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Abstract Two nonlocal approaches are applied to

the borehole geometry, herein simply modelled as a

circular hole in an infinite elastic medium, subjected to

remote biaxial loading and/or internal pressure. The

former approach lies within the framework of Gradi-

ent Elasticity (GE). Its characteristic is nonlocal in the

elastic material behaviour and local in the failure

criterion, hence simply related to the stress concen-

tration factor. The latter approach is the Finite Fracture

Mechanics (FFM), a well-consolidated model within

the framework of brittle fracture. Its characteristic is

local in the elastic material behaviour and non-local in

the fracture criterion, since crack onset occurs when

two (stress and energy) conditions in front of the stress

concentration point are simultaneously met. Although

the two approaches have a completely different origin,

they present some similarities, both involving a

characteristic length. Notably, they lead to almost

identical critical load predictions as far as the two

internal lengths are properly related. A comparison

with experimental data available in the literature is

also provided.

Keywords Borehole � Internal pressure � Isotropic
tension � Crack onset � Gradient Elasticity � Finite
Fracture Mechanics

1 Introduction

Engineers and scientists have used classical continuum

solid mechanics along with strength-based failure

criteria since the middle of the nineteenth century,

usually successfully. However, because of the lack of

an internal length, this approach fails in predicting

sizes effects, i.e. the change of themechanical response

when the spatial dimensions are scaled up or down,

while the shape and all other characteristics are

preserved. Understanding size effects is a problem of

paramount importance when moving across the scales,

e.g. going from laboratory specimen size to real size

structures. Moreover, quoting Bažant [1], ‘‘Scaling is a

quintessential problem of every physical theory. If the

scaling is not understood, a viable theory does not

exist’’.

In the twentieth century, the development of Linear

Elastic Fracture Mechanics (LEFM), i.e. the theory

based on Griffith infinitesimal energy balance during

crack growth, allowed a first insight in the size effect

explanation. Roughly speaking, LEFM is able to

predict size effects because of the interplay between

the strain energy stored in the structure, proportional to
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the volume, and the dissipated energy, proportional to

the fracture surface. However, LEFM can be applied

only to pre-cracked structures.

Among the different theories developed in the last

decades to address the size effect issue (e.g. the fractal

approach [2]), let us mention two main research

directions, both falling within the framework of non-

local models. The former one is non-local elasticity:

the stress at a point depends on the strain in a region

surrounding that point (strong non-locality or integral

models) or on the strain at that point plus its

derivatives (weak non-locality or gradient models).

The latter one, retaining the classical linear elastic

constitutive law, deals with non-local fracture criteria.

The presence of an internal length characterizes both

models: thus, they are able to detect size effects as well

as to highlight phenomenologically the influence of

the material microstructure at the macroscale.

Non-local and higher order elasticity theories date

back to Eringen et al. [3] andMindlin [4]. Accordingly,

the stress state at a point depends also on the

deformation state at neighbouring points [5, 6]. Anal-

ogously, the first (or the second, etc.) gradient of the

strain fieldmay be considered as additional terms in the

strain energy expression because they characterize the

spatial differences in the elastic strain at neighbouring

points. By including such terms, new modified consti-

tutive equations appear and the relevant Gradient

Elasticity (GE) theories are developed (see e.g.

[7–12]). In other words, classical elasticity does not

present any intrinsic length scale because it incorpo-

rates only the nearest neighbour interaction; an intrin-

sic length scale appears when the forces between

particles are extended to include first, second, until n-th

neighbour interactions. Thus, GEmay be considered as

a higher-order approximation of a fully non-local

theory [9, 13]. The addition of higher order terms in the

governing equations takes into account (i) the non-

locality of the physical state of the system in an

approximate way, and (ii) the physical nature of the

interactions between the smallest structural particles of

the material. The gradient coefficients, i.e. the factors

multiplying the strain gradient terms, characterize the

influence (or the importance) of these terms on the

solution of the problem [10, 11]. Noteworthy, in recent

years, fractional non-local elastic models have been

introduced which, by means of fractional calculus (i.e.

changing the order of integro-differentiation), are able

to span from integral to gradient non-local models

[14–16].

Non-local fracture criteria date back to Novozhilov

[17]. They are often referred to as theory of critical

distances [18], and employed to assess the strength of

notched components. The basic assumption of these

approaches is that failure takes place when either a

stress or an energy-related quantity at a finite distance

from the notch tip reaches a critical value. Such a

distance is the intrinsic length of the model, depending

only on the material. However, these approaches fail

in predicting the failure stress of a cracked or notched

structure having size comparable to the critical

distance. To overcome these incongruences, the

coupled criterion of Finite Fracture Mechanics

(FFM) was then introduced [19, 20]. This model relies

on the assumption of a discrete crack propagation

under the simultaneous fulfilment of two conditions: a

stress requirement and the discrete energy balance.

