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An Experimental and Computational Comparison of the Dynamic 

Response Variability in a Turbine Blade with Under-Platform Dampers 
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ABSTRACT 

In this paper, the nonlinear response variability in turbine bladed disks coupled with under-

platform dampers (UPDs) is both numerically and experimentally investigated in detail. Non-

uniqueness uncertainty of contact forces, which leads to different static force equilibria under 

the same nominal conditions, is shown as the main source of multiple responses. In the 

experiments, a previously designed test rig consisting of one blade and two UPDs is used to 

reveal the inherent kinematics of the friction force uncertainty. A large variability range is 

achieved in different tests while keeping all user-controlled inputs identical. On the 

computational side, the boundaries of the variability range are predicted by utilizing a recently 

developed numerical method. The loss factor of the system is exploited as an objective 

function to be minimized through an optimization algorithm. To compare the results, several 

cases with different excitation levels and pre-loads are studied. It is shown in most of the 

cases that the method is well-suited for the computation of nonlinear response boundaries. 

Experimentally measured variability range of the dynamic responses and contact forces is 

computationally obtained with a satisfactory level of accuracy. A slight deviation is also 

reported in few cases, particularly for highly nonlinear ones where the numerical model is not 

fully capable of replicating the non-ideal conditions achieved during the tests. 

Keywords: Non-unique contact forces, Under-platform dampers, Turbine bladed disks, 

Nonlinear vibration, Uncertainty quantification, Variability range 
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1. INTRODUCTION 

A great challenge in turbomachinery applications is to be able to decrease high stresses 

causing fatigue failure during operation [1]. Mitigation of large vibration amplitudes by 

utilizing friction damping technologies can now be considered as one of the most suitable 

ways, after an intensive investigation lasting more than 40 years in this research area. A 

widely used approach is to use friction dampers, which provide both energy dissipation and 

sealing function. A large number of studies have been successfully performed with different 

damper geometries, where several examples can be found in the literature [2-7]. 

Along with their dissipative capabilities, the nonlinear nature of friction dampers brings 

various peculiarities to interpret. One of them is the system’s dynamic response variability 

obtained under nominally identical conditions. In the literature, various multiple responses 

have been reported during tests of the same system in different installations [8] or frequency 

sweeps [9]. It has been shown in [10] that several uncertainties associated to different 

phenomena may give rise to vibration response variability. A special type of these 

uncertainties arises due to the non-uniqueness of friction forces. This phenomenon has been 

studied in the contact mechanics community even more than three decades ago [11-13], while 

Yang and Menq introduced it to the turbomachinery community firstly in [14] on wedge 

dampers. In particular, according to the Coulomb’s law, the absolute value of the tangential 

force for a fully stuck contact point should be less than its limit value, which is computed by 

the multiplication of the friction coefficient and the normal force at the same point. This 

provides a range of different possible values for the static component of the tangential force, 

which, in turn, becomes non-unique. As a result, dynamic response variability may occur if 

partial slip is achieved in the contacts. 

Non-uniqueness of the tangential forces, which is referred to as uncertainty in this paper, has 

been reported in both experimental [15, 16] and computational [17, 18] studies of 

turbomachinery applications. It may provide a difference of 50 Hz in the resonance frequency 

between two consecutive tests [19]. Moreover, it has been shown in [20] that response 

amplitudes may vary up to ten times for the same excitation level with different initial guess 

values of static tangential forces. From the engineering point of view, the highest attention is 

generally focused on the response limits. In the literature, a few methods have been developed 

to estimate the boundaries in the context of non-unique friction forces. The authors of [14] 

utilized geometric relations in the kinematics of wedge dampers, while limit tangential forces 

were used in [21]. However, these two methods may not be capable of capturing the 



boundaries for complex systems, since they are suitable only for macro slip friction motion. 

To overcome this limitation, a more systematic approach that uses an optimization algorithm 

has been developed very recently in [22]. The system’s loss factor is used as the objective 

function to be minimized, and this enables the computation of the upper and the lower 

boundaries regardless of the system complexity. It should be noted that the number of studies 

for the computation of the variability range due to uncertainty phenomenon is quite limited in 

the literature; therefore, this research area is open and requires further investigation. 

This paper presents a comparison of an experimental and computational investigation on the 

dynamic response variability of turbine bladed disks with under-platform dampers (UPDs). 

On the experimental side, multiple vibration responses that have already been measured in 

[16] are used. To demonstrate the fact that the response variability is resulted by the non-

unique friction forces, the non-repeatability of the static contact forces is shown from 

different tests performed under the same nominal conditions. For the computational 

simulations, the same rig used in the tests is modeled with a commercial finite element 

software from which the system matrices can be extracted in a reduced order form and then 

used within a developed in-house code. The friction between the blade and UPDs is imposed 

by using contact elements in the reduced order model, and the numerical results are computed 

with a nonlinear solver built in the in-house code. The main goal here is to assess whether the 

range of multiple responses measured in the experiments [16] can be predicted by the 

boundaries numerically computed with the method developed in [22]. For this purpose, 

several case studies with different excitation levels and static pre-loads are presented. In 

addition to the nonlinear frequency response curves, contact forces with corresponding 

hysteresis cycles are also investigated. It is shown that most of the multiple responses as well 

as the variability range can be numerically estimated by using the approach developed in [22]. 

Although the method works quite well in most of the situations, a slight variation between 

experimental and computational results is also observed in few cases, particularly for highly 

nonlinear regimes.  

It should be underlined that the main goal of this study is neither to propose a new numerical 

approach nor to perform new tests purposely performed for the variability phenomenon. 

Instead, this study is the first attempt to compare the range of experimental results with a 

systematic computational approach in the context of response variability that resulted from 

the non-uniqueness of friction forces. Although the numerical method utilized in this study 

has been computationally proven in [22], it is here challenged for the first time with the 



experimental data set collected in [16]. The authors think that such a comparison brings a 

novel contribution to the literature, since the non-uniqueness of friction forces has been often 

ignored in the design of turbomachinery, and researchers can become more aware about its 

impacts on the system dynamics. 

The paper is organized as follows. The test rig is described in Section 2. The computational 

background is briefly recapped in Section 3. The results for different cases are presented and 

thoroughly discussed in Section 4. The paper is concluded in Section 5. 

