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Abstract: Damage assessment techniques based on entropy measurements have been recently proposed for the structural health monitoring of civil structures and infrastructures. A quasi-real-time
approach, based on the use of instantaneous spectral entropy (ISE) over an uninterrupted stream of
data, is discussed here. The methodology is proposed for the detection of sudden damage-related
structural changes (more specifically, linear stiffness reductions and nonlinear breathing cracks). The
method operates by framing the continuous stream of vibration signals and comparing the single
frames to a known baseline. The approach is also suitable for nonstationary signals originating
from nonlinearly behaving structures. The procedure is validated on an experimental benchmark:
a laboratory-scaled model of a three-storey single-span frame metallic structure. Three different
definitions of entropy and six candidate time–frequency/time-scale transforms have been tested to
find the optimal settings.
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1. Introduction
Structural health monitoring (SHM) is the basic framework for the structural integrity
assessment of civil buildings and large infrastructures. In its current state, this discipline is
mainly performed on vibration time series, recorded from the target system and processed
through signal processing techniques. These latter ones are applied to extract damagesensitive features (DSFs) from the dynamic response of the structure under exam. In turn,
these DSFs are then utilised to build statistical metamodels. Finally, pattern recognition
and machine learning (ML) procedures can be applied to compare new recordings to the
chosen data-driven model and, eventually, to detect anomalies [1].
In this regard, several SHM methodologies have been introduced in recent years.
These include statistical time series models (e.g., the ARMA model [2]), bispectral [3],
cepstral analyses [4], and many other time- or frequency-based approaches). A recent
review can be found in [5]. The methodology discussed here involves the use of the output
signal entropy as a DSF, for reasons that will be detailed in the next section.
Since damage occurs over time and it mainly affects the power distribution among
frequencies, time–frequency analyses [6] (or time-scale, for wavelet-based approaches)
have also been extensively utilised for damage assessment. The idea is that the occurrence
of damage can be detected as a sudden variation in the structural response. This also
implies that the signal becomes nonstationary and thus not suitable for the classic Fourier
Transform, which assumes the signal homoskedasticity.
Time–frequency/time-scale (TF/TS) representations include a variety of algorithms,
such as the short-time Fourier transform (STFT), the discrete Choi–Williams time-frequency
distribution (DCW), the Wigner–Ville distribution (WV), and the continuous wavelet
transform (CWT). These algorithms will be collectively referred to as TF/TS transforms
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hereinafter. In this sense, any TF/TS representation is a crucial step for the estimation of
any instantaneous parameter; for this reason, this aspect has been extensively studied here.
The remainder of this article is organised as follows. Section 2 highlights the motivations and the rationale for the use of instantaneous entropy as a damage index. Then,
the damage detection procedure is presented in Section 3, including some basic theoretical
recalls for the three candidate entropy measures and six TF/TS transforms investigated.
Section 4 describes the experimental benchmark and Section 5 comments on the results.
Section 6 concludes this paper.
2. Motivations for Entropy-Based SHM
An entropy-based framework for SHM was first conceptualised more than a decade
ago in [7] and added to the well-known axioms of Structural Health Monitoring in [8]. The
concept has then been further extended and detailed more recently in [9].
The key concept is that the occurrence of damage introduces a local inhomogeneity in the
structure, thus causing a time- and space-localised increase in its complexity—i.e., in its entropy.
This entropic framework is intended for long-term, embedded SHM systems. This is
convenient for several engineering applications. Moreover, it is particularly suitable for
civil engineering purposes due to the following points:
1.

2.

3.

Massive civil structures and infrastructures (not only limited to multi-storey buildings
but also bridges, monumental churches, etc.) are generally equipped with embedded
sensor networks, due to the inherent risks of their ageing building materials. As
mentioned earlier, even when this monitoring was not originally intended for realtime estimations, the hardware can be easily retrofitted and adapted for such purposes,
if needed;
This permanent monitoring is performed via output-only procedures, using ambient
vibrations (AVs) as a natural source of white Gaussian noise (WGN). This typology
of input is perfectly suited for entropy-based analysis since it has, at any instant, a
flat spectrum in the frequency domain. Being the entropy measurement of the output
signal sensitive to the inhomogeneities of both the structural conditions and the input
signal, the use of a constant and uniform (frequency-wise) input source allows us to
directly link any variation to a structural change;
The combination of a low-amplitude driving force, large structural mass, and relatively large damping may induce very low-amplitude output signals. Whereas this
is generally an inconvenience for most signal processing techniques, this specific
condition is favourable for entropy measurements. In fact, introducing only a small
amount of energy in the system leads to a less deterministic behaviour, and thus to a
larger entropy.

