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Almost everywhere convergence of Bochner—Riesz
means on Heisenberg-type groups

Adam D. Horwich and Alessio Martini

ABSTRACT

We prove an almost everywhere convergence result for Bochner-Riesz means of LP functions on
Heisenberg-type groups, yielding the existence of a p > 2 for which convergence holds for means
of arbitrarily small order. The proof hinges on a reduction of weighted L? estimates for the
maximal Bochner—Riesz operator to corresponding estimates for the non-maximal operator, and
a ‘dual Sobolev trace lemma’, whose proof is based on refined estimates for Jacobi polynomials.

1. Introduction

The study of Bochner—Riesz means is a classical topic in harmonic analysis. Recall that the
Bochner-Riesz means of order A > 0 of any function f € L?(R?) are defined by

I = (1 r0) ], (1)
where £L = A := — ijl 9% is the Buclidean Laplacian and 7 € RT := (0, 00). The associated
maximal Bochner—Riesz operator is then given by

T*)‘f = Sup|(177"£):\~_f|. (1.2)
r>0

The problem of under what conditions and in which sense one may ensure that 7)) f converges
to f as r — 07 is a key part of the investigation of summability methods for the Fourier
inversion formula, with connections to many other fundamental problems in harmonic analysis
and partial differential equations (see, for example, [19, 31, 48, 69, 73]).

A question of particular interest is the range of A >0 and p € [1,00] for which T2 and
T2 are bounded on LP(R?); the believed best bound on this is known as the Bochner-Riesz
conjecture (respectively, maximal Bochner—Riesz conjecture). It is conjectured that, for A > 0,
the operator T is bounded on LP(R?) if and only if

d—1/(1 A <1<d+1 1Jr A (13)
d 2 d-1 D d 2 d+1)’ '
and, for p > 2, the same LP boundedness range is conjectured for 7). A number of partial
results in this direction have been obtained, including recent breakthroughs (see [5, 8, 11, 15,
32, 45, 46, 72] and references therein), but the full conjectures remain open.

A weaker property than L? boundedness of T} is the almost everywhere convergence of T} f
to f as v — 0T for all f € LP. While the maximal Bochner-Riesz conjecture remains open,
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almost everywhere convergence has been proved [9] in the range (1.3) for p > 2 (see also [2,
47] for more recent endpoint results).

THEOREM (Carbery, Rubio de Francia and Vega). Let £ be the Laplacian on R%. Let A > 0
and 2 < p < oo be such that
d—1/1 A 1 1
—(s-") <= <5
d \2 d-1)°p>2

Then T f converges to f almost everywhere as r — 07 for all f € LP(R?).

As the Laplacian on R? is a positive self-adjoint operator, it has a spectral resolution that
may be used to define the Bochner—Riesz operators (1.1) and (1.2). As such, we may extend
the notion of Bochner-Riesz operators to other positive self-adjoint operators £ on L?(X)
for some measure space X. This corresponds to investigating ‘Fourier summability’ for more
general eigenfunction expansions than the one determined by the Euclidean Laplacian.

Here we are concerned with (homogeneous left invariant) sub-Laplacians £ on stratified
Lie groups. The current understanding of the optimal ranges for LP boundedness and almost
everywhere convergence of Bochner-Riesz means is rather limited in this context, compared to
the Euclidean case. A particularly significant result is that of Gorges and Miiller [30], which
extends the result of Carbery, Rubio de Francia and Vega to the setting of Heisenberg groups
H,,.

THEOREM (Gorges and Miiller). Let £ be the sub-Laplacian on the Heisenberg group H,,.
Let @ =2m+2 and D =2m + 1. Let A > 0 and 2 < p < oo be such that

-1/1 A 1 1
QQ (2D—1)<p<2' (1.4)

Then T f converges almost everywhere to f asr — 07 for all f € LP(H,,).

We remark that the quantities represented by @ and D, namely the homogeneous and
topological dimension of the group H,,, respectively, make sense for any stratified Lie group
(see Section 2 below for details) and are both equal to d for R%.

The above theorem should be compared with the following general result by Mauceri and
Meda [58, Corollary 2.8], which is valid for any stratified group and concerns L? boundedness
of the maximal Bochner—Riesz operator on such groups (see also [37, 56, 57, 60]).

THEOREM (Mauceri and Meda). Let £ be a sub-Laplacian on a stratified group G of
homogeneous dimension Q). Let A > 0 and 2 < p < oo be such that
1 A 1 1
- — —— < —-< - 1.5
2 Q-1 p 2 (1.5)
Then the maximal operator T, extends to a bounded operator on LP(G). In particular, T2 f
converges almost everywhere to f asr — 07 for all f € LP(G).

The condition (1.5) is more restrictive than (1.4); however, Mauceri and Meda’s result
applies to a larger class of groups and gives in the range (1.5) a stronger property than almost
everywhere convergence. A natural question is to what extent it is possible to obtain almost
everywhere convergence beyond the range (1.5) for groups other than the H,,. A particularly
elusive problem is obtaining a range with the same ‘trapezoidal’ shape as (1.4), that is, such that
a p > 2 exists for which all A > 0 are admissible (see Figure 1); apart from the pioneering work
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FIGURE 1 (colour online). Range of almost everywhere convergence of Bochner—Riesz means on
H-type groups given by Theorem 1.1. The diagram also depicts the results by Gorges and Miiller
(valid for Heisenberg groups only) and Mauceri and Meda.

by Gorges and Miiller, we are not aware of results of this kind for nonelliptic sub-Laplacians
L, even outside the context of stratified groups.

Here we succeed in proving almost everywhere convergence in a ‘trapezoidal’ range in the
setting of Heisenberg-type (henceforth H-type) groups. This is a class of 2-step stratified Lie
groups that includes the Heisenberg groups H,,, as well as groups with higher-dimensional
centre [38]. Our main result reads as follows.

THEOREM 1.1. Let L be the sub-Laplacian on an H-type group G of homogeneous dimension
@ and topological dimension D, and set Q. = 2Q — D. Let A\ > 0 and 2 < p < oo be such that

11 A 11
QQ* (2_D_1><p<2, (1.6)

Then T2 f converges almost everywhere to f asr — 0% for all f € LP(G).

Observe that, if 2m and n are the dimensions of the first and second layers of the H-type
group G, then D = 2m + n, Q = 2m + 2n and Q. = 2m + 3n. The range (1.6) is smaller than
(1.4); however Gorges and Miiller’s result only applies for n = 1, while Theorem 1.1 applies for
arbitrary n > 1.

As in other works on the subject, the proof of our almost everywhere convergence result
is obtained by considering LP to L120c boundedness of the maximal Bochner—Riesz operator.
As a matter of fact, it is enough to consider the ‘local’ maximal Bochner—Riesz operator
defined by

T.Af = Oiu;<)1|TT>‘f|. (1.7)

Indeed, if || 1T 1r 512 < oo for all compact sets K C G (here 1 denotes the characteristic
function of K), then Sobolev embeddings for sub-Laplacians [24] and a standard three-e
argument imply the almost everywhere convergence of T f to f as r — 0% for all f € LP(G).

As usual in this context, we consider a dyadic decomposition of the Bochner—Riesz multiplier:
for ¢ >0 and Dy := {27% : k € Ny}, we may write

(1-0% = *ms(Q), (1.8)

6€Dyg
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where, for all j € Ny and ¢ € Dy, the function ms € C2°(R) is real-valued and satisfies

1—61 ifd<1,

[—1,1] if 6 = 1. (L.9)

Im”lloc <5 67 and supp(ms) € {
Note that the functions ms in (1.8) depend on A, but satisfy (1.9) with implicit constants
independent of \; hence, with a slight abuse of notation, we suppress the dependence on A of
the functions mg from their notation.
Let us define the maximal operators corresponding to the dyadic decomposition:

M; f :=sup |ms(rL)f|, Msf:= sup |ms(rL)f|. (1.10)
r>0 o<r<1

In view of (1.8), for any given p € [2,00] and \g € R, the L? to L boundedness of T, for all
A > Ao would follow from an estimate of the form

1Lk M sz S 5 (L11)

for all 6 € Dy and all compact sets K C G, where the implicit constant depends only on those in
(1.9) and on the compact set K, but not on 4. In order to prove Theorem 1.1, it is then enough
to prove (1.11) for all pairs (1/p, Ao) lying in the ‘infinite trapezoid’ depicted in Figure 1.

As a matter of fact, thanks to interpolation [7], it suffices to consider just the vertices of the
trapezoid, that is, the estimates

1M e 5 6072 (112)
11 M3 || 20u/@e -0 2 S 15 (1.13)
1 M52 S 1, (1.14)

where g stands for < C'(e) 6 ¢ for all arbitrarily small € > 0.

Among these, the estimates (1.12) and (1.14) actually follow from stronger LP estimates
for the ‘global’ maximal operator My, which can be obtained in a relatively straightforward
way using available estimates for functions of a sub-Laplacian. More precisely, for a general
stratified group G and sub-Laplacian £, one can prove the estimates

1M (Lo e 827 M|l 2 spe S 1, (1.15)

where ¢ (£) is the ‘Mihlin-Hérmander threshold’ for £ defined as in [53]; it is known that
D/2 < ¢ (L) < Q/2 for arbitrary stratified groups and sub-Laplacians [16, 54, 58|, that
¢+ (L) < Q/2 for all 2-step stratified groups [53] and that ¢y (L) = D/2 for several classes
of 2-step stratified groups, including the H-type groups [34, 49-52, 63]. In view of (1.8), the
estimates (1.15) immediately lead to the following improvement of the result by Mauceri and
Meda.

THEOREM 1.2. Let L be a sub-Laplacian on a stratified group G. Let A > 0 and 2 < p < o0
be such that
1 1.1
2 2, (L)—1 "p 2
Then the maximal operator T2 extends to a bounded operator on LP(G). In particular, T\ f
converges almost everywhere to f asr — 0% for all f € LP(G).

The estimate (1.13), instead, requires a more delicate analysis, which we develop for an H-
type group G. By Holder’s inequality, it is readily seen that (1.13) follows from the estimate

1 M3\ L2y -2z S 1, (1.16)
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where w,(z,u) = (1 4+ |2|)~2™/9 (1 4 |u|)~"/%* in the usual exponential coordinates (here z
and u correspond to the first and second layer of G, respectively); in turn, (1.16) can be easily
deduced by interpolating the weighted estimates

||M6.|‘L2((1+\-\)*Q)~>L2((1+|-\)’“) é L, HMz;”LQ((1+P)_b)—>L2((1+p)‘b) é L, (1.17)
where | - | is a homogeneous norm on G, p(z,u) = |z|, a =2/3 and b = 1.

As it turns out, the estimates (1.17) reduce, roughly speaking, to the corresponding estimates
for the ‘non-maximal’ operator:

s (L)l 2 ip--rzarp-o 8L 05Oz (ep)-)-r240 81 (118)

More precisely, in Section 4 below, we prove that for a certain class of weights w on an H-type
group G, the following estimate holds:

||M5.H2LZ(w)—>L2(w)§ sup ”mﬁ(s‘C)HLZ(w)%L?(w) sup ”ﬁlé(s‘c)”L%w)%LQ(w) (1.19)
s€(0,1) (0,1)

se
for all 6 € D := Dy \ {1}, where the implicit constant may depend on w, and s (¢) = d¢m}(¢);
note that the m; satisfy the same conditions (1.9) as the ms. The ‘maximal-to-non-maximal’
reduction estimate (1.19) actually applies to the weights in (1.18) only if a € 4Ny and b € 2Ny;
however, a more sophisticated ‘interpolation’ argument, presented in Section 5, allows us to
work around this restriction and consider fractional powers as well. While the idea of reducing
estimates for the maximal operator to those for the non-maximal operator is implicit in both
the works of Carbery, Rubio de Francia and Vega [9] and Gorges and Miiller [30], an explicit
estimate such as (1.19) does not seem to appear in either work, and may be of independent
interest (cf. also [55]).

