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Two FEM-BEM methods for the numerical solution of 2D transient
elastodynamics problems in unbounded domains

S. Falletta®*, G. Monegato®, L. Scuderi?®

@ Dipartimento di Scienze Matematiche “G.L. Lagrange”, Dipartimento di Eccellenza 2018-2022
Politecnico di Torino
Corso Duca degli Abruzzi 24, 10129, Torino, Italia

Abstract

We consider wave propagation problems in 2D unbounded isotropic homogeneous elastic media,
with rigid boundary conditions. For their solution, we propose and compare two alternative numer-
ical approaches, both obtained by coupling the problem differential equation with the associated
space-time boundary integral equation. The latter is defined on an artificial boundary, chosen to
surround the (bounded) exterior computational domain of interest. The integral equation defines
a boundary condition which is non reflecting for incoming and also for outgoing waves.

In both approaches, the differential equations are discretized by applying a finite element
method, while the discretization of the integral equation is obtained by coupling a time convolution
quadrature with a space collocation boundary element method. The construction of the two
approaches is described and discussed. Some numerical tests are also presented.

Keywords: Elastic wave propagation, finite element method, boundary element method,
convolution quadrature, collocation method.

1. Introduction

We consider elastic wave propagation problems in 2D unbounded domains, exterior to bounded
obstacles, with Dirichlet boundary conditions prescribed on the contour of them. We assume that
the propagation medium is isotropic and homogeneous. For their solution by means of Boundary
Element Methods (BEMs), various numerical approaches have been proposed; among them we
mention those reformulated in the frequency domain using the Laplace or Fourier transforms, and
those defined by their space-time Boundary Integral Equation (BIE) representation. Concerning
these latter, the first numerical strategies were based on the coupling of a time-marching (quadra-
ture) rule with a boundary element spatial discretization (see [15],[I7]); later, the time integration
has been successfully performed by the convolution quadrature due to Ch. Lubich [12] (see, for
example, [16] 11 [9] [14]).

In [8] we solved the above mentioned exterior elastodynamics problems by two alternative BEM
approaches. In the first one, a standard BEM is applied to the classical differential equation of
elastodynamics, while in the second one, a new BEM has been proposed for the corresponding
couple of scalar wave equations, in terms of the P- and S-waves, obtained after performing the
displacement Helmholtz decomposition of the original PDE. In each of these two BEM approaches,
the discretization of their space-time BIE representations was performed by coupling a Lubich time
Convolution Quadrature (CQ) [12] with a classical space collocation method (see |7, [6]).

It is well known that the reconstruction of the vector field of the original PDE at points of
the exterior domain entails the post processing evaluation of boundary integrals which involve
the computed boundary densities. This procedure may be inefficient, especially when the solution
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has to be evaluated in an entire region surrounding the physical obstacle and the geometry of the
boundary is not a simple one. This is also the case because in its vicinity the boundary integrals
have near singularities, whose non-trivial evaluation must be suitably performed.

As an alternative approach to overcome this drawback, in this paper we propose a FEM-
BEM coupling strategy. In particular, we consider the same two equivalent representations of our
transient problem, and the same BIE formulations and discretizations. However, the BIE is now
used as an additional non-reflecting boundary condition to be imposed on an artificial boundary
surrounding the computational domain of interest. The new formulations are then solved by
applying a FEM in the interior domain and the BEM on the artificial boundary.

The FEM-BEM couplings, and their corresponding linear systems to be solved, are described
in Sections 2.1.2}[2.1.3] and 2.2.2}2.2.3] In Section [3| to test and compare the two alternative
numerical approaches that we have proposed to solve our elastodynamics problem, we have applied
them to three different problems. From the results we have obtained, some conclusions are then
drawn in Section [l

2. The model problem

Let Q¢ C R? be an open, bounded and rigid domain, whose boundary I is assumed to be closed
and smooth. We aim at studying the propagation of elastic waves in the homogeneous isotropic
elastic medium Q¢ := R%\ Q¢ caused by a body force f, with initial conditions ug, zg and a Dirichlet
datum g. Assuming small variations of the displacement field u®(x,t) = (u§(x,t),us(x,t)), x =
(z1,x2), this latter is uniquely defined by the following system:

2ue
p 887()(,15) — (A p)V(divu®)(x,t) — pV2uc(x,t) =f(x,t) (x,t) € Q° x (0,7
u’(x, t) =g(x,t) (x,t)e I'x (0,77 (1)
u®(x,0) =u(x) x€N°
ute(xa O) = ZO(X) x € Q°,

where p > 0 is the constant material density, A > 0 and u > 0 are the Lamé constants.

As often occurs in practical applications, we assume that the initial condition ug, the initial
velocity zp and the source term f are either trivial or have local supports. Aiming to determine
the solution u® of the above problem in a bounded subregion of ¢, surrounding the physical
domain QF, we truncate the infinite domain Q¢ by introducing an artificial smooth boundary B.
This boundary divides Q¢ into two open sub-domains: a finite computational domain 2, which is
bounded internally by I' and externally by B, and an infinite residual domain D (see Figure [1)).
Further, we denote by n and np the unit normal vectors on B pointing outside 2 and inside D,
respectively (recall that n = —np).

Figure 1: Model problem setting.



To obtain a well posed problem in 2, we impose a Time Domain Non Reflecting Boundary
Condition (TD-NRBC) on B, by using a direct boundary integral equation. The latter is de-
fined by means of suitable boundary operators which involve the fundamental solutions of the
elastodynamic equation.

In the following sections we describe the approach we propose, which consists in the coupling
of a finite element method for the interior computational domain with a boundary element one
for the discretization of the TD-NRBC. We apply such an approach to two formulations of the
elastodynamic problem: the first one is defined by the standard vector equation (see Problem );
the second one consists of a couple of scalar wave equations obtained by performing the classical
Helmholtz decomposition (see Problem (35)) of the displacement vector.

2.1. The FEM-BEM coupling for the standard vector formulation

In this section we consider the standard vector formulation , defined in the finite compu-
tational domain ), with the additional TD-NRBC. Then, for its numerical solution, we couple
the chosen FEM with the discretization of the TD-NRBC, the latter obtained by applying a
CQ-collocation BEM.

To define this latter, we introduce the following integral operators associated with the integral
formulation of the elastodynamic equation:

2 t
et t) =Y [ [ Uitx—yit - 9iily.s) dByds
=170 /B
2 @
Tiu®(x,t) = Z/ / (x =y, t—s)ug(y,s)dByds
=170 /B
where U}, and 77, i = 1,2, are the displacement and traction fundamental solutions, respectively
(see [I7] for their expression in the space-time domain), and t§ is the f~component of the traction

vector t¢ associated with u®.
The TD-NRBC associated with Problem , and defined on B, has the following representation:

1
§uf(x, t) = Ut®(x,t) — Tiu(x,t) + Ly, o (x,1) + 1, o(x,t) + It (x,t), i=1,2, (3)

where the volume integrals are defined by

2
o[
Iui,O(X7 t) = Z a / iIZ(X - Y7t)u2,()(y»t)dy
/=1 ¢
2
Lot =Y / Uz (x — v, )zeo(y, t)dy (4)
=179

2 t
L) =Y / / (x— .t — 8)faly, s)dyds,
=170 €

with f = (f1,1f3), up = (11,0, u2,0) and zg = (21,0,22,0)- The details of the time dependent relation
associated with Problem (1)) can be found, for example, in [16, 3].

