary fields. Let us denote the 3 + 1 decomposition of Lorentz indices
as a = (i, 3) (i = 0, 1, 2) and use the following convention for the Levi-Civita tensor on M4

projected to the boundary ∂M,

Ôijk3 = −Ôijk , Ô0123 = −Ô0123 = −1 . (2.1.9)

In AAdS spacetimes, the vielbein behaves as

V i
µ = ü

z
Êi

µ(x, z) , (2.1.10)

where Êi
µ is finite at the boundary z = 0 and it can be, in turn, expanded in a power series

in its vicinity,

Êi
µ = Ei

(0) µ + z2

ü2 E
i
(2) µ + z3

ü3 E
i
(3) µ + O(z4) . (2.1.11)

We rename the coefficients Ei
(0) µ ≡ Ei

µ, Ei
(2) µ ≡ Si

µ and Ei
(3) µ ≡ τ i

µ, due to physical
implications they will have later. Hence, the expansion (2.1.11) becomes

Êi
µ = Ei

µ + z2

ü2 S
i
µ + z3

ü3 τ
i
µ + O(z4) ,

Êµ
i = Eµ

i − z2

ü2 S
µ
i − z3

ü3 τ
µ

i + O(z4) , (2.1.12)

where Eµ
i is the inverse of the vielbein Ei

µ
6. The latter two tensors project the indices

between the boundary spacetime and its tangent space and satisfy the relations

e = det[V a
µ̂] = ü4

z4 ê3 , ê3 = det[Êi
µ] , e3 ≡ det[Ei

µ] . (2.1.13)

Let us notice that the linear terms in z are absent in the induced vielbein Êi
µ, in

order to reproduce g(1)µν = 0 in pure gravity. Furthermore, it is convenient to make use of
the residual Lorentz transformations to make Sij = Si

µE
µj and τ ij = τ i

µE
µj symmetric,

namely to set S[ij] = 0 and τ [ij] = 0 [26]. If the Lorentz parameters at the boundary are
expanded as

jij = θij + z

ü
jij

(1) + z2

ü2 j
ij
(2) + z3

ü3 j
ij
(3) + O(z4) , (2.1.14)

6Strictly speaking, the inverse vielbein (E−1)µ
i ≡ Eµ

i has the property Eµ
i = gµν

(0)ηijEj
ν = Ei

µ, following
from the invertibility and symmetric properties of the metric. It implies that one can overlook the order
of the indices in the vielbein and its inverse. The same argument holds for the bulk vielbein V i

µ and its
inverse V µ

i , but not for the higher order terms in the expansion, that are not necessarily invertible.
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from the Lorentz transformations (2.1.6) we find jij
(1) = 0 and

δjE
i
µ = −θijEjµ , δjS

i
µ = −θijSjµ − jij

(2)Ejµ ,

δjE
µi = −θijEµ

j , δjτ
i
µ = −θijτjµ − jij

(3)Ejµ .
(2.1.15)

Here, θij(x) are an asymptotic parameters which will become a holographic symmetry. On
the contrary, the antisymmetric parts of Sij and τ ij are independent of θij,

δjS
[ij] = −jij

(2) , δjτ
[ij] = −jij

(3) . (2.1.16)

Therefore, they are related only to the subleading Lorentz transformations and they can
always be set to zero,

S[ij] = 0 , τ [ij] = 0 . (2.1.17)
However, we will not assume yet that jij

(2) and j
ij
(3) vanish, since they might not be independent

parameters. We will come back to this issue later, after all independent asymptotic
symmetries have been identified (see (2.1.51)).

In fact, the above procedure can be extended to make all coefficients in the expansion
of V i

µ symmetric. Without going into details, θij can be shown to decouples from the
transformation of E[ij]

(n) ≡ Eµ[jE
i]
(n)µ, which implies that we are always allowed to set E[ij]

(n) = 0
for n ≥ 0. As a net result, all modes Ei

(n)µ can be symmetric tensors,

E
[ij]
(n) = 0 , n ≥ 0 . (2.1.18)

Hence, the expansion defined by the above considerations is consistent with the FG
frame (2.1.1) and

g(0)µν = EiνE
i
µ ,

g(2)µν = 2Sµν = ü2Sµν ,

g(3)µν = 2τµν . (2.1.19)

Recalling that in Einstein AdS gravity we know the expression of the coefficients g(n)µν

(n > 0) in terms of the source g(0)µν [22, 61], we are able to identify Ei
µ as the vielbein at

the conformal boundary, Si
µ = ü2

2 S i
µ as proportional to the Schouten tensor and τ i

µ as the
holographic stress tensor.

On the other hand, in absence of supersymmetry, the torsion constraint D̂V a = 0
determines the spin connection to be (see (A.1.1))

ω̂ab
µ̂ = V ν̂b

1
−∂µ̂V

a
ν̂ + Γ̂λ̂

ν̂µ̂V
a
λ̂

2
. (2.1.20)

In our notation, Γ̂λ̂
ν̂µ̂ is the affine Levi-Civita connection in the bulk, which is symmetric in

(µ̂ν̂) and torsionless. The radial components of the spin connection are consistent with the
gauge fixing (2.1.7), once one assumes (2.1.18) is satisfied. The boundary components of
the spin connection become

ω̂ij
µ = Êνj

1
−∂µÊ

i
ν + Γ̊λ

νµ(g)Êi
λ

2
= ω̊ij

µ (x, z) ,
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ω̂i3
µ = 1

z
Êi

µ − 1
2 kµνÊ

νi , (2.1.21)

where ω̊ij
µ (x, 0) = ω̊ij

µ (E) is the torsionless spin connection on the boundary, Γ̊λ
νµ(g) is the

affine Levi-Civita connection at the boundary and we defined the auxiliary tensor

kµν ≡ ∂zgµν = O(z) , ∂zg
µν = −kµν . (2.1.22)

Both Γ̊λ
νµ(g) and kµν are regular quantities at z = 0.

In a more explicit form, we can write

ω̂ij
µ = ω̊ij

µ (x, z) = ω̊ij
µ (x) + z2

ü2 ω
ij
(2)µ(S,E) + z3

ü3 ω
ij
(3)µ(τ, E) + O(z4) ,

ω̂i3
µ = 1

z
Ei

µ − z

ü2 S̃
i
µ − 2z2

ü3 τ̃ i
µ + O(z3) , (2.1.23)

where
S̃i

µ ≡ S i
µ = Si

µ , τ̃ i
µ ≡ 1

4
1
τ i

µ + 3τ i
µ

2
= τ i

µ , (2.1.24)

the last step being valid only upon imposing the Lorentz gauge fixing (2.1.18). Therefore,
the tensors S̃i

µ and τ̃ i
µ can be chosen symmetric and equal to Si

µ and τ i
µ in pure AdS

gravity. We will see later, in (2.3.15), that the group theory definition of the boundary
Schouten tensor is S i

µ = 1
ü2 (Si

µ + S̃i
µ) and it reduces to 2

ü2 S
i
µ after the identification in

(2.1.24).
When the bulk torsion vanishes, the 1-forms ωij

(2) = ωij
(2)µ dxµ and ωij

(3) = ωij
(3)µ dxµ are

not arbitrary, but they can be expressed in terms of Si = Si
µ dxµ and τ i = τ i

µ dxµ as

Ej ∧ ωij
(2) = D̊Si , Ej ∧ ωij

(3) = D̊τ i , (2.1.25)

where D̊ denotes the covariant derivative with respect to the connection ω̊ij
µ (E).

Eventually, let us analyse the fall-off of the curvature. Asymptotically AdS spaces
require the curvature to be asymptotically constant. A direct checkup confirms that the
near-boundary form of the AdS curvature is

R̂i3
µν = −z Ci

µν + O(z2) , R̂i3
µz = 3z

ü3 τ
i
µ + O(z2) ,

R̂ij
µν = W ij

µν − 12z
ü3 E

[i
[µτ

j]
ν] + O(z2) , R̂ij

µz = −2z
ü2 ω

ij
(2)µ − 3z2

ü3 ωij
(3)µ + O(z3) ,

(2.1.26)
where Ci = 1

2 Ci
µν dxµ∧dxν = D̊S

i is the three dimensional Cotton tensor. The latter appears
once one exploits (2.1.25) to substitute ωij

(2) in the expression R̂i3 = − z
ü2

1
D̊S̃i + Ej ∧ ωij

(2)

2
+

O(z2). Similarly, R̂ij depends on the tensor τ i + 2τ̃ i and reduces to the above result upon
setting τ i = τ̃ i.
Furthermore, the Weyl tensor vanishes in three dimensions,

W ij = R̊ij − 2E[i ∧ S̊j] = 0 , (2.1.27)
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so that the three dimensional Bianchi identity can equivalently be written as

E[i ∧ Cj] = 0 , (2.1.28)

yielding a tracelessness condition for the Cotton tensor, Ci
ij = 07.

An important consequence of W ij
µν = 0 in three dimensions is that, from (2.1.26), we

get R̂ab
---
z=0

= 0. In the next Sections we will explore how the latter condition is modified
in the supergravity context.

Residual symmetries
The gauge fixing adopted above leads to the asymptotic form of the boundary fields (2.1.10),
(2.1.12) and (2.1.23). Hence, we now look for transformations which do not change the
frame choice (2.1.7). From (2.1.6) it follows

0 = δV 3
z = ∂zp

3 , (2.1.29)

0 = δV i
z = ∂zp

i + ü

z
ji3 , (2.1.30)

0 = δV 3
µ = ∂µp

3 − ω̂i3
µ pi + ji3Viµ , (2.1.31)

0 = δω̂i3
z = 1

üz
pi + ∂zj

i3 + ipR̂
i3
z , (2.1.32)

0 = δω̂ij
z = ∂zj

ij + ipR̂
ij
z . (2.1.33)

In order to solve the above equations, we need to compute the asymptotic expansion
of the contraction of the AdS curvature (2.1.26)

ipR̂
i3
z = pj

A
3z2

ü4 τ i
j + O(z3)

B
,

ipR̂
i3
µ = −p3

A
3z2

ü4 τ i
µ + O(z3)

B
+ pj

A
z2

ü
Eν

jCi
µν + O(z3)

B
,

ipR̂
ij
z = pk

A
−2z2

ü3 Eµ
kω

ij
(2)µ − 3z3

ü4 Eµ
kω

ij
(3)µ + O(z4)

B
. (2.1.34)

In light of the latter expressions, (2.1.29)–(2.1.33) acquire the form

0 = ∂zp
3 , (2.1.35)

0 = ∂zj
i3 + 1

üz
pi + 3z2

ü4 pj
1
τ i

j + O(z)
2
, (2.1.36)

0 = ∂zp
i + ü

z
ji3 , (2.1.37)

0 = ∂µp
3 − ω̂i3

µ pi + ji3Viµ , (2.1.38)

0 = ∂zj
ij + pk

A
−2z2

ü3 Eµ
kω

ij
(2)µ − 3z3

ü4 Eµ
kω

ij
(3)µ + O(z4)

B
. (2.1.39)

7For the sake of completeness, we mention that the Cotton tensor is also covariantly constant in three
dimensions. For more properties about it in Riemannian geometries, see [64].
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Equation (2.1.35) can be readily solved as

p3 = −üσ(x) , (2.1.40)

with the boundary parameter σ(x) introduced as an integration constant. The equations
(2.1.36) and (2.1.37) can be decoupled by eliminating ji3 and we find the differential equation
for pi:

0 = ∂2
zp

i + 1
z
∂zp

i − 1
z2 p

i − 3z
ü3 p

j
1
τ i

j + O(z)
2
. (2.1.41)

The solution for both parameters reads

pi = ü

z
ξi + z

ü
bi + z2

ü2 ξ
jτ i

j + O(z3) ,

ji3 = 1
z
ξi − z

ü2 b
i − 2z2

ü3 ξjτ i
j + O(z3) , (2.1.42)

where ξi(x) and bi(x) are new integration constants. Then (2.1.39) leads to the solution for
the Lorentz parameter

jij = θij + z2

ü2 ξ
µωij

(2)µ + z3

ü3 ξ
µωij

(3)µ + O(z4) , (2.1.43)

with θij(x) another arbitrary function defined on the boundary and identified with the
Lorentz parameter.

The last equation to be solved is the asymptotic condition (2.1.38) which –once all the
previous solutions are plugged in– becomes

0 = δV 3
µ = −ü∂µσ + 2

ü
ξiS

i
µ − 2

ü
biEiµ + O(z2) . (2.1.44)

At leading order, (2.1.44) implies the parameter bi not to be independent, i.e.

bi = −ü2

2 Eµ
i∂µσ + Sj

iξj . (2.1.45)

Overall, the radial expansion of the gauge parameters in absence of fermions takes the
form

p3 = −üσ(x) ,

pi = ü

z
ξi(x) + z

ü
bi + z2

ü2 ξ
jτ i

j + O(z3) ,

ji3 = 1
z
ξi(x) − z

ü2 b
i − 2z2

ü3 ξjτ i
j + O(z3) ,

jij = θij(x) + z2

ü2 ξ
µωij

(2)µ + z3

ü3 ξ
µωij

(3)µ + O(z4) , (2.1.46)

with bi(σ, ξj) given by (2.1.45).
It is worth emphasising that ωij

(2) and ω
ij
(3) satisfy (2.1.25). Particularly, we find that the

higher order spin connection components fulfill

Ci
µν = 4

ü2 ω
i
(2)[µν] , D̊[µτ

i
ν] = Ej[µ ω

ij
(3)ν] . (2.1.47)
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Therefore, we recognise σ(x), ξi(x), θij(x) as the independent boundary parameters, which
are associated, respectively, to dilations, diffeomorphisms and Lorentz transformations.
This can be inferred from the variation of the boundary fields

δEi
µ = D̊µξ

i + σEi
µ − θijEjµ ,

δSi
µ = D̊µb

i − σSi
µ − θijSjµ + ü2

2 ξν Ci
νµ ,

δτ i
µ = D̊µ

1
ξjτ i

j

2
− 2στ i

µ − θijτjµ + 2ξνD̊[ντ
i
µ] , (2.1.48)

and the spin connection

δω̊ij
µ = D̊µθ

ij − 2Eν[iEj]
µ∂νσ + 4

ü2

1
−ξkE

[i
µS

j]k + ξ[iSj]
µ

2
. (2.1.49)

It is straightforward to check that the obtained residual symmetries match the usual
PBH transformations (2.1.5) in the metric formalism, where the coefficient g(d)µν ≡ g(3)µν

transforms homogeneously as

δg(3)µν = £ξg(3)µν − σg(3)µν . (2.1.50)

After the computation of the full set of asymptotic parameters (2.1.45)–(2.1.46) and
the transformation law of the boundary fields (2.1.48), we are now ready to come back to the
conditions (2.1.17) and discuss their consistency with respect to the residual transformations.
As we can see from the expansion (2.1.43), if we restrict to Lorentz transformations,
namely we set pi = 0, (2.1.16) implies jij

(2) = jij
(3) = 0. According to (2.1.43), the choices

S[ij] = 0, τ [ij] = 0 are naturally preserved by the Lorentz part of the residual symmetry group.
We need, however, to check the consistency of these conditions against a generic residual
symmetry transformation, including the diffeomorphisms on the boundary, parametrised by
ξi = Ei

µ ξ
µ. For instance, the condition S[ij] = 0 yields

δS[ij]
---
S[ij]=0

=
1
−θi

k S
[kj] + θj

k S
[ki] − 2σS[ij] + Eiµ S[jk]D̊µξk

−Ejµ S[ik]D̊µξk + ω(2)
[i

k
j] ξk − jij

(2) + ü2

4 Ckji ξk

B-----
S[ij]=0

= −3ω[ij|k]
(2) ξk = −3ü2

4 C[i|jk] ξk = 0 . (2.1.51)

As a result, we see that the condition S[ij] = 0 is consistent, since its variation is proportional
to C[i|jk], which in turn vanishes. A similar analysis, which we avoid to report, can be made
for the condition τ [ij] = 0.

Conservation laws for conformal symmetry
In Riemann-Cartan AdS gravity, the leading orders of the bulk fields Ei

µ, ωij
µ are arbitrary

functions on the three dimensional boundary: they act as sources in the dual field theory.
From (1.2.16), we can generalise the quantum effective action to first order formalism,

W [E,ω] = −i lnZ[E,ω] , (2.1.52)
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in such a way that the (external) gravitational sources Ei
µ and ωij

µ are coupled to currents
on ∂M, namely the energy-momentum tensor Jµ

i and the spin current Jµ
ij, expressed as

δW =
Ú 3

δEi ∧ Ji + 1
2 δω

ij ∧ Jij

4
, (2.1.53)

in the formalism of differential forms. Here, we have introduced the 2-form currents
J = 1

2 Jµν dxµ ∧ dxν , while the usual 1-form Noether currents ∗J = Jµ dxµ are defined as
their Hodge star duals

Jµ = 1
2e3

ÔµνλJνλ . (2.1.54)

Regardless of the presence of supersymmetry, the spin connection is not an independent
source. For this reason the associated current vanishes, i.e. Jij = 0. Once we plug
this information in (2.1.53), together with the transformations (2.1.48) expressed in the
differential form language

δEi = D̊ξi + σEi − θijEj , (2.1.55)
we get

0 = δW =
Ú è

−ξiD̊Ji +
1
σEi − θijEj

2
∧ Ji

é
. (2.1.56)

This implies the following classical conservation laws for the conformal symmetry in d = 3

ξi : 0 = D̊Ji , (conserved Jµν)
σ : 0 = Ei ∧ Ji , (traceless Jµν)
θij : 0 = Ei ∧ Jj − Ej ∧ Ji . (symmetric Jµν)

(2.1.57)

Let us notice that the full Weyl symmetry on the boundary is expressed in terms of the
traceless Belinfante-Rosenfeld tensor Jµ

i and the second relation is not modified at the
quantum level, since no conformal anomaly exists in three dimensions.

It is interesting to see that, as observed in [36], since ωij and Si = ü2

2 S i are composite
fields and the dilation gauge field B = 1

ü
V 3

µdxµ is vanishing, the full conformal group is
encoded in the conservation laws on the boundary, but it is non linearly realised. We can
retrieve its linear realisation by treating ωij, Si and B as independent fields, considering bi

as a free parameter and adding the special conformal and the dilation currents, respectively
J(K)i and J(D), in the variation of the action (2.1.53) via the couplings δS i ∧ J(K)i and
δB ∧ J(D).

As a result, we obtain the generalised form of the transformation laws (2.1.57)

ξi : DJi = B ∧ Ji + Sj ∧ Jij + üSi ∧ J(D) ,

σ : üdJ(D) = −Ei ∧ Ji + S i ∧ J(K)i ,

θij : DJij = 2E[i ∧ Jj] + 2S[i ∧ J(K)j] , (2.1.58)
bi : DJ(K)i = Ej ∧ Jij − üEi ∧ J(D) −B ∧ J(K)i ,

where D is the covariant derivative with respect to the Lorentz connection ωij = ω̊ij − 2B[i ∧ Ej] .
An extension of the FG formalism and enhancement of the boundary theory to include
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the Weyl current has been analysed in [63]. The superconformal group approach to the
holographic currents issue in d = 3 is discussed in Section 2.5.

We will extend the above analysis to the supersymmetric case in the following Sections.

2.2 Pure N = 2 AdS4 supergravity
The spacetime field content of the four dimensional pure N = 2 supergravity is given by the
vielbein V a

µ̂, the gravitino Ψα
µ̂A (we will generally omit the spinor index α = 1, . . . , 4), the

SO(1, 3) spin connection ω̂ab
µ̂ and the graviphoton Âµ̂. We follow the same conventions of

the previous section for the latin (a, b, . . .) and greek (µ̂, ν̂, . . .) indices, whereas A, . . . = 1, 2
refer to indices in the fundamental representation of the R-symmetry group. Let us recall
that the R-symmetry group for the ungauged theory is U(2), but the Fayet-Iliopoulos term
in the SU(2) sector, which depends on the AdS radius ü as P ∝ 1/ü, explicitly breaks the
R-symmetry to SO(2) for AdS4 supergravity.
The graviphoton and gravitini are, respectively, represented by an abelian gauge field and
Majorana spinors. The conventions on fermions can be found in Appendix A.1.

A geometric formulation of the theory in N = 2 superspace, in the presence of a
negative cosmological constant and allowing for non trivial boundary conditions, was given
in [41].8 In that setting, the field content is expressed in terms of 1-forms in superspace
M4|8 and is composed by the supervielbein (V a,ΨA), defining an orthonormal basis of the
N = 2 superspace, the Lorentz spin connection ω̂ab and the graviphoton gauge connection
Â.
Preliminarily, let us remark that in this Section, to make contact with the outcomes of [41],
to which we generally refer for the description of the bulk setting, we will first present the
results in the geometric superspace approach and then we translate them in the spacetime
point of view. Indeed, the whole holographic analysis will be realised within a spacetime
approach to supergravity.
In the rheonomic approach, about which we discussed in Section 1.1, the superfields are
functions of all the coordinates of superspace M4|8(xµ̂, θαA), where xµ̂ are commuting
bosonic coordinates and θαA are fermionic Grassmann coordinates

V a(x, θ) = V a
µ̂(x, θ)dxµ̂ + V a

αA(x, θ)dθαA ,

ω̂ab(x, θ) = ω̂ab
µ̂ (x, θ)dxµ̂ + ω̂ab

αA(x, θ)dθαA ,

ΨA
α (x, θ) = ΨA

αµ̂(x, θ)dxµ̂ + ΨA
α|βB(x, θ)dθβB ,

Â(x, θ) = Âµ̂(x, θ)dxµ̂ + ÂαA(x, θ)dθαA .

(2.2.1)

8In this Chapter we generally adopt the notation of [41], where, in particular, the metric is mostly minus.
However, with respect to that paper, we made some changes which make the formulas more transparent
and better adapted to match the notation in three dimensions. More precisely, the graviphoton gauge
connection is defined with a prefactor, A → − 1√

2 Â, while the four dimensional Lorentz spin connection
and curvature are expressed with different symbols and extra minus signs: ωab → −ω̂ab, Rab → −R̂ab. We
will use Majorana spinors both in four as well as in three dimensions and redefine the constants appearing
in the quoted paper as L = 1√

2 and 1
ü = 2e = P√

2 =
ñ

−Λ
3 , where Λ is the cosmological constant and ü is

the AdS4 radius.
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Moreover, the action is written as an integral of the Lagrangian 4-form over a bosonic
subspace M4 of the entire superspace M4|8, namely

I =
Ú

M4⊂M4|8

L . (2.2.2)

Indeed, in the geometric framework, the Lagrangian 4-form is invariant under general
coordinate transformations in superspace and supersymmetry transformations on spacetime,
which are associated with diffeomorphisms in the fermionic directions of superspace; one
can thus exploit “general super-coordinate transformations” to freely choose, as the bosonic
submanifold of integration in superspace, any M4 ⊂ M4|8 (see also [65] for details on this
point).
The bulk Lagrangian 4-form for the pure N = 2 theory is given by9 [41, 66]

Lbulk =1
4R̂abV cV dÔabcd + ΨAΓaΓ5ρ̂AV

a + i
2

3
F̂ + 1

2 ΨAΨBÔAB

4
ΨCΓ5ΨDÔCD

− i
2ü ΨAΓabΓ5ΨAV

aV b − 1
8ü2 V

aV bV cV dÔabcd

+ 1
4

3
F̃ cdV aV bF̂ − 1

12 F̃lmF̃
lmV aV bV cV d

4
Ôabcd ,

(2.2.3)

where we will generally omit writing of the wedge product in long expressions to lighten
the notation. This Lagrangian is written in a first order approach for the gauge field Â.

A consistent definition of the action in the presence of non trivial boundary conditions
requires the full Lagrangian to include a boundary contribution [24,67], namely

L = Lbulk + Lboundary . (2.2.4)

The boundary term has to ensure both a well-defined action principle (for suitable
AAdS boundary conditions) and the regularity of the full action in the asymptotic region.
Holographic techniques renormalise a gravity theory in a covariant way by setting a cut-off
on the spacetime at the finite radius z. The variation of the action is expressible in terms of
the variation of the sources at the conformal boundary. Due to the asymptotic behaviour of
the fields, the variational problem on the boundary sources induces infinities which have to
be cancelled by the introduction of counterterms. Asymptotic regularity, then, is dictated
by a well-posed variational principle [68]. Holographic renormalisation was first introduced
in [21] and further developed in [19, 22, 23], while the counterterms for Einstein-Hilbert
AdS gravity were obtained in [69–72]10. The prescription has been applied to supergravity
theories, as well, in particular for computation of the superconformal anomaly [27] (for
computations in the field theory side see, e.g., [73, 74]).

In our context, it is more convenient to adopt a geometric approach to the renor-
malisation problem, originally formulated in [31–33], which considers the addition of the
topological Euler-Gauss-Bonnet term to the bulk gravity action. The corresponding coupling

9The definition of the quantities in (2.2.3) can be found in (2.2.8) and (2.2.13).
10However, the counterterm prescription given in these references does not deal with the logarithmic

divergence coming from the bulk action.



40 CHAPTER 2. N = 2 ADS4 SUGRA, HOLOGRAPHY AND WARD IDENTITIES

is fixed by requiring the vanishing of the AdS curvature on the boundary. In [29,30] it was
shown that adding this topological term in four dimensions is equivalent to the holographic
renormalisation program.11 Since the method is deeply rooted in first order formulation,
clearly it is particularly suitable for embedding holographic renormalisation in supergravity
and, specially, within the geometrical approach in superspace.

A generalisation of the approach to the supersymmetric case was given in [41] and
analogous results for the N = 1 case were previously obtained in [26]. The supersymmetric
extension of the Euler-Gauss-Bonnet term is unique for a given theory with N supersym-
metries, and it is a total derivative, corresponding to a boundary term taking values in the
fermionic directions of superspace12.

For the case at hand, the boundary Lagrangian is given by the supersymmetric
generalisation of the Euler-Gauss-Bonnet term,

Lboundary = −ü2

8

A
R̂abR̂cdÔabcd + 8i

ü
ρ̂

AΓ5ρ̂A − 2i
ü

R̂abΨAΓabΓ5ΨA + 4i
ü2 dÂΨAΓ5ΨBÔAB

B
.

(2.2.5)
The supercurvatures appearing in (2.2.3) and (2.2.5) are defined by

R̂ab = dω̂ab + ω̂ac ∧ ω̂c
b , (2.2.6)

ρ̂A = D̂ΨA − 1
2ü ÂÔAB ∧ ΨB = dΨA + 1

4 Γab ω̂
ab ∧ ΨA − 1

2ü ÂÔAB ∧ ΨB , (2.2.7)

F = dÂ− ΨA ∧ ΨBÔAB . (2.2.8)

Most notably, the same full Lagrangian can be equivalently rewritten in terms of the
OSp(2|4) curvatures, which are defined as

R̂ab = R̂ab − 1
ü2 V

aV b − 1
2ü δ

ABΨAΓabΨB ,

R̂a = D̂V a − i
2 ΨAΓaΨA , (2.2.9)

ρ̂A = ρ̂A − i
2ü δABΓaΨBV a ,

F̂ = F .

When expressed in terms of the supercurvatures (2.2.9), apart from subtleties related
to the extension of the action integral to superspace (see [13, 14]), the full Lagrangian
acquires the following form à la MacDowell-Mansouri [34], that is quadratic in the super
AdS curvatures FΛ =

1
R̂a, R̂ab, ρ̂A, F̂

2
,

L = −ü2

8 R̂
ab ∧ R̂cdÔabcd − iüρ̂AΓ5 ∧ ρ̂A + 1

4F̂ ∧ ∗F̂ . (2.2.10)

11This renormalisation procedure also allows to make contact with the concept of Renormalised Volume
for asymptotically hyperbolic spaces in a more mathematical framework [75].

12It is still an open question whether there is a topological index in the superspace associated to this
invariant. A useful tool to face this problem could be the integral form approach in superspace developed
in [13,14].
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The quantity ∗F̂ denotes the Hodge-dual on spacetime of the field strength F̂ , namely

∗F̂ = 1
2

∗F̂µ̂ν̂ dxµ̂ ∧ dxν̂ = e

4 Ôµ̂ν̂ρ̂σ̂ F̂ρ̂σ̂ dxµ̂ ∧ dxν̂ , (2.2.11)

and the 4-form Lagrangian (2.2.10) depends on the fields Φ̂Λ = (V a, ω̂ab,ΨA, Â) only through
their field strengths FΛ.

The super AdS curvatures (2.2.9) satisfy on-shell the Bianchi identities

D̂R̂ab = 2
ü2V

[aR̂b] + 1
ü

ΨAΓabρ̂A ,

D̂R̂a = R̂a
bV

b + iΨAΓaρ̂A ,

D̂ρ̂A = 1
2üÂÔ

ABρ̂B − i
2üΓaV

aρ̂A + 1
4R̂abΓabΨA − 1

2üF̂ Ô
ABΨB + i

2üΓaΨAR̂a ,

dF = 2ÔABΨAρ̂B .

(2.2.12)

In the case at hand, the on-shell rheonomic parametrisation of the supercurvatures (2.2.9)
results to be given by the following expressions,

R̂a = 0 ,
F̂ = F̃abV

aV b ,

ρ̂A = ρ̃A
abV

aV b − i
2 ΓaΨBV bF̃abÔ

AB − 1
2Γ5ΓaΨBV b ∗F̃abÔ

AB , (2.2.13)

R̂ab = R̃ab
cdV

cV d − Θab

A|cΨAV
c − 1

2 ΨAΨBÔABF̃
ab − i

2ΨAΓ5ΨBÔAB
∗F̃ ab ,

where the quantities F̃ab, ρ̃A
ab, R̃ab

cd and the spinor-tensor Θab|c
A are computed in Appendix

A.3.
Let us notice that the quantities R̃ab

cd, ρ̃A
ab and F̃ab, appearing in the parametrisations (2.2.13),

are the so-called supercovariant field strengths and they differ in general from the spacetime
projections of the supercurvatures, namely R̂ab

µ̂ν̂ Ó= 2R̃ab
cd V

c
µ̂V

c
ν̂ , ρ̂A

µ̂ν̂ Ó= 2ρ̃A
ab V

a
µ̂V

b
ν̂ . However,

since in the present case the parametrisation of F̂ takes contribution only from the 2-vielbein
sector, we have F̂µ̂ν̂ = 2F̃ab V

a
µ̂V

b
ν̂ .