We are now down to proving the weighted estimates (1.18). Through this paper, this will be
reduced to proving suitable ‘dual Sobolev trace inequalities’, stated as Theorems 7.1 and 7.2
below. To briefly explain the idea, in addition to the sub-Laplacian £, let us fix an orthonormal
basis Uy, ..., U, of the second layer g of the Lie algebra of the H-type group G. The operators
L and U;/i all commute and admit a joint functional calculus [62]. We define the pseudo-
differential operator

U= (—(U +---+ U2 (1.20)
and the spectral cut-off operators Ms ; by

1-51(£) 1[2j72j+1)(271'£/%) forj=1,...,Js — 1,

M5’j = )
1 51)(L) Ljpus ooy (2L/ %) for j = Js,

where § € D, and J5 € N is such that 275 ~ §~1 (see Figure 2). We wish to prove, for all § € D
and j =1,...,Js, the estimates

M55 15 S (2_j5)a/2Hf||%2((1+\.|)a)» (1.21)

M55 113 £ 279 1221400 (1.22)

where a = 2/3 and b = 1 as before. Theorems 7.1 and 7.2 are minor technical modifications of
these inequalities.

In the case of Heisenberg groups, a stronger version of the estimate (1.21), where a = 1,
appears in Gorges and Miiller’s paper [30, Lemmas 7 and 8], arising as a replacement for the
following Euclidean ‘dual Sobolev trace inequality’

=5, (D) FII S OIF I (1415 (1.23)

note that (1.23) is an immediate consequence of the Sobolev trace lemma applied in frequency
space, where the norm in the left-hand side of (1.23) turns into the L? norm of a function
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FIGURE 2 (colour online). Joint spectrum of £ and % and spectral cut-offs
M(i’j = 1[1,5_’1]([,) R]‘, where Rj = 1[2j’2j+1>(2’ﬂ'£/%) fOI‘j < J&.

on an annulus of thickness &, while the norm in the right-hand side becomes the L? Sobolev
norm of order 1/2 of the function. The method of Carbery, Rubio de Francia and Vega in the
Euclidean case hinges on an estimate such as this [9, Lemma 3].

In the case of Heisenberg(-type) groups, the proof of the ‘trace lemmas’ (1.21) and (1.22)
is significantly more complicated than that of (1.23) in the Euclidean case. Among other
things, the group Fourier transform on a noncommutative stratified Lie group has substantially
different features from the Euclidean Fourier transform, and describing the effect on the ‘Fourier
side’ of multiplication by a power of the homogeneous norm | - | is not as straightforward as in
the Euclidean case, where it can be interpreted as (fractional) differentiation or integration.

The method used by Gorges and Miiller to prove (1.21) involves considering negative frac-
tional powers of a difference-differential operator on the Fourier-dual space to the Heisenberg
group H,,, which corresponds on the group side to the multiplication operator by the function

|2|? — 44u. Here we are adopting the usual exponential coordinates (z,u) € C™ x R for the

. 2 . 1/2 4 2\1/4 .
Heisenberg group H,,, and we remark that ||z|” — 4iu] *~ = (]z|” + 16|u|”) * is a homogeneous

norm on H,,. As it turns out, if one restricts to ‘radial’ functions on H,, (that is, functions
depending only on |z| and u), then simple explicit formulas for the Schwartz kernel of these
fractional powers can be found [30, Theorem 11], and an application of Schur’s Test would
readily lead to the estimate (1.21) for radial functions f; a more delicate argument based on
complex interpolation allows Gorges and Miiller to dispense with the radiality constraint and
obtain (1.21) with a =1 in full generality.

In the case of Heisenberg-type groups, additional obstacles appear. Here, loosely speaking,
(z,u) € C™ x R™, where n may be larger than 1 (indeed n > 1 is the case of interest), and
the expression |z|? — 4iu no longer makes sense. One could consider the function |z|* + 16]u|?
as a replacement; however, while relatively explicit formulas may be found for the Schwartz
kernel of negative fractional powers corresponding to |z|* + 16|u|?, when n > 1 these formulas
become significantly harder to handle.

For this reason, here we instead consider the ‘fractional integration operators’ on the Fourier-
dual space corresponding to multiplication on the group side by negative powers of |z| and |u],
that is, ‘pure’ first and second layer ‘weights’. While the resulting formulas remain substantially
more complicated than those dealt with by Gorges and Miiller in the Heisenberg group case, we
nevertheless manage to estimate them and deduce (1.21) with a = 2/3, as well as (1.22) with
b = 1. In particular, the formulas for the Schwartz kernels of the fractional powers corresponding
to the second-layer weight |u| involve Jacobi polynomials, and our results are ultimately based
on the combination of a number of classical and more recent estimates on Jacobi polynomials
[21, 33, 40, 41].
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It is a natural question whether the stronger estimate (1.21) with @ = 1 can be proved for
general H-type groups; this would imply the almost everywhere convergence result in wider
range (1.4). There is some evidence that this may actually be possible: indeed, we can prove
(1.21) with @ =1 in a restricted range of j, namely for j < 3Js5/4, and also for j = Js. We
remark that the case j < 3Js/4 is dealt with by using pure second-layer weights, while the
case j = J;s follows by considering pure first-layer weights; this suggests that the missing range
3Js5/4 < j < Js could perhaps be recovered by exploiting ‘mixed’ weights jointly depending on
z and u.

Another related question is whether the estimates and machinery developed in this paper
can be used to prove a ‘localisation principle’ for Bochner—Riesz means on H-type groups, in
the spirit of Carbery and Soria’s results in the Euclidean setting [10]; recent investigation in
this direction in the context of Heisenberg groups can be found in [28].

A further question is whether the almost everywhere convergence result from Theorem 1.1
can be ‘upgraded’ to an LP boundedness result for the maximal operator 77, going beyond
the range given by Theorem 1.2. As a matter of fact, in analogy with the Euclidean case
[15], it is possible [14] to deduce in great generality L boundedness results for the maximal
Bochner—Riesz operators associated with a ‘Laplace-like’ operator £ from the validity of LY —
L? restriction estimates of Tomas-Stein type for £, provided 2 < p < ¢’. In the case of the
Heisenberg groups, however, no nontrivial restriction estimates of this kind hold for the sub-
Laplacian £ [61]; for H-type groups with higher-dimensional centre, some estimates of Tomas—
Stein type do hold [12], but the corresponding L? boundedness results for 77 given by [14]
are strictly included in those given by Theorem 1.2. This seems to indicate once more that the
investigation of Bochner—Riesz means for sub-Laplacians requires substantially new ideas and
methods compared to the Euclidean case.

In these respects, it is worth pointing out that, in the Euclidean case, relatively explicit
formulas and asymptotics for the convolution kernels of the Bochner—Riesz operators are
available, from which one can derive the necessity of the condition (1.3) for LP boundedness
(see, for example, [35] and [69, § X1.6.19]) and confirm the sharpness of the result of Carbery,
Rubio de Francia and Vega on almost everywhere convergence (cf. [10, pp. 320-321]). However,
already in the case of the Heisenberg groups, very little appears to be known in terms of
necessary conditions for almost everywhere convergence or LP boundedness of Bochner—Riesz
means for sub-Laplacians. The techniques introduced in the recent work [54] allow one to
relate the functional calculus for a sub-Laplacian on a manifold with that for the Laplacian on
a Euclidean space of the same topological dimension D, and can be used to deduce that, at
least for what concerns LP boundedness, for a sub-Laplacian one cannot go beyond the closure
of the range (1.3) with d = D. In light of this, one may also ask whether the quantities @ and
Q. in (1.4) and (1.6) can be replaced by D. However, at this stage, we do not know whether
these or other improvements are possible, or instead, as in the case of restriction estimates,
“non-Euclidean” obstructions may subsist.

Structure of the paper

In Section 2, we recall basic definitions and results about stratified groups, H-type groups
and sub-Laplacians thereon. Among other things, we introduce a number of weights we will
be working with and see how they interact with convolution (so-called Leibniz rules) and the
group Fourier transform.

Section 3 shows how the estimates (1.15) can be proved for an arbitrary sub-Laplacian £ on
a stratified group G, leading to the proof of Theorem 1.2.

In Sections 4 and 5, we restrict to the case of Heisenberg-type groups and we discuss
the aforementioned ‘maximal-to-non-maximal’ reduction, showing in particular that (1.17)
essentially reduces to (1.18).
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In Section 6, we show how the weighted L? estimates (1.18) follow from ‘dual trace lemmas’
as discussed above. The trace lemmas are finally proved in Section 7, thus completing the proof
of Theorem 1.1. The proofs the trace lemmas are based on a number of estimates for Jacobi
polynomials that are discussed in Section 8.

Notation

We write Ny and N for the sets of nonnegative and positive integers, respectively; R denotes
the positive half-line (0, 00). For two quantities A and B, the expression A < B indicates that
there exists a constant C' > 0 such that A < CB; we also write A <, B to indicate that the
implicit constant C' may depend on the parameter p. Moreover, A ~ B is the conjunction of
A< Band B < A.

2. Analysis on stratified and H-type groups

2.1. Stratified groups and sub-Riemannian structure

We briefly recall a number of standard definitions and results. For details, we refer the reader
to [25, 29, 76].

A stratified group G is a connected, simply connected nilpotent Lie group whose Lie algebra
g is stratified, that is,

k
s=Py; (2.1)
j=1
for certain subspaces g1,..., gr of g, called layers, such that

(80, 06] € Gatb

for all a,b=1,...,k (here g, = {0} for a > k) and the first layer g; generates g as a Lie
algebra; if g # {0}, we say that g and G have step k. Via the exponential map, we may and
shall normally identify a stratified Lie group G with its Lie algebra g. Group multiplication on
G is then given by the Baker—Campbell-Hausdorff formula,

1
zy=z+y+gley+...,
which due to nilpotency is a finite sum, while group inversion is simply given by
T = —x,

and any Lebesgue measure on g is a (left and right) Haar measure on G.

The choice of a Haar measure on a stratified group G allows us to define Lebesgue spaces
LP(G) for 1 < p < oo. As it is known, L!(G) is a Banach x-algebra with respect to convolution
and involution, given by

fgla) = /G FW ol 2y dy,  f(@) = F@ )

for almost all z € G and f,g € L'(G). We record here the useful identity
(frgx=h)=(f=n"g), (2.2)

where (-, -) denotes the L? inner product, that is,

(f.9) = /G f(2) 9@ de
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We will also consider weighted LP spaces on Gj for a locally integrable nonnegative function
w: G — R, we will normally write L?(w) in place of LP(G, w(z) dx).