Two examples of the application of entropy-based SHM to real-scale buildings can
be found in [10,11]. The results, however, depend on the specific definition of the entropy
considered. Indeed, the many variants reported in the scientific literature can fit better
specific building materials, due to their different complexity. For instance, in the two case
studies mentioned earlier [10,11], the Shannon spectral entropy (SSE) was proven to be the
most appropriate definition for masonry structures. Instead, for applications where mainly
metallic components are utilised, the authors of [12,13] suggested the use of the Wiener
entropy (WE) due to its higher sensibility to damage (in non-homogeneous materials, such
as concrete or masonry, this higher sensibility to local inhomogeneities may cause false
alarms).
For this reason, both the Wiener and the Shannon spectral entropies, along with a
third definition—the Rényi entropy of order 2 (RE2 hereinafter)—have been investigated
here in their instantaneous formulation.
2.1. Classic Time-Varying Parameters and Their Application for SHM
Before focusing on the potential offered by instantaneous spectral entropy, it is useful
to recall some common alternatives for time-dependent structural integrity assessment.
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Indeed, the quantities that can be estimated through TF/TS analyses include relevant DSFs,
such as the instantaneous frequency—which can be indicated as f (t) or ω (t), depending
on if it is reported in Hz or radians per second—the instantaneous amplitude, A(t), and
Rt
the instantaneous phase, ϕ(t) = 0 ω (t)dt. These parameters are notoriously efficient
indicators of sudden structural changes [14], especially when performed on specific, more
damage-sensitive signal components (this can be properly achieved via any valid signal
decomposition technique, such as the ones reviewed in [15]). Damage-sensitive features
arising from an eigenspace can be used to estimate the instant and location of damage in
real-time as well [16]; other advancements in the field of real-time SHM, including, e.g.,
first-order eigen-perturbation techniques, can be found in [17].
Instantaneous estimates are therefore the most convenient features for real-time, online SHM.
In this regard, the need for instantaneous damage detection depends on the specific application.
For instance, in civil engineering, even the so-called ‘continuous’ monitoring is actually
performed at discrete times, e.g., at daily (see e.g., [18]) or hourly (e.g., [19]) intervals. The
rationale is that many sorts of damage, such as fatigue cracks, corrosion, or other kinds of
material deterioration, are generally very slow-growing. The exact instant of occurrence is
difficult to detect but also not truly relevant for the integrity assessment of the structure. On
the other hand, sudden collapses, e.g., due to an impact, blast, or seismic event, are rarer
events. Nevertheless, these occurrences are particularly relevant for precarious and/or
strategic structures and infrastructures, such as earthquake-damaged buildings, ageing
viaducts and bridges, etc. Thus, real-time SHM should be applied wherever instantaneous
structural failure might be reasonably expected.
This study is intended for these specific kinds of applications where quasi-real-time
damage event detection is required for safety reasons. However, differently from f (t), A(t),
or ϕ(t), instantaneous entropy estimates seem to have not yet been investigated for these
applications (neither for civil nor mechanical engineering purposes).
2.2. Instantaneous Entropy Measurements
According to what has been discussed so far, this research aims to establish which
definition of instantaneous spectral entropy (ISE), among the many different options
reported in the scientific literature, is the most suitable for real-time SHM applications on
multi-storey buildings.
In particular, ISE was previously validated as a suitable damage indicator for the
condition monitoring of wind turbine gearboxes [20], even if this approach was limited
to output signals recorded in similar environmental conditions (i.e., similar wind speed).
As discussed before, this issue does not arise for buildings under AVs since this source of
input is roughly constant along time and uniform along the frequency spectrum.
The three candidates considered here—SSE, WE, and RE2—have been computed
departing from several, different TF/TS transforms—the already-mentioned WV, DCW,
STFT, and CWT. These have been chosen since they collectively represent the most classic
tools for TF/TS (see [21]). Furthermore, the Morse, Morlet, and bump wavelets have been
tested for CWT, for a total of six alternatives.
3. Methods: The Proposed Algorithm
As mentioned, the proposed algorithm is made up of three consecutive steps (portrayed in the flowchart of Figure 1):
1.
2.
3.

Time–frequency/time-scale transform of the recorded signal;
Computation of the instantaneous spectral entropy;
Comparison of the ISE time history with a baseline model.
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Indeed, signal framing is often encountered for signal processing techniques unable
Indeed, signal framing is often encountered for signal processing techniques unable
to deal with nonstationary signals (e.g., in cepstral analysis [4,23]). In this application,
to deal with nonstationary signals (e.g., in cepstral analysis [4,23]). In this application, the
the framing is rather utilised to subdivide the continuous stream of data into discretised
framing is rather utilised to subdivide the continuous stream of data into discretised packpackets, as portrayed in Figure 2.
ets, as portrayed in Figure 2.
The major practical limitation is that each data packet (received at the instant ti ) must
have been fully processed before the arrival of the next one (delivered at ti+1 = ti + ∆t).
Thus, ∆t being the time interval between subsequent arrivals, the elapsed time for the
algorithm is required to be tel < ∆t for any frame.
∆t includes two main contributions, namely, the acquisition and transmission time.
In turn, the latter contribution is made up of several procedures such as data uploading,
downloading, and other intermediate steps. However, the end-to-end (one-way) delay can
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will be applied. The minus sign is only added to have a positive value, since 0 ≤ P ≤ 1,
and, therefore, log P < 0. The SSE with this classic definition has been applied by several
authors to stationary signals for fault detection and diagnosis, e.g., in [27].
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It is worth noting that the same SSE can be estimated by substituting the power
spectrum in Equation (2) with any form of TF/TS power distribution, i.e., | H ( f , t)|2 . In this
case, the probability distribution becomes
2