From now on, to simplify the description, we assume that the local supports of ug, zg and f
are contained in 2, so that I, , = I,,, = I;, = 0, i = 1,2. In Example 3 of Section El, we will
show the treatment of an exterior source whose support is contained in D.

By introducing the symmetric second order strain tensor & defined as



1 (O0w; Ow; .
eij(W)(x, 1) := 5 (895- + 8;) (x,t), i,j=1,2,
j i

for w(x,t) = (w1(x,t),wa(x,t)), and the corresponding stress tensor
o(w)(x,t) = 2ue(w)(x,t) + A(divw(x, t))1,

where I denotes the 2 x 2 identity matrix, it is possible to rewrite the first equation of Problem
in the following equivalent form:
2ue

P o

(x,8) = V- o (u®)(x,£) = £(x,1), (x,1) € Q° x (0,T] (5)

where, we recall, the divergence of a tensor o is defined as:

2
doij .
(V-a’)i:Z a2, i=1,2.
j=1
Combining (5) and (3)), and imposing the continuity conditions of the vector field and of its traction
along the artificial boundary B, the model problem to determine the solution u := uf (defined in
the domain of interest €2) reduces to:

2

pa—t;l(x, H)-V-o)(x,t) =fx1t) (xt) € Qx0,T]

u(x,t) =g(x,t) (x,t) € I x(0,T]

Lu(x,t) + Ut(x,t) + Tu(x,t) =0 (x,t) € B x (0,T] (6)
u(x,0) =up(x) x€ N

u(x,0) =zp(x) x€ Q,

where we have set t =0 -n = —0 -np = —t°, Ut = (Ust,Ust) and Tu = (Tu, Tau).

2.1.1. Variational formulation of the PDE in the interior domain
To describe the variational formulation of Problem (), we use the notations u(t)(x) := u(x, ),
t(t)(x) := t(x,t) and we introduce the spaces

V=[H(QP, X=[H 2B, W={wel[H Q) wr=0},

H® being the classical Sobolev space of order a and H~1/2(B) the dual of H'/2(). For simplicity,
here and in the sequel we omit the use of the trace operator to indicate the restriction to a boundary
of an element of V.

Recalling the definition of the interior tensor product

2
g:. &= E 0ij€ij,

ij=1

to write the variational formulation associated with the first two equations of Problem @, we
define the bilinear form

a(v,w) = / o(v)(x): e(w)(x)dx, v,wevV
Q
the standard [L?(9)]? scalar product

(v,w)o = /Q v(x) - w(x)dx, v,wevV



and the bilinear form associated with the duality product
bAm) = \ms  AeX,ne[H/*B)

The variational formulation of (6)) then reads: for any ¢t € (0,77, find u(t) € V and t(t) € X
such that
d2
P
holds for all w € W.
Finally, the model problem, where we consider the weak formulation of the interior elastody-
namic equation coupled with the strong formulation of the TD-NRBC, takes the following form:
for any t € (0,7, find u(t) € V and t(¢) € X such that

(u(t), w)o +a(u(t), w) = b(t(t), w) = (£(t), W),

p%(u(t),w)g + au(t), w) — b(t(t), w) = (£(£), w)o for allw € W .
L) () + Ut(t)(x) + Tult)(x) = 0 xe B

2

with initial conditions u(0)(x) = up(x), us(0)(x) = zo(x) and the boundary condition u = g on
T.

In the following sections we describe the numerical procedure we adopt to approximate the TD-
NRBC in . We consider the numerical approach which combines the time integral discretization
by using a Lubich second-order time convolution quadrature (see [12]) with a continuous piecewise
linear space collocation method.

2.1.2. Discretization of the TD-NRBC

Time discretization.. We consider a uniform partition of the interval [0,7] into N steps of equal
length A; = T/N and we collocate the second equation of at the time instants ¢, = nA,
n = 0,...,N. Then we approximate the time integrals therein involved (see formula ) by
means of the convolution quadrature formula proposed by Lubich in [I2]. In particular, denoting
by t"(x) ~ t(t,)(x) and u"(x) =~ u(t,)(x) the approximations of the traction and displacement
unknowns on B at the discrete time instants t,, we get: for i = 1,2 and n=0,..., N

Ut = 303" [ wams (Bn i) (y) a5,
¢=1 =0
®)

n

Touxt) = 33 [ w8 Ti(r) wi(v) a8,
¢=1j=0"B

w

where r = ||x — y||. In (8) the quadrature coefficients

—j 27 209
= _ o’ = (1(ee™)\ _ijo
(A W) = w YAy 9
oi(ai) = 22 [T (M5 e ©
are associated with the Laplace transform W of the convolution kernel W = T In @ the

function v(z) = 3/2 — 22 + 1/22? is the characteristic quotient of the BDF method of order 2, 4
is the imaginary unit and g is such that for |z| < p the corresponding v(z) lies in the domain of
analyticity of W. The integrals in @D are efficiently computed by using the trapezoidal rule

— 0 E = (et 128
WM W) S 3 W 25— e, =0, N (10)
=0



based on the uniform partitioning of [0, 27| in L subintervals. The quadrature coefficients w; (Ay; /W)
are then computed simultaneously using the FFT, with O(N log N) flops. Assuming that W is
computed with a relative accuracy bounded by e, Lubich has shown (see [13]) that the choice
L =2N and oV = /¢ leads to an approximation of w; with relative error of size \/z.

For completeness, we report here the expressions of the Laplace transforms /W, involved in @D,
which can be found in [3]:

0r8) = g (V0900 = X910 (1)
Tors) = L[ 200 - XOD] (5, 0y ) X0 (g, O
27 or r onp ’ r ’ " Onp (12)
ax _or vy B o ~Ox ~x(rs)]
25(7“, S)T’lr’g% + <v% ) [ar(r,s) E(T’ s) | rine g

where r ; := 0y,r, d;¢ is the Kronecker delta and vp, vg denote the so-called P- and S-wave speeds,
defined by the Lamé constants through the relationships:

A+ 2
vp = 4| 2 vs=\/ﬁ- (13)
' p

The functions ¥ and y in and are defined as follows:
Y(r,s) = Ko (Ts) + (Ui> l:Kl <T8> - 5K, (rsﬂ ) (14)
Vs rs Vs vp vp
rs vs ) rs
- (2)-(2) ().
vs vp vp
where K;, i =0, 1,2, is the second-kind modified Bessel functions of order 3.