Thus, the crack advance, i.e. the length characterizing

the model, becomes a structural parameter, depending

on both material and geometry. Being physically

sound and efficient, FFM has been successfully

applied to assess the strength of different materials,

geometries and loading conditions [21]. Moreover, it

has recently been proven that FFM provides close

predictions to the well-consolidated Cohesive Zone

Model, once the stress requirement and the cohesive

law are properly matched [22–24].

In the present contribution, the attention is focused

on the borehole problem (Fig. 1a), used as a test bench

to compare GE and FFM approaches. The problem is

chosen for its relevance in engineering applications,

mainly geotechnical considering the inner pressure,

but also mechanical if remote stresses are taken into

account. Moreover, since the geometry is crack-less,

LEFM is not efficient. On the contrary, GE and FFM

are able to provide the critical value of the breakout

pressure along with its dependence on the hole radius,

i.e. the size effect. The predictions by the two

approaches will be compared and checked against

experimental data providing the breakout pressure for

two different rock materials and different hole sizes

[25].

The case of a circular hole under remote stresses

has been already addressed both for what concerns GE

[26] and FFM [27]. The originality of the present

analysis lies in the solution to the inner pressure

loading, a novelty for both approaches, as well as in
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the comparison between them, since, at the authors’

best knowledge, it is the first time that Gradient

Elasticity and Finite Fracture Mechanics are directly

compared.

2 Gradient Elasticity

A special form of gradient elasticity is used in the

present work, incorporating the Laplacian of the

hydrostatic part of the strain tensor in Hooke’s law.

The appropriate constitutive equation reads [26]:

rij ¼ kekkdij þ 2leij � ckr2ekkdij; ð1Þ

where k; l are Lamé constants, dij is the unit tensor (or
identity tensor), eij is the strain tensor, rij is the stress
tensor in indicial notation, and r2 is the Laplacian

operator. The gradient coefficient c multiplies the

Laplacian of the hydrostatic part of the strain tensor;

its value is related to a characteristic scale of the

material, and its physical meaning can be attributed to

the distance over which non-locality acts, smoothing

high variations of the elastic stress field.

Before applying the gradient model to the borehole

problem, it is worth noting that GE yields either a set

of fourth-order equations with the displacements as

the sole unknowns or a set of coupled second-order

equations with the displacements and the components

of another variable (stresses, micro-deformations) as

unknowns. In the former case (which is used in the

present paper), the higher order of the governing

equations means that higher-order boundary condi-

tions must be formulated. In the latter case, additional

boundary conditions accompany the auxiliary

differential equations. Many studies on the issue of

boundary conditions in gradient elasticity adopt sec-

ond-order displacement derivatives. The reasons for

this choice are based on energy arguments, removal of

singularities, suppressing undesired boundary layer

effects, or simply numerical convenience. For further

information on this topic, see [13] and related

references.

Let us now analyse the borehole problem, as

depicted in Fig. 1a, i.e. a circular hole with radius R,

under internal pressure p and remote biaxial (iso-

tropic) tension r. Although in geotechnical applica-

tions the remote stress is negative, here we consider

mainly traction since we focus on tensile failure. The

consideration of a far-field tension rather than com-

pression has been motivated by the case of drilling in

an area of tensile remote tectonic stresses. Such areas

are described in the work of Bott and Kusznir [28].

However, within the model assumptions, results are

valid also for negative r; of course, higher inner

pressures are required for cracking at the hole edge.

For the axisymmetric plane strain configuration at

hand, shearing stresses and hoop displacement are null

everywhere; the only displacement component differ-

ent from zero is the radial one, u. Thus, in polar

coordinates (r, h), the (classical) kinematic equations

relating the radial and hoop strain to the radial

displacement are:

er ¼
du

dr
; eh ¼

u

r
; ð2Þ

where we used the engineering notation, as in the

following. Derivatives with respect to the angular

coordinate h vanish, so that Eq. (1) yields:

Fig. 1 The borehole

problem: geometry,

loadings and reference

systems. Before (a) and after
crack onset (b)
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rr ¼ k er þ ehð Þ þ 2ler

� ck
d2

dr2
er þ ehð Þ þ 1

r

d

dr
er þ ehð Þ

� �
; ð3Þ

rh ¼ k er þ ehð Þ þ 2leh

� ck
d2

dr2
er þ ehð Þ þ 1

r

d

dr
er þ ehð Þ

� �
: ð4Þ

Upon substitution of Eqs. (2) into (3) and (4), we

get:

rr ¼ kþ 2lð Þ du
dr

þ k
u

r
� ck

d3u

dr3
� 2ck

1

r

d2u

dr2

þ ck
1

r2
du

dr
� ck

u

r3
; ð5Þ

rh ¼ k
du

dr
þ kþ 2lð Þ u

r
� ck

d3u

dr3
� 2ck

1

r

d2u

dr2

þ ck
1

r2
du

dr
� ck

u

r3
: ð6Þ

The only meaningful equilibrium equation is the

one in the radial direction, i.e. (neglecting the body

forces):

