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THE EQUALITY OF THE HOMOGENEOUS AND THE GABOR

WAVE FRONT SET

RENÉ SCHULZ AND PATRIK WAHLBERG

Abstract. We prove that Hörmander’s global wave front set and Nakamura’s
homogeneous wave front set of a tempered distribution coincide. In addition we
construct a tempered distribution with a given wave front set, and we develop
a pseudodifferential calculus adapted to Nakamura’s homogeneous wave front
set.

0. Introduction

In this paper we prove the equality of the homogeneous wave front set, intro-
duced by Nakamura [17], and the global (Gabor) wave front set introduced by
Hörmander [9], of a tempered distribution on Rd. The homogeneous and the global
wave front sets are both closed conical subsets of T ∗(Rd) \ {0} designed to encode
global regularity. The conical property here refers to the variables and covariables
simultaneously, and not as is usual in microlocal analysis with respect to the co-
variables only, for fixed variables. The global regularity means that the wave front
set of u ∈ S ′(Rd) is empty if and only if u ∈ S (Rd). Thus the wave front set gives
information on both smoothness and decay.

Such wave front sets arise in the study of propagation of singularities under
partial differential equations. The classical theory thereof, i.e. propagation of
singularities on compact manifolds without boundary, or Rd, is suitably covered by
the classical theory of Hörmander, see [8].

If in addition to lack of smoothness, growth singularities on unbounded spaces
or compact spaces with boundaries are considered, the problem is not as well un-
derstood. We give a brief exposition, not intended to be in any way a complete
survey of the topic.

In one approach to address singularities at infinity, Melrose introduced the scat-
tering wave front set, cf. [13, 14]. For Euclidean spaces this coincides with the S

wave front set in [4] (cf. also [2]). This theory was used to study tempered dis-
tributions and was shown to be adapted to the SG-calculus of pseudodifferential
operators. The notion extends the classical wave front set by components at infin-
ity, defining a wave front set contained in Rd×Sd−1∪Sd−1×Sd−1∪Sd−1×Rd as a
closed subspace, such that the classical wave front set is the first component. These
notions have been complemented by [22], where the quadratic scattering wave front
set was similarly introduced to study propagation of singularities, partly arising
via quadratic oscillations, in Schrödinger-type equations on scattering manifolds.
We note that subsequently a family of global wave front sets has been introduced
in [15].

On a different note Nakamura [17] introduced the homogeneous wave front set in
order to study propagation of singularities under Schrödinger operators via methods
typically used in semiclassical analysis. In particular the symbols are compactly
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2 R. SCHULZ AND P. WAHLBERG

supported, smooth and dilated by a small parameter. The homogeneous wave front
set encodes global regularity and is quite different from the classical wave front set.
However, there are some inclusion results (see [17]) and Ito [10] has shown that
the homogeneous wave front set is closely related to the quadratic scattering wave
front set. This connection was used to rededuce some of the results in [22] with a
different approach.

There exist versions of the homogeneous wave front set adapted to analytic [12]
and Gevrey [16] regularity, defined in terms of the short-time Fourier transform and
decay estimates. They are used to obtain similar results to those in [17] in their
respective functional setting. These techniques may be applied to the temperate
case as well and, by the results of this paper, they can be understood to yield the
same objects as in [17].

There exists another global wave front set suitable for the analysis of tempered
distributions on Rd, introduced by Hörmander [9], which can be employed to study
propagation of singularities under quadratic hyperbolic operators. It is defined by
means of the Weyl calculus with Shubin symbols. This wave front set has been
shown to be characterizable in terms of the short-time Fourier transform and by
means of Gabor frames, see [9, 19]. We use the nomenclature of [19] and call this
notion the Gabor wave front set.

This illustrates that quite a few notions of wave front sets encoding global regu-
larity exist, however all of them are somehow connected. Our contribution consists
of a proof that two of them are equal, the Gabor wave front set introduced by
Hörmander and the homogeneous wave front set of Nakamura.

As a tool for the deduction of our main result, we develop a calculus of Shubin
symbols that are dilated in the phase space variables by a small parameter (see
Appendix A). This calculus is inspired by semiclassical pseudodifferential calculi
(cf. [11, 23]) where the dilation occurs only in the covariables, not in the variables.
We call this calculus a global semiclassical calculus, where the connection to semi-
classical analysis is the one just described, and the term global is used to indicate
that the framework is tempered distributions and Shubin symbols.

It is interesting to note that there are close connections between semiclassical
notions of wave front sets (cf. [11, 23]) and Hörmander’s classical wave front set.
Both can be characterized in many ways, in particular via pseudodifferential op-
erators and integral transforms. Our main result may be interpreted as a version
of the connection between classical and semiclassical wave front sets for wave front
sets encoding global regularity.

The paper is organized as follows: in Section 1 we introduce our notation and
recall the notions needed from pseudodifferential calculus and harmonic analysis.
Section 2 is devoted to the definition and the basic properties of the Gabor and
the homogeneous wave front sets, respectively. We also introduce a parameter-
dependent version of the short-time Fourier transform, which is used to relate the
two wave front sets. In Section 3 we prepare for the proof of our main result. We
prove estimates for pseudodifferential operators with dilated symbols and assigned
support properties acting on a time-frequency translated Gaussian.

In Section 4 we use the preparations to show our main result, the equality of
the homogeneous and the Gabor wave front sets. In Section 5, as an excursus and
complement to the theory, we construct explicitly, for any given closed conic subset
Γ ⊆ T ∗(Rd)\{0}, a tempered distribution with Gabor wave front set equal to Γ. In
Appendix A we give an account of a pseudodifferential calculus adapted to symbols
dilated in both variables and covariables simultaneously. This calculus is a tool for
the study of the homogeneous wave front set. In particular we show an invariance
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property of the homogeneous wave front set, which is needed in the proof of our
main result, and we hope that this calculus may be useful in other situations.

1. Preliminaries

An open ball of radius r > 0 and center (x0, ξ0) ∈ R2d is denoted Br(x0, ξ0)
and Br = Br(0). The unit sphere in Rd is denoted Sd−1. Positive constants will
be denoted by C, sometimes with appropriate subscripts, and these constants may
change value over inequalities. We write f(x) . g(x) provided there exists C > 0
such that f(x) ≤ Cg(x) for all x in the domain of f and g. If f(h) = O(hN ) for
h ∈ (0, 1], that is,

sup
h∈(0,1]

h−N |f(h)| . 1,

for all non-negative integers N , then we write f(h) = O(h∞), h ∈ (0, 1].
The Fourier transform of f ∈ S (Rd) (the Schwartz space) is normalized as

Ff(ξ) = f̂(ξ) =

∫

Rd

f(x)e−ix·ξdx, ξ ∈ R
d,

where x · ξ denotes the inner product on Rd. The Japanese bracket is defined by
〈x〉 =

√
1 + |x|2, x ∈ Rd. We use the family of seminorms on S (Rd) defined by

(1.1) ρm,k(g) =
∑

|α|≤m

sup
y∈Rd

〈y〉k |∂αg(y)| , m, k ∈ N.

The symbol (·, ·) is used for the L2-inner product as well as the conjugate linear
action of S ′(Rd) on S (Rd). The space C∞

b (Rd) is the space of smooth functions
f such that ∂αf ∈ L∞ for all α ∈ N

d. We use Dxj
= −i∂/∂xj and its multi-index

extension.
In the following we recall some notions of time-frequency analysis and pseudodif-

ferential operators, cf. e.g. [5–8,11,18,21,23]. Let u ∈ S ′(Rd) and ϕ ∈ S (Rd)\{0}.
The short-time Fourier (or Gabor) transform (STFT) Vϕu of u with respect to the
window function ϕ is defined as

Vϕu : R
2d → C, (x, ξ) 7→ Vϕu(x, ξ) = (u,MξTxϕ),

where Tx denotes the translation operator Txϕ(y) = ϕ(y − x) and Mξ the modu-
lation operator Mξϕ(y) = eiy·ξϕ(y). The joint phase space translation operator is
denoted Π(z) =MξTx, z = (x, ξ) ∈ R

2d. We have Vϕu ∈ C∞(R2d) and there exists
N ∈ N such that

|Vϕu(z)| . 〈z〉N , z ∈ R
2d.

Let ψ ∈ S (Rd) satisfy ‖ψ‖L2 = 1. The Moyal identity

(u, g) = (2π)−d
∫

R2d

Vψu(z)Vψg(z) dz, g ∈ S (Rd), u ∈ S
′(Rd),

is sometimes written

u = (2π)−d
∫

R2d

Vψu(x, ξ)MξTxψ dxdξ, u ∈ S
′(Rd),

with action understood to take place under the integral. In this form it is a left
inversion formula for the STFT.

Let a ∈ C∞(R2d). Then a is a Shubin symbol of order m ∈ R, denoted a ∈ Gm,
if for all α, β ∈ Nd there exists a constant Cαβ > 0 such that

(1.2) |∂αx ∂
β
ξ a(x, ξ)| ≤ Cαβ〈(x, ξ)〉

m−|α|−|β|, x, ξ ∈ R
d.

