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ABSTRACT: The bowing in marble is a well known phenomenon and it has been studied for some decades, however, the key mechanisms responsible to cause this pathology are not well agreed between the experts. Some different approaches to model this phenomenon was done by different authors considering different hypothesis. In this paper is proposed to approach the bowing phenomenon using nonlinear concepts and its relationship with three different boundary restraint conditions. The analysis was accomplished with a personal code using an opensource software.

introduction
Ornamental stones have been used as building materials for long time and even facing competition with new artificial materials they still keep competitive value due to their unique aesthetic features. However, as any other building material, ornamental stones are affected by weathering and degradation during their lifetime such as stain, efflorescence, oxidation, and so on. Furthermore, a specific pathology known as bowing has been found on external façades.
Bowing is characterized by warping that occurs in some slabs installed on ventilated façades. This phenomenon can affect some ornamental stones, but it has been mostly observed and studied in marble slabs due to its widespread use as a high-quality cladding. One of the most famous case is the Finland City Hall where the whole façade was replaced and some months later it started to present the same pathology than the previous one.
European research projects verified bowing on façades spread over many countries toward concave and convex sides. Another remarkable finding was that it occurs more frequently in calcitic marble claddings instead of dolomitic ones.
Despite this phenomenon has been studied for decades, there are still some open questions for what it concerns the key mechanisms and how to prevent them.
a brief review about bowing in marble
The bowing phenomenon in marble is characterized by plastic deformation and it might reach large displacements easily noticed visually, as presented in Figure 1.
Previous projects accomplished innumerous tasks related with building inspections and laboratorial tests resulting in several hypotheses that try to explain the phenomenon. Some of them consider basically the mineralogical influence as responsible to lead to this deformation. Others add external components such as humidity, anchorage systems (boundary restrain conditions), etc.

[image: ][bookmark: _Ref354525]Figure 1 – Bowing of marble panels in: (a) Helsinki (b) Zagreb (Grelk et al, 2004)

One of the most accepted hypotheses responsible to this degradation process is the anisotropic thermal expansion of grains in marble.
The calcite is classified in the trigonal-hexagonal class which means that it presents three crystallographic axis “a” forming 120° and one axis “c” perpendicular to them (Figure 2). The extremely anisotropic behavior is caused by the antagonistic thermal expansion coefficient in “a” and “c” directions. Both heating and cooling cycles should induce intergrains stresses that may lead to this degradation.
Royer-Garfani (1999) presented a microstructural model to describe the thermal stresses induced in marble due to that anisotropy. After that Ferrero et al (2014) improved it considering the influence of grain orientation in isostatic slab using linear elastic fracture mechanics.
[image: ][bookmark: _Ref964815]Figure 2 – Anisotropy of calcite grain