drr
dr

þ rr � rh
r

¼ 0: ð7Þ

Upon substitution of Eqs. (5) and (6) into Eq. (7), a

fourth-order ordinary differential equation for u is

obtained [26]. Its general solution is derived as

uðrÞ ¼ A � r þ B

r
þ C � I1

r

lg

� �
þ D � K1

r

lg

� �
; ð8Þ

where A; B; C; D are integration constants, I1 and K1

are the first-order modified Bessel functions of first

and second kind, respectively, and the characteristic

(material) length lg has been introduced. It is a related

to the gradient coefficient by:

lg ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m

1� m
c

r
; ð9Þ

where m is the Poisson ratio. In order to determine the

integration constants in Eq. (8), four boundary condi-

tions are required: two classical boundary conditions,

i.e. rrjr¼R¼ �p and rrjr!1¼ r, and two extra ones,

commonly used with the gradient model, i.e.

d2u=dr2
��
r¼R

¼ 0 and d2u=dr2
��
r!1¼ 0. Hence, the

integration constants are as follows:

A ¼ r
2 kþ lð Þ ; ð10aÞ

B ¼ rþ p

2l
1þ 2

qg

K1ðqgÞ
qgK1ðqgÞ þ K0ðqgÞ

" #
R2; ð10bÞ

C ¼ 0; ð10cÞ

D ¼ � rþ p

l
1

qgK1ðqgÞ þ K0ðqgÞ
lg; ð10dÞ

where the dimensionless radius qg ¼ R=lg is intro-

duced and K0 is the zero-order modified Bessel

function of the second kind. Hence, by Eqs. (8) and

(10), the (radial) displacement field reads:

u ¼ r
2 kþ lð Þ r þ rþ p

l
1

2
þ 1

qg

K1ðqgÞ � r K1ðqg rÞ
qgK1ðqgÞ þ K0ðqgÞ

" #
1

r

( )
R;

ð11Þ

with r ¼ r=R. The stress field components are then

attained upon substitution of Eq. (11) into Eqs. (5) and

(6):

rr ¼ r� rþ p

r2

� �
� rþ p

r2
2

qg

K1ðqgÞ � r K1ðqg rÞ
qgK1ðqgÞ þ K0ðqgÞ

;

ð12Þ

rh ¼ rþ rþ p

r2

� �

þ rþ p

r2
2

qg

K1ðqgÞ � r K1ðqgrÞ � r2qgK0ðqgrÞ
qgK1ðqgÞ þ K0ðqgÞ

;

ð13Þ

where the terms in square brackets at the right hand

sides of Eqs. (12) and (13) represent the classical

linear elastic solution, and the remaining parts the

gradient ‘‘corrections’’. In Fig. 2 the hoop stress

component is plotted vs. the radial coordinate for

different hole radii in case of internal pressure alone

(r = 0).

For sufficiently large radii (i.e. for R approximately

larger than lg), the maximum stress over the whole

domain is provided by the hoop stress at the hole edge

(i.e. at r ¼ R):

rmax ¼ rhjr¼R¼

rþ ðrþ pÞ 1� 2
K0ðqgÞ

qgK1ðqgÞ þ K0ðqgÞ

" #
:

ð14Þ
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In the present gradient approach, the critical

conditions are supposed to be achieved simply when

the maximum normal stress rmax attains a threshold

value, that is, the material tensile strength rc (Rankine
failure criterion). Equation (14) will be used in

Sect. 4, where the results by GE and FFM are

compared and checked against experimental data

according to different loading conditions.

It is important to mention that for small radii (i.e.

for R\\ lg), the actual hole size would be too small

for the material to even ‘‘feel’’ it, and the related GE

predictions could be not reliable.

In order to overcome this drawback, the present GE

approach can be generalized by modifying the

boundary conditions to Eq. (8) through an additional

parameter, as done by Chen et al. [26] for circular

holes under biaxial loading, or as discussed by

Benvenuti and Simone [29] to catch size effects in

micro/nano rods (see also [30]). Despite the process is

arbitrary, a brief extension to present geometries will

be given in Appendix 1 following the model presented

in [26]: a correlative coefficient awill be introduced in
the extra boundary conditions linking the radial strain

gradient to that provided by the classical elastic

solution.

3 Finite Fracture Mechanics

Let us now provide the solution by means of FFM,

inspired by some previous works [31–33].

The coupled criterion of FFM [20, 34] is based on

the assumption of a finite crack advance. An abrupt

crack appearance of length l is assumed to take place

whenever two conditions are simultaneously fulfilled.

The first is a stress condition, requiring the average

stress over the crack advance to be higher than the

tensile strength; the second is the discrete energy

balance, requiring the available strain energy to be

higher than the energy necessary to create the new

crack surfaces.