2. TEST RIG FOR A TURBINE BLADE WITH UNDER-PLATFORM 

DAMPERS 

The validation of mathematical models for the uncertainty phenomenon requires a specially 

designed experimental setup to be able to measure variable dynamic response amplitudes 

under the same nominal conditions. For this purpose, the results of a dedicated test rig, first 

developed in [15], is utilized in this study. Test setup had been designed such that the 

following main criteria are ensured during the test. 

- The shape of the UPD should ensure a cross coupling between the tangential force of one 

contact side and the normal force of the opposite side. This is an essential property to obtain 

response variability for the same nominal conditions with successive tests. 

- In addition to frequency responses, the test rig should have the capability of measuring 

contact forces and relative displacements between contact surfaces. This feature enables the 

interpretation of the inherent contact dynamics in operation and provides the link between the 

recorded dynamic response and the specific set of contact forces that produced it. 

- The blade root should be clamped properly to minimize an additional damping contribution. 

The only friction effect should be supplied by the contact between the blade and UPDs. 

Conventional test structures in laboratory conditions generally consist of one UPD pressed 

between two blades, where some examples can be found in [2, 23, 24]. This architecture is 

quite popular due to its simplicity and it can be used to effectively investigate in-phase and 

out-of-phase blade motion, however it does not allow for contact forces to be measured. 

Instead, one blade with two UPDs supported by auxiliary equipment is more convenient to 

this purpose. It enables the damper to be in contact with the blade on one side, while the other 

side can be used to measure friction forces. This is the strategy utilized also in the present 



study and implemented in the test rig introduced in [15] where the reader may find all relevant 

details on its design and measuring procedures. A brief description of the relevant features of 

the test rig is given here for the sake of completeness. 

Fig. 1a shows the main assembly of the test rig. The blade is fixed from the root by applying a 

clamping force (FCLAMP) with a purposely designed mechanism in the main block. Two UPDs 

at each side are loaded with dead weights that simulate the static centrifugal force (CF) in real 

applications. It should be noted that UPDs are positioned between the blade and an L-shaped 

force separator. In this way, the contact force on the non-blade damper side is decoupled 

along two perpendicular directions through the force separator, which is kept in place by a 

fixed side block. This provides reaction forces (R) to be measured with load cells (LC) 

positioned in between the force separator and the fixed side block. The actual contact forces 

are then calculated by utilizing geometric relations [15]. Fig. 1b shows a closer top-view of 

the blade’s under-platform. Two contact pads numbered with 1 and 2 are directly bolted to the 

blade and to the force separator, respectively. These pads are designed for practical reasons. 

They can be replaced easily to investigate different damper geometries without modifying the 

main setup. In this study, the geometry of the utilized damper (D) is flat on the blade side, 

while it is cylindrical on the force separator side. This ensures flat-on-flat and cylinder-on-flat 

contact surfaces on different damper sides, which enables the investigation of different 

kinematics. The blade is also excited with an electromagnetic shaker (FEXC) from a slot close 

to the root. Fig. 1c also representatively shows the static force balance on the left damper. 

Here, as mentioned above, the contact forces at the cylindrical side (Tcyl and Ncyl) were 

previously calculated with the load cell values, by utilizing a geometric relation between the 

contact pad 2 and the force separator. The contact forces at the flat side (Tflat and Nflat) are 

then derived through the force equilibrium by assuming the inertia of the damper is negligible. 

Interested readers may refer to [15] for a more detailed explanations about the entire test rig. 



 

Fig. 1 (a) Test rig Setup, (b) A Closer view of the Blade’s Under-platform, (c) Force 

Equilibrium on the Damper 

The blade has been designed only for academic purposes and it imitates real turbine blades in 

the industry in terms of frequency range for the first modes. The first natural frequency 

corresponding to the lateral bending mode is designated to lie in the 400-450 Hz range. The 

blade is free from modal coupling and has a well-separated first lateral bending mode. An 

investigation on the clamping force has also been performed before starting the experimental 

campaign. No influence of root attachment has been observed for the clamping force values 

greater than 40 kN. Hence, FCLAMP is set to 50 kN for all experiments. A standard force 

controlled stepped-sine testing has been utilized in the experiments to measure nonlinear 

frequency response functions (FRFs). Several sine sweeps have been performed with different 

excitation and centrifugal forces. The response of the blade tip is monitored with an 

accelerometer. Despite the fact that nonlinear FRFs are sufficient to observe the dissipation 

due to friction, the uncertainty phenomenon can only be interpreted in detail with the contact 

forces and hysteresis cycles. In order to measure these quantities, LCs are used to record 

contact forces as explained above, while a differential laser measures the relative 

displacement between the damper and contact pads. Fig. 2 briefly summarizes the complete 

experimental setup and flowchart. 
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Fig. 2 The Flowchart of the Experimental Framework [15]  

3. COMPUTATIONAL BACKGROUND 

3.1 Finite Element Model and Governing Equations 

The entire test rig had been designed with the help of a computer-aided design software in 

[15]. In order to obtain system matrices for this study, the blade, the damper and the other 

auxiliary parts are finely meshed with 3D solid elements as shown in Fig. 3a. The blade and 

the contact pads (numbered 1 in Fig. 1b) are merged in the finite element model (FEM), since 

they are tightly bolted in the tests. Similarly, the L-shaped force separator on both sides is also 

merged with the other contact pad (numbered 2 in Fig. 1b) and load cells. These assumptions 

are confirmed by preliminary calibration experiments, where the differential laser head 

recorded zero displacements between contact pads and the respective host structures (either 

blade or force separator). UPDs are modeled with free-free boundary conditions owing to the 

fact that they are free to move. The rest of the test rig is considered rigid and excluded in the 

analyses. Consequently, the model consists of five different bodies. It should be noted that no 

contact element is imposed to the model in the finite element software. As the boundary 

conditions, the blade is clamped from the root, while the load cells are fixed from their far 

ends from the force separator. The Craig-Bampton approach [25] is applied in order to obtain 

a reduced order model. Physical master nodes, i.e. excitation, static pre-load, response 



monitoring, and contact nodes, and 150 modal coordinates are retained as the master degrees-

of-freedom (DOF) in the reduction process. 

