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CHARACTERIZATION OF SMOOTH SYMBOL CLASSES BY
GABOR MATRIX DECAY

FEDERICO BASTIANONI AND ELENA CORDERO

ABSTRACT. For m € R we consider the symbol classes S™, m € R, consisting
of smooth functions o on R?? such that |0%0(2)] < Co(1 + |2|>)™/2, 2 € R4,
and we show that can be characterized by an intersection of different types of
modulation spaces. In the case m = 0 we recapture the Hormander class 58’0
that can be obtained by intersection of suitable Besov spaces as well. Such
spaces contain the Shubin classes I}, 0 < p < 1, and can be viewed as their
limit case p = 0. We exhibit almost diagonalization properties for the Gabor
matrix of 7-pseudodifferential operators with symbols in such classes, extending
the characterization proved by Grochenig and Rzeszotnik in [24]. Finally, we
compute the Gabor matrix of a Born-Jordan operator, which allows to prove
new boundedness results for such operators.

1. INTRODUCTION AND RESULTS

Modulation spaces were originally introduced by Feichtinger [17] in 1983 and have
revealed to be very useful in many different frameworks, which include harmonic
analysis, quantum mechanics, pseudodifferential and Fourier integral operators,
partial differential equations (we refer the reader to Section 2 for their definitions
and main properties).

Several authors have studied inclusion relations of such spaces with other classical
function spaces such as Besov, Triebel-Lizorkin Gelfand-Shilov spaces [25, 35, 39,
44). In particular, when they are considered as symbol classes for pseudodifferential
or Fourier integral operators, their relationship with classical symbol spaces such
as the Hormander classes or the Shubin-Sobolev spaces has been investigated in
many contributions (see e.g., [4, 11, 29, 40] and the references therein).

In 1994 Sjostrand [33] introduced the first symbol class via time-frequency con-
centration on the phase-space, the Sjostrand class, which later revealed to be a
type of modulation space. This rough symbol class have been inspired many
works on pseudodifferential operators with symbols in modulation spaces (see, e.g.,
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2, 3, 11, 22, 23, 36, 37, 30, 38, 39] and the book [11]). The contributions are so
many that it is not possible to cite them all.

In [34] Sjostrand continued his study on pseudodifferential operators with rough
symbols and he also considered the symbol class object of our study. Namely, for
m € R, let us define

(1) S™R¥) = {5 € C®*(R™) : [0%(2)| < Culz)™, a€ N4, 2 R},

for the definition of ()™ see (12). Notice that this is a special instance of the class
S(w) introduced in [34, Formula (3.2)].

There were several papers/books in the seventies and eighties where this symbol
class were considered. For example, the whole theory of the Weyl calculus, e.g. in
[6] can be applied on this class.

Another work on pseudodifferential operators with symbols of the type above is
due to Rochberg and K. Tachizawa [31]. Later, these classes were considered as
spaces for symbols of Fourier integral operators [12, Remark 3.2].

For m = 0 we recapture the standard Hormander class 5870(]1%%): pseudodiffe-
rential operators with these symbols are an algebra which is closed under inversion.
This claim was originally proved by Beals in [1] and later recaptured by Grochenig
and Rzeszotnik in [24], using time-frequency analysis; key tool was the almost
diagonalization property of the related Gabor matrix.

We continue this spirit of investigation and present a characterization of pseu-
dodifferential operators with symbols in S™(R??) in terms of the decay properties
of the related Gabor matrix. Let us introduce the main features of this work.

For 7 € [0, 1], the (cross-)7-Wigner distribution is the time-frequency represen-
tation defined by

) Wi(f.9)(ww) = / e (o ry)g(e — (L—7)g)dy,  f.g € SR,

Rd

cf. [27]. Given any tempered distribution o € S'(R??), the 7-pseudodifferential
operator Op, (o) can be introduced weakly as

(3) (Op,(0)f,9) = (0, W:(g. ), [f.g€SR?).

The Weyl form Opw (o) of a pseudodifferential operator can be recaptured when
7 = 1/2, the Kohn-Nirenberg case Opkn (o) corresponds to 7 = 0.