If we write x € G2 g as (z1,...,x) according to the decomposition (2.1), automorphic
dilations &, (r € RT) on g and G are defined by setting
Sp(1, . yan) = (P, ... rPay). (2.3)

With respect to these dilations, the Haar measure scales according to the dimensional
parameter ) given by

k
Q=) _jdim(g),

Jj=1

called the homogeneous dimension of G. We also define D to be the topological dimension of
G given by

k
D= Z dim(g;).
j=1

Since the first layer g; generates g as a Lie algebra, the choice of an inner product on
g1 determines a left-invariant sub-Riemannian structure on G and a corresponding Carnot—
Carathéodory distance d. By left-invariance we have actually

d(z,y) = |y =

for a nonnegative proper continuous function |-|: G — R, which is but one example of a
(subadditive) homogeneous norm on G, since it satisfies

lzy| < Jz] + [yl,  [0q2] = r|z],

for all z,y € G and r € R", and in particular
k
o] =Y ]
j=1

In what follows we will write B(x,r) and B(z,7) to denote the open and closed balls associated
with the Carnot—Carathéodory distance.
Due to left-invariance and homogeneity,

|B(x,7)| = r?|B(0,1)

for all 7 € R and « € G, where |B(z,r)| denotes the Haar measure of B(z,r). In particular, G
with the Carnot—Carathéodory distance d and the Haar measure is a doubling metric measure
space, with ‘doubling dimension’ @), and the theory of singular integrals and weights on spaces of
homogeneous type can be applied to G. In particular, the Hardy-Littlewood maximal operator
M on G, given by

M (z) = supr—@ / fay)] dy,
r>0 |z|<r

is of weak type (1,1) and bounded on LP(G) for p € (1,00]. This implies the following
boundedness result for maximal operators [25, Corollary 2.5], where, for any function f : G —
C and r > 0, we denote by D,.f the function given by

D, f(x) = T_Q/Qf((sr—l/Z (z)). (2.4)
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LEMMA 2.1. Let G be a stratified Lie group with a sub-Riemannian structure, and ) be
its homogeneous dimension. Let K : G — C be a measurable function satisfying the estimate

c

for some C,e > 0. Let T* be the operator defined by

T f(x) = sup |f # (D K)()].

Then, for all z € G,
T f(x) Se CM f(x).
In particular,

1T fllp Se CIANp
for all p € (1, 00].
Recall that a weight on G is a nonnegative locally integrable function w: G — R. The
Muckenhoupt class A2(G) is the set of weights on G for which the Hardy-Littlewood maximal

function on G is bounded on L?(w); an equivalent characterisation is that w € A5(G) if and
only if

sup r_2Q/ w(y) dy/ w(y) " dy < oo (2.5)
zeG B(z,r) B(zx,r)

r>0

(69, 71]. Then we have the following result (cf. [69, Chapter V]).

LEMMA 2.2. Let G be any stratified group and let | - | be a homogeneous norm on G. Then
the weights | - |* and (1+ |- |)* are in A2(G) for |a| < Q. In addition, if p: G — R is defined
by p(x1,...,x) = |z1| for any norm on g;, then the weights p* and (1 + p)® are in As(QG) for
la|] < dim g;.

2.2. Sub-Laplacians and their functional calculus

Let G be a stratified group with a sub-Riemannian structure as before. Recall that the Lie
algebra of G may also be thought of as the space of left-invariant vector fields on G. If we take
an orthonormal basis X7,..., Xy of g1, then we define the sub-Laplacian £ on G as

d
L= —ZXJZ.
j=1

It can be shown that £ does not depend on the choice of the orthonormal basis.

We may also consider the sub-Laplacian £ via its spectral decomposition. One can show
that £ is positive and (essentially) self-adjoint on L*(G), with core the Schwartz class .7 (G)
of rapidly decaying functions on G. Hence, £ has a spectral decomposition

L= / T NdE). (2.6)

We can then define a functional calculus for £ by defining operators

F(L) = /0 T PO dEO)
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for all bounded Borel functions F': R — C. Such operators F'(L) are left-invariant and so
are convolution operators; that is, there exists K € .¥/(G) such that F(L)f = f* K. By
homogeneity then we have the following result [25, Lemma 6.29].

LEMMA 2.3. Let G be a stratified Lie group and L be a sub-Laplacian. Let F : R — C
be a bounded Borel function and let K denote the convolution kernel of F(L). Then, for
allr > 0,

F(rL)f = f * (D,K) = D,F(L)D, f. (2.7)

Here we briefly recall a number of results concerning the functional calculus of sub-Laplacians
L on stratified groups. A property of the sub-Laplacian £ which we will use is the ‘finite
propagation speed’ of solutions of the associated wave equation (see, for example, [59, 67]).

LEMMA 2.4. Let G be a stratified group and L be a sub-Laplacian. For t € R, let K; denote
the convolution kernel of the operator cos(tv/L). Then
supp(K:) C B(0, [¢]).
Another important property is that if F': R — C is in the Schwartz class, then the

convolution kernel of the operator F'(£) is in the Schwartz class on G [36]. A particular instance
of this result is stated below in a quantitative form.

LeEmMMA 2.5. Let £ be a sub-Laplacian on a stratified group G. Then there exists k € N
such that, if an even function F' : R — R satisfies

IFl: = sup (1+NFIFDN)] < .
+

then the convolution kernel K of the operator F(\/L) satisfies the estimate

1115
K < 2.8
K@) ot (28)
for all x € G, where the implicit constant does not depend on F.
Proof. This is an immediate consequence of [36, Lemmas 1.2 and 2.4] and [77]. O

Note that the estimate (2.8) implies integrability of K. A number of works have been devoted
to determining the minimal smoothness requirement on a compactly supported F : R — C so
that the convolution kernel of the operator F'(£) is integrable (see [53, 54] and references
therein). We recall here the definition of ¢;(£) from [53] as the infimum of all the s; € RT
such that, for all s > sy and all F': R — C supported in [—1, 1],

1K@y Ss IF] 2 r) (2.9)

where K is the convolution kernel of F(L), and L?(R) is the L? Sobolev space on R of
(fractional) order s. As mentioned in the introduction, D/2 < ¢ (£) < Q/2 for all stratified
groups G and sub-Laplacians £, and the equality ¢, (£) = D/2 is known to hold for a number
of 2-step stratified groups, including the H-type groups.

The next lemma regards weighted L? boundedness of a square function associated to a
Littlewood—Paley decomposition for a sub-Laplacian. The result is analogous to Euclidean
results found in, for example, [69]; a proof in our setting can be derived, for example, from the
results of [42, 70].
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LEMMA 2.6. Let L be a sub-Laplacian on a stratified group G. Let p € C>°(R") be such
that

> p@'N) =1 forall x>0,
ez
and let w € A2(G). Then
DM@ Oy = 111 ) (2.10)
1€z

for all f € L*(w), where the implicit constants may depend on ¢ and w.

2.3. H-type groups

An H-type group is a 2-step stratified Lie group whose Lie algebra g is endowed with an inner
product (-,-) satisfying the following conditions. Firstly, the layers g; and go are orthogonal.
Secondly, if we define, for each p € g3, the skew-symmetric endomorphism _#,, of g; by

(Ju(2),2") = u(lz,2]) V2,2 € g,

then we require that, for all u € g3,

f/? = 7|,LL|2Id

Note that, under these assumptions, u([-,-]) is a symplectic form on g; for all p € g5 \ {0};
hence, the dimension of g; is even. Moreover, the restriction of the inner product to gy
determines a sub-Riemannian structure on G and a distinguished sub-Laplacian £, which we
will use throughout.

We refer to [17, 18, 38, 39] for additional information on H-type groups.

2.3.1. The Fourier transform on H-type groups. We now recall some facts regarding
Fourier analysis on H-type groups. Let G be an H-type group with dimg; = 2m and
dim go = n. Following [3], for each p € g5 \ {0} ~ R™\ {0}, there exists an orthonormal basis
Ei(u),...,Eopn(u) of g1 such that

| Emyi(p) i j<m
—|p|Em—j(p) otherwise.

HuEi(p) = {

Here we do not assume that the E;(u) depends continuously on ;0 however, we may and shall
assume that E;(A\n) = E;(p) for all A > 0. For all € g5 \ {0}, this choice of an orthonormal
basis induces an isometric identification of g; with C™: to all z € g; we associate the element
z2(p) = (z1(@), ..., 2m(p)) € C™ such that

m

2= [(Rez;(w)Ej(u) + (Im 2 (1)) Bjrm ().

j=1

It is easily checked that, for all u € g3, the map (z,u) — (2(u), |u| "' - u) defines a Lie group
epimorphism from G to the Heisenberg group H,,. In particular, if we define (cf. [26, 30]) the
Schrédinger representation w? of H,, with parameter s € R\ {0} on L?(R™) by

[wg(z,t)go](x) — e27ris(t+1m(z)-x—&-Re(z)-Im(z)/Q)(p(x + RE(Z))

for all ¢ € L*(R™) and (z,t) € H,,, then a family @, (u € g3\ {0}) of pairwise inequivalent
irreducible unitary representations of G on L?(R™) is given by

@y (zo) = (2(0). ) (211)
for all (z,u) € G.
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This family of representations is enough to write a Plancherel formula for the group Fourier
transform. Namely, if we define the group Fourier transform of f € L' (G) as the operator-valued
function given by

Flw) = /G £(9) @u(g) dg

for all € g3\ {0}, then the following properties hold (see, for instance, [3, 27]), where T
denotes the adjoint operator to T'.

LEMMA 2.7. For all f,g € L'(G) and i € g5 \ {0},

— o~

[rg(p) = f(u)g(p), (2.12)
Fr () = F(w)'. (2.13)
Moreover, for all f,g € L' N L*(G),
() = [ eF) 300"l du, (214)
I1£12 = / G s |l ™ (2.15)

Note that from (2.11), it follows that, for all f € L'(G) and p € g3 \ {0},

Flw) = /H P.f(9) =%, (9) do, (2.16)

where P, f € L'(H,,) is defined by

PufGlnit) = [ St v)do
“w

for all z € g; and t € R. In other words, the group Fourier transform of f € L'(G) at p €
g5 \ {0} is the same as the group Fourier transform of P, f € L'(H,,) at |u|.

It is convenient to express the ‘matrix components’ of the group Fourier transform f(u) of
a function f € L*(G) in terms of suitably rescaled Hermite functions. We start by defining
Hermite functions on the real line by

dk

hi(z) == (zkk!ﬁ)—lﬂ(—1)ke-’>2/2@e—mz, z €R, k € N,

and their m-dimensional versions as

ho(x) = H ha,;(z;), =e€R™, acNg.
j=1

We then renormalise these Hermite functions by defining, for all s > 0,
he(x) := (2ms)™ *ho((27s)Y%2), x€R™, a € NI (2.17)

For each s >0, the family (h)acny forms an orthonormal basis of L*(R™). Now, for all
€LY G), pegs\{0} and o, B € NI, we define

o~

Flua, B) = (F(u)nle nlily = /G F(9) (mu(g)hl! Al dg. (2.18)
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~

For later convenience, we extend the definition of f(u,«, ) to all a, 5 € Z™ by
f(u,a,ﬁ) =0 for all (o, 8) ¢ Nj* x Ng".