 

Fig. 3 (a) Finite Element Model of the Structure, (b) Left Damper, (c) Right Damper 

Having obtained the system matrices, let us consider the very well-known governing equation 

of motion for friction-damped systems excited with a harmonic forcing as 

 
ec xc   Mq Cq Kq F F . (1) 

M , C  and K  represent mass, viscous damping and stiffness matrices of the entire test rig, 

respectively. q , 
cF  and 

excF  also denote the vector of generalized coordinates, contact forces 

and excitation forces, respectively, in time domain. The main attention of this study is focused 

on the steady state solution of the system, where the response, contact forces and excitation 

forces can be written in terms of their harmonic components as 
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respectively. Here, ˆ h
q , ˆ h

cF  and ˆ h

excF  represent the vector of complex amplitudes for the thh  

harmonic. H  is the number of harmonics considered in the expansion, while i  and   are the 

unit imaginary number and frequency, respectively. Substitution of Eq. (2) into Eq. (1) gives 

the nonlinear algebraic set of equations in frequency domain  
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Contact Points 
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c exch ih h H      M C K q F F . (3) 

3.2 Friction Model and Contact Forces 

Contact regions are shown in Fig. 3b and Fig. 3c for the dampers located at the left and right, 

respectively. Each damper has two different contact sides with its neighboring pads. The flat 

surface of the dampers has an area contact, while a line contact occurs at the cylindrical side. 

With this type of damper geometry, it has been shown in [16] that the system kinematics 

mostly provides a micro slip and a full stick motion at the cylindrical and flat side, 

respectively. Correspondingly, in this study, different contact models are used at each contact 

interface to be able to better represent the contact conditions. 

On the flat sides, the Jenkins element [26], which is shown in Fig. 4a, is used to model the 

frictional behavior. The number of contact pairs to be used in the final nonlinear analyses is 

determined with a pre-tuning process, where the effects of different quantities of Jenkins 

elements used at the flat sides are examined initially in the preliminary nonlinear response 

analyses. It is concluded that increasing the number of elements does not increase the 

accuracy of the solutions, since the flat side is already fully stuck. As a result, five particular 

points are selected per each contact area (see Fig. 3b and Fig. 3c), evenly distributed on the 

entire surface, with four of them lying at the corners and the last one exactly in the middle. 

On the other hand, a micro slip element, which is depicted in Fig. 4b, is utilized for the line 

contact on the cylindrical side. The micro slip element is basically an array of concatenated 

macro slip elements. It has been firstly developed for non-conforming contact surfaces in [27] 

and validated experimentally on UPDs in [28]. Its main principle is to capture the micro slip 

behavior by splitting the hysteresis cycle into several portions with linear stiffness elements. 

This idea has also been used in [29, 30] and facilitates the imitation of the micro slip behavior 

with a simple strategy. In our case, the number of concatenated elements in a single micro slip 

element is five, and three distinct contact points are chosen on the line contact as shown in 

Fig. 3b and Fig. 3c. In this way, a total number of 15 macro slip elements are distributed over 

a relatively small contact line. This enables the computation of micro slip phenomenon with a 

satisfactory level of accuracy. It is also worth noting that 80 macro slip elements are used in 

total within the entire model of the structure, where 20 of them are located on the flat sides 

and the rest on the cylindrical portions. 



 

Fig. 4 (a) Macro slip Jenkins Element, (b) Micro slip Array Element 

Contact forces for each point of the flat side in the normal, Nflat(t), and tangential, Tflat(t), 

directions can be computed for a Jenkins element as follows 

      

( ) ( ) stick state

( ) max , ( )sign ( ) slipstate

0 lift-of

( )

f a

,0

st te

t flat

flat flat flat flat flatn

k u t w t

N t T t N t w tk v t 

   


  



. (4) 

vflat(t) and uflat(t) represent the relative displacements in the normal and tangential directions 

for the flat surface, while w(t) is the slip motion at the contact points. kn, and kt are the contact 

stiffness values in the normal and tangential directions, respectively. μflat is the friction 

coefficient for the flat surface. The numerical values of the contact parameters utilized in this 

study are determined with a two-step procedure. First, a possible range of values is defined by 

considering the values extracted in the previous studies where the damper geometry of this 

work has been manufactured many times using the same material and studied separately [16, 

27, 28, 31, 32]. Since there are several factors that may affect the actual values of the contact 

parameters, an uncertainty band is a typical feature of experimentally determined properties. 

The range for kt has been determined as 20-70 N/μm [16, 31, 32], while it has been set at 12-

186 N/μm for kn [31]. The numerical value of μflat has also been defined with a range of 0.4-

0.6 [28, 31, 32]. The final values of the contact elements are then finely tuned in the 

computational analyses by remaining within the pre-defined experimental range. 

On the other hand, since the micro slip element is an array of the macro slip elements, the 

contact force for each point on the cylindrical side is the summation of the contribution of 

each sub-element [28]: 
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It should be noted that there is an additional pre-defined gap, δi, in the normal force 

expression of each sub-element. The other notations are kept the same for clarity. The global 

properties of the micro slip contact element for the cylinder-on-flat surfaces, 
,t i

i

k , 
,n i

i

k  

and μcyl, have also been previously extracted in [16, 27, 28, 31, 32]. 
,t i

i

k  has been defined in 

a range of 16-44 N/μm [16, 28, 31, 32], while the value of 
,n i

i

k  has been larger as 260 [28] 

N/μm. μcyl has also been defined in the range of 0.4-0.65 [16, 27, 28, 32]. The subdivision of 

the global stiffness values into each sub-element contributions ,t ik , ,n ik  and the gap vector 

values δi have been determined according to the procedure described in [27, 28]. All relevant 

details on the micro slip element can be found in [28]. 

It is worth mentioning that the slip motion, w(t), is an uncertain parameter in contact elements 

during the stick state. To overcome this difficulty, a predictor-corrector method [33] is used in 

the computation of contact forces. In this approach, the slider is initially assumed in the stick 

state with a predicted slip value. Under this condition, if the estimated friction force is less 

than the limit value, μN(t), the assumption holds. Otherwise, the friction force and the slip 

motion are correspondingly corrected. In addition, the complex amplitudes of the contact 

forces are obtained by utilizing the Alternating Frequency/Time approach [34], which 

requires successive transformations from frequency domain to time domain and vice versa. 

The exact details of the methods are not given here for brevity and more interested readers 

may refer to original studies. 