From these, using the relations K{)(z) = —Ki(z), K{(z) = —Ko(z) — 1/2K1(z) and Kj(z) =
—2/2K5(z) — K1(z), we easily obtain (see [10])

%f(r, 5) = —% [X(r,s) + K (”)} (16)

ax ~1|rs rs Vg ?rs rs
a9 =7 [K (52)- () o @)”X(”)]' "

For further details see [§].

and

Space discretization. To describe the space discretization, we assume that the boundary B is
represented by a smooth global parametric representation defined on the unit interval:

x =n(9) = (m V), n2(9)), v €[0,1]. (18)

Using this representation, we first reduce the integral on B to the equivalent one defined on
the parametrization interval [0,1]. Then, after having taken the uniform partition of [0,1] into
M subintervals identified by the equidistant nodes {95 }5- ", we define the associated continuous
piecewise linear function, whose basis functions are denoted by {Nk}i\/[: +11.

The unknown functions t}(x) and u}(x), £ = 1,2, x € B are approximated as follows:

M+1 M+1
tFm@) & Yt " Ne(@), upn@)) & Y ug" N () (19)
k=1 k=1



where the coefficients tlg ™ and u? '™ represents the unknown nodal values at x;, = n(9y). Taking
into account that the curve B is closed, we set te = tMH’J and u/ uéwﬂ’j. Finally, by
collocating the fully discretized equation at the points 19m, m=1,...,M, we end up with the

following full approximation of the TD-NRBC:

2 2 n—1 2 n—1
Z(;5ieﬂ+T?£> YOS T B’J+ZU to" Y Y UL =0, i=1,2 (20)
{=

=1 £=1 j=0 15=0

in the unknown vectors tf’" = (té"", . ,téw’")T and u?’” = (ué’", e y") , with £ = 1,2 and
n =0,...,N. The symbol I denotes the identity matrix of order M, while the matrix entries of
U™ and T™ are given by (see [§] for details on their computation)

—n L-1 1 o
e = g2 3 ([ G020 Mt0) 0] a0) o=+ (21)
and
_n L—1 1 Lnl27r
(Time = 52 2= ([ T a0 M) In ) a0) e (22)

where z = y(0e'?™/F) /A, and 7, (9) = [|[0(I9) — n(9)]].
From the computational point of view, supposing to know u?
tj, j=0,---,n—1, the NRBC at ¢, is given by

7 and tf’j at the time instants

2 2 2 n—1 2 n—1

1 _ .
> (25MH+T?Z) ug " Y UGS = =N T e =YY U e, =120 (23)
=1 =1 =1 j=0 (=1 j=0

2.1.3. Discretization of the interior vector PDE equation

Time discretization. To derive the complete numerical method we propose to solve (7)), we first
describe the time discretization of its first equation. We perform this latter by using the Crank-
Nicolson scheme, of second order and well suited even for long time integration intervals. Of
course, other methods could be considered as well, in particular those of explicit type.

Thus, we introduce the new unknown vector functlon Z: %—‘t’ and we rewrite as follows:

p;t( (t),w)a +a(u(t),w) —b(t(t),w) = (f(t),w)q forallwe W, te (0,T]

%;‘ (x,1) = z(x,t) xeN, te(0,7T]

%u(x, £) + Ub(x, 1) + Tu(x, t) —0 xe B, te (0T (24)
u(x,0) = ug(x) x €N

z(x, 0) = 2zp(x) x € Q.

Denoting by u™(x) = u(x,t,), 2" (x) ~ z(x,t,), t"(x) =~ t(x,¢,) and " (x) ~ f(x,t,) the approx-
imations of u, z, t and f at the time instant ¢,,, and applying the Crank-Nicolson discretization
to the first two equations in , we get

zn+1 _z" un+1+un tn+1 +tn fn+1+fn
(5 ) () (S ) ()

un+1 —u® Zn+1 + z"

A, 2

From the second relation we obtain:



which, inserted in the first relation, leads to

A2 A? A2 A?
“ta(u™t, w) — 4t bt"H w) = p(u",w)g — Ta w) + —Lb(t", w)

n+1

(u”

A2
+  pA¢ (2", w)g + =L (f"+1 +1" w)q. (26)
Space discretization by finite elements. For the space finite element discretization, we define a
regular decomposition 7, = {K} of Q into triangles and we denote by h its mesh size. This
defines a polygonal domain 2, having inner and outer boundaries I'a and Ba, respectively.
Then, we replace Q2 by Qa and B by Ba in . We remark that, for the space discretization
of the TD-NRBC we have used the parametric representation of B, instead of that of Ba. Note
however that, in spite of this boundary discrepancy, the final discrete system will involve only the
unknown values at the common boundary mesh points, Ba being nothing but a piecewise linear
interpolant of B.

Denoting by f|,, the restriction of a function f on a domain D, let

Vi = {vi € [COQ))% : v, € [PHE)]K € Th, ),

Wi, = {w;, € [C°(Q)]? : wn,, € [PY(K)]*,K € Th, W, =0}

be the spaces of piecewise linear vector polynomials of degree 1 associated with the mesh 7.

Let S be the set of the indices of the nodes {x; };cs of the triangular mesh, not including those
lying on T', and {N{?};cs the standard piecewise linear finite element basis functions. Denoting
by S = #S the total number of nodes, a natural choice for the set of the basis functions of V}, is
given by the 25 columns of the matrix

_ [ NPx) Ng(x) - NE(x) 0 0 .- 0
NQ(x).—[ "0 %0 % NP (x) Ni‘(x) - qu](x)}

T

Then, for the unknown vector function u”(x) = (uf(x),u%(x))*, we consider its finite element

approximation defined as follows:

S

Z , nNQ
n

i=1 . with u" = [ 3}1 }

Z "N (x 2

and where

1,n _2,n S,n:| T

n 1,n 2,n SnT
up = juy’ Uy,

and uj = [u2 Juy’, e ug
are the unknown nodal values associated with the nodes of the triangular mesh.

Moreover, let X; C X be the space of piecewise linear continuous vector functions defined
on the boundary B by the non-vanishing finite element basis functions N%(x) = N& (x). Thus,
proceeding analogously as before, and recalling that M denotes the number of mesh points that
belong to the boundary B, we introduce the following 2M columns matrix for the basis N5 (x):

NB(x) NB(x) --- Nﬁ(x) 0 0 0

NB(x) = 0 0 0 NB(x) NB(x) --- NB(x)

Then, for the unknown function t"(x) = (t7(x),t5(x))T, with x € B, we introduce its finite



element approximation defined as follows:

M
n B
" > s .
h(x) = [ tfll’h(x) ] =N(x)t" = | '/ , with 7= [ £ }

2,h ?
Ztg,iNiB(X)
i=1

and where T T
t;z — |:t}’n, t%n7 A ’ti\/[’n:| and t;l = [té’ng tgmlv o 7t§/[’n:|

are the vectors of the unknown nodal values.
The Galerkin formulation of then reads as follows: for each n = 0,---,N — 1, find
(uZ“,tZH) €V}, x X}, such that, for all w;, € W),

n+1 Atz n+1 . A% n+1 o n o A? n
pup™ Wi )a + e a(up™, wp) e bty ™, wh) = p(uh, wn)a e a(uy, wp)
A2 A2
+Ttb( o Wn) + Aep(zh, Wn)a + Tt(f"“ +£",wn)a. (27)

To write the discrete variational formulation in matrix form, we split the total set of indices
S = STUS5B, into the set ST of interior mesh nodes and S® of the mesh nodes lying on the artificial

boundary B. Then, by properly reordering the unknown coefficients of u}}, we rewrite the unknown

In B . I B
vectors u? = [u;",u;""|7, i = 1,2, whose two components u;"" and u;"" represent the unknown

values associated with the internal nodes and with those on the boundary B, respectively. The
same splitting is performed for the vector z", containing the unknown coefficients of zj.