From (2.12) and (2.13) we immediately derive the following identities:

—

=

f*(;u’vavﬁ> :f(Muﬂaa)7 (219)
Frglpa,B) = > Gl 0,7 Fln, B)- (2.20)
yENT

for all f,g € L'(G), p € g5\ {0} and o, B € NJ".
One can show that the Hermite functions h!Z'! are eigenfunctions for £(u) := dw, (L), the
group Fourier transform of the sub-Laplacian; namely,

L(p)hl = c(|a])|plhl,
where |a| = @y + -+ 4+ ayy, for all @ € N™ and, for all k£ € N,

c(k) = 2w (2k +m). (2.21)
In addition, if % is the ‘central pseudo-differential operator’ defined in (1.20), then 02//\(;0 =
dw, (%) = 2m|p|Id. The group Fourier transform is compatible with the joint spectral
decomposition and functional calculus of £ and %, and so

o~

(F(L, %)) (1, v, B) = Fle(|a) ], 2 ul) £, v, B)- (2.22)

It will often be convenient to consider functions on G that depend ounly on |z| and u; we
shall call such functions radial. In the case that f is radial, the off-diagonal matrix coefficients

o~

of f(u) are zero, and furthermore, the diagonal coefficients depend only on the magnitude
laf =3, o of the index a € Ni™:

~ o~

f(u7a76) = 5(¥,/3f(.“7 ‘aleh ‘O¢|61)

for all p € g5\ {0} and o, 8 € N§*, where e; = (1,0,...,0) (this is true for Heisenberg groups
[75, Theorem 1.4.3], hence for general H-type groups by (2.16)). In this case, we adopt the
notation

o~ ~

f(;uv k) = (/~L7 ke, kel) (223)

for all (u,k) € (g5 \ {0}) x Np. These simplifications correspond to the fact that the Banach x-

algebra L), ,(G) of integrable radial functions on G is commutative [18]; indeed, (2.23) expresses

a relation between the Gelfand transform and the group Fourier transform of f € L. (G),
where (g3 \ {0}) x Ny parametrises a subset of full measure of the Gelfand spectrum of L., ;(G).

For radial functions we have simpler expressions for the Fourier coefficients and the
Plancherel formula. We recall that the Laguerre polynomial L{ of type a > —1 and degree

k is defined by

L& L 1 T _.—a dk —x_k+a R
() = e o (e7%x"T%), zeR.
Then, for all radial f € %(G),

. k ~1\ ! o IR
f(mk’):( o ) / 2T (2, u) LI (wlpl|2f?) e T F dzdu (2.24)
G
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This now gives us an alternative Plancherel theorem and inversion formula for radial functions,
which may also be found in [62]. Specifically, if f € L?(G) is radial, then

k 1\ -
R D ¥ Gy [ RST EY (2.25)

MO} ken,
and, if f € ¥(G) is radial, then

w212

f(zu) = STl k) e 27 L (wlp[22) e |l dp, (2.26)
RA{0} geny

We recall from (2.14) that

= [ % Fue B T " d (2.27)

a,BENT

Observe that, if one of f,g is a radial function, then the only non-zero terms would be the
diagonal ones, where aw = 8. Thus, if one of f, g is radial, then

(o) = [ > Flee) T " . (228)

aeNy

Furthermore, from (2.20) and the Cauchy—Schwarz inequality, we deduce that

/R X P gl oy @) ™ dpp < |12l (2.29)

aeNg

2.3.2. Differentiation on the Fourier dual. A complex valued function on an H-type group
G will be called a polynomial if it is a polynomial in exponential coordinates. In the Euclidean
case, the Fourier transform intertwines operators of multiplication by a polynomial with
constant coefficient differential operators. In analogy with this, it is natural to interpret the
effect on the Fourier side of multiplication by a polynomial on G as a sort of ‘differentiation’
on the group Fourier dual.

This idea makes sense also in more general stratified groups (see, for example, [23]). However,
on H-type groups, explicit formulas for these ‘differential operators’ on the Fourier side can
be written in many cases. In the case of the Heisenberg groups, a number of these formulas
are listed in [30, p. 151] (see also [20, 63] and [66, Lemma 6.4]). In view of (2.16), these
formulas admit straightforward extensions to H-type groups, which we list below. We need
some notation: for all p € g5\ {0}, 7=1,...,mand i =1,...,n, define

Cu,j(Z’u) = Zj(:u)’ m('zvu) = zj(:“)v p(z,u) = ‘z|a
Yi(z,u) = u,  P(z,u) = [ul.

Here we are identifying go with R™ by the choice of an orthonormal basis, so that the u; are
the components of u. Note that p and ¥ are not polynomials, but their squares are.

Let us first consider first-layer polynomials, that is, those depending only on the first-layer
variable z. For all f € Z(G), pe g5\ {0}, j=1,....,m, a, 8 € N[,

(2.30)

~

(wlu) 2 @, B) = (o + D)V flpoa+ e, 8) — B Flu, o, 8 — ;) (2.31)

(W\#I)I/Qij\f(u, o, B) = ) flpa—ej, 8) = (B + 1)/ f(p s B+e;),  (232)
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where e; € Ni* is the jth standard basis element. By combining these operators and summing
over j, we thus obtain a formula for the operator of multiplication by p?, which is particularly
simple in the case of radial functions f. Specifically, for all u € g5\ {0} and k& € N,

— 1 ~ N

p?f(p, k) = m[(% +m) f (k) = kf (k= 1) = (k+m) f(p k +1)]. (2.33)

We now pass to second-layer polynomials, that is, those only depending on w. For all radial
functions f € S(G),l=1,...,n, p € g5\ {0} and k € Ny,

47ritm(u7k)=26%f(uyk) |“|’2[mf<u, k) + kf(u k= 1) — (k+m)f(p,k+ 1)) (2.34)

Note that, in the formulas (2.31) and (2.32), the p in the multiplier ¢, ; must match the

in the argument of the Fourier transform f In applications, we will also need to consider the
case of mismatch. This is discussed in the following lemma, where we use the notation

Cup,0 = Cup and  Cup1 = @7- (2.35)

LEMMA 2.8. Let pi,p€ R\ {0}. Then there exist Cqp jix(pt, 1) € C (where j k€
{1,...,m} and o, § € {0,1}) such that

C/M,j,(l = Z Z O(Y'-,ﬂvj7k(u’/’1’1) gp,,k,ﬂa (236)

k=1 8e{0,1}
and |Cq 3.5,k (1t, t1)| is bounded uniformly in «, 3,7, k, i, pt1.

Proof. For all u, uy € g5 \ {0}, the change of variables z(u) — z(u1) is an R-linear isometry
on C™, whose matrix coefficients are therefore uniformly bounded as well as those of its
inverse. O

2.3.3. Dual Leibniz rules. 'We now proceed to calculate ‘Leibniz rules’ for the polynomials
n (2.30), describing the effect of multiplying by such polynomials a convolution product on G
(see also [23, Proposition 5.2.10]).

Note first that each ¢, ,;,: G —C (pe€ g5\ {0}, j=1,...,m) is a group homomorphism,
whence

Cu,j(f *g) = (Cu,jf) * g+ f* (Cu,jg)-
for all f,g € L'(G). An analogous rule holds for E Iterating and combining the above formula
yields
P(fxg)= (0" xg+ [ (o"g) + Z(@ i) (Cugg) + Z (Cuif) * (Gus9)- (237)

j=1

The rule for ¢; (I =1,...,n) is more involved, due to the fact that ¢); is not a homomorphism.
Indeed,

Ui((z,u) - (2, u) = u((z,u) + u(,0) + %([2, Z-
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By explicitly writing ([z,2]); in terms of the coordinates z(u), 2’'(n) (for any choice of u €
g5\ {0}) and the structure constants of g, we easily derive

Ui(f xg) = (Wuf) * g+ f* (thig)

(2.38)
+ Z Z (l) k,j,a,fB CM k, (xf) (C}L,jﬁg)y

k,j=1a,8€{0,1}

O]
for some constants Coulkejion,B

using the notation (2.35).

€ C which are uniformly bounded in p, k, j, o, 8; here again we are

2.3.4. Dual fractional integration for radial functions. Recall from Section 2.3.1
that the Fourier transformation determines a unitary isomorphism between the space
L2 4(G) of square-integrable radial functions on G and the space H = L?((R™\ {0}) x
No, |p|™ du (k+7£_1) d#(k)), where # denotes the counting measure on Ny. If w = w(|z],u) is a
radial function on G, then this unitary isomorphism intertwines the operator of multiplication
by w with a (possibly unbounded) operator d,, on H.

If w is a radial polynomial, then 0, corresponds to one of the ‘differential operators on
the dual’ discussed in Section 2.3.2. If instead w is a negative fractional power of a radial
polynomial, then we can think of J, as a ‘fractional integration operator on the dual’. The
formulas below allow us to give a more explicit description of such operators J,, in terms of w.

LEMMA 2.9. Let w be a radial function on G, so that w(z,u) = wo(|z|?,u). Then, in the
sense of distributions, we can write J,, as a generalized integral operator,

/ Z Hv,)K,(v,l;p, k) <l * T;L a 1> lv|™ dv, (2.39)
R™

S

with Schwartz kernel

C(m e
Kw(yal;ﬂa k) = k+m1§ (llml) /() -F2W0(tay - :u‘)
l

(%

x LM (wlw|t) L (| ult) e~

m(vltinDt
2

tm 1 dt. (2.40)

Here C'(m) = n™ /(m — 1)! is half the measure of the unit sphere in C"™, and Fawy is the partial
Euclidean Fourier transform of wg in the second variable, that is,

Fowolt, 1) = / wolt, ) e 2T dy, (2.41)

Proof. Let f € .(G) by a radial function. Then, by (2.24),

1
0.7 = (") [l s e L el

mlullz|?
2

dz du.

(2.42)
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By (2.26) and our identification of G as C™ x R™, we then obtain that

~ k+m—1\"
oufni) = ("N [ et
wlv||=|?

D DY B e O P
R™\{0} jen,

. s 22
% e2mipu LZI*1(71-|M||z|2) e gl dz du.

By (2.41) and using polar coordinates in z, this gives that

0.5 = e [ 3 [ Faenltow = Fwnt)

(G leN, ¥ 0

m(vl+uDt
2

x L Nr|vlt) L7 (x|plt) e t™ L dt |v|™ dv,

as required. O

If we assume that w(z,u) is a function of only |z| or u, then simplifications occur in the
formula for the Schwartz kernel K.

LEMMA 2.10. With the notation of Lemma 2.9, if wo(t,u) = w(t), then

C(m 0 v—Q > m— m— —7|v m—
Kol k) = (H(m)l)((lmi)/o w(t) L (rlvlt) L (x|v|t) e ™10 em =L at,  (2.43)
k l

where ¢ is the Dirac delta on R"™.

Proof. Observe that, in this case, Fawg(t, ) = w(t) 0(v). The result is then immediate from
(2.40). O

LEMMA 2.11. With the notation of Lemma 2.9, if wo(t,u) = w(u), then

KUJ(VJ;/JHI{;)
l+m—1y "1 Fww—p) (|v|-|ul bt (k—l,m—1) _ (M)Q .
) (IV\HM)’”(IMIHVI) B (1 2 T ifk>1,
N . , (2.44)
ktm—1y =1 Ful=p) (|ul=v|\""" pl—km=1) (1 o |ul=|v| _
) <\u|+w>m(m|+|u\) By (1 Z(NHV)) ifk <1,

where the P,(La"b) are Jacobi polynomials, and Fw is the Euclidean Fourier transform of w.