For the geometry at hand (Fig. 1a), because of axial

symmetry, crack onset may occur at any point along

the hole edge. However, energy release per unit crack

surface is highest when (only) two crack occur at the

extremes of one diameter (Fig. 1b, a being the crack

length), as it can be argued and checked by stress

intensity factor (SIF) handbooks [35]. Thus, referring

to Fig. 1b, the two FFM conditions may be written as:

ZRþl

R

rhðrÞdr� rcl

Z l

0

GðaÞda�Gcl

8>>>>>>><
>>>>>>>:

; ð15Þ

where G is the strain energy release rate and Gc is the

fracture energy. The crack onset load is the minimum

one for which both inequalities (15) are fulfilled. It is

worth mentioning that the first condition in Eq. (15)

could be also expressed by imposing a condition

straight to the stress field, and not to its average

function. This leads to the FFM approach proposed by

Leguillon [19]. The two FFM models yield different

results, Eq. (15) always providing the most conserva-

tive predictions.

By means of Irwin’s relationship, the discrete

energy balance can be expressed in terms of the SIF

KI and its critical value, the fracture toughness KIc.

Hence, taking into account that cracks open under

mode I loading, the latter inequality in Eq. (15) can be

cast as:

1 1.5 2 2.5 3 3.5 4
0

0.2

0.4

0.6

0.8

1

1.2

Fig. 2 Dimensionless hoop stress vs. radial coordinate for

different dimensionless hole radii qg = R / lg = 2, 4, 8, 16, ?;

qg = ? corresponds to classical linear elasticity
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Z l

0

K2
I ðaÞ da�K2

Icl: ð16Þ

In the present FFM approach the material is

assumed simply to be linear elastic. Thus, the stress

field to be inserted in the stress condition is:

rhðrÞ ¼ rþ rþ p

r2
; ð17Þ

coinciding with the first term of the gradient solution

in Eq. (13). For the energy condition we need the SIF:

KIðaÞ ¼
ffiffiffiffiffiffiffiffiffi
pRa

p
rFrðaÞ þ pFpðaÞ
� 	

; ð18Þ

where a ¼ a=R and

FrðaÞ ¼ 1þ 1

1þ a

1

2
þ 0:743

1þ að Þ2

" #
; ð19Þ

FpðaÞ ¼
1

1þ a
0:637þ 0:485

1þ að Þ2
þ 0:4

a2

1þ að Þ3

" #
:

ð20Þ

The shape functions given by Eqs. (19) and (20)

were evaluated through a boundary collocation

method [35]: their accuracy is estimated to be better

than 1%.

Let us now introduce Irwin’s length lm:

lm ¼ KIc=rcð Þ2: ð21Þ

It is a material parameter, many studies proving its

connection with the internal microstructure [18].

Thus, for FFM, lm plays a role analogous to the one

played by lg in the GE approach. Similarly, the

dimensionless radius qm = R / lm can be introduced.

Upon substitution of Eqs. (17) and (18) into

Eqs. (15) and (16), we get:

2þ l

 � r

rc

� �
þ p

rc

� �
� 1þ l

Irr
r
rc

� �2

þ 2Irp
r
rc

� �
p

rc

� �
þ Ipp

p

rc

� �2

� l

p qm

8>>><
>>>:

;

ð22Þ

where l ¼ l=R is the crack advance normalized with

respect to the radius and

IrrðlÞ ¼
Z l

0

F2
rðaÞada

IrpðlÞ ¼
Z l

0

FrðaÞFpðaÞada; IppðlÞ ¼
Z l

0

F2
pðaÞada :

ð23Þ

Analytical solutions for the integrals in Eq. (23) are

provided in Appendix 2.

For positive geometries, i.e. for monotonically

increasing SIF functions (18), the minimum load

satisfying the system (22) is achieved when both

inequalities are strictly fulfilled. Hence, Eq. (22)

reverts to a system of two equations with two

unknowns: the critical crack advancement lc (or, more

precisely, its dimensionless counterpart lc ¼ lc=R) and

the remote failure stress rf (once p is given) or the

(breakdown) failure pressure pf (once r is given). On

the other hand, for non-positive geometries, the search

for the minimum load can be trickier (see, e.g.,

[27, 36]). Further details will be given in Sect. 4.2

when considering the case of internal pressure alone.

In any case, the FFM dimensionless failure load

depends only on the parameter qm, exactly as in the GE
model depends only on qg.

4 Discussion of results

GE and FFMmodels developed in the previous section

will be now implemented and compared by consider-

ing separately the following loading cases: (i) remote

tensile stress r (p = 0); (ii) internal pressure p (r = 0);

(iii) remote tensile stress and internal pressure

r ? p. Then, for case (ii), we will provide a compar-

ison with experimental data from the literature.

As stated before, both approaches are based on a

length, lg for GE and lc for FFM. Whereas the former

results a material property, being involved in the non-

local constitutive relationship (through Eqs. (1) and

(9)), the latter is a function of the hole radius R, and the

loading conditions, r and/or p, too. In other words, the

FFM crack advance can be expressed by the relation-

ship lc ¼ f ðR; r=pÞlm where lm is the material length

provided by Eq. (21). Note that similar arguments

hold also for the length scale parameter related to the
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Phase Field approach, whose connection with lc was

investigated in [37].