Therefore, setting a = AT?, the matrix form of is given by
(M + aA) u" !l — aQt" ! = (M - aA) u” 4+ aQt" + A\ Mv" 4+ oF" (28)

where, denoting by N¢ and N¥ the i-th column of the matrix N and N? respectively, the
elements of the mass and stiffness matrices are

M;; = p (NP, NY),,, Ay =a(N},NY), i,j=1,---,28 (29)
while those of Q are given by
Qij:/BN?-N]B, i=1,---,28,j=1,---,2M. (30)
The term F” in is the column vector whose components are defined by
FI' = ("™ +£" N¥)q, j=1,---,25

To write the matrix form of the final linear system, it is useful to introduce the following blocks



of the above matrices, based on a proper assembly of the total set of the basis functions:
My = [Mrs]rzl,---,s, s=1,--,8 Mo = [Mrs]r:S+1,---,2S, s=8+1,---,255
Mo = [Myglr=i,....8, s=S+41,--,25, Ma1 = [Myslr=g41,... 28, s=1,.--,5;
Ay =[Avg)r=1,.. .8, s=1,-.5, Aoy = [Ars]r=541,.- 28, s=5+1,- 25;

Ao = [Arslr=1,.8, s=S+1, 28, Aot = [Ag]r=1,... S s=5+1,-- 283

Qi1 = [Qrslr=1,-- .5, s=1,--,M, Q22 = [Qrslr=5+1,--,25, s=M+1,--- ,2M;

Qi2 = [Qrslr=1,--.5, s=m+1,- 20, Q21 = [Qrslr=541,-- 28, s=1,-- ,M;

T =[Frl=1, s, 5 = [Fllr=s41, 25

Finally, by taking into account the splitting of the index set S = ST US?B, we further partition
each of the above matrices into sub-blocks, as follows:

I 1B I B B
MP‘I Mpq qu qu Pq

Mpq - BI BB ’ qu - BI BB ’ qu - BB o pa= 17 >
Mpq MP‘I qu qu pq

It is worth noting that, according to the structure of the bases N and NB, we have Mj5 = My, =
0, Q12 = Qo1 = 0 and QIF = QI¥ = 0. Moreover, the following equalities hold: M;; = Moys,
A1p = Agy and QFF = Q55

Finally, combining with , and in accordance with the splitting of the set of the degrees
of freedom, we get the following block partitioned linear system (with obvious meaning of the

10



notation):

- 4 [ ., In+l
M+ oAl MIB 4+ AlB aAll aAlB (0) [0) u;”
ML + aABl MPE + aABP aABI aABB —aQFE (0) ufrtt

ahl! aAlp M + oAl MIF+oalf O 0 uy "
alBT aABE ME] + aAS]  MEB 4+ aASP 0) —aQEE u?”“
() 21+ TY, ) T, o, U9, §Bontl
L o TS, © 31+ T9, U3, 09, | o+
r 2 B B -
DD (M7 — abff) i + A S M{T " + oF
=1 x=1T x=1I

2 B
ZZ(M%*—CMA%) u)" 4 aQP tB—i—AtZMﬁ*zf" + oFP

i=1 %=1 *«=1
2 B B
, N
SO (0 — ki) up" 4 A Y Mz + aF}
i=1 %=1 w=]
= )
2 B B
E E B Bx B B § : B *,M n,B
i=1 %=1 *«=1
2 n—-1 2 n—1
72: TnJB,J }:E:Un Jt J
i=1 j=0 i=1 j=0
2 n—1 2 n—-1
_2: T"J B,J E:E:Un Jt 2J
L i=1 j=0 i=1 j=0 _

to which equation must be added.

2.2. The FEM-BEM coupling for the new scalar approach

It is well-known (see [3]) that, using the Helmholtz decomposition of a vector field, we can
decompose the unknown displacement in (1)) by two unknown scalar potentials u® = Vyp%+curl %
where, for a generic w = w(z1,z2), curl w = (93, w, —9,, w). The unknowns ¢% and ¢% are called
Primary (or longitudinal) and Secondary (or transverse) waves.

Referring to [8] for details, we recall the main relations that allows us to rewrite Problem
in terms of a couple of wave equations. In particular, by using the decomposition of the Dirichlet
datum on I’

V% +curlpl =g 31)

(
and introducing the anti-clockwise oriented unit tangent vector 7. = (np.,, —n.,), 0. = (N, N5 ,)
being the ingoing unit normal vector on I'; the following relations hold:

0%  0pS 0ps  Op%p
_ — . 7S L TP o 32
On,. or. & M On_ + or. &7 (32)
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Furthermore, after setting

QD(IED,O(X) = Qp% (Xv O)a QDeS,O(X) = @g (X7 0) (33)
@?D,O(X) = at(p% (X7 0)7 @g,O(X) = ats@%’ (Xv O)
and decomposing the initial data ug, zg, the Dirichlet datum and the source term as follows

() = Vigh o (x) + curl o (x),  20(x) = V@ o(x) + curl 35 o (x)

g(X7 t) = VgP (X7 t) + curl gs (X7 t)7 f(X7 t) = Vip (X7 t) + curlfs (X7 t) (34)

we obtain that the exterior elastodynamics problem is formally equivalent (see [2]) to the
following exterior potentials problem:

¢4 e 1 e

G~ UPVieh = St (x,1) € Q° x (0, ]
94 e 1 e
S~ Vs = s (x,1) € Q° x (0,7
Ipp _ 0vs 9%

= ‘n=: n , ) el , T

anr 87-[‘ + g nl" 67} + g r (X ) 6 X (0 ]
9% dop P
a. - . =i - T ) r 7T
on. o +g- 7 or. +grr (x,t) €T x (0,7] (35)
©p(x,0) = ¢po(x) x € Q°
P5(x,0) = g (x) x € Q°
0t e e
8tP (x,0) = ¢po(x) x €
D D .
gf (x,0) = ¢% (%) x € 0°.

Moreover, note that, if we consider the Helmholtz decomposition of the datum g, the functions
gnp and g, are given by

_ Ogp _ Ogs
o 3,0) = 95 (x.) = T .1
_ Ogp dgs
grr(%,t) = or. (x,t) + on, (x,1).