The symmetries of the action are diffeomorphisms, local Lorentz transformations,
supersymmetry and U(1) gauge transformations, with the corresponding parameters pa,
jab, ÔA and λ, respectively. Taking the above discussion into account, the transformation
laws of the bulk fields read

δV a = D̂pa − jabVb + i ÔAΓaΨA ,

δω̂ab = D̂jab + 2
ü2 p

[aV b] + 2 R̃ab
cdp

cV d + Θab

A|cΨApc + 1
ü
ÔAΓabΨA

−Θab

A|cÔ
AV c + ÔABF̃ abΨAÔB + i ÔAB ∗F̃ abΨAΓ5ÔB ,

δΨA = −1
4 j

abΓabΨA − i
2ü ΓaΨApa + 2 ρ̃A

abp
aV b + i

2 ΓaΨBp
bF̃abÔ

AB

+1
2 Γ5ΓaΨB

∗F̃ab p
bÔAB + λ̂

2ü Ô
ABΨB + D̂ÔA − 1

2ü ÂÔ
ABÔB



42 CHAPTER 2. N = 2 ADS4 SUGRA, HOLOGRAPHY AND WARD IDENTITIES

+ i
2ü ΓaÔ

AV a − i
2 Ô

ABF̃abV
bΓaÔB − 1

2 Ô
AB ∗F̃ab Γ5ΓaÔBV

b ,

δÂ = dλ̂+ 2 ÔAΨBÔAB + 2 F̃abp
aV b . (2.2.14)

The latter generalises to the supersymmetric case the transformation laws (2.1.6).
In this framework, the supersymmetry invariance of the Lagrangian is expressed by

the vanishing of the Lie derivative of the Lagrangian for infinitesimal diffeomorphisms in
the fermionic directions, that is, δÔL = £ÔL = ıÔdL + d(ıÔL) = 0. When the spacetime
geometry has a boundary ∂M, where the superfields do not vanish, then the condition
ıÔL|∂M = 0 is not automatically satisfied and determines the precise expression of the
boundary contributions to the Lagrangian and the conditions13

R̂ab|∂M = 0 , ρ̂A|∂M = 0 , F̂|∂M = 0 , R̂a|∂M = 0 . (2.2.15)

Thus, to preserve supersymmetry, the OSp(2|4) supercurvatures (2.2.9) are constrained
on ∂M to their vacuum values (2.2.15), which are indeed the Maurer-Cartan equations
of a rigid OSp(2|4) background. Note that OSp(2|4) is also the supergroup of global
superconformal transformations on N = 2 three dimensional superspace, so that the above
relations can be understood from the boundary point of view, in light of the AdS/CFT dual-
ity, as the conditions for superconformal invariance of the theory at the asymptotic boundary.

Let us write out the equations of motion of the theory. They can be equivalently derived
from the bulk Lagrangian (2.2.3) or the full one (2.2.10), the two expressions differing by
the Bianchi identities (2.2.12), which are satisfied on-shell.
By using the bulk Lagrangian (2.2.3), one finds

δω̂ab : V cR̂dÔabcd = 0 ⇒ R̂a = 0 ,

δV a : 1
2 V

bR̂cdÔabcd − ΨAΓaΓ5ρ̂A + ∗F̃ab V
bF̂ − 1

12 F̃
ef F̃efV

bV cV dÔabcd = 0 ,

δΨA : 2ΓaV
aΓ5ρ̂A − ÔABΨB∗F̂ + iÔABF̂Γ5ΨB = 0 ,

δÂ : d∗F̂ − 2iÔABΨAΓ5ρ̂B = 0 ,

(2.2.16)

whereas considering the variation of the full Lagrangian (2.2.10), which includes the
boundary contributions, the Euler-Lagrange equations for the vielbein and the gauge field
have the same expressions and those for the spin connection and the gravitino get replaced
by the (equivalent) expressions

δω̂ab : − 1
2 D̂R̂cdÔabcd + i ΨAΓabΓ5ρ̂A = 0 , (2.2.17)

δΨA : ü

4 ΓabΨAR̂
cdÔabcd − 2iüΓ5D̂ρ̂A + iΓ5ÂÔABρ̂

B + ΓaV
aΓ5ρ̂A − ÔABΨB∗F̂ = 0 .

(2.2.18)
13To be more precise, a boundary condition is required to be imposed on the fundamental fields of a

theory in order to have a well-defined variational principle. In fact, part of this Chapter will be devoted to
obtain the fall-off of the fundamental fields of our supergravity theory (see (2.4.27)), which is part of the
just mentioned boundary condition.
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For the rest of this Chapter, we will restrict our analysis to spacetime, which translates
into the projection of the 4-form Lagrangian from superspace to spacetime (defined by the
θα = 0, dθα = 0 hypersurface M4) and the restriction of all the superfields, including the
bosonic vielbein V a and the gravitino ΨαA, to their lowest components

V a(x) = V a
µ̂(x)dxµ̂ , ω̂ab(x) = ω̂ab

µ̂ (x)dxµ̂ , ΨA(x) = ΨA
µ̂ (x)dxµ̂ , Â(x) = Âµ̂(x)dxµ̂ ,

by the restrictions

V a(x) = V a(x, θ)|θ=dθ=0 = V a
µ̂(x, 0)dxµ̂ ,

ω̂ab(x) = ω̂ab(x, θ)|θ=dθ=0 = ω̂ab
µ̂ (x, 0)dxµ̂ ,

ΨA(x) = ΨA(x, θ)|θ=dθ=0 = ΨA
µ̂ (x, 0)dxµ̂ ,

Â(x) = Â(x, θ)|θ=dθ=0 = Âµ̂(x, 0)dxµ̂ .

(2.2.19)

2.3 Near-boundary analysis of the supergravity fields
In the present Section, we are going to apply the holographic techniques, outlined in Section
2.1, to the four dimensional supergravity theory described in Section 2.2.
Given the pure, N = 2 supergravity theory, we can deduce the symmetries of its holograph-
ically dual QFT in a similar fashion as described in Section 2.1 for AdS4 gravity. The laws
(2.2.14) now depend on the local parameters pa, jab, λ̂ and ÔA and we will use this freedom
to fix the Lagrange multipliers and the non dynamic variables, , associated with the radial
components of the fields.

We have to choose a suitable gauge that generalises (2.1.7). The asymptotic behaviour
of the vielbein in the supergravity extension is the same as for the pure gravity case, because
it is determined solely by the metric (2.1.1). Since the gravitini source the torsion field,
we can evaluate the asymptotic behaviour of the spin connection in supergravity from the
vanishing supertorsion condition in (2.2.16), as explicitly worked out in Appendix A.2.
Similarly, the gravitini also act as a source for the electromagnetic field, which determines
the fall-off of the graviphoton connection, discussed in Appendix A.2.

Thus, we are left with the analysis of the asymptotic behaviour of the gravitini. To
this end, it is convenient to express them in terms of chiral components with respect to the
matrix Γ3,

Ψ = Ψ+ + Ψ− ,

where the eigenstates Ψ± of the matrix Γ3 are defined by (A.1.17). The conventions of
gamma matrices are given in Appendix A.1.

The asymptotic behaviour of the gravitini is determined by the supertorsion constraints,
associated with supersymmetry both in four and three dimensional spacetimes. As a
consequence, we are interested in gravitini whose fall-off is Ψµ± = O(z∓1/2) and Ψz± =
O(z±1/2), as introduced in [57]. From a group theoretical point of view, the same result is
obtained from the request of covariance with respect to the OSp(2|4) supergroup, which
in particular implies, as we will discuss in general terms in Section 2.5, a definite scaling
(±1/2) under the subgroup SO(1, 1) ⊂ OSp(2|4). The latter parametrises radial rescalings
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in the bulk and dilations on the boundary. The gravitini expansions are mathematically
written as

ΨAµ± =
3
z

ü

4∓ 1
2
ϕAµ±(x, z) , ΨAz± =

3
z

ü

4± 1
2
ϕA±z(x, z) , (2.3.1)

where the Majorana fermions ϕAµ± and ϕAz± are regular functions at the boundary and
can be expanded, in turn, in power series of z. The second relation in (2.3.1) is consistent
with the condition that singles out the spin 3/2 components in the gravitini,

ΓaΨAµ̂ V
µ̂

a = 0 , (2.3.2)

which, in the FG frame (2.1.1), reads1
ΓiΨAµ

2
±
V µ

i +
1
Γ3ΨAz

2
±
V z

3 = 0 . (2.3.3)

We will not use the above equation in our computations, but let us notice that, if we
relax it, more general asymptotics for the gravitini components ΨAz± can in principle be
considered. An exploration in this direction could be relevant in view of our interest for the
implementation of the unconventional supersymmetry in a holographic SCFT.

Since ΨAµ± and the transformed field ΨAµ± + δÔΨAµ±, given by (2.2.14), have to be of
the same order in z, we obtain that δÔΨAµ± ∼ D̂µÔA± ∼ ÔA± are of the same order, namely

ÔA± =
3
z

ü

4∓ 1
2
HA±(x, z) , (2.3.4)

where the Majorana spinor HA±(x, z) is regular on the boundary14.
Regarding the bosonic fields, ω̂ij and Â have no scaling with respect to SO(1, 1) ⊂

OSp(2|4), while V i, ω̂i3 have not a definite one. To make this scaling dependence manifest
in the supersymmetric theory, it is convenient to define bosonic quantities with definite
SO(1, 1) scaling near the boundary:

V i
±µ̂ = 1

2
1
üω̂i3

µ̂ ± V i
µ̂

2
, (2.3.5)

where V i
+ and V i

− have, respectively, scaling +1 and −1. Their asymptotic behaviour is

V i
±µ =

3
z

ü

4∓1
Ei

±µ(x, z) , (2.3.6)

and the regular functions Ei
± have the following power expansion in z,

Ei
+µ = Ei

µ + z2

ü2
Si

µ − S̃i
µ

2 + z3

ü3
τ i

µ − 2τ̃ i
µ

2 + O(z4) ,

14In order for the boundary theory to be supersymmetry invariant, we notice that, from (2.2.14), the
supersymmetry parameters must be asymptotically proportional to Killing spinors of the asymptotic
background. H+A will be Killing spinors of the chosen background, while H−A will be superconformal
Killing spinors.
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Ei
−µ = −ü2

2 S i
µ − z

ü

τ i
µ + 2τ̃ i

µ

2 + O(z2) . (2.3.7)

Unless stated differently, all the regular functions on the boundary appearing in this
Chapter, f = {wi, wij, ϕAµ±, ϕAz±, HA±, . . .}, are generically expanded in a power series
as

f(x, z) =
∞Ø

n=0

3
z

ü

4n

f(n)(x) = f(0)(x) + z

ü
f(1)(x) + z2

ü2 f(2)(x) + · · · . (2.3.8)

By using these conventions, the asymptotic expansion of the spin connection is computed
in Appendix A.2. It is found, for instance see (A.2.7), that a suitable gauge fixing which
includes gravitini has ω̂ab

z Ó= 0, but it is still subleading on the boundary. We choose arbitrary
functions ω̂i3

z = wi(x, z) and ω̂ij
z = z

ü
wij(x, z) in such a way that they are consistent with the

vanishing supertorsion condition, but we will treat them off-shell as independent variables
in first order formulation of supergravity.

In order to ensure that the gauge fixing of Âz is consistent with the supergravity
dynamics imposed later, it has to satisfy the radial component of the graviphoton equation
in (2.2.16), which is analysed in Appendix A.2. It turns out that having two independent
components ΨAz± is not restrictive enough in the context of holography, since it would
not allow the components of the gravitini on ∂M, ϕA

±µ, to be the only source of the bulk
electromagnetic field, F = dA on ∂M, as happens in Einstein-Maxwell gravity,

F̂µν = 0 ⇒ Fµν = 4ÔAB ϕ
A
+[µϕ

B
−ν] , (2.3.9)

which has a U(1) gauge parameter not diverging on ∂M, namely λ̂ = O(z0). Then, as
explained in Appendix A.2, the leading order of the component Âz, denoted by ü

z
A(−1)z, is

related to the leading order of the component Ψ−Az, namely ϕ−Az(0). The general solution,
given by (A.2.49), requires that either both functions vanish or A(−1)z to be constant and
ϕ(0)−Az determined in terms of it.

If we are interested in a theory consistent with supersymmetry on the boundary, we
have two options. The first one is to impose the stronger condition

ΨAz− = 0 , (2.3.10)

whereas the second chance is to change the asymptotic structure of the U(1) sector, allowing
for a divergent leading contribution in Âz.

To sum up, the results of Appendix A.2 show that the holographic gauge fixing
conditions on the local parameters pa, jab, λ, ÔA in AdS space have the form

V 3
z = ü

z
, ω̂i3

z = wi(x, z) , Ψ±Az =
3
z

ü

4± 1
2
ϕ±Az(x, z) ,

V i
z = 0 , ω̂ij

z = z

ü
wij(x, z) , Âz = ü

z
A(−1)z(x) + z

ü
A(1)z(x) + O(z3) ,

(2.3.11)

where we can distinguish three particular cases

Ψz± Ó= 0 ⇒ Âz = O(1/z) , wi = O(1) , wij = O(1) ,

Ψz− = 0 ⇒ Âz = O(z) , wi = O(z2) , wij = O(1) ,

Ψz± = 0 ⇒ Âz = O(z) , wi = 0 , wij = O(1) .

(2.3.12)
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We can expand the gauge fixing functions in powers of z, since they depend on the radial
and boundary coordinates. For the spinors we use the notation

ΨA
+z =

ò
z

ü
ϕA

+z(x, z) =
ò
z

ü

CA
ψA

+z

0

B
+ z

ü

A
ζA

+z

0

B
+ O(z2)

D
,

ΨA
−z =

ó
ü

z
ϕA

−z(x, z) =
ó
ü

z

CA
0
ψA

−z

B
+ z

ü

A
0
ζA

−z

B
+ O(z2)

D
. (2.3.13)

It is important to emphasise that we assume the gauge fixing functions ΨA
z (x) and Âz(x) not

to transform under local transformations. This is equivalent to say that their transformation
laws can always be reabsorbed in higher order terms of the asymptotic transformations.
In contrast, the quantities wi(x) and wij(x), introduced in (2.3.11), do transform, because
on-shell they have to allow for the vanishing supertorsion condition. However, in first order
formalism, they enter off-shell at the same footing as other gauge fixing functions, with
the only difference that we do not require them to be invariant under residual transforma-
tions. Indeed, by using the explicit expressions in (A.2.6) and (A.2.7), it is straightforward,
by varying the supertorsion, to check that δwi, δwij Ó= 0, but it is always possible to
set wi = wij = 0 consistently (namely with δwi = δwij = 0). Moreover, let us notice
that when wi Ó= 0, δwi Ó= 0 as well, and the same is true for wij. Nonetheless, δwi and
δwij always appear at higher order and they do not influence the near-boundary expressions.

The conditions (2.3.11) produce the following generic asymptotic behaviour of the
boundary fields,

V i
µ = ü

z
Ei

µ + z

ü
Si

µ + z2

ü2 τ
i
µ + O(z3) ,

ω̂i3
µ = 1

z
Ei

µ − z

ü2 S̃
i
µ − 2z2

ü3 τ̃ i
µ + O(z3) ,

ω̂ij
µ = ωij

µ (x, z) = ωij
µ + z

ü
ωij

(1)µ + z2

ü2 ω
ij
(2)µ + O(z3) ,

Âµ = Aµ(x, z) = Aµ + z

ü
A(1)µ + z2

ü2 A(2)µ + O(z3) , (2.3.14)

ΨA
µ+ =

ó
ü

z
ϕA

µ+(x, z) =
ó
ü

z

CA
ψA

µ+
0

B
+ z

ü

A
ζA

µ+
0

B
+ z2

ü2

A
ΠA

µ+
0

B
+ O(z3)

D
,

ΨA
µ− =

ò
z

ü
ϕA

µ−(x, z) =
ò
z

ü

CA
0
ψA

µ−

B
+ z

ü

A
0
ζA

µ−

B
+ O(z2)

D
,

where all functions defined on ∂M are finite at z = 0. The spinors acquire a half-
integer power expansion in z because their bilinears, which arise from the supersymmetry
transformation of the bosons, have integer power expansion in z. We also allow for linear
terms in z, absent in pure AdS gravity, since, in principle, they could be switched on by
supersymmetry.

Even though the supertorsion is zero, the torsion T̂ a does not vanish, so that ω̂ab
µ cannot

be entirely determined by the bosonic vielbein. In particular, the leading order relation
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ω̂i3
µ ∼ 1

ü
V i

µ (see Appendix A.2) is inherited from the Riemannian geometry (kµν ∼ 1
ü
ĝµν).

For the supersymmetric case, the subleading terms in the expansion, S̃i
µ and τ̃ i

µ, are
different from the Riemannian counterparts Si

µ and τ i
µ, and the boundary Schouten tensor

is now defined as
S i

µ = 1
ü2 (Si

µ + S̃i
µ) , (2.3.15)

which is the gauge field associated with special conformal transformations, as we will
identify below. Similarly, we will later see that −(τ i

µ + 2τ̃ i
µ)/ü becomes the holographic

stress tensor, up to fermionic terms. Thus, let us notice that there is an obstruction in the
symmetrisation of S i

µ and the holographic stress tensor, because the terms S̃i
µ and τ̃ i

µ are
not a priori symmetric in the presence of the gravitini.

The Schouten tensor in d = 3 and its superconformal extension
We have already seen in the previous Sections that the Schouten tensor plays an important
role in pure AdS gravity, as it describes the first near-boundary correction of the metric,
given by (2.1.3). From the CFT side, it arises as a component of the superconformal
connection, as shown at the beginning of Section 2.5. In this paragraph, we will focus on
its geometric properties, derived in the context of conformal gravity (for a review, see [76]).

Let us consider a d dimensional manifold characterised by a metric gµν and a torsionful
affine connection Γλ

µν = Γ̊λ
µν −Kλ

µν , where Γ̊λ
µν is the Levi-Civita connection and Kλ

µν =
gρλ (Tρµν + Tρνµ − Tµνρ) is the contorsion tensor, Tµν

λ ≡ Γλ
[µν] being the torsion tensor.

The Schouten tensor obtained from the conformal constraint equation on the conformal
curvature components is defined by [76]

Sµν = Rµν − 1
2(d− 1) gµν R , (2.3.16)

where Rµν and R are, respectively, the Ricci curvature tensor and the Ricci scalar con-
structed from the torsionful affine connection Γλ

µν . This formula coincides with (2.1.3)
in pure AdS gravity: in the latter case the Ricci tensor is symmetric, which implies that
so is Sµν . In presence of torsion, however, the Schouten tensor has both symmetric and
antisymmetric parts,

S(µν) = R(µν) − 1
2(d− 1) gµνR ,

S[µν] = R[µν] . (2.3.17)

In particular, in d = 3, we can explicitly evaluate its symmetric and antisymmetric parts as

S(µν) = R̊µν − 1
4 gµνR̊ − 1

2 gµνTλT
λ + TµTν + T̃λρν

1
T̃ λρ

µ − T̃ λρ
µ

2
− T̃λρµT̃

λρ
ν

−1
2 gµνT̃λρσ

31
2 T̃

λρσ + T̃ λσρ
4

− ∇(µTν) + 2 ∇λT̃
λ

(µ ν) ,

S[µν] = T λ
1
T̃µλν + T̃µνλ − T̃νλµ

2
+ 2T̃λρ[νT̃

λρ
µ] + ∇λT̃

λ
µν + ∇[µTν] , (2.3.18)
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where we have also exploited the trace decomposition of the torsion tensor Tλµ
ν = δ[µ

νTλ] +
T̃ ν

λµ , with Tλ and T̃ ν
λµ its trace and traceless parts, respectively. Here, ∇ = ∇(̊Γ) denotes

the derivative with respect to the Levi-Civita affine connection and R̊µν and R̊ are the
Ricci tensor and curvature scalar of the Levi-Civita connection, respectively.

When the torsion is non vanishing, such as in presence of fermions, in general we have
S[µν] Ó= 0 and the symmetric part S(µν) acquires the torsionful term.15 Thus, in the context
of supergravity, we expect the “super-Schouten tensor” (2.3.15) to be not symmetric and a
superconformal extension of the expression (2.3.17).

The equations written above are general and valid for any Riemann-Cartan manifold. In
our specific case, we have the following quantities that arise from the asymptotic expansion,

Sµν = EiµS
i
ν , τµν = Eiµτ

i
ν ,

S̃µν = EiµS̃
i
ν , τ̃µν = Eiµτ̃

i
ν , (2.3.19)

Sµν = EiµS i
ν .

It can be shown from (A.2.6) that, when ϕA
−z = 0, the tensors S̃µν and τ̃µν acquire the form

S̃µν = Sνµ − ü ϕ(0)A+[µϕ
A
(0)−ν] + iü ϕ(0)A+(νΓµ)ϕ

A
(0)+z ,

τ̃µν = τµν + 3τνµ

4 + ü

2
1
−ϕA+[µϕ

A
−ν] + iϕA

+(µΓν)ϕA+z

2
(1)

, (2.3.20)

where the last line is relevant for the holographic stress tensor, whose direct relation to
τµν + 2τ̃µν will be shown in Section 2.5.

It means that, even if we symmetrise Sµν and τµν by suitable gauge fixing of the residual
Lorentz transformations, the fermions ψA±µ become obstructions to make the tensors S̃µν

and τ̃µν symmetric for arbitrary ψA+z, because of their antisymmetric parts

S̃[µν] = S[νµ] − ü ϕ(0)A+[µϕ
A
(0)−ν] ,

τ̃[µν] = 1
2 τ[νµ] − ü

2
1
ϕ(0)A+[µϕ

A
(1)−ν] + ϕ(1)A+[µϕ

A
(0)−ν]

2
. (2.3.21)

Focusing on the Schouten tensor (2.3.15), we find, for its generalisation to the super-
conformal case, the expression we will refer to as “super-Schouten” in the following,

Sµν = 2
ü2 S(µν) − 1

ü
ϕ(0)A+[µϕ

A
(0)−ν] + i

ü
ϕ(0)A+(νΓµ)ϕ

A
(0)+z , (2.3.22)

which in turn implies

S(µν) = 2
ü2 S(µν) + i

ü
ϕ(0)A+(µΓν)ϕ

A
(0)+z ,

S[µν] = −1
ü
ϕ(0)A+[µϕ

A
(0)−ν] . (2.3.23)

This result matches (2.3.18) and shows that the symmetric part of the super-Schouten
tensor includes not only the metric term, S(µν), but also the fermionic bilinears. Moreover,

15The antisymmetric contribution is still vanishing in the special case when the torsion contains only one
component, the trace Tλ, which should be also covariantly constant.
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the antisymmetric part does not vanish for arbitrary fermions ψ±µ. Therefore, we are not
able to symmetrise the super-Schouten tensor, as this procedure would lead to conditions
on the leading terms of the boundary gravitini, which have to stay unconstrained.

Similarly, the term relevant for the holographic stress tensor,

τµν + 2τ̃µν = 3τ(µν) + ü
1
−ϕ(0)A+[µϕ

A
(1)−ν] − ϕ(1)A+[µϕ

A
(0)−ν]

+ iϕA
(0)+(µE

i
ν)Γiϕ(1)A+z + iϕA

(0)+(µE
i
ν)Γiϕ(1)A+z

2
, (2.3.24)

is not symmetric in general, the antisymmetric part being

τ[µν] + 2τ̃[µν] = −ü
1
ϕ(0)A+[µϕ

A
(1)−ν] + ϕ(1)A+[µϕ

A
(0)−ν]

2
. (2.3.25)

We will further discuss about symmetry of the holographic stress tensor in Section 2.5.

2.4 Field transformations and asymptotic symmetries
So far, we have chosen the Lagrange multipliers and other non dynamic variables (2.3.11),
which generate the asymptotic expansion of the fields (2.3.14). Hereafter, we will focus
on the case ΨAz− = 0. A stronger condition ΨAz± = 0, referred to as “FG gauge”, was
considered in [26] in the context of N = 1 AdS4 supergravity. However, an advantage of
the choice ΨAz+ Ó= 0 is to provide more freedom that could be used, in principle, to simplify
complicated fermionic expressions. We will see, though, that the presence of this particular
field will not modify the asymptotic behaviours in the theory.

Boundary conditions on the curvatures
The OSp(2|4) supercurvatures vanish at the boundary in asymptotically AdS spacetimes,
as expressed by the conditions (2.2.15). In particular, the supertorsion vanishes exactly and
its consequences are discussed in Appendix A.2. The other supercurvature conditions at
the boundary, whose expressions have been rewritten in (2.5.3), boil down to the following
constraints on ∂M,

DEi − i
2 ψ

A
+ ∧ γiψA+ = 0 ,

Rij − 2E[i ∧ Sj] − 1
ü
ψA

+ ∧ γijψA− = 0 ,

∇ψA
+ + i

ü
Ei ∧ γiψ

A
− = 0 , (2.4.1)

where Rij is the Riemann curvature tensor 2-form at the boundary and S i is the boundary
super-Schouten 1-form defined in (2.3.15).

The first equation ensures the vanishing boundary supertorsion, by fixing the boundary
torsion T i = DEi in terms of the gravitini. The second equation involves the boundary
Weyl tensor W ij = Rij − 2E[i ∧ Sj] and it can be interpreted as the requirement for the
super Weyl tensor to vanish on the boundary.
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The three equations can be explicitly solved in terms of the boundary fields ωij, S i

and ψA
−. Since the spin connection has been solved in Appendix A.2, we focus on the other

two composite fields here. From the third relation of (2.4.1), we get the conformino

ψ−A µ = − ü

2e3
Ôλνργλγµ∇νψ+A ρ , (2.4.2)

whereas we solve for the super-Schouten tensor the second equation

Sµν = Rµν − 1
4 gµνR − 1

ü

3
ψ+A ργ

ρ
µψ−A ν − ψ+A νγ

ρ
µψ−A ρ − 1

2 gµνψ+A ργ
ρλψ−A λ

4
. (2.4.3)

This result implies that the super-Schouten tensor S i
µ and its superpartner, the conformino

ψ−A µ, are not independent sources on ∂M, since they can be expressed in terms of the
supervielbein (Ei

µ, ψ+A µ) and their curvatures.

In the end, let us comment on the Schouten tensor. At first sight, it could look like we
are dealing with several different expressions for the Schouten tensor. Its definition (2.3.15)
has a geometric origin, as explained in Section 2.5, and it is a component of the d = 3
superconformal field associated with the conformal boosts. From the point of view of the
D = 4 bulk fields, the Schouten tensor comes from the combination of the vielbein and the
spin connection in the negative grading quantity with respect to O(1, 1) ⊂ SO(2, 4). The
vanishing supertorsion condition leads to the R-independent kinematic relation between the
super-Schouten tensor (2.3.22) and S(µν) in the superconformal case. On the contrary, the
asymptotically AdS condition and the vanishing supercurvatures on the boundary (2.4.1)
lead to the R-dependent Schouten tensor (2.4.3). Matching the two formulas allows to
express S(µν) in terms of the boundary curvature Rµν plus fermion bilinears, that has to be
fulfilled on-shell. In pure AdS gravity, for instance, it comes down to the known relation
Sµν = 2

ü2 Sµν = Rµν − 1
4 gµνR, obtained by solving the Einstein equations near the boundary.

Thus, these two equations have different origin, but they have to be consistent on-shell.
On the other hand, the definition of the Schouten tensor (2.3.16) is that usually found in the
literature [76], obtained from the conformal constraint equation. The superconformal version
of this constraint leads to the super-Schouten tensor (2.4.3) together with its superpartner
(2.4.2).

Rheonomic parametrisations
The transformation laws (2.2.14) depend explicitly on the contractions of the supercurvatures.
A proper way to account for all contributions requires to know the near-boundary behaviour
of the rheonomic parametrisations appearing in (2.2.14).
The simplest method to proceed is to project the expressions (2.2.13) for the rheonomic para-
metrisation of the supercurvatures on the spacetime manifold and identify their asymptotic
behaviour with the one of the spacetime projections of the supercurvatures (2.2.8). One
can start from the U(1) field strength, whose parametrisation in (2.2.13) takes value on
the 2-vielbein component only in the case at hand. One then proceeds to find ρ̃A

ab from the
curvature of the gravitino, which can be further used to compute Θab

A|c and R̃ab
cd in the last
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expression of (2.2.13).
By following this procedure, we determine the asymptotic behaviour of all the supercovariant
field strengths, whose derivation is fully carried out in Appendix A.3. The asymptotic
expansion of F̃ab and ρ̃A

ab leads to

F̃ij = O(z3) , F̃i3 = − 1
2ü

3
z

ü

42
A(1)µE

µ
i + O(z3) ,

ρ̃A
ij+ = O(z5/2) , ρ̃A

i3+ = − 1
2ü

3
z

ü

4 3
2
Eµ

i ζ
A
µ+ + O(z5/2) ,

ρ̃A
ij− = O(z5/2) , ρ̃A

i3− = O(z5/2) . (2.4.4)

In order to find a radial power expansion of R̃ab
cd, one needs the Θab

A|c coefficients, which
are found by inserting (2.4.4) into the definition (A.3.5), as shown in Appendix A.3. After
lengthy but straightforward calculation, one obtains

R̃i3
jk = i

2ü

3
z

ü

42
Eµ

[jE
ν
k]ψ

A

µ+

3
γiζAν+ + γlζAρ+ElνE

iρ
4

+ O(z3) ,

R̃ij
k3 = − 1

2ü

3
z

ü

42
Eµ

k

3
ωij

(1)µ − iψA

µ+γ
[iEj]νζAν+

4
+ O(z3) ,

R̃i3
j3 = O(z3) , R̃ij

kl = O(z3) . (2.4.5)

It is worthwhile noticing that all expansions (2.4.4) and (2.4.5) are subleading in z and,
when they are slower than O(z5/2), this is due to the presence of ωij

(1)µ and ζA
µ+. We will

show below that the higher order residual symmetries can be used to cancel out such linear
terms, similarly as in pure AdS gravity.