P( f ) =

∑tT | H ( f , t)|
2
∑ Bf ∑tT | H ( f , t)|

(3)

considering all of the timestamps between t = t0 and the signal total duration t = T. The
spectral entropy will still return the same results as Equation (1); yet this allows, as will be
specified in the following subsection, us to define the probability distribution at any time t.
This will be essential for the definition of instantaneous SSE.
Please note that SSE can be normalised by simply dividing Equation (1) by log B, i.e.,
the maximal SSE obtainable (which corresponds to a WGN signal, uniformly distributed
over the whole frequency range of interest). However, for the aims of this study, the
standard (non-normalised) definition of spectral entropy has been applied. This has
been preferred over the normalised variant to represent the differences in absolute terms
produced by different time–frequency transforms. In fact, the normalised SSE is limited—by
definition—to [0, 1], whereas the SSE value in v can span from 0 to +∞. In the results of
this research, it will be shown that the exact value depends significantly on the TF/TS
distribution utilised.
3.2.2. Wiener Entropy
The Wiener entropy is another measure of the uniformity of the power spectrum. For
this reason, it is also known as ‘spectral flatness’. Specifically, it is defined as
q
B

SW = B

∏ Bf | H ( f )|

∑ Bf | H ( f )|

2

2

(4)

which corresponds to the
q ratio of the geometric and arithmetic mean of the signal in
the frequency domain ( B ∏ Bf | H ( f )|2 and ∑ Bf | H ( f )|2 /B, respectively). Like all the other
definitions of entropy, the WE does not have any measurement unit, i.e., it is a pure number.
However, differently from the SSE, it ranges from 0 to +1. This derives from the inequality
of arithmetic and geometric means, which states that (1) the geometric mean of a list of
non-negative real numbers is always smaller than or equal to the arithmetic mean of the
same list; (2) the two means are equal if and only if all the (real and non-negative) numbers
in the list are equal, independently of their exact value. Therefore, +1 indicates a perfectly
flat (uniform) frequency spectrum (as said, a WGN signal) and 0 means a pure tone. In
between the two extreme values, the WE of a narrow power spectrum approaches zero,
whereas a broader one has a larger value, getting closer to the unit value.
The advantages and limitations of WE in comparison to SSE have been analysed in
detail by Ceravolo et al. [10,11]. As recalled in Section 2, it emerged from these studies
that the SSE is more stable and thus more suitable for inhomogeneous building materials,
and thus for masonry and concrete structures, while less sensitive to structural changes
(including damage). The WE, being more sensitive to both structural and non-structural
changes, was contrariwise suggested for metallic structures, with more uniform construction materials and fewer nonuniformities [12]. This allows us to take advantage of its major
sensitivity with fewer false positives [12,13].
3.2.3. Rényi Entropy
The Rényi entropy can be defined, in its most generalised form, as
Sα =

1
B
log ∑ f Pα ( f )
1−α

(5)
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which indicates a family of generalised information measures rather than a single formulation [28]. These are defined according to the arbitrary order α, where α ≥ 0 and α 6= 1. As
in the previous cases, the base 10 logarithm is applied here, even if the base 2 and natural
logarithm are also commonly utilised. It can be noticed that the Rényi entropy serves as a
generalisation of the SSE since Equation (5) reduces to Equation (1) if α → 1 (as proven
in [29]). This limiting case can therefore be seen as Ss ≡ Sα→1 . Indeed, the general form of
Equation (5) can also assume the specific forms of the Hartley or max-entropy (Sα=0 ), the
min-entropy (Sα→+∞ ), and the collision entropy (Sα=2 ) as special cases. This latter case is
the most common one and it is therefore generally simply known as ‘Rényi entropy’ for
antonomasia. In this case, the particular formulation turns out to simply be
B

Sα=2 = −log ∑ f P( f )2

(6)

where P( f ) can be indistinctly defined as in Equations (2) or (3). The name ‘collision
entropy’ derives from its main property. Given two discrete random variables X and X0 ,
which are independent yet with an identical associated probability distribution (that is
to say, i.i.d. variables), Sα=2 indicates the probability of X and X’ colliding, i.e., casually
yielding the same value, or
Col( X ) =

∑xeX PX,X0 (x, x) = ∑xeX PX (x) PX0 (x) = ∑xeX PX (x)2

(7)

Equation (6) can thus be interpreted as Sα=2 = − log ∑ Bf Col( f ).
This latter form, RE2, will be followed in this work. The rationale is that the collision
entropy has been successfully proposed as an uncertainty quantifier [30], i.e., as a measure
of the Gaussianity of a random process. This has been employed in several signal processing
fields, such as for biomedical engineering purposes [31].
Similarly to the SSE, the RE2 values span [0, +∞], and will be reported here in this
fashion, even if they can be easily normalised between [0, 1].
3.3. Instantaneous SE
For real-time applications, all of the previously described entropy measures need to
be adapted for instantaneous estimation.
By considering any TF/TS power distribution, similarly to Equation (3), one can define
the probability distribution at time t as

| H ( f , t)|2
2
∑ Bf | H ( f , t)|

P( f , t) =

(8)

which leads to the instantaneous estimate of SSE at time t, i.e.,
B

Ss (t) = − ∑ f P( f , t)log P( f , t).