Even a complex formulation adopts some hypothesis in order to simplify the problem. Those models consider the influence of anisotropic thermal expansion of calcite grains, nonetheless, Gelk et al (2004) verified that just the effect of thermal anisotropy is not enough to explain the degradation of bowing but it must act together with wet exposure.
These authors accomplished bowing tests comparing dry and wet environment and found out that the expansion in marble slabs reach a plateau after some cycles in dry condition. So, just the thermal actions are not enough to cause that degradation. They also identified contact stresses between slabs due to expansion in some façades.
Considering the expansion caused by bowing phenomenon in marble is reasonable to assume that some contact stresses will occur between these slabs. In addition, looking at the deformation presented in Figure 1 is clear that nonlinear effects are not neglectable in bowing phenomenon. Therefore, the main goal of this paper is considering the effect of geometric nonlinearity with influence of the boundary restraint conditions in this phenomenon.
theoretical framework
Stress analyses considering small strains are suitable for many structural mechanical problems as long as strains are considered infinitesimal when compared to structure lengths. Therefore, nonlinear aspects of geometric deformation might be neglected without significant error. However, considering the bowing phenomenon and its subsequent deformation (Figure 1), some questions remain on the reliability of linear analyses to evaluate that amount of deformation once the rotations and displacements become larger.
This paper evaluates the effects of geometric nonlinearity in bowing modeling via finite element method (FEM) using Green-Lagrange strain and the second Piola-Kirchhoff stress tensors. These are conjugate measures of stress and strain, often used in co-rotational formulations, in which the energy remains invariant under rotation and displacements (rigid-body movements).
The finite displacement theory
The Finite Displacement theory (FDT) is a solution for problems in continuum mechanics when rotations and/or strains become so large that invalidate the superposition principle adopted in small strain theory. Among the all definitions about strain, it will be used herein that one proposed by Green-Lagrange due to its simplicity (Bonet and Wood, 2008 and Dill, 2006)
The deformation gradient (F) is a second-order tensor used to describe the correlation between the current position “x” of a body with the reference or the undeformed configuration “X”, i.e., the tensor F transforms a vector dX in an undeformed state into a deformed vector dx considering the rotation and stretch of this fiber. In plane strain analysis, as presented in this paper, it can be represented by:
	(1)
where (X,Y): undeformed configuration (x,y): current configuration.
Since each current position “x,y” can be expressed in terms of initial configuration “X,Y” and the displacement vector “u,v”, the tensor F can be rewrite as:
	(2)
The Green-Lagrange strain tensor is a measure of deformation that considers the linear terms of deformation and the quadratic variation of these vectors, as presented in eq 3:
	(3)
The energetic conjugate of Green strain is the second Piola-Kirchhoff stress tensor (SPK). This tensor does not have any physical interpretation, but it might be described in terms of Cauchy stresses (σ) just considering both description of internal energy per unit volume.
	(4)
Thermomechanical formulation
The analyses of thermal-induced stresses due to thermal gradient along the thickness and boundary restraint conditions were accomplished considering marble slabs as linear-elastic material with homogeneous mechanical properties.
Since the goal of this paper consists to approach the nonlinear effect applied in rock mechanics, some assumptions will be done about indirect related topics. The thermal gradient along marble width, for instance, will be linearly interpolated. This approximation will fit well for this analysis if the solution of the heat flux in 1-D in a marble slab (equation 1) is considered.
	(5)
where T = temperature; t = time; x = position; and  = thermal diffusion coefficient.
Obviously, the accurate temperature values could be calculated in any position just integrating the differential equation above via Fourier series. Nonetheless it is possible to conclude that the transient heat flux becomes stationary in about 13 minutes if were considered the diffusion coefficient of Carrara marble as 0.0118 cm²/s (Carslaw and Jaeger, 1959) and the slab width of 3cm. Assuming there is no significant variation in the solar irradiation on the slabs during this gap is reasonably acceptable to model the thermal profile just considering the boundary conditions.
For a linear-elastic material with homogeneous properties the thermal strains (T) should not induce any stresses in the body. So, the total strain (EGreen) must be decomposed by a mechanical strain responsible to produce stresses in the body and other component due to thermal effect as follow:
	(6)
Using the finite displacement concepts to express the principle of virtual work:
	(7)
where fB: body forces fS: superficial forces δEv: virtual deformation tensor δuv: virtual displacement vector
Substituting equation 6 in 7:
	(8)
	(9)
According to the variational theorem, the equation above is solved for the displacement field that reduce the total potential energy to the minimum. Considering the incremental solution via Newton-Raphson method, the internal work should be linearized and it must be updated in each iteration.
	(10)
The linearization of internal virtual work is done using the product rule, as presented in Eq 11. The first term is composed by the linear and nonlinear part of the stiffness matrix and the second one is the geometric stiffness matrix associated with force changes due to rigid body rotation (Bonet et blabla, XXX):
[bookmark: _Hlk535916131]	(11)
After each iteration the deviation between internal and external virtual work should reduce. Then, the solution could be approximated by successive iteration until it reaches a tolerable value:
	(12)
Discretization using the Finite Element Method

[image: ]In order to solve the differential equation of equilibrium it will be used a discretization based on the well know Finite Element Method (FEM). In this study was chosen a structured mesh formed by 6-noded triangular element, as shown in Figure 3.[bookmark: _Ref1047822]Figure 3 Discretization via FEM