Residual symmetries
We look for the residual symmetries of the form (2.2.14) that leave the gauge fixing unaltered
on the boundary,

δV a
z = 0 , δω̂ij

z = O(z) , δω̂i3
z = O(z2) , δÂz = 0 , δΨ±Az = 0 . (2.4.6)

The non dynamic fields in (2.3.11) are functions of the boundary coordinates through wi,
wij, ϕ+Az and Âz. In (2.4.6), we assume that Âz(x) and Ψ±Az(x) do not change under
general coordinate transformations, even though they depend on xµ. We will show that
this assumption will not break the boundary symmetries, but only modify subleading
parameters. On the other hand, the functions wi(x) and wij(x) change under the coordinate
transformations because, on-shell, they have to satisfy the supertorsion constraint. In fact,
it would have been more natural to allow all xµ-dependent quantities to transform non
trivially under boundary coordinate transformations, but we do not account it for simplicity.
On the contrary, allowing Ψ+Az to transform as a dynamical field might be related to
the implementation of unconventional supersymmetry (discussed in Section 1.3) on the
boundary, where a spinor χ(xµ) arises from the gauge fixing of the gravitini [55]. We do
not investigate further on this point and we leave it for possible future developments.
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The symmetry parameters can be expanded as in (2.3.8), where we keep the same
notation for the leading orders of the bosonic parameters as in (2.1.46),

pi = ü

z
ξi + z

ü
pi

(1) + z2

ü2 p
i
(2) + O(z3),

p3 = −üσ + z

ü
p3

(1) + z2

ü2 p
3
(2) + z3

ü3 p
3
(3) + O(z4),

jij = θij + z

ü
jij

(1) + z2

ü2 j
ij
(2) + z3

ü3 j
ij
(3) + O(z4) ,

ji3 = 1
z
ξi + z

ü
ji3

(1) + z2

ü2 j
i3
(2) + O(z3) ,

λ̂ = λ+ z

ü
λ(1) + O(z2) ,

ÔA
+ =

ó
ü

z
H+(x, z) =

ó
ü

z

A
ηA

+
0

B
+
ò
z

ü

A
ηA

(1)+
0

B
+ O(z3/2) ,

ÔA
− =

ò
z

ü
H−(x, z) =

ò
z

ü

A
0
ηA

−

B
+
3
z

ü

4 3
2
A

0
ηA

(1)−

B
+ O(z5/2) . (2.4.7)

Before we get started, the first subleading Lorentz parameter can be consistently set to
zero in the above expansion,

jij
(1) = 0 . (2.4.8)

As a first step to find the asymptotic symmetries, we will analyse the linear terms in
the transformation laws. The equation δω̂ij

z = 0 from (2.4.6) leads to the simple differential
expression

∂zj
ij − 1

ü
ξµωij

(1)µ − i
ü
ξµψ

A

µ+E
ν[iγj]ζAν+ + i

ü
ηA

+E
ν[iγj]ζAν+ + O(z) = 0 , (2.4.9)

which, taken at the leading order, amounts to solving the algebraic equation

ξµωij
(1)µ = i

1
ηA

+ − ξµψ
A

µ+

2
Eν[iγj]ζAν+ . (2.4.10)

Since ξi and ηA
+ should stay arbitrary and we know that ωij

µ is a composite field (explicitly
computed in Appendix A.2) which has not the linear term, ωij

(1)µ = 0, we can choose a
vanishing configuration for ζAµ+:

ωij
(1)µ = 0 , ζAµ+ = 0 . (2.4.11)

This choice has also been made for the N = 1 supergravity in [26]. In our case, when
N = 2, it becomes the unique solution both when Ψ−z = 0 and Ψ−z Ó= 0 (for more detailed
discussion, see (A.2.44) in Appendix A.2). It is crucial that the value of these fields does
not change after a generic local transformation, namely δωij

(1)µ = δζAµ+ = 0, and we discuss
about it in the next paragraph.

Another constraint on the parameters arises from the fact that the FG coordinate
frame (2.1.1) does not admit the finite terms in the expansions of V i

µ and ω̂i3
µ . Local

invariance preserves this frame only if

0 = δV i
(0)µ = −1

ü
Ei

µ p
3
(1) ⇒ p3

(1) = 0 . (2.4.12)
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Then, using the expansion of the rheonomic parametrisations given in Appendix A.3, we
find that δω̂i3

(0)µ = − 1
ü2 E

i
µ p

3
(1) = 0 is satisfied as well.

On the other hand, the invariance of ΨA
±z under (2.4.6) yields at the leading order

0 = δΨA
+z

order
√

ü
z=⇒ 0 = 1

ü

1
ηA

(1)+ − ξµζA
µ+

2
, (2.4.13)

0 = δΨA
−z

order
√

z
ü=⇒ 0 = 1

ü

1
ηA

(1)−−ξµζA
µ−

2
+ i

4üÔ
ABA(1)µγ

µ (ηB+ − ξνψBν+) ,

which can be solved, by exploiting (2.4.11), as

ηA
(1)+ = 0 , ηA

(1)− = ξµζA
µ−− i

4 Ô
ABA(1)µγ

µ (ηB+ − ξνψBν+) . (2.4.14)

Furthermore, the transformation law of the radial component of the graviphoton implies

0 = δÂz = 1
ü
λ(1) − 1

ü
A(1)µE

µ
iξ

i + O(z) ⇒ λ(1) = A(1)µξ
µ . (2.4.15)

Eventually, let us require δω̂i3
z = 0 and δV i

z = 0 in (2.4.6). At finite order, they have
the form

0 = δV i
(0)z = ü δω̂i3

(0)z = ji3
(1) + 1

ü
pi

(1) + wij
(0) ξj + i η̄+Aγ

i ψA
+z . (2.4.16)

There are two unknown parameters, pi
(1) and ji3

(1), and only one equation, that leads to an
arbitrary vector Ki(x) in the solution, associated with the special conformal transformations
on ∂M, as we will prove later. The solution for the first order parameters is

pi
(1) = ümi + ü2

2 Ki ≡ bi, (2.4.17)

üji3
(1) = ümi − ü2

2 Ki ≡ −b̃i ,

where mi(x) is a function that depends on the gauge fixing,

mi(x) = −1
2
1
wij

(0)ξj + i ηA
+γ

iψAz+
2
. (2.4.18)

At the linear order in z, we get

0 = δV i
(1)z = ji3

(2) + 2
ü
pi

(2) + ni ,

0 = ü δω̂i3
(1)z = 2ji3

(2) + 1
ü
pi

(2) + si , (2.4.19)

where we denoted

ni(x) = wij
(1)ξj + i η̄+Aγ

i ζA
+z ,

si(x) = −1
ü
ξµ(τ − 4τ̃)i

µ + i η̄+Aγ
i ζA

+z − ξµEνiψ̄+Aµζ
A
−ν − i ξµψ̄+Aµγ

iζA
+z
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− i
4ξ

µEνiÔABψ
A

µ+γ
ρψB

ν+A(1)ρ + EµiηA
+

3 i
4ÔABγ

ρψB
+µA(1)ρ + ζA−µ

4
.(2.4.20)

The function wij
(1) can be determined from the vanishing supertorsion equation (see (A.2.14)

in Appendix A.2),
wij

(1) = − 2
ü

(τ − τ̃)ij − iEµjψ+Aµγ
i ζA

+z . (2.4.21)

The solution for the second order parameters pi
(2) and ji3

(2) is unique,

pi
(2) = ü

3
1
si − 2ni

2
,

üji3
(2) = ü

3
1
ni − 2si

2
. (2.4.22)

In the following computations, we will need only the combination of the parameters

üji3
(2) − pi

(2) = ü
1
ni − si

2
= −ξµ(τ + 2τ̃)i

µ + üξµEνiψ̄+Aµζ
A
−ν (2.4.23)

+iü
4 ξ

µEνiÔABψ
A

µ+γ
ρψB

ν+A(1)ρ − üEµiηA
+

3 i
4 ÔABγ

νψB
+µA(1)ν + ζA−µ

4
.

After all the above considerations and writing only the relevant terms, the residual
local parameters can be written as

p3 = −üσ + O(z2) ,

pi = ü

z
ξi + z

ü
bi + z2

ü2 p
i
(2) + O(z3) ,

ji3 = 1
z
ξi − z

ü2 b̃
i + z2

ü2 j
i3
(2) + O(z3) ,

jij = θij + O(z2) , (2.4.24)

λ̂ = λ+ z

ü
A(1)µξ

µ + O(z2) ,

ÔA
+ =

ó
ü

z

A
ηA

+
0

B
+ O(z1/2) ,

ÔA
− =

ò
z

ü

A
0
ηA

−

B
+ O(z3/2) .

The parameters pi
(2) and ji3

(2) will play a role in cancellation of terms in the next step, but
will not influence the transformation law of the holographic fields. We also expect that the
conservation laws do not depend on mi, since it is a gauge fixing function.
Let us notice that in absence of the gravitini one has bi = b̃i = ü2

2 K
i, wij = 0, namely the

result coincides with the pure AdS case (2.1.46).
Therefore, the independent residual parameters in the N = 2 AdS4 supergravity are

σ(x), ξi(x), θij(x) , λ(x) , ηA
±(x) ,

associated, respectively, with the dilations, diffeomorphisms, Lorentz, Abelian, and super-
symmetry transformations in the holographically dual theory.
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The parameters bi and b̃i have not been taken into account because bi − b̃i = 2ümi is
non physical, while bi + b̃i = ü2Ki is not an independent quantity, due to the condition
(2.1.8). The invariance of the latter implies

0 = δV 3
µ = −ü∂µσ − üEi

µKi + üξiS i
µ + ηA+ψ−Aµ − ηA−ψ+Aµ + O(z) . (2.4.25)

The finite part of the above equation can be solved in terms of Ki = (bi + b̃i)/ü2 as

Ki = 1
ü
Eµi

1
−ü∂µσ + üξj Sj

µ + ηA+ψ
A
−µ − ηA−ψ

A
+µ

2
, (2.4.26)

confirming that it is not an independent local parameter. This analysis completes the
establishment of the radial expansion for the asymptotic parameters up to the relevant
order.

Transformation law of the holographic fields
It remains to determine the transformation law of the boundary fields. This is fundamental
for their identification with the sources in the boundary CFT.

The bulk fields (2.3.14) can be cast in the form

V i
µ = ü

z
Ei

µ + z

ü
Si

µ + z2

ü2 τ
i
µ + O(z3) ,

ω̂i3
µ = 1

z
Ei

µ − z

ü2 S̃
i
µ − 2z2

ü3 τ̃ i
µ + O(z3) ,

ω̂ij
µ = ωij

µ + z2

ü2 ω
ij
(2)µ + O(z3) ,

Âµ = Aµ + z

ü
A(1)µ + z2

ü2 A(2)µ + O(z3) , (2.4.27)

ΨA
µ+ =

ó
ü

z

CA
ψA

µ+
0

B
+ z2

ü2

A
ΠA

µ+
0

B
+ O(z3)

D
,

ΨA
µ− =

ò
z

ü

CA
0
ψA

µ−

B
+ z

ü

A
0
ζA

µ−

B
+ O(z2)

D
.

Directly from (2.2.14), by writing the boundary 1-forms in the basis (2.4.27) on ∂M, we
find for the transformation law of the bosonic fields

δEi = Dξi + σEi − θijEj + i ηA
+γ

iψ+A ,

δωij = Dθij + 2ξ[iSj] + 2K [iEj] + 1
ü
ηA

+γ
ijψ−A + 1

ü
ηA

−γ
ijψ+A ,

δA = dλ+ 2ÔAB η
A
+ψ

B
− + 2ÔAB η

A
−ψ

B
+ , (2.4.28)

and for the gravitino

δψ+A = DηA+ + i
ü
EiγiηA− − i

ü
ξiγiψ−A + 1

2 σψ+A
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−1
4 θ

ijγijϕA+ + 1
2ü λÔAB ψ

B
+ − 1

2ü A ÔABη
B
+ . (2.4.29)

The super-Schouten tensor and its superpartner, the conformino, are composite fields that
appear at the subleading order in (2.2.14) and transform as

δS i = DKi − σS i − θijSj + 2i
ü2 η

A
−Γiψ−A + E i ,

δψ−A = DηA− + iü
2 S iγiηA+ − iü

2 K
iγiψ+A − 1

2 σψ−A

−1
4 θ

ijγijϕ−A + 1
2ü λÔABψ

B
− − 1

2ü AÔABη
B
− + ΣA . (2.4.30)

The equations (2.4.28)–(2.4.30), together with the transformation law of B ≡ V 3
µdxµ, given

by (2.4.25), define the full set of N = 2 superconformal transformations of the boundary
1-forms Ei, B, S i, ωij, A, ψ±A.

Here, similarly to the Cotton tensor, which arises in the transformation law of the
pure AdS gravity from the Lie derivative, as discussed at the end of Section 2.1, the tensor
E i = E i

µ dxµ 16 and the spinor ΣA = ΣA
µ dxµ appear at order z and z1/2 respectively,

E i
µ = 2

ü
R̃i3

(3)jkξ
kEj

µ + 1
ü

Θi3
(5/2)−A|j

1
ηA

+E
j
µ − ψA

+µξ
j
2
,

ΣA
µ = 2Eν

[iE
λ
j]

A
∇νψ

A
λ− + iü

2 Sk
νγkψ

A
λ+

B
ξiEj

µ . (2.4.31)

In order to explicitly relate them to the Cotton tensor, we recall that in pure gravity,
from a geometrical point of view, the linear term of R̂i3

µν is related to the Cotton tensor
through (2.1.26). Thus, the N = 2 supersymmetric extension of the Cotton tensor (Ci

µν)
and its superpartner, the Cottino (ΩA

µν), are the first subleading terms in the corresponding
supercurvature expansions, defined by

R̂i3
µν = −z Ci

µν + O(z2) ,

ρ̂A
−µν =

ò
z

ü

A
0

ΩA
µν

B
+ O(z3/2) , (2.4.32)

giving rise, by means of (2.2.9), to the expressions

Ci
µν = 2D[µS i

ν] − 2i
ü2 ψ

A

−[µγ
iψ−A|ν] , (2.4.33)

ΩA
µν = 2∇[µψ

A
−ν] − iü γiψ

A
+[µS i

ν] . (2.4.34)

An easy way to connect the above quantities to the transformation law of the super-Schouten
tensor and the conformino is by using the rheonomic parametrisations of the supercurvatures
R̂i3

µν and ρ̂A
−µ ν , given by the last two equations in (2.2.13). Taking all the terms into account,

the super-Cotton tensor and the Cottino are expressed as

−ü Ci
µν = R̂i3

(1)µν = 2R̃i3
(3)jkE

j
µE

k
ν − 2ψ+A[µE

j
ν]Θ

i3
(5/2)−A|j , (2.4.35)

16In our conventions, the z-expansion coefficients of the 4-spinor-tensor Θab|c
A are expressed in terms of

bispinor-tensors Θab|c
(n)±A. Similarly, the 4-spinors ρ̃ab

A have bispinor coefficients ρ̃ab
(n)±A.
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ΩA
µν = ρ̂A

(1/2)−µ ν = 2ρ̃A
(5/2)−ijE

i
µE

j
ν = 4Θi3

(5/2)−A|jEi[µE
j
ν] .

The last step makes use of the explicit expressions in Appendix A.3 to decompose the spinor-
tensor coefficient Θi3|j

(5/2)−A into its symmetric part, −2iγ(iρ̃
j)3
(5/2)A+ and the antisymmetric part

1
2 ΩAij. As a result, the additional terms in the transformation law (2.4.30) are recognised
to be the contractions of the super-Cotton tensor and Cottino with respect to the boundary
superdiffeomorphism parameters ξi and ηA

+,

ΣA = iξΩA ,

E i = iξCi + 1
ü

1
ηA

+ − ψ+Aνξ
ν
2

Θi3
(5/2)−A|j E

j . (2.4.36)

Finally, we obtain an expected result for δS i and δψ−A. The contribution of the symmetric
part of the spinor-tensor Θi3|j

(5/2)−A is non physical, as it depends on the gauge fixing functions
ψ+zA and A(1)z. We can, in principle, further gauge fix the higher order parameters such
that ρ̃i3

(5/2)A+ vanishes as a consequence of ρ̂A
(1/2)µz+ = 0. However, the result does not have

observable consequences near the boundary, thus we will not proceed in this direction.
Let us notice that not all the contractions of the OSp(2|4) supercurvatures appear

in the transformation laws (2.4.28)–(2.4.30), but only the ones that have origin in the
negative grading supercurvatures. This is due to the fact that, after imposing (2.2.15), all
the OSp(2|4) supercurvatures vanish on ∂M, except two, R̂i3

µν and ρ̂A
−µ ν . Indeed, (2.2.15)

leads to the weaker condition on these supercurvatures,

Ôijk Ci
[µνE

k
ρ] + 2ψ+A[µγjΩAνρ] = 0 , (2.4.37)

which implies in particular γ[µΩA
νρ] = 0 and, consequently, γνΩA

νρ = 0.
As a matter of fact, non trivial Ci and ΩA on ∂M mean that the holographic SCFT is not
invariant under local OSp(2|4) transformations, for the same reason as SO(2, 3) is not a local
symmetry of the bulk gravity –namely, they are only general coordinate transformations
rewritten in a gauge-covariant form, as we saw in Section 1.1. This explains the origin of
the contractions of supercurvatures in the transformation laws.

If we consider the set of fields Ei
µ, ψ+Aµ, ωij

µ , Aµ, we see that the first three transform,
respectively, as a boundary vielbein, a spin connection and a gravitino, charged with respect
to the SO(2) R-symmetry connection Aµ. Correspondingly, the parameters ξi, η+A, θij

and λ are associated with boundary diffeomorphisms, supersymmetry, Lorentz, and SO(2)
gauge transformations.
On the other hand, the boundary function σ, with respect to which all the above fields
have definite weights (1 for Ei

µ, 1/2 for ψ+Aµ and 0 for ωij
µ and Aµ), is identified with the

local parameter associated with Weyl dilations, since it produces a rescaling of the vielbein
and, therefore, of the metric. In the same fashion, superconformal transformations are
characterised by the local parameter η−A, with the corresponding gauge field ψA−. The
parameter Ki, although not independent within the gauge choice V 3

µ = 0, corresponds to
special conformal transformations, whose associated gauge connection is the super-Schouten
tensor.



58 CHAPTER 2. N = 2 ADS4 SUGRA, HOLOGRAPHY AND WARD IDENTITIES

Consistency of the subleading gauge fixings

On top of the previous analysis of the asymptotic parameters, it remains to look for potential
inconsistencies in the vanishing of linear terms, in particular V 3

(1)µ = ωij
(1)µ = ζA

µ+ = 0. By
using the transformation law of the gauge fields, it is straightforward to find

δV 3
(1)µ = 2

ü
ξν(τ + 2τ̃)[νµ] + 2ξνψ

A

+[νζµ]−A = 0 ,

δζA
µ+ = − i

ü
γiζ

A
−µξ

i − 1
2ü ψ

A
µ+p

3
(1) + 2ρ̃A

(5/2)+ijξ
iEj

µ − 1
4ü ξ

ρA(1)ρÔ
ABψBµ+ , (2.4.38)

+ i
4ü γ

iψB+µÔijkA(1)ρE
ρkξj + λ(1)

2ü ÔABψB+µ + i
ü
γiη

A
(1)−E

i
µ − 1

2ü A(1)µÔ
ABηB+

+ 1
4ü A(1)µÔ

ABηB+ − i
4ü Ô

ABÔijkγ
iηB+E

j
µA(1)ρE

ρk = 0 ,

where the first condition holds by virtue of (2.3.25) and the second one follows from plugging
in the expressions of ρ̃A

ij, λ(1), ηA
(1)− and p3

(1) = 0. Eventually, the variation of (A.2.12)
enables to solve

δωij
(1)µ = iEνiEλjEkµ δζ

A

+[νγ
kψA

λ]+ − 2iEν[iδζ+A[µγ
j]ψA

ν]+ , (2.4.39)

from which we recognise that δζAµ+ = 0 implies δωij
(1)µ = 0.

2.5 Superconformal currents in the holographic quan-
tum theory

In the previous Section, we showed that the residual symmetries of the pure N = 2 AdS4
supergravity are given by the three dimensional superconformal transformations. According
to the AdS/CFT correspondence, these are also asymptotic symmetries underlying the dual
superconformal field theory.

The superconformal group on a three dimensional manifold includes Lorentz trans-
formations (with the local parameter θij), coordinate transformations (ξi), dilations (σ),
special conformal transformations (Ki), supersymmetry trasformations (ηA+), special su-
perconformal transformations (ηA−) and the R-symmetry (λ). Within a gauge theory, the
corresponding gauge fields are the spin connection ωij

µ , the vielbein Ei
µ, the dilation gauge

field Bµ, the super-Schouten tensor S i
µ, the gravitino ψA

+µ, the conformino ψA
−µ and the

graviphoton Aµ.
It is useful to present this superconformal structure of the boundary by listing all the

transformations, associated local parameters and gauge fields (sources in SCFT), and the
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conserved currents (quantum operators in SCFT) in the following table:

Transformation Local parameter Source Current
Lorentz θij ωij

µ Jµ
ij = 0

Translation ξi Ei
µ Jµ

i

Dilation σ Bµ = 0 Jµ
(D) = 0

Special conformal Ki S i
µ Jµ

(K)i = 0
Abelian R-symmetry λ Aµ Jµ

Supersymmetry ηA+ ψA+µ Jµ
A+

Superconformal ηA− ψA−µ Jµ
A− = 0

When all sources are independent, the currents are also independent. When one
imposes the constraints over supercurvatures with a purpose to eliminate non physical
degrees of freedom, some parameters result to be realised non linearly and the corresponding
sources become composite fields, with the associated currents vanishing.

In supergravity, the spin connection is a composite field determined by a constraint
on the translation curvature (supertorsion). The gauge field of special conformal trans-
formations (super-Schouten tensor) and its supersymmetric partner (conformino) are also
composite, obtained from the constraint on the conformal supercurvatures, equations (2.4.2)
and (2.4.3). Our particular gauge fixing Bµ = V 3

µ = 0 eliminates the dilation gauge field
and the corresponding dilation current. The inclusion of Bµ has been discussed in pure
AdS gravity in [36].
Before moving on to the explicit analysis of quantum symmetries in a three dimensional
field theory holographically dual to N = 2 AdS4 supergravity, let us first understand more
precisely its superalgebra structure.

d = 3 superconformal algebra
The superisometry group OSp(2|4) of the vacuum of the bulk theory is encoded in the
definition of its curvatures R̂Λ = {R̂ab, R̂a, ρ̂A, F̂},

R̂Λ ≡ dµΛ + 1
2 CΣΓ

ΛµΣ ∧ µΓ , (2.5.1)

where CΣΓ
Λ are the osp(2|4) structure constants and µΛ = {ω̂ab, V a, ΨA, Â} the Cartan

1-forms. Asymptotic expansions of the supercurvatures R̂Λ are given in Appendix A.2.
Moreover, osp(2|4) also describes the superconformal structure of the boundary. This is
made manifest by decomposing the Cartan 1-forms in irreducible representations with
respect to the SO(1,1)×SO(2,1) subgroup of OSp(2|4), where SO(2,1) is (the connected
component of) the Lorentz group at the boundary and SO(1,1) is the isometry group,
which acts as a rescaling on the coordinate z in the FG parametrisation: z → eσz. This
decomposition requires splitting the index a into (i, 3), where i = 0, 1, 2. Furthermore, V i

and ω̂i3 naturally combine into V i
± introduced in (2.3.5), which have definite scalings with

respect to the SO(1, 1) group. Eventually, since the spinorial representation of the generator
T0 of the SO(1, 1) group is

(T0)α
β = − i

2 (Γ3)α
β , (2.5.2)
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the four dimensional gravitini naturally split into Ψ±A with definite radial chirality. In
terms of the SO(1, 1) × SO(2, 1) irreducible forms ω̂ij, V i

+, V
i

−, V
3, A, ΨA

±, where we recall
the expressions (2.3.5), the bulk supercurvatures [58] given by (2.2.9) become

R̂ij = R̂ij + 4
ü2 V

[i
+ ∧ V

j]
− − 1

ü
ΨA

+ ∧ ΓijΨA− ,

R̂i
± = D̂V i

± ∓ 1
ü
V i

± ∧ V 3 ∓ i
2 ΨA

± ∧ ΓiΨA ± ,

R̂3 = dV 3 + 2
ü
V i

+ ∧ V−i + ΨA

− ∧ ΨA+ , (2.5.3)

F̂ = dÂ− 2ÔAB ΨA
+ ∧ ΨB

− ,

ρ̂A = D̂ΨA
± ± i

ü
V i

± ∧ ΓiΨA
∓ ± 1

2ü V
3 ∧ ΨA

± − 1
2ü ÔABÂ ∧ ΨB

± .

The right hand sides of the above equations encode the algebraic structure of the supercon-
formal algebra in d = 3, where V 3 is the 1-form associated with the Weyl transformations,
V i

+ the ones associated with the spacetime translations, V i
− with the conformal boosts,

ΨA
+ with the supersymmetries, ΨA

− with the superconformal transformations [77,78]. The
connection components ω̂ij correspond to the Lorentz algebra at the boundary. The precise
connection to the Cartan 1-forms of the superconformal algebra in d = 3 is that the leading
order 1-form in the z-expansion of the above bulk quantities are identified with the Cartan
1-forms dual to the corresponding superconformal generators. Let us summarise below the
correspondence between the D = 4 gauge field and d = 3 superconformal field:

ω̂ij → ωij Lorentz symmetry ,
V 3 → B Weyl symmetry ,
V i

+ → Ei spacetime translations ,
V i

− → S i conformal boosts ,
ΨA

+ → ψA
+ supersymmetry ,

ΨA
− → ψA

− superconformal symmetry ,
Â → A SO(2) R-symmetry .

This can also be understood as the boundary conditions set imposed on the bulk fields in
an asymptotically AdS space.

Let us make this connection more precise. To this end, we perform the redefinitions
(2.3.1) and (2.3.6) and define the gauge vector associated with the Weyl rescalings as follows,

B = 1
ü

A
V 3 − ü

dz
z

B
= Bµ(x) dxµ . (2.5.4)

Note that, in order for B to be non vanishing, we have to generalise the FG parametrisation
(2.1.1) to allow for a non trivial component V 3

µ for the vielbein. After rescaling the various
fields by z/ü factors according to their O(1, 1) grading, the dz/z term in V 3, within the
definitions of the field strengths, cancel out. Next, we recall the relation between the d = 3
super-Schouten tensor and Ei

− given by the second equation of (2.3.7),

S i = − 2
ü2 Ei

−

---
z=0

. (2.5.5)
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By rescaling the field strengths associated with Ψ± and V i
±, in (2.5.3), correspondingly, we

can evaluate the right hand side at z = 0, dz = 0 and find the following supercurvatures in
the dual field theory (see Appendix A.2),

Rij = Rij − 2E[i ∧ Sj] − 1
ü
ψ

A

+ ∧ γijψA− ,

Ri
+ = DEi +B ∧ Ei − i

2 ψ
A

+ ∧ γiψA + ,

Ci ≡ − 2
ü2 Ri

− = DS i −B ∧ S i − i
ü2 ψ

A

− ∧ γiψA − ,

R = dB − Ei ∧ Si + 1
ü
ψ

A

− ∧ ψA+ ,

F = dA− 2ÔAB ψ
A
+ ∧ ψB

− , (2.5.6)

ρA
+ = DψA

+ + 1
2 B ∧ ψA

+ + i
ü
Ei ∧ γiψ

A
− − 1

2ü ÔABA ∧ ψB
+ ,

ΩA ≡ ρA
− = DψA

− − 1
2 B ∧ ψA

− + iü
2 S i ∧ γiψ

A
+ − 1

2ü ÔABA ∧ ψB
− ,

where D is the Lorentz-covariant derivative. Each D always appears in the combination
D+∆B of the Weyl-covariant derivative, as naturally expected from a theory with local Weyl
symmetry. The Weyl weight ∆ of the corresponding field is equal to its scaling dimension,
namely ∆(Ei

±) = ±1, ∆(ψA
±) = ±1

2 , ∆(S i) = −1 and ∆(ωij) = ∆(A) = ∆(B) = 0. This
feature can be used to reconstruct the B-terms in the transformations laws (2.4.28)–(2.4.30),
similarly as it was done in the pure AdS gravity case given by (2.1.58).
Eventually, let us note that, for B = 0, the third and the last equations of (2.5.6) yield the
definitions of Ci and ΩA in (2.4.33) and (2.4.34), respectively.

Superconformal currents
To explore the quantum symmetries in a SCFT dual to supergravity with ΨA

z− = 0, we
apply the AdS/CFT correspondence summarised in Section 1.2 to the case when the
boundary fields are J Λ(x) = {Ei

µ(x), ωij
µ (x), ψ+A µ(x), Aµ(x)}. They become sources for

the corresponding operators in the dual SCFT. Generalising (2.1.52) to the supergravity
case, the bulk action in the classical supergravity approximation is identified with the
effective action of the dual boundary theory as

Ion−shell[Ei, ωij, ψA
+, A] = W [Ei, ωij, ψA

+, A] = −i ln(Z[Ei, ωij, ψA
+, A]) . (2.5.7)

The sources J Λ couple to the operators in quantum field theory Jµ
Λ = {Jµ

i, J
µ
ij, J

µ
A+,

Jµ}, which are the energy-momentum tensor, spin current, supercurrent, and U(1)-current,
respectively. The latter are identified with the 1-point functions of the Noether currents in
the presence of arbitrary sources, associated with the residual symmetries of the boundary
action. However, we shall refrain from writing explicitly the symbol é· · · êCFT. We will also
express the currents in terms of their Hodge-dual 2-forms in the boundary theory, to be
denoted by the same symbol, as defined by (2.1.54).
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The explicit expression of these currents is inferred from the variation of the effective
action with respect to the sources,

δW =
Ú

∂M

δJ Λ ∧ JΛ =
Ú

∂M

3
δEi ∧ Ji + 1

2 δω
ij ∧ Jij + JA

+ ∧ δψA+ + J ∧ δA
4
, (2.5.8)

which is the generalisation of (2.1.53) to supergravity.
Invariance of the boundary effective action with respect to the residual symmetries of the
boundary theory implies conservation laws to be satisfied by the currents. As we shall prove,
they are satisfied by virtue of the “constraint” equations of motion in the bulk. Namely, in
the radial foliation of spacetime, the bulk equations of motion are divided into the ones
describing the radial “evolution” (that were used to determine radial expansions of the bulk
fields) and the “constraints”, which do not contain radial derivatives ∂z and should give
rise to conservation laws in the holographic QFT.