3.3 Non-Unique Contact Forces and Dynamic Response Variability with 

Boundaries 

Non-uniqueness of the friction forces is a phenomenon that has been studied previously both 

in the contact mechanics [11-13] and in the turbomachinery [14-22] communities. In this 

study, no contribution is made to its theoretical background, and its detailed investigation is 



out of scope here. Nevertheless, a very brief recap on the uncertainty phenomenon and its 

outcomes is presented in this section for the sake of completeness. Interested readers may 

refer to [14, 18, 21, 22] for a more detailed explanation about its fundamental physics and the 

applications with different case studies. 

As a rule of thumb, the Coulomb’s law states that the friction force in the tangential direction 

must be lower than a limit value for a fully stuck contact point, i.e. |T(t)| < μN(t). This fact 

creates an uncertainty in the static component of the tangential force, T
0
, where a variability 

range can be defined as shown in Fig. 5. In this range, an infinite number of T(t), whose 

dynamic components are totally identical, is possible with different T
0 

values. This means that 

the tangential force of fully stuck points is non-unique. It should be noted that the uncertainty 

exists only for fully stuck elements, since the friction force of slipping contacts are 

characterized by a unique value. i.e. |T(t)| = μN(t). 

 

Fig. 5 Contact Forces with the Variability Range for a Fully Stuck Point: (a) Time Histories, 

(b) Hysteresis Cycles [21] 

Non-unique tangential forces may cause the system to have a variable dynamic kinematics 

under the same nominal conditions. To mathematically illustrate this situation, consider a 

frictional structure under an external excitation together with a pre-load. In this condition, the 

system matrices ( M , C  and K ) and the forcing parameters ( ˆ h

excF , h  and  ) are already 

prescribed in Eq. (3) from which the dynamic behavior can be determined; however, the non-

uniqueness of the static friction force imposes that there exist multiple version of 
0ˆ
cF  that is 

capable of satisfying the equilibrium in Eq. (3). This physically corresponds to different static 

force balance equilibria achieved in the system under the same nominal conditions. As a 



result, the response of the system, ˆ h
q , becomes non-unique due to the coupling present in Eq. 

(3). It is worth mentioning that the response variability can only be obtained under a partial 

slip condition. Moreover, there should be an interaction between the tangential and the normal 

forces of different contact regions, typically referred to as cross coupling [21], as non-unique 

tangential forces of a fully stuck point will change the normal forces of other slipping pairs. 

This, in turn, provides a variable dynamic characteristic in the system even if all the inputs are 

nominally identical. More information about the mathematical and physical explanation of the 

uncertainty phenomenon can be found in [21, 22]. All the details are not given here for 

brevity. 

The variability of the response makes its boundaries essential to be computed, from an 

engineering point of view. In this study, the systematic method developed very recently in 

[22] is utilized to determine the response limits. It is based on an optimization algorithm that 

minimizes the system’s loss factor, η, with a nonlinear constraint obtained with the Harmonic 

Balance Method (HBM) as 

 T T T

minimize

ˆwith respect to [ , ]

subject to





q m

R 0

 . (7) 

The loss factor is the ultimate parameter that determines the damping capability of the system 

[35, 36] and it can be calculated as 

 
2π

dis

pot

W

U



  . (8) 

disW  and potU  are the system’s total dissipated energy and the maximum potential energy 

corresponding to the response amplitude levels, respectively. The optimization algorithm 

makes use of an additional unknown parameter, m . This is a vector of multiplier coefficients 

and its elements represent the ratio between the initial estimate of the tangential force and the 

Coulomb’s limit force for each contact element in the predictor-corrector scheme 

  ( ) ( ) 1, 2, ,i ini i i ini cT t m N t i N   , (9) 

where cN  is the number of contact elements in the system. R  denotes the residual of the 

nonlinear set of algebraic equations (see Eq.(3)) and it can be obtained as 



  ˆ ˆˆ ˆ ( 0,1, , )h h h h h

c exc c h H    R q α F F K q , (10) 

where  
1

2( )h

stuckh ih 


   α M C K  and 
c stuck K K K , being 

stuckK  is the stiffness 

matrix of the fully stuck linear system. 

It should be noted that Eq. (7) determines the upper boundary, since the damping in the 

system is minimized. The lower boundary can be computed with a similar procedure but by 

using the negative of the loss factor as follows 

 T T T

minimize

ˆwith respect to [ , ]

subject to





q m

R 0

 . (11) 

The linear and nonlinear DOFs are also partitioned in the solution scheme [36] in order to 

decrease the computational time. In this study, the interior-point method [37, 38] with 

fmincon function built in MATLAB is utilized as the optimization algorithm. All the 

numerical gradients are numerically calculated by using the forward finite difference method. 

The detailed information on the whole solution process can also be found in [22]. 

4. RESULTS 

4.1 Linear Dynamic Characteristics of the Blade 

The experimental linear behavior of the blade without engaged dampers can be used to extract 

the modal properties, i.e. natural frequency and damping ratio. These measured values are 

utilized to tune the linear model, before performing the experimental-numerical comparison 

on the nonlinear analyses. 

The natural frequency of the blade may be severely affected by boundary conditions. Even 

though the blade root can be perfectly constrained in the FEM, the same condition may not be 

valid in laboratory conditions even if very large clamping forces are applied. Hence, a 

sensitivity analysis in the FEM is firstly performed on the root boundary conditions in order 

to ensure a good match between the first natural frequency of the blade obtained numerically 

and its experimental counterpart. The natural frequency of the blade for the well-separated 

first bending mode is measured at 410 Hz in the experiments, and it is afterwards tuned to the 



same value in the numerical analyses with the sensitivity study. Fig. 6a depicts the interested 

mode shape at 410 Hz. 

 

Fig. 6 (a) The First Lateral Bending Mode Shape of the Blade at 410 Hz (b) Linear Response 

of the Blade Tip without Under-platform Dampers 

Fig. 6b shows the experimental and computational linear responses of the blade without UPDs 

around the first resonance region. The accelerance amplitude of the blade tip is given. The 

responses almost overlap, thus providing an evidence of the fact that the linear behavior of the 

blade in the numerical model represents the real working conditions with a negligible amount 

of deviation. It should be noted that this verification is a key step that needs to be performed 

prior to nonlinear analyses; because, it prevents a potential artificial stiffness contribution 

from the root, which may introduce errors in the subsequent contact stiffness tuning at the 

platform-damper contact. It is also worth mentioning that although the damping ratio of the 

stand-alone blade model is estimated from the experimental result, the one corresponding to 

the entire system and used in the nonlinear analyses is finely tuned after engaging the UPDs 

in the next section.  