This being clarified, in order to compare GE and

FFM results, a proportionality coefficient between the

internal lengths lg and lm is thus introduced:

lg ¼ b lm: ð24Þ

4.1 Uniform biaxial tension (p = 0)

Applying Rankine criterion and setting p = 0 into

Eq. (14), the dimensionless failure remote stress

according to GE is:

rf
rc

¼ 1

2

qgK1ðqgÞ þ K0ðqgÞ
qgK1ðqgÞ

: ð25Þ

For what concerns FFM, the failure remote stress is

provided by Eq. (22) setting p = 0. Since the geom-

etry is positive, the inequalities in Eq. (22) become

equations. Simple analytical manipulations yield an

equation in a unique unknown, the dimensionless

crack advance:

p qm 1þ l

 �2

Irr l

 �

¼ 2þ l

 �2

; ð26Þ

whose solution l ¼ lc must be replaced into, e.g., the

first equation of the system (22) to get the failure

remote stress:

rf
rc

¼ 1þ lc

2þ lc
: ð27Þ

The dimensionless remote stresses at failure

according to GE and FFM are plotted in Fig. 3: a

good agreement is achieved by setting b = 0.24. For

very large sizes, the strength is reduced by a factor 2,

which coincides with the classical concentration

factor. Decreasing the hole size, the strength increases

in an almost coincident way according to the two

models. Only for very low hole sizes the GE and FFM

predictions start to differ from each other. Indeed,

FFM provides coherently that the failure stress rf
tends to tensile strength rc as the radius R vanishes. On

the contrary, according to GE, the stress concentration

factor becomes unrealistically lower than unity for

very small radii, tending finally to 0 as R ! 0, i.e. an

infinite strength is predicted. Therefore, the GE model

is no longer valid below a cutoff size. This threshold

size is approximately equal to GE internal length. In

other words, for GE to work, it is required that,

approximately, R[ lg (qg[ 1). However, this is not a

big concern, since most of the experimental data are

expected to fulfill this condition.

Finally, although the parameter b has been fitted to

match the solutions by the two models, it is worth

emphasizing the almost perfect agreement of GE and

FFM predictions for qm[ 0.5 (i.e. qg[ 2), as clearly

shown in Fig. 3. This nice feature is rather surprising

given the completely different origin of the two non-

local models, which, therefore, corroborate each other.

4.2 Pressurized hole (r = 0)

In this case, according to Eq. (14) and setting r = 0,

the dimensionless failure pressure for GE is:

pf
rc

¼
qgK1ðqgÞ þ K0ðqgÞ
qgK1ðqgÞ � K0ðqgÞ

; ð28Þ

for any qg. For what concerns FFM, the geometry is

locally positive and globally negative, since the SIF

(18) is first increasing (starting from zero) and then

tending to zero as R tends to infinity. Thus, the failure

pressure is again given by Eq. (22) (setting r = 0), but

now two scenarios are possible. For radii R larger than

0.40 lm (qm[0.40), the minimum load fulfilling the

two inequalities of system (22) is still achieved at the

interception point between the curves obtained replac-

ing the inequalities with the corresponding equations,

as shown in Fig. 4a (where R = 2 lm). Analytical

manipulations yield the following equation for the

dimensionless crack advance:

0 0.5 1 1.5 2 2.5 3 3.5 4
0.4

0.5

0.6

0.7

0.8

0.9

1
FFM
GE

Fig. 3 Biaxial tension, failure stress: comparison between FFM

and GE results by setting b = 0.24 in Eq. (24). The dotted line

refers to the asymptote for large radii

123

Meccanica (2022) 57:871–883 877



p qmð1þ lÞ2IppðlÞ ¼ 1; qm [ 0:40; ð29Þ

whose solution l ¼ lc must be replaced into the first

equation of Eq. (22) to get the failure stress:

pf
rc

¼ 1þ lc; qm [ 0:40: ð30Þ

On the other hand, for radii R below 0.40 lm (qm\
0.40), the minimum load fulfilling both the inequalities

of the system (22) is not given by the interception

point: it is given by the minimum of the discrete

energy balance, as depicted in Fig. 4b (where

R = 0.1 lm). This minimum is achieved when the

crack advance lc equals 1.29 R. Replacing this value in

the second equation of system (22) (along with r = 0)

and evaluating Ippðl ¼ 1:29Þ by the corresponding

expression in Appendix 2 (Eq. (40)), we get:

pf
rc

¼
ffiffiffiffiffiffiffiffiffi
2:10

qm

s
; qm\ 0:40: ð31aÞ

which can be rewritten equivalently as

pf ¼
ffiffiffiffiffiffiffiffiffi
2:10

R

r
KIc; R\ 0:40lm: ð31bÞ

FFM and GE predictions (by assuming b = 0.24 in

Eq. (24), as before) are reported in Fig. 5: the

matching is again excellent except for vanishing radii.