Therefore, our program is to firstly obtain the expressions of the currents and the
corresponding conservation laws. Eventually, using the bulk equations of motion, we shall
show that these conditions are indeed satisfied at the quantum level and they represent the
Ward identities in the SCFT.

In this derivation it is somewhat convenient to retain, in the computation of δW , a four
dimensional notation, writing it in terms of the bulk fields and their curvatures, keeping in
mind that, in the boundary integral, they are meant to be functions of the corresponding
boundary values through the supergravity solution. So, when we write δω̂ab, δΨA, δÂ,, we
mean the variations of the bulk fields in a supergravity solution, originating from a variation
of the corresponding boundary conditions. By using the compact form (2.2.10) of the full
supergravity action and the field equations, we find

δW = δIon−shell =
Ú

∂M

A
−ü2

4 δω̂abR̂cdÔabcd − 2iüδΨAΓ5ρ̂A + 1
2 δÂ

∗F̂

B -----
on-shell

z=dz=0
, (2.5.9)

where we have explicitly indicated that the quantities in the integral are to be computed
on the boundary ∂M, namely at z = dz = 0. Using the boundary expansion of the four
dimensional fields in (2.4.27), we can write the above variation in the form (2.5.8) (recall
that we have set ω(1) and ζA

+ to zero) and read off the explicit form of the external current
2-forms on ∂M,

Ji = 1
2 Ôijk

C
2
ü
Ej∧(τ k + 2τ̃ k) + ψ

A

+∧γjkζA−

D
,

Jij = 0 ,

J = 1
2 Ôijk F̃

i3 V j∧V k

----
z=0

,

JA
+ = −2 iEi∧γiζ

A
− + A(1) ∧ ÔAB ψ

B
+ , (2.5.10)

where F̃ab are the components of the supercovariant field strength associated with the
graviphoton, see (2.2.13). The current associated with the Lorentz transformation (Jij)
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vanishes because it corresponds to a composite field (ωij
µ ), but it has been treated as

independent in first order formulation of gravity. The other composite fields (S i
µ and ψA−µ)

have not been taken into account as sources.
From the above expressions for the conserved current 2-forms, JΛ, we can obtain the

Noether currents Jµ
Λ as the Hodge-dual 3-vectors ∗JΛ = JΛµ dxµ defined by (2.1.54). The

non vanishing currents are

Jµ
i = −1

ü

1
(τµ

i + 2τ̃µ
i) − Eµ

i(τ k
k + 2τ̃ k

k)
2

+ i
e3
Ôµνρ ψ̄A

+νγiζA−ρ ,

Jµ
A+ = − 2i

e3
ÔµνργνζA−ρ + 1

e3
Ôµνρ A(1)νÔAB ψ

B
+ρ ,

Jµ = −gµν
(0) F̃νz = 1

2ü g
µν
(0) A(1)ν , (2.5.11)

where in the first equation the traces τ k
k, τ̃

k
k are defined using the vielbein tensor (e.g.

τ k
k ≡ τ k

µ E
µ
k). In the last equation we have used the fact that the contribution of Az to

F̃µz is subleading in z, while the fermion bilinears do not contribute at z = 0, having set
ϕ−Az = 0.

In particular, the holographic stress tensor is Jµν = JµiE
i
ν . Recall that, in the CFTd

dual to pure AdSd+1 gravity, this tensor is proportional to the (symmetric) metric coefficient
g(d)µν ∝ τµν whose trace is zero. Indeed, the above result in pure gravity with the traceless
τµ

i = τ̃µ
i reduces to Jpure GR

µν = −3
ü
τµν . In the SCFT3, the relevant bosonic coefficient is

τµν + 2τ̃µν and it is generally no longer symmetric because of τ̃µν . Furthermore, the trace of
τµν + 2τ̃µν is not necessarily zero –it has to be computed from the conservation law of the
local Weyl symmetry.

In supergravity, the holographic stress tensor contains the fermionic contribution.
Which particular fermionic coefficient becomes holographic can be determined by simple
power counting in the variation of the action. Since the on-shell action is always a boundary
term, the Jacobian e, given by (2.1.13), expressed in terms of the boundary Jacobian e3 has
a factor 1/z4, but on the boundary (z = constant) it becomes 1/z3. Thus, the holographic
order –the one that contributes to the holographic current– is always the third order in
z of the variation of the on-shell Lagrangian density on the three dimensional boundary.
For the metric, it means the third coefficient in the expansion (τµν). For fermions, it
translates into Ψ(3/2)−µ = ζ−µ. Similarly, the third coefficient on the boundary of the
Maxwell Lagrangian comes from (∂zÂµ)2, implying that the finite part of ∂zÂµ, that is
Â(1)µ, enters the holographic current. In d dimensions, the respective holographic orders
are τ i

ν = Êi
(d)ν , Ψ(d/2)−µ, and Â((d−1)/2)µ. They are the last terms in the near-boundary

power expansion of the variation of the action which do not vanish when z = 0.

Conservation laws in SCFT
We observe that, in the boundary expansion of the integrand form in (2.5.9), the divergent
terms vanish by virtue of the conditions (2.2.15) that, in components, are given by (2.4.1).
These conditions therefore guarantee consistency of the holographic construction. Namely,
both the currents and the conservation laws become finite, confirming that the bulk
supergravity has been properly regularised in the asymptotic region.



64 CHAPTER 2. N = 2 ADS4 SUGRA, HOLOGRAPHY AND WARD IDENTITIES

Since the leading terms in the boundary expansion of the bulk curvatures vanish for
(2.4.1), from (2.5.9) it follows that the currents in (2.5.10) are expressed in terms of the
subleading terms in the same expansions. The reader can check, for instance, that

Jij = −ü2 Ôijk R̂k3
(0) , Ji = − ü

2 Ôijk R̂jk
(1) , JA+ = −2ü ρ̂(1/2) A+ . (2.5.12)

Next, we seek for the form of conservation laws associated with the residual symmetry
discussed in Section 2.4, in case when the quantum effective action is invariant. After that, we
will have to check whether the obtained supercurrents indeed satisfy these conservation laws
and, since they are quantum, in fact they will give the Ward identities. The corresponding
transformations are parametrised by ξi, θij, λ, ηA

±. This means that δW evaluated on the
corresponding symmetry transformations of the fields must vanish and amounts to the
following conservation laws for the Noether currents which are the generalisation of the
pure gravity laws (2.1.57) (we omit the wedge symbol),

DJi = Sj Jij − i
ü
JA

+γiψA− + Sk
i Jkj E

j − iü
2 Sj

i J
A
−γjψA+ ,

DJij = 2E[i Jj] − i
2 J

A
+γijψA+ − i

2 J
A
−γijψA− ,

0 = ∂µ

C
Eµi

A
Jij E

j − iü
2 J

A
−γiψA+

BD
+ Ei Ji + 1

2 J
A
+ ψA+ − 1

2 J
A
− ψA− ,

dJ = 1
2ü ÔAB

1
JA

+ ψB+ + JA
− ψB−

2
,

∇JA+ = 1
2ü γ

ijψA− Jij + i γi ψA+ Ji − iü
2 S i γi JA− + 2 ÔAB ψB− J + 1

ü
ψi

A− Jij E
j

− i
2 ψ

i
A− JB−γiψB+ , (2.5.13)

∇JA− = 1
2ü γ

ijψA+ Jij + 2 ÔAB ψB+ J − i
ü
Ei γi JA+ − 1

ü
ψi

A+ Jij E
j + i

2 ψ
i
A+ JB−γiψB+ .

Note that the above conservation laws reduce to those in (2.1.57) in the pure gravity case,
namely in the absence of the fermionic superpartners and of the U(1) gauge field. This
is better seen from the pure gravity laws (2.1.58), when the dilation gauge field is B = 0
and the conformal current is J(K)i = 0. Then, the dilation current J(D) is not independent
and can be solved from the last (algebraic) equation in (2.1.58), leading to the identities
üSiJ(D) = S k

i JkjE
j and üdJ(D) = ∂µ (EµiJijE

j). The obtained set of equations matches
(2.5.13) when all spinors are set to zero and Sij is symmetric. In addition, it is explicit
from (2.5.13) that the fermions are sources of the electromagnetic current J .

As a final comment we observe that, in supergravity, invariance of the boundary action
under Weyl transformations is guaranteed by the third equation of (2.5.13) which, taking
into account (2.5.10), amounts to the condition

Ei ∧ Ji = −1
2 J

A
+ ∧ ψA+ + 1

2 J
A
− ∧ ψA− = −1

2 J
A
+ ∧ ψA+ . (2.5.14)

Let us now use the explicit form of the currents, given in (2.5.10), to write (2.5.14) in
components. By exploiting (2.5.11), we find the trace of the bosonic part of the holographic
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stress tensor, namely
(2τ̃ + τ)l

l = −i ü Ôijkψ̄A
+jγiζA− k . (2.5.15)

By exploiting the properties of the gamma matrices, the reader can verify that the above
relation is consistent with (3.34) of [26].

Notice that neither the holographic stress tensor Jµν nor its bosonic part τµν + 2τ̃µν

have vanishing trace as in pure gravity. This does not mean that we have the trace anomaly
because the value of the trace J i ∧ Ei, given in (2.5.14), is fixed by the structure of the
superalgebra. This is consistent with the result in N = 1 supergravity [26].
Similarly, Jµν and τµν + 2τ̃µν are not symmetric: the second conservation law in (2.5.13)
with Jij = 0 and J− = 0 gives the antisymmetric part as E[i ∧ Jj] = i

4J+γij ∧ ψ+. A
reason is that, with our gauge fixing choice, Jµν is not, as in pure gravity, the traceless
Belinfante-Rosenfeld stress tensor. However, we know that, in principle, it is possible to use
an ambiguity in definitions of Noether currents to construct a so-called ‘improved’ stress
tensor which would be symmetric and traceless.

The Ward identities
We now prove that the Ward identities are indeed satisfied by using the explicit form of the
currents and showing that δW = 0. We remind the reader that, although all expressions
are evaluated on-shell in the bulk supergravity, they represent off-shell identities in CFT
computed on the curved background. We start by integrating (2.5.9) by parts,

δW =
Ú

∂M

C
ü2

4 j
abDR̂cdÔabcd − ü2

4

3 2
ü2p

aV b + 1
ü
ÔAΓabΨA

4
R̂cdÔabcd + 2iüÔAΓ5Dρ̂A

− 2iü
31

4j
abΨAΓab + i

2üp
aΨAΓa + 1

2üλÔ
ABΨB − 1

2üÂÔ
ABÔB − i

2üÔ
AΓaV

a
4

Γ5ρ̂A

− 1
2 λ d ∗F̂ + ÔAΨBÔAB

∗F̂

D-----
on-shell

z=dz=0
. (2.5.16)

We now make use of the Bianchi identities (2.2.12), to obtain

δW =
Ú

∂M

C
ü

4j
abΨAΓcdρ̂AÔabcd − ü2

4

3 2
ü2p

aV b + 1
ü
ÔAΓabΨA

4
R̂cdÔabcd

+ 2iü
3 1

2üÂÔ
ABÔAΓ5ρ̂B − i

2üÔ
AΓ5Γaρ̂AV

a + 1
4R̂

abÔAΓ5ΓabΨA − 1
2üÔ

ABF̂ ÔAΓ5ΨB

4
− 2iü

31
4j

abΨAΓab + i
2üp

aΨAΓa + 1
2üλÔ

ABΨB − 1
2üÂÔ

ABÔB − i
2üÔ

AΓaV
a
4

Γ5ρ̂A

− 1
2λ d∗F̂ + ÔAΨBÔAB

∗F̂

D-----
on-shell

z=dz=0
. (2.5.17)

We are now able to write the Ward identities, in the four dimensional notation, which
have to hold on-shell. They originate from requiring the vanishing of the coefficient of
the independent symmetry parameters in δW . Let us denote the independent asymptotic
parameters by Λ(x) =

î
θij, ξi, σ, ηA

±, λ
ï
, computed in Subection 2.4 as the radial expansion
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of the bulk parameters Λ̂(x, z) = {jab, pa, ÔA
±, λ̂}. Since in the quantum effective action all

divergences cancel out and the subleading terms vanish on the boundary, we can identify
the bulk gauge transformations with the boundary ones,

δW ≡ δΛW = δΛ̂W |on-shell
z=dz=0 . (2.5.18)

This method makes use of the fact that the quantum effective action has already been
renormalised and enables to prove the invariance of the action (and therefore the validity of
the Ward identities) by looking directly at the bulk parameters Λ̂.

Concerning the Lorentz transformations, we can easily verify that the coefficient of the
four dimensional parameters jab vanishes identically due to the identity (A.1.6) for four
dimensional gamma matrices whose properties are given in Appendix A.1,

ü

4 j
abΨAΓcdρ̂A Ôabcd − iü

2 j
abΨAΓabΓ5ρ̂A = 0 . (2.5.19)

Focusing on traslations, namely the terms containing pa, one finds, up to terms which
vanish in the z → 0 limit,

−1
2 p

aV bR̂cdÔabcd + paΨAΓaΓ5ρ̂A . (2.5.20)

The above expression vanishes at the boundary by effect of the Einstein equations in the
bulk (see the second equation of (2.2.16)),

−1
2 p

aV bR̂cdÔabcd + paΨAΓaΓ5ρ̂A = 1
2 p

aÔabcdV
b
3
F̂ cdF̂ − 1

6 F̂ef F̂
efV cV d

4
, (2.5.21)

since the two terms on the right hand side are zero at z = 0.
The terms involving the supersymmetry parameter ÔA are given by

iÂÔABÔAΓ5ρ̂B + ÔAΓ5Γaρ̂AV
a + iü

2 R̂
abÔAΓ5Γabρ̂A − iÔABF̂ ÔAΓ5ΨB

− ü

4Ô
AΓabΨAR̂

cdÔabcd + iÂÔABÔBΓ5ρ̂A − ÔAΓaΓ5ρ̂AV
a + ÔAΨBÔAB

∗F̂

= ÔA(−2ΓaV
aΓ5ρ̂A + ÔABΨB ∗F̂ − iÔABF̂Γ5ΨB) . (2.5.22)

They vanish as a consequence of the equations of motion of the gravitini (2.2.16).
Finally, we evaluate the terms depending on the Abelian transformations parameter λ̂

and find

λ̂
3

−1
2 d∗F̂ − iÔABΨBΓ5ρ̂A

4
, (2.5.23)

which vanishes by virtue of the gauge field equation of motion in (2.2.16).

This proves that, on-shell, δW = 0, namely that the equations (2.5.13), which were
derived from δW = 0 in the three dimensional notation, are indeed satisfied. This can be
seen as a consequence of the absence of any anomaly (in particular the conformal one) in
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d = 3. Note that the term in (2.5.21), which is proportional to p3 and, as shown above,
vanishes once the a = 3 component of the Einstein equations in the bulk is implemented
(see the second equation of (2.2.16)), coincides, once integrated over the boundary, with
the variation of the generating functional under a dilation, being p3 = −üσ at z = 0. Its
vanishing provides the trace Ward identity (2.5.14).
Eventually, notice that, in the above derivation, we have neglected the curvature-contraction
terms occurring in the general expression of the symmetry variations of the fields (2.2.14),
which one can check to give vanishing contributions at the boundary.

2.6 Discussion
In this Chapter, we have developed in detail the holographic framework for an N = 2
pure AdS4 supergravity in the first order formalism, including all the contributions in the
fermionic fields. This analysis, which generalises the one of [26,27], includes an extended
discussion of the gauge fixing conditions on the bulk fields which yield the asymptotic
symmetries at the boundary. The corresponding currents of the boundary theory are
constructed and shown to satisfy the associated Ward identities, once the field equations of
the bulk theory are imposed.

Consistency of the holographic setup, in particular the finiteness of the quantum
generating functional of the boundary theory, is shown to require the vanishing of the
super-AdS curvatures computed at the boundary, which was proven in [41] to be a necessary
condition for a consistent definition of the bulk supergravity. In particular, the vanishing of
R̂ij|∂M determines the general expression of the super-Schouten tensor S i of the boundary
theory, which extends the more familiar bosonic expression of standard gravity by the
inclusion of gravitini bilinears, see (2.4.3). The same applies to the superpartner of S i,
namely the conformino. Working in the first order formalism, we are able to keep the
full superconformal structure of the theory manifest in principle, even if only a part of
it is realised as a symmetry of the theory on ∂M, as the rest appears as a non linear
realisation on ∂M. Furthermore, an important role in our analysis is played by the
supertorsion constraint R̂a = 0, where R̂a was defined in (2.2.9), which determines the
bulk spin connection. In particular, the radial component, R̂3 = 0, of this condition poses
general constraints on the sources of the boundary CFT. In the FG parametrisation of
the bulk background, that condition implies a non vanishing antisymmetric component of
the super-Schouten tensor, proportional to the gravitini bilinear ψA+[µψA−ν], see (2.3.23).
This shows that, in general, the superconformal structure and the conformino field ψA−µ

pose an obstruction to the symmetrisation of Sµν . For a special choice of background,
namely ψA−µ ∝ ψA+µ, ψA+[µψA−ν] = 0 and the super-Schouten tensor becomes symmetric,
i.e. S i ∧ Ei = 0. This latter property restricts S i to be proportional to Ei. The manifest
SCFT symmetry is then broken to the symmetry of the chosen background which, in our
case, is a maximally symmetric spacetime: AdS3 (S i Ó= 0, ψ±µ Ó= 0), dS3 (S i Ó= 0, ψ±µ = 0)
or Mink3 (ψ−µ = S i = 0), and provides the vacuum of the boundary theory.17 The three
(super)algebras associated with the symmetries of these backgrounds are defined by suitable

17The AdS3 and dS3 cases are distinguished by the sign of the proportionality factor between Si and Ei.
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projections on the OSp(2|4) asymptotic symmetry group.
As far as the gauge fixing conditions are concerned, we refrain from imposing γµψ±µ = 0

in SCFT, having in mind generalisations of standard holography where this condition is
relaxed in the boundary theory. This has a bearing on the radial gauge fixing condition
on the gauge field. This generalisation is needed in particular to apply the holographic
analysis to the AVZ model as boundary field theory, where the only propagating degrees of
freedom are associated with a spin 1/2 field χ, which is identified with the contraction γµψµ

itself. This theory is naturally defined on an AdS3 background. In [55] it was shown that
the spinor χ is actually the Nakanishi-Lautrup field associated with the covariant gauge
fixing of the odd local symmetries in a three dimensional Chern-Simons theory with gauge
supergroup OSp(2|2) × SO(2, 1)18. This opens a window on the definition of the dual field
theory of which the AVZ model provides an effective description. We shall pursue this
objective in a future investigation.
Other future directions of research would be an extension of the present analysis to N > 2
bulk supergravity, along the lines of [58], or the D > 4 bulk dimensions where, for odd D,
quantum anomalies would arise in a boundary SCFT. Furthermore, a generalisation of the
present results to the case where the FG choice of parametrisation is relaxed, which would
allow the full superconformal symmetry of the boundary theory to be linearly realised, will
also be object of our investigation.
Eventually, it still remains as an open problem the question of rendering the AdS supergravity
action finite in the presence of matter multiplets by adding topological bulk terms.

18We will further elaborate on this point in the next Chapter of the thesis.



Chapter 3

Twisting D(2,1; α) Superspace

The discovery of dualities between theories apparently unrelated has been one of the major
themes of the last decades in theoretical high energy physics research. Starting from
the string dualities, which connect the five distinct versions of superstring theory (type
I, type IIA, type IIB, heterotic SO(32) and heterotic E8×E8), passing by the AdS/CFT
correspondence, which allows to describe a model defined on the boundary of an anti-de
Sitter spacetime through the features of the bulk theory, a great effort has been devoted to
advance in this direction.

As far as we are concerned, our attention was captured by an interesting relation
unveiled in [79], which connects two three dimensional Chern-Simons theories. The first
side of the duality is occupied by a Rozansky-Witten theory [80]1 with flat hyper-Kähler
manifold and coupled to a Chern-Simons field based on a gauge group G. Note that the
latter, as shown by Kapustin and Saulina, can also be recast as a topologically twisted three
dimensional N = 4 superconformal Chern-Simons theory based on G and coupled to a
set of hypermultiplets2 with flat hyper-Kähler target space. A topological twist consists
of an identification between two different compact groups under which a supersymmetric
theory is invariant, one of them being a Lorentz subgroup. Thus, the twist identifies

1A Rozansky-Witten theory is a N = 4 supersymmetric topological sigma-model with a hyper-Kähler
manifold X as target space. The bosonic scalar fields φi are local coordinate on the latter, where a metric
gij is defined, while the fermions are a Grassmanian scalar ηI and a Grassmanian gauge vector ΨI

µ. The
action is integrated on an oriented manifold M endowed with a metric hµν and reads

S =
Ú

M

(L1 + L2)
√

hd3x

with
L1 = 1

2gij∂µφi∂µφj + ÔIJΨI
µ∇µηJ ,

L2 = 1
2

1√
h

Ôµνρ

3
ÔIJΨI

µ∇νΨJ
ρ + 1

3ΩIJKLΨI
µΨJ

ν ΨK
ρ ηL

4
,

i, j = 1, . . . , 4n , µ, ν, . . . = 1, 2, 3 , I, J, . . . = 1, . . . , 2n ,

where I, J, . . . label a 2n dimensional representation of Sp(n) and ΩIJKL is a completely symmetric matrix
related to the Riemann curvature tensor of X, which vanishes when we consider a flat hyper-Kähler manifold
as target space.

2This new class of theories was discovered by Gaiotto and Witten in [81] for the first time.
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a spacetime symmetry with an internal one, which entails the selection of a (typically
topological) specific subsector of the model. In the case at hand, the topological twist is
performed between the rotational group SU(2)L and the R-symmetry one SU(2)R. The
restatement of the Rozansky-Witten model as a topologically twisted Gaiotto-Witten theory
is particularly meaningful for the analysis developed in this part of the thesis, since the
first step to reproduce Kapustin and Saulina’s results in our framework will be to construct
the hypermultiplet Lagrangian.
On the other hand of the duality, a 3D Chern-Simons theory based on a supergroup SG
appears, henceforth called super-Chern-Simons theory. The maximal bosonic subgroup of
SG is G and the fermionic part of the symmetry is gauge fixed. Throughout this Chapter,
the reader will recognise our counterpart of this side of the duality as the model we obtain
after the first of the two twist.
In this equivalence, the BRST transformations exploited to gauge fix the odd symmetries in
SG are shown to derive from the topologically twisted supersymmetry transformations in the
three dimensional N = 4 superconformal theory. Furthermore, the ghosts and anti-ghosts
are interpreted as scalars in the hypermultiplets, whereas the hyperini, once twisted, take
the role of Nakanishi-Lautrup fields and odd part of connection in the super-Chern-Simons
theory.

Along the lines of this work, an Achucarro-Townsend AdS3 supergravity [82]3, described
as a Chern-Simons theory on an AdS3 supergroup SG Í = OSp(2|2)×SL(2,R), was considered
in [55]. The authors performed a BRST procedure to gauge fix the fermionic symmetries
of SG Í and related it to the ansatz (1.3.3), carried out in a covariant setting. We shall
denote the gauge connection associated with these odd gauge symmetries by Ψα

Iµ dxµ, where
I = 1, 2 is an SO(2) index and α = 1, 2 is an SL(2,R) index. The gauge fixing constraint is
implemented by fermionic Nakanishi-Lautrup fields ηα

I and introduces a dependence of the
theory on the three dimensional worldvolume metric, where by worldvolume we mean the
base space which the Chern-Simons action is integrated on. By the same token, we shall
refer to the SG-algebra-valued Chern-Simons connections as target space fields.
Substantial differences with respect to the models considered in antecent literature are the
presence of a cosmological constant in the three dimensional theories and the Lorentzian
signature of the manifold where the Chern-Simons form is integrated on, while the latter is
a Riemannian one in [79,80]. As a consequence, while Kapustin and Saulina’s supergroup
comprises compact SU(2) factors in the bosonic subalgebra, in [55] SL(2,R) factors appear
in the maximal bosonic subgroup of SG Í, due to the fact that AdS3 isometry group is
SO(2, 2) ∼ SL(2,R)Í

1 × SL(2,R)Í
2, which is non compact. This implies that the two theoreti-

cal constructions differ in the chosen topological twist, which involves different real forms
of the Lorentz and R-symmetry groups.
Another important issue related to the cosmological constant in the construction of [55],
following the prescription in [54], is that the worldvolume spin connection is identified with
an SL(2,R)-gauge connection in SG. Different choices for this identification amount to the

3In this letter, Achucarro and Townsend proved that N = p + q supergravity theories based on AdS3
supergroups OSp(p|2) × OSp(q|2) can be written as integral on the Chern-Simons 3-form associated to the
supergroup.
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presence or not of a non trivial spacetime torsion on the worldvolume, which naturally has
an AdS3 geometry.

The BRST procedure implies the introduction of scalar ghost and anti-ghost fields,
to be denoted, respectively, by φα

I and φ̄α
I with the same index structure as the odd-

symmetry parameters of SG, but with opposite spin-statistics. In this case, the gauge field
Ψα

Iµ is a Grassmanian vector, so that the corresponding BRST parameters are ordinary
commuting scalars carrying labels αI. This was observed in [80], where it was also shown
that these fields naturally parametrise a hyper-Kähler manifold. To get this identification,
one has to interpret φα

I and φ̄α
I as independent complex fields. Then, one can associate

the ghost quantum number with an SU(2) fundamental representation, labeled by a new
index A = 1, 2, so that the ghost/anti-ghost fields can be grouped in a doublet φαA

I , where
φα1

I = Re(φα
I ) and φα2

I = Im(φα
I ).4

A peculiarity of three dimensional Chern-Simons theories is the presence, besides the BRST
symmetries generated by S, S̄, of additional “vector-BRST” global symmetries [55, 83–86],
whose generators are denoted here by Si, S̄i, i = 0, 1, 2. Similarly to the scalar ghosts, the
BRST generators can be grouped in SU(2)-doublets SA, SA

i .
Notice that Ψα

Ii and ηα
I transform with respect to the worldvolume Lorentz group SL(2,R)L

as triplets and singlets, respectively. Therefore, following [55], if we identify SL(2,R)L with
the diagonal of the two SL(2,R) factors in the worldvolume AdS3 isometry group, denoted
just above as SL(2,R)Í

1 × SL(2,R)Í
2, we can arrange these two fields into a single set of

Grassmann fields ΛααÍα̇Í
I ,

ΛααÍα̇Í

I = i γi αÍα̇Í
Ψα

i I + a ÔαÍα̇Í
ηα

I , (3.0.1)
where γi αÍα̇Í and ÔαÍα̇Í are SL(2,R)L-invariant tensors on the worldvolume, intertwining
between the two fundamental representations of SL(2,R)Í

1 and SL(2,R)Í
2, respectively labeled

by αÍ = 1, 2 and α̇Í = 1, 2. The above choice of the worldvolume Lorentz symmetry inside
the bosonic symmetry group corresponds, in our setting, to the topological twist performed
in [79,80,87].
In light of the above twist, the Chern-Simons BRST operators SA and SA

i can be viewed
as components of a single operator with index structure QαÍα̇ÍA, behaving as supercharges.
The latter can then be treated as a global supersymmetry of the worldvolume theory of
hypermultiplets. The parameters of this supersymmetry have index structure ÔαÍα̇ÍA and
transform in the (2, 2, 2) of the symmetry group SL(2,R)Í

1 × SL(2,R)Í
2 × SU(2), where the

latter factor has the role of the manifest R-symmetry of the theory and it is reinterpreted,
once a twist is performed, as the group acting on the ghost number of the fields. The
number of supercharges is eight, corresponding to an N = 4 supersymmetry on D = 3.
These considerations and the AdS3 geometry of our background suggest a superspace
description based on an AdS3 supergroup whose maximal bosonic subgroup is a suitable
real form of SL(2,C)3 and the odd generators transform in the product of the bi-spinor
representation of each SL(2,C) factor. This naturally hints towards the exceptional super-
group D2(2, 1; α), whose maximal bosonic subgroup is indeed SL(2,R)Í

1 × SL(2,R)Í
2 × SU(2)

and whose odd generators QαÍα̇ÍA transform in the product (2, 2, 2) of the fundamental
representations of the three factors [88].

4With respect to [55], we use here a different SU(2) basis to be labeled by the index A.



72 CHAPTER 3. TWISTING D(2,1;α) SUPERSPACE

This construction bears important differences with respect to the one in [79], due to the
fact that we work on a worldvolume with Lorentzian signature and an AdS geometry, with
isometry group SO(2, 2) ∼ SL(2,R)Í

1 × SL(2,R)Í
2.

Our model has N = 4 supersymmetry: on a Minkowski worldvolume, this would normally
be associated with an SO(4) R-symmetry group commuting with the spacetime symmetry,
as stated in [81]. In our case, instead, one of the SU(2) factors of the SO(4) R-symmetry
group corresponds to one of the two SL(2,R) factors in the spacetime isometry group.
As explained above, the worldvolume Lorentz group SL(2,R)L is the diagonal subgroup
of the SL(2,R)Í

1 × SL(2,R)Í
2 isometry group. As a consequence of this, in our model the

spinor index is a composite one, αÍα̇Í, yielding a redundant 4-component description of the
spinorial degrees of freedom and reducing the manifest part of R-symmetry to SU(2). We
shall refer to these Grassmann-valued fields as spinorial fields, independently of their actual
SL(2,R)L representation. With respect to this supersymmetry, the spinors ΛααÍα̇Í

I and the
scalars φαA

I belong to a set of hypermultiplets.