The Shubin symbols form a Fréchet space where the seminorms are given by the
smallest possible constants in (1.2).
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For a ∈ Gm and t ∈ R, a pseudodifferential operator in the t-quantization is
defined by

at(x,Dx)u(x) =

∫

R2d

ei(x−y)·ξa
(
tx+ (1− t)y, ξ

)
u(y) dy d̄ξ, u ∈ S (Rd),

when m < −d, where we use the convention d̄ξ = (2π)−ddξ. The definition extends
to general m ∈ R by means of the following regularization procedure. For ψ ∈
C∞
c (Rd) which equals one in a neighborhood of the origin one defines for u ∈ S (Rd)

(1.3) at(x,Dx)u(x) = lim
ε→+0

∫

R2d

ψ(εξ)ei(x−y)·ξa
(
tx+ (1 − t)y, ξ

)
u(y) dy d̄ξ,

which after integration by parts gives an absolutely convergent integral (cf. [18,21]).
The operator at(x,Dx) acts continuously on S (Rd) and extends by duality

uniquely to a continuous operator on S ′(Rd). The t-quantization for general
t ∈ R contains as special cases the Kohn–Nirenberg quantization (t = 1) denoted
a1(x,D) = a(x,D), and the Weyl quantization (t = 1/2), denoted a1/2(x,D) =
aw(x,D), which we will use most of the time. We will often dilate symbols with a
positive parameter h, which is denoted ah(z) = a(hz), z ∈ R2d.

The Weyl product is the symbol product corresponding to composition of oper-
ators, (a#b)w(x,D) = aw(x,D) bw(x,D). The Weyl calculus enjoys the property
aw(x,D)∗ = aw(x,D), where aw(x,D)∗ denotes the formal adjoint. The Wigner
distribution is defined by

W (f, g)(x, ξ) =

∫

Rd

f(x+ y/2) g(x− y/2) e−iy·ξ dy,

x, ξ ∈ R
d, f, g ∈ S (Rd),

and we write W (f) =W (f, f). It appears in the Weyl calculus in the formula

(1.4) (aw(x,D) f, g) = (2π)−d(a,W (g, f)), a ∈ S
′(R2d), f, g ∈ S (Rd).

2. Two notions of global microlocal singularities

2.1. The Gabor wave front set.

Definition 2.1. Let u ∈ S ′(Rd). The Gabor wave front set WFG(u) is defined by
its complement: a point (x, ξ) ∈ R2d \ {0} is not in WFG(u) if one of the follow-
ing equivalent conditions is met (cf. [9, Proposition 6.8] and [19, Proposition 2.7,
Corollary 3.3, Corollary 4.3]):

• There exists a ∈ G0 such that aw(x,D)u ∈ S (Rd) and a is non-characteristic
at (x, ξ), which means that |a(sx, sξ)| is lower bounded by a positive num-
ber for s > 0 sufficiently large.

• For one (equivalently all) ϕ ∈ S (Rd) \ {0} there exists an open cone Γ ⊆
R2d \ {0} containing (x, ξ) such that

sup
z∈Γ

〈z〉N |Vϕu(z)| . 1, N ≥ 0.

• For one (equivalently all) choice of ϕ ∈ S (Rd) \ {0} and lattice Λ = αZd×
βZd ⊆ R2d where α, β > 0, such that {Π(λ)ϕ}λ∈Λ constitutes a Gabor
frame for L2(Rd) (cf. [7]), there exists an open cone Γ ⊆ R2d\{0} containing
(x, ξ) such that

sup
λ∈Γ∩Λ

〈λ〉N |Vϕu(λ)| . 1, N ≥ 0.

Thus WFG(u) is a closed conic set in R2d \ {0}. We list some of the main results
for the Gabor wave front set (cf. [20]).
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Proposition 2.2. [9, Proposition 2.4] Let u ∈ S ′(Rd). Then

WFG(u) = ∅ ⇐⇒ u ∈ S (Rd).

For each linear symplectic map χ on T ∗(Rd), there exists a (unique up to a phase
factor) unitary operator Uχ on L2(Rd), such that

U∗
χa

w(x,D)Uχ = (a ◦ χ)w(x,D).

Proposition 2.3. [9, Proposition 2.2] Let u ∈ S ′(Rd) and let χ be a linear
symplectic map. Then

WFG(Uχu) = χWFG(u).

Proposition 2.4. [9, Proposition 2.5], [19, Proposition 1.9] If u ∈ S ′(Rd) and
a ∈ Gm then

WFG(a
w(x,D)u) ⊆ WFG(u)

⋂
conesupp(a)

⊆ WFG(u) ⊆ WFG(a
w(x,D)u)

⋃
char(a),

where conesupp(a) is the set of all z ∈ R2d \ {0} such that any conic open set
Γz ⊆ R2d \ {0} containing z satisfies:

supp(a) ∩ Γz is not compact in R
2d.

Theorem 2.5. [19, Proposition 4.1] If u ∈ S ′(Rd) and a ∈ S0
0,0, i.e. a ∈ C∞(R2d)

and ∂αa ∈ L∞ for all α ∈ N2d, then

WFG(a
w(x,D)u) ⊆WFG(u)

⋂
conesupp(a).

2.2. The homogeneous wave front set. Next we introduce the homogeneous
wave front set of Nakamura [17]. Here the semiclassical dilation parameter h is
introduced in both phase space variables simultaneously.

Definition 2.6. Let u ∈ S ′(Rd). A point (x, ξ) ∈ R2d \ {0} is not in the homo-
geneous wave front set HWF(u) if there exists a ∈ C∞

c (R2d) with a(x, ξ) = 1 such
that

(2.1) ‖awh (x,D)u‖L2 = ‖aw(hx, hD)u‖L2 = O(h∞) for h ∈ (0, 1].

The homogeneous wave front set has been studied in [10, 17] where it is used in
results on propagation of singularities for Schrödinger type equations with variable
coefficients.

In order to be able to assume additonal properties of the test function symbol
a, we need a result saying that Definition 2.6 does not depend on the test function
symbol a. More precisely: If (2.1) is valid for some test function a then it holds
for any test function supported in a small neighborhood of (x, ξ). To prove this
we need to develop a pseudodifferential calculus for semiclassically dilated symbols
in the phase space variables, which we call a global semiclassical pseudodifferential
calculus. Such a calculus does not seem to exist in the literature, so we devote Ap-
pendix A to this topic. There we prove in particular the aforementioned invariance
result Theorem A.8.

2.3. The h-dependent STFT. Here we introduce the STFT with respect to a
small positive parameter h. Note that the parameter appears in both variables and
covariables, as opposed to the standard concept in semiclassical analysis (cf. [11,23])
where only the covariables are dilated.

Definition 2.7. Let u ∈ S ′(Rd) and ϕ(y) = π−d/4e−|y|2/2 for y ∈ Rd. For
h ∈ (0, 1] and x, ξ ∈ Rd, the h-dependent STFT (short: hSTFT) is defined by

Thu(x, ξ) = (2π)−d/2h−d(u, Tx/hMξ/hϕ) ∈ C∞(R2d).
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We list some properties of the hSTFT, following [9, Proposition 6.1], [7, Theo-
rems 11.2.3 and 11.2.5] and the corresponding semiclassical results in [11].

Lemma 2.8. The h-dependent STFT has the following properties.

(1) We have

(2.2) Thu(x, ξ) = (2π)−d/2h−deix·ξ/h
2

Vϕu(x/h, ξ/h).

For fixed h ∈ (0, 1], Th maps:
(a) S (Rd) continuously into S (R2d), and if u ∈ S then |Thu(x, ξ)| ≤

CNh
−d〈(x/h, ξ/h)〉−N for every N ∈ N;

(b) S ′(Rd) continuously into (C∞∩S ′)(R2d), and if u ∈ S ′ then |Thu(x, ξ)| ≤
CNh

−d〈(x/h, ξ/h)〉N for some N ∈ N;
(c) L2(Rd) isometrically into L2(R2d).

(2) We can write

Thu(x, ξ) = (2π)−d/2h−de−|ξ|2/(2h2)(u ∗ ϕ)(x/h− iξ/h)

and deduce that for u ∈ S ′(Rd), e|ξ|
2/(2h2)Thu(x, ξ) is an entire function

of x− iξ.
(3) We have the Moyal identity

(2.3)
(u, g) = (2π)−d/2h−d

∫

R2d

Thu(x, ξ)
(
Tx/hMξ/hϕ, g

)
dxdξ,

g ∈ S (Rd), u ∈ S
′(Rd).

The following proposition gives a characterization of the Gabor wave front set
in terms of the hSTFT. It will be an essential tool in the proof of the identity of
the Gabor and the homogeneous wave front sets.

Proposition 2.9. Let u ∈ S ′(Rd). Then 0 6= z0 ∈ R2d \ WFG(u) if and only if
there exists an open set U ∋ z0 such that

‖Thu|U‖L∞(R2d) = O(h∞), h ∈ (0, 1].

This result can be visualized in phase space, see Figure 1.

x

ξ

U

Γ

Figure 1. A comparison of the description of WFG via Th and Vϕ.

Proof. Suppose 0 6= z0 /∈ WFG(u), i.e.

(2.4) sup
z∈Γz0

〈z〉N |Vϕu(z)| <∞ ∀N ≥ 0,
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for an open conic set Γz0 ⊆ R2d \ {0} containing z0. Let Γ
′ ⊆ Γz0 be an open cone

containing z0 such that Γ′ ∩ S2d−1 ⊆ Γz0 , and let ε > 0 be so small that

U =

{
z|z0|

|z|
+ w ∈ R

2d \ {0} : z ∈ Γ′, |w| < ε

}
⊆ Γz0

and infz∈U |z| > 0. Then U is open and contains z0. If z ∈ U then z/h ∈ Γz0 for
all h ∈ (0, 1], so from (2.2) and (2.4) we obtain for any N ≥ 0

sup
z∈U

|Thu(z)| . h−d sup
z∈U

〈z/h〉−N . hN−d, h ∈ (0, 1].