Given z = (z,w) € R*, we define the related time-frequency shift acting on a
function or distribution f on R? as

(4) m(2)f(t) = ™ f(t —x), te&R™%

Let us recall the definition of a Gabor frame. Given a lattice A = AZ??, with
A € GL(2d,R), and a non-zero window function g € L*(R%), we define the Gabor
system:

G(g,N) ={m(N)g: A€ A}
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The Gabor system G(g, A) is called a Gabor frame, if there exist constants A, B > 0
such that

() AIFIE <D IS xNg) P < BIIfIB,  Vf € LP(RY).
AEA
Fix g € S(RY) \ {0}. The Gabor matriz of a linear continuous operator T° from
S(RY) to S'(RY) is defined to be
(6) (Tm(2)g,m(u)g), 2u€R™
This Gabor matrix can be viewed as the kernel of an integral operator, cf. Section
2 for details.
For 7 € [0, 1], define the change of variables
(7) Tr(z,u) = (1 =7)2y +7uy, 720+ (1 = T)ug), 2= (21,2),u = (uy,uy) € R*,
We possess all the instruments for the characterization of S™(R??):
Theorem 1.1. Consider g € S(RY)\ {0} and a lattice A such that G (g, ) is a

Gabor frame for L? (Rd). Fiz m € R. For any T € [0, 1], the following properties
are equivalent:

(i) o € 5™ (R*).
(it) 0 € 8 (R*) and for every s > 0, 0 < q < oo, there exists a function
H, € L,.(R*), with
® [H s, <C. vre(o.1)
such that
9 KOp (o) 7 (2) g, (w) )| < Hr(u—2)/(Te(z,u))",  Vu,z € R*.
(iti) o € S’ (R*) and for every s > 0 there exists a sequence h, € E?»S(A) with
HhTHE?»S < C for every T € [0, 1], such that

(10)  [{Op, (o) 7 (1) g, 7 (N) @) < he (N — p)(To(p, A))™, VA, p€ A

For the Hérmander class S°(R*?) = 5§ ((R*?), the Gabor matrix characterization
for Weyl operators was shown by Grochenig and Rzeszotnik in [24, Theorem 6.2]
(see also [31]) in the case ¢ = co. So this result can be viewed as an extension to
any 0 < ¢ < oo and 7 € [0,1].

The central role in the proof of the result above is the characterization of the class
S™(R?4) by an intersection of weighted modulation spaces (in particular, weighted
Sjostrand classes): for 0 < g < oo,

S™RM) = [ M52, o (R,
s>0

cf. Lemma 2.2.
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For the special case m = 0, the Hormander class S°(R*?) = Sf,(R*?) can also
be represented as the intersection of Besov spaces and Holder-Zygmund classes:

R2d ﬂcs R2d ﬂ B;o,q(RQd ﬂ Moo,q RQd
s>0 s>0 s>0

cf. Lemma 2.3, which extends the characterization in [24].
Observe that S™ contains the Shubin classes I'}', 0 < p < 1, defined as [32]

I (R¥) = {g € C¥(R™) : [0°0(2) < Calz)™ ", o€ N, - e R,

and can be viewed as their limit case p = 0. The Shubin classes enjoy a symbolic
calculus very useful when dealing with the corresponding pseudodifferential opera-
tors. This is not the case of S™(R??). Hence, the characterization in Theorem 1.1
might be an instrument to infer boundedness, composition, inversion properties of
the corresponding operators in suitable function spaces, such as the modulation
ones.

As a byproduct, Theorem 1.1 allows to compute the Gabor matrix decay of
a Born-Jordan operator. We present some continuity properties of the latter on
weighted modulation spaces, extending the work [8].

This study paves the way to other possible investigations. For instance, when
the symbol o on R?? satisfies a Geverey-type regularity of order s > 0:

(11) 0%0(2)] S M(2)C1(al)*,  aeN¥, z e R™,

with M any possible v-moderate weight (see Section 2 for its definition). These
symbols were applied in [13] to investigate the sparsity of the Gabor-matrix rep-
resentation of Fourier integral operators. In this case we conjecture that the right
modulation spaces to be considered are of the type M;;’q 1/ (R24),

el

Eventually, one might extend the characterization exﬁibited in Theorem 1.1 to
Fourier integral operators of Schrodinger-type with symbols in S™ and suitable
phases as in [10]. This will be the object of a further work.

The paper is organized as follows. In Section 2 we present the function spaces
object of our study. In particular, we focus on modulation spaces and present the
properties needed for our results. We then prove the characterization of the classes
S™(R*) and in particular of the Hormander classes S (R??). Section 3 is devoted
to the study of the Gabor matrix for 7-operators and Born-Jordan operators. As
an application, boundedness results on modulation spaces are exhibited.