It should be noted that the ranges where GE and FFM

nearly coincide are generally those of practical

interest, as it will be shown in Sect. 4.4.

The critical FFM advance for the two cases

analyzed before (p = 0 and r = 0) is plotted in

Fig. 6. As can be seen, lc results a structural parameter

depending on the hole radius R, besides on the material

length lm. For both loading cases, lc/lm tends to 2/

(1.122)p as the size increases. In this case, fracture is

stress-governed and the crack advance is provided by

the energy condition. The same happens at small sizes

for p = 0, lc/lm tending to 2/p. On the other hand, for
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(b)

Fig. 4 FFM dimensionless pressure for qm = 2.0 (a) and

qm = 0.1 (b). FFM prediction is the minimum value (black

circle) satisfying both the stress requirement (area above the

dotted line) and the energy balance (area above the continuous

line)
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Fig. 5 Pressurized hole, critical pressure: comparison between

FFM and GE results by setting b = 0.24 in Eq. (24). The value

0.40 defines the limit between two different scenarios for the

FFM approach. The dotted line refers to the asymptote for large

radii
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r = 0 and R\ 0.40 lm, lc = 1.29 R, thus being a linear

function of R. This a typical behavior when the energy

condition governs the crack nucleation, as firstly

noticed by Mantič [38].

4.3 Remote stress and internal pressure

In this case, according to Eq. (14), GE states that

critical conditions are attained whenever the following

equation is satisfied:

r
rc

� �
2 1�

K0ðqgÞ
qgK1ðqgÞ þ K0ðqgÞ

" #

þ p

rc

� �
1�

2K0ðqgÞ
qgK1ðqgÞ þ K0ðqgÞ

" #
¼ 1;

ð32Þ

for any qg. Once the dimensionless ratio qg is fixed,
Eq. (32) defines the safety domain in the (p, r) plane,
see Fig. 7. Looking at Eq. (32), it is clear that the

domain has a triangular shape, the upper border simply

being the straight line connecting the two points

defining the critical conditions analysed in the previ-

ous subsections.

For what concerns FFM, the general analysis can be

quite complex since, for small radii and large

pressures, the SIF is first increasing, then decreasing

and finally increasing again (vs. a). However, restrict-

ing the analysis to sufficiently large holes (qm[ 0.40)

and positive remote stresses, the geometry remains

positive and, hence, the failure load is simply achieved

at the interception point, as in Fig. 4a. Let us assume

that the remote tensile stress is c times the inner

pressure, i.e. r = c p. Then Eq. (22) can be managed

to yield the following equation in the finite crack

increment:

1þ l

 �2

p qm c2Irr þ 2cIrp þ Ipp

 �

¼ l 1þ c 2þ l

 �� 	2

; ð33Þ

whose solution l ¼ lc must be replaced into the first

equation of the system (22) to get the failure stress:

pf
rc

¼ 1þ lc

1þ c 2þ lc

 � : ð34Þ

Fixing the hole size (i.e. fixing qm[ 0.40) and

solving Eq. (33) for different c values, we get the

safety domain according to FFM.

Taking as before b = 0.24, in Fig. 7 we plotted the

safety domain according to GE and FFM for qm equal

to 0.5, 1, 2,?, the last value coinciding with classical

linear elasticity along with Rankine criterion. Differ-

ently from GE, the border of the safety domain is

(weakly) non-linear according to FFM, the nonlinear-

ity increasing for decreasing qm. This is due to the

discrete energy balance, which is quadratic in the load.

Nevertheless, the two approaches provide close pre-

dictions also in this more general case.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.1

0.2

0.3

0.4

0.5

0.6

Fig. 6 Borehole problem: FFM critical crack advance for the

two considered cases, p = 0 and r = 0
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Fig. 7 Safety domains according to GE (dashed line) and FFM

(continuous line) by setting b = 0.24 in Eq. (24) for different

qm = R / lm; qm = ? corresponds to classical linear elasticity

and Rankine criterion
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4.4 Comparison with experimental data

In order to verify the soundness of the GE and FFM

approaches, we provide a comparison with experi-

mental data. The comparison is about the case of inner

pressure alone, i.e. the case we investigated in

subsection 4.2.

Cuisiat and Haimson [25] investigated the hole size

effect on hydraulic fracturing breakdown pressure

under zero far-field stresses by testing two rock

materials: Lac du Bonnet granite and Indiana lime-

stone. The material strength rc was measured exper-

imentally, resulting in 8.1 MPa and 9.6 MPa,

respectively. The authors applied the point stress

criterion to the data, evaluating the stress field at a

finite critical distance lc from the hole edge: lc was

fitted to 0.30 mm for granite, and to 0.24 mm for

limestone. Taking into account that, for the point

method, lc ¼ lm=2p [18], we can get lm � 1:87 mm

and lm � 1:48 mm for granite and limestone, respec-

tively. FFM results are plotted in Fig. 8, together with

GE results, implementing lg � 0:449 mm and lg �
0:355 mm via Eq. (24), b = 0.24.