Suppose on the other hand 0 6= z0 ∈ U where U is open and

sup
z∈U

|Thu(z)| . hN , h ∈ (0, 1], N ≥ 0.

Define

Γ =

{
z ∈ R

2d \ {0} :
z|z0|

|z|
∈ U

}

which is a conic open subset of R2d \ {0} containing z0. If z ∈ Γ, |z| ≥ |z0| and
h = |z0|/|z| then zh ∈ U , and we have for any N ≥ 0

|Vϕu(z)| = (2π)d/2hd|Thu(hz)| . hN+d . |z|−N .

As Vϕu is smooth and therefore bounded for finite arguments we have

|Vϕu(z)| . 〈z〉−N , z ∈ Γ, N ≥ 0,

which means that z0 /∈ WFG(u). �

3. Preparation for the main result

In order to prove the equality of the global and the homogeneous wave front
sets, we will need to estimate the action of pseudodifferential operators with di-
lated symbols of the form ath(y,Dy) on Tx/hMξ/hϕ where ϕ is a Gaussian, with

assumptions on the support of the symbol a ∈ G0. For this purpose we show a
series of lemmas.

First we need a lemma concerning the formal transpose of the operator tK,
defined for y, η ∈ Rd by

tK =
− (y − iη) · ∇y

|y|2 + |η|2
.

The operator tK is continuous on C∞(R2d \Bε) for any ε > 0. Its formal transpose
is defined by

Kf(y, η) = ∇y ·

(
(y − iη) f(y, η)

|y|2 + |η|2

)

and acts continuously on C∞(R2d \Bε) for any ε > 0.

Lemma 3.1. Let ε > 0 and f ∈ C∞
b (R2d). For N ∈ N and β ∈ Nd arbitrary, the

differentiated iterated formal transpose of tK obeys the estimate, for some CN,β > 0,

(3.1) |∂βηK
Nf(y, η)| ≤ CN,β〈(y, η)〉

−N , y, η ∈ R
d, |y|2 + |η|2 ≥ ε2.

Proof. Set z = y − iη ∈ Cd. For f ∈ C∞
b (R2d) we have by induction if z 6= 0

KNf(z) =

d∑

j1,...,jN=1

∑

α0,...,αN∈N
d:

|α0|+···+|αN |=N

kα ∂
α1

y

(
zj1
|z|2

)
· · · ∂αN

y

(
zjN
|z|2

)
∂α0

y f(z)(3.2)
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where kα = kα0,...,αN
is either zero or one. Again by induction we have if z 6= 0

∂βη ∂
α
y

(
zj
|z|2

)
=
pα,β,j(y, η)

|z|4(|α|+|β|)
, α, β ∈ N

d, 1 ≤ j ≤ d,

where pα,β,j is a polynomial such that deg(pα,β,j) ≤ 3(|α| + |β|) − 1. Using the
assumption |z|2 ≥ ε2 we may thus estimate

∣∣∣∣∂
β
η ∂

α
y

(
zj
|z|2

)∣∣∣∣ ≤ Cα,β,j〈z〉
−|α|−|β|−1, α, β ∈ N

d, 1 ≤ j ≤ d.

Inserted into ∂βη acting on (3.2) this proves (3.1). �

The following lemma estimates the action of a pseudodifferential operator in the
0-quantization whose symbol vanishes around a given point. The operator acts on
Tx/hMξ/hϕ where ϕ is a Gaussian and (x, ξ) belongs to a small neighborhood of
the given point.

Main Lemma 1. Let ϕ(y) = e−|y|2/2 for y ∈ R
d, and suppose a ∈ G0 vanishes

in a neighborhood of (x0, ξ0) ∈ R2d. For δ > 0 sufficiently small we have for any
m, k ∈ N

(3.3)
ρm,k

(
a0(hy, hDy)

(
Tx/hMξ/hϕ

) )
≤ CN,m,kh

N , 0 < h ≤ 1, N ≥ 0,

(x, ξ) ∈ Bδ(x0, ξ0).

Proof. Let ψ ∈ C∞
c (Rd) equal one in a neighborhood of the origin. By (1.3)

a0(hy, hDy)
(
Tx/hMξ/hϕ

)
(y)

= lim
ε→0+

∫

R2d

ψ(εη) ei(y−z)·ηa(hz, hη)Tx/hMξ/hϕ(z) dz d̄η

= h−2d lim
ε→0+

∫
ψ(εη/h) eiΦ(x,z,η,ξ)/h2

eiy·η/ha(z, η) dz d̄η

where Φ(x, z, η, ξ) = −z · η + (z − x) · ξ + i|z − x|2/2.
According to the assumptions there exists δ > 0 such that supp(a)∩B2δ(x0, ξ0) =

∅. Let (x, ξ) ∈ Bδ(x0, ξ0). To show the seminorm estimate (3.3) for any m, k ∈ N

we let α, β ∈ Nd be arbitrary, and estimate the supremum over y ∈ Rd of the
modulus of

(3.4) I = yβ∂αy a
0(hy, hDy) (Tx/hMξ/hϕ)(y).

To estimate |I| we use Lemma 3.1. If we define

tK =
−(z − x− i(η − ξ)) · ∇z

|z − x|2 + |η − ξ|2

then tK is well defined for (z, η) /∈ B2δ(x0, ξ0), since

|(z, η)− (x, ξ)| = |(z, η)− (x0, ξ0)− ((x, ξ)− (x0, ξ0)) | ≥ 2δ − δ = δ.
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Moreover, tKeiΦ/h
2

= h−2eiΦ/h
2

. Integration by parts gives for any N ∈ N

I = h2(N−d) lim
ε→0+

∫

(z,η)∈R2d\B2δ(x0,ξ0)

ψ(εη/h) eiΦ(x,z,η,ξ)/h2

× yβ(iη/h)αeiy·η/hKN (a(z, η)) dz d̄η

= h2(N−d) lim
ε→0+

∫

(z,η)∈R2d\B2δ(x0,ξ0)

ψ(εη/h) eiΦ(x,z,η,ξ)/h2

× (iη/h)αh|β|Dβ
η (e

iy·η/h)KN (a(z, η)) dz d̄η

= h2(N−d)+|β|−|α| i|α| lim
ε→0+

∫

(z,η)∈R2d\B2δ(x0,ξ0)

eiy·η/h

× (−Dη)
β
(
ψ(εη/h) eiΦ(x,z,η,ξ)/h2

ηαKN (a(z, η))
)
dz d̄η.(3.5)

By means of Lemma 3.1 we may estimate the integrand as
∣∣∣(−Dη)

β
(
ψ(εη/h) eiΦ(x,z,η,ξ)/h2

ηαKN (a(z, η))
)∣∣∣

≤
∑

|β1|+|β2|+|β3|+|β4|=|β|

Cβ1,β2,β3,β4

∣∣∣∂β1

η (ψ(εη/h)) ∂β2

η

(
eiΦ(x,z,η,ξ)/h2

)

× ∂β3

η (ηα) ∂β4

η KN (a(z, η))
∣∣∣

≤ CN,α,β
∑

|β1|+|β2|+|β3|+|β4|=|β|

h−|β1|−2|β2|ε|β1|
∣∣∂β1ψ(εη/h)

∣∣ 〈z〉|β|e−|z−x|2/(2h2)

× 〈η〉|α|〈(z − x, η − ξ)〉−N

≤ CN,α,β〈x〉
|β|〈ξ〉|α|h−2|β|

×
∑

|β1|+|β2|+|β3|+|β4|=|β|

ε|β1|
∣∣∂β1ψ(εη/h)

∣∣ 〈z − x〉|β|+Ne−|z−x|2/2〈η − ξ〉|α|−N .

Provided N > d+ |α| the integral (3.5) converges and we have

|I| ≤ CN,α,βh
2(N−d)−|α|−|β|

for some constant CN,α,β that does not depend on h. Combined with (3.4) this
shows that

sup
y∈Rd

∣∣yβ∂αy a0(hy, hDy)
(
Tx/hMξ/hϕ

)
(y)

∣∣ ≤ CN,α,βh
2(N−d)−|α|−|β|

holds for h ∈ (0, 1], any N ≥ 0 and any α, β ∈ Nd. �

The next lemma is similar in spirit to the preceding one with opposite assump-
tions. It assumes that the symbol is compactly supported in a small ball, and (x, ξ)
stays outside a larger ball. In contrast to the 0-quantization of Main Lemma 1, we
use the Weyl quantization here.

Main Lemma 2. Let ϕ(y) = e−|y|2/2 for y ∈ Rd, (x0, ξ0) ∈ R2d and ε > 0.
Suppose a ∈ C∞

c (R2d) with

(3.6) supp(a) ⊆ Bε/4(x0, ξ0).

For all (x, ξ) ∈ R2d such that

(3.7) |x− x0|
2 + |ξ − ξ0|

2 ≥ ε2 > 0,

there exists for all N ∈ N a constant CN > 0 such that

‖aw(hy, hDy)
(
Tx/hMξ/hϕ

)
‖2L2 ≤ CNh

2N〈(x, ξ)〉−N , h ∈ (0, 1].
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Proof. We write ah(z) = a(hz), z ∈ R2d, and obtain by means of (1.4)

‖awh (y,Dy)
(
Tx/hMξ/hϕ

)
‖2L2 = (awh (y,Dy)

∗awh (y,Dy)
(
Tx/hMξ/hϕ

)
, Tx/hMξ/hϕ)L2

= (2π)−d
(
ah#ah,W

(
Tx/hMξ/hϕ

))
L2(R2d)

.