Proof. Since Fow(t,v — p) = Fw(v — p), in this case (2.40) becomes
C(m) Fw(v — p)

e e el
Ko(v,lp, k) = (k+m71) (l+m71) / L (rlvlt) L (r|ult) e = "Lt
k l 0
If we set u = wt(|v| + |p|), then
7" C(m) Fw(v — ) ® -1, vl “1, |y —u/2 . m—1
Kol k) = = L o) L (=) e 2 0™ du
(k+k, 1) (l+1 1)(|V|+|H|)m 0 [+l [vl+1ul

The result is then immediate using Lemma 8.1(ii) below. O
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3. The basic estimates

In this section, we prove the estimates (1.15) for an arbitrary stratified group G and sub-
Laplacian £, which immediately imply Theorem 1.2.
Recall (1.8) and (1.10). Let K be the convolution kernel of ms(L£). Note that, by Lemma 2.3,

ms(rL)f = f x (D, Ks). (3.1)

Moreover, for each § € Dy, the operator M} is bounded on L for all p € (1, 00] by Lemmas 2.1
and 2.5, so it suffices to consider 6 € D =Dy \ {1}.
Now, from the conditions (1.9) and interpolation, it immediately follows that

Jms | p2 ey < 0H/2
for all s € RT and 6 € D. Combined with (2.9), this gives
1D K511 = [ Ky g 8/2 )
for all r € RT, whence

sup [lms(rL) flloe < 627 flloe,
reR+

which implies the first estimate in (1.15).
Let us now recall a simple consequence of the Fundamental Theorem of Calculus (cf. [30
Section 3]).

LEMMA 3.1. Forall f € (G), all§ €D, and all z € G,

M F@P <207 [ mseopr ) s(e) ) & (3.2
0
and
Mg ()2 < 26 / ma(£L) ()] g (1) )] (3.3)
where
mg(¢) := 6¢m5(¢) for all ¢ € RT. (3.4)

It is worth noting that the functions my defined in (3.4) satisfy the same conditions (1.9) as
the ms. The second estimate in (1.15) is then contained in the following result.

ProrosITION 3.2. For all § € D,

M5l 22sre < [IM5l2msre S 1.

Proof. The first inequality is obvious. As for the second one, from the spectral decomposition
(2.6), it is easily seen that, for all f € .(G),

o d d
AECr s I VY AT

(see, for example, [1, p. 101]), and moreover from (1.9), it follows that [ [ms(t)|? a4t < 6.
Clearly analogous estimates hold if my is replaced by ms defined in (3.4), so we conclude that

e d > d
| mstee 2 | st

< OIfI3- (3-5)

< 51£12, ‘

Lt Lt
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The desired estimate ||Mj| 22 <1 then follows by integrating (3.2) over G, applying the
Cauchy—Schwarz inequality to the right-hand side and majorizing each factor with one of the
estimates (3.5). O

4. The ‘maximal-to-non-maximal’ reduction

For the rest of the paper, we restrict to the case of an H-type group G and the distinguished
sub-Laplacian £ thereon. Our aim is proving the estimates (1.17) for the maximal function
Mg, that is, the estimate

M3\ 221wy —» 22wy S 1 (4.1)

for the weights w = (1 +|-[)* and w = (1+ p)® and suitable values of a,b > 0. Clearly a
necessary condition for this to hold is the uniform estimate

sup [|ms (L) 2(1/w)—>L2(1/w) S 1 (4.2)
0<s<1
for the norm of the non-maximal operators, which by (2.7) actually reduces to

lms (L) L2 (1 jw)— L2 /w) < 1 (4.3)

for ‘quasi-homogeneous’ weights w such as (14 |- |)% and (1 + p)°.

In this section, we will show that, for certain polynomial weights w, the implication can be
essentially reversed and that, roughly speaking, it is enough to prove (4.2) to obtain (4.1).
This ‘maximal-to-non-maximal’ reduction result unfortunately does not directly apply to the
weights (1 + | -])® and (14 p)®, unless a € 4Ny and b € 2Ny. Nevertheless, the result will play
an important role in the following sections in treating the case of ‘fractional’ a and b, leading
to the proof of (1.17).

Similarly to [9, 30], one of the main techniques in the proof is the reduction of the desired
estimate to a square function estimate. Namely, from (3.3) and the Cauchy—Schwarz inequality,
we immediately deduce that

M3 11721 ) < 267 M 1T5 FllL2(0,0).ds/9) 0221w | To f | 22((0,1).ds /)@ L2 (1 jw) (4.4)

where J5 : f = (ms(tL) f)ie(o,1) and Jy is the analogous operator with s in place of ms. Note
now that

1T5 11 121 jw)—12((0,1),ds /)12 (1jw) = I T3 I L2((0,1),ds /)9 L2 ()= L2 () (4.5)
where 9; denotes the adjoint operator to .75, which is given, for (measurable) families of

functions (@5)56(0,1)7 by

7. = [ malsye, . (4.6)

We are then reduced to the study of norm estimates for operators of the form (4.6), featuring
a decay as 6 — 0 that is sufficient to compensate the power §—1 in (4.4).
Let us first define the class of weights that we will be considering.

DEFINITION 4.1. A polynomial on G is called sum-of-squares if it can be written as a sum
of squares of real-valued polynomials.

For a sum-of-squares polynomial weight w, norm estimates for operators of the form (4.6)
can be deduced from the following result.
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PROPOSITION 4.2. Let w be a sum-of-squares polynomial on G. Let I C R be an interval.
Let F € C*(R"), and let Ir be defined by

ds
Tr(ps)s = /IF(sL:)cpS o (4.7)
for families (¢s)ser of functions on G. Then
9 9 ds
|7 (0s)sllz2(w) < (1 + degw) K ; 1E(sL)s L2 ()

where k is the % -measure of the support of F, and degw is the degree of the polynomial w.

S

The key ingredient of the proof of Proposition 4.2 is the following lemma, which is based on
the group Fourier transform discussed in Section 2.3.1.

LEMMA 4.3. Let F € C2°(RT). Let P be a polynomial on G.
(i) For all a, 8 € NI, and all f € (G),

supp ((PF(L)f) (e, 8)) € U supp (F(] - [e(k))),

keNg : |[k—|a||<deg P

where the supports in both left- and right-hand sides are meant to be of functions with domain

R™\ {0}.
(ii) For all p € R™\ {0}, o, B € NJ*, and all f € S (G),

supp ((PF(-L) ) (p, v, B)) C U supp (F(-|ple(k))),
k€No : [k—|al|<deg P
where the supports in both left- and right-hand sides are meant to be of functions with domain

R*.

Proof. Let K; denote the convolution kernel of F(t£) for all t € RT. Then, by iteratively
applying the Leibniz rules from Section 2.3.3,

PF(tL)f = P(f * K;) = Y (Q,f) * (R, K1)

J

for suitable polynomials Q;, R; (depending only on P) with deg@;,degR; < deg P, and
therefore, by (2.20),

(PERL) [ (e ) = > S RiKi (0, 7) Qi f (1,7, B).

i ~eNy

Taking any of the R; in place of P, we are then reduced to proving that

swp (P, 8)) € | supp (F(I - Je(k),
keN: |[k—|a||<deg P

swp (£ PRy(asf)) € J supp (FCJule(k).
keN: |[k—|a||<deg P

By linearity, we may assume that P factorises as P(z,u) = Q(z)R(u).
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Let Hy(z,u) = R(u)K:(z,u). By iteratively applying Lemma 2.8 and the identities (2.31)
and (2.32), we can write

PKI‘,(M70476) = Z Cu,a,,@,a’,,@’Ht<Maa/aB/)
a/7ﬁ/€N6ﬂ
lo/ —c|+|8"—B|<deg Q
= > Cpop ke Hi (s k),

keNy
k= lad|+/k—|Bl|<deg @

for suitable coefficients c,,«,5,07,8’ Cu,a,8,k € C; the second identity is due to the fact that H;
is radial. Similarly, by iteratively applying (2.34) and (2.22),

—~ 0 v
Ht(:uvk) = Z Cu,k,k’,’y <8H> Kt(M7k/)

k' €Ng, vENY
[k'—k|+]y|<deg R

= Z Ckir o t POt ple(K)).
k' €N,
|k’ —k|+£<deg R

Since supp F(“) C supp F for all £ € Ny, the containments (4.8) are easily deduced by combining
the previous identities. O

Proof of Proposition 4.2. Let w =73 j Pj2 for some real-valued polynomials P; on G, so
deg w = 2max; deg P;. Note that

EAANARED ol JR:T0-

L2(@)

2

S IID VNN BT (T PN P E T

i a,peny YR™M\{0}

by (2.15). By Lemma 4.3(ii), for each p € R"\ {0} and o, 8 € NJ", the %-measure of the
support of s — (P F(sL)ps) (, o, ) is controlled by (1 + 2deg P; )KZ Hence, by the Cauchy—
Schwarz inequality,

2 |2§

[Breoe e n s

Therefore, again by (2.15),

<(1+2degP)) s / (P F(sL)s) oty , B)

ds
| T (0a)a oy < S (1 + deg 2P;) /HPFsE)goSHLz
J
< d L)ps? ds
< (1+degw) k IHF(S )eslze )
and we are done. O

If we apply Proposition 4.2 with F' = mgs and I = (0, 1), we immediately deduce that

175 M £2((0,1)ds /)@ 12 () > L2 (0) S 82 S lms (SL)|] 2 (w)— L2 (w)- (4.9)
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In view of (4.4) and (4.5), this implies the estimate
M5 FIIZ 200 )22 jw) S SUD M5 (SL)| 22wy 522wy 8UD [05(SL) || L2 () L2(w)s  (4:10)
0<s<1 0<s<1

which provides the desired ‘maximal-to-non-maximal’ reduction (note that the norm of ms(s£)
on L?(w) is the same as that on L?(1/w) by self-adjointness).

It would be interesting to know if estimates of the form (4.9) and (4.10) hold for wider classes
of weights. The methods used in the proof seem to strongly depend on the polynomial nature
of w. In the next section, however, we will see that a sort of interpolation technique can be
used to work around this obstruction in the case of certain fractional powers of polynomials.

5. The ‘maximal-to-non-maximal’ reduction, take two

As discussed in the previous section, a necessary condition for the maximal estimate (4.1) to
hold is the validity of non-maximal estimates such as (4.2) and (4.3). In this section, instead
of trying to revert the implication, we will show that certain two-weight estimates, from which
(4.3) readily follows by interpolation, are also enough to obtain (4.2) under suitable assumptions
on the weight w. These two-weight estimates involve powers of the weight w, thus allowing us to
apply the results of the previous section even when the weight w is not a polynomial, provided
that some power of w is. As we will see in the next section, in turn, these two-weight estimates
may be reduced to a ‘trace lemma’, the proof of which will eventually be our main objective.

The aforementioned two-weight estimates are expressed in terms of a decomposition of the
operators ms(L). For all 6 € D, we define J5 € N so that

27571 <2057 < 2% (5.1)
and define operators Rs5;, 7 =1,...,J5, on L?(G) by

— Lo 2y (e(la]) f(u, 0, B)  for j=1,..., 05— 1,
Rsif(u,a,B) = . . (5.2)
1[2J5,oo)(c(|a|)) f(,u,()é,ﬁ) for j = Js,
where c(k) is defined as in (2.21). In order to motivate the subsequent developments, let us
first present the simple interpolation argument yielding the ‘non-maximal’ estimate (4.3).