As it can be seen in Fig. 8, the agreement between

the two approaches and the experimental data is more

than satisfactory. It should be added that the fitted

results for the internal length lm would lead to the

following estimations on the fracture toughness:KIc ¼
0:35 MPa

ffiffiffiffi
m

p
for granite, andKIc ¼ 0:37 MPa

ffiffiffiffi
m

p
for

limestone. Indeed, they turn out sensibly lower (2–3

times) than those generally evaluated experimentally,

as it often happens when dealing with rock materials

[39]. This aspect would require further investigations.

5 Conclusions

Gradient Elasticity and Finite Fracture Mechanics

were applied to the borehole problem. Two different

loading conditions were considered and investigated:

uniform biaxial loading and internal pressure. This

latter case represents a novelty for both approaches.

The following conclusions can be drawn:

• the two models have a completely different origin.

GE nature is non-local in the constitutive law and

local in the failure criterion; it considers the (size-

dependent) stress concentration factor as the

governing failure parameter. FFM nature is local

in the constitutive law, but non-local in the failure

criterion: it considers the fulfilment of two (stress

and energy) conditions for fracture onset. It is more

difficult to obtain the stress field according to GE,

but, once the stress field is known, GE is more

straightforward, since it requires the implementa-

tion of just one single equation.

• both models are based on a characteristic (internal)

length, lg for GE and lm for FFM. They take into

account the effect of the material microstructure at

the macroscale. While lg is generally fitted on the

experimental data, lm is achieved a priori once KIc

and rc are known.
• by considering the following proportionality law

lg& 0.24 lm, it has been shown that GE and FFM

predictions are in excellent agreement over the
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Fig. 8 Borehole problem (r = 0): GE and FFM predictions vs.

experimental data
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range of practical engineering interest. This a key

point, the independence of the two approaches

strengthening each other. Moreover, it follows that

lg can be linked straightforwardly to the brittleness

of the material in future GE applications:

lg ¼ 0:24 KIc=rcð Þ2¼ 0:24GcE
0=r2c , where E’ = E

/ (1-m2) and E is the Young’s modulus.

• for vanishing hole sizes, FFM catches coherently

the transition to a plain geometry. On the other

hand, GE presents some drawbacks as the internal

length becomes comparable to the hole radius so

that a threshold size has to be considered below

which the model can not be applied.

• the excellent agreement with experimental data

related to two different rock materials (Lac du

Bonnet granite and Indiana limestone) proves the

soundness of the present formulation.

Funding Open access funding provided by Politecnico di

Torino within the CRUI-CARE Agreement.

Declarations

Conflict of interest The authors declare that they have no

conflict of interest.

Open Access This article is licensed under a Creative

Commons Attribution 4.0 International License, which

permits use, sharing, adaptation, distribution and reproduction

in any medium or format, as long as you give appropriate credit

to the original author(s) and the source, provide a link to the

Creative Commons licence, and indicate if changes were made.

The images or other third party material in this article are

included in the article’s Creative Commons licence, unless

indicated otherwise in a credit line to the material. If material is

not included in the article’s Creative Commons licence and your

intended use is not permitted by statutory regulation or exceeds

the permitted use, you will need to obtain permission directly

from the copyright holder. To view a copy of this licence, visit

http://creativecommons.org/licenses/by/4.0/.

Appendix 1

Let us modify the two extra-boundary conditions of

Eq. (8) as d2u=dr2
��
r¼R
r!1

¼ a d2ue=dr2
��
r¼R
r!1

where

ue ¼
r
2l

ð1� 2mÞr þ R2

r

� �
þ p

2l
R2

r
; ð35Þ

is the radial displacement component according to

(classical) linear elasticity, and the correlative

coefficient a ranges between 0 and 1, i.e. 0 B a B 1

[26]. Through some analytical manipulations, similar

to those presented in Sect. 2, the maximum hoop stress

at the hole edge expressed by Eq. (14) reverts to:

rmax ¼ rhjr¼R¼

rþ ðrþ pÞ 1� 2
ð1� aÞK0ðqgÞ

qgK1ðqgÞ þ K0ðqgÞ

" #
:

ð36Þ

The parameter a has to be chosen to fulfil the

asymptotic condition for vanishing hole sizes, R ! 0.

It is immediate to check that setting a = 0.5 satisfies

this requirement for both geometries under investiga-

tion: accordingly, the stress concentration factor
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Fig. 9 Biaxial tension (a) and pressurized hole (b), failure
stress / critical pressure vs. hole radius: comparison between

FFM and GE results by setting a = 0.5 in Eq. (36)
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reduces to 1 (rmax ! r) in case of biaxial loading

(p = 0), whereas it diverges (rmax ! 0) in case of a

pressurized hole (r = 0). The comparison with FFM

results is shown in Fig. 9: both approaches catch

theoretically the size effects even for small holes,

although the differences are not negligible (nearly

15% for R/lm = 0.1, if p = 0).