We have by [8, Chapter 18.5]

ah# ah(y, η) = π−2d

∫
ah(z, ζ) ah(t, θ) e

2i((θ−η)·(z−y)−(t−y)·(ζ−η)) dz dζ dt dθ.

Denote by F2 the partial Fourier transformation of a function on Rd ⊕ Rd with
respect to the second Rd variable. Since W (f) = F2(f ⊗ f ◦ κ) for f ∈ S (Rd) and
κ(x, y) = (x+ y/2, x− y/2), we have

∫

R2d

W
(
Tx/hMξ/hϕ

)
(y, η) e2i(η·(t−z)−y·(θ−ζ)) dη dy

= (2π)d
∫

Rd

(Tx/hMξ/hϕ⊗ Tx/hMξ/hϕ ◦ κ)(y, 2(t− z)) e−2iy·(θ−ζ) dy

= 2dπ3d/2 exp
(
−|θ − ζ|2 − |t− z|2 + 2i (ξ · (t− z)− x · (θ − ζ)) /h

)
.

Using the fact that W (Tx/hMξ/h) is real-valued we obtain

‖awh (y,Dy)
(
Tx/hMξ/hϕ

)
‖2L2

= π−3d/2

∫
ah(z, ζ) ah(t, θ) e

2ih−1(ξ·(t−z)−x·(θ−ζ))+2i(θ·z−ζ·t)−|θ−ζ|2−|t−z|2 dz dζ dt dθ

= π−3d/2h−4d

∫
a(z, ζ) a(t, θ) e2ih

−2(ξ·(t−z)−x·(θ−ζ)+θ·z−ζ·t+i|θ−ζ|2/2+i|t−z|2/2) dz dζ dt dθ.

Writing a(z, ζ) = a0(z − x0, ζ − ξ0) and changing variables yield

(3.8) π3d/2‖awh (y,Dy)
(
Tx/hMξ/hϕ

)
‖2L2

= h−4d

∫
a0(z, ζ) a0(t, θ) e

iωf(z,ζ;t,θ) dz dζ dt dθ

where we have written

ω = λh−2, λ = 〈(x, ξ) − (x0, ξ0)〉,

f(z, ζ; t, θ) = 2λ−1
(
(x0 − x) · (θ − ζ)− (ξ0 − ξ) · (t− z)

+ θ · z − ζ · t+ i|θ − ζ|2/2 + i|t− z|2/2
)
.

Then

|f ′|2 = |∇zf |
2 + |∇ζf |

2 + |∇tf |
2 + |∇θf |

2

= 4λ−2
(
|ξ0 − ξ + θ − i(t− z)|2 + |ξ − ξ0 − ζ + i(t− z)|2

+ |x− x0 − t− i(θ − ζ)|2 + |x0 − x+ z + i(θ − ζ)|2
)

= 4λ−2
(
2|ξ0 − ξ|2 + 2|x0 − x|2 + |z|2 + |ζ|2 + |t|2 + |θ|2

+ 2((θ + ζ) · (ξ0 − ξ) + (z + t) · (x0 − x)) + 2|θ − ζ|2 + 2|t− z|2
)
.

When (z, ζ), (t, θ) ∈ supp(a0) we have by the assumptions (3.6) and (3.7)

|(θ + ζ) · (ξ0 − ξ) + (z + t) · (x0 − x)| ≤
1

2

(
|x− x0|

2 + |ξ − ξ0|
2
)
,
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and thus when (z, ζ), (t, θ) ∈ supp(a0)

|f ′|2 + Im f ≥ 4λ−2
(
|ξ0 − ξ|2 + |x0 − x|2

)

≥ 2min(1, ε)2.

Combining this with (3.8) and Hörmander’s nonstationary phase result [8, Theorem
7.7.1], we get the following conclusion: For any N ∈ N there exists CN > 0 that
does not depend on (x, ξ) ∈ R2d, provided (3.7) is satisfied, such that

‖awh (y,Dy)
(
Tx/hMξ/hϕ

)
‖2L2

≤ CNh
−4dω−N

∑

|α|≤N

sup
supp(a0)×supp(a0)

|∂α(a0 ⊗ a0)|
(
|f ′|2 + Im f

)|α|/2−N

. CNh
2(N−2d)λ−N

. CNh
2(N−2d)〈(x0, ξ0)〉

N 〈(x, ξ)〉−N

≤ CNh
2(N−2d)〈(x0, ξ0)〉

N 〈(x, ξ)〉−(N−2d).

�

4. Proof of the main result

Theorem 4.1. If u ∈ S ′(Rd) then WFG(u) = HWF(u).

Proof. Suppose 0 6= (x0, ξ0) /∈ HWF(u). By Definition 2.6 and Theorem A.8 (see
Appendix A) there exists a ∈ C∞

c (R2d) with a = 1 in a neighborhood of (x0, ξ0)
such that

‖aw(hy, hDy)u‖L2(Rd) . hN , h ∈ (0, 1], N ≥ 0.

By Proposition A.9 (see Appendix A) we may assume that

‖a(hy, hDy)u‖L2(Rd) . hN , h ∈ (0, 1], N ≥ 0.

Write u = a(hy, hDy)u + (1 − a)(hy, hDy)u. Using Definition 2.7 we have with

ϕ(y) = π−d/4e−|y|2/2 for any (x, ξ) ∈ R2d

(4.1)
|Th(a(hy, hDy)u)(x, ξ)| ≤ (2π)−d/2h−d‖a(hy, hDy)u‖L2(Rd) ‖ϕ‖L2

. hN−d, h ∈ (0, 1], N ≥ 0.

From (a(x,D)u, g) = (u, a0(x,D)g) for g ∈ S , and Main Lemma 1, we obtain
for some m, k ∈ N

|(Th(1− a)(hy, hDy)u)(x, ξ)|

= (2π)−d/2h−d|((1− a)(hy, hDy)u, Tx/hMξ/hϕ)|

= (2π)−d/2h−d|(u, (1− a)0(hy, hDy) (Tx/hMξ/hϕ))|

. h−dρm,k
(
(1− a)0(hy, hDy) (Tx/hMξ/hϕ)

)

. hN−d, h ∈ (0, 1], N ≥ 0,

for (x, ξ) ∈ Bδ(x0, ξ0) with δ > 0 sufficiently small. Combining with (4.1) we may
conclude

sup
(x,ξ)∈Bδ(x0,ξ0)

|Thu(x, ξ)| . hN , h ∈ (0, 1], N ≥ 0,

and by Proposition 2.9 it follows that (x0, ξ0) /∈ WFG(u). This proves WFG(u) ⊆
HWF(u).
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Suppose on the other hand that 0 6= (x0, ξ0) /∈ WFG(u). By means of the Moyal
identity (2.3) we obtain for a ∈ C∞

c (R2d)

(4.2)

‖aw(hy, hDy)u‖L2

= sup
g∈S , ‖g‖=1

|(aw(hy, hDy)u, g)|

= sup
g∈S , ‖g‖=1

|(u, aw(hy, hDy)g)|

. sup
g∈S , ‖g‖=1

h−d
∫

R2d

∣∣Thu(x, ξ) (awh (y,Dy)(Tx/hMξ/hϕ), g)L2

∣∣ dxdξ

. h−d
∫

R2d

|Thu(x, ξ)| ‖a
w
h (y,Dy)(Tx/hMξ/hϕ)‖L2 dxdξ.

By Proposition 2.9 there exists a neighborhood U ∋ (x0, ξ0) (that may be assumed
to be relatively compact) such that

sup
(x,ξ)∈U

|Thu(x, ξ)| . hN , h ∈ (0, 1], N ≥ 0.

By the Calderón–Vaillancourt theorem (cf. e.g. [5]) we have for some n ≥ 0 the
estimate

‖awh (y,Dy)(Tx/hMξ/hϕ)‖L2 . ‖ϕ‖L2

∑

|α|≤n

h|α| sup |∂αa| .

This gives

(4.3)

∫

U

|Thu(x, ξ)| ‖a
w
h (y,Dy)(Tx/hMξ/hϕ)‖L2 dxdξ . hN ,

h ∈ (0, 1], N ≥ 0.

It remains to estimate the integral over R2d \ U : by Lemma 2.8 (1) (b) we have

|Thu(x, ξ)| . h−d〈(x/h, ξ/h)〉M ≤ h−d−M 〈(x, ξ)〉M , h ∈ (0, 1],

for some M ≥ 0. Using Main Lemma 2 this gives, provided a ∈ C∞
c (R2d) is

supported in a sufficiently small neighborhood of (x0, ξ0),∫

R2d\U

|Thu(x, ξ)| ‖a
w
h (y,Dy)(Tx/hMξ/hϕ)‖L2 dxdξ

. h−d−M
∫∫

R2d\U

〈(x, ξ)〉M CNh
N 〈(x, ξ)〉−N/2 dxdξ

. hN−d−M , h ∈ (0, 1],

provided N > 2(M +2d). Combined with (4.2) and (4.3) this shows that (x0, ξ0) /∈
HWF(u), which completes the proof of HWF(u) ⊆ WFG(u). �

5. Existence of a tempered distribution with assigned Gabor wave

front set

For any given closed conic set Γ ⊆ R2d \ {0}, we construct in this section a
distribution u ∈ S ′(Rd) with WFG(u) = Γ. In order to do this we modify the
construction given in [3, Section 2.2] of a tempered distribution with assigned S

wave front set (cf. [4]), which itself was based on [8, Theorem 8.1.4].
Constructing a distribution with given Gabor wave front set using pseudodif-

ferential operators seems difficult. We construct u in terms of modulated and
translated Gaussian functions, which permits us to read off the decay properties of
the STFT of u from explicit expressions. This is an instance of the convenience of
the characterization of WFG(u) in terms of the STFT.
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Let (y, η) ∈ R2d \ {0} and k ∈ N be fixed. We use the Gaussian window φ(x) =

π−d/2e−|x|2/2 and set
(5.1)

fk(x; y, η) := πd/2Mk2ηTk2yφ(x) = exp

(
−
1

2
|x− k2y|2 + ik2x · η

)
∈ S (Rd).