(9)

The same procedure applies to the instantaneous WE, leading to
q
B

SW (t) = B

∏ Bf | H ( f , t)|

∑ Bf | H ( f , t)|

2

2

(10)

and to the instantaneous RE2
B

Sα=2 (t) = −log ∑ f P( f , t)2

(11)

Thus, for all definitions, the spectral densities must be computed through some sort
of time–frequency representation of the signal. This is not a technically difficult task, and
several options are available in this regard.
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3.4. Candidate Time-Frequency Transforms
For the sake of this research, the six candidate TF/TS algorithms mentioned earlier
(WV, DCW, STFT, and CWT with the Morse, Morlet, and bump mother wavelets) have
been considered. In all cases, these will be presented here considering a discrete vibration
signal (i.e., indistinctly a displacement, velocity, or acceleration time history), h[n], where
n = 1 corresponds to t = t0 = 0 for simplicity (by consequence, the total duration t = T
corresponds to the last timestamp Nh ).
3.4.1. The Short-Time Fourier Transform
The STFT is the most classic approach for analysing the frequency content of a nonstationary signal over time. The basic concept is to divide the overall non-stationary signal
into subsequent frames, which can be assumed to be internally stationary. The algorithm
applies a standard DFT over a sliding window of fixed length M, which is moved over the
original signal at fixed intervals of R samples. The values of M and R are arbitrarily set,
according to the intent and specific case, and result in an overlap L among neighbouring
windowed segments (that is to say, L = M − R). The resulting number of DFTs is equal to


Nh − L
k=
(12)
R
where the writing b·c indicates the floor function (to round up non-integer divisions). The
outcome of this TF analysis is a matrix of ordered DSFs, i.e.,

[ H1 ( f ) H2 ( f ) · · · Hk ( f ) ]

(13)

Of course, Equation (13) represents the discretised form of H ( f , t). In the specific case of
the SFTF, its squared magnitude | H ( f , t)|2 is also known as the spectrogram of the signal h(t).
The generic p-th element in Equation (13) can be computed as
Hp ( f ) =

+∞

∑n=−∞ h[n] g[n − pR]e− j2π f n

(14)

i.e., the DFT of the data window centred around the timestamp pR. The term g[n] indicates a
generic function for windowing. The choice of the specific windowing function is arbitrary;
however, in general, any g[n] has some sort of ‘tapering off’ at both edges to avoid spectral
ringing artefacts. For the sake of this study, the STFT was computed over the Nyquist range
[0, f s /2]. The data were windowed with a Hann window of length 8 with six samples of
overlap between adjoining segments and a 128-point FFT.
It is important, before proceeding, to recall that the STFT has several advantages
but also limitations. As an operator, it is linear and invertible; it is also relatively easy
to compute. However, it is not positive-defined, and the several classic issues due to the
applications of the DFT to a finite time window (which does not start at −∞ and ends well
before +∞) are further exacerbated by the short duration of each frame. That is to say, the
frequency resolution of the STFT depends on the window width, and it decreases when the
time resolution increases. The STFT does not provide the ability to localise transients to the
width of the window and thus does not have the same degree of accuracy as, e.g., the CWT,
which will be discussed later.
3.4.2. The Wigner–Ville distribution
The WV distribution was defined in the first applications of Wigner in quantum theory [32] and the following works of Ville in signal theory [33]. The Wigner–Ville spectrum
then gained popularity as a generalised spectrum for time-varying spectral analysis [34].
This can be defined as the Fourier transform of the instantaneous autocorrelation function
(ACF), or R(t, τ ). This latter operator can be written, in its discretised form, as
R[n, m] = h[n + m/2]h∗ [n − m/2]

(15)
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which is a time-dependent correlation measure between the time series h and its complex
conjugate h∗ ; then, one has
Hp ( f ) =