To determine the solution of in the finite computational domain 2, bounded externally
by B, we need to define on B x [0, T] a couple of scalar TD-NRBCs. To this aim, we introduce the
following well known single and double layer operators associated with the scalar x := P, S-wave
equation:

vty = [ [ Gutx =yt = s)uty. ) dryds "

(KA (x,t) == /0 /FGHD’*(X -y, t—s)A(y,s)dl'yds

where the kernel function is
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and we have set Gnqy* = Onp G». Hence, we define the following TD-NRBCs on B:

%QO?D()Q t) + (K:PQO%‘)(Xv t) - (Vp(anv @%))(Xa t) = IADP,O (Xv t) + I@P,o (X7 t) + IfP (Xv t)
%‘pg‘()g t) =+ (lcssag)bg t) - (Vs(anv @g))(xv t) = LPS,U (Xa t) + [tﬁs‘o (Xv t) + Ifs (X, t)v

where 18
Lovoxit) = 55 [ Gulx=yut)et oy Oy
Uy D

1 —=€
Tooxt)i= =5 [ Gulx=y.0¢0(3. )y
*

If* (X7 t) =

1 t
= | [ Gx=yit =ity sgayas

are the volume integrals associated with the initial data and the body force.

(37)

To restrict the original problem in the finite computational domain €2, we impose the continuity
transmission conditions of the P and S-waves as well as of their normal derivatives on the artificial
boundary B. As previously remarked, without loss of generality, we assume that the local supports

of ug, zg and f are contained in 2, so that I, , =I5, , = I;, =0.

*,0

Hence, denoting by ¢p and ¢g the restriction of the solutions ¢% and ¢% to 2, we get:

32‘PP 2 o2 1

ot2 (Xa t) - UPV @P(Xat) = ;fP(th) (X, t) €Qx (OaT]

2

1

38;!;3 (x,1) —vEV3pg(x,t) = ;fs(x, t) (x,t) € @ x (0,7
dop N s

In. (x,t) = or. (X,t) + gnp (X, 1) (x,t) € T x (0,7
dps dpp

on. (x,t) = — or. (x,t) + gr (%, 1) (x,t) € I' x (0,T]

Sop0t) + (Kpipp)(5,0) + (Vp(Onop) (6. 8) =0, (x,8) € Bx (0,7]

59500 0) + (Kss) (0, 1) + (Vs(Ougs))(x,1) =0, (x,0) € B x (0,7).

2.2.1. Variational formulation of the PDE system in the interior domain

Proceeding analogously to the vectorial case, we consider the variational formulation for the

wave equations, and the strong one for the TD-NRBCs.
To this aim, we introduce the spaces

V=HYQ), X=H'*B)

and, by abuse of notation with respect to that used in Section [2.1.1] the bilinear form
a(u,w) = / Vu(x) - Vw(x)dx,
Q

the standard L2(f2) scalar product
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and the bilinear forms associated with the duality product
bp(u,w) := (u, w)p, D=T,B.

By taking into account the third and fourth relation in , the weak form of the first two equations
of the novel problem is: for any ¢t € (0,7, find @p(t), ps(t) € V, Ap(t) := (Onpr)(t), As(t) :=
(Onps)(t) € X such that

& (or (D). ¥r)a + vhalop(t).be) — vhbr(9r o5 (1), 1p) — vhbs(hp (D). )

= L 5p(0), vr)e -+ o o (0) ) for all gp € V
& ps(t).s)a + vBalips(),vs) + vbr(Dr, op(t). vs) — vEbs(As (1), Vs)

= %(fs(t)’ ¥s)a + ve(grr (1), ¥s)r for allys € V
Ser(x) + (Kpep) (1)) + V() (1)) =0 xeB
L5000 + (Kss) (1)) + (Vs(hs)) (1)) = 0 xeB

(40)
together with the associated initial conditions.

2.2.2. Discretization of the TD-NRBC's
Time discretization.. Proceeding as in Section [2.1.2] we approximate the time integrals in

by applying the Lubich convolution quadrature formula. Denoting by ¢%(y) =~ .(t,)(y) and
(On@s)™(¥) = Onps(tn)(y), for x = P, S, we have

(V*(an(P*»(X, tn) ~ Z/Bwnfj(AtQ é*(r>) (an@*)j (Y) dBy
j=0
" (41)
(Kopo) (1) ~ g /B i (A G (1)) 91 (y) dBy,

where r = || x—y/|. The coefficients w,, (A;; W (r)), whose expression is given by (0), are associated
with the Laplace transforms of W = G, Gp_ » and are then approximated by formula . The
Laplace transforms of W in this case are defined by

~ 1 S

Gy (r,s) = %KO (w) ) (42)
~ s rs\ Or
GnD7* (7"7 S) = —%Kl (w) 8nD 5 (43)

where Ky(z) and K (z) are the second kind modified Bessel function of order 0 and 1, respectively.
It is worth to point out that the above transforms are much simpler than the corresponding ones
we have for the vector elastodynamics equation.

Space discretization.. Proceeding as in 2.1.2] we approximate the unknown functions wi(x) and
XL (x) == (Onex)? (x), x € B, by

M M
pln(0)) = Y PPINK(9),  N(n(0)) =Y AINK(D), (44)
k=1 k=1
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Ny, being the piece-wise linear basis functions associated with the partitioning of the parameteri-
zation interval [0,1] (see (18)).

To apply a nodal collocation method, we insert into the TD-NRBCs of and we
collocate the latter at the collocation points ¢,,, m = 1,..., M. The matrix form of the TD-
NRBC then takes the form:

1 . n—1 . ] . n—1 . ,
(21 + K%) e+ Y KETORT £ VIR + Y T VEIAR =0
1 - - (4)
(21 + K%) OB+ 3 KL BT 4 VIAET 1 ST VAT — 0
=0 =0
in the unknowns gaf’” = (gpi’n, o cpi\/l’”)T and )\f’" = ()\i’n, e /\i\/f’")T. The matrix entries of
V7 and K7 are given by (see [8] for details on their computation):
_n L—1 1
1 o™ rm(9) 2 , _inl2n
Vi )me = —— Ko | ——— | Np(¥ 9)|| dv L 46
(V) %le_;(/o o (22 ) o )l av ) (16)
and
1o ! rm(D)z\ Or(9) int2
K ) = —o Ky (5 ) == Ne(9) I/ (9)| d9 ) e 47
(KD = =57 Z(/ . ( o ) 5, V(@) I (@) ) B )

where z; := v(0e"*™/ %) /Ay and 7., (9) := [|[7(Frn) — n(D)].
From the computational point of view, assuming to know gof “ and }\f 7 at the time steps
7 =0,--- ,n—1, the couple of absorbing condition at time ¢, is given by

n—1 n—1
1 B.n B.n n—yj B,j n—j+B,j
<2I+K%> ep" F VRN ==Y Ko =Y VEIAR
=0 §=0

(48)
n—1 n—1
1 . . ) .
(21 + K%) "+ VAS" = =Y KEg? = > VI
7=0 7=0

In the next proposition, we show that when the boundary B is a circle of radius R, and the
parametrization interval [0,1] is subdivided into M equal parts of length h, all matrices ,
turn out to be circulant. Note that in this case we have ||n’(9)|| = R. Furthermore, to
prove our statement we only need to consider the generic integral contained in the above matrix
representations, that we denote by a(m, k). For notational simplicity, in the proof we will also
ignore the factor R.

Proposition 2.1. When the boundary B is a circle of radius R, all matrices V', K7 are circulant.