PROPOSITION 5.1. Let w be a weight on G and N > 1. Suppose that, for all § € D and for
all 1 < j < Js, the estimates

1Rs.jms (L) F113 £ CO DN L2 ) (5:3)

and
1Rs jms (L) flIZ2 vy £ C6,5) M2 0wy + 11T (5-4)
hold, where C(6,5) > 0. Then, for all § € D,
s (D)l 21 fw)—r2(1/w) S 1- (5.5)
Proof. Define S := {(z,u) € G : C(0,7)w(z,u) < 1}. Note that, if f is supported in either

S or its complement, then one of the two summands in the right-hand side of (5.4) dominates
the other one. Consequently from (5.4), we deduce

1R s (L) (Ls )72 vy & CO N1 F 172 ),

[R5, 5ms(L)(Lens) fll 720y S 1lens fll72 (0
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If we interpolate the first estimate with (5.3), and the second estimate with the trivial L2
estimate ||Rs jms(L)||2— 2 < 1, then we obtain

||R5,jm5(£)(13f)||2L2(w) < ||1Sf||2L2(w)a

[R5 jms (L) (Lers )2 S 11ens FlI T2 s

and consequently,

1R, 105 (L) FIIL2 ) = IS NZ2 -
Since Js ~ |log(d)| < 1, this estimate holds if Rs ;ms is replaced by just ms, and the desired
result follows by self-adjointness of ms(L). O

In this section, we show that, for a certain class of weights w, the assumptions (5.3) and
(5.4) are essentially enough to deduce the maximal estimate (4.1) too.

DEFINITION 5.2. A weight w on G will be called:

e quasi-homogeneous, if w ~ 1+ w{ for some a > 0 and some nonnegative function wy on
G, which is 1-homogeneous with respect to the group dilations;
e temperate, if there exists o > 0 such that, for all x,y € G,

w(z) S w(y) (1+d(z,y))%;
e admissible, if w € A3(G), w is quasi-homogeneous and temperate.
We denote by Adm(G) the collection of admissible weights on G.

As discussed in the previous section, estimates for the maximal function M} can be reduced

to estimates for the operator 9; defined in (4.6). These are contained in the following
statement.

PRrROPOSITION 5.3. Let w be a weight on G and N > 1 such that:

e w € Adm(G);

o w is a sum-of-squares polynomial on G;

e the estimates (5.3) and (5.4) hold for all§ e D and j =1,...,Js.
Then, for all § € D,
1751 L2 (0,1),ds /)@ 12 () L2 (w) 5 61 (5.6)

As an immediate consequence, in view of (4.4) and (4.5), we obtain the following estimate
for My.

COROLLARY 5.4. Let w be a weight on G and N > 1 such that:

e w e Adm(G);

o w is a sum-of-squares polynomial on G;

e the estimates (5.3) and (5.4) hold for all 6 €D and j=1,...,J5, as well as the
corresponding estimates where mgy is replaced by ms defined as in (3.4).

Then, for all 6 € D,

M5 |21 /w)—»L2(1/w) S 1
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The proof of Proposition 5.3 will be given at the end of the section, after a number of
preliminary lemmas.

First of all,, we show that, in place of %T, it is enough to consider a ‘portion’ of it, where
the integral in (4.6) is restricted to (1/8,1).

LEMMA 5.5. Let w € A2(G) be a quasi-homogeneous weight. Then, for all § € D,

175 20,1 s/ 021 220) S Y2 + 1l L2((1/8,0) as/s)0 12 (0) L2 (0,
where the implicit constant may depend on w, and

1
ds
Us(ps)s := s m;(sL)ps <

Proof. We first choose ¥ € C2°(R) with supp(d)) C (1,4) and

1= v9@2Fs), s>0.

kEZ

Note that supp(ms) C [1/2,1] (here we use that § < 1), so, for all k € Z,
ms(tL) 9(27FL) =0 for t ¢ I}, := (27773 27°F),

and moreover, I}, N [0,1] = @ for k¥ < —4. Hence, from Lemma 2.6 (note that 1/w € A2(G)), we
readily deduce

15 (ps)sllZ ey = D 19C27FL) T3 (00)s 22 )

kEZ

= Z ||‘i’6,k:(¢s)selk||2L2(w)v
k=-3

where

- ds
Usr(g:)s = | ma(sL)I27L)g. T,
k

and in particular

151 L2 ((0,1),ds /)@ 12 ()= L2 (w) S Sup W5kl 22 (1, ,ds/s) @12 (w)— L2 (w)-
Since w is quasi-homogeneous, w ~ 1+ w§ for some nonnegative 1-homogeneous function

wop on G and some a > 0. In order to conclude, it will be sufficient to prove that, for all
k> -3,

||‘I’6,k||L2(Ik,ds/s)®L2(1+w3)4L2(1+w8) S bé%”;} H‘I’é||L2(10,ds/s)®L2(1+wg)—>L2(1+w3)7 (5.7)

where the implicit constant is independent of k; indeed, the term with b = 0 in the right-hand
side is controlled by a multiple of §'/2, by Proposition 4.2.
To prove (5.7), note that, by Lemma 2.3,

q’é,k(%)sebC = D2*k@5,0(D2k92*ks)s€Iov
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whence
W6,k (9s)sllL2(14wg) = pax 195,5(95)s Il 22 ()
_ (Q—b)k/4
= max 2 15,0(Darga-r5)s | 2.ty (5.8)

(Q—b)k/4
< bg{lg};}2 [Ws.0(Dargo-rs)s 22 (14wt).

On the other hand,
[(Darga-rs)sl L2 (10,5 /)02 (wh) = 27(Q7b)k/4”(gS)SHLz(Ik,ds/s)@Lz(wS)7
whence also

(Q-b) k/4||(

||(D2k92—ks)s||L2(10,ds/s)®L2(1+w 0y S 27 gs)sHLz(Ik,ds/s)@Lz(ng) (5.9)

(here we are using that 2°%/ > 1, since b € {0,a}, a > 0, k > —3). A comparison of (5.8) and
(5.9) immediately yields

1kl 21y ds/s)@ L2 (14wg)— L2 (14wg) S A, 15,01l L2(10,ds/5)® L2 (14+-w8)— L2 (14+wb) -

On the other hand, since ¥ € C°(R*) and w € A»(G), ¥(L) is bounded on L%(1 + w) for
be {0,a} (see Lemmas 2.1 and 2.5), whence

H\i]&,oHLZ(Io,ds/s)®L2(1+w8)—>L2(1+w8) fg ||\IJ5‘|L2(Io7ds/s)®L2(1+w8)—>L2(1+w8)
and (5.7) follows. O

Let x € C*°(R) be even, real-valued and such that
supp(x) C (—2,2), x(A)=1for A e (-1,1).
Define, for A € R, ns(\) = ms(A?). We now decompose ns; = nj + nj, where
Fng(A) = x(623) Fns(X),  Fng(A) = (1= x(0°A)) Fns()

and F denotes the Euclidean Fourier transform. Then ms(t£) = n(vVtL) +nll(vtL), and
correspondingly, U5 = \I!g + \Il};I, where

! ds ! ds
W)= [ nbVLe T W= [ (Ve

/8 1/8

We now show that Wil is effectively negligible in our analysis.

LEMMA 5.6. For all w € A3(G) and k € Ny,

SuRRr ”n};I(\/E)f”L2 (w) Nk 5ka”LQ(w) (510)
se
and

15 2 ((1/8,1),ds /)@ L2 (w) L2 () Sk 0%, (5.11)

where the implicit constants may depend on w.

Proof. Since n; is even and vanishes at the origin (§ < 1/2), we can write ns(\) = nf (\) +
ny (—\), where supp(ny) C (0,00). Correspondingly

STEFNS (67N = 2071 (1 — x(6N)) Re Fuf (671N)
= 2(1 - x(6)\)) Re (e—ﬂﬂiké’lfNé(A)),

where Ns()\) := n (6A + 1) and we have used that ny is real-valued.
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From (1.9) it easily follows that supp(Ns) C [-1/2,0] and ||N§j)||OO S 1 for all j € Ny
(uniformly in J). Hence each Schwartz seminorm of FNj is bounded uniformly in d. Since
1 —x(6)\) vanishes unless |A| > 467!, it is readily seen that each Schwartz seminorm of
A= (1— X(é)\))e_%mrl}"Ng()\) is majorized by §* uniformly in § for arbitrarily large k.
By (5.12), this implies that each Schwartz seminorm of n} (6-) is majorized by §* uniformly in
¢ for arbitrarily large k.

Since n}! is even, from Lemmas 2.5 and 2.1, we deduce, for all s > 0 and for all k¥ € N, the
estimate

Inf' (VL) f ()| Sk 6" Mf(z) ae. (5.13)

where M denotes the Littlewood—Hardy maximal operator on G and the implicit constant in
< does not depend on s or §. Since w € A3(G), M is bounded on L?*(w) and (5.10) follows
immediately from (5.13). Moreover, by the Cauchy—Schwarz inequality,

1
ds
1 @l 5 [ IE D)l

and (5.11) follows by applying (5.10) to the inner norm. O

The analysis of U; is then essentially reduced to that of the ‘main term’ W}, for which we
can exploit the support condition on F n{; and finite propagation speed for £. This leads to the
following result.

LEMMA 5.7. Let w € Adm(G), and assume that infw=1. Let Aj={r e G : 2"t <
w(x) < 2'} for all | € N. Then

195(0)s 172y S 6 1(08)slF2(1/8.1).ds/8)002w) + D 1¥s(Larps)sll72 )
leN

Proof. Note that G = UleN Ay, since w > 1. In view of the decomposition ¥y = \Ilfs + \I/(ISI
and Lemma 5.6, it is enough to prove that

15 (0)slZe () £ D 125(Laies)sl 72w (5.14)
leN

Let Ks; be the convolution kernel of nk(v/t£). Since supp Fn} C [-251,2671], by finite
propagation speed (Lemma 2.4), we deduce that, for |¢| < 1,

supp(Ks,;) € B(0,4mw52). (5.15)
Since w is temperate, there exists a > 0 such that, for all z,z € G,
w(z)
<(1+d “. 5.16
T S (i d.2) (516)

From this, it immediately follows that, for a suitable constant x > 0 and all [ € N,
B(A;,81672) C{z e G : 27 110s)I=1 <1 g () < 2F+l1osOly

which implies that B(A;,4mw0~2) N B(Ay,4nd~%) # 0 only if I — I| < k|log(d)|.
Observe now that, by (5.15), supp UL(14,p5)s € B(A;,4m52). This means that, in the
decomposition

\I/}S(SDS)S = Z ‘I]{s(]‘AzSDS)S)
leN

the number of non-vanishing summands at each point of G is $ 1, and (5.14) immediately
follows. O
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Proof of Proposition 5.3. Observe first that (5.3) and (5.4) hold in a slightly enhanced form:

1Rs.jms (sL)fI3 £ C6DIFIE () (5.17)
and
||R5,jm5(‘9£)f||%2(wN) ~ 0(57j)1_N||f\|%2(w) 1 F1Z 2 oy (5.18)
uniformly in s € (1/8,1). This is an immediate consequence of the observation that
Rs jms(sL) = DsRs jms(L£)Ds-1,