N

∑mh=− Nh h[n + m/2]h∗ [n − m/2]e− j2π f m/Nh

(16)

where the summation is carried out on the variable m, i.e., the time lag for the estimate of
the autocorrelation sequence, for each discrete timestamp. For this application, the number
of time lags considered to estimate the instantaneous ACF was set as equal to half of the
signal length (that is to say, being the signal divided in subsequent frames, to half of each
frame length).
A technical issue is that, for any odd value of m, Equation (16) requires evaluating the
signal at half-integer sample values. In order to be performed, this requires interpolation
between the discrete timestamps. In turn, to avoid aliasing problems, this requires zeropadding the DFT.
Even more importantly, due to its quadratic nature, the WV transform suffers from
the emergence of interference terms. That is to say, in a multi-component signal, the
mixing of each pair of frequencies ( f i , f j ) will produce these spurious terms, which will be
located at the average frequency f i + f j /2 and oscillate at the difference between the two
frequencies. This issue can be partially attenuated with the smoothed pseudo-Wigner–Ville
(SPWV) distribution, where independent lowpass windows are used to smooth in time
and frequency. This approach has proven to be viable for the condition monitoring of
rotating machinery, with a significant reduction in the presence of spurious cross-terms [35].
Another option to overcome these problems, quite closely related to SPWV [36], is the
discrete Choi–Williams distribution.
3.4.3. The Discrete Choi–Williams Distribution
The DCW [37] departs from what is defined in Equation (16) and further considers a
two-dimensional filtering step in the so-called ambiguity domain to remove the interference
terms. In this sense, it applies an ambiguity function (AF), which serves as a transformation
from the ACF domain to the AF domain. This ambiguity distribution can be seen as
the STFT of the signal h(t) using the signal itself as the windowing function [38]. In the
AF domain, the interference terms have specific properties and are located at specific
locations, far from the autoterms of interest. This way, the spurious components can be
easily distinguished, and thus effectively attenuated by multiplying with a kernel function
directly defined in the AF domain. Specifically, the DCW utilises the exponential kernel
known as the Choi–Williams kernel function. Its definition is the following:
g(τ, θ ) = e−

τ2 θ2
σ

(17)

where τ is the time lag, already seen in the definition of the WV distribution, θ is the
doppler shift, and σ is the so-called selectivity parameter, which should be greater than
zero and is (generally) σ ∈ [0.1, 1] for many applications, even if it can potentially assume
much larger values.
Thanks to the specific shape of the 2-D filter defined in Equation (17), the cross-terms
that are located far from the origin and axes of the AF domain (i.e., that have a significant
time delay and frequency shift) are thus filtered out. That is to say, this suppresses the
interferences that result from the components that differ in both the time and frequency
centre. The filtered signal is then transformed from the AF to the TF domain, where it
can be finally used. Of course, considering different kernel functions will return different
properties for the final outcome in the time–frequency domain.
For the reasons described above, the DCW depends largely on its parameters, especially for the definition of the (discrete) ambiguity function. For this research, a selectivity
parameter equal to 0.5 was considered. The same Nh as applied for WV was utilised for
DCW as well.
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This concludes the first set of candidates. They are all defined in the TF domain. Strictly
related to them, the second set of three more candidates is composed of the continuous
wavelet transforms with different mother wavelets.
3.5. Candidate Time-Scale Transforms
Wavelet-based approaches have been applied extensively for SHM problems (see,
e.g., [39]), thanks to their several advantages. The complete theory about wavelets is
too long to be recalled here; one can find the necessary background in the works of e.g.,
Daubechies [40] and Rioul and Vetterli [41]. Many other comprehensive works can be
found in the literature or dedicated textbooks, e.g., [42].
As their main feature, wavelets can be depicted as brief oscillations, i.e., time-limited
(as in this application here) or space-localised small wave-like functions. This is profoundly
different from harmonic functions, such as sines and cosines, which span unaltered from
−∞ to +∞ and thus do not allow for time resolution. For this and other reasons, the
(discrete or continuous) wavelet transform is known to be more able to adapt to random
and/or nonstationary signals than Fourier transform [43]. In turn, this can be used, e.g., to
depurate the signal of measurement noise or to separately investigate the underlying linear
and/or stationary components (by discarding the nonlinear/nonstationary components).
For instance, it was demonstrated experimentally in [44] how the CWT-extracted entropy
can be used to detect small damages (e.g., a 5% reduction on bolt-tightening torques).
A major aspect is that, differently from sinusoids, a unique definition of a wavelet
does not exist. Indeed, DWT or CWT can use a variety of different basis functions, also
known as mother wavelets. Any zero-mean function that satisfies some basic conditions,
such as regularity and admissibility [45], can be used as a mother wavelet.
The arbitrariness in the definition of the mother wavelet allows for the tailoring of
the TS analysis for the specific signal of interest. Here, three different options have been
tested: the bump, Morse, and (analytical) Morlet wavelets. All of these candidates are
based on functions ψ(t) that rapidly decrease in time. These three options have all the
advantages of being analytic; that is to say, they are complex-valued and their Fourier
transforms are supported only on the positive real axis of the frequency domain. Since these
complex wavelets respond solely to the non-negative frequencies for any given signal, their
transform will have a less oscillatory modulus than in the case of a real-valued wavelet [46].
This advantageous property enables better detecting and tracking capabilities for
instantaneous signal parameters.
The basic characteristics of these three candidates will be briefly recalled here for
completeness’ sake. In all cases, the continuous wavelet transform of the signal h(t) can be
expressed (in its continuous form) as
CWTh ( a, b) =