In this Chapter, based on [89], we make a preliminary step towards the explicit
construction of the gauge fixed theory defined in [55], choosing a worldvolume superspace
based on the supergroup D2(2, 1; α). More specifically, we construct a D = 3, N = 4
model describing a set of hypermultiplets (ΛααÍα̇Í

I , φαA
I ) on a rigid AdS3 superspace with

symmetry group D2(2, 1; α). Supersymmetric models featuring rigid supersymmetry on a
curved background were previously investigated in [90–93].5
The hypermultiplets (ΛααÍα̇Í

I , φαA
I ) transform under the flavour symmetry SL(2,R) × SO(2)

through the indices α, I, which we introduced here in view of a future generalisation where
a gauging of the flavour symmetries will be performed. The model, when rewritten in
terms of the twisted quantities (Ψα

iI , η
α
I ), will bear resemblance with the construction of [80],

restricted to a flat hyper-Kähler geometry, where only odd symmetry generators show up
in the Chern-Simons theory.
In [55,79] the presence of a non gauge fixed bosonic subgroup G within the gauge supergroup
SG induces, in the model with gauge fixed odd symmetry, mass terms for the fermion fields.
The latter are a necessary ingredient if we ultimately wish to derive, within our theoretical
setting, a model featuring unconventional supersymmetry and describing a massive Dirac
field. In the framework we are considering here, the gauge group G is absent and the
fermion masses are related to the non trivial gauging of the R-symmetry group SU(2) within
the supergroup D2(2, 1; α). This, in turn, depends on the parameter α, since the SU(2)
generators enter the anticommutator of two supersymmetry ones with a factor α+ 1. As
we shall see, the case α+ 1 = 0 is a singular limit, where the structure of the superalgebra
changes. In the general case, where α+ 1 Ó= 0, the group SU(2) is non trivially gauged, the
gauge coupling coinciding with the same parameter α+ 1. The corresponding gauge fields
Ax are part of the worldvolume supergravity sector which is frozen in the rigid limit we are

5Here, it is worth emphasising that the supergroup D2(2, 1; α), its singular values included, describes, in
the present construction, the super-isometry group of the worldvolume theory and should not be mistaken
with the Achucarro-Townsend AdS3 supergroup. The latter is, in general, the product of two supergroups,
each containing one of the two SL(2, R) factors of the AdS3 isometry group. Let us recall that, in our case,
the choice of D2(2, 1; α) as the worldvolume supergroup was forced by the transformation property of the
supersymmetry generators under the SL(2, R)Í

1 × SL(2, R)Í
2 × SU(2) symmetry of the worldvolume theory.
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considering. They are, in other words, solutions, together with the supervielbein and the
spin connection, to the Maurer-Cartan equations of the D2(2, 1; α) superalgebra.6 As a
consequence, their field strengths are proportional, through the gauge coupling constant,
to a non exact cocycle in the fermionic directions of superspace (see (3.1.16) below). By
supersymmetry, the non trivial gauging of SU(2) induces, even in the absence of dynamical
gauge fields, spin 1/2 fermion shift matrices Nα

IA and a mass term for the fermion fields
ΛααÍα̇Í

I , which are all proportional, through the coupling constant, to α+ 1. This gauging is
also responsible for a scalar potential, which is in fact a mass term for the scalar fields. In
other words the SU(2) group plays, in our construction, a role to some extent analogous
to the one played by the gauge group G ⊂ SG in [55] in determining the masses of the
dynamical fields.
We find a supersymmetric spacetime Lagrangian, whose superspace extension features a
quasi-invariance under supersymmetry, meaning an invariance up to a total derivative term,
which, in our case only affects the fermionic directions. We shall elaborate on this point
in Section 3.2. Moreover, related to this issue, the interpretation of the supersymmetries
in terms of the BRST symmetry generators SA and their vector counterpart SA

i is not
straightforward for generic values of α, since SA do not anticommute on fields with non
trivial ghost charge7, thus failing to define a cohomology. We retrieve a direct BRST
interpretation of the D2(2, 1; α) supersymmetries, and thus an apparent connection to the
construction of [55] and [79,80], only for the special singular value α = −1, for which SU(2)
is effectively ungauged and becomes an external automorphism of the superalgebra. In fact,
for such value of the parameter, the D2(2, 1; α) algebra reduces to

D2(2, 1; α = −1) Ä sl(2|2) ⊕ su(2)

and the su(2) factor becomes an outer automorphism of the sl(2|2) algebra.
For the construction of the theory, we adopt the geometric approach to supersymmetry and
supergravity (see Section 1.1 and [10,65]), which allows to obtain the superspace Lagrangian
and the supersymmetry transformations of the fields. The equations of motion derived from
the Lagrangian impose the standard Klein-Gordon equation for the scalar fields, with mass
term proportional to the AdS radius and a massive Dirac-like equation for the spinor fields
ΛααÍα̇Í

I .
By performing a first twist, analogous to the one in [55,79], the spacetime Lagrangian ob-
tained from the D2(2, 1; α) supergroup can precisely be rewritten in terms of the quantities
Ψα

Ii and ηα
I , besides the scalars φαA

I . As a result, we find that it describes a Chern-Simons
term in the connection 1-form Ψα

I together with a gauge fixing term defined by the Nakanishi-
Lautrup field ηα

I plus a a kinetic term for the scalar fields φαA
I , analogously to the results

in [79,80]. Inspection of the Dirac equation, in its twisted form, shows that the only massive
degrees of freedom in the fermionic sector are encoded in the field ηα

I .
We eventually perform a second twist to make contact with the model of [54]. In this case,
we identify one of the two SL(2,R) factors in the isometry group of the AdS3 worldvolume
with a part of the aforementioned flavour symmetry group. This peculiar choice mixes target

6Hereafter, with an abuse of notation, we use the same symbols to denote the D2(2, 1; α) supergroup
and the associated superalgebra.

7For instance we have S2φ̄ ∝ (α+ 1) φ.
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space and worldvolume indices and allows to decompose the hyperini in terms of new fields
χ̂α

iI and χα
I . The spacetime Lagrangian obtained in this way contains the Chern-Simons

term for a spin 3/2 field, χ̊Ii, and describes the coupling of this field to two propagating
spin 1/2 particles χ1I , χ2I .
The theory is still consistent if we implement one of the constraints needed for the uncon-
ventional supersymmetry, that is if we set the spin 3/2 component χ̊Ii to zero: the resulting
theory then describes a spin 1/2 fermion χ2I satisfying a Dirac equation, whose mass term
is proportional again to (α+ 1) and which sources the spinor χ1I , that can in general be
written as a linear combination of χ2I and a massless spin 1/2 fermion. This leads to a
generalisation of the ansatz (1.3.3), in which the spin 1/2 field on the right hand side is
χ1I , while χ2I is proportional to ηα

I .

This Chapter is organised as follows. In Section 3.1 we consider the algebraic relations
defining the D2(2, 1; α) superalgebra, its description as an AdS3 superspace and the matter
content of our theory, together with the supersymmetry transformations laws of the fields.
In Section 3.2 we derive the supersymmetric Lagrangian, we compute the corresponding field
equations and we prove its supersymmetry invariance both in spacetime and superspace.
Furthermore, we comment on the hyper-Kähler structure underlying the Lagrangian, in
view of a possible generalisation of the theory to a curved scalar manifold.
In Section 3.3 we perform two twists of the spinor fields in the hypermultiplets. The first
one is useful to make contact with the results obtained in [80] and [79], whereas the second
one allows to implement the AVZ ansatz (1.3.3).
We conclude with some final remarks and possible future developments for this research
line.

3.1 Setup for the D2(2, 1; α) model
As mentioned in the introductory part of this Chapter, our aim is to construct a theory
defined on a supersymmetric background, whose symmetry is captured by the superalgebra
D2(2, 1; α). We start by defining the structure of this algebra and the superspace based on
it.

The D2(2, 1; α) superalgebra
D(2, 1; α) is an exceptional superalgebra whose bosonic subalgebra is [sl(2)]3. It is included
in the list of the superalgebras defining possible super-AdS backgrounds in three spacetime
dimensions, as discussed in [88].
In particular, we are interested in the supergroup referred to as D2(2, 1; α) in [88]. As
explained in the above cited paper, in this case the bosonic subgroup can be chosen in the
following real form:

D2(2, 1; α) ⊃ SL(2,R)Íü ûú ý
a=1

× SL(2,R)Íü ûú ý
a=2

× SU(2)ü ûú ý
a=3

, (3.1.1)
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which allows the interpretation of the first two factors as the isometry group of AdS3,
whereas the third represents the manifest part of R-symmetry. For the sake of notational
simplicity we shall denote each of the three factors on the right hand side of (3.1.1), generi-
cally by SL(2)(a).
Finally, the generators of the odd part of the D2(2, 1; α) superalgebra, as previously antici-
pated, transform in the (2,2,2) representation. A detailed description of the superalgebra
can be found for example in [94].

Let us denote by T ia

(a) (ia = 1, 2, 3) the generators of the sl(2)(a) ⊂ D2(2, 1; α) and by
Qα1α2α3 (αa = 1, 2) the odd ones.
The superalgebra is then expressed by the following (anti)commutation relations:
è
T ia

(a) ,Q...αa...

é
=
1
tia

(a)

2 βa

αa
Q...βa... ;

{Qα1α2α3 ,Qβ1β2β3} =
3Ø

a,b,c=1
aÓ=b Ó=c

i sa

1
tia

(a)

2
αaβa

Ôαbβb
ÔαcβcT(a) ia =

= i
s1

1
ti1

(1)

2
α1β1

Ôα2β2Ôα3β3T(1)i1 + s2
1
ti2

(2)

2
α2β2

Ôα1β1Ôα3β3T(2)i2 + s3
1
ti3

(3)

2
α3β3

Ôα1β1Ôα2β2T(3)i3

 ,
(3.1.2)

where 1
tia

(a)

2
αaβa

= i
2
1
γia

(a)

2
αaβa

(3.1.3)

are representation matrices that, taking into account the different real forms of the three
bosonic factors, are defined as

γi1
(a=1) = γi2

(a=2) = (σ2 , iσ1 , iσ3) , η = diag(+,−,−) , (3.1.4)
γi3

(a=3) = (σ1 , σ2 , σ3) , η = diag(+,+,+) . (3.1.5)

We refer to the Appendix B for useful relations involving the gamma matrices.
In particular, the closure of the algebra imposes the following relation between the three
real non vanishing parameters sa:

s1 + s2 + s3 = 0 .

The cases where one of the sa vanishes are singular limits.
Up to the normalisation of the odd generators, the superalgebra is then characterised by a
single parameter α = s2/s1

8 and the Jacobi identities can be expressed as the condition

s3/s1 = −(α+ 1) .
8When expressed in terms of α, superalgebras determined by the parameters α, α−1, −1 −α and −α

1+α
are isomorphic, see [94].
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When expressed in terms of α, the singular limits correspond to α = −1, 0,∞.
As explained in Section 1.1, an equivalent representation of the above superalgebra is given
in terms of the superconnection

Ω = ω(a)iaT ia

(a) + ψα1α2α3Qα1α2α3 , (3.1.6)

where the bosonic and fermionic Maurer-Cartan 1-forms ω(a)ia , ψα1α2α3 define the superal-
gebra in its dual form through the Maurer-Cartan equations

R̂ia

(a) ≡ dωia

(a) − 1
2Ô

iajakaω(a)jaω(a)ka + i
2 saψ

α1α2α3
1
tia

(a)

2α1α2α3

β1β2β3
ψβ1β2β3 = 0 ,

(3.1.7)

∇̂ψα1α2α3 ≡ dψα1α2α3 +
3Ø

a=1
ωia(a) ∧

1
tia

(a)

2α1α2α3

β1β2β3
ψβ1β2β3 = 0 . (3.1.8)

The above equations (3.1.7), (3.1.8) can be obtained as Euler-Lagrange equations from the
following Lagrangian:

Lκ = κ

2

C 3Ø
a=1

1
sa

3
ω(a)iadωia

(a) − 1
3Ô

iajakaω(a)iaω(a)jaω(a)ka

4
− iψα1α2α3∇̂ψα1α2α3

D
, (3.1.9)

where κ is the level of the Chern-Simons action.

D2(2, 1; α) superspace description
In the following, we are going to give a superspace interpretation of the Maurer-Cartan
equations (3.1.7), (3.1.8): to this end, we interpret the diagonal subgroup SL(2,R)Í

D ⊂
SL(2,R)Í

1 × SL(2,R)Í
2 as the Lorentz group of our background super-geometry. Correspond-

ingly, we choose
ωi ≡ 1

2(ωi
(1) + ωi

(2)) ,

as the spin connection and we interpret the 1-form

ei ≡ L

2 (ωi
(1) − ωi

(2)) ,

as the dreibein, where we have introduced the scale parameter L ∈ R+ with dimension of a
length. The dreibein ei, together with Ψ =

√
Lψ, which is regarded as a gravitino 1-form

field, define the supervielbein of our rigid, but curved superspace background.
Note that, with the above choice, only SL(2,R)Í

D ⊂ SL(2,R)Í
1 × SL(2,R)Í

2 is a manifest
spacetime symmetry and the indices i1, i2 are both identified with the Lorentz spacetime
index i. However, we refrain to identify the spinor indices associated to SL(2,R)Í

1 ×SL(2,R)Í
2

for the moment. It will be explicitly done through the first twist.
We choose to name the indices referring to the first two factors as follows:

i1 = i2 = i = 0, 1, 2 ; α1 = αÍ = 1, 2 ; α2 = α̇Í = 1, 2 ; αÍα̇Í ≡ (α) = 1, · · · , 4 .



3.1. SETUP FOR THE D2(2, 1; α) MODEL 77

Furthermore, it is useful to introduce the 4 × 4 matrices1
Ti

(1)

2
(α)(β)

≡
1
ti

(1)

2
αÍβÍ

⊗ Ôα̇Íβ̇Í ,
1
Ti

(2)

2
(α)(β)

≡ ÔαÍβÍ ⊗
1
ti

(2)

2
α̇Íβ̇Í

, (3.1.10)

whose properties are given in Appendix B, and their linear combinations

Ji = Ti
(1) + Ti

(2) ,

Ki = Ti
(1) − Ti

(2) ,

Mi
± = − i

2
1
Ti

(1) ±αTi
(2)

2
, (3.1.11)

playing the role of the gamma matrices in the ordinary superspace.
On the other hand, only the part of the N = 4 R-symmetry associated with the group

SU(2) is manifest and interpreted as internal symmetry group. To distinguish it from the
other two bosonic factors in the superalgebra, we relabel the corresponding indices

i3, j3, . . . = x, y, . . . = 1, 2, 3 ; α3, β3, . . . = A,B, . . . = 1, 2 ,

we redefine the connection ωi3
(3) as

ωi3
(3) ⇒ Ax

and the representation matrix as1
t(3)x

2A

B
≡ i

2 (σ1 , σ2 , σ3)A
B . (3.1.12)

In light of the above definitions, the D2(2, 1; α) Maurer-Cartan equations can be
written as

Ri ≡ dωi − 1
2Ô

ijkωj ∧ ωk = 1
2L2 Ô

ijkej ∧ ek + 1
2L

1
Mi

+

2
(α)(β)

Ψ(α)A ∧ Ψ(β)BÔAB , (3.1.13)

∇Ψ(α)A ≡ DΨ(α)A +
1
tx

(3)

2A

B
Ax ∧ Ψ(α)B = − 1

L

1
Ki
2(α)

(β)
ei ∧ Ψ(β)A , (3.1.14)

Dei ≡ dei − Ôijkωj ∧ ek = 1
2
1
Mi

−

2
(α)(β)

Ψ(α)A ∧ Ψ(β)BÔAB , (3.1.15)

Fx ≡ dAx − 1
2Ô

xyzAy ∧ Az = i
2L(α+ 1)

1
tx

(3)

2
AB

Ψ(α)A ∧ Ψ(β)B δ(α)(β) , (3.1.16)

where the Lorentz covariant derivative DΨ(α)A is defined as

DΨ(α)A = dΨ(α)A + ωiJ(α)
i (β)Ψ(β)A .

In (3.1.13)-(3.1.16), the left hand sides can be read as definitions of the superspace curvature,
gravitino covariant derivative, supertorsion and gauge field strength respectively, while
the right hand sides define their parametrisations as 2-forms in the superspace spanned
by the supervielbein ei, Ψ(α)A. In other words, the above relations define our background
superspace. In particular, we see that they define a curved AdS3 background, where L is
the AdS radius.
Note that the quantity g≡(α+ 1) plays the role of the coupling constant associated with
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the SU(2) gauge group. This is better understood by redefining Ax = g AÍx, in which case
the field strength of the rescaled gauge fields read

F Íx ≡ dAÍx − g

2Ô
xyzAÍ

y ∧ AÍ
z = i

2L
1
tx

(3)

2
AB

Ψ(α)A ∧ Ψ(β)B δ(α)(β) . (3.1.17)

As it is typical of supersymmetric theories, the gauging of an internal symmetry induces, by
supersymmetry, additional terms in the supersymmetry transformation laws (fermion shifts)
of the fermion fields and fermion mass terms, all proportional to the gauge coupling constant
g, and a scalar potential proportional to g2, independently of the fact that in our model
the gauge fields do not propagate, being part of the background. We are going to compute
these terms in the following Section. Let us notice that, in the limit g = (α+ 1) → 0, the
fermion shifts and the fermion mass terms vanish, together with the scalar potential.
Here, let us also mention that, differently from other AdS superalgebras, the D2(2, 1; α)
one allows for various different contractions, due to its dependence on the two unrelated
parameters L and α, and it admits, in particular, the presence of central charges in the
contracted structure both on Minkowski and on AdS. A first limit is L → ∞, where we
recover a super-Poincaré structure in the presence of non abelian gauge fields; two more
contractions involve the limit g = (α+ 1) → 0, performed before or after having introduced
the redefinition AÍx. In the former case, we end up with an AdS3 background superspace
coupled to non abelian pure gauge SU(2) connections trivially embedded in superspace,
while with the latter the gauge fields become abelian and are associated with central charges
of the contracted superalgebra on an AdS3 background. Eventually, one more contraction
can be considered: we first redefine Ax = 1

L
Ãx and consequently take the limit L → ∞,

obtaining a central extension of a super-Poincaré structure where the central charges are
associated with abelian gauge fields.

By exploiting standard coset geometry techniques applied to the supercoset

D2(2, 1; α)/[SL(2,R)L × SU(2)] ,

one can express the supervielbein ei, Ψ(α)A, as well as the connection 1-forms, in terms of
the differentials dxµ, dθ(α)A. To this end, we can define a supercoset representative

L(x, θ) ≡ LF (θ) · LB(x) , (3.1.18)

where LF (θ) = exp(θ(α)A Q(α)A) and LB(x) = exp(ti(x) Ki), ti being non linearly related to
the spacetime coordinates and Ki ≡ T(1)i −T(2)i. For the sake of simplicity, let us collectively
denote the generators of the bosonic subalgebra sl(2)1 ⊕ sl(2)2 ⊕ su(2) by BA. The left
invariant 1-form reads

Ω(x, θ, dθ, dx) = L−1 dL = L−1
B (x) (L−1

F dLF (θ, dθ)) LB(x) + L−1
B dLB(x, dx) . (3.1.19)

Defining the Lie algebra-valued 1-forms ΩF (θ, dθ) and ΩB(x, dx) as follows

ΩF (θ, dθ) ≡ L−1
F dLF (θ, dθ) = ΩF (θ, dθ)(α)A Q(α)A + ΩF (θ, dθ)A BA ,

ΩB(x, dx) = L−1
B dLB(x, dx) = ΩB(x, dx)A BA , (3.1.20)
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we can rewrite the 1-forms in (3.1.19) as

Ω(x, θ, dθ, dx) = ΩF (θ, dθ)(α)A (LB(x))(α)A
(β)B Q(β)B + ΩF (θ, dθ)A (LB(x))A

B BB+

+ ΩB(x, dx)A BA = ei

L
Ki + 1√

L
Ψ(α)A Q(α)A + ωi Ji + Ax T(3) x , (3.1.21)

where we have denoted by (LB(x))(α)A
(β)B and (LB(x))A

B the matrices representing the
adjoint action of LB(x) on the supersymmetry generators Q(α)A and BA, which can be
deduced from the structure constants of the superalgebra. Moreover, we defined J i =
T i

(1) + T i
(2).

From the above equation we can read off the supervielbein and connection. In particular
we find for ei and Ψ(α)A the following general formulae:

ei = L
1
ΩF (θ, dθ)A (LB(x))A

i + ΩB(x, dx)i
2
,

Ψ(β)B =
√
LΩF (θ, dθ)(α)A (LB(x))(α)A

(β)B , (3.1.22)

where the i index in the first equation labels the components along the Ki generators. We
notice that restriction to spacetime is effected by setting θ = 0, dθ = 0, which in turn
implies Ψ(β)B = 0.9

In the following, we will study the dynamics of a set of hypermultiplets in this curved
background. To be consistent with the rigid superspace interpretation, the supergravity
Lagrangian (3.1.9) must decouple from the matter sector in the rigid limit. To this aim, we
set the parameter κ to

κ = L

üP

,

where we denote by üP the Planck length. In the rigid limit üP → 0, it is possible to choose
L º üP , so that the supergravity dynamics is fully decoupled from the matter sector.

The matter content of the theory
The model describes the coupling between the rigid supersymmetric background defined
above and a set of hypermultiplets, labeled by a couple of flavour indices a ≡ αI = 1, · · · , 2n,
composed by a set of scalars φαA

I and their spin 1/2 superpartners Λα(α)
I .

9Here, we refrain from using an explicit matrix representation of the supercoset representative, since it
is known not to be needed in order to compute ei, Ψ(α)A in terms of the coordinates and their differentials.
These quantities, indeed, only depend on the structure constants of the superalgebra, as it can be explicitly
shown by using the general formula (see Theorem 5 of [95]):

e−X · d
!
eX
"

=
3

1 − e−AdX

AdX

4
dX ,

where X is a superalgebra generator, linear function of the superalgebra parameters, AdX(Y ) ≡ [X, Y ]
and 1−e−AdX

AdX ≡
q∞

k=0
(−1)k
(k+1)! (AdX)k. In order to evaluate the components of ΩF along the generators, as

polynomials in θ, dθ, for instance, we just need to choose X = θ · Q in the above formula.
Their explicit expression is not needed for the scope of the present investigation.
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In the geometric approach to supersymmetry and supergravity in superspace (see
Section 1.1), the first step for identifying the model is to extend the notion of the matter
fields to superfields in superspace and to define their covariant derivatives in superspace,

∇φαA
I ≡ dφαA

I + Ax
1
tx

(3)

2A

B
φαB

I , (3.1.23)

∇Λα(α)
I ≡ dΛα(α)

I + ωi

1
Ji
2(α)

(β)
Λα(β)

I . (3.1.24)

The corresponding Bianchi identities, which stem from the d2-closure, must then hold
on-shell in superspace,

∇2φαA
I =

1
tx

(3)

2A

B
Fx(3)φ

αB
I , (3.1.25)

∇2Λα(α)
I = (Ji)(α)

(β) R
iΛα(β)

I . (3.1.26)

Note that the above relations are not identically satisfied in superspace, but amount to
on-shell constraints, when the covariant derivatives above are parametrised as general
1-forms in superspace. More precisely, their generic parametrisation can be expressed as

∇φαA
I = ∇iφ

αA
I ei + Ψ(α)AΛα

(α)I , (3.1.27)

∇Λα(α)
I = ∇iΛα(α)

I ei + ∇iφ
αA
I

1
mi
2(α)(β)

ΨB
(β)ÔAB + Nα

IA Ψ(α)A . (3.1.28)

The consistency constraints (3.1.25), (3.1.26), once imposed on the derivative of parametri-
sations (3.1.27), (3.1.28), imply the field equations for the fermion fields1

Ti
(1) +αTi

(2)

2
(σ)(α)

∇iΛα(α)
I + 1

4L (α− 1)
5
Λα

(σ)I + 4
1
Ti

(1)T(2)i
2

(σ)(α)
Λα(α)

I

6
= 0 , (3.1.29)

which can be written in an alternative form as1
Ti

(1) +αTi
(2)

2
(σ)(α)

I
∇iΛα(α)

I + 1
3L(1 +α)

è
(1 + 3α)T(1)i − (3 +α)T(2)i

é(α)

(β)
Λα(β)

I

J
= 0 ,

(3.1.30)
and also determine the auxiliary matrices mi, Nα

IA:1
mi
2(α)

(β)
= − i

2
1
Ti

(1) −αTi
(2)

2(α)

(β)
=
1
Mi

−

2(α)

(β)
, Nα

IA = i(1 +α)
4L ÔAB φ

αB
I . (3.1.31)

Since in this approach the supersymmetry transformation laws are described geometrically
as Lie derivatives along the fermionic directions of superspace, the above procedure allows
to easily determine the supersymmetry transformations of the fields, which read

δεφ
αA
I = ε(α)AΛα

(α)I ,

δεΛα(α)
I = ΦαA

I;i

1
Mi

−

2(α)
(β)ε

(β)
A + Nα

IAε
(α)A ,

δεe
i =

1
Mi

−

2
(α)(β)

ε(α)AΨ(β)
A ,

δεω
i = 1

L
(Mi

+)(α)(β)ε
(α)AΨ(β)B)ÔAB ,
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δεΨ(α)A =∇ε(α)A + 1
L

K(α)(β)
i eiεA

(β) ,

δεA
x = i

L
(1 + α)(tx

(3))ABε
(α)AΨB

(α) . (3.1.32)

Let us notice that the condition of background invariance under supersymmetry requires
ε to be a Killing spinor, namely that δεΨ(α)A = 0. The latter, in turn, implies that the
supersymmetry parameter should satisfy the following equation:

∇̂ε ≡ ∇ε+ 1
L

Ki e
iε = 0 . (3.1.33)

Moreover, it follows that all the background fields have vanishing supersymmetry transfor-
mations on spacetime,

δei
µ = δAx

µ = δωi
µ = δΨ(α)A

µ = 0 . (3.1.34)

3.2 Superspace and spacetime Lagrangians
The geometric approach allows to determine the Lagrangian for our dynamical hypermul-
tiplets as a bosonic 3-form in the D2(2, 1; α) superspace. The procedure to be followed
is straightforward from a logical point of view, but it can turn out to be quite difficult
at a computational level. Firstly, one considers an ansatz for the action with all possible
bosonic 3-form terms allowed by the rules of rheonomy and invariant under the symmetries
of the theory (see Section 1.1). Then, superspace equations of motion for φαA

I and Λα
(α)I

are studied, imposing that their inner components reproduce the spacetime equations of
motion, whereas the outer ones are required to vanish identically. In particular, it means
that when one considers a specific sector of the latter, the coefficients associated to the
irreducible representations of the basis have to be zero separately. Once these conditions
are put all together, the coefficients in the ansatz are fixed and the superspace Lagrangian
reads

L =a1
1
∇φαA

I − Ψ(α)AΛα
(α)I

2
ΦI;i

αA e
j ekÔijk − 1

6a1ΦαA
I;ü ΦI;ü

αAe
i ej ekÔijk

− 16 a1

α2 − 1Λα(α)I
1
Mi

+

2
(α)(β)

C
1
2∇Λβ(β)

I ej +
1
Mj

−

2(β)

(γ)

3
∇φβA

I − 1
2Ψ(δ)AΛβ

(δ)I

4
Ψ(γ)BÔAB

− Nβ
IA(φ)Ψ(β)Aej

D
Ôαβ e

kÔijk

+ ia1

3(α+ 1)M(α)(β)Λα(α)IΛβ(β)
I Ôαβe

i ej ekÔijk − a1

3 V(φ) ei ej ekÔijk

+ ia1

(α− 1)φ
β(A
I ∇φαI|B)Ôαβ Ψ(α)

A Ψ(β)
B

C
(1 −α+α2)

4 δ(α)(β) +α
1
Tk

(1)T(2)k
2

(α)(β)

D

− i(1 +α)a1

8L φIAαφβB
I

1
Ji
2

(α)(β)
Ψ(α)CΨ(β)DeiÔCDÔαβÔAB , (3.2.1)

where the hyperini mass matrix and the scalar potential have the following expressions:

M(α)(β) = 1
L

5
δ(α)(β) + 4

1
Ti

(1) · T(2)i
2

(α)(β)

6
, (3.2.2)
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V(φ) = − 1
2L2φ

αA
I φβBIÔαβÔAB + constant . (3.2.3)

As we are going to show, this Lagrangian is invariant under supersymmetry modulo
boundary terms.
We choose the overall normalisation to be a1 = 1

2 . Thus, the spacetime projection of the
superspace Lagrangian (3.2.1) takes the simple expression

Lspacetime =1
2∇µφ

αA
I ∇µφβBIÔαβÔAB − 8

α2 − 1Λα(α)I (Mµ
+)(α)(β) ∇µΛβ(β)

I Ôαβ

+ i
(α+ 1)M(α)(β)Λα(α)IΛβ(β)

I Ôαβ − V(φ) . (3.2.4)

Notice that the spacetime Lagrangian describes non mutually interacting scalar and fermion
sectors, the interaction terms only appearing in the components of the superspace Lagrangian
along the odd directions.
The expression of the scalar potential, which is in fact a mass term for the scalar fields, is
fixed by the requirement of supersymmetry of the action, to be discussed in the course of
this Section.

Furthermore, we are going to explicitly write down the Euler-Lagrange equations of the
spacetime Lagrangian, which provides the field equations of the hypermultiplets, and discuss
some of the peculiarities of the superspace Lagrangian (3.2.1), which are not apparent in
its spacetime projection (3.2.4).

The spacetime field equations
The scalar field φαA

I satisfies the following Klein-Gordon equation of motion:

∇µ∇µ φαA
I = + 1

L2φ
αA
I , (3.2.5)

where the mass is given by the inverse of the AdS radius L. Let us observe that the
squared mass of the scalar fields, m2

φ = − 1
L2 , saturates the Breitenlohner-Freedman (BF)

bound [96,97] in D = 3. Being the BF bound satisfied, the vacuum is perturbatively stable
against scalar fluctuations.

The equation of motion of Λ(α)α
I , which can be easily obtained from the Lagrangian

(3.2.4), as well as from the Bianchi identities in superspace (see (3.1.29)), reads
1
Mi

+

2
(α)(β)

∇iΛα(β)
I − i

8 (α− 1) M(α)(β)Λα(β)
I = 0 . (3.2.6)

It is a massive Dirac equation with a constant mass proportional to the inverse of the AdS
radius L. The mass matrix M can be diagonalized through conjugation with the orthogonal
matrix

P =


0 0 0 1

− 1√
2 0 1√

2 0
1√
2 0 1√

2 0
0 1 0 0

 , (3.2.7)
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showing that it has only one eigenvalue different from zero,

MD(σ)(α) =
1
P tMP

2
(σ)(α)

= 1
L


4 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 . (3.2.8)

The interpretation of the above result in terms of mass eigenstates will be more transparent
in the twisted descriptions of the model that we will give in Section 3.3.