Finally, according to the approach described above,

Eq. (32) reduces to:

r
rc

� �
2 1�

ð1� aÞK0ðqgÞ
qgK1ðqgÞ þ K0ðqgÞ

" #

þ p

rc

� �
1�

2ð1� aÞK0ðqgÞ
qgK1ðqgÞ þ K0ðqgÞ

" #
¼ 1:

ð37Þ

Appendix 2

The integrals defined in Eq. (23) can be expressed as:

Irr ¼ l� 0:75 log l þ 1

 �

�
1:24 l

4 þ 4:57 l
3 þ 6:05 l

2 þ 3:47 lþ 0:644
� 

l þ 1

 �5

þ 0:5 l
2 þ 0:644;

ð38Þ

Irp ¼ 0:637 lþ 0:0815 log lþ 1

 �

þ 0:4
3 l

2 þ 4:5 lþ 1:83
� 

lþ 1

 �3 þ 0:3185 lþ 1


 �

þ 0:243 l
2

lþ 1

 �2 þ 0:05 l

4

lþ 1

 �4 � 0:119 3lþ 1


 �
lþ 1

 �3

�
0:018 5lþ 1


 �
lþ 1

 �5 þ

0:00495 l
4

l
2 þ 6lþ 15

� 

lþ 1

 �6 �0:915;

ð39Þ
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1. Bažant ZP (2000) Size effect. Int J Solids Struct 37:69–80

2. Carpinteri A, Cornetti P, Puzzi S (2006) Scaling laws and

multiscale approach in the mechanics of heterogeneous and

disordered materials. Appl Mech Rev 59:283–304

3. Eringen AC, Speziale CG, Kim BS (1972) Crack tip prob-

lems in nonlocal elasticity. J Mech Phys Solids 25:339–355

4. Mindlin RD (1965) Second gradient of strain and surface

tension in linear elasticity. Int J Solids Struct 1:417–438

5. Eringen AC (1983) On differential equations of nonlocal

elasticity and solutions of screw dislocation and surface

waves. J Appl Phys 54:4703–4710

6. Kunin IA (1983) Theory of Elastic Media with

Microstructure. Springer-Verlag, Berlin

7. Aifantis EC (1984) On the microstructural origin of certain

inelastic models. J Mater Eng Tech 106:326–330

8. Aifantis EC (1987) The physics of plastic deformation. Int J

Plast 3:211–247

9. Aifantis EC (1992) On the role of gradients in the local-

ization of deformation and fracture. Int J Eng Sci

30:1279–1299

10. Aifantis EC (2003) Update on a class of gradient theories.

Mech Mater 35:259–280

11. Aifantis EC (2020) A concise review of gradient models in

mechanics and physics. Front Phys 7:239

12. Efremidis G, Carpinteri A, Aifantis EC (2001) Griffith

theory versus gradient elasticity in the evaluation of porous

materials tensile strength. J Mech Behav Mater 12:95–105

13. Askes H, Aifantis EC (2011) Gradient elasticity in statics

and dynamics: an overview of formulations, length scale

identification procedures, finite element implementations

and new results. Int J Solids Struct 48:1962–1990

14. Failla G, Santini A, Zingales M (2010) Solution strategies

for 1D elastic continuum with long-range interactions:

smooth and fractional decay. Mech Res Commun 37:13–21

15. Tarasov VE (2013) Lattice model with power-law spatial

dispersion for fractional elasticity. Cent Eur J Phys

11:1580–1588

16. Carpinteri A, Cornetti P, Sapora A (2014) Nonlocal elas-

ticity: an approach based on fractional calculus. Meccanica

49:2551–2569

17. Novozhilov V (1969) On a necessary and sufficient condi-

tion for brittle strength. Prik Mat Mek 33:212–222

18. Taylor D (2007) The theory of critical distances. A new

perspective in fracture mechanics. Elsevier, London

19. Leguillon D (2002) Strength or toughness? A criterion for

crack onset at a notch. Eur J Mech A/Solids 21:61–72

Ipp ¼ 0:406 log lþ 1

 �

þ
� 0:104 l

6 � 0:247 l
5 þ 0:153 l

4 þ 0:972 l
3 þ 1:21 l

2 þ 0:668 lþ 0:153
� 

l þ 1

 �7 � 0:153:

ð40Þ

123

882 Meccanica (2022) 57:871–883



20. Cornetti P, Pugno N, Carpinteri A, Taylor D (2006) Finite

fracture mechanics: a coupled stress and energy failure

criterion. Eng Fract Mech 73:2021–2033

21. Weißgraeber P, Leguillon D, Becker W (2016) A review of

Finite Fracture Mechanics: crack initiation at singular and

non-singular stress raisers. Arch Appl Mech 86:375–401

22. Cornetti P, Sapora A, Carpinteri A (2016) Short cracks and

V-notches: finite fracture mechanics vs. cohesive crack

model. Eng Fract Mech 168:12–16
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