1
2π

Z +∞
−∞

H (ω )Ψ a,b ∗ (ω )dω

(18)

i.e., as a product in the frequency domain, where Ψ∗ (ω ) is the complex conjugate of the
Fourier transform of the child wavelet. This is a scaled and time-shifted version of the
original mother wavelet, defined by the scale parameter a and the (time) shift parameter b as
√
Ψ a,b (ω ) = 2 aΨ( aω )e jωb
(19)
The resulting time-scale representation can then be utilised to estimate the instantaneous spectral entropy of the signal, exactly as carried out for the time–frequency transforms
encountered previously.
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3.5.1. The Morse Wavelet
The definition of the Morse wavelet derives mostly from the works of Olhelde and
Walden [47] and Lilly and Olhelde [48]. In their generalised form, this family of mother
wavelets can be defined according to the two parameters β and γ as
Ψ β,γ (ω ) = U (ω )α β,γ ω β e−γω

(20)

where γ characterises the symmetry of the Morse wavelet and β is a compactness parameter
defined as β = P2 /γ. In turn, P2 is known as the time-bandwidth product. The other two
terms, U (ω ) and α β,γ , represent (in the same order) the Heaviside (or unit) step function
and a normalizing constant.
The parametrization of the generalised Morse wavelet (described in detail in [49])
allows us to define several other analytical wavelets as special cases. For instance, γ = 1 will
return the Cauchy family of wavelets. For the sake of this research, γ = 3 and β = 20 were
considered. A detailed analysis of the influence of the GMW parameters for ISE estimates
can be found in [20].
3.5.2. The Analytic Morlet Wavelet
The analytic Morlet wavelet is a complex sinusoid modulated by a Gaussian envelope, i.e.,
1 jωc t − t2
e e 2
ψ(t) = √
4
π

(21)

and thus its Fourier transform becomes
Ψ(ω ) =

√
( ω − ω c )2
2 √
2 2 πe− 2

(22)

√
4

where 1/ π is needed to enforce the unit energy requirement for the wavelet and ωc = 2π f c
is the central frequency of the wavelet (in radians). This determines the number of oscillations
of the complex sinusoid inside the Gaussian envelope; to ensure that Equation (21) has zero
mean, as required for any wavelet, ωc must be greater than 5, which can be a limitation on some
applications. For the sake of this research, ωc = 6 was used.
3.5.3. The Bump Wavelet
The last candidate, the bump wavelet, differs from the analytical Morlet wavelet since
it has an unequal spread. Specifically, it has a wider variance in time and is narrower in
frequency. The Fourier transform of its mother wavelet can be defined as
1−

Ψ(ω ) = 1[µ−σ,µ+σ] e

1−

1
( ω − µ )2
σ2

(23)

where 1[·] indicates the indicator function, here applied in the frequency interval µ − σ ≤ ω
≤ µ + σ. µ and σ are customisable parameters that regulate the frequency and time
resolutions. Here, these were set to 5 and 0.6, respectively.
4. Materials: The Experimental Case Study
The experimental dataset utilised for this investigation originates from the well-known
frame structure built at the Engineering Institute (EI) of the Los Alamos National Laboratories (LANL), depicted in Figure 3. This case study is widely used by the SHM community
as a benchmark problem for linear and nonlinear damage scenarios.
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Table 1. Damaged and undamaged scenarios for the LANL frame structure. The ones used for this
research are highlighted in bold.
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Table 1. Damaged and undamaged scenarios for the LANL frame structure. The ones used for this
research are highlighted in bold.
Case Number

Description

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

Linear baseline
Linear, added mass of 1.2 kg at the base
Linear, added mass of 1.2 kg at the first floor
Linear, 87.5% stiffness reduction in one column of the first interstorey
Linear, 87.5% stiffness reduction in one column of the first interstorey
Linear, 87.5% stiffness reduction in one column of the second interstorey
Linear, 87.5% stiffness reduction in two columns of the second interstorey
Linear, 87.5% stiffness reduction in one column of the third interstorey
Linear, 87.5% stiffness reduction in two columns of the third interstorey
Nonlinear, distance between bumper and column tip 0.20 mm
Nonlinear, distance between bumper and column tip 0.15 mm
Nonlinear, distance between bumper and column tip 0.13 mm
Nonlinear, distance between bumper and column tip 0.10 mm
Nonlinear, distance between bumper and column tip 0.05 mm
Nonlinear, bumper 0.20 mm from column tip, 1.2 kg added at the base
Nonlinear, bumper 0.20 mm from column tip, 1.2 kg added on the first floor
Nonlinear, bumper 0.10 mm from column tip, 1.2 kg added on the first floor

Two models of damage were considered:
1.
2.

As a linear reduction in the stiffness of one or more columns;
As the occurrence of a nonlinear breathing crack mechanism [50].