2. FUNCTION SPACES AND PRELIMINARIES

In this manuscript < denotes the continuous embeddings of function spaces.
Recall that the conjugate exponent p’ of p € [1,00] is defined by 1/p+ 1/p" = 1.

The notation yw means the inner product y-w, |z| stands for the Euclidean norm
of x and z? means |x|?.
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We denote by v a continuous, positive, submultiplicative weight function on R¢,
ie., v(21 + 20) < v(z1)v(22), for all 2, 20 € RE We say that w € M,(R?) if w is a
positive, continuous weight function on R? v-moderate: w(z; + z2) < Cv(21)w(zs)
for all 21,2 € R? (or for all 2,29 € Zd). We will mainly work with polynomial
weights of the type

(12) vs(2) = (2)* = (14 2[)¥?, seR, zeR? (orZ?).

Moreover, we limit to weights w with at most polynomial growth, that is there
exist C' > 0 and s > 0 such that

(13) w(z) < 0(2)%, z€R™L

We shall work mostly with weights on R?? or Z2?; we define (w; ® ws)(z,w) =
wy (x)wy(w), for wy, wy weights on RY.

Spaces of sequences. For 0 < p < oo, w € M, (Z?), the space (2, (Z?) consists
of all sequences a = (ag)peza for which the (quasi-)norm

lalle = (Z |ak|pw<k>p>p

kezd

(with obvious modification for p = o0) is finite.
We are going to use the following inclusion relations for w(k) = (k)®, s > 0: If
0< P1, P2 S 0, with

< i So < 1 i S1
S S — =< —4+ =
2=oh pp d p A’
then

(14) Cysa (Z0) = €03, (Z).

The so-called translation and modulation operators are defined by T,g(y) =
g(y — z) and M,g(y) = e*™*¥g(y), respectively. Let S(R?) be the Schwartz class
and consider g € S(R?) a non-zero window function. The the short-time Fourier
transform (STFT) V, f of a function/tempered distribution f in &’(R?) with respect
to the the window ¢ is defined by

Vo f(2,w) = (f, M,Tog) = / e £ () gy — ) dy,

(i.e., the Fourier transform F applied to fT,g).

Modulation Spaces. For 1 < p,q < oo such spaces were introduced by H.
Feichtinger in [17], then extended to 0 < p,q < oo by Y.V. Galperin and S.
Samarah in [20]. Their main properties and applications are now available in
several textbooks, see for instance [11].



6 FEDERICO BASTIANONI AND ELENA CORDERO

Definition 2.1. Fiz a non-zero window g € S(R?), a weight w € M,(R*) and
0 < p,q < co. The modulation space MP4(R?) consists of all tempered distributions
f € 8'(RY) such that the (quasi-)norm

(15 Hf”M%q:\HGfMﬂqzz(]ﬁd(/QdHQfQQWHWUW;dex>pdw>

(obvious changes with p = 0o or ¢ = 00) is finite.

1
q

They are quasi-Banach spaces (Banach spaces whenever 1 < p,q < o0), whose
(quasi-)norm does not depend on the window g, in the sense that different non-zero
window functions in S(R?) yield equivalent (quasi-)norms. Moreover, if 1 < p,q <
oo, the window class S(R?) can be extended to the modulation space ML (R?)
(so-called Feichtinger algebra).

To be short, we write MP(R?) in place of MPP(R?) and MP4(R%) if w = 1.

We recall the inversion formula for the STFT: assume g € M}(R9) \ {0}, f €
MP4(RY), with w € M, (R??), then

1
= d
|m&@ﬂ”“”@9“

and the equality holds in MP4(R?). The adjoint operator of V;, defined by
ViF®) = [ P,
R2d

maps the mixed-norm space LF(R??) into M24(R?). In particular, if F =V, f the
inversion formula (16) can be rephrased as

(16) f

1
(17) Idype = —= VoV,
lgll3

We need to introduce an alternative definition of modulation spaces we shall use
in the sequel. For k € Z?, we denote by Q}, the unit closed cube centred at k. The

.....