(cf. Lemma 2.3) and that moreover, by quasi-homogeneity, w o 5 ~ w uniformly in s € (1/8, 8).
Without loss of generality, we may assume that inf w = 1. Then, by Lemmas 5.5 and 5.7, we
are reduced to proving that

D W5 (1a0s)sl 72wy = 6 1(P)slTaa/s,1) 8701082 () (5.19)
leN
Note now that, for j =1,..., Js,
N-1)/N
1R 525 (La,0s)s L2y < [ Roi s (La,0s)sllS ) I1Rs 50 (Lay00)s o -
Moreover, by Proposition 4.2 and (5.18),
1
2 < 2 ds
[R5, Vs(1a,05)s |7 2(0n) S0 s 1R, jm5(sL)La, sl 22wy
< 6 max{2(" LC6, ) VI a,08)s 172 ((1/8.1).ds /)0 L2 ()
(

similarly, by Proposition 4.2, (5.17) and the trivial L? estimate for Rs ;ms(sL),

1
ds
1Ry s (Lay)sl2ocy S 0 / R ms(sL gl

< 6 min{27, C(6, ) HI(La,08)s 172 ((1/8.1).ds /)0 L2 ()

Hence,
1Rs 595 (La,2s)s 172wy S 0 N(Las)sllT (18,1 .ds/5)@02 ()
and
Z ||Ré,j‘1’6(1Az<ﬂs)s||%2(w) <0 ||(905)SHi?((l/&l),ds/s)@L?(w)'
leN
Since Js < 1, summing in j =1,...,J5 gives (5.19). O

6. Reduction to dual trace lemmas

The aim of this section is to reduce proving the estimates we need, that is (5.3) and (5.4), in the
case of the weights w = (1 + | -|)® and w = (1 + p)®, to proving suitable ‘trace lemmas’. It is
easily checked (see Lemma 2.2) that such weights w are admissible. Moreover, (1 + |(z,u)[)* ~
1+ |z|* + |u|?; hence, in the case w = (1+|-])?, if we set N =4/a, then w is equivalent
to a sum-of-squares polynomial, so Proposition 5.3 and Corollary 5.4 apply to w. Since (1 +
p(z,u))* ~ 14 |z|*, a similar remark applies in the case w = (1 + p)°.

Recall the definition of ¢(k) in (2.21). We set

ey (k) :==c(k+ ) for v € {-1,0,1}, (6.1)
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and define operators M;fj, forye {-1,0,1},j=1,...,Js and f € Z(G), b

~

@(u,a,ﬂ) _ 1[175,1](07(|a\)lul)1[2j,2f+1>(cw(\04|))A( a,B) if j < Js,
’ 1 sy (laD)|pl) Lass sy (ey (la) f (. B) if j = Js.

Note that ng = R; jms(L).

PROPOSITION 6.1. Let a € (0,2]. Suppose that the estimate
M5 5115 = CO N2 ()
holds for all 6 € D, 1 < j < Js, v € {—1,0,1}, in one of the following cases:

(i) w=(1+]-])* and C(8,5) = (2778)"/*;
(ii) w= (1+p)* and C(9,j) =2-%.

Then the estimates (5.3) and (5.4) hold with N = 4/a.

The proof will be given at the end of the section, after a number of auxiliary results.

Let K5 ; to be the convolution kernel of R;s jms(L). Recall that, by (2.22),

[?\( k;) {1[2_7‘,2j+1)(6(/€)) m5(|u|c(k)) forj = 1, ey J5 - 17
AVLD = i
L1175 ooy (c(k)) ms(|ple(k))  for j = Js.
LEMMA 6.2. Let
Ljoi 0iq1y(e(k)) 151y (c(B)|pul) ifk >0, j < Js,
Hi (s k) i= q Ljgus ooy (c(R) sy (c(R)|ul)  if k>0, j=Js,
0 ifk <O0.
Then, for all 6 € D, 1 < j < Js, and for all p € R™\ {0}, k € Ny,
|K5,j(/~Lak)| S H(;vj(u7k)’
PP Ko j(m k) S 27 Y Hyj(uk+7),
~ve{—1,0,1}
oK (k) S 6727 ST Hj(uk + ),
~ve{—1,0,1}

and, if P is any homogeneous first-layer polynomial of degree 1, then

2 [Hs j(p, |af) + Hs j (i, 18] if | — B| = 1,
0 otherwise.

|PKs (1, o, B) Sp {

Proof. The estimate (6.5) is an immediate consequence of (6.4) and (1.9).
As for (6.6), note that, by (2.33) and (6.5),

= 1+k
‘sz&j(,qu)l S 1 Z H5J(:U’vk+'}/)

iz v€{-1,0,1}

(6.2)

In the case j < Js, the latter sum vanishes unless 1 + k ~ c(k) ~ |u| ! ~ 27, and (6.6) follows.
In the case j = Js, a similar argument works provided c(k — 1) < 275 indeed, the sum vanishes

unless c(k + 1) > 275 so again we deduce 1 + k ~ c(k) ~ |u| =1 ~ 275.
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Suppose now that j = Js and c(k — 1) > 275. Then, by (6.4) and (2.33),

K5 1, (1, ) = [(% +m)ms(|ple(k)) = kms(|ule(k — 1)) = (k +m)ms(|ulc(k + 1))]. (6.9)

On the other hand, by Taylor’s theorem, there exist 6,,60_ € (0,4w) such that

ms (|ple(k £ 1)) = ms(|ple(k)) & dr|pfmi(|ple(k) + (4r|u)?mf (|ul(c(k) £05)).  (6.10)

Substituting into (6.9) and exploiting cancellations, one easily obtains that

102K s g5 (1, })| S [ (|pale())] + (1 + k) |u|Z|m (1l (c(k) % 02)].

By (1.9), the right-hand side vanishes unless 1+ k ~ c(k) =~ |u|~!, and moreover, the first
summand is clearly controlled by a multiple of ' Hj, s, (1, k). Moreover, |my (|u|(c(k) & 61))]
vanishes unless |u|(c(k) £60+) € [1 — 6,1], which implies

4o < Am(e(k) £01) 7" <dn(e(k—1))7F <4m2775 <6 (6.11)
by (5.1), and

lple(ky) <1, |ule(ks +1) > 1=06, |ule(ks +1) — |ule(ks) <6

(where k4 =k and k_ =k — 1), whence |u|c(k) € [1 —6,1] or |u|e(k£1) € [1 —d,1]. This,
together with (1.9), shows that (14 k)|u||/mj(|x|(c(k) £ 6+))| is controlled by a multiple of
8 %[Hs, 5 (p, k) + Hys y; (11, k £ 1)]. Putting all together, and recalling that §=1 ~ 275 yields
(6.6) in this case too.

Let us finally consider (6.7). From (2.34), (6.4) and (1.9), we immediately deduce that

— 0 — 1+k —
a1 $ | o) + 15 5 Rtk )
i H ve{-1,0,1}
1+k
|l

So, arguing as in the proof of (6.6), we easily deduce (6.7) in the case j < Js, and also in the
case j = Js and c(k — 1) < 275,
Suppose now that j = Js and c(k — 1) > 275. Then, by (2.34),

< (14 k)6 Hs(n k) + > Hsj(uk+7).

ve{-1,0,1}

DK (s k) = 4 (2k + m) (; (k)
I

+ W[mma(lu\C(k)) + kms(|ple(k — 1)) = (k + m)m;(|ule(k +1))].
By substituting the Taylor expansions (6.10) and exploiting cancellations, we obtain

(0K (1, k)| S (1+ k) IMIZIm (lpl(e(k) £ 0))1;

which, analogously as before, leads to the desired estimate (6.7).
It remains to consider (6.8). Firstly, note that, by (2.31) and the radiality of Kj;, we

immediately deduce that ij (i, v, B) vanishes unless « + e; = 3, in which case a; + 1 = f3;
and

1+ |af

1z —
) R 181 - R ).

T (s B) < (
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—

Similarly, by (2.32), (. ;K5 ;(i, v, 3) vanishes unless o = 3 + e;, in which case an analogous

estimate holds. Hence, by Lemma 2.8, we deduce that P/KTJ(/;, a, ) vanishes unless |a — | =
1, in which case

14 o
|

Noting that | 5] = |a| £ 1 when |ae — 8| = 1, the right-hand side can be estimated analogously as
in the proof of (6.6), by exploiting, in the case where j = J; and ¢(|a| — 1) > 275 a first-order
Taylor expansion in place of (6.10). (I

_— vz _
PR e S () | 1)~ Kol |

LEMMA 6.3. Forall § € D and 1 < j < Js, the estimate

[Rsjms (L) fllr2wy S I f Lz +D6,3)7 > IIMflla + D6, )| fllr2 (w2 (6.12)
ve{-1,0,1}

holds in the following cases:

(i) w=1+]-|and D(5,j) = (26~ ")"/*;
(i) w =1+ p and D(,5) = 27.

Proof. Note that
[R5 jms (L) fllzz(apyt) S I fll2 + [[Rsms (L) fll L2 o1

[R5 jms (L) fllLzarppny S I fll2 + [1Rs jms (L) fll 21y + Z [R5 ms (L) fll L2 (42)
1
where we used the L? boundedness of R; jms(L).

Clearly, the term || f||2 is bounded by || f||z2(.4) in any case.
Now,

[Rs,jms (L) fll 22 (o) = 107 (f * Ks5)]l2-
By (2.37),

PP Kog) = (0K ) + (07 ) % Koy + D (Pof) # (Quki )
for some homogeneous first-layer polynomials P;, Qs of degree 1. Note that we trivially have
10 f) * K13 S FIZ200)
since Rs;ms(L) is bounded on L?. Next, by (2.20) and (6.6),
[(f # (P K5, 3)) (s s )P = 92 Ks (s )| | f (s v, B)?