The modulus of the STFT of fk(·, y, η) is

(5.2)
∣∣Vφ

(
fk(·; y, η)

)
(x, ξ)

∣∣ = exp

(
−
1

4

(
|x− k2y|2 + |ξ − k2η|2

))
.

For g ∈ S (Rd) we have

(5.3) (fk, g) = πd/2Vφg(k2y, k2η).

Since Vφg ∈ S (R2d) and (y, η) 6= 0, the series

(5.4) f(·; y, η) =
∞∑

k=1

fk(·; y, η)

converges in S ′(Rd) which gives f(·; y, η) ∈ S ′(Rd). If y 6= 0 we have uniform
convergence on compact subsets of Rd, and f(·; y, η) ∈ L∞ ∩ C∞.

Theorem 5.1. For any closed conic set Γ ⊆ R2d \ {0} there exists u ∈ S ′(Rd)
such that WFG(u) = Γ.

Proof. Take a dense sequence of distinct vectors {wj}j∈N ⊆ Γ∩S2d−1. Then define
by means of (5.4)

(5.5) u(x) :=

∞∑

j=0

2−jf(x;wj), x ∈ R
d.

It holds u ∈ S ′(Rd). In fact, if g ∈ S (Rd) then by (5.4) and (5.3)

|(f(·;wj), g)| ≤
∞∑

k=1

|(fk(·;wj), g)| = πd/2
∞∑

k=1

|Vφg(k
2wj)|.

From Vφg ∈ S (R2d) and |wj | = 1 it follows that |(f(·;wj), g)| is bounded by a
constant uniformly over j ∈ N, which shows that the sum in (5.5) converges in
S ′(Rd).

Suppose 0 6= z0 /∈ Γ. By a standard scaling argument for separated cones, there
exist an open conic set Γ0 ⊆ R2d \ {0} and ε > 0 such that z0 ∈ Γ0, and for any
z ∈ Γ0, k ≥ 1, w ∈ Γ with |w| = 1, we have

|z − k2w| ≥ ε(|z|+ k2).

Using (5.2) this gives for z ∈ Γ0 and N ≥ 0 arbitrary

〈z〉N |Vφu(z)| ≤
∞∑

j=0

2−j
∞∑

k=1

〈z〉N |Vφfk(·;wj)(z)|

.

∞∑

k=1

〈z〉N exp

(
−
ε2

4
(|z|2 + k4)

)
. 1.

Thus z0 /∈ WFG(u) which proves WFG(u) ⊆ Γ.
On the other hand, let m ∈ N be fixed and let n ≥ 1 be an integer. Formula

(5.2) gives

(5.6) |Vφ(f(·;wm))(n2wm)| ≥ 1−
∞∑

k=1, k 6=n

|Vφ(fk(·;wm))(n2wm)|.
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We have again by (5.2)

(5.7)

|Vφ(fk(·;wj))(n
2wm)| = exp

(
−
1

4

∣∣n2wm − k2wj
∣∣2
)

≤ exp

(
−
1

4
(n+ k)2(n− k)2

)
, j ∈ N.

This gives

(5.8)

∑

k 6=n

|Vφ(fk(·;wj))(n
2wm)| −→ 0, n→ +∞,

independently of j ∈ N.
As a consequence, inserting j = m, we obtain from (5.6)

|Vφ(f(·;wm))(n2wm)| ≥
1

2
, n ≥ N,

for some integer N ≥ 1, which in turn yields for n ≥ N

(5.9)

|Vφu(n
2wm)| =

∣∣∣∣∣∣

∞∑

j=0

2−jVφ(f(·;wj))(n
2wm)

∣∣∣∣∣∣

≥ 2−m−1 −
∞∑

j=0, j 6=m

2−j
∣∣Vφ(f(·;wj))(n2wm)

∣∣ .

To estimate the remainder, we obtain from (5.4), (5.7) and (5.8)
∣∣Vφ(f(·;wj))(n2wm)

∣∣ ≤ 2, j ∈ N, n ≥ N,

after possibly increasing N . This uniform bound with respect to j ∈ N implies that
there exists M ≥ m+ 1 such that

(5.10)
∞∑

j=M

2−j
∣∣Vφ(f(·;wj))(n2wm)

∣∣ ≤ 2−m−3, n ≥ N.

For 0 ≤ j ≤ M − 1 and j 6= m we have |wm − wj | ≥ δ for some δ > 0. This
observation combined with (5.2), (5.4) and (5.8) gives

∣∣Vφ(f(·;wj))(n2wm)
∣∣

≤
∣∣Vφ(fn(·;wj))(n2wm)

∣∣+
∑

k 6=n

∣∣Vφ(fk(·;wj))(n2wm)
∣∣

≤ exp
(
−n4δ2/4

)
+ 2−m−5 ≤ 2−m−4, 0 ≤ j ≤M − 1, n ≥ N,

again after possibly increasing N . We may conclude

M−1∑

j=0, j 6=m

2−j
∣∣Vφ(f(·;wj))(n2wm)

∣∣ ≤ 2−m−3, n ≥ N,

which together with (5.10) inserted into (5.9) shows that

|Vφu(n
2wm)| ≥ 2−m−2

for n ≥ N . Thus Vφu does not decay rapidly in any conic neighbourhood of wm,
and it follows that wm ∈ WFG(u). This holds for all m ∈ N, and on account of
WFG(u) being closed in R2d \ {0} it follows that Γ ⊆ WFG(u). �
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Appendix A. Global semiclassical pseudodifferential calculus

Here we develop a pseudodifferential calculus suitable for analyzing the expres-
sions arising in the study of the homogeneous wave front set. First we introduce a
symbol class where the functions depend on a semiclassical small parameter h and
behave like dilated Shubin symbols (cf. [18, 21]).

Definition A.1. Let a = a(z;h) ∈ C∞(R2d × (0, 1]). Then a is a h-Shubin symbol
of order m ∈ R, denoted a ∈ Gmh , if for all α ∈ N2d there exists a constant Cα > 0
such that

(A.1) |∂αz a(z;h)| ≤ Cαh
|α|〈hz〉m−|α|, z ∈ R

2d, h ∈ (0, 1].

The space Gmh is a Fréchet space equipped with the topology defined by the
seminorms

sup
z∈R2d, h∈(0,1]

h−|α|〈hz〉|α|−m|∂αz a(z;h)|, α ∈ N
2d.

A typical case of an h-dependent symbol in Gmh is

ah(z) = a(hz), z ∈ R
2d, h ∈ (0, 1],

where a ∈ Gm. The condition (A.1) may be described equivalently as a(·/h;h) ∈
Gm uniformly over h ∈ (0, 1]. We observe that a ∈ Gmh and b ∈ Gnh implies

ab ∈ Gm+n
h and that ∂αz maps Gmh into h|α|G

m−|α|
h .

A.1. Asymptotic expansions.

Definition A.2. Let aj ∈ G
mj

h , j = 0, 1, . . . , where mj → −∞ as j → +∞, let

a ∈ C∞(R2d × (0, 1]) and h ∈ (0, 1]. Set m̃j = maxk≥jmk. We write

a ∼
∞∑

j=0

hm̃0−mjaj

provided

(A.2) a−
N−1∑

j=0

hm̃0−mjaj ∈ hm̃0−m̃NGm̃N

h , N ≥ 1,

i.e. for any α ∈ N2d there exists CN,α > 0 such that
∣∣∣∣∣∣
∂αz


a(z;h)−

N−1∑

j=0

hm̃0−mjaj(z;h)



∣∣∣∣∣∣
≤ CN,αh

m̃0−m̃N+|α|〈hz〉m̃N−|α|,

z ∈ R
2d, h ∈ (0, 1].

We note that a ∼ 0 if and only if a ∈ ∩k∈Nh
kG−k

h .
In the following lemma we prove that series of symbols with orders approaching

−∞, jointly vanishing around zero when dilated by 1/h, may be asymptotically
summed up.

Lemma A.3. Suppose aj ∈ G
mj

h for j = 0, 1, . . . , where mj → −∞ as j → ∞,
and suppose there exists ε > 0 such that

(A.3) supp(aj(·/h;h)) ∩Bε = ∅, h ∈ (0, 1], j = 0, 1, . . . .

Then there exists a ∈ Gm̃0

h such that a ∼
∑∞

0 hm̃0−mjaj.
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Proof. First we observe that the requirement (A.2) is invariant to a reordering
of the indices. By summing symbols of equal order we may thus assume that
m0 > m1 > · · · .

Let 0 ≤ χ ∈ C∞
c (R2d) satisfy χ(z) = 1 for |z| ≤ 1 and χ(z) = 0 for |z| ≥ 2, and

let (εj) be a sequence of positive numbers such that εj → 0 as j → +∞. Set for
0 < h ≤ 1

a(z;h) =

∞∑

j=0

hm0−mjaj(z;h)(1− χ(εjz)).