Consider now a smooth function p : R? — [0, 1] satisfying p(£) = 1 for |€]o < 1/2
and p(§) = 0 for || > 3/4. Define

(18) pe(€) = Tip(§) = p(§ — k), ke,

that is, pp is the translation of p at k. By the assumption on p, we infer that
pe(§) =1 for £ € Qy and

Y o€ =1, VEeR

kezd



Denote by

o _ pk(ﬁ) d d
(19) k(&) S @) ceRY k ezl

Observe that 01,(§) = 0¢(¢ — k) € D(RY) and the sequence {0}z is a smooth
partition of unity

Y on(§) =1, VEeR”

kezd

For k € Z¢, we define the frequency-uniform decomposition operator by
(20) Oy = F oy F.

The previous operators allow to introduce an alternative (quasi-)norm on the

weighted modulation spaces My, (R?) inspired by [43] as follows.

Proposition 2.2. For 0 < p,q < oo, h,w € M,(R?) have

(21) Iz, ey < (Z HDkaquw(k’)q> . [eSRY,

kezd

with obvious modification for q = oco.

Proof. The case p,q > 1 is well known, see for example [11, Proposition 2.3.25].
The cases 0 < p < 1or0< g <1 are an easy modification of that proof. Namely,
let us point out the main changes. If 0 < p < 1, we consider

Ouf = FlowFf = FloyTedFf, for €€ Qy,

since ngz:S = 1 in supp oy for £ € Q. Using Young’s inequality for distributions
compactly supported in the frequencies (see [28, Lemma 2.6], which holds also for
L7 0 <p <1, with h being v-moderate), for £ € Qi, we obtain

10kl S NF orllpllF T TedF oy S IF T TebF fllug-

The rest of the proof is analogous to the Banach case and we leave the details to
the interested reader. a

An useful embedding is contained in what follows.
Proposition 2.3. Given 0 < p1,ps2, q1, g2 < 00, with m, sy, sy in R, one has
: d , d
22) M, o (RY) o MEE o (R)
of and only iof
(23) P1 < P2
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and

S 1 S 1
(24) q1 < @2, S1 = S or Q1 > qa, SE RIS A

Proof. The Banach case when m = 0 was originally shown by H. Feichtinger in
[17]. We use similar arguments as in that proof. The discrete modulation norm
defined in (21) is given by

1
T (Z Hmkfuz?)mw) .

kezd
The necessity of (23) follows from the fact that F L is locally contained in F L2
if and only if p; < py (with strict inclusion if p; < po), cf. [5, 18, 28, 42]. The set
of conditions in (24) in turn describes the inclusions between weighted ¢4 spaces:
E%sl C £(<1'2>52 if and only if the indices’ relations in (24) are satisfied, cf. for instance

[25, Lemma 2.10]. This concludes the proof. 0

We also recall the following inclusion relations, see e.g. [11, Theorem 2.4.17] or
[20, Theorem 3.4]: If p; < pa, (1 < @2 and wy < wy, then

) d , d
(25) M (RY) s MEL®(RY)

Corollary 2.4. For0 < q; < g <oo,de N, , m,s,r e R, r>s+d(1/q1 —1/q2),
we have the following continuous embeddings:

(26) MOt e (RY) = MEVE L (RT) <= M L (RY).

Proof. The first embedding is a straightforward application of the inclusion rela-
tions in (25). The second one follows by the embedding in Proposition 2.3. O

Besov Spaces. The Besov spaces are denoted by B?4(R%),0 < p,q < oo, s € R,
and defined as follows. Suppose that vy, v € S(R?) satisfy supp 1y C {w € R?:
w| < 2}, supp ¢ € {w € R?: 1/2 < |w| < 2} and ¢o(w) + 3272, ¥(277w) = 1
for every w € R%. Set ¢;(w) := ¥(279w), w € R%. Then the Besov space B¢ (R?)
consists of all tempered distributions f € S'(R?) such that the (quasi-)norm

o 1/q
Bra = (Z 23‘”!!?1(%?]”)!\;) < 00

Jj=0

(27) /]

(with usual modifications when ¢ = o0). Besov spaces are generalizations of both
Holder-Zygmund and Sobolev spaces, see e.g. [42]. Precisely, we recapture the
Sobolev spaces when p = ¢ = 2, s € R: B?>?(RY) = H*(RY). For s > 0,
B> (R?) = C*(R?), the Holder-Zygmund classes, whose definition is as follows.
For s > 0, we can write s = n +¢, with n € N and € < 1. Then C*(R?) is the space
of functions f € C"(R?) such that for each multi-index o € N%, with |a| = n, the
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derivative 0 f satisfies the Holder condition |0%f(z) — 0*f(y)| < K|x — y|, for a
suitable K > 0.