Proof. We limit our proof to the matrices V7, as the one for the matrices K7 is very similar.
Moreover, to simplify the notation, we set (f = 5—1 Thus, to obtain our result, we need to

examine the following integral:

a(m, k) == / Ko ([n(9) — n(0m)1CH) Ne(9) do.

We also need to consider the periodic extension of the parametrization function n(1}), and recall the
following obvious relation, which can be very easily demonstrated using well-known trigonometric
identities:

[n(0 +a) =n(¢ + &) = [In(0) = ()]
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Next, we examine the elements

Vmtj+1

a(m, m+j) :[9 Ko (In() = n(Wm)[I¢) Nt (D) dd, m=1,--- M, j=0,--- ,M—m.
mtj—1
Fm—j+1

a(m,m — j) 2/9 Ko (In(¥) = n(Wn)I¢) Npp—j (D) dd, m=1,--- M, j=1,--- ,m—1.

m—j—1

By introducing the linear change of variable ¢ = ¢ + (m =+ j)h, ¢ € [—h, h], we obtain
h
almem=3) = [ Ko(In(o % m-+ ) = n(=ih % (m+ DR No(0) do

h
_ / Ko (In(6) = n(Fih)IGF) No(9) do »

where Ny(¢) is the (hat) basis function defined on [—h, h]. Since B is a circle, taking into account
the extension of its parametric representation we have n(—jh) = n((M — j)h).

Using the latter identity, representation can be rewritten in the following form, where
m=1,---, M:

h
a(m,m + j) = [h Ko ([In(¢) = n((M = §)R)|) No(¢) dd =: anr—j(h), j = 0,--- , M —m

h
a(m,m — j) = /_h Ko (In(¢) —nGRIG) No(¢) dp =: a;(h), j = 1,--- ,m — 1.

From these, the proposition statement then follows. O

The major consequence of this result is that only the first row of each matrix must be computed;
a great computational saving.

2.2.3. Discretization of the interior scalar PDE equations

Time discretization. As for the previous approach, for the time discretization we apply the Crank-
Nicolson method. To this aim we introduce the new unknowns zp := 85’% and zg = 65’% and,
proceeding as we did in Section [2.1.3] we obtain

(ﬁp?jl,’(ﬂp)s} + av%a(gp%-i_le/)P) - Oé’U}%bF(aTF <)07§+17¢P) - aUIQDbB(Ag—i_lwa) =
(¢B, ¥p)a — avpalph, ¥p) + avpbr (O 9%, ¥p) + avpbs(Ap, ¥p) + A (23, 1p)q
+ %(fgﬂ + 13, ¥p)a + avp(gal + dhr ¥p)r for allyp € V

(93 ) + avdalgl™L, bs) + avkbe (0 P, vs) — avdbs(NE, i) = 0
(¥5,¥s)0 — avda(pl, ¥s) — avgbr (O, b, ¥s) + avgbs(A§, ¥s) + At (25, ¥s)a
+ %(fg“ + 18, 08)0 + R 4 g s)e forallys € V.
together with
M = (e ) - (51)

Space discretization. Let us define the finite element space V}, associated with the conforming
triangulation of Q2 introduced in Section [2.1.3]

Vi =A{vn € C%Q) v, €PHK),K €Ty, } CV,
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whose basis functions {N{?};cs have been previously defined. It is worth noting that, contrarily
to the standard approach, for which we directly impose the Dirichlet boundary condition on T,
thus eliminating the degrees of freedom on it, in this case the values of pp and pg are not known
on I'. By abuse of notation, we use the same symbol S to denote here the full set of nodes of the
triangular decomposition, that includes also those lying on I'.

Further, we denote by X} the space of continuous piece-wise linear functions defined on the
boundary B by the finite element basis { N = NZ-Q|B M, recalling that M denotes the number of
mesh-points inherited on B by the decomposition of €.

Introducing the vectors

n __ 1,n  2n S,n T n __ 1,n y2,n M,n T
‘P**[QD* yPx 0 Px ] and )‘**[/\* 7>‘* 7"'5/\* ]
of the unknown nodal values of ¢?(x) and A} (x) associated with the nodes of the triangular mesh,
we consider the finite element approximations

M
Fialx ZWNQ ) NG = NTNEG) and (9 ¢.n)"(x) Zwa N,

Then, the matrix form of the discrete Galerkin scheme associated with , is
(M + avp A)ppt! — avpBeet! — avp QAET = (M — avp A)gp + avp Bl + avp QAR
+ AMzp + ffp + av%gﬁr
(M + avZA)pit! + avSBgo”+1 — aviQALT = (M — aviA)el — aviBel + avi QAL
+ AMzS + ;fs + av%gﬁr,

(52)
where the mass, stiffness and boundary matrices are defined, by abuse of notation with respect to
that of the previous approach, by

M,;; = (NZQ?N]S-))Q, Ajj :a(NZ-Q,N]Q)7 ij=1,---,8,

/NQ NB( YdB, i=1,---,8, j=1,---, M,

B;, —/N“ 0 NP)(x)dL, i,j=1,---,8.
The terms f]' and g in are the column vectors whose j-th component, j = 1,---, S, are
defined by
£ = (7 + £ N, x*x=DP,8S,
and

gli=1( "'H—l—gD,NQ) O=m7,n..

Combining with (48), and in accordance with the splitting S = S’ U 85 of the set of the
degrees of freedom (recall that, in this case, I includes also the nodes lying on T'), we get the
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following block partitioned linear system (with obvious meaning of the notation):

M/ +a, AT M5 4a, A —a B 0 0 o 1 [es]
MB!I o, ABI MBB 4 o, ABB (o) o) —a, QBB o B+l
OZSBII (o) MII+OéSAII MIB-FOéSAIB ) ) Soé,n-i-l
o o MB! + o ABI MPB + o ABB o) —a, QBB Bt
o i1+ K o o VY o ALt

(o) (o) 0] I+ K2 (o) Ve i )\lg’,n+1 |

- B B -
Z(MI* —a, A" + ozPBHgog’" + Ay ZMI*Z}Z’" + gfllg’" + anII,’F"
=1 *=1 P
B B a
Z(MB* N OZPAI*)(p:—}n ta, QBB)\%TL T A, ZMB*Z};’n + ;fgm
=] *x=]
B B o
ST 0 AT - Bl 5 3 el gl
*=] *=1
B B B a ’
D_(MP* —a AT)pl" +a QUEAT" + A Y M a4
=] *=]
n—1 o n—1 o
- Z Ky’ ‘P%,P - Z Vi’ )‘{3,13
=0 =0
n—1 o n—1 o
Sk SV
L 7=0 7=0 i

where we have set a, = av?. We remark that, in the above system, we have taken into account
the sparsity pattern of the involved matrices. In particular, it results that the sub-blocks BZ5,
BB and BB/ of B are null, as well as the sub-block Q'8 of Q.