Scalar potential and supersymmetry invariance
In this paragraph, we discuss the supersymmetry of the action of our model, starting from
the properties of the Lagrangian both in superspace (3.2.1) and in spacetime (3.2.4). As
we are going to see, we find that supersymmetry invariance of the superspace Lagrangian
requires a non trivial contribution from the boundary. This means that the bulk Lagrangian
is invariant modulo total derivative terms. The latter are relevant to the complete invariance
of the action, being our model formulated on a spacetime with AdS geometry, which is not
globally hyperbolic. Here, we will be dealing with the invariance of the model in the bulk
only, leaving a detailed analysis of the invariance of the action, which includes the boundary
contributions, along the lines of [41], to future investigation. For this reason, we expect all
contributions Y in δL to sum up to a total derivative term d(δZ) in such a way that

δL = Y = Y + d(δZ)ü ûú ý
0

−d(δZ) = −d(δZ) . (3.2.9)

By using the transformation laws (3.1.32), restricted to spacetime, and the Killing spinor
equation (3.1.33), it can be verified that the spacetime Lagrangian (3.2.4) features off-shell
invariance under supersymmetry.
In particular, this invariance is crucial to determine the explicit expression of the scalar
potential appearing in (3.2.1) and (3.2.4), as expected. Indeed, invariance of the spacetime
Lagrangian (3.2.4) to order 1/L2 requires the scalar potential V(φ) to satisfy the following
condition:

∂V
∂φαA

= − 1
L2 ÔαβÔAB φ

βB , (3.2.10)

which yields the expression given in (3.2.3).
The analysis of supersymmetry for the superspace Lagrangian can instead be performed,

in a geometric setting, by computing its Lie derivative along odd diffeomorphisms,

δÔL = £ÔL = ιÔ(dL) + dιÔ(L) , (3.2.11)

and ignoring the total derivative part for the bulk analysis, as explained above. Eventually,
we can analyse independently the invariance in different sectors, defined by the inverse
powers of the AdS radius L and on different basis elements for 3-forms in superspace. Of
particular interest is the sector 1

L2 ÔΨee, which yields the supersymmetric potential Ward
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identity [98–100].
The explicit computation of this sector in (3.2.1) yields

V(φ)
1
(α+ 1)Ki − (α− 1)Ji

2
+ 1

2L2
α+ 1
α− 1φ

2
1
(1 −α)Ki + (α+ 1)Ji

2
− α+ 1

L2 φ2ÔijkKjJk = Y| 1
L2 ÔΨee Ó= 0 . (3.2.12)

We notice that, while the components on the left hand side along Ki vanish for the choice
of the potential in (3.2.3), the components along Ji fail to do so. These contributions can
be disposed of by adding a suitable total derivative term to the superspace Lagrangian in
(3.2.1) of the form

dZ = d
3

Λα(α)I
è
r1
1
Ji
2

+ r2Ô
ijkT(1)jT(2)k

é
(α)(β)

φβA
I Ψ(β)BÔABÔαβei

4
, (3.2.13)

where the values of r1, r2 are restricted by the requirement that the 1
L2 ÔΨee component of

δÔL vanishes:

V(φ)
1
(α+ 1)Ki − (α− 1)Ji

2
+ 1

2L2
α+ 1
α− 1φ

2
1
(1 −α)Ki + (α+ 1)Ji

2
− α+ 1

L2 φ2ÔijkKjJk + 2(α+ 1)
L2

3
r1 + 1

2r2

4
φ2Ji = 0 . (3.2.14)

This leads to the following relation

r1 + r2

2 = −1
2

A
α2 + 1
α2 − 1

B
. (3.2.15)

In light of the remark in (3.2.9), this signals that the Lagrangian in (3.2.1) is invariant in
the bulk modulo a total derivative term −d(δZ).

Comments on the dependence of the Lagrangian on the hyper-
Kähler geometry
Although we are restricting to a flat hyper-Kähler manifold, in view of a possible generalisa-
tion to a curved one, it would be useful to provide an intrinsic characterisation of the scalar
dependence of the Lagragian (in particular of the scalar potential) in terms of quantities
characterising the hyper-Kähler geometry. To this end we start recalling the main facts
about hyper-Kähler geometry.

A hyper-Kähler manifold [101, 102] of real dimension 4nH is a manifold on which
three complex structures are defined Jx, x = 1, 2, 3, (Jx)2 = −1, closing an su(2) algebra:
[Jx, Jy] = Ôxyz Jz. The metric huw is required to be Hermitian with respect to any of the
three structures. In a local patch with coordinates qu, u = 1, . . . , 4nH , this amounts to the
conditions

huw J
x w

v + hvw J
x w

u = 0 , (3.2.16)
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where (Jx)u
v represent the action of the complex structures on a coordinate basis of the

tangent space and satisfy the quaternionic algebra

JxJy = −δxy + Ôxyz Jz . (3.2.17)

The manifold is further required to be Kähler with respect to each of the three complex
structures. This, in turn, is equivalent to the covariantly constant condition of the matrices
(Jx)u

v with respect to the Levi-Civita connection Γ̃w
uv on the manifold,

Dw (Jx)u
v = 0 . (3.2.18)

We define the hyper-Kähler 2-forms as follows:

Ωx = Ωx
uv dqu ∧ dqv , Ωx

uv = huw J
x w

v = hw[u J
x w

v] . (3.2.19)

The hyper-Kähler condition implies that these three 2-forms are closed: dΩx = 0.
In our case the coordinates qu are identified with the scalar fields of our model φαA

I .
The matrices (Jx)u

v are constant and define the (linear) action of the su(2) generators on
the index A of the scalars φα A

I ,

(Jx)u
v = (Jx)AαI

BβJ = 2 (tx)A
B δ

α
β δ

I
J . (3.2.20)

The real dimension of the space is 8, corresponding to nH = 2 hypermultiplets.
We can treat the space as a complex manifold with respect to the complex structure

J ≡ Jx=2, which acts on the indices A, B, . . . as the matrix 2 (t2)A
B = i (σ2)A

B

J · φαA
I = i (σ2)A

B φ
αB
I . (3.2.21)

This choice of the complex structure yields the definition of four complex coordinates φα
I

and their complex conjugates φ̄α
I ,

φα
I ≡ φαA=1

I + iφαA=2
I , φ̄α

I ≡ φαA=1
I − iφαA=2

I , (3.2.22)

such that
J · dφα

I = −i dφα
I , J · dφ̄α

I = i dφ̄α
I . (3.2.23)

When interpreting φα
I , φ̄

α
I as ghost and anti-ghost fields, the operator i J measures their

ghost charges, which are +1 and −1, respectively. In our model the hyper-Kähler manifold
is flat and the metric reads

ds2 = huv dqu dqv = Ôαβ ÔAB dφαA
I dφβB

I = iÔαβ dφα
I dφ̄β

I . (3.2.24)

The Kähler 2-form associated with J reads

K = huv J
v

w dqu ∧ dqw = −dφα ∧ dφ̄β Ôαβ , (3.2.25)

and the corresponding Kähler potential has the following expression:

K(φ, φ̄) ≡ φαA
I φβB

I ÔαβÔAB = i Ôαβ φ
α
I φ̄

β
I . (3.2.26)



86 CHAPTER 3. TWISTING D(2,1;α) SUPERSPACE

In terms of this potential the metric in the complex basis is given by the known relation for
Kähler manifolds,

ds2 =
A

∂2K
∂φα

I ∂φ̄
β
J

B
dφα

I dφ̄β
J . (3.2.27)

As for the other complex structures Jx, whose action on the A, B indices can be described
in terms of the matrices 2 (tx)A

B, it is useful to describe the index x = 1, 2, 3 in terms of a
symmetric couple (AB) and write (Jx)C

D = i (tx)AB (J (AB))C
D, where (J (AB))C

D ≡ δ
(A
D ÔB)C .

The three closed hyper-Kähler 2-forms Ω(AB) have then the following expression [55]:

Ω(AB) = dφα A
I ∧ dφβ B

I Ôαβ . (3.2.28)

Being closed, locally these forms can be written as the exterior derivative of 1-forms A(AB):
Ω(AB) = dA(AB), where

A(AB) = φ
α (A
I dφβ |B)

I Ôαβ . (3.2.29)

Let us now show that the dependence of the Lagrangian on the scalar fields can be described
in terms of geometrical quantities which are intrinsic to the hyper-Kähler manifold and this
suggests a natural generalisation of its expression to more general non flat hyper-Kähler
geometries [80]. We note indeed that the scalar potential V(φ, φ̄) can be expressed in terms
of K(φ, φ̄) as follows:

V(φ, φ̄) = − 1
2L2 K(φ, φ̄) + constant . (3.2.30)

Moreover the expression φα (A
I ∇φβ |B)

I Ôαβ in a ΨΨ-component of the Lagrangian, as well as
∇φαA

I in the spacetime Lagrangian, are respectively interpreted in terms of the connection
A(AB) and the vielbein UαA

I = UαA
I u dqu 1-forms, in which the exterior derivative d is replaced

by the covariant one ∇ due to the gauging of the SU(2) isometry algebra by Ax
µ.

Let us eventually add that, when a curved hyper-Kähler manifold is considered, the
supersymmetry transformation laws contain extra contributions depending on the affine
connection on the σ-model and the Lagrangian includes an additional term of the form

ÔAB RαAI,βBJ ;γK,σL Λ(α)αI Λ(β)βJ Λ(γ)γK Λ(σ)σLÔ(α)(β)(γ)(σ) , (3.2.31)

where

Ô(α)(β)(γ)(δ) = 4 (Ti
(1))[(α)(β)(T(1) i)(γ)(δ)] = −4(Ti

(2))[(α)(β)(T(2) i)(γ)(δ)] (3.2.32)

is the totally antisymmetric SO(2, 2)-invariant tensor and

RγK,σL = 1
2 Ruv;γK,σLdqu ∧ dqv = 1

2 RαAI,βBJ ;γK,σL dφαAI ∧ dφβBJ

is the curvature 2-form with value in the usp(2n) = usp(4) algebra.

As mentioned above, this observation is useful in view of a generalisation of the
Lagrangian to a sigma-model on more general hyper-Kähler manifolds [80]. This task will
be undertaken in a future investigation.
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3.3 The Twists
In this Section we perform two different twists of the theory. As we shall see, the first one
will relate this model to the one of [80], whereas the second one will allow to make contact
with the unconventional supersymmetry, explored in Section 1.3 and [54–58].

First twist
In all of the analysis up to now, the manifest invariance of the action is only restricted to
the Lorentz group SL(2,R)L embedded as the diagonal subgroup

SL(2,R)L = SL(2,R)Í
D ⊂ SL(2,R)Í

1 × SL(2,R)Í
2

and to the R-symmetry group SU(2) inside D2(2, 1; α). However, we have used so far a
somewhat hybrid notation in the description of the fermionic fields and supersymmetry, by
keeping the spinor indices αÍ, α̇Í of SL(2,R)Í

1 and SL(2,R)Í
2 distinct and thus working with

a redundant 4-component description of spinor fields.
Here, we rewrite the spinor fields in irreducible SL(2,R)Í

D components,

Λ(α)α
I → Ψα

Ii , η
α
I , (3.3.1)

according to the branching

(2, 2) → 3 + 1 . (3.3.2)

We will call this decomposition a twist, in analogy with the known topological twist. In our
framework, it amounts to making explicit the choice of the spin connection of D2(2, 1; α)
superspace among the SL(2,R) connections of the superalgebra.
To express Λ(α) α

I in terms of its component fields, we introduce the following intertwining
matrices:

γi
(α) ≡ (γi)αÍα̇Í , Ô(α) ≡ ÔαÍα̇Í , (3.3.3)

which are clearly invariant under the Lorentz group SL(2,R)L
10. By using these quantities,

we can decompose Λα(α)
I into the irreducible components Ψα

i I , η
α
I as follows:

Λα(α)
I = i γi(α) Ψα

i I + Ô(α) ηα
I . (3.3.4)

In the context of the analysis carried out in [55], the two components of Λα(α)
I , resulting from

the twist, describe, respectively, the gauge field Ψα
i I associated to the odd gauge symmetries

of a Chern-Simons model defined on the supergroup OSp(2|2) and the corresponding
Nakanishi-Lautrup field ηα

I . In our case, similarly as in [80], the bosonic subgroup of the
gauge supergroup being replaced by a global flavour symmetry, the odd gauge fields Ψα

i I

10To see this for γi
(α), one can verify that

(Ti
(1) + Ti

(2))(α)
(β) γk (β) = −Ôikü γ

(α)
ü .
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are the only relics of the Chern-Simons gauge supergroup. Correspondingly, the analogous
components of the supersymmetry generators Q(α)A define what in [79] were identified as
the BRST symmetry generator S, the “vector” BRST symmetry generator Si and their
secondary counterparts S̄, S̄i:

Q(α)A = i γi(α) SA
i + Ô(α) SA , (3.3.5)

where SA ≡ (S, S̄), SA
i ≡ (Si, S̄i).

Let us now compute the anticommutator of the two supersymmetry generators for the
D2(2, 1; α) algebra in (3.1.2), in terms of the twisted operators SA, SA

i . We find
î
SA,SB

ï
= i

2 s3
1
t(3)x

2AB
T x

(3) , (3.3.6)î
SA

i ,SB
j

ï
= i

4ÔijkÔ
AB
1
s1T k

(1) + s2T k
(2)

2
+ i

2 s3 ηij

1
t(3)x

2AB
T x

(3) , (3.3.7)î
SA

i ,SB
ï

= i
4Ô

AB
1
s1T(1)i − s2T(2)i

2
. (3.3.8)

The above expressions show that, with the exception of the D2(2, 1; α) singular value s3 = 0
(corresponding to α = −1), the scalar generators SA do not behave as cohomology operators.

By proving the following relation:

(Ti
(1)T(2) i)(α)

(β) γ
k (β) = −1

4 γ
k (α) , (3.3.9)

one can verify that γi (α) provide three eigenvectors related to a vanishing eigenvalue for the
mass matrix M(α)(β):

M(α)
(β)γ

i(β) =
1
δ

(α)
(β) + 4 (Tj

(1)T(2) j)(α)
(β)
2
γi(β) = 0 . (3.3.10)

This implies that the massive degrees of freedom are encoded in ηα
I .

We should now write the equation for Λα(α)
I in terms of Ψα

iI and ηα
I . To this end it is

useful to write the following relations (we suppress the indices α and I):

(Ti
(1)Λ)(α) = i

2 Ô
iük γ

(α)
ü Ψk − 1

2Ô
(α)Ψ i + i

2 γ
i(α) η ,

(Ti
(2)Λ)(α) = i

2 Ô
iük γ

(α)
ü Ψk + 1

2Ô
(α)Ψ i − i

2 γ
i(α) η . (3.3.11)

By substituting (3.3.4) in the field equation (3.2.6) and projecting along (γp)(σ) and Ô(σ),
we find11

(γp)(σ) : (α− 1) ∇pηI + (1 +α) Ôpik∇iΨk
I = 0 ,

11We use the following identity:

(γp)(σ)
Ô(σ) = 0, (γp)(σ) (γk)(σ) = −2ηpk, Ô(σ)Ô(σ) = 2 .
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Ô(σ) : (α− 1) ∇iΨ
i
I + 2

L
(α− 1) ηI = 0 . (3.3.12)

We observe that for the value α = 1, which is not singular for D2(2, 1; α)12, η decouples
and we end up with only one equation for Ψα

i . Let us notice that, if the index α were
a spinor index with respect to the Lorentz group, the equation Ôipk∇pΨkα

I = 0 would be
the Rarita-Schwinger equation for a massless spin 3/2 field. Recall, however, that in our
construction α is an internal gauge index.

The above mentioned equations of motion can be reproduced by the following La-
grangian:

Lspacetime =1
2∇iφ

αA
I ∇iφβBIÔαβÔAB − V(φ) + 4i

1 −α
ÔijkΨαI

i ∇jΨ
β
kIÔαβ

+ 8i
(1 +α)

3
−Ψ iαI∇iη

β
I + 1

L
ηαIηβ

I

4
Ôαβ , (3.3.13)

which can be obtained from the spacetime Lagrangian (3.2.4) by performing the twist
(3.3.4). Note that the ηI-dependent terms in the above Lagrangian are consistent with the
interpretation of ηI as the Nakanishi-Lautrup field [55].
The supersymmetry variations of φαA

I and these two new fields are

δεφ
αA
I = ε(α)A

1
iγi

(α)Ψ
α
iI + Ô(α)η

α
I

2
,

δεΨ
α
iI = −1

8

3
(1 −α)Ôijk∇jφαA

I + 1 +α
L

φαA
I ηik

4
γk

(α)ε
(α)
A − i(1 +α)

8 ∇iφ
αA
I Ô(α)ε

(α)
A ,

δεη
α
I = −1 +α

8 ∇iφ
αA
I γi

(α)ε
(α)
A + 1

2Nα
IAÔ(α)ε

(α)A . (3.3.14)

These expressions can now be rewritten in terms of the new symmetry parameters arising
from the twist we are considering, ε(α)A = iγi(α)εA

i + Ô(α)εA, that is

δεiBSiB
φαA

I = εiAΨα
iI ,

δεBSB
φαA

I = ÔABηα
I εB ,

δεlBSlB
Ψα

iI = i
8

3
(1 −α)Ôijk∇jφαA

I + 1 +α
L

φαA
I ηik

4
εk

A ,

δεBSB
Ψα

iI = − i(1 +α)
8 ∇iφ

αA
I εA ,

δεiBSiB
ηα

I = i(1 +α)
8 ∇iφ

αA
I εi

A ,

δεBSB
ηα

I = i(1 +α)
8L φα

AIε
A . (3.3.15)

In particular, since on a generic field Φ we have, by linearity, δεBSB
Φ = εBδSB

Φ ≡ εB(SB ·Φ),
from the above equations we obtain

(SB · φαA
I ) = ÔABηα

I ,

12In fact, for α = 1 the algebra D2(2, 1; α) becomes isomorphic to a real form of D(2, 1) ∼ osp(4|2) with
bosonic subgroup so(2, 2) × su(2).
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(SA · Ψα
iI) = i(1 +α)

8 ∇iφ
αA
I ,

(SA · ηα
I ) = i(1 +α)

8L φαA
I , (3.3.16)

so that

(S(BSA) · φαC
I ) = i(1 +α)

8L ÔC(Aφ
αB)
I ,

(S(BSA) · Ψα
iI) = i(1 +α)

8 Ô(AB)∇iη
α
I = 0 ,

(S(BSA) · ηα
I ) = i(1 +α)

8L Ô(AB)ηα
I = 0 . (3.3.17)

The above equations show that the operators SA do not anticommute on fields with non
vanishing ghost-number. The cohomological structure is retrieved in the singular case
α+ 1 = 0.
Furthermore, we notice that the obtained spacetime Lagrangian can be expressed as in [80],
namely

Lspacetime = 4i
1 +αSA ·

3
∇iφαBIΨβ

iIÔAB + 1
L
ηαIφβB

I ÔAB

4
Ôαβ + 4i

1 −α
ÔijkΨαI

i ∇jΨkαI .

(3.3.18)

Let us remark that the charges SA act on the spacetime Lagrangian similarly as BRST
cohomology operators, separating it in a “physical” Lagrangian and a term in their image,
despite the fact that the SA do not behave as proper cohomological charges, as shown
in (3.3.6). In fact, extra contributions due to the peculiar structure of the D2(2, 1; α)
superspace show up in the superspace Lagrangian, some of them being associated with the
commutator [SA,∇]φBβ

I . However, the latter vanishes on spacetime, as a consequence of
(3.1.34). Indeed, its twisted expression implies a trivial spacetime action of the SA on the
background fields appearing in the covariant derivatives.

Second twist
As discussed in [55], in order to make contact with the model of [54], where an unconventional
supersymmetric theory featuring spin 1/2 fields χ(AVZ)

I was constructed, we perform a second
twist which amounts to writing the fields in a covariant way with respect to the diagonal
subgroup SL(2,R)D of SL(2,R) × SL(2,R)Í

1, where the former factor is the flavour symmetry
group acting on the index α. This translates into the introduction of the SL(2,R)D-invariant
tensors γi

ααÍ , ÔααÍ and decomposing ΛααÍα̇Í as follows:

ΛααÍα̇Í

I = i (γk)ααÍ
χ̂α̇Í

Ik + ÔααÍ
χα̇Í

I , (3.3.19)

This twist is suggested by the ansatz (1.3.3), in which the field Ψα
iI is expressed in terms of

spin 1/2 fields χα̇Í
I , to be related to the components on the right hand side of (3.3.19) in

the following.
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Equations (3.3.4) and (3.3.19) amount to writing the spinors in two different bases. The
relation between the corresponding components readsχI = 1

2(iΨ/I − ηI),
χ̂Ii = ΨIi + i

2 γi (iΨ/I + ηI) ,

ηI = −1
2 [i χ̂/I + χI ] ,

ΨiI = χ̂iI − 1
2 γi (χ̂/I + iχI) ,

(3.3.20)

where the spinor indices have been suppressed13. The spinor equations (3.3.12), written in
terms of the new fields, yield

(α+ 1)Ôüik ∇i

3
χ̂kI − i

2 γk (χI − i χ̂/I)
4

+ 1 −α
2 ∇ü(χI + i χ̂/I) = 0 , (3.3.21)

1
2

3
−i /∇χI − 2

L
χI

4
− i

2

3
−i /∇χ̂/I + 2

L
χ̂/I

4
+ ∇iχ̂iI = 0 , (3.3.22)

and the field variations read

δεφ
αA
I = i

1
γk
2α

αÍ
εαÍα̇ÍAχ̂Ikα̇Í + εαα̇ÍAχIα̇Í ,

δεχ̂
α̇Í

Il = i
8∇iφ

αA
I

51
γlγ

i
2

αβÍ
εβÍα̇Í

A −α (γl)αβÍ

1
γi
2α̇Í

β̇Íε
βÍβ̇Í

A

6
+ i

2Nα
IA (γl)ααÍ ε

αÍα̇ÍA ,

δεχ
α̇Í

I = 1
8∇iφ

αA
I

51
γi
2

αβÍ
εβÍα̇Í

A −αÔαβÍ

1
γi
2α̇Í

β̇Íε
βÍβ̇Í

A

6
+ 1

2Nα
IAÔααÍεαÍα̇ÍA . (3.3.23)

In terms of the fields χ̂α̇Í
Ik, χα̇Í

I , the spacetime Lagrangian (3.2.4) takes the form

Lspacetime =1
2∇iφ

αA
I ∇iφβBIÔαβÔAB − V(φ)+

− 4
α2 − 1

è
iÔijkχ̂t

iIÔ∇jχ̂
I
k +αχ̂t

iIÔγ
j∇jχ̂

I
i + αχt

IÔγ
i∇iχ

I − 2iχt
IÔ∇iχ̂I

i

é
+

+ 2i
L(α+ 1)

è
χ̂t

kIÔχ̂
kI − iÔijkχ̂t

iIÔγjχ̂
I
k + χt

IÔχ
I − 2iχ̂t

iIÔγ
iχI
é
, (3.3.24)

where we have used the matrix notation for the bispinor index: ξtÔζ ≡ ξαζβ Ôαβ.
The above results can be further rewritten by decomposing the χ̂Ii field into its spin 3/2
and spin 1/2 components, χ̊Ii and /̂χI

, as follows:

χ̂Ii = χ̊Ii + 1
3 γi /̂χI

, (3.3.25)

where γi χ̊Ii = 0. In this way, we can rewrite the expressions of ΨIi and ηI in (3.3.20) in
the form

ΨIi = χ̊Ii − i
2 γi χ1I , ηI = −1

2 χ2I , (3.3.26)

where χ1I and χ2I are

χ1I ≡ − i
3 /̂χI

+ χI , χ2I ≡ i /̂χI
+ χI . (3.3.27)

13Note that the above manipulations require that the only manifest symmetry effectively acting on the
odd sector is the diagonal subgroup SL(2, R) ⊂ SL(2, R)D × SL(2, R)Í

2, so that the three indices α, αÍ, α̇Í

are treated on an equal footing.
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The inverse relations read

χI = 1
4 (3χ1I + χ2I) , /̂χI

= 3
4i (χ1I − χ2I) (3.3.28)

and the Lagrangian (3.3.24), when expressed in terms of the fields χ̊Ii, χ1I , χ2I , takes the
simpler form

Lspacetime = 1
2∇iφ

αA
I ∇iφβBIÔαβÔAB − V(φ)+

+ 4i
1 −α

5
Ôijkχ̊t

IiÔ∇jχ̊
I
k − i

2χ
t
1IÔ /∇χI

1 + χ̊t
IiÔ∇i χI

1

6
+

+ 2i
α+ 1

5
2 χ̊t

IiÔ∇i χI
2 + iχt

1I Ô /∇χI
2 + 1

L
χt

2IÔ χ
I
2

6
, (3.3.29)

where, for the spinor bilinears, we have used the notation illustrated in Appendix B.
The field equations are readily written as

δχ̊ : P( 3
2)

l
i

A
(α+ 1) Ôijk ∇j

3
χ̊Ik − i

2 γk χ1I

4
− (α− 1)

2 ∇i χ2I

B
= 0 , (3.3.30)

δχ1 : ∇iχ̊iI + i /∇χ1I + i α− 1
2(1 +α)

/∇χ2I = 0 , (3.3.31)

δχ2 : − 2∇iχ̊iI+i /∇χ1I + 2
L
χ2I = 0 , (3.3.32)

where P( 3
2)

j
i ≡ 1 δj

i − 1
3 γ

jγi is the projector on the spin 3/2 representation. Combining the
three equations above, we get the conditions:

∇iχ̊iI = 1
6

1 −α
1 +α

C
i /∇χ2I − 4(1 +α)

L(α− 1)χ2I

D
,

2 Ôijk∇jχ̊Ik +
1
∇i − γi /∇

2
χ1I − α− 1

α+ 1 ∇iχ2I = 0 . (3.3.33)

Let us show that the solutions to equations (3.3.30), (3.3.31) and (3.3.32) comprise a massive
Dirac spinor, which can be related to the unconventional supersymmetry ansatz (1.3.3). To
this end it suffices to restrict to solutions satisfying the further condition

∇iχ̊Ii = 0 . (3.3.34)

In fact, equations (3.3.31) and (3.3.32) take the form

/∇χ1I = 2i
L
χ2I , (3.3.35)

i /∇χ2I = mχ2I , (3.3.36)

where
m = 4(α+ 1)

L(α− 1) . (3.3.37)
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The fields χ2I are now massive Dirac spinors of mass m. Note that, as expected, this mass
depends on the parameter g = (α+ 1), namely on the gauging of the R-symmetry SU(2).
If the configuration χ2I is taken as solution of (3.3.36), it is straightforward to verify that
χ1I is given by the general expression

χ1I = − 2
Lm

χ2I + σI = 1 −α
2(α+ 1) χ2I + σI , (3.3.38)

where σI are massless spinor fields: i /∇σI = 0.
Now, we impose a stronger condition on the solutions to equations (3.3.30), (3.3.31), (3.3.32)
and set the spin 3/2 field to zero:

χ̊Ii = 0 . (3.3.39)

Finally, this allows to make contact with unconventional supersymmetry, where the fields
Ψα

Ii have a vanishing spin 3/2 component. Indeed, from (3.3.26), we obtain

ΨIi = − i
2 γi χ1I , ηI = −1

2 χ2I , (3.3.40)

where ΨIi only has a spin 1/2 component χ1I , which is expressed in terms of the massive
spinor field χ2I through (3.3.38). The propagating spinor χ(AVZ)

I of [54], appearing in (1.3.3),
has to be identified, using (3.3.26), with

χ
(AVZ)
I = iγiΨiI = 3

2χ1I .

We have discussed above only those solutions for which either (3.3.34) or the stronger
equation (3.3.39) holds. Our supersymmetric model, however, features more general
solutions, which non trivially involve the spin 3/2 fields and whose physical applications
deserve investigation. We postpone this analysis to future developments.
Eventually, we notice that the condition for unconventional supersymmetry χ̊iI = 0 breaks,
in general, all supersymmetries of our superspace. Indeed, we can use the supersymmetry
variations of χ̊iI in the twisted form to write

δεBSB
χ̊iI = − i(1 +α)

8 (Pij∇jφA
I )εA , (3.3.41)

δεlBSlB
χ̊iI = P( 3

2)ij δεlBSlB
Ψ j

I

= i
8

3
(1 −α)Ôijk∇jφA

I + 1 +α
L

φA
I ηik

4
εk

A+

− i
24γi

3
3i(α− 1)Pkj∇jφA

I − 2i(α− 1)∇kφ
A
I + α+ 1

L
γkφ

A
I

4
εk

A , (3.3.42)

from which it follows that, in general, the vanishing of χ̊iI is not preserved by supersymmetry
transformations in D2(2, 1; α) superspace. It is important to emphasise, however, that this
supersymmetry is not related to the unconventional one exhibited by the model in [54],
which originated from a target space symmetry.
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3.4 Conclusions and Outlook
In this final Section, we review the outcome of our analysis and we conclude with some
comments on future developments and perspectives.

Our results can be summarised as follows:

1) We have constructed a three dimensional model of rigid supersymmetry featuring
eight supercharges on a curved AdS3 worldvolume background whose superspace is
based on the supergroup D2(2, 1; α). The resulting model describes the dynamics of
a set of hypermultiplets (ΛααÍα̇Í

I , φαA
I ).

A peculiarity of the chosen superalgebra is the presence of a parameter α, independent
of the cosmological constant, which defines, through the combination g = α+ 1, the
gauging of an internal SU(2), in the absence of dynamical gauge fields. To clarify the
meaning of the word “gauging” in the present context, let us notice that the “coupling
constant” g generates a fermion shift NαA

I in the supersymmetry transformation of
the hyperini (3.1.32), together with mass terms for the latter fields and non trivial
scalar dynamics. This feature is not fully apparent from the Lagrangian, since the
structure of D2(2, 1; α) naturally leads to a redundant (4-component) description of
the spinorial degrees of freedom and to a generalised definition of gamma matrices
which include a dependence on the parameter α. Consequently, the dependence
of the Lagrangian on the parameter α is somewhat concealed in the matrices Mi

±.
The proper definition of the hyperini mass requires a formulation of the above fields
as ordinary 2-component spinors, and this in turn implies a choice of the Lorentz
symmetry in the superspace. This reformulation is intimately related to the issue of
the twists.