Inclusion relations between modulation and Besov spaces B were first ob-
tained for 1 < ¢ < oo (the Banach setting) in [39, Theorem 2.10] and then for
0 <g<ooin [43]: for 0 < ¢ < o0, set #(q) = min{0,1/qg — 1}, then

(28) B (RY) = M (RY) = B4, (RY), s eR.

2.1. Gabor analysis of 7-pseudodifferential operators. For any fixed m € R,
the class S™(R??) in (1) is a Fréchet space when endowed with the sequence of
norms {| - |nm}Nen,

(29) |o|nm = sup sup |0%(2)|(z)™™", N eN.

|a| <N zeR2d

For n € N, m € R\ {0}, we define by C" (R??) the space of functions having n
derivatives and satisfying (29) for N = n, whereas C"(R??) is the space of functions
with n bounded derivatives. Clearly we have the equalities
gm ]R2d ﬂ Cn R2d .m e R \ {0} SO RQd ﬂ cn RZd
n>0 n>0

A characterization of the class S°(R*?) = S ((R*?) with modulation spaces was
announced by Toft in [41, Remark 3.1] and proved in [24, Lemma 6.1].

Lemma 2.1. We have the equalities

(30) [ C"(RY) = () Mpg s (RY) = () Mygy,. (RY).

n>0 s>0 s>0
Hence S°(R*) = (N5 Mgy (R*) = Moo Migy,. (R2).

In what follows we extend the previous outcome to all the classes S™(R??),
m € R.

Lemma 2.2. Form € R, 0 < g <oo,n €N, s € (0,400), we have the equalities
of Fréchet spaces

m 2d n 2d 0, 2d\ __ 0, d
(B1) SR = () CLR™) = () M50 (RH) = [ M5 (R

n>0 n>0 s2>0

with equivalent families of (quasi-)norms

(32) - lnmdnens Al Hlarsse, o dnews Al e, Fszo-

7n® >7L <>7m®<>

In particular, for every n € N,

(33) [ fllaz < C(n, m)|flnm-

(7M™
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Proof. The equality S™(R*) = (), ., M E‘;’_lm®<.>n(R2d) was proved in [26, Remark
2.18]. The embeddings in (26) then give the equalities in (31) with the equivalent
families of (quasi-)norms in (32).

Let us show the estimate (33). For f € C(R%) (C"(R?Y) if m = 0) and any
multi-index o € N? with |a| < n, we consider the function 9°(f7,g). Taking its
Fourier transform we get

(34) F(0%(fT29))(w) = 2miw)* F(fT29)(w) = (2miw)*Vy f (2, w).

In what follows we use the boundedness of F : L'(R?) — Cy(R?), Peetre’s inequality
(z)™™ < 27™(x — t)ImI(t)=™ and Leibniz’ formula:

(@) " |F O (fTeg) oo < (2) ™ 10%(f T29) n

() > (g) O f T,0° g

B<a
<o 3 (1@l a6,
B<a
< 27" sup [[(8° ) ()" ||oo Mo max (O‘> 1(0°g) ()[4
181<n Bza \fB
= a,g,m'f’n,mv

where Cy o m = 27" M, maxz<q (Oﬁ‘) 1(0°=Pg) ()ImI||; with M, = #{3 € N¢, 8 < a}.
The estimate above and formula (34) yield
(35)  sup [Vof(@,w)|{@)™" < Coaml flnmle®[ ™, |w[#0, V]a] <n.

zeR
Now if f € (,50Cin(R?) then for every a € N there exists C' = C, > 0 such that
the estimate in (35) holds true. Since (w)" <37, ., ca|w®| for suitable cq > 0, we
obtain

sup |V f(z, w)[(x)™ ()" < C|flnm, Yn =0

z,wERL
for a suitable C' = C(n,m) > 0 that is (33). O

In particular, for m = 0 we recapture the outcome of Lemma 2.1.
For the case m = 0 we can characterize the Hormander class S°(R*?) = S§ ,(R*%)

by Hélder-Zygmund classes C*(R??) = B>>°(R??) and by Besov spaces.
Lemma 2.3. For 0 < g < oo, we have the equalities

(36) Soo(R*) = () C*(R*) = (| BX(R™) = (| Myo?