Finally, the above system is combined with the following two relations that allows for updating
the unknowns z,, for x = P, S:

n 2 n n n
z = 7(¢*+1 - (P*) —Z,. (53)

* At

3. Numerical results

In this section, the two approaches we have described in Sections 2.1 and 2.2 are tested, by
applying them to three problems. In particular, we compare the new FEM-BEM scalar wave
equation approach with that based on the standard vector formulation. Among the characterizing
aspects of the two numerical approaches, in Example 1 we point out in particular that, despite
the fact that both methods have been obtained by performing analogous discretizations, while the
new one turns out to be unconditionally stable, the other one inherits the conditional stability
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of the BEM scheme already highlighted in [§]. Moreover, in the case of the new approach, all
the advantages regarding the computation of the BEM matrices involved in the discretized TD-
NRBCs, underlined in [8], hold also for the associated FEM-BEM coupling.

From now on, we refer to the numerical solution of Problem obtained by the new scalar
approach as u"®"™ = (u}®",u5V), and to the one obtained by the standard vector approach by
ustd = (u5td 48td). We point out that in the first case the solution u™®% of the original elasto-
dynamic problem, must be reconstructed by means of the relation u™®" = Vpp + curl g (see
Section which involves the (analytic) calculation of the partial derivatives of the numerical
solutions defined in (44).

All the numerical computation has been performed by standard (i.e., sequential) Matlab®
codes and, for what concerns the FEM method, we have used the Partial Differential Equation
Toolbox.

Ezxzample 1. In this first example, we consider Problem defined on the domain Q¢ = {x =
(71,22) € R? : 23 4+ 22 > 1}, external to the unit disc with boundary I' and centered at the origin
of the axes, endowed with homogeneous initial data and null source f. The Dirichlet datum is
g = (g1,82), where

g1(x,t) = tBe 2o (i +203) ga(x,t) = t3e 2! cos(zy), xel, tel0,T].
The chosen P, S-velocities are vp = v/3 and vg = 1, the material density is p = 1 and the final
time is T'= 1.

We restrict the original problem to the finite computational domain €2, bounded internally by
I" and externally by the circle of radius 2, i.e. B = {x = (x1,72) : 23 + 23 = 4}.

In Figure [2| we report the 2D and 3D behaviour of the P and S-waves within the finite compu-
tational domain (2 at the final time instant. In Figure[3] we compare the behaviour of the solution
u = (u1,u2) of the elastodynamic problem obtained by applying both approaches. As we can see,
there is a good agreement between the solution of the two approaches. Finally, in Figure[d] the first
three plots correspond to the solutions obtained by the new approach. In particular, from left to
right, they represent the modulus of the P-wave displacement ||Vp||, the modulus of the S-wave
displacement ||curl || and the modulus of the total displacement ||u™¥|| = | Vyp + curl pg|| at
t = T. In the fourth plot we report the same quantity |[u**d| obtained by the standard approach.
Again, we highlight a very good accordance between the last two figures.

. .
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Figure 2: Example 1. Behaviour of ¢p (first two plots) and s (last two plots) in Q at 7' = 1.
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1
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1.2
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12

time

Figure 3: Example 1. Time-behaviour of u*(x,t), x ~ (2,0) for t € [0,1] (left plot). Space-behaviour of
u*(x,7T), for T =1 and x = n(9) € B, ¥ € [0, 2x] (right plot), * = new, std.

x,

x, - axis X, - axis x, - axis x, - axis

Figure 4: Example 1. Behaviour of P, S-waves in Q. From left to right: [[Vop||, [[curlps]|, [[u™*"]| and
[[u**]], at the final time instant 7" = 1.

As remarked in [8], for the resolution of the elastodynamic problem by means of the mere
collocation BEM method, to avoid the instability of the standard (vector) approach, the stepsizes
A; and h must satisfy the Courant-Friedrichs-Lewy (CFL) condition 8 = vpA;/h > 0.17. On the
contrary, such limitation did not happen in the new (scalar) approach. In the FEM-BEM coupling
method, it appears that the standard approach inherits the conditional stability of the associated
collocation BEM, while the new one turns out to be unconditionally stable.

To show the above mentioned instability phenomenon, in Figure [5| (top row) we report the
3D plot of the solution ||u*td||, obtained by applying the standard FEM-BEM approach with
h ~ 0.125 and N = 104,106, 116. These values violate the CFL condition, 5 being slightly smaller
than 0.17, and spurious oscillations soon appear on the artificial boundary B, quickly exploding as
N mildly increases. On the contrary, the new approach shows no instability (bottom row). After
performing an extensive numerical testing the new approach showed no instability for various
values of 8 definitely smaller than 0.17.

Furthermore, we remark that the vector field u™®" is retrieved from the P- and S-waves by
computing their gradient and curl, respectively. Therefore the degree of accuracy, with respect
to the space discretization, of the approximation of u™®% is lower than that associated with the
computation of the P- and S-waves; a finer mesh is then needed to obtain a solution whose
accuracy is similar to that produced by the vector method.

To show the accuracy of both methods, in Tablewe report the relative errors e* := ||u®f(x, t)—
u*(x, )|/ ||urf(x, t)||, * = std, new, u™f(x, t) denoting the value of the reference solution at a fixed
point x and ¢ = T. The latter is obtained by applying a pure BEM with a very fine space-time
discretization. In Table [1] the errors are computed by fixing the time step A; and by refining
the mesh. A refined triangular mesh is built based on a regular primal one, by subdividing each
triangle into four new ones. The value of A; = T'/32 has been chosen in such a way that, for all
the three spacial refinements, the final errors are only affected by the mesh size parameter h. The
initial values of h are chosen to guarantee a starting comparable accuracy of the two solutions
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and have been successively halved in the standard approach and divided by four in the new one,
to retrieve the expected quadratic and linear convergence order, respectively. It is worth to point
out that, having applied two different Matlab solvers to the vector and scalar problems, slightly
different initial meshes have been generated by the involved Matlab functions. Therefore, the
errors are computed at two different but very close points. In particular, the reference point for
the new approach is x = (2,0), while for the standard one is x = (1.9995¢ + 00, 4.3629¢ — 02).
Consequently, the reference values of the solutions are u™f(x, T') = (8.0934e — 03, —1.3827¢ — 03)
and u™(x,T) = (8.4015¢ — 03, —1.1511e — 03), respectively.

As we can notice, to assure the same accuracy as the standard approach, the new one requires
a higher number ny of mesh triangles and, therefore, the resolution of larger linear systems as
well the computation of larger BEM matrices involved in them. For completeness, to compare
the two approaches in terms of computational cost, in Table [I] we also report the corresponding
values CPU, defined as the ratio between the total computational cost of the standard method
and that of the new one. In the vector case, this is given by the computational cost required by
the construction of the FEM and BEM matrices and the solution of the linear system to determine
ustd. In the new case, the cost of the post processing computation required to retrieve u™®" has
been added. Since all BEM matrices of the new approach are circulant (see Proposition when
B is a circle, we also report the CPU of the method, denoted by C'PU¢, which takes this property
into account. It is worth noting that the computational cost of the new approach with respect to
the standard one does not increase as fast as the size of the associated linear system does. This
is mainly due to the fact that we need to construct, for each time instant, four BEM matrices for
the new approach, and eight for the standard one.