2) Two inequivalent twists have indeed been performed, corresponding to two different
identifications of the Lorentz group.
In the first one, the Lorentz group is identified with the diagonal subgroup of the
two SL(2,R) factors in the AdS3 isometry group. This is the counterpart, in our
setting, of the topological twist discussed in [79, 80]. After performing this twist,
the hyperini decompose into an abelian gauge connection Ψα

iI associated with odd
symmetry generators, transforming as a vector with respect to the Lorentz group and
in a Grassmann-valued field, ηα

I , singlet of the Lorentz group, as can be seen from
(3.3.4). Correspondingly, the supersymmetry generators decompose into vector-like
and scalar-like odd generators SA

i ,SA. Our spacetime Lagrangian takes the form of
a Chern-Simons Lagrangian for Ψα

iI plus a term in the image of SA, containing the
interaction with the other fields.
An alternative twist can be performed, involving the SL(2,R) flavour group. More
precisely, in this case the Lorentz group is defined to be the diagonal of the previously
chosen Lorentz group with the flavour SL(2,R) acting on the index α carried by the
dynamical fields of the model. This corresponds to identifying the Lorentz group as
the diagonal of the three groups SL(2,R)Í

1, SL(2,R)Í
2, SL(2,R)flavour. In particular, the

anticommuting fields Ψα
iI and ηα

I now transform in half-integer Lorentz representations,
which are appropriate to their spin statistics, while φαA

I transform as commuting spin
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1/2 fields, fully decoupled from the rest. In this new setting, the superspace structure
is not manifest. This identification, which in fact describes a subsector of the first
twist, unveils the interesting structure described by the Lagrangian (3.3.29). Indeed,
Ψα

iI and ηα
I acquire a natural interpretation as spinorial fields, in particular as a purely

spin 3/2 field χ̊iI coupled to two spin 1/2 particles χ1I , χ2I . A subset of the solutions
of the field equations, defined by the condition ∇iχ̊

i
I = 0, describes a massive spin

1/2 field, χ2I , which acts as a source for the field χ1I . The latter can therefore be
expressed as a combination of χ2I and an arbitrary massless spin 1/2 field σI .
Imposing the stronger condition χ̊iI = 0, we recover the most general solution of the
model with unconventional supersymmetry of [54, 57, 58]. It is worth emphasising,
however, that the complete set of solutions of the field equations of our model is richer
and describes non trivial dynamics involving χ̊iI , χ1I , χ2I , yet to be explored.

A few questions, however, remain open. We have found that the action, though perfectly
supersymmetric in spacetime, is only quasi-supersymmetric when extended as a 3-form in
the full superspace, its invariance requiring the addition of boundary terms. This is possibly
related to the presence, for α+ 1 Ó= 0, of an SU(2)-gauging involving non dynamical vector
fields Ax

µ which, in our model, are frozen as background fields. As α + 1 is set to zero,
indeed, the full supersymmetry of the Lagrangian is restored in superspace.
In this same limit, in the context of the first twist, the interpretation of the SA generators
as anticommuting BRST operators is recovered.
As α is set to this singular value, the fermion masses, which would vanish in the model
considered here, could instead be obtained through the gauging of the flavour group
G = SL(2,R) × SO(2), according to the analysis of [55]. This gauging, which we did not
consider here, can be regarded as more conventional in that it will involve gauge fields
sitting in vector multiplets and thus that are not background fields. The flavour group,
however, can also be gauged for a generic value of α.

Let us now turn to the discussion of perspectives and future developments. Given the
peculiar structure of the supergroup considered here and the chosen dynamical supermulti-
plets, there are multiple possible routes.
A first choice would be, as mentioned above, to introduce a proper gauging of the flavour
symmetry group: we expect this idea to lead to a structure similar to the one of [79],
where the spacetime Lagrangian truly is a Chern-Simons theory, having both even and odd
connections. Further insight could be found by including in our analysis also the interaction
with a set of twisted hypermultiplets [87].
Another possibility for extending the present analysis is given by the choice of a more
general, curved scalar manifold of hyper-Kähler type. In this case the hypermultiplet
Lagrangian should be modified by the addition of terms accounting for the curvature of the
hyper-Kähler geometry, as sketched in Section 3.2.
Finally, it would be appealing to consider the D2(2, 1; α) superalgebra as a framework
to derive new models of interacting massive Dirac particles, whose application to the
description, for instance, of graphene-like materials [103], similarly to what has been done
for models with unconventional supersymmetry, is an interesting task to be pursued.
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Appendix A

Supplementary Material of Chapter 2

A.1 Conventions
In this Appendix we summarise our conventions for Chapter 2.

Curvatures
The bulk local coordinates are denoted by xµ̂ = (xµ, z) and the boundary coordinates by xµ

(µ = 0, 1, 2). In general, the hatted quantities always refer to the bulk and the non hatted
ones to the boundary placed at z = 0.

With regards to connections and curvatures conventions, besides the hatted (bulk) ones
{ω̂, Γ̂, R̂, R̂, ρ̂} and the non hatted (boundary) ones {ω,Γ,R, R, ρ}, a circle above quanti-
ties, {ω̊, Γ̊, R̊}, denote the torsion-free condition, whereas the bold symbol, {R̂,R, ρ̂,ρ},
corresponds to the fact that it is super-covariant.
In our case, {ρ̂, ρ̂, ρ,ρ} correspond to the fermionic supercurvatures. A similar notation
applies for the Abelian supercurvatures {F̂ , F̂, F,F} and, moreover, the Maxwell field
strength on the boundary is denoted by F .

Explicitly, in the bulk we have the Lorentz curvature 2-form R̂ab = 1
2 R̂ab

µ̂ν̂ dxµ̂ ∧ dxν̂

defined in terms of the bulk spin connection ω̂ab
µ̂ . By using the first vielbein postulate,

∂µ̂V
a
ν̂ + ω̂ab

µ̂ Vbν̂ = Γ̂λ̂
ν̂µ̂V

a
λ̂
, (A.1.1)

R̂ab is mapped to the bulk curvature tensor,

R̂λ̂
σ̂µ̂ν̂(Γ̂) = R̂ab

µ̂ν̂(ω̂)V λ̂
aVσ̂b , (A.1.2)

expressed in terms of the bulk affine connection Γ̂λ̂
ν̂µ̂. The bulk AdS curvature 2-form is

denoted by R̂ab and the super AdS curvature by R̂ab.
On the other hand, on the boundary, the Lorentz curvature 2-form is Rij = 1

2 Rij
µν

dxµ ∧ dxν , from which we can obtain Rλ
σµν(Γ) = Rij

µν(ω)Eλ
iEσj, where Γλ

νµ and ωij
µ

are the torsionful affine and spin connection, respectively. The boundary AdS curvature
2-form is Rij and the super AdS curvarure Rij. Similarly, the torsionless quantities on the
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boundary are R̊λσ
µν = R̊ij

µνE
λ

iE
σ

j, and the corresponding Levi-Civita connections are
Γ̊λ

νµ and ω̊ij
µ .

Gamma matrices and spinor conventions
We follow the notation of [58].
The four dimensional 4 × 4 gamma matrices Γa (a = 0, 1, 2, 3) satisfy the Clifford algebra

{Γa,Γb} = 2ηab , ηab = diag(+,−,−,−) , (A.1.3)

and the fifth matrix is defined by

Γ5 = i Γ0Γ1Γ2Γ3 . (A.1.4)

They have the properties

(Γi)† = Γ0ΓiΓ0 , (Γ5)† = Γ5, (A.1.5)

and they satisfy the identity

1
2 Ôabcd Γcd = iΓabΓ5 , (A.1.6)

where

Γa1···an = Γ[a1···an] ≡


1
2

è
Γa1 ,Γa2···an

é
, for even n ,

1
2

î
Γa1 ,Γa2···an

ï
, for odd n .

(A.1.7)

We can also define the charge conjugation matrix C that determines the symmetry
properties of the gamma matrices,

C = Γ0 , CΓaC−1 = −(Γa)t , (A.1.8)

the upper t denoting transposition. From the latter condition, we can derive a general
property for the antisymmetric product of k gamma matrices as

(CΓa1...ak)t = −(−1)
k(k+1)

2 CΓa1...ak . (A.1.9)

Furthermore, the following identity holds for the gamma matrices in any D dimension [10]

Γa1...anc1...cqΓc1...cqb1...bm =
inf(n,m)Ø

k=0
ck(q, n,m) δ[a1

[b1
. . . δak

bk
Γak+1...an]

bk+1...bm] , (A.1.10)

where the coefficient read

ck(q, n,m) = (−1)
1
2 q(q−1)+ k

2 [k−(−1)n−1]
A
n

k

BA
m

k

B
q! k!

A
D − n−m+ k

q

B
. (A.1.11)
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It is convenient to introduce the 2 × 2 gamma matrices γi (i = 0, 1, 2), which are the
elements of the d = 3 Clifford algebra

{γi, γj} = 2ηij , ηij = diag(+,−,−) . (A.1.12)

The D = 4 gamma matrices can be represented in terms of these d = 3 gamma matrices as

Γi = σ1 ⊗ γi , γ0 = σ2 , γ1 = iσ1 , γ2 = iσ3 ,

Γ3 = iσ3 ⊗ 1 , Γ5 = i Γ0Γ1Γ2Γ3 = −σ2 ⊗ 1 =
A

0 i12
−i12 0

B
. (A.1.13)

An identity often used in the text is

γiγj = ηij + i Ôijk γk , Ô012 = 1 , (A.1.14)

which implies
γij = i Ôijk γk , γij ≡ 1

2 [γi, γj] . (A.1.15)

Let us now focus on the spinor conventions.
The Majorana 4-spinor 1-form Ψ = Ψµ̂ dxµ̂ has Grassmannian components Ψµ̂. By using
the symmetry properties of the gamma matrices (A.1.8), we obtain the following relations
for the fermionic bilinears,

ΨAµ̂ΨBν̂ = ΨBν̂ΨAµ̂ , ΨAµ̂Γ5ΨBν̂ = ΨBν̂Γ5ΨAµ̂ ,

ΨAµ̂ΓaΨBν̂ = −ΨBν̂ΓaΨAµ̂ , ΨAµ̂ΓaΓ5ΨBν̂ = ΨBν̂ΓaΓ5ΨAµ̂ ,

ΨAµ̂ΓabΨBν̂ = −ΨBν̂ΓabΨAµ̂ , ΨAµ̂ΓabΓ5ΨBν̂ = −ΨBν̂ΓabΓ5ΨAµ̂ .

(A.1.16)

In view of the application to the holographic duality, it is convenient to choose a gamma
matrices basis where only Lorentz invariance in d = 3 dimensions is manifest, where the
radial matrix Γ3 is associated with the generator T0 of the SO(1, 1) group given by (2.5.2).
Then, for our purposes, it is useful to decompose the four-spinor Ψ in eigenmodes Ψ± of
the matrix Γ3,

Γ3Ψ± = ±iΨ± , (A.1.17)

where the projectors and the corresponding projections are given by

P± = 1 ∓ iΓ3

2 ⇒ P±Ψ± = Ψ± , Ψ± = Ψ±P∓ . (A.1.18)

Furthermore, in order to find chiral components of the fermionic expressions, we list
the following useful identities,

P±Γ3 = ±iP± , P±Γij = ΓijP± ,
P±Γi = ΓiP∓ , P±Γi3 = ±iΓiP∓ ,

(A.1.19)

as well as
P±Γ5 = Γ5P∓ . (A.1.20)
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When the chiral spinors are involved, the fermionic bilinears have only the following non
vanishing terms

Ψµ̂Ψν̂ = Ψµ̂+Ψν̂− + Ψµ̂−Ψν̂+ ,

Ψµ̂Γ3Ψν̂ = iΨµ̂−Ψν̂+ − iΨµ̂+Ψν̂− ,

Ψµ̂ΓiΨν̂ = Ψµ̂+ΓiΨν̂+ + Ψµ̂−ΓiΨν̂− ,

Ψµ̂ΓiΓ3Ψν̂ = iΨµ̂+ΓiΨν̂+ − iΨµ̂−ΓiΨν̂− ,

Ψµ̂ΓijΨν̂ = Ψµ̂+ΓijΨν̂− + Ψµ̂−ΓijΨν̂+ ,

Ψµ̂ΓijΓ3Ψν̂ = iΨµ̂−ΓijΨν̂+ − iΨµ̂+ΓijΨν̂− ,

Ψµ̂Γ5Ψν̂ = Ψµ̂+Γ5Ψν̂+ + Ψµ̂−Γ5Ψν̂− ,

Ψµ̂Γ5Γ3Ψν̂ = iΨµ̂+Γ5Ψν̂+ − iΨµ̂−Γ5Ψν̂− ,

Ψµ̂ΓiΓ5Ψν̂ = Ψµ̂+ΓiΓ5Ψν̂− + Ψµ̂−ΓiΓ5Ψν̂+ ,

Ψµ̂ΓiΓ5Γ3Ψν̂ = iΨµ̂−ΓiΓ5Ψν̂+ − iΨµ̂+ΓiΓ5Ψν̂− ,

Ψµ̂ΓijΓ5Ψν̂ = Ψµ̂+ΓijΓ5Ψν̂+ + Ψµ̂−ΓijΓ5Ψν̂− ,

Ψµ̂ΓijΓ5Γ3Ψν̂ = iΨµ̂+ΓijΓ5Ψν̂+ − iΨµ̂−ΓijΓ5Ψν̂− . (A.1.21)

In the context of holography, only the radial decomposition (with respect to Γ3) is
relevant and used to define the chiral componets. We do not use the Weyl decomposition
of the 4-spinor with respect to Γ5.

Finally, let us list the three dimensional Fierz identities used in the main text,

ψA+ζB+ = − 1
4 δAB

1
ψ

C

+ζC+
2

− 1
4 ÔABÔ

CD
1
ψC+ζD+

2
+ 1

4 δAB γi

1
ψC

+γ
iζC+

2
+ 1

4 ÔABÔ
CD γi

1
ψC+γ

iζD+
2
,

ψA+ψB+ = − 1
4 ÔABÔ

CD
1
ψC+ψD+

2
+ 1

4 δAB γi

1
ψC

+γ
iψC+

2
, (A.1.22)

with the following convention for the SO(2) invariant tensor

ÔAB = ÔAB =
A

0 1
−1 0

B
, A,B, . . . = 1, 2 . (A.1.23)

A.2 Asymptotic expansions

Spin connection
In pure AdS4 gravity, the spin connection ω̊ab

µ̂ (x, z) satisfies the torsion constraint T̂ a
µ̂ν̂ =

D̊µ̂V
a
ν̂ − D̊ν̂V

a
µ̂ = 0, see (2.1.21). If we use ω̊ab

µ̂ as a reference spin connection on spacetime
also in the supersymmetric case, where the vielbein satisfies, on the contrary, the supertorsion
constraint R̂a

µ̂ν̂ = D̂µ̂V
a
ν̂ − D̂ν̂V

a
µ̂ − iΨA[µ̂ΓaΨAν̂] = 0, the contribution of fermions (gravitini

and conformini) can be taken into account as contorsion on spacetime,

ω̂ab = ω̊ab + Cab , Cab = Cab
µ̂ dx

µ̂ . (A.2.1)
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We now evaluate how fermions contribute to the contorsion by using the condition of
vanishing supertorsion. From the decomposition D̂µ̂V

a
ν̂ = D̊µ̂V

a
ν̂ + Ca

ν̂µ̂, we find

R̂a
µ̂ν̂ = 0 ⇔ Cλ̂[µ̂ν̂] = − i

2 ΨA

µ̂ Γλ̂ΨAν̂ . (A.2.2)

The solution is
Cλ̂µ̂ν̂ = i

2 ΨA

λ̂ Γµ̂ΨAν̂ − i
2 ΨA

µ̂ Γλ̂ΨAν̂ + i
2 ΨA

λ̂ Γν̂ΨAµ̂ , (A.2.3)

which can be restated in the following way

Cab
µ̂ = i

2 V
ν̂aΨA

ν̂ ΓbΨAµ̂ − i
2 V

ν̂bΨA

ν̂ ΓaΨAµ̂ + i
2 V

ν̂aV λ̂bVcµ̂ ΨA

ν̂ ΓcΨAλ̂ . (A.2.4)

Note that, since ΨA

ν̂ ΓcΨAλ̂ = −ΨA

λ̂ ΓcΨAν̂ , the tensor Cab
µ̂ is explicitly antisymmetric in [ab].

In order to determine the radial dependence of the spin connection as it approaches the
boundary, we express each component of the contorsion in terms of the fermionic fields
regular on ∂M

Ci3
z = Êµi

A
ϕA

+µϕA−z − z2

ü2 ϕ
A
−µϕA+z

B
+ i

2

A
ϕA

−zΓiϕA−z + z2

ü2 ϕ
A
+zΓiϕA+z

B
,

Cij
z = iz

ü
Êµ[i

1
ϕA

+µΓj]ϕA+z + ϕA
−µΓj]ϕA−z

2
+ z

2ü Ê
µi Êνj

1
ϕA

−µϕA+ν − ϕA
+µϕA−ν

2
,

Ci3
µ = z

2ü Ê
νi
1
ϕA

+νϕA−µ − ϕA
−νϕA+µ

2
+ iz

2ü
1
ϕA

+zΓiϕA+µ + ϕA
−zΓiϕA−µ

2
− iz

2ü Ê
νiÊjµ

1
ϕA

+νΓjϕA+z + ϕA
−νΓjϕA−z

2
, (A.2.5)

Cij
µ = iÊν[i

A
ϕA

+νΓj]ϕA+µ + z2

ü2 ϕ
A
−νΓj]ϕA−µ

B
+ i

2 Ê
νiÊλjÊkµ

A
ϕA

+νΓkϕA+λ + z2

ü2 ϕ
A
−νΓkϕA−λ

B
.

From (2.1.21), we find for the full spin connection

ω̂i3
z =

3
ϕAi

+ + i
2 ϕ

A
−zΓi

4
ϕA−z + z2

ü2

3
−ϕAi

− + i
2ϕ

A
+zΓi

4
ϕA+z ,

ω̂ij
z = z

ü

1
iϕA[i

+ Γj]ϕA+z + iϕA[i
− Γj]ϕA−z + ϕ

A[i
− ϕ

j]
A+

2
,

ω̂i3
µ = 1

z
Êi

µ − 1
2 kµνÊ

νi + z

2ü

3
ϕAi

+ ϕA−µ − ϕAi
− ϕA+µ + iϕA

+zΓiϕA+µ

− iϕAi
+ ΓµϕA+z + iϕA

−zΓiϕA−µ − iϕAi
− ΓµϕA−z

4
, (A.2.6)

ω̂ij
µ = ω̊ij

µ + iϕA[i
+ Γj]ϕA+µ + i

2 ϕ
Ai
+ Γµϕ

j
A+ + z2

ü2

3
iϕA[i

− Γj]ϕA−µ + i
2 ϕ

Ai
− Γµϕ

j
A−

4
.

Therefore, the O(1/z) term of the connection is not modified by the spinors. This is consis-
tent with the asymptotically AdS behaviour of the extrinsic curvature, being proportional
to the induced metric.

The most general gauge fixing, with Ψ±z Ó= 0, is

ω̂i3
z = wi(x, z) ,
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ω̂ij
z = z

ü
wij(x, z) , (A.2.7)

where wi, wij = O(1) and the boundary fields are

ω̂i3
µ = 1

z
Ei

µ − z

ü2 S̃
i
µ − 2z2

ü3 τ̃ i
µ + O(z3) ,

ω̂ij
µ = ωij

µ + z

ü
ωij

µ(1) + z2

ü2 ω
ij
(2)µ + z3

ü3 ω
ij
(3)µ + O(z4) , (A.2.8)

where now Si
µ Ó= S̃i

µ, τ i
µ Ó= τ̃ i

µ and ωij
µ Ó= ω̊ij

µ .
As particular cases, let us notice that, when ΨA

−z = 0 and ΨA
+z Ó= 0, the behaviour (A.2.6)

yields wi = O(z2), while all the other components behave in the same way. Furthermore, if
we set to zero both ΨA

±z = 0, we obtain wi = 0 exactly.
The wi and wij behaviour is summarised in the table (2.3.12).

The supercurvatures
In this Section we evaluate, for the most general gauge fixings, the first contributions in
the asymptotic expansion of the super field strengths, decomposing them with respect to a
worldvolume basis on the four dimensional spacetime. Let us generically denote the 2-form
supercurvatures by R̂Λ = {R̂ab, R̂a, ρ̂A, F̂},

R̂Λ = 1
2 R̂Λ

µ̂ν̂ dxµ̂ ∧ dxν̂ = 1
2 R̂Λ

µν dxµ ∧ dxν + R̂Λ
µz dxµ ∧ dz . (A.2.9)

We use the following notation for the supercurvature expansion,

R̂Λ
µ̂ν̂ =

∞Ø
n=nmin

3
z

ü

4n

R̂Λ
(n)µ̂ν̂ , (A.2.10)

where nmin denotes the minimal power of z
ü
in the expansion, that is the order of the most

divergent term. Our covariant derivatives D̂ and D, acting as exterior covariant derivatives,
include only the spin connection.

From the supertorsion constraint R̂a
µ̂ν̂ = 2 D̂[µ̂V

a
ν̂] − i ΨA

µ̂ ΓaΨA
ν̂ = 0, we get

R̂a
µ̂ν̂ =

∞Ø
n=nmin

3
z

ü

4n

R̂a
(n)µ̂ν̂(x) = 0 , (A.2.11)

and find the following expansion coefficients in terms of the boundary quantities,

R̂i
(−1)µν = Ri

µν = 2 D[µE
i
ν] − iψA

+[µγ
iψA

ν]+ = 0 ,

R̂i
(0)µν = 2ωij

(1)[µEj|ν] − 2 i ζA

+[µγ
iψA

ν]+ = 0 , (A.2.12)
R̂i

(1)µν = 2 D[µS
i
ν] + 2ωij

(2)[µEj|ν]

−i
1
ζ

A

+[µγ
iζA

ν]+ + 2 ΠA

+[µγ
iψA

ν]+ + ψ
A

−[µγ
iψA

ν]−

2
= 0 ,

R̂i
(2)µν = 2 D[µτ

i
ν] + 2ωij

(1)[µSj|ν] + 2ωij
(3)[µEj|ν]
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−2 i
1
ζ

A

+[µγ
iΠA

ν]+ + fA

+[µγ
iψA

ν]+ + ζ
A

−[µγ
iψA

ν]−

2
= 0 ,

where we identified fA
+µ = ψA

(3)+µ. Note that the last equation gives the expression for ωij
(3)µ

in the supersymmetric case. The next supertorsion components to be expanded are R̂i
µz,

for which we obtain

R̂i
(0)µz = 1

2ü
1
S̃i

µ − Si
µ

2
− 1

2 w
ij
(0)Ejµ

− i
2
1
ψA+µγ

iψA+z + ψA−µγ
iψA−z

2
= 0 , (A.2.13)

R̂i
(1)µz = 1

ü

1
τ̃ i

µ − τ i
µ

2
− 1

2 w
ij
(1)Ejµ − i

2
1
ψA+µγ

iζA+z

+ ψA−µγ
iζA−z + ζA+µγ

iψA+z + ζA−µγ
iψA−z

2
= 0 . (A.2.14)

On the other hand, for the R̂3 components restricted to ∂M we find

R̂3
(0)µν = −2

ü

1
S[µν] − S̃[νµ]

2
− 2 iψA+[µψA−ν] = 0 ,

R̂3
(1)µν = −2

ü

1
τ[µν] − 2 τ̃[νµ]

2
− 2 i

1
ψA+[µζA−ν] + ζA+[µψA−ν]

2
= 0 , (A.2.15)

and projected to dxµ ∧ dz we have

R̂3
(−1)µz = 1

2 w
i
(0)Eiµ − i

2 ψA+µψA−z = 0 ,

R̂3
(0)µz = 1

2 w
i
(1)Eiµ − i

2
1
ψA+µζA−z + ζA+µψA−z

2
= 0 ,

R̂3
(1)µz = 1

2 w
i
(0)Siµ + 1

2 w
i
(2)Eiµ − i

2 ψA−µψA+z

− i
2
1
ψA+µΠA−z + ζA+µζA−z + ΠA+µψA−z

2
= 0 , (A.2.16)

where ΠA
−z = ψA

(2)−z. The latter equation gives the expression for wi
(2).

Focusing on the AdS supercurvature, R̂ij = Rij + 4
ü2 V

[i
+V

j]
− − 1

ü

1
ΨA

+ΓijΨA
− + ΨA

−ΓijΨA
+

2
yields

R̂ij
(0)µν = Rij

µν = 2 Rij
µν − 4E[i

[µSj]
ν] − 2

ü
ψ

A

−µγ
ijψA

+ν = 0 , (A.2.17)

R̂ij
(1)µν = 2 D[µω

ij
(1)|ν] − 4

ü2 E
[i
[µ(τ j]

ν] + 2τ̃ j]
ν])

−2
ü

1
ψ

A

−[µγ
ijζA

+ν] + ψ
A

+[µγ
ijζA

−ν]

2
,

R̂ij
(−1)µz = E

[i
µw

j]
(0) − 1

2ü ψ
A

+µγ
ijψA

−z ,

R̂ij
(0)µz = − 1

2ü
1
−2üE[i

µw
j]
(1) + ωij

(1)µ + ψ
A

+µγ
ijζA

−z

2
,

R̂ij
(1)µz = 1

2 Dµw
ij
(0) − 1

ü
ωij

(2)µ − S̃
[i

µw
j]
(0)
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− 1
2ü

1
ψ

A

−µγ
ijψA

+z + ψ
A

+µγ
ijΠA

−z + ΠA

+µγ
ijψA

−z

2
.

Then, from R̂i3 = D̂ω̂i3 − 1
ü2 V

iV 3 − i
2ü

1
ΨA

+ΓiΨA
+ − ΨA

−ΓiΨA
−

2
, we find

R̂i3
(−1)µν = R̂i

(−1)µν = 0 ,
R̂i3

(0)µν = R̂i
(0)µν = 0 ,

R̂i3
(1)µν = −ü Ci

µν = −2
ü

D[µS̃
i
ν] + 2

ü
ωij

(2)[µEj|ν] + i
ü

1
ψ

A

−[µγ
iψA

−ν] − ζ
A

+[µγ
iζA

+ν]

−2 ΠA

+[µγ
iψA

+ν]

2
,

R̂i3
(0)µz = 1

2 Dµw
i
(0) + i

ü
ψ

A

−µγ
iψA

−z ,

R̂i3
(1)µz = 1

2 Dµw
i
(1) + ω(1)|ij

µ w(0)|j + 1
2 ü2 (2τ̃ i

µ + τ i
µ) + 1

2ü w
ij
(0)Sj|µ

+ i
ü

1
ψ

A

−µγ
iζA

−z + ζ
A

−µγ
iψA

−z

2
, (A.2.18)

where we have also exploited the vanishing supertorsion equations (A.2.13) and (A.2.14).
As regards to the graviphoton super field strength F̂ = dÂ− 2 ÔABΨ+AΨ−B, we obtain

F̂(0)µν = Fµν = 2 ∂[µAν] − 4 ÔABψ
A

+[µψ
B
−ν] = 0 , (A.2.19)

F̂(1)µν = 2 ∂[µA(1)ν] − 4
1
ψ

A

+[µζ
B
−ν] + ζ

A

+[µψ
B
−ν]

2
ÔAB ,

F̂(−1)µz = 1
2 ∂µA(−1)z − ψ

A

+µψ
B
−zÔAB ,

F̂(0)µz = 1
2 ∂µA(0)z − 1

2ü A(1)µ − ψ
A

+µζ
B
−zÔAB ,

F̂(1)µz = 1
2 ∂µA(1)z − 1

ü
A(2)µ −

1
ψ

A

−µψ
B
+z + ψ

A

+AµΠB
−z

2
ÔAB .

Furthermore, the gravitini supercurvature ρ̂+A = dΨ+A + 1
4 ω̂

ijΓijΨ+A − 1
2ü
ÔABÂΨ+B

+ i
ü
V i

+ΓiΨ−A − 1
2ü

Ψ+AV
3 leads to

ρ̂(−1/2)+Aµν = ρ+Aµν = 2 ∇[µψ
A
+ν] + 2i

ü
γ[µψ

A
−ν] = 0 , (A.2.20)

ρ̂(1/2)+Aµν = 2 ∇[µζ+Aν] + 2
ü
γ[µζ−Aν] + 1

2 γijω
ij
(1)[µψ+Aν] − 1

ü
A(1)[µψ+Bν]ÔAB ,

ρ̂(−3/2)+Aµz = i
2ü

3
γµψ−Az − i

2A(−1)zψ+BµÔAB

4
,

ρ̂(−1/2)+Aµz = i
2üγµζ−Az + 1

4ü

3
A(0)zψ+Bµ + A(−1)zζ+Bµ

4
ÔAB − 1

2ü ζ+Aµ ,

ρ̂(1/2)+Aµz = 1
2 ∇µψ+Az − 1

8 w
ij
(0)γijψ+Aµ + i

4ü
1
Si

µ − S̃i
µ

2
γiψ−Az − 1

ü
Π+Aµ

− i
4 w

i
(0)γiψ−Aµ + i

2ü γµΠ−Az+ 1
4ü

3
A(1)zψ+Bµ + A(−1)zΠ+Bµ + A(0)zζ+Bµ

4
ÔAB .

Eventually, by exploiting the negatively graded fermionic supercurvature ρ̂−A =
dΨ−A + 1

4 ω̂
ijΓijΨ−A − 1

2ü
ÔABÂΨ−B − i

ü
V i

−ΓiΨ+A + 1
2ü

Ψ−AV
3, we are left with

ρ̂(1/2)−Aµν = ΩAµν = 2 ∇[µψ−Aν] − i ü γiψ+A[µS i
ν] ,
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ρ̂(3/2)−Aµν = ∇[µζ−Aν] − i
2 ü γiζ+A[µS i

ν] + 1
4 ω

ij
(1)|[µγijψ−Aν]

− 1
2ü A(1)[µψ−Bν]ÔAB + i

2ü
1
τ i

[µ + 2 τ̃ i
[µ

2
γiψ+Aν] ,

ρ̂(−1/2)−Aµz = 1
2 ∇µψ−Az + 1

4ü A(−1)z ÔABψ−Bµ + i
4γiw

i
(0)ψ+Aµ ,

ρ̂(1/2)−Aµz = 1
2 ∇µζ−Az + 1

4ü A(0)z ÔABψ−Bµ + i
4γiw

i
(1)ψ+Aµ

− 1
2ü ζ−Aµ + 1

4ü A(−1)zζ−BµÔAB . (A.2.21)

We observe that the R̂Λ
(nmin)µν components of R̂Λ = {R̂ab, R̂a, ρ̂A, F̂} define the cur-

vatures {Rij,Ri,ρA,F, Ci,ΩA} of the N = 2 superconformal group OSp(2|4) discussed
in Section 2.5 and given by (2.5.6). One can naively expect that they all vanish in the
vacuum with the OSp(2|4) isometries in a superconformal theory on the three dimensional
boundary. However, we obtain R̂Λ

(nmin)µν = 0 for all the curvatures except the ones with
negative grading, R̂i3

µν and ρ̂−Aµν , where we find instead that the equations (2.2.15) lead to
the weaker condition (2.4.37).