For z ∈ R2d and h ∈ (0, 1] fixed, in a neighborhood of z the sum contains only a
finite number of terms since χ(εjz) = 1 for εj |z| ≤ 1. Hence a ∈ C∞(R2d × (0, 1]).

In order to show a ∼
∑∞

0 hm0−mjaj it suffices to show for any N ≥ 1 and any

α ∈ N2d the estimate for z ∈ R2d and h ∈ (0, 1]

(A.4)

∣∣∣∣∣∣
∂αz


a(z/h;h)−

N−1∑

j=0

hm0−mjaj(z/h;h)



∣∣∣∣∣∣
≤ CN,αh

m0−mN 〈z〉mN−|α|.

We have

(A.5)

a(z/h;h)−
N−1∑

j=0

hm0−mjaj(z/h;h)

= −
N−1∑

j=0

hm0−mjaj(z/h;h)χ(εjz/h)

+

∞∑

j=N+|α|+1

hm0−mjaj(z/h;h) (1− χ(εjz/h))

+

N+|α|∑

j=N

hm0−mjaj(z/h;h) (1− χ(εjz/h)).

First we look at

∂αz
(
aj(z/h;h) (1 − χ(εjz/h))

)
= ∂αz (aj(z/h;h))(1− χ(εjz/h))

−
∑

0<β≤α

(
α

β

)
∂α−βz (aj(z/h;h))(εj/h)

|β|∂βz χ(εjz/h)

when j ≥ N + |α| + 1. In the support of 1 − χ(εjz/h) we have |z| ≥ hε−1
j so

mj < mN gives

|∂αz (aj(z/h;h)) (1− χ(εjz/h))| ≤ Cj,α〈z〉
mN−|α|〈z〉mj−mN (1 − χ(εjz/h))

≤ Cj,α ε
mN−mj

j hmj−mN 〈z〉mN−|α|

≤ 2−j−|α| hmj−mN 〈z〉mN−|α|, j ≥ N + |α|+ 1,

provided εj > 0 is chosen so small that Cj,α ε
mN−mj

j ≤ 2−j−|α| for all N,α such

that N + |α| + 1 ≤ j. The choice of εj thus depends only on j. The assumption
(A.3) implies that we have 〈z〉 ≤ C|z| for some C > 0 in the support of aj(·/h;h)
for all h ∈ (0, 1] and all j ∈ N. This gives for 0 < β ≤ α, using the fact that on the
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support of ∂βχ(εjz/h) we have |z| ≥ hε−1
j ,

∣∣∂α−βz (aj(z/h;h))(εj/h)
|β|∂βχ(εjz/h)

∣∣

≤ Cj,α〈z〉
mN−|α|〈z〉mj−mN+|β|(εj/h)

|β|
∣∣∂βχ(εjz/h)

∣∣

≤ Cj,α ε
mN−mj

j hmj−mN 〈z〉mN−|α| |εjz/h|
|β| ∣∣∂βχ(εjz/h)

∣∣

≤ Cj,α ε
mN−mj

j hmj−mN 〈z〉mN−|α|

≤ 2−j−|α|hmj−mN 〈z〉mN−|α|, j ≥ N + |α|+ 1,

provided εj > 0 is sufficiently small. Combining the latter two estimates yields for
z ∈ R2d

(A.6)
∣∣∂αz

(
aj(z/h;h)(1− χ(εjz/h))

)∣∣ ≤ 2−jhmj−mN 〈z〉mN−|α|, j ≥ N+ |α|+1.

We estimate the αth derivative of the second term of the right hand side of (A.5)
by means of (A.6) as, for z ∈ R

2d,

(A.7)

∣∣∣∣∣∣

∞∑

j=N+|α|+1

hm0−mj∂αz (aj(z/h;h)(1− χ(εjz/h)))

∣∣∣∣∣∣

≤ hm0−mN 〈z〉mN−|α|
∞∑

j=N+|α|+1

2−j

= 2−N−|α|hm0−mN 〈z〉mN−|α|.

Next we estimate the αth derivative of the first term of (A.5), again using 〈z〉 ≤
C|z|:

(A.8)

∣∣∣∣∣∣

N−1∑

j=0

hm0−mj∂αz (aj(z/h;h)χ(εjz/h))

∣∣∣∣∣∣

≤
N−1∑

j=0

hm0−mj

∑

β≤α

(
α

β

) ∣∣∂α−βz (aj(z/h;h))
∣∣
∣∣∣(εj/h)|β|∂βχ(εjz/h)

∣∣∣

≤ hm0−mN 〈z〉mN−|α|
N−1∑

j=0

∑

β≤α

Cj,β ε
mN−mj

j |zεj/h|
mj−mN+|β| ∣∣∂βχ(εjz/h)

∣∣

≤ CN,αh
m0−mN 〈z〉mN−|α|, z ∈ R

2d.

Finally we estimate the αth derivative of the third term of (A.5) as

(A.9)

∣∣∣∣∣∣

N+|α|∑

j=N

hm0−mj∂αz

(
aj(z/h;h) (1− χ(εjz/h))

)
∣∣∣∣∣∣

≤ hm0−mN

N+|α|∑

j=N

∑

0≤β≤α

(
α

β

) ∣∣∂α−βz aj(z/h;h)
∣∣ ∣∣∂βz (1− χ(εjz/h))

∣∣

≤ hm0−mN 〈z〉mN−|α|

N+|α|∑

j=N


Cj,α +

∑

0<β≤α

Cβ |εjz/h|
|β| ∣∣∂βχ(εjz/h)

∣∣



≤ CN,αh
m0−mN 〈z〉mN−|α|, z ∈ R

2d.

A combination of the estimates (A.7), (A.8) and (A.9) shows that there exists
CN,α > 0 such that (A.4) holds. This proves a ∼

∑∞
0 hm0−mjaj , and a ∈ Gm0

h

follows. �
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Proposition A.4. If u ∈ S ′(Rd) and a ∼ 0 then

‖aw(x,D)u‖L2 = O(h∞).

Proof. By the assumption u ∈ S ′(Rd) and [21, Corollary 25.2], there exists s ∈ R

such that u ∈ Qs(Rd). Here Qs(Rd) denotes a Sobolev type space defined by the
norm

‖u‖Qs = ‖Asu‖L2

where As is the localization (or anti-Wick) operator (cf. [18, 21]), defined by

(Asu, g) = (2π)−d(vsVϕu, Vϕg), g ∈ S (Rd), u ∈ S
′(Rd),

where ϕ ∈ S and ‖ϕ‖L2 = 1, with symbol vs(z) = 〈z〉s, z ∈ R
2d (cf. [18, Defini-

tion 1.5.2 and Proposition 1.7.12]). The Sobolev–Shubin space Qs(Rd) equals the
modulation space M2

vs(R
d), see [1], [7] and [18, Corollary 1.7.17].

By assumption we have a ∈ ∩N≥0h
NG−N

h , which implies a ∈ ∩N≥0h
NG−N . In

fact, let N ∈ N. For |z| ≤ 1 we have

〈z〉N+|α||∂αa(z;h)| ≤ CN,αh
N+|α|〈hz〉−N−|α| ≤ CN,αh

N ,

and for |z| ≥ 1 we have, using 〈hz〉2 ≥ 2h|z|,

|∂αa(z;h)| ≤ CN,αh
2N+2|α|〈hz〉−2N−2|α|

≤ CN,αh
N+|α||z|−N−|α|

≤ CN,αh
N 〈z〉−N−|α|.

Thus for any N ∈ N we have a = hNb where b ∈ G−N . If we pick N ≥ −s then
by [21, Proposition 25.4] (cf. [18, Proposition 1.5.5 and Theorem 2.1.10]), since
Q0(Rd) = L2(Rd),

‖bw(x,D)u‖L2 ≤ C‖u‖Qs <∞,

which implies

‖aw(x,D)u‖L2 . hN , h ∈ (0, 1], N ∈ N.

�

A.2. Weyl product and change of quantization. In the next theorem we show
the asymptotic expansion formula for the Weyl product for the calculus of h-Shubin
symbols. Here we use the notationD = (Dy, Dη;Dt, Dθ) for (−i) times the gradient
with respect to (y, η; t, θ) ∈ R4d, and

σ(D) = Dη ·Dt −Dy ·Dθ =

d∑

k=1

∂yk∂θk − ∂ηk∂tk

for the symplectic form σ with gradient arguments.

Theorem A.5. If a ∈ Gmh and b ∈ Gnh then a#b ∈ Gm+n
h and

(A.10) a#b(z) ∼
∞∑

j=0

h2j
(iσ(D)/2)

j

j!
(a⊗ b)h−1

∣∣
h(z,z)

.

Proof. For a, b ∈ S (R2d) we have by [8, Eq. (18.5.6)] and a change of variables

(A.11) a#b(z) = exp

(
i

2
h2σ(D)

)
(a⊗ b)h−1

∣∣
h(z,z)

where exp(ih2σ(D)/2) is defined as the Fourier multiplier operator with symbol
exp(ih2σ/2).
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First we prove the estimate for a ∈ Gm, b ∈ Gn and N ≥ max(m,n) + 2d+ 5

(A.12)

∣∣∣∣∣∣


exp

(
i

2
h2σ(D)

)
−
N−1∑

j=0

(
ih2σ(D)/2

)j

j!


 (a⊗ b)(z, w)

∣∣∣∣∣∣

≤ CNh
2N 〈z〉m+2d+5−N〈w〉n+2d+5−N , z, w ∈ R

2d.

To show (A.12) we start with a, b ∈ S (R2d). From the Taylor expansion, Y ∈ R4d,

eih
2σ(Y )/2 =

N−1∑

j=0

(
ih2σ(Y )/2

)j

j!