4.2 Nonlinear Behavior of the Blade Coupled with UPDs 

Dynamic response variability of the blade with UPDs is both computationally and 

experimentally investigated with various excitation levels (1-100 N) and three different pre-

loads (2.6 kg, 4.6 kg and 6.6 kg). Before the nonlinear response computations, the linear 

damping ratio and contact parameters are calibrated in the numerical model. 

(b) (a) 



A proportional damping ratio for the entire linear system with UPDs is used. Its value is 

determined by the experimental results obtained with the lowest excitation force level, which 

gives the closest configuration to the fully stuck linear system. The damping ratio value is set 

to 0.8% and kept constant for the all analyses.  

A preliminary analysis is performed for the characterization of contact elements in the model. 

First, the Jenkins element is used on both sides of the damper (cylinder-on-flat and flat-on-flat 

contacts alike). However, the accuracy of the experimental-numerical match was deemed not 

satisfactory, especially for low excitation levels. One hypothesis to explain this discrepancy is 

the absence of a contact model capable of capturing the micro slip behavior at the cylinder-

on-flat contact. In fact, a series of simple Jenkins elements evenly distributed along the line 

contact observed at the cylinder-on-flat side cannot capture partial slip phenomena, especially 

for a bending mode. Then, the micro slip array element [27, 28] is utilized at the cylindrical 

side, while the Jenkins elements are still kept at the fully stuck flat side. This new 

configuration significantly improves the experimental-numerical match. 

The contact parameters are tuned to three sets of values, one for each pre-load case. This 

approach is relevant, since the contact pressure on the frictional surfaces in the experiments is 

different for each pre-load. A two-step procedure is followed to tune the contact parameters. 

First, the pre-defined experimental range, which is given in Section 3.2, is taken as a starting 

reference point. Then, these values are finely tuned to optimize the experimental-numerical 

match, keeping into account the variability due to the different static conditions. The final 

values are given in Table 1 and kept constant during the analyses. A further proof of the 

model consistency is that contact stiffness values tend to increase with increasing pre-load 

values, i.e. contact pressure, as observed in [31] and demonstrated in [40, 41].  

Table 1 Contact Parameter Sets for Different Cases of Pre-load 

Applied 

Pre-load 

Damper 

Side 

Tangential 

 Stiffness [N/μm] 

Normal 

Stiffness [N/μm] 

Coefficient of 

Friction 

1
st
 set for 

2.6 kg 

Flat 20 50 0.6 

Cylindrical 45 260 0.4 

2
nd

 set for 

4.6 kg 

Flat 25 65 0.6 

Cylindrical 45 260 0.4 

3
rd

 set for 

6.6 kg 

Flat 35 75 0.6 

Cylindrical 35 260 0.4 

It should be highlighted once again that the main goal of this study is not to perform 

additional tests to experimentally extract the contact parameters used in the computational 



analyses. The calibration and validation of these properties has already been deeply 

investigated and presented in the previous studies for the damper geometry utilized in this 

work [16, 27, 28, 31, 32]. Here, the final values are tuned after a considerable amount of 

effort, so that they remain within the ranges demonstrated previously and they represent the 

most optimized ones that give a satisfactory level of accuracy for the comparison of 

experimental-numerical match. In the next parts, the results are presented and discussed in 

three different sub-sections. In the first one, the largest amount of data is collected and a 

thorough comparison is performed with 4.6 kg pre-load case. The numerical method is then 

challenged with further experimental data obtained at 6.6 kg and 2.6 kg of pre-load cases in 

the second and the third sections, respectively. 

4.2.1 Multiple Nonlinear Responses with the Variability Range and Non-Unique Contact 

Forces for 4.6 kg Pre-Load Cases 

There may be various parameters that affect the repeatability of the response in frictional 

structures, as mentioned previously in the introduction. It is always challenging to eliminate 

all factors that are out of user control. One of the relevant approaches to identify the 

underlying reason of the non-repeatability is to keep macro scale testing conditions as similar 

as possible and to repeat the experiments under the same nominal conditions. Then, the only 

variable parameter in the different repetitions gives an insight on the cause of the variability. 

This idea is applied also in the current work. Before presenting the response variability, it is 

first intended to demonstrate the main factor of non-repeatable data obtained in our 

experiments. For this purpose, a purposely defined strategy is followed [16]. In particular, a 

first set of the experiments is performed with an increasing order of excitations from 1 N to 

100 N; and then in the second set, the same logic is applied but with the opposite direction 

decreasing back to 1 N from 100 N. In all the tests, the pre-load is kept constant at 4.6 kg. All 

sweeps performed with 20 N excitation are then collected and studied. 

Fig. 7 and Fig. 8 show the contact forces measured on the right and left dampers, respectively, 

in four different runs with 20 N excitation and 4.6 kg pre-load. Tangential and normal forces 

are shown in one full vibration cycle at the corresponding resonance frequencies for both flat 

and cylindrical sides. It is seen that the contact forces of the first (before 100 N excitation) 

and second (after 100 N excitation) sets closely gather within themselves, but with an offset 

from each other. Dynamic parts of contact forces oscillate around non-unique static 

components in different runs. This is an indication of different static balances achieved in 

each set, although the applied pre-load is nominally same. It can be said that the micro 



conditions in the frictional interfaces is blindly modified from a macro scale environment with 

the followed strategy, by keeping all user-controlled inputs identical. As mentioned in Section 

3.3, the uncertainty phenomenon provides the system to have a non-unique static force 

balance pattern, even if all the inputs are nominally same. As a result, it can be inferred that 

the response variability observed in our experiments is due to the non-uniqueness of friction 

forces, since the contact forces balance the equilibria with different static components in each 

run. 

 

Fig. 7 Experimental Contact Forces on the Right Damper for 20 N Excitation Case in one Full 

Vibration Cycle at the Corresponding Resonance Frequencies 

 

Fig. 8 Experimental Contact Forces on the Left Damper for 20 N Excitation Case in one Full 

Vibration Cycle at the Corresponding Resonance Frequencies 

Fig. 9 depicts the complete picture of the nonlinear response data for the pre-load with 4.6 kg. 