()
5>0 s>0 5>0
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with equivalent families of (quasi-)norms
(37) {1l |

Proof. 1t is a straightforward consequence of Lemma 2.2 and the inclusion relations
in (28). 0

petsz0, Al lsetsso, Il [larges  Fsso-

3. GABOR MATRIX DECAY

Let us first represent the Gabor matrix as a kernel of an integral operator.
Consider a linear and bounded operator T' from S(R?) into S'(R?). The inversion
formula (17) for g € M, (R?), ||g|l2 = 1 is simply V;*V, = Id. The operator T' can
be written as

(38) T =V VTV V.
The linear transformation V,T'V" is an integral operator with kernel Kz given by
the Gabor matrix of 7"

Kr(u,z) = (T'n(2)g, 7(u)g), u,z € R™.

By definition and the inversion formula, V,, is bounded from MP4(R%) to LP4(R*?)

and V* from L29(R*®) to M29(R?). Hence the continuity properties of 7' on mod-

ulation spaces can be obtained by the corresponding ones of the operator V, TV

on mixed-norm LP? spaces. These issues will be studied in Proposition 3.5 and

Corollary 3.10 and can be achieved by studying the Gabor matrix decay of 7.
First, we focus on the characterization of the Gabor matrix of Op, (o).

Proposition 3.1. Consider 0 < p,q < oo, 7 € [0,1], w € M,(R*) satisfying
(13), G € S(R*)\ {0}, g € S(R?) \ {0} and define ®, = W.(g,g). Then there
erist A= A(v,g,G) >0, B= B(v,g,G) > 0 such that

(39) AWVoolligr < Vasolligs < BIVaol e

for every T € [0,1] and o € MP4(R?).

Proof. By Proposition 2.2 and Remark 2.3 in [16] the mapping

(7, f,9) = W:(f,9)

is continuous from R x S(R?) x S(R?) to S(R?*?) and locally uniformly bounded.
Since ®, for 7 € [0,1] belongs to a bounded set in S(R?*@), the result follows
immediately from [21, Theorem 11.3.7] for p,q > 1 and [20, Theorem 3.1] for
0<pq<oo. a

Finally, we need the following result for 7-pseudodifferential operators [14, Lemma
4.1].
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Lemma 3.1. Fiz a window g € S(RY)\{0} and define &, = W, (g, g) for T € [0, 1].
Then, for o € S' (R*),
(40) [(Op, (0) 7 (2) g, 7 (u) 9)| = [Va, 0 (T- (2,u) , J (u = 2))].
where z = (21, 22), u = (u1, uz), the operator T, is defined in (7) and J is given by
J(2) = (22, —21).
We are ready to state the characterization of T-operators with symbols in M éf;)Lqm 9} (R24),
Theorem 3.2. Consider g € S(R?)\{0} and a lattice A C R*? such that G (g, A) is

a Gabor frame for L? (Rd). Fort € [0,1], let T, be the linear transformation defined
in (7). For any s,m € R, 0 < q < 00, the following properties are equivalent:

(i) o€ M3 (R*).

—m®<.>s
(it) o € 8" (R*) and there ezists a function H, € L%S(de) satisfying (8) such
that
(41) {Op (o) 7 (2) g, 7 (u) 9)| < He(u— 2)(To(2,u))™,  Vu,z € R*.

(iti) o € S' (R*) and there exists a sequence h, € lyo(A) with ||hT||13‘<’A>s < C,
for every T € [0,1] such that

(42) (Op, (@) 7 (1) g 7 (N) )| < Che(A — p) (T (p, )™, VA, pe A

Proof. The proof follows the pattern of the corresponding one for Weyl operators
with symbols in weighted Sjostrand’s classes [22, Theorem 3.2].
(1) = (4i) This implication comes easily from the characterization (40). In details,
observing that (Ju) = (u),
(0P, (0) 7 () g, 7 (w) )] = Vi (T (2,10) , J (1 — 2)
< sup ([Va,ol(w. T (u=2) [0) ™) (T (22 0)”
we