+
1

(N − 1)!

∫ 1

0

(1 − t)N−1eith
2σ(Y )/2

(
ih2σ(Y )/2

)N
dt,

we obtain
(A.13)

exp

(
i

2
h2σ(D)

)
−
N−1∑

j=0

(
ih2σ(D)/2

)j

j!


 (a⊗ b)(X)

=
1

(N − 1)!

∫ 1

0

(1− t)N−1eith
2σ(D)/2

(
ih2σ(D)/2

)N
(a⊗ b)(X) dt, X ∈ R

4d.

Next we use

(A.14) 〈z〉2k . max
|α|≤2k

|zα|, z ∈ R
2d, k ∈ N,

(A.15) ‖f‖L1(R2d) = ‖〈·〉−2d−2〈·〉2d+2f‖L1(R2d) . ‖〈·〉2d+2f‖L∞(R2d),

and, since N ≥ max(m,n)+ 2d+5, the existence of nonnegative integers M and L
such that

(A.16)
N −m− 2d− 5 ≤ 2M ≤ N −m− 2d− 3,

N − n− 2d− 5 ≤ 2L ≤ N − n− 2d− 3.

This gives the following estimate for z, w ∈ R2d, writing the variable of a⊗ b as
X = (x1, x2), x1, x2 ∈ R

2d,

〈z〉2M 〈w〉2L|eith
2σ(D)/2σ(D)N (a⊗ b)(z, w)|

(A.14)

. max
|α1|≤2M, |α2|≤2L

∣∣∣∣z
α1wα2

∫
ei(z,w)·Y eith

2σ(Y )/2
F

(
σ(D)N (a⊗ b)

)
(Y )dY

∣∣∣∣

. max
|α1|≤2M, |α2|≤2L

β1≤α1, β2≤α2

∣∣∣∣
∫
ei(z,w)·Y (−DY )

α1−β1,α2−β2(eith
2σ(Y )/2)

×F

(
xβ1

1 xβ2

2 σ(D)N (a⊗ b)
)
(Y ) dY

∣∣∣ .

Note that (−DY )
α1−β1,α2−β2(eith

2σ(Y )/2) = p(Y )(eith
2σ(Y )/2) where p is a poly-

nomial such that deg(p) ≤ 2(M + L) with coefficients that contain powers of th2.
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These powers are uniformly bounded by one when t ∈ [0, 1] and h ∈ (0, 1]. Com-
bined with the facts 〈·〉−4d−2, 〈·〉−2d−2 ⊗ 〈·〉−2d−2 ∈ L1(R4d) this gives
(A.17)

sup
z,w∈R2d

〈z〉2M 〈w〉2L|eith
2σ(D)/2σ(D)N (a⊗ b)(z, w)|

. sup
|β1|≤2M, |β2|≤2L

|γ|≤2(M+L+2d+1), Y ∈R4d

∣∣∣F (Dγ(xβ1

1 xβ2

2 σ(D)N (a⊗ b)))(Y )
∣∣∣

≤ sup
|β1|≤2M, |β2|≤2L

|γ|≤2(M+L+2d+1)

∥∥∥Dγ(xβ1

1 xβ2

2 σ(D)N (a⊗ b)))
∥∥∥
L1(R4d)

(A.15)

. sup
|β1|≤2M, |β2|≤2L, x1,x2∈R2d

|γ|≤2(M+L+2d+1)

〈x1〉
2d+2〈x2〉

2d+2
∣∣∣Dγ(xβ1

1 xβ2

2 σ(D)N (a⊗ b)(x1, x2))
∣∣∣ .

In the following we use the notation

‖a‖m,k = sup
z∈R2d, |γ|=k

〈z〉k−m|∂γa(z)|, k ∈ N,

for the seminorms of Gm. Then (A.17) can be estimated as

sup
z,w∈R2d

〈z〉2M 〈w〉2L|eith
2σ(D)/2σ(D)N (a⊗ b)(z, w)|

. sup
x1,x2∈R2d

〈x1〉
2d+2+2M 〈x2〉

2d+2+2L
∑

N≤|α1|, |α2|≤N+2(M+L+2d+1)

|∂α1a(x1)∂
α2b(x2)|

. sup
x1,x2∈R2d

〈x1〉
2d+2+2M+m+1−N 〈x2〉

2d+2+2L+n+1−N

× max
N≤k≤N+2(M+L+2d+1)

‖a‖m+1,k max
N≤k≤N+2(M+L+2d+1)

‖b‖n+1,k

≤ max
N≤k≤N+2(M+L+2d+1)

‖a‖m+1,k max
N≤k≤N+2(M+L+2d+1)

‖b‖n+1,k.

Inserted into (A.13) this yields the estimate for a, b ∈ S (R2d) andN ≥ max(m,n)+
2d+ 5

(A.18)

∣∣∣∣∣∣


exp

(
i

2
h2σ(D)

)
−
N−1∑

j=0

(
ih2σ(D)/2

)j

j!


 (a⊗ b)(z, w)

∣∣∣∣∣∣

. CNh
2N 〈z〉m+2d+5−N 〈w〉n+2d+5−N

× max
N≤k≤N+2(M+L+2d+1)

‖a‖m+1,k max
N≤k≤N+2(M+L+2d+1)

‖b‖n+1,k.

In the next step of the proof we let a ∈ Gm, b ∈ Gn and approximate a and b as
aε(z) = a(z)χ(εz) and bε(z) = b(z)χ(εz) where χ ∈ C∞

c (R2d), χ(z) = 1 for |z| ≤ 1,
χ(z) = 0 for |z| ≥ 2 and ε > 0. Then aε, bε ∈ S (R2d), aε → a in Gm+1 and bε → b
in Gn+1 as ε→ 0. It follows from (A.18) that for any z, w ∈ R2d

(A.19) exp

(
i

2
h2σ(D)

)
(a⊗ b)(z, w) = lim

ε→0
exp

(
i

2
h2σ(D)

)
(aε ⊗ bε)(z, w).

Furthermore it follows that (A.12) holds for a ∈ Gm, b ∈ Gn and N ≥ max(m,n)+
2d+ 5.

Let a ∈ Gmh and b ∈ Gnh . With χ ∈ C∞
c (R2d) as above and aε(z) = a(z)χ(εhz)

and bε(z) = b(z)χ(εhz) we have aε → a in Gm+1
h and bε → b in Gn+1

h as 0 < ε→ 0.
For u ∈ S it follows that awε (x,D)u→ aw(x,D)u in S , which implies

awε (x,D) bwε (x,D)u→ aw(x,D)bw(x,D)u in S ′ as ε→ 0.
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Since (aε)h−1 → ah−1 in Gm+1 and (bε)h−1 → bh−1 in Gn+1 we obtain from (1.4),
(A.11), (A.19) and dominated convergence, for u, v ∈ S (Rd),

(aw(x,D) bw(x,D)u, v) = (2π)−d lim
ε→0

(aε#bε,W (v, u))

= (2π)−d lim
ε→0

(
eih

2σ(D)/2(aε ⊗ bε)h−1

∣∣
h(·,·)

,W (v, u)
)

= (2π)−d
(
eih

2σ(D)/2(a⊗ b)h−1

∣∣
h(·,·)

,W (v, u)
)
.

It follows that (A.11) extends to a ∈ Gmh and b ∈ Gnh.

Finally let a ∈ Gmh and b ∈ Gnh, letN ≥ 1 be arbitrary and let Ñ ≥ max(m,n,N)+
2d+ 5. Since derivatives commute with the operator exp

(
ih2σ(D)/2

)
, (A.11) and

(A.12) yield the estimate

(A.20)

∣∣∣∣∣∣
∂αz


a#b(z)−

Ñ−1∑

j=0

(
ih2σ(D)/2

)j

j!
(a⊗ b)h−1

∣∣
h(z,z)



∣∣∣∣∣∣

≤ CN,αh
2Ñ+|α|〈hz〉m+n+4d+10−2Ñ−|α|

≤ CN,αh
2N+|α|〈hz〉m+n−2N−|α|, z ∈ R

2d.

We write

a#b(z)−
N−1∑

j=0

(
ih2σ(D)/2

)j

j!
(a⊗ b)h−1

∣∣
h(z,z)

= a#b(z)−
Ñ−1∑

j=0

(
ih2σ(D)/2

)j

j!
(a⊗ b)h−1

∣∣
h(z,z)

+

Ñ−1∑

j=N

(
ih2σ(D)/2

)j

j!
(a⊗ b)h−1

∣∣
h(z,z)

and observe that the second sum of the right hand side belongs to h2NGm+n−2N
h .

Combined with (A.20) this proves (A.10), and it follows that a#b ∈ Gm+n
h . �

The next result treats invariance of the symbol class Gmh with respect to a
switch from the Kohn–Nirenberg to the Weyl quantization, and the correspond-
ing asymptotic expansion. Here we use the fact that for a, b ∈ S ′(R2d) and
bw(x,D) = a(x,D) we have

b(x, ξ) = exp

(
−
i

2
Dx ·Dξ

)
a(x, ξ)

= exp

(
−
i

2
h2Dx ·Dξ

)
(a)h−1

∣∣
(hx,hξ)

(cf. [8, Chapter 18.5]). The proof is omitted since it is analogous to the proof of
Theorem A.5.