This method approaches the variation in a continuum media by interpolating the variation in some specific points (nodes) of each element in this media using the isoparametric shape function, as descripted below.
	(13)
	(14)
Herein is adopted the notation presented in Crisfield (XXX) to smooth some mathematical concepts. The local coordinates are used to simplify numerical integration, thus derivative with respect to local coordinates must be obtained using the Jacobian matrix (J) as follow:
	(15)
The discretization of the displacement gradient is related with reference coordinates, so, it might be represented as function of the inverse Jacobian matrix (J-1):
	(16)
where  is the vectorized form of matrix D.
The strain tensor could be calculated as function of these derivative functions represented by the linear and nonlinear part as follow:
	(17)
As demonstrated in Crisfield (XXXX), an infinitesimal variation in strain tensor might be represented as:
	(18)
Since the virtual displacement is arbitrary, it might be considered constant for the directional derivative of an infinitesimal variation in virtual strain tensor in u direction:
	(19)
results and discussions
Considering the theoretical formulation presented it was developed a code to compute the stress-strain relationship using an open source software (OCTAVE) totally compatible with MATLAB. The thermal loading was considered acting on external side and the marble slab was modeled in order to avoid distortion of elements in the initial mesh.
[bookmark: _GoBack][image: ]In a slab without imposed restraint conditions this external action produces expansion of vertical fibers that enlarge from internal toward external side, as presented in Figure 4. Due to symmetry only the lower half of the slab was considered in the analysis.[bookmark: _Ref3204205]Figure 4 – Deformed marble slab due to thermal action

Since the deformation and the stress in marble slabs are directly correlated with the forces at the anchoring system some different conditions were considered, as presented in Figure 5. The undercut support restricts rotation and displacements. The kerf support restricts partially the displacements at the bottom and at the top, and dowel restricts displacements just locally.
[image: ]To evaluate the effect of thermal stresses were considered no free space between adjacent slabs and the anchoring systems. This statement is reasonable if were considered the expansion of weathered marble or even errors in design and installation procedures since they represent the major problems in natural stone cladding (Neto and Brito, 2012).
[bookmark: _Ref3887129]Figure 5 – Restraint conditions: (a) undercut  (b) kerf  (c)  dowel

In Figure 6 is presented the coordinates x,y of the external surface deformed by thermal actions using linear and nonlinear concepts. It is clear that the deformation along the slab are inversely proportional to the increase of boundary restrain conditions. So, the bowing effect should be more evident in those façades with anchoring system using dowel instead of those with undercut support.
It is possible to conclude that the results considering linear and the nonlinear theory are close to each other. It might be explained by the linear elastic model and the magnitude of thermal load applied. If were considered just one cycle, without taking into account the plasticity, the deformation experienced by marble slabs are small, then, the Green strain may be well represented by Engineering strain.
In Figure 7 is presented the deformed meshes with displacements magnified by factor scale of 600.
[image: ][bookmark: _Ref3887946]Figure 6 – Deformed external surfaces (linear and nonlinear)


[image: ][bookmark: _Ref3889134]Figure 7 – Deformed meshes: (a) undercut  (b) kerf  (c)  dowel

conclusionS
This paper presented the partial results of an ongoing analysis in Carrara marble developed in partnership between UNITO and ITA. The effect of thermal loading on marble slabs was evaluated by comparison between nonlinear formulation and a simpler one that considers engineering strains. The nonlinearity due to boundary restraint conditions is the step ahead proposed by the authors in this topic.
The model adopted homogeneous linear elastic properties, therefore, the thermal loading was not great enough to cause deep changes between those stress-strain analyses. Nevertheless, this initial step was necessary in order to support further analyses.
An improved model considering plasticity and the influence of calcite´s grain distribution is in progress. This one will be more representative of bowing phenomenon as it is. Since the use of Carrara marble has been avoided in new external covering projects due to bowing phenomenon, it is expected new researches on this topic to strengthen the comprehension about the large deformation experienced by marble slabs and how to predict them in order to get it back.
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