Equations of motion of the graviphoton
Here, we analyse the relation between the gauge fixing and the asymptotic behaviour of the
fields, by using the radial field equations. In the previous Section, a similar problem was
discussed for the spin connection by exploiting the vanishing supertorsion.

The radial evolution of the graviphoton is given by the respective field equation (2.2.16),
which, in components, with the definition of Hodge star dual (2.2.11), has the form

D̂ν̂F̂ν̂µ̂ = i
e
Ôµ̂ν̂λ̂ρ̂ ΨA

ν̂ Γ5ρ̂B
λ̂ρ̂
ÔAB . (A.2.22)

By using the conventions (2.1.9) and (2.1.13), the component µ̂ = µ acquires the form

D̂νF̂νµ + D̂zF̂zµ = − i
e
Ôµνλ

1
2ΨA

ν Γ5ρ̂
B
λz + ΨA

z Γ5ρ̂
B
νλ

2
ÔAB . (A.2.23)

For convenience, we factorise the relevant field strength components as

F̂zµ = −
1

z
ü

24
gµνF̂zν , ρ̂A

µz± =
1

z
ü

2± 1
2 ΞA

µ± ,

F̂µν =
3
z

ü

44
F µν , ρ̂A

µν± =
1

z
ü

2∓ 1
2 ΞA

µν± ,
(A.2.24)

where F̂µν = Fµν and the tensors F̂zµ, Fµν , ΞA
µ± and ΞA

µν± have to be expanded in power
series in z. The metric gµν(x, z) and its inverse gµν rise and lower the spacetime indices on
∂M. Recalling the FG metric (2.1.1) and the auxiliary tensor kµν = ∂zgµν , we get

Γ̂µ
νz = −1

z
δµ

ν + 1
2 k

µ
ν , Γ̂µ

zz = 0 = Γ̂z
zµ ,

Γ̂z
µν = −1

z
gµν + 1

2 kµν , Γ̂z
zz = −1

z
,

(A.2.25)
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the radial graviphoton equation becoming

DνF
νµ −

A
kµν − k

2 g
µν

B
F̂νz + gµν∂zF̂νz (A.2.26)

= − i
ê3
Ôµνλ

1
2ϕA

+νΓ5ΞB
λ+ + 2ϕA

−νΓ5ΞB
λ− + ϕA

+zΓ5ΞB
νλ+ + ϕA

−zΓ5ΞB
νλ−

2
ÔAB .

Now we compute F̂µz, ΞA
µ± and ΞA

µν±, defined in (A.2.24). Evaluation of the components

F̂µ̂ν̂ = ĝµ̂α̂ĝν̂β̂
1
∂α̂Âβ̂ − ∂β̂Âα̂ − 2ÔAB ΨA

α̂ ΨB
β̂

2
,

ρ̂A
µ̂ν̂ = 2D̂[µ̂ΨA

ν̂] − 1
ü
ÔABÂ[µ̂ΨB

ν̂] − i
ü

ΓaΨA
[µ̂V

a
ν̂] (A.2.27)

leads to

F̂µz = ∂µÂz − ∂zAµ − 2ü
z
ÔAB ϕ

A
+µϕ

B
z− − 2z

ü
ÔAB ϕ

A
−µϕ

B
z+ ,

F µν = gµαgνβ
1
Fαβ − 4ÔAB ϕ

A
+αϕ

B
−β

2
= 0 (A.2.28)

and, by means of the rescalings (2.3.6), we get

ΞA
µ± = Dµϕ

A
±z − 1

4

3
z

ü

41∓1
wijΓijϕ

A
±µ −

3
z

ü

4∓1
∂zϕ

A
±µ − 1

2ü ÔAB Aµϕ
B
±z

∓ i
2 w

iΓiϕ
A
∓µ + 1

2ü

3
z

ü

4∓1
ÔAB Âzϕ

B
±µ ± i

ü

3
z

ü

4∓2
Ei

±µΓiϕ
A
∓z ,

ΞA
µν± = 2D[µϕ

A
ν]± ± 2i

ü
Ei

±[µΓiϕ
A
ν]∓ − 1

ü
ÔAB A[µϕ

B
ν]± . (A.2.29)

We also assume that the gauge fixing functions are

Âz = ü

z
A(−1)z + A(0)z + z

ü
A(1)z + O(z3) ,

Âµ = ü

z
A(−1)µ + Aµ + z

ü
A(1)µ + z2

ü2 A(2)µ + O(z3) ,

ϕA
+µ = ϕA

(0)+µ + z

ü
ϕA

(1)+µ + O(z2) , (A.2.30)

allowing in general for linear terms, and we find

F̂µz = ü

z2 A(−1)µ + ü

z

1
∂µA(−1)z − 2ÔAB ϕ

A
(0)+µϕ

B
(0)z−

2
+ O(1) ,

ΞA
µ+ = ü

2z2

1
A(−1)z Ô

AB ϕB+µ + 2iEi
µΓiϕ

A
(0)−z

2
+ 1
z

31
2 ÔAB A(0)zϕ

B
(0)+µ − ϕA

(1)+µ

4
+ O(1) ,

F µν , ΞA
µ−, ΞA

µν± = O(1) . (A.2.31)

Remembering that kµν = O(z), the graviphoton equation (A.2.26) yields

ü

z3 : A(−1)µ = 0 ,
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ü

z2 : ∂µA(−1)z =
3

2ϕA
(0)+µ − 1

e3
g(0)µσ Ô

σνλEi
λϕ

A
(0)+νΓ5Γi

4
ÔABϕ

B
(0)−z ,

1
z

: 0 = Ôµνλ ϕA
(0)+νΓ5

31
2 A(0)zϕ

A
(0)+µ + ϕB

(1)+µÔAB

4
, (A.2.32)

and all other terms are finite. In order to obtain (A.2.32), we used the fact that the term
ϕA

+νΓ5ϕA+λ is symmetric in (νλ), which makes it vanish when contracted with Ôσνλ.
From the last equation in (A.2.32), when ϕA

(0)+µ Ó= 0, we can choose a particular solution
A(0)z = 0, ϕA

(1)+µ ≡
1

ζA
µ+
0

2
= 0, which is in agreement with (2.4.11) obtained in Section

2.4. This choice was also considered in [26], in the context of N = 1 supergravity. We will
show below (see (A.2.44)) that, in fact, this is the only solution if we assume the stronger
condition (A.2.47) to hold. Then (A.2.30) implies

Âz = ü

z
A(−1)z + z

ü
A(1)z + O(z3) ,

Âµ = Aµ + z

ü
A(1)µ + z2

ü2 A(2)µ + O(z3) ,

ϕA
+µ = ϕA

(0)+µ + O(z2) . (A.2.33)

We also conclude that the gauge fixing functions A(−1)z and ϕB
(0)−z are correlated, which is

consistent with the table (2.3.12). Moreover, the boundary graviphoton does not acquire
divergent terms of the form 1/z, even when ϕA

(0)z− Ó= 0. We have not considered the
logarithmic terms here.

The graviphoton curvature behaves in the following way on the boundary,

F̂µz = ü

z

1
∂µA(−1)z − 2ÔAB ϕ

A
(0)+µϕ

B
(0)−z

2
− 1
ü
A(1)µ + O(z) ,

F̂µν = Fµν − 4ÔAB ϕ
A
+[µϕ

B
−ν] = 0 . (A.2.34)

This shows the possibility to have the components F̂µz Ó= 0 on the boundary z = 0, dz = 0,
with a suitable gauge choice which changes the asymptotics.

Equations of motion of the gravitini
The equation of motion that describes the dynamics of gravitini (2.2.16) in components has
the form

0 = Ôµ̂ν̂λ̂τ̂
3
V a

µ̂ΓaΓ5ρ̂Aν̂λ̂ + i
2 ÔABF̂µ̂ν̂Γ5ΨB

λ̂

4
+ e ÔABΨB

λ̂
F̂λ̂τ̂ , (A.2.35)

where the formula (2.2.11) was applied. The radial expansion of the gravitini is given by
the components τ̂ = µ, which, with the conventions (2.1.9) and (2.1.13), leads to

0 = Ôµνλ
3

−V 3
zΓ3Γ5ρ̂Aνλ − 2V i

νΓiΓ5ρ̂Azλ + i
2 ÔABF̂νλΓ5ΨB

z + i ÔABF̂zνΓ5ΨB
λ

4
+e ÔAB

1
ΨB

z F̂zµ + ΨB
ν F̂νµ

2
. (A.2.36)
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Projecting it by means of P±, defined in (A.1.18), and applying the identities (A.1.19) and
(A.1.20) from Appendix A.1, we find

0 = Ôµνλ
3

∓iV 3
zΓ5ρ̂∓Aνλ − 2V i

νΓiΓ5ρ̂±Azλ + i
2 ÔABF̂νλΓ5ΨB

∓z + i ÔABF̂zνΓ5ΨB
∓λ

4
+e ÔAB

1
ΨB

±z F̂zµ + ΨB
±ν F̂νµ

2
. (A.2.37)

Now, we can use (A.2.24), (2.1.13), (2.3.11) and (2.4.27) to obtain the equation expressed
in terms of the auxiliary quantities with known asymptotic behaviour,

0 =
3
z

ü

4± 1
2 −1

Ôµνλ
1
∓i Γ5ΞA

νλ∓ + 2Êi
νΓiΓ5ΞA

λ±

2
+
3
z

ü

4± 1
2
ÔAB

1
−i ÔµνλΓ5ϕ

B
∓λ + e3 g

µνϕB
±z

2
F̂νz

+
3
z

ü

4∓ 1
2
ÔAB

3 i
2 Ô

µνλFνλΓ5ϕ
B
∓z + e3 F

νµϕB
±ν

4
. (A.2.38)

All tensors appearing above are finite, except F̂µz and ΞA
µ+. With this at hand and looking

separately at the two projections, we identify the leading orders of the gravitini equations
of motion. By requiring the most divergent terms to vanish (which are (ü/z)5/2 and (ü/z)3/2

in the two chiralities), we get

0 = Ôijk
1
A(−1)z ÔAB Γiϕ

B
(0)+µE

µ
j + 2iΓijϕA(0)−z

2
,

0 = Ôµνλ
1
i ΞA

(0)νλ+ − 2Ei
νΓiΞA

(0)λ−

2
(A.2.39)

+ÔAB

1
−i ÔµνλϕB

(0)+λ + e3(0) g
µν
(0)Γ5ϕ

B
(0)−z

2 1
∂νA(−1)z − 2ÔAC ϕ

A
(0)+νϕ

C
(0)−z

2
,

where we multiplied the equations by Γ5. Since ∂νA(−1)z is related with ϕA
(0)−z through the

condition (A.2.32), it can be eliminated in the second equation.
It turns out that we can solve the gauge fixing functions from the first equation in terms of
the dynamical fields. Contracting it by ÔkiÍjÍ , it acquires the equivalent form

0 = −A(−1)z ÔAB E
µ
[iΓj]ϕ

B
(0)+µ + 2i ΓijϕA(0)−z . (A.2.40)

We can further contract the above equation by Γij and use the properties of contractions of
gamma matrices (A.1.10). As a result, we obtain a solution which relates the gauge fixings
ϕA

(0)−z and A(−1)z,

ϕA
(0)−z = i

6 A(−1)zÔ
AB ΓiϕB(0)+µE

µ
i . (A.2.41)

Then, the second equation in (A.2.32) becomes a linear differential equation in A(−1)z. One
possible solution is A(−1)z = 0 which, from (A.2.41), yields ϕA

(0)−z = 0. On the other hand,
when A(−1)z Ó= 0, we can solve ϕA

(0)+µ from the first equation in (A.2.39) as

A(−1)zϕ
A
(0)+µ = 2iEi

µΓiϕ
B
(0)−zÔAB , (A.2.42)
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and the differential equation becomes

A(−1)z∂µA(−1)z = 2iEkµϕ
A
(0)−z

1
2Γk + ÔijkΓ5Γij

2
ϕA

(0)−z = 0 . (A.2.43)

The only solution to the above equation is A(−1)z = constant.
Moreover, as previously shown in the main text, we can choose a particular solution

with
ϕA(1)+µ = 0 . (A.2.44)

Consequently, taking A(−1)z = 0 and plugging (A.2.44) into the last equation in (A.2.32),
we are left with A(0)z = 0. On the other hand, if we take A(−1)z Ó= 0 and use (A.2.42) and
(A.2.44) into the last equation of (A.2.32), we obtain

A(0)zE
λ
k ϕ

A
(0)−zΓkϕA

(0)−z = 0 , (A.2.45)

which is identically satisfied since ϕA
(0)−zΓkϕA

(0)−z = 0. In particular, this means that, in this
case, the last equation in (A.2.32) is solved by (A.2.42) and (A.2.44), without forcing A(0)z
to vanish.1

Summing up the results, the following gauge fixings for Az and ϕA
−z are allowed:

A(−1)z = 0 , A(0)z = 0 , ϕA
(1)+µ = 0 , ϕA

(0)−z = 0 ,

A(−1)z = 0 , A(0)z Ó= 0 , ϕA
(1)+µ = 1

2 A(0)zϕ
B
(0)+µÔAB , ϕA

(0)−z = 0 , (A.2.49)

A(−1)z = constant , A(0)z Ó= 0 , ϕA
(1)+µ = 0 , ϕA

(0)−z = i
6 A(−1)zΓµϕB

(0)+µÔAB ,

where the first line can be seen as a special case of the general solution given in the second
line. If one imposes the condition Γµ̂Ψµ̂ = 0, as in [26], then (A.2.41) implies ψ−z = 0 and,
therefore, A(−1)z = 0 as the only solution.

In this text, we mostly focus on the case ϕA
(0)−z = 0. Then, the gauge fixing function

ΨA
−z becomes subleading and can be safely set to zero at all orders, as suggested by (A.2.46).

Eventually, let us recall that, in our approach, the gauge fixing functions are invariant
under the gauge transformations. Thus, since A(−1)z is constant, the above solutions are
consistent, because it also implies δA(−1)z = 0 for the asymptotic transformations.

1Let us notice that the relation of proportionality between ϕA
−z and Az, given by (A.2.41), can be

consistently assumed to hold at all orders, in the neighborhood of the boundary, imposing the stronger
condition

ϕA
(n)−z = i

6 A(n−1)zÔAB Γi Eµ
i ϕB(0)+µ , ∀ n , (A.2.46)

that is equivalent to
ϕA

−z = i
6 AzÔAB Γi Eµ

i ϕB(0)+µ . (A.2.47)

One can then prove that, considering the divergent terms in the z/ü expansion of the outer components
(τ̂ = z) of the gravitini equations (A.2.35), that is Ei

[µΓiρ̂(−1/2)+Aν]z = 0, and, in particular, by using
(A.2.46) in the equation for ρ̂(−1/2)+Aµz in (A.2.20), one obtains

ΓiE
i
[µ
!
A(−1)zÔAB − 2 δAB

"
ϕB(1)+ν] = 0 , (A.2.48)

which enforces the condition (A.2.44) to hold also in the case Âz Ó= 0, Ψz− Ó= 0. If we now take A(−1)z = 0
and plug (A.2.44) into the last equation of (A.2.32), we can see that, in this case, A(0)z = 0, ϕA

(1)+µ = 0 is
actually the only solution to the aforementioned equation.
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A.3 The rheonomic parametrisations
We present the asymptotic expansion of the rheonomic parametrisations R̃ab

cd, ρ̃A
ab and F̃ab

for the considered gauge fixing A(−1)z = 0 and ΨA
z− = 0. The procedure to compute them

was already partially described in the introductory Section 1.1.
We start from the graviphoton field strength

F̂ = dÂ− ΨAΨBÔ
AB = F̃abV

aV b . (A.3.1)

By expanding both sides of this equation onto the basis dxµ̂ ∧ dxν̂ , one can derive the
explicit expression of the rheonomic parametrisations

F̃ij =
3
z

ü

43
Eµ

[iE
ν
j]

1
∂µA(1)ν − 2ÔABψ

A

µ+ζ
B
ν− − 2ÔABζ

A

µ+ψ
B
ν−

2
+ O(z4) ,

2F̃i3 = −1
ü

3
z

ü

42
A(1)µE

µ
i +

3
z

ü

43 3
∂µA(1)z − 2

ü
A(2)µ + 2ÔABψ

A

z+ψ
B
µ−

4
Eµ

i + O(z4) ,
(A.3.2)

where we have used that F̂µν = O(z).

We now focus on the supercurvature of the gravitino and conformino,

ρ̂A = dΨA + 1
4Γabω̂

abΨA − 1
2üÂÔ

ABΨB − i
2üΓaΨAV a

= ρ̃A
abV

aV b − i
2ΓaΨBV

bF̃abÔ
AB − 1

4Γ5ΓaΨBV
bF̃ cdÔABÔabcd (A.3.3)

and expand this relation onto the basis dxµ̂ ∧ dxν̂ to obtain

ρ̃A
ij+ =

3
z

ü

4 5
2
Eµ

[iE
ν
j]

A
∇µζ

A
ν+ + i

ü
Ek

µγkζ
A
ν− + 1

4ω
kl
(1)µγklψ

A
ν+− 1

4üA(1)µψν+BÔ
AB

+ i
4üÔlmnγ

lψBµ+E
m
ν E

ρnA(1)ρÔ
AB

B
+ O(z7/2) ,

2ρ̃A
i3+ = −1

ü

3
z

ü

4 3
2
Eµ

i ζ
A
µ+ +

3
z

ü

4 5
2
Eµ

i

A
∇µψ

A
z+ − 1

4w
jk
(0)γjkψ

A
µ+ + 1

2üÔ
ABA(1)zψBµ+

− 2
ü

ΠA
µ+

B
+ O(z7/2) ,

ρ̃A
ij− =

3
z

ü

4 5
2
Eµ

[iE
ν
j]

A
∇µψ

A
ν− + iü

2 Sk
µγkψ

A
ν+

B
+ O(z7/2) ,

2ρ̃A
i3− = −1

ü

3
z

ü

4 5
2
Eµ

i

3
ζA

µ− + 1
4Ô

ABγjψBµ+A(1)νE
ν
j

4
+ O(z7/2) , (A.3.4)

where we used ρ̂A
µν = O(z1/2). This result allows to compute the spinor-tensor

Θab|c
A = −2iΓ[aρ̃

b]c
A + iΓcρ̃ab

A (A.3.5)
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as an intermediate step necessary to find the remaining parametrisations. In particular, we
obtain

Θij|k
A+ = i

3
z

ü

4 5
2 1

−γiE[jµEk]ν + γjE[iµEk]ν + γkE[iµEj]ν
2A

∇µψAν− + iü
2 S l

µγlψAν+

B
+ O(z7/2) ,

Θij|3
A+ = − i

ü

3
z

ü

4 5
2
γ[iEj]µ

3
ζAµ− + i

4ÔABγ
kψB

µ+A(1)ρE
ρ
k

4
−
3
z

ü

4 5
2
E[iµEj]ν

A
∇µζAν+

+ i
ü
Ek

µγkζAν− + 1
4ω

kl
(1)µγklψAν+− 1

4üA(1)µψν+BÔ
AB + i

4üÔklmγ
kψB

µ+E
l
νE

ρmA(1)ρÔAB

B
+ O(z7/2) ,

Θi3|j
A+ = i

ü

3
z

ü

4 5
2
γ(iEj)µ

3
ζAµ− + i

4ÔABγ
kψB

µ+A(1)νE
ν
k

4
−
3
z

ü

4 5
2
E[iµEj]ν

A
∇µζAν+

+ i
ü
Ek

µγkζAν− + 1
4ω

kl
(1)µγklψAν+− 1

4üA(1)µψν+BÔ
AB + i

4üÔklmγ
kψB

µ+E
l
νE

ρmA(1)ρÔAB

B
+ O(z7/2) ,

Θi3|3
A+ = −1

ü

3
z

ü

4 3
2
ζAµ+E

µi +
3
z

ü

4 5
2
Eiµ

A
∇µψAz+ − 1

4w
jk
(0)γjkψAµ+ + 1

2üÔABA(1)zψ
B
µ+

− 2
ü

ΠAµ+

B
+ O(z7/2) ,

Θij|k
A− = i

3
z

ü

4 5
2 1

−γiE[jµEk]ν + γjE[iµEk]ν + γkE[iµEj]ν
2A

∇µζAν+ + i
ü
El

µγlζAν−

+ 1
4ω

lm
(1)µγlmψAν+− 1

4üA(1)µψν+BÔ
AB + i

4üÔlmnγ
lψB

µ+E
m
ν E

ρnA(1)ρÔAB

B
+ O(z7/2) ,

Θij|3
A− = − i

ü

3
z

ü

4 3
2
γ[iEj]µζAµ+ + i

3
z

ü

4 5
2
γ[iEj]µ

A
∇µψAz+ − 1

4w
kl
(0)γklψAµ+

+ 1
2üÔABA(1)zψ

B
µ+ − 2

ü
ΠAµ+

B
+
3
z

ü

4 5
2
E[iµEj]ν

A
∇µψAν− + iü

2 Sk
µγkψAν+

B
+ O(z7/2) ,

Θi3|j
A− = i

ü

3
z

ü

4 3
2
γ(iEj)µζAµ+ − i

3
z

ü

4 5
2
γ(iEj)µ

A
∇µψAz+ − 1

4w
kl
(0)γklψAµ+ + 1

2üÔABA(1)zψ
B
µ+

− 2
ü

ΠAµ+

B
+
3
z

ü

4 5
2
E[iµEj]ν

A
∇µψAν− + iü

2 Sk
µγkψAν+

B
+ O(z7/2) ,

Θi3|3
A− = 1

ü

3
z

ü

4 5
2
Eiµ

3
ζAµ− + i

4ÔABγ
jψB

µ+A(1)ρE
ρ
j

4
+ O(z7/2) .

We are now ready to compute the rheonomic parametrisation of the supercurvature R̂ab.
Since

R̂ab = dω̂ab + ω̂acω̂c
b − 1

ü2V
aV b − 1

2üΨAΓabΨA



112 APPENDIX A. SUPPLEMENTARY MATERIAL OF CHAPTER 2

= R̃ab
cdV

cV d − Θab
A|cΨAV

c − 1
2ΨAΨBÔABF̃

ab − i
4Ô

abcdΨAΓ5ΨBÔABF̃cd , (A.3.6)

applying the usual procedure yields

R̃i3
jk = i

2ü

3
z

ü

42
Eµ

[jE
ν
k]ψ

A

µ+γ
iζAν+ + i

2ü

3
z

ü

42
Eµ

[jE
ν
k]ψ

A

µ+γ
lζAρ+ElνE

iρ

+ 1
ü

3
z

ü

43
Eµ

[jE
ν
k]

I
− DµS̃

i
ν + ωi

(2)lµE
l
ν − iΠA

µ+γ
iψAν+ − i

2ζ
A

µ+γ
iζAν+

+ i
2ψ

A

µ−γ
iψA−ν + ψ

A

µ+Elν

C
− iγ(iEl)ρ

A
∇ρψAz+ − 1

4w
mn
(0) γmnψAρ+

+ 1
2üÔABA(1)zψ

B
ρ+ − 2

ü
ΠAρ+

B
+ E[iρEl]σ

A
∇ρψAσ− + iü

2 Sm
ργmψAσ+

BDJ
+ O(z4) ,

2R̃i3
j3 =

3
z

ü

43
Eµ

j

I
− 1
ü
wi

(1)kE
k
µ + 1

ü2

1
4τ̃ i

µ − τ i
µ

2
− i
ü
ζ

A

µ+γ
iψAz+ − i

ü
ψ

A

µ+γ
iζAz+

+ 1
ü
ψ

A

µ−ζAν+E
νi − ψ

A

µ+E
iν
31
ü
ζAν− + i

4üÔABγ
lψB

ν+A(1)ρE
ρ
l

4J
+ O(z4) , (A.3.7)

R̃ij
kl =

3
z

ü

43
Eµ

[kE
ν
l]

I
∂µω

ij
(1)ν + ωi

(1)mµω
mj

ν + ωi
mµω

mj
(1)ν − 2

ü2 (τ [i
µ + 2τ̃ [i

µ )Ej]
ν

− 1
ü

1
ψ

A

µ+γ
ijζAν− + ζ

A

µ+γ
ijψAν−

2
+ iEmνψ

A

µ+

A
− γiE[jρEm]σ + γjE[iρEm]σ

+ γmE[iρEj]σ
BA

∇ρζAσ+ + i
ü
En

ρ γnζAσ− + 1
4ω

np
(1)ργnpψAσ+

− 1
4üA(1)ρψ

B
σ+ÔAB + i

4üÔnpqγ
nψB

ρ+E
p
σE

λqA(1)λÔAB

BJ
+ O(z4) ,

2R̃ij
k3 = −

3
z

ü

42
Eµ

k

31
ü
ωij

(1)µ − i
ü
ψ

A

µ+γ
[iEj]νζAν+

4
+
3
z

ü

43
Eµ

k

I
∂µw

ij − 2
ü
ωij

(2)µ + ωi
lµw

lj
(0) − wi

lω
lj

µ + 1
ü

1
Ei

µw
j
(0) − wi

(0)E
j
µ

2
+ 1
ü
ψ

A

z+γ
ijψAµ− − ψ

A

µ+

C
iγ[iEj]ν

A
∇νψAz+ − 1

4w
lm
(0)γlmψAν+ + 1

2üÔABA(1)zψ
B
ν+

− 2
ü

ΠAν+

B
+ E[iνEj]ρ

A
∇νψAρ− + iü

2 S l
νγlψAρ+

BDJ
+ O(z4) .

To obtain the above formulas, we used R̂ab
µν = O(z) and the vanishing condition for the

supertorsion (see, in particular, (A.2.13)).



Appendix B

Supplementary Material of Chapter 3

B.1 Conventions
In this Appendix we state some of the properties of matrices and the Clifford algebra used
throughout Chapter 3. We are particularly interested in the interplay among the SL(2,R)
factors, appearing both in the bosonic subalgebra of D2(2, 1; α) and as a flavour group.
For this reason, we will not distinguish between different types of spinorial indices here
(e.g. α, αÍ, α̇Í), unless explicitly stated, and we will identify spacetime indices belonging to
different SL(2,R) factors, since we take the diagonal group SL(2,R)D as Lorentz symmetry
of our theory.
We adopt the same conventions of Appendix A.1 for gamma matrices in three dimensions,
namely

{γi, γj} = 2ηij12×2 , [γi, γj] ≡ 2γij = 2iÔijkγk . (B.1.1)

Once the SL(2,R)-invariant tensor Ô12 = Ô12 = 1 is introduced, one can lower and raise the
indices of the gamma matrices in the following way:

(γi)αβ = Ôαγ(γi)γ
β, (γi)αβ = (γi)α

γÔ
γβ , (B.1.2)

where the obtained matrices are symmetric.
The antisymmetric matrix Ôαβ satisfies

ÔαβÔρσ = δα
ρ δ

β
σ − δα

σδ
β
ρ , ÔαβÔβγ = −δα

γ ,

whereas the sum of all gamma matrices with uncontracted indices yields

(γi)αβ(γi)ρσ = −(δα
ρ δ

β
σ + δα

σδ
β
ρ ) .

The conventions used in the text for traces and spinor bilinears are the following:

Tr(γiγj) ≡ (γi)α
β(γj)β

α , λtÔχ ≡ λαÔαβχ
β , λtÔγiχ ≡ λαÔαβ(γi)β

γχ
γ , (γi)t = Ô(γi)Ô ,

(B.1.3)

113
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where λ, χ are two generic spinors and the upper t denotes transposition.
Other conventions, needed to justify the form of the D2(2, 1; α) superalgebra, concern the
properties of spinors and spinorial forms under complex conjugations,1

λαψβ
2∗

≡ ψβ∗λα∗ , (B.1.4)
1
dθα ∧ dθβ

2∗
= −dθα ∧ dθβ . (B.1.5)

We end up with a list of the properties of the 4 × 4 matrices
1
Ti

(1)

2(α)
(β) and

1
Ti

(2)

2(α)
(β)

defined in the main text, where (α) = αÍα̇Í:
1
Ti

(1)

2(α)

(β)

1
Tj

(1)

2(β)

(γ)
= −1

4η
ijδ

(α)
(γ) − 1

2Ô
ijk
1
T(1)k

2(α)

(γ)
,1

Ti
(2)

2(α)

(β)

1
Tj

(2)

2(β)

(γ)
= −1

4η
ijδ

(α)
(γ) − 1

2Ô
ijk
1
T(2)k

2(α)

(γ)
,1

Ti
(1)

2(α)

(β)

1
Tj

(2)

2(β)

(γ)
=

1
Tj

(2)

2(α)

(β)

1
Ti

(1)

2(β)

(γ)
= −1

4
1
γi
2αÍ

γÍ
⊗
1
γj
2α̇Í

γ̇Í
,

2Ø
a=1

(Ti
(a))(α)(β)(T(a) i)(ρ)(σ) = δ

(α)
(ρ) δ

(β)
(σ) − δ

(α)
(σ)δ

(β)
(ρ) ,

(Ti
(1)T

j
(2))

(α)(β)(T(1) iT(2) j)(ρ)(σ) = 1
8
1
δ

(α)
(ρ) δ

(β)
(σ) + δ

(α)
(σ)δ

(β)
(ρ)

2
− 1

16 δ
(α)(β) δ(ρ)(σ) , (B.1.6)

from which we see that

Tr
1
Ti

(1)T
j
(1)

2
= Tr

1
Ti

(2)T
j
(2)

2
= −ηij ; Tr

1
Tk

(1)T
i
(2)

2
= Tr

1
Tk

(2)T
i
(1)

2
= 0 . (B.1.7)
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