Normalized response amplitudes are grouped and presented in six different sub-plots with 

respect to the excitation. For instance, Fig. 9a shows eight different responses corresponding 



to 1 N excitation, where three of them (solid black curves) are measured in the experiments, 

and the rest is obtained in the computational simulations. The experiments for each excitation 

set are performed under the same nominal conditions by keeping all the user-controlled inputs 

identical. The response variability obtained in the experiments cannot be explained with 

abrasion or wear, since the test durations are considerably short. Instead, as mentioned above, 

different static force equilibria corresponding to each run induce a change in the equivalent 

stiffness and damping of the frictional contacts, leading to multiple responses for the same 

nominal conditions. On the computational side, analyses are performed in two different ways. 

The first one uses a nonlinear solver with the HBM, developed in MATLAB, and calculates 

the steady state vibration amplitude of the system. This gives one of the multiple responses 

(dotted red curves) in each analysis shown in Fig. 9a-f. The variation of the steady state 

response here is provided with different initial guess values of the static tangential forces 

during the computation of contact forces within the AFT algorithm. The second way utilizes 

the optimization algorithm proposed in [22] and estimates the boundaries (dash-dotted green 

curves), which is the main goal of the current study. The loss factor of the system is used as 

the objective function in the optimization. The upper and lower limits are predicted with the 

minimum and maximum values of the loss factor in two different analyses, respectively. 

The results show that the experimental limits of the variability range as well as the nonlinear 

dynamics of the blade with UPDs are satisfactorily captured by the numerically estimated 

boundaries and multiple responses, respectively. This verifies the adequacy of the 

optimization method proposed in [22] to predict the response boundaries. A minor deviation 

between experimental and computational results is visible in some cases, i.e. the 100 N 

excitation shown in Fig. 9f. The 100 N excitation case is the one where the nonlinearity is 

very high due to the large slip. This probably raises some additional issues, which take place 

in the experiments, but cannot be captured in the numerical model. One possible explanation 

is that the effect of the shaker stinger on the system becomes dominant in the experiments 

with the largest excitation, while the stinger-system interaction is not included in the model. It 

should be noted that the normalized experimental response has a trend for the cases from 1 N 

to 80 N, where it softens and decreases with increasing excitation. However, experimental 

results with 100 N do not comply with this observation. It can be observed that an additional 

stiffness contribution is present, potentially introduced by the shaker stinger, while the 

normalized computational response continues to soften since no additional stiffening effect is 

modeled. 



 

Fig. 9 Nonlinear Response Amplitude of the Blade Tip for Different Excitation Levels with 

4.6 kg Pre-Load 

It should also be noted that some of the experimental results, especially those in Fig. 9b-d, 

display an oscillating or jiggling trend, i.e. sudden amplitude changes occur at consecutive 

frequency steps. This is caused by a limit in the shaker force controller, which sometimes 



struggles to keep the force amplitude at the predefined constant value for some specific 

frequencies. Nevertheless, the response behavior is apparent and this problem does not affect 

the results readability. Another observation is that the variability range is larger for lower 

excitation cases, while it shrinks with increasing levels of forcing. This can be considered as 

the second proof of the fact that the response variability in the experiments is mainly due to 

the non-uniqueness of friction forces. This observation is perfectly consistent with the 

theoretical hypothesis which defines the non-uniqueness of the solution as a phenomenon that 

arises from fully stuck points. Once the amount of slip increases in the system, the dynamic 

behavior converges towards a unique response and the variability range disappears with the 

gross slip. If there was one another factor that is dominant on the non-repeatability of the 

response in the experiments, it would have affected the data sharply for higher excitation 

cases, as well. This can also be illustrated more intuitively by directly comparing the 

resonance amplitudes with respect to the increasing excitation levels, as shown with the 

corresponding variability range in Fig. 10. 

 

Fig. 10 The Variability Range of Resonance Response Amplitudes for Different Excitation 

Levels with 4.6 kg Pre-Load 

The inherent kinematics of the response variability can be understood better with the contact 

forces, which is one another valuable output of the current test rig. It is worth first mentioning 

that the experiments of the current work have been previously performed in [16] to investigate 

mainly the dissipation capability of the under-platform dampers; hence, the contact force 

signals are recorded only for the frequency steps across the resonance to be able to limit the 

size of the time data collected. During the sweep, the recording of the signals is activated just 



a few frequency steps before the resonance, whose values are approximately estimated from 

previous experiments; and then it is stopped after the resonance is surpassed. Since the main 

attention of the tests has not been focused directly on the uncertainty phenomenon, there is a 

lack of multiple contact force data for a fixed frequency at a prescribed excitation level and 

pre-load; hence, one sample of contact forces will be given in the following experimental 

results. Nevertheless, this condition can still be considered sufficient to make a comparison 

between experimentally and computationally obtained contact forces, since the main goal here 

is to numerically capture the boundaries of the variability range in which there is at least one 

experimental data. It should also be mentioned that recorded time signals are found consistent 

and repeatable across a single resonance, but the details about the post-processing are not 

shown here for brevity. 

Contact forces are measured for the majority of investigated cases, but two of them, 80 N and 

20 N excitation cases, are presented in detail here. These cases are intentionally selected to 

investigate different kinematics. They serve as demonstrators, as the variability is lower in the 

former, while it is much larger in the latter. Another motivation for selecting these cases is 

also that the experimental and computational results of the response match quite accurately 

and this enables a close comparison of contact force results. 

4.2.1.1 Contact Forces for 80N Excitation Case 

The uncertainty phenomenon is directly related to the contact conditions, since the non-

uniqueness of tangential forces occurs only in fully stuck points. Hence, first, the contact 

status on the frictional interfaces is investigated, particularly around the resonance frequency 

(ω = 529 Hz). 

Fig. 11 shows the proportion of contact forces on each side of the right damper for one full 

vibration cycle. In addition to the experimental result, computational ones are also given. It 

can be deduced from Fig. 11a that the force ratio (T/N) at the flat side exhibits a behavior that 

is close to a sinusoidal motion. This indicates that gross slip is never achieved, which is a case 

also verified computationally by monitoring the status of the contact points. A great majority 

of the contact elements on the flat side are fully stuck; while a few ones have a stick-slip 

contact condition, but largely dominated by the stuck state. On the other hand, Fig. 11b shows 

that a gross slip occurs on the cylindrical side, since the force ratio becomes equal to the 

coefficient of friction, i.e. T/N = μ, in some portions of the cycle, as indicated by the labels in 

Fig. 11b. This behavior is clearly visible in the computational analyses with a perfect straight 



line, while it has a more rounded shape in the experimental counterpart. Nevertheless, the 

transition between the stick and slip states is visible for both cases and is further highlighted 

in Fig. 11b through the use of red and black dots for the computational and experimental 

results, respectively. 