4

Figure 5: Example 1. The solutions ||u top row) and ||u™*"|| (bottom row) at the final time instant

T =1, for the choice h = 0.125 and, from left to right, A; ~ 9.6e — 03,9.4e — 03, 8.6e — 03, respectively.

In the following examples, to compare the two approaches, the discretization parameters of the
standard method are chosen such that its stability is guaranteed.

Ezample 2. In the same setting of Example 1, we consider an S-wave source term, localized in
space, and defined in time by a Ricker pulse. In particular, referring to Problem (39)), we choose
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h nr estd H h nr ehew H CPU CPU.
2.50e —01 340 | 2.34e—01 || 1.50e — 01 1450 1.65e¢ — 01 5.7 39
1.25¢ — 01 1360 | 7.66e — 02 || 3.75e¢ — 02 23200 | 3.39¢ — 02 1.3 6.8
6.25¢ — 02 5440 | 1.62¢ — 02 || 9.38¢e — 03 371200 | 5.92¢ — 03 0.04 0.2

Table 1: Example 1. Errors e5td and e®V, and associated CPU.

a null source fp and fg(x,t) = hg(z1,x2)r(t), with
hs(x1,z2) = e~ 40(@—1.57+23)  4nd r(t) = 718%26771—2“71)2(1 —272(t —1)%), te€]0,4].
The initial data and g are null. The corresponding source for the solution u of Problem @ is

o (%Clhs(l‘l,mg)
f(x,t) =r(t) —0u, b, )
Since hg decays exponentially fast away from its centre x = (1.5,0), the source fg is regarded as
compactly supported from the computational point of view, and since the support is included in €2,
its contribution in the discrete scheme appears in the right hand side vector fs. Analogously,
for the standard approach, since both f; and f> can be considered computationally supported in
Q, the corresponding vectors F} and FJ in the right hand side of the final linear system are the
non null terms involved in the time marching Crank Nicolson scheme at the time instant ¢,,.

In Figure [ we report the 2D and 3D behaviour of the P- and S-waves within the finite
computational domain 2 at the time instants ¢t = 1 and t = 2.

In Figure [7] we present the snapshots of the numerical solution obtained at the fixed time
instants ¢, = 0.75,1.25,1.75,2,2.5,4. The first three columns represent the solution obtained
by the new FEM-BEM method (||Vep||, |[curl ps|| and ||u™®™||, respectively) while the last one
refers to the solution [[u*®||. As we can see, there is a very good agreement between the last two
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Figure 6: Example 2. Behaviour of pp (first two columns) and g (last two columns) in Q at the time
instants ¢ = 1 (top row) and ¢ = 2 (bottom row).
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Figure 7: Example 2. Behaviour of P, S-waves in  at different time instants. From left to right columns:
IVerll, leurlps], [[u™”| and [u*].

Ezample 3. In this final example, we aim at simulating situations where one is interested in
knowing the solution at points that are away from sources. We assume that the initial conditions
and the Dirichlet datum are null, and we study the propagation of elastic waves generated by a
source f located away from the obstacle. In such a case, to avoid the choice of a large computation
domain including the support of f and, consequently, the waste of computational time and space
memory, it is convenient to choose the artificial boundary B in such a way that the source is locally
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supported in the residual domain D. Therefore, a suitable modification of the TD-NRBC is needed.
This consists in adding the extra “volume” integral terms in Equations (3f) and for the standard
vector and the new scalar approaches, respectively. For the details on the computation of these
latter, we refer to Example 3 in [§].

In particular, we consider the unit disc as physical obstacle, fp = 0 and the locally supported
fs(x,t) = hg(x1, z2)r(t), with

hs(z1,x2) = e~ 40(@1-25)"+3)  4ng r(t) = t3e tsin(2t), te[0,8].

To show that both approaches allow to treat external sources, we apply them in two different
geometrical settings: the artificial boundary, in the first case, is the circumference of radius 1.5,
in the second one, the ellipse with horizontal and vertical semi-axis 3.5 and 1.5, respectively.
Therefore the source term fg is located outside the computational domain in the former case,
inside in the latter one.

In Figure [§] we show the behaviour of u obtained by the new scalar approach at the time
instants ¢, = 2,3,4,4.5,5.5,6,7,7.5 (proceeding row by row, from top-left to bottom-right). For
each instant we represent the numerical solution associated with both choices of the computational
domain. As we can see, the solutions reported in the first and third columns perfectly match with
the restriction to the circular annulus of those represented in the second and fourth columns. Very
similar results have been obtained by the standard vector approach, and we omit them for brevity.
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Figure 8: Example 3. Behaviour of u at different time instants for two types of artificial boundary.
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4. Conclusions

We have compared two numerical methods for the resolution of 2D exterior elastodynamic
problems with Dirichlet boundary conditions, both based on a FEM-BEM coupling. The first
method is the classical one, derived from the vector formulation of the problem; the second is
a novel approach, obtained by reformulating the original PDE in terms of two coupled scalar
wave equations involving, as new unknowns, the P (primary) and S (secondary) waves. The novel
approach is of particular interest when the problem source is a P-wave or a S-wave, and the
knowledge of the propagation of the waves generated by this source is required. We highlight
here the main pros and cons of the two methods, resulting from a numerical comparison of their
significant “ingredients”.

e In both cases, the major issue is the efficient evaluation of the integral operators involved in
the definition of the boundary integral non-reflecting condition. In this regard, the simple
expression of the Laplace transformed kernels for the scalar approach, compared to those
of the vector one, represents the most significant advantage of the new method. Indeed, as
remarked in [8], the efficient evaluation of the vector kernels requires special procedures, so
that the computation of the matrix entries in the novel approach is much faster.

e A further advantage of the new scalar method, that allows us to speed up significantly
the computation and to save memory space, confirmed by Proposition is the circulant
structure of all the BEM matrices when the artificial boundary B is a circle, uniformly
partitioned. A case of interest when this choice is consistent with the geometry of the
physical obstacle. The standard approach does not benefit of this advantage.

e The novel approach requires the post processing computation of the partial derivatives of
the P- and S-waves to retrieve the solution u of the original problem. This step does not
represent a drawback, since it has a negligible cost with respect to that of the global scheme.
However, it is important to point out that, since the degree of accuracy of the approximation
of u is lower than that associated with the P- and S-waves, a finer mesh is needed to obtain
a solution whose accuracy is similar to that produced by the vector method. So this implies
that the scalar method must also be applied with this finer mesh.

e A common drawback of both methods is the recalculation, at each time step, of all the
matrix-vector products in each sum on the right-hand side of the equations defining the
non-reflecting boundary condition. In fact, the updating of these terms requires a higher
cost the finer is the inherited mesh on B. To overcome this, a possible remedy could be the
use of special sparsification strategies of the BEM matrices, a task that has already been
examined in the context of scalar wave propagation (see [Il [4]); but this requires further
investigations, in particular for the vector approach.

e Finally, from an extensive numerical testing, it appears that the novel approach is uncon-
ditionally stable, while in the vector approach a CFL condition must be satisfied by the
space-time discretization steps. The latter represents one of the most important advantages
we have found, especially when one has to retrieve highly oscillating solutions over time or
solutions defined in complex geometries.
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