These two damage typologies are representative of the classic ‘fully open’ [51,52] and
‘breathing’ [50,53] crack models.
In the first case, the stiffness change was induced by replacing the corresponding
column with another one, built from the same materials and with the same geometry,
except for the cross-section thickness, which was halved in the direction of shaking.
In the second case, the source of nonlinearity (specifically, an additional bilinear
stiffness) was mimicked by a one-sided constrain, mounted between the second and third
floors of the frame (see the zoom box in Figure 3). This mechanism worked as follows:
the column (suspended from the lower side of the top floor) impacted with the bumper
(attached on the upper side of the bottom floor) when oscillating in the negative x-direction,
with an increase in stiffness with respect to the free oscillations along the positive x-direction.
Thus, it acted as a pointwise source of bilinearity, similarly to the breathing crack (where,
instead, the stiffness is reduced while oscillating in the direction where the crack opens),
even if, in this case, the overall equivalent stiffness increased rather than decreased [54].
Nevertheless, it similarly added harmonic distortions in the structural response due to the
occurrence of sub- and super-resonance vibrations [55]. The amount of this distortion was
adjusted by moving the bumper further or closer to the column.
Configurations with additional masses were considered as well in order to mimic
changing operating conditions; it must be said, however, that abrupt variations in structural
mass can be ascribed to damage occurrence as well, e.g., during seismic events.
4.2. The Concatenated Signal
By following the procedure described in [24] (Section 4.1), the signals from states #1,
#3, #7, #14, and #17 were concatenated (Figure 4) to emulate damage-unrelated structural
changes, such as time-varying operational conditions (with additional mass overloads), or
the instantaneous occurrence of damage. This operation was performed on the signals from
all output channels and for all instances. The differences between the results from different
sensor locations will be discussed in a dedicated subsection. No relevant variations were
noticed for the 50 signals. Therefore, for illustrative purposes only, the 25th instance will be
shown in all figures. To emulate real-time acquisition, the concatenated signals were framed
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The third output channel, located on the second floor, always returned the data most
responsive to structural changes for all candidate entropy definitions and TF/TS
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5.1. Effects of Sensor Placement
The third output channel, located on the second floor, always returned the data most15 of 26
responsive to structural changes for all candidate entropy definitions and TF/TS transforms.
This can be explained by the specific damage scenarios analysed here, since the stiffness
reduction in state
#7 was located at the second interstorey, between the first and second
transforms. This can be explained by the specific damage scenarios analysed here, since
floor, whereasthe
thestiffness
nonlinear
mechanism
#14 andat#17)
was attached
between
the
reduction
in state (states
#7 was located
the second
interstorey,
between
the first
second and third
floor.
and second floor, whereas the nonlinear mechanism (states #14 and #17) was attached
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Among the three options considered here, the bump wavelet was the one with the
best performance. This finding was confirmed for all of the definitions of entropy (RE2,
SSE, WE).
The analytic Morlet wavelet was less sensitive to damage in all cases. Therefore, these
preliminary results seem to indicate that an unequal TF variance (narrower in frequency,
wider in time) is more sensitive to the occurrence of damage-induced nonlinearities.
The generalised Morse wavelet was not very responsive to either linear or nonlinear
damage as well, at least for the parameters set here; a larger sensitivity analysis on the two
parameters γ and β can be found in [20].
5.3. Effects of the Algorithm Selection for TF Analysis
The results considering the candidate TF representations are reported in Figures 8–10
(for SSE, WE, and RE2, in this order). The same indications provided before for Figures 5–7
apply to all of the plots in this second set of results.
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According to all of the results shown in Figures 5–10, it can be said that—regardless
of5.3.
theEffects
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time–frequency representations were returned as slightly more stable (i.e., less subject to
The results considering the candidate TF representations are reported in Figures 8–
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noticeably less affected by distortions induced from the framing of the signal as well. This
point will be discussed in further detail in the next subsection.
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5.5. Effects of Framing
The framing of the signal in very short tracts generated undesired and deleterious edge
effects, i.e., more or less pronounced deviations from the expected behaviour at both ends
of any signal frame. For pattern-recognition-based SHM, this issue can be inconvenient
due to the periodic, instantaneous trespassing of the data-driven threshold. As mentioned
before, this problem was partially solved considering the moving mean of the ISE signal,
defined for this specific case study over 1000 timesteps (~3.125 s).
These deleterious effects were particularly evident for the CWT, independently on the
specific mother wavelet. This can be seen in the results reported in Figures 5–7. By way
of illustration, Figure 11 shows the cone of influence for one frame of the analysed signal.
Edge effects may appear in the shaded region as signal artefacts due to stretched wavelets
extending beyond the edges of the observation interval. Only the unshaded region can
provide an accurate time-scale representation of the data.
These edge effects altered the data to such an extent that the results from the Wiener
entropy/CWT combination were unusable. Even in the case of RE2 and SSE, these artefacts,
while less severe, had a noticeable negative effect on CWT results. This difference derives
from the definition of entropy applied: the WE, being the most sensitive to any variation
in the signal (not only to damage), was more affected. The edge effects issue, while still
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5.6. Sensibility to Damage and Structural Changes
As enlisted before in Table 1, the different state analysed here includes

•
•
•

The occurrence of linear damage as a stiffness reduction;
The occurrence of nonlinear damage as a breathing crack mechanism;
The occurrence of damage-unrelated structural changes (i.e., added masses) to both
the linearly and nonlinearly behaving structure.