 

Fig. 11 Contact Force Ratio of 80 N Excitation Case in one Full Vibration Cycle at ω = 529 

Hz for the Right Damper: (a) Flat Side, (b) Cylindrical Side 

Fig. 12a and Fig. 12b show the tangential forces on the right damper for both flat and 

cylindrical sides, respectively. This set of forces corresponds to the one used to produce the 

results in Fig. 11. Since the contact surfaces on the flat side are in the stick condition, the 

tangential force on this side is non-unique as shown in Fig. 12a. It is also clear in Fig. 12a that 

the limit forces obtained computationally with the optimization algorithm successfully bound 

the variability range in which the experimental result is also present. This is one of the key 

results of the current study and proves the effectiveness of the optimization method once 

more. Focusing the tangential forces on the cylindrical side in Fig. 12b, it is known that the 

slip condition significantly lowers the uncertainty caused by the non-uniqueness of tangential 

forces on this side. However, variability is still visible. This is explained by the fact that the 

forces at the cylindrical and flat contacts are coupled, i.e. the uncertainty at the flat side 

influences the variability at the cylindrical side. Hence, the tangential force on the cylindrical 

side also varies due to different force balances, as shown in Fig. 12b. The curves follow a 

common pattern and share a similar behavior. 

The damper induced cross-coupling (see Fig. 1c) has an important impact on the behavior of 

normal forces; it can be observed how the normal force on one side is mostly affected by the 

tangential force on the opposite side. Fig. 12c depicts the normal forces on the cylindrical 

side, where a variability range is seen, as expected, due to the uncertainty of tangential forces 



on the flat side. This variability is also bounded by the limit forces obtained with the 

optimization algorithm. Fig. 12d shows the normal forces on the flat side, which follow a 

similar pattern to that of the tangential forces on the cylindrical side shown in Fig. 12b. It can 

also be noticed in the all results that experimental results are successfully captured by one of 

the computationally obtained curves, both in amplitude and in overall trend. 

 

Fig. 12 Contact Forces on the Right Damper for 80 N Excitation Case at ω = 529 Hz 

In Fig. 13, the contact forces produced at the left damper contacts are shown. The trends are 

the same as those shown for the right damper. The variability range of non-unique tangential 

forces for the fully stuck flat side is successfully predicted with the method proposed in [22]. 

The experimental results are computationally obtained with a high accuracy. All of these 

observations not only show the superior performance of the method, but also support the fact 

that the dynamic response variability is created by the uncertainty related to the non-

uniqueness of tangential forces. 

 

Fig. 13 Contact Forces on the Left Damper for 80 N Excitation Case at ω = 529 Hz 



4.2.1.2 Contact Forces for 20 N Excitation Case 

This case study has a larger variability range than the 80 N excitation (see Fig. 9). In order to 

investigate the limiting cases, the contact forces are studied at the resonance of the two 

boundaries of the variability range, i.e. at ω = 549 Hz and at ω = 536 Hz.  

First, the contact status is investigated once again, in order to better interpret the force results. 

In this case, the relative displacement between the damper and the blade is measured on one 

side in each recording, by using a differential laser. Fig. 14 illustrates the hysteresis cycles 

with the corresponding tangential force and relative displacements for the contacts on the left 

damper. Fig. 14a shows that the flat side is under a fully stuck condition, while the energy is 

dissipated with a micro slip on the cylindrical side as shown in Fig. 14b. It should be noted 

that the amplitude of the relative displacement is so small, so the laser struggles to measure it 

smoothly. Hence, a zigzag behavior and unrealistic vertical lines are seen in the experiments. 

Nevertheless, the results give a clear indication on the contact status and the computational 

and experimental results share the same order of magnitude both in terms of force and 

displacement range. 

 

Fig. 14 Hysteresis Cycles of 20 N Excitation Case for the Left Damper: (a) Flat Side, ω = 549 

Hz, (b) Cylindrical Side, ω = 544 Hz 

Since the flat side is fully stuck, the variability range of the non-unique tangential forces is 

clearly visible in Fig. 14a. The range is again bounded by the forces obtained with the 

optimization method. On the cylindrical side (see Fig. 14b), it is very interesting to note that 

the static component of the forces is bounded by the optimization method, but the same 

phenomenon is not valid for the dynamic component and the amount of dissipated energy 

(internal area of the cycles). This is relevant; because, the optimization algorithm does not 



utilize the dissipated energy itself, but the loss factor, which is the proportion of the dissipated 

energy over the stored energy, as the objective function to minimize. This also explains the 

evidence shown in Fig. 9c where some of the computationally obtained multiple responses 

(dotted red curves), which stay within the upper and lower limits (dash-dotted green curves), 

can exceed the boundaries at some specific frequencies.  

Fig. 15 shows the contact forces measured at ω = 549 Hz on the left damper. In this case, the 

non-uniqueness uncertainty and the damper induced cross coupling create a larger variability 

range than the previous results in Section 4.2.1.1, in the tangential force of the flat side (see 

Fig. 15a) and in the normal force of the cylindrical side (see Fig. 15c), respectively. This is 

expected; as gross slip is achieved in the previous case, while a micro slip is dominant here. 

Hence, the behavior of the nonlinear response in the former was closer to a unique one than 

the latter. Regardless of the situation, the optimization method still works very-well and 

bounds the range including the experimental results, in Fig. 15a and Fig. 15c. The 

experimental and computational results match quite accurately in Fig. 15b and Fig. 15d, as 

well.  

 

Fig. 15 Contact Forces on the Left Damper for 20 N Excitation Case at ω = 549 Hz 

Fig. 16 depicts the contact forces for the same conditions, but on the right damper. As 

expected, all the results show a coherent and a repetitive behavior. It should also be noted 

that, some of the computational tangential forces shown in Fig. 16b have larger dynamic 

amplitudes than those predicted by the optimization algorithm. This is another example of the 

previous observation that the limits predicted by the optimization algorithm may be out-

bounded by some of the nonlinear responses for limited portions of the vibration period at 

specific frequencies. 



 

Fig. 16 Contact Forces on the Right Damper for 20 N Excitation Case at ω = 549 Hz 

The contact forces are also investigated at the resonance of the lower limit (ω = 536 Hz), to 

check whether the method will be able to capture the range of variability. Fig. 17 and Fig. 18 

illustrate the contact forces on the left and the right dampers, respectively. The results show 

the outstanding capability of the optimization algorithm once more in determining the 

boundaries, together with well-matched experimental and computational responses. 