= H,(u— 2)(To(z )™,

where

He(u) i= sup (|Va,ol(w, Ju) w) ™).
weER?
For 0 < ¢ < o0,

It = ([ [sup, (Voo ity )] )" < ol

weR2d (ymme()s’
Hence by Proposition 3.1 we obtain the estimate (8). The case ¢ = oo is analogous.
(17) = (i) Consider the change of variables y = T,(z,u) and t = J(u — 2), so that

dyt) =y—UJ {ﬂd 0 }
4 _ )
w {“(yyt) =y+ (loa = U;)J 7't Urz 0 (1-n,| =702
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and u(y,t) — 2(y,t) = J~'t. For 0 < ¢ < oo, using (40) and (41),

1

/de (Selﬁgd Vo, 0 (y,1)] <y>‘m) <t>‘”dt> q

- ( 5 (sup [(Op, (o) 7 (2(y,1)) g, 7 (u(y, 1)) g)] <7;(Z,u)>—m> <t>qsdt> “
C

< /de |H-(J't)|* (t>q5dt>;

)

where we used (8). The case ¢ = oo is analogous.

(i) < (iii) The argument requires that G (g, A) is a Gabor frame for L? (R?). Then
the equivalence can be proved similarly to [10, Theorem 3.1] and [22, Theorem 3.2].
a

The proof of the characterization of the symbol classes S™(R?*?) claimed in The-
orem 1.1, can be inferred easily from the result above.

Proof of Theorem 1.1. The proof is a direct application of the characterization of
the classes S™(IR??) presented in (31) and Theorem 3.2. O

The following issue is an improvement of [7, Theorem 2.4] and relies on the new
characterization of S™(R??) proved in Lemma 2.2.

Proposition 3.3. Consider g € S(RY) \ {0}, m € R and o € S™ (R*). For any
n € N there ezists C = C(n) > 0, which does not depend on o or T, such that
(44)
T-(z,u))™
(0D, (0)7(2)9.7 (1) ) < Clolun T80

Proof. Using the characterization of the Hérmander classes S™(R??) in (31) we

infer that o € M<°§,m®<,>n(R2d) and, for any n € N, the norm estimate in (33) says

that there exists C' = C'(n, m) such that
(45) lollares < C(n,m)|onm,

vr €[0,1], Vu,z € R*.

where C'(n,m) > 0 is independent of o. For z,w € R?*? we use Lemma 3.1 and the
norm estimate in (45) which yield

[(Op, (o) 7 (2) g, 7 (u) 9)| = [V, 0 (T7 (2,u) , J (u = 2))|
(T-(z,w))™
(w—z)" "

< C|olnm
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that is the desired result. O
For s € [0, +00) \ N, the estimate reads as follows.

Proposition 3.4. Consider g € S(R?)\ {0}, 7 € [0,1], m € R and 0 € S™ (R*).
For any s € [0,+00) \ N there exists C = C(s,m) > 0, which does not depend on
o or T, such that

(46) [(Op, (0) 7 (2) g, 7 (u) 9)| < Clofnt1m

where n = [s| is the integer part of s.

(T-(z,w)™
(u—2z)°

, Yu,z € RQd,

Proof. The result is attained by the the same argument as Proposition 3.3 and the
inclusion relations between modulation spaces in (25). 0

3.1. Boundedness results. The characterization of the class S™ in Lemma 2.2
and Theorem 3.1 are the key tool for boundedness properties of T-operators on
weighted modulation spaces.

Proposition 3.5. Consider 7 € [0,1], m € R, o € S™(R*?), 0 < p,q < co. Then
Op, (), from S(R?) to S'(R?), extends uniquely to a bounded operator

Op,(0): Ml (RY) — M7(RY),

for every r € R.

Proof. Choose g € S(R?) and a lattice A such that G(g,A) is a Gabor frame for
L*(RY). Define t := min{1,p, q} and choose s > (2d + |r|)/t. Using the equivalent
discrete (quasi-)norm for the modulation space, see e.g. [40, Proposition 1.5], the
estimate in (42) and Young’s convolution inequality in [19, Theorem 3.1], we obtain
the result. Namely,

10 () sz, = IVa(OP, (@)l < [l Vo £ 1) ™ [, o
< hellg o WVad Oz < C Mg

()s(a) )T (A
Alternatively, since o € S™ = [ 5, Mi?’f’m®<.>s(R2d) by Lemma 2.2, one can use

[40, Theorem 3.1] with p = co and ¢ < 1 small enough to yield the claim. a

Remark 3.6. (i) For o € S°(R*) = S ,(R*) and we recapture the continuity of

Op,(0): MJ(RT) — MP3H(RY),
This was already shown in [39] for p,q > 1, for the quasi-Banach cases see [40)].
(i) For p = q = 2 we have the continuity between the Shubin-Sobolev spaces