The results must be interpreted according to the sensitivity of the instantaneous
formulations of RE2, SSE, and WE to these different forms of ‘anomaly’. Specifically, all
of the tested combinations were more sensitive to the nonlinearity introduced in state
#14 (which is more nonlinear than case #17, due to the reduced gap between the bumper
and the column). This reflects the larger variations in the frequency distribution of the
signal power induced by the nonlinear mechanism.
As already mentioned, the WE was the most prone to framing issues. This can
be explained by its known major sensitivity, which leads to disruptive consequences if
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combined with unphysical edge effects. Apart from that, RE2 and SSE returned quite
consistent results, with no particularly relevant differences. This can be explained by SSE
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of them potentially eligible for online application, by a large margin.
5.4. Comparison of TS and TF
According to all of the results shown in Figures 5–10, it can be said that—regardless
of the specific algorithm (for TF analysis) or mother wavelet (for TS) considered—the
time–frequency representations were returned as slightly more stable (i.e., less subject to
fluctuations) and thus more useful estimations for ISE.
It is worth noting that ISE measurements extracted from WV, DCW, or STFT were
noticeably less affected by distortions induced from the framing of the signal as well. This
point will be discussed in further detail in the next subsection.
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As enlisted before in Table 1, the different state analysed here includes
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as a stiffness
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Figure
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diagrams
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Therepresentation
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crack
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the ISE calculation from it. As it can
be seen,
the TF/TS transform was
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(i.e., entropy
added masses)
both
‘bottleneck’
of theofwhole
procedure, independently
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The actual calculation of the ISE did not significantly slow down the execution, being one to
results
must be interpreted
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to the
the instantaneous
fortwoThe
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of magnitude
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thesensitivity
time axis isofreported
on a logarithmic
mulations
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Specifically,
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scale in Figure 12. Indeed, the DCW performed significantly slower than the other approaches.
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is only
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more nonlinear
than case
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representations, i.e., an Na -by-Ns matrix, where Na is the number of frequency samples (for
DCW and WV) or scales (for CWT), and Ns is the number of time samples in the provided time
history. For the chosen frame duration and considering only frequencies up to fs /4 (80 Hz) to
avoid any alias issue, this corresponds to 40,960 elements in the S(t, f ) matrix. On the other
hand, with the settings described in Section 3, the STFT returned 20-by-1021 elements (totalling
20,420). Nevertheless, further increasing the resolution in both the time and/or frequency
domain did not noticeably improve the effectiveness of the STFT results, which remained poor
overall, as previously mentioned.
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6. Conclusions
This study investigated the feasibility of instantaneous spectral entropy (ISE) as a
time-dependent damage index for online SHM. The proposed feature has the advantage
of being suited to nonlinearly behaving structures and nonstationary signals. Two main
steps are required for the implementation of the proposed ISE approach: (1) the time–
frequency/time-scale analysis of the recorded output signal, and (2) the estimation of the
instantaneous entropy from it.
Six candidate algorithms have been tested for step (1)—namely, the discrete Choi–
Williams, Wigner–Ville, and short-time Fourier transforms, plus the continuous wavelet
transform with Morse, Morlet, and bump wavelets. These have been combined with three
entropy definitions, applied in step (2)—the Shannon spectral, Wiener, and Rényi (with
α = 2) entropies.
All of these combinations were investigated on an experimental benchmark dataset: a
three-storey frame structure from Los Alamos National Laboratories. This case study was
selected as its data include linear and nonlinear structural conditions and can be used to mimic
a nonstationary system. The candidates’ performances have been analysed in terms of their
sensibility to sensor placement, computational efficiency (i.e., elapsed time), the influence of
framing, and responsivity to damage-related and -unrelated structural changes (both linear and
nonlinear). In general, all of the combinations investigated here seemed to be more sensitive to
the inclusion of a nonlinear source rather than a decrease in stiffness. Therefore, the proposed
approach is specifically suggested for breathing cracks or similar damages.
For real-time damage detection, the computational efficiency requires a trade-off
between the accuracy and the rapidity of the TF/TS analysis, which is the bottleneck step
in the procedure. All of the six alternative TF/TS representations were found to be suitable
in this sense, with only the DCW being relatively slower but still potentially applicable. On
the other hand, the computational time for the ISE computation is negligible in comparison.
Since the computational effort of any time–frequency transform increases with the
signal duration, it has been proposed here to segment the continuous datastream into 6.4
s-long blocks. The whole procedure runs in less than 1 or 2 s; therefore, the algorithm can
operate seamlessly without interruptions. That is to say, the results of the previous frame
are delivered before the end of the one currently on record.
For this specific case study, the most promising results were found with the Shannon
spectral and Rényi entropies when applied to the Wigner–Ville distribution. The findings of
this research will serve for future applications of instantaneous entropy measurements to SHM
problems for civil engineering purposes, including in situ tests on real-scale buildings, as well
as in related fields, such as the structural analysis of aerospace and mechanical systems.
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