 

Fig. 17 Contact Forces on the Left Damper for 20 N Excitation Case at ω = 536 Hz 



 

Fig. 18 Contact Forces on the Right Damper for 20 N Excitation Case at ω = 536 Hz 

4.2.2 Multiple Nonlinear Responses with the Variability Range for 6.6 kg Pre-Load 

Cases 

This case study includes the heaviest pre-load applied to the damper; hence the pressure on 

the contact surfaces is the largest among investigated ones. This provides the contact pairs in 

the model to better represent the actual scenario, since a node-to-node perfect match is 

theoretically assumed in the simulations. 

Fig. 19 depicts all nonlinear responses measured and computed in the tests and simulations for 

different excitation amplitudes. A variability range is again clearly visible and it decreases 

with the increasing excitation level. The results show a great experimental-numerical match, 

as well as effective boundaries, also including the 100 N case. In addition to the general 

behavior of the frequency response, the resonance amplitudes are also given in Fig. 20 for a 

direct comparison; since most of the attention in the under-platform damper design is given to 

the maximum vibration levels as it is directly related to the maximum stress on the blade or 

the computation of the largest stresses. It is also interesting to note in Fig. 19 and Fig. 20 that 

the variability ranges for different excitation levels overlap, a phenomenon also observed for 

4.6 kg case. This underlines the importance of the computation of multiple responses and 

boundaries. Otherwise, if the overall behavior is not captured and the attention is focused only 

to particular curves, one may incur in the misinterpretation of the system kinematics. It may 

even lead to observe a hardening behavior of the response with an increasing excitation level. 

For instance, the upper boundary of the 80 N case is higher than the lower boundary of the 50 

N case, and these two responses can be obtained in two different particular analyses or 



experiments. The correct inherent kinematics is only determined once the full range of 

variability has been tracked. 

 

Fig. 19 Nonlinear Response Amplitude of the Blade Tip for Different Excitation Levels with 

6.6 kg Pre-Load 



 

Fig. 20 The Variability Range of Resonance Response Amplitudes for Different Excitation 

Levels with 6.6 kg Pre-Load 

Fig. 21 shows the evolution of loss factor which is used as the objective function to be 

minimized in the optimization algorithm. The solid line represents the values obtained during 

the computation of lower boundary, while dash-dotted line is for the upper boundary. As 

shown in Fig. 21, the value of the loss factor is bigger with larger excitation levels, since the 

number of slipping nodes increases as the forcing becomes large. This condition makes the 

dampers more dissipative, which results in higher proportions of dissipated energy over the 

stored energy, i.e. loss factor. It should also be noted that the lower boundary for a particular 

excitation level is characterized by bigger loss factors than those computed for the upper 

boundary. This is also relevant, because the contacts spend more time in the stick state during 

the analysis of upper boundary, while more slip occurs in the lower boundary case. 



 

Fig. 21 Loss Factors corresponding to the Boundaries for Different Excitation Levels with 6.6 

kg Pre-Load (Solid Line: Lower Boundary, Dash-dotted Line: Upper Boundary) 

 

4.2.3 Multiple Nonlinear Responses with the Variability Range for 2.6 kg Pre-Load 

Cases 

In this case, the pre-load is decreased to a smaller value (2.6 kg) to further challenge the 

numerical optimization method. Fig. 22 shows the nonlinear response amplitudes of the blade 

tip for various excitation levels. Although some of the experimental responses are captured 

computationally, the results are not as satisfactory as in the previous cases. The differences 

are clearer in the variability range of resonance response amplitudes, as shown in Fig. 23. It 

should be noted that this case with the lowest pre-load is the one where the nonlinearity is the 

largest. It is apparent that there is a missing point in the model, which provides a deviation 

between the experimental and computational results. Since the pre-load is very low, the 

contacts in the experiments may not be stable enough and some partial loss of contact may 

occur. Full contact may not have been achieved and the pressure distribution on the contact 

surfaces can be non-uniform. This explains the differences detected between the experimental 

response and the computational results, the latter being produced under the assumption of an 

ideal contact condition. 



 

Fig. 22 Nonlinear Response Amplitude of the Blade Tip for Different Excitation Levels with 

2.6 kg Pre-Load 



 

Fig. 23 The Variability Range of Resonance Response Amplitudes for Different Excitation 

Levels with 2.6 kg Pre-Load 

5. CONCLUSION 

A challenging issue in the structural dynamics community is to provide a satisfactory 

justification for the response variability in frictional systems. Most of the time, the main 

reason has been associated to several uncertainties; where one of them, the non-uniqueness of 

friction forces, is elaborately studied in this paper. In particular, a comparison between the 

experimental and computational results is performed, where the test data of variable responses 

and contact forces have already been measured in [16], while a numerical method developed 

very recently in [22] is utilized to estimate the boundaries of the variability range 

computationally. It is demonstrated in several cases that different static conditions with the 

same contact parameters and user-controlled inputs can give rise to a large variability in the 

nonlinear response, due to the non-uniqueness of friction forces. Experimental and 

computational results show a coherent parallelism for both frequency responses and 

variability ranges. This also supports the fact that the non-repeatability of the data is directly 

linked to the non-uniqueness uncertainty of contact forces. It is also demonstrated that the 

method proposed in [22] is fairly adequate to predict the experimentally measured variability 

range with the numerically calculated limits. Some deviations between the results, particularly 

for highly nonlinear cases, are also observed and presented. This indicates that the 

computational model should be tuned further with additional properties such as the inclusion 

of shaker-structure interaction, to fully mimic the non-ideal conditions achieved in the 

laboratory environment, which needs a sophisticated and a dedicated approach. 



Non-uniqueness of contact forces is a phenomenon which has not received enough attention 

in the literature, although it has been firstly shown more than three decades ago. The current 

study underlines the importance of considering the non-unique contact forces, since fretting 

wear is not persuasive for the response variability of two consecutive tests. To the best of 

authors’ knowledge, this study is the first one where a comparison is performed between 

experiments and simulations in the context of non-unique contact forces. This phenomenon 

needs more attention and requires further effort to better understand the contact kinematics. 

The engineers and researchers can become more aware of the effects of non-unique contact 

forces in the design of UPDs with the results of this study. 
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