Theorem A.6. If a ∈ Gmh is a Kohn–Nirenberg symbol then the corresponding
Weyl symbol b defined by bw(x,D) = a(x,D) satisfies b ∈ Gmh and

b(x, ξ) ∼
∞∑

j=0

h2j
(
− i

2Dx ·Dξ

)j

j!
(a)h−1

∣∣
(hx,hξ)

.
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A.3. An invariance result for the homogeneous wave front set. The follow-
ing lemma shows that a symbol in G0

h, bounded from below outside an 1/h-dilated
neighborhood of the origin, admits a symbol acting as a parametrix with respect to
a symbol compactly supported outside the neighborhood of the origin (in analogy
with [2, Theorem 2.3.3]).

Lemma A.7. Suppose a ∈ G0
h satisfies |a(z;h)| ≥ C > 0 for all z ∈ R2d such

that h|z| ≥ R > 0 and all h ∈ (0, 1], and let U ⊆ R2d be a relatively compact
neighborhood such that U ∩ BR = ∅. Then there exists c ∈ G0

h such that for any
b ∈ C∞

c (U)

bh#c#a− bh ∈
⋂

k∈N

hkG−k
h .

Proof. Let χ ∈ C∞
c (R2d) satisfy 0 ≤ χ ≤ 1, supp(χ) ∩ U = ∅ and χ(z) = 1 when

z ∈ BR′ for some R′ > R. Using the lower bound on |a(z;h)|, it can be verified by
induction that (1− χh)/a ∈ G0

h. By Theorem A.5 we have

d = 1− χh − ((1 − χh)/a)#a ∈ h2G−2
h .

Define for j ∈ N

cwj (x,D) = dw(x,D)j((1 − χh)/a)
w(x,D)

= (d# · · ·#d︸ ︷︷ ︸
j factors

#(1− χh)/a)
w(x,D).

Again by Theorem A.5 we have cj ∈ h2jG−2j
h . Set

c̃j(z;h) = cj(z;h)(1− χ(hz)), j ∈ N.

Then c̃j(z/h;h) = 0 for |z| ≤ R, h ∈ (0, 1] and j ∈ N, and c̃j ∈ h2jG−2j
h . According

to Lemma A.3 there exists c ∈ G0
h such that

c ∼
∞∑

0

c̃j.

Using

((1− χh)/a)
w(x,D)aw(x,D) = I − dw(x,D)− χwh (x,D)

we have for any integer k ≥ 1

k−1∑

j=0

c̃wj (x,D)aw(x,D)

=

k−1∑

j=0

cwj (x,D)aw(x,D)− (cjχh)
w(x,D)aw(x,D)

=

k−1∑

j=0

dw(x,D)j(I − dw(x,D) − χwh (x,D))− (cjχh)
w(x,D)aw(x,D)

= I − dw(x,D)k −
k−1∑

j=0

dw(x,D)jχwh (x,D) −
k−1∑

j=0

(cjχh)
w(x,D)aw(x,D).
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Hence

(A.21)

bwh (x,D)cw(x,D)aw(x,D)− bwh (x,D)

= bwh (x,D)


cw(x,D) −

k−1∑

j=0

c̃wj (x,D)


 aw(x,D)− bwh (x,D)dw(x,D)k

−
k−1∑

j=0

bwh (x,D)dw(x,D)jχwh (x,D)

−
k−1∑

j=0

bwh (x,D)(cjχh)
w(x,D)aw(x,D).

By Definition A.2 we have c−
∑k−1
j=0 c̃j ∈ h2kG−2k

h , and thus by Theorem A.5

(A.22) bh#(c−
k−1∑

j=0

c̃j)#a ∈ h2kG−2k
h .

Moreover, by Theorem A.5 we have d# · · ·#d ∈ h2kG−2k
h (k factors), which gives

(A.23) bh# d# · · ·#d︸ ︷︷ ︸
k factors

∈ h2kG−2k
h .

Finally, due to
supp(bh) ∩ supp(χh) = ∅,

again by Theorem A.5 we have for any 0 ≤ j ≤ k − 1

(A.24) bh# d# · · ·#d︸ ︷︷ ︸
j factors

#χh ∈ h2kG−2k
h , bh#(cjχh)#a ∈ h2kG−2k

h .

It now follows from (A.22), (A.23), (A.24) and (A.21) that we have

bh#c#a− bh ∈ h2kG−2k
h

for k ∈ N arbitrary. �

We are now in a position to prove that the test function symbol in the definition
of the homogeneous wave front set may be chosen freely as long as the support is
sufficiently small.

Theorem A.8. Let u ∈ S ′(Rd) and suppose a ∈ C∞
c (R2d), z0 ∈ R2d \ {0},

a(z0) = 1 and

(A.25) ‖awh (x,D)u‖L2 = O(h∞), h ∈ (0, 1].

Then there exists a relatively compact neighborhood U of z0, such that for any
b ∈ C∞

c (R2d) with supp(b) ⊆ U we have

‖bwh (x,D)u‖L2 = O(h∞), h ∈ (0, 1].

Proof. There exists two relatively compact open neighborhoods U,U ′ ⊆ R2d such
that z0 ∈ U ⊆ U ⊆ U ′, 0 /∈ U ′, and

|a(z)− 1| ≤ 1/3, z ∈ U,

|a(z)− 1| ≤ 2/3, z ∈ U ′.

Let χ ∈ C∞
c (R2d) satisfy 0 ≤ χ ≤ 1, supp(χ) ⊆ U ′ and χ(z) = 1 for z ∈ U , and set

ã(z) = a(z) + 2‖a‖L∞(1− χ(z)) ∈ G0.

Then ã(z) = a(z) when z ∈ U . For z ∈ R2d \ U ′ we have

|ã(z)| = |a(z) + 2‖a‖L∞| ≥ 2‖a‖L∞ − |a(z)| ≥ ‖a‖L∞ ≥ 1,
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and for z ∈ U ′ we have

|ã(z)| = |a(z)− 1 + 2‖a‖L∞(1 − χ(z)) + 1|

≥ 2‖a‖L∞(1− χ(z)) + 1− |a(z)− 1|

≥ 1− 2/3 = 1/3.

By Lemma A.7 there exists c ∈ G0
h and r ∈

⋂
k∈N

hkG−k
h such that

(A.26)

bwh (x,D)u = bwh (x,D) cw(x,D) ãwh (x,D)u + rw(x,D)u

= bwh (x,D) cw(x,D) awh (x,D)u

+ bwh (x,D) cw(x,D) (ã− a)wh (x,D)u + rw(x,D)u.

The assumption (A.25) and the Calderón–Vaillancourt theorem now give

‖bwh (x,D)cw(x,D)awh (x,D)u‖L2 = O(h∞),

and, by Proposition A.4, ‖rw(x,D)u‖L2 = O(h∞). Due to

supp(b) ∩ supp(ã− a) = ∅

it finally follows from Theorem A.5 that we have

bh#c#(ã− a)h ∈
⋂

k∈N

hkG−k
h ,

and therefore by Proposition A.4

‖bwh (x,D)cw(x,D)(ã− a)wh (x,D)u‖L2 = O(h∞).

From (A.26) we may thus conclude ‖bwh (x,D)u‖L2 = O(h∞). �

Finally we deduce a result that is needed in the proof of Theorem 4.1.

Proposition A.9. Let u ∈ S ′(Rd), b ∈ C∞
c (R2d), z0 ∈ R2d \ {0}, b(z0) = 1, and

suppose

(A.27) ‖bwh (x,D)u‖L2 = O(h∞), h ∈ (0, 1].

Then there exists a ∈ C∞
c (R2d) supported in a neighborhood of z0 and equal to one

in a smaller neighborhood of z0, such that

‖ah(x,D)u‖L2 = O(h∞), h ∈ (0, 1].

Proof. By Theorem A.8 there exists a relatively compact neighborhood U ⊆ R2d

containing z0 such that (A.27) holds for any test function symbol supported in
U . Let a ∈ C∞

c (U) equal one in a neighborhood of z0 and define an h-dependent
distribution c ∈ S ′(R2d) by cw(x,D) = ah(x,D). By Theorem A.6 we have c ∈
G−∞
h and

c(x, ξ) ∼
∞∑

j=0

h2j
(
− i

2Dx ·Dξ

)j

j!
a
∣∣
(hx,hξ)

.

Denoting

aj = (j!)−1

(
−
i

2
Dx ·Dξ

)j
a

we thus have for any integer N ≥ 1

cN := c−
N−1∑

j=0

h2j(aj)h ∈ h2NG−∞
h .

Note that supp(aj) ⊆ U and therefore

(A.28) ‖(aj)
w
h (x,D)u‖L2 = O(h∞), h ∈ (0, 1].
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For α ∈ N2d, the symbol cN differentiated obeys the estimate, for |z| ≥ 1,

〈z〉N+|α||∂αz cN(z)| ≤ CN,αh
2N+|α||z|N+|α|〈hz〉−(2N+|α|)−|α|

≤ CN,αh
2N+|α||z|N+|α|(h|z|)−N−|α|

≤ CN,αh
N ,

and for |z| < 1 we have

〈z〉N+|α||∂αz cN(z)| ≤ CN,αh
2N+|α|〈hz〉−|α| ≤ CN,αh

N .

It follows that cN ∈ hNG−N . As in the proof of Proposition A.4 it follows that
‖cwN(x,D)u‖L2 . hN provided N is sufficiently large. Combining with (A.28) we
obtain finally for sufficiently large, arbitrary N ≥ 1

‖ah(x,D)u‖L2 = ‖cw(x,D)u‖L2

≤ ‖cwN (x,D)u‖L2 +
N−1∑

j=0

h2j‖(aj)
w
h (x,D)u‖L2

. hN .

�
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