Qr+m(Rd) and Qr(Rd)
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Corollary 3.7. Consider 7 € [0,1], m,r € R, 0 € S™(R*?), 0 < p,q < co. Let
(

|Op,.(0)|| denote the norm of Op.(o) in B(Mf;%m(Rd),Mf;‘i R%)). Then there

exists a constant C' > 0 such that
(47) [0p, (o) =C, VT e[01].
Proof. The claim is evident from proof of Proposition 3.5. 0

3.2. Born-Jordan operators. The Born-Jordan operator with symbol o € S'(R¢)
can be defined as

<OpBJ(U)f7.g> = <U7WBJ(g)f)>7 f,gGS(Rd),
where the Born-Jordan distribution Wy, (g, f) is

1
Waslo.f) = [ Wilg. 1) dr
0
see, e.g., the textbook [15]. In what follows we study the Gabor matrix decay for

Born-Jordan operators.

Theorem 3.8. Consider g € S(R?) \ {0}. For m € R consider o € S™ (R*).
Then for every s > 0, 0 < ¢ < oo, T € [0,1] there exists a function H, € L?,>s (R%)
which satisfies (8) and such that

(48)  |{Oppy (o) 7 (2) g, /ffu—z Va. > € RY.

Proof. For o € §'(R*), Opg, (o) is linear and continuous from S(RY) into S'(R?),
see [16]. For z,u € R?? o € S™(R??) and g € S(Rd) we compute

(Opp;(0)m(2)g, 7(u)g) = (0, Wp(n(u)g, 7(2)g))

(0,
/Rgd / Wi ( m(2)g)(y) drdy =: 1.

From [16, Proposition 2.2, Remark 2.3] we have that the mapping
R x S(R?) x S(RY) = S(R*™),  (t,0,9) = Wi(,)

is continuous and locally uniformly bounded. Thus Wg;(yp, ) € S(R??) and the
integral [ is absolutely convergent, so that

1= [ [ ot Wts G v = [ (Op, (0)7(:) 0.7 () g) i
By Peetre’s inequality:
(Tr(z,u))™ = {21+ 7(ug — 21), 20+ (1 = 7) (ug — 29))™
S (=)™ — z)lm,
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for every u = (uy,us), z = (21, 22) € R*. Hence, using Theorem 1.1,

|1|</|OpT (2) g, (u) >|d75/0 H(u— 2) (u—2)™ dr ()"

Then the function H,(2) ()™ satisfies condition (8). O

Remark 3.9. (i) Forq > 1, we can define H(z) := fol H.(z)dr. Using Minkowski’s

integral inequality we infer H € L?.>S(R2d) and the estimate (48) becomes

[(Opp, ()7 (2) g7 (u) g)] < H(u—2) (=)™, Vu,z€R™

Notice that for 0 < g < 1 Minkowski’s integral inequality is not true in general.
(i1) Arguing as in Theorem 3.8, we may discretize the Gabor matriz decay in (48)
as follows: consider g € S(R?) \ {0} and a lattice A in R*® such that G (g, ) is a
Gabor frame for L* (Rd). Ifo e S™ (RQd) then for every s > 0, 0 < q¢ < 0o, there
exists a sequence hy € €7, (A) with HhTH(g?‘)S < C for every T € [0,1] such that

(Opgy (0)7 (1) 9.7 (V) )] < ()™ / B\ —p)dr, YA e A

Corollary 3.10. Consider m € R, o € S™(R?}), 0 < p,q < co. Then Oppg, (o),
from S(R?) to S'(R?), extends uniquely to a bounded operator

Oppy(0): MPS,, (RY — MPE(RY),

for every r € R.

Proof. The proof is similar to the one of Proposition 3.5, using the decay for Gabor
matrix of Opg,(0) found in Theorem 3.8, with h, replaced by fo -)dr. Then,
for t > 1 we use Minkowski’s inequality to write

1 1
‘/ h.(-)dr §/ ||l dT < C.
0 ‘s 0 )

For t < 1 we use the inclusion relations (14) and majorize

/0 ], / he ()

with § > 0 such that 1/t + s/(2d) < 1+ §/(2d), that is

2d
5> 7(1 —t),

<
~ Y

o
(O

and we proceed as above. a
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