2V 3 Hsy(ulal +9) [f(u . B)P

'ye{—l,O,l}
=29 3 MY f (0, B,
~ve{-1,0,1}

which implies, by (2.15), that

I (PP Ks )l S2% Y- 1M flla.
v€{-1,0,1}
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Further, by (2.20) and (6.8),
(Pf) * (QuKs )Y (s B S 2% Y [Hsnl(wlal) + Hsp(ps la' D] [Pof (u, o, B,
o la—a’|=1
whence
DL # QK5 ) s, HIF S22 >~ Y Hynlw lal +7)|Puf (1, a, B))
o ye{-1,0,1} «a
and again, by (2.15), we deduce that
I(Pof) * Qs i)l S 270 D 1M (Pof)-
v€{~1,0,1}
Combining the above estimates yields
1Rsms(O)f 2oty S UFNZagpey #2270 D0 UM fla+2 Y DO IMG (Pl
~ve{-1,0,1} ve{-1,0,1} s

whence the estimate (6.12) in the case w = 1+ p follows, since the M;YJ are uniformly L2-
bounded.
Similarly,

[1Rs,ms (L) fllL2cp2y = lvn(f * Ks5)ll2
and, by (2.38),

Ui(f * K g) = (Wuf) * Ko j+ f* (K5 ;) + > (Prof) = (QuaKs ;)

for some homogeneous first-layer polynomials P 5, @ s of degree 1. Arguing as above, and using
(6.7) in place of (6.6), one deduces

IRs s (L) f |2y S NFlpeey +27670 > MG fla+2 > > IM(Piaf)lle
ve{—1,0,1} ve{-1,0,1} s

Combining all the above estimates, and observing that 2/ < 6!, we obtain that

[R5, jms (L) fllzcarpy S NFIZ2 o)

+20670 Y M fll+ 26TV YT D MY (Pl

ye{-1,0,1} ye{-1,0,1} s

for some homogeneous first-layer polynomials P, of degree 1. The estimate (6.12) in the case
w =1+ again follows since the M ; are uniformly L*-bounded. O

Proof of Proposition 6.1. Clearly, (6.3) with v = 0 implies (5.3).
As for (5.4), noting that w” ~ w* (where w is 1+ |- | or 1 + p as appropriate), if we combine
Lemma 6.3 and the estimate (6.3), then we deduce

1Rs 5 (L) 22 uny S NI Z2uny + D63 72 () + D672 (s2):

where D(6, ) is (27671)'/2 or 27 as appropriate, so that C(6,4) = D(6,5)~*. To complete the
proof of (5.4), it is enough to show that the last summand in the right-hand side is controlled
by the other two. However, this is clear in the case a = 2, since N/2 =1 and 4 — a = 2 in that
case. Otherwise, let

S :={(z,u) € G : w(z,u)"?* < D(6,7)?};
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since N/2 = 2/a > 1, it is then easy to check that
D(57j)2||15f||%2(wm2) < D(é,j)4_a||fH%2(w),

while

D, )1 ens FlI 72 uvrzy < IF 1720y

and we are done. O

7. The dual trace lemmas

Recall from (6.2) the definition of the operators My ;- The main results of this section are the
following ‘dual trace lemmas’.

THEOREM 7.1. Forall§ €D, 1< j<J5, v€{-1,0,1} and a € [0, 2],

1M £15 £ @778 21 F T2 ag ey (7.1)
THEOREM 7.2. ForalldeD,1<j < Js,v€{0,1,—1} and a € [0,1],
||M§fij2 S NN Z 21 pyer- (7.2)

It should be observed that, in the case j = Js, the constants (2776)%/2 and (277)% in the
right-hand sides of (7.1) and (7.2) are comparable (since 2775 ~ §), so Theorem 7.2 gives a
stronger estimate in this case. In the case j < Js, instead, the two results are not comparable,
and Theorem 7.1 requires an independent proof. In both cases, the proof strategy will be based
on the following conditional result.

Here and henceforth, K] 5 denotes the convolution kernel of the operator M} Fr Moreover, a
function on G is said to be G-homogeneous if it is homogeneous with respect to the automorphic
dilations (2.3).

PROPOSITION 7.3. Let a € (0,00). Let w be a G-homogeneous weight of degree 1, which
is a fractional power of a nonnegative polynomial. Suppose that, for all 0 € R, all 6 € D, all
integers 1 < j < Js, all v € {—1,0,1} and all compact I C RT,

sup [0, -0 i K (1, k)| S1 C(8,5), (7.3)
Mok
c(k)|ulel

where the implicit constant does not depend on 0, and C(0,7) 2, 6" for some k > 0. Then, for
all § € D, all integers 1 < j < Js, and all v € {—1,0,1},

1M, 12 S CO ) 11 s o (7.4)
moreover, if w is first layer (that is, depends only on z), then
M35 FlI3 < C6,3) 1 F T2 ((14pye)- (7.5)

In light of this result, the proof of our ‘trace lemmas’ boils down to establishing the estimate
(7.3) for an appropriate choice of the weight w. More precisely, for Theorem 7.2 we take w = p,
while in the case of Theorem 7.1 (and j < J;), we take w = ¢/2. In the proof of the various
instances of (7.3), a crucial role is played by the explicit formulas for ‘dual fractional integral
operators’ obtained in Section 2.3.4, as well as the estimates for Jacobi polynomials discussed
in Section 8.
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It should be noticed that, starting from the kernel estimate (7.3) with 6 =0, the ‘trace
estimates’ (7.4) and (7.5) could be directly derived using duality and Schur’s Test (cf. [9, proof
of Lemma 3]), provided one restricted to the class of radial functions f. Indeed, from the
estimate in Lemma 7.10 one could derive the following sharpened version of Theorem 7.1, that
only involves second-layer weights, but applies to radial functions only.

PROPOSITION 7.4. Assume that f is radial. For all 6 € D, 1 < j < J5, v € {-1,0,1} and
a€lo,2],

||ngf||§ S (2_'j5)a/2||f||%2((1+¢)a/2)' (7.6)

For general functions f, however, the direct approach through Schur’s test appears not to
be enough; similarly to [30, proof of Lemma 7], the proof of Proposition 7.3 exploits a more
delicate complex interpolation argument (requiring the estimate (7.3) for arbitrary 6 € R),
combined with the Leibniz rules of Section 2.3.3. The fact that the Leibniz rule (2.38) for
second-layer polynomials produces first-layer polynomials as well explains why the final trace
estimate (7.4) contains the ‘full weight’ |- |, despite being derived from a kernel estimate
(Lemma 7.10) involving a second-layer weight only.

Before discussing the proofs of the ‘trace lemmas’, Theorems 7.1 and 7.2, and the conditional
result Proposition 7.3, we shall prove a small lemma that will be of use in what follows.

LEMMA 7.5. Let k € Z and z € Ny. If c(k) > 0, then 2 ¢ [1,1 + 22). If additionally

c(k)
c(k —x) >0, then C(f(;)z) € (1355 11-

Proof. Recall the definition of ¢(k) in (2.21). For the first inclusion, since ¢(k) > 0, then
c(k) = 27, so
c(k + x) 4 drx
1<{———=14+—<=14+ — < 1+ 22. 7.7
(k) Tl T T ST (7.7)
If ¢(k —x) > 0, then let [ := k — . Then ¢(I) > 0, so applying the first result of this lemma
gives
c(k)  cll+z)
ck—z) ()

which gives the second result. O

€ 1,1+ 2], (7.8)

7.1. The conditional result

In this section, we prove Proposition 7.3.
Let ¢, po € C°(R) be such that supp(¢) C (1,3) and

1= Z @2 (t) for t > 0, where () := p(27"t) for k > 1. (7.9)
keNy

For all € Ny, define the cut-off operators A, and A, by
Arf(zu) == on(|(z,0)]) f(z,0),  Anf(z,u) = on(|2]) f(2,0) (7.10)
for all functions f : G — C. We first prove an auxiliary estimate.
LEMMA 7.6. Under the assumptions of Proposition 7.3, for all ¥ € C°(RT), all R,0 € R
with R > 0, all 6 € D, all integers 1 < j < Js, all v € {—1,0,1}, and all r € N,
e (W B LWL (M) (A Swr C 6, 4) 1127 F13, (7.11)
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where the implicit constant does not depend on §. In addition, if w is first layer, then the
estimate (7.11) also holds with A, replaced by A,.

In the proof, for a G-homogeneous polynomial P, we denote by hdeg P its homogeneity
degree with respect to the dilations (2.3).

Proof. Let d € N be such that w? is a polynomial. By complex interpolation (that is,
Hadamard’s three-line theorem), it is enough to consider the case where R = dN for some

N € Ny. Let K denote the convolution kernel of ¥(L£). Now, by (2.28),

|<de7a/2+i«9Kg7j’ (L) [(Arf)* * (M)

[ 3 Ouarn KT o) PR, ) (8 T ) ™ s

aeNT

By Lemma 4.3(1), [w™NW(L)[(A.f)* * (A )] (i, o, ) # 0 only if |u|e(k) € supp ¥ for some
k € Ny such that |k —|a|| < 2N, which implies by Lemma 7.5 that |ule(|a]) € T:=[(1+
4AN)~ ! minsupp ¥, (1 + 4N) max supp ¥]. We can then apply (7.3) to deduce that

e O (WIN T 2EO R Y W(L) (A f) * (Af)))]

7.12
S C03) [ 3 IR+ (ATt " (712

aeNG

Let Ky be the convolution kernel of U(L£). Then, by iteratively applying the Leibniz rules from
Section 2.3.3,

WNUL) (A f)" * (Arf)] = w™N (A )"+ (A f) % K]

=Y [(PaAs )" * (PiaAcf) * (PLsKy)),
l

where P, 1, P2, P, 3 are G-homogeneous polynomials on G with Z§=1 hdeg P, s = dN. From
(7.12), (2.29) and Young’s convolution inequality, we then deduce that

e (WIN T 2EO K W(L)[(Af) (A f)))]

SN C(6,9) > I1PaAs fllal ProAcfll2]|Ps Kl
l

Sww C(6,j) Y 2rhdee uthdes P p)2
l

SN C(éa ])||22Nrf||g7

where we used that K¢ € .7(G) [36], that |P, | < |- [hdee s < orbhdes Ps op the support of
A, f and that hdeg P, ; + hdeg P, » < dN.

If w is first layer, then essentially, the same proof works with A, replaced by A,. In this
case, the polynomials P, s given by the Leibniz rules are first-layer as well, whence |P, 5| S
phdeg Pre < grhdeg Ps o the support of A, f. O
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Proof of Proposition 7.3. Choose ¥ € C2°(R™) such that ¥(z) = 1 for x € [}, 3]. From (6.2)
and Lemma 7.5, it is clear that M{ ; is an orthogonal projection and W(L£)M ; = M ;. Hence,
by (7.9), ' '

8

1M flla <> 1M A2 F

r=0

(W(L)MJ AL F, AL F)?

p"qg

%
Il
=)

(K3 WA = ALY,

&

,
I
=)

We now apply (7.11) with R = a/2 and 6§ = 0 and the Cauchy—Schwarz inequality to obtain
that

107, £l £ C(6,5)72 3 22 | A, £

r=0

~ 12 ;o 1/2
< 0(57 j)1/2 (Z 2(a+e)r/2||A7.f||§> (Z 2—57‘)
r=0

r=0
~e O, ) 1 fll L2 (s yate)

for all € > 0. Since C(6,5) = 6" for some k > 0, interpolation with the trivial L?-estimate for
My ; completes the proof. ~

In the case w is first-layer, a similar argument works with A, in place of A,. In this case,
one exploits the fact that Y202 2@+)7/2||A, f|3 ~ Hf||L2((1+p)a+g) U

7.2. The first-layer trace lemma

In this section, we prove Theorem 7.2, which also implies the case j = Js of Theorem 7.1.
Recall that K 'Y - denotes the convolutlon kernel of M 'Y . From (6.2) it is clear that, if j < Jj,
then

—

K (k) = 1s01(ey (k)| ]) L2s 2051) (cy (R)). (7.13)

Firstly, the following estimate will be useful.

LEMMA 7.7. Let m € N and let a € [1,2m)]. Then, for all x € Ny,

i {(1+z)mﬂ/22 ifa#1,2m,

14— a=2(1 + m—a/2—1 <m u
pz:(:)( P (1+p) ~TEY (14 z)mte/2 2 1og(2 4 ) otherwise.

Proof. The case of x = 0 is trivial, so in what follows we assume that x > 0, and consequently,
r+ 1~z
Set f(p) = (142 — p)*~2(1 4 p)™~*/?~1. Then

f0/fp)=2-a)l+z—p) '+ (m—a/2-1)1+p)",
whence

Lf'(0)/f(0)] Sam 1
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for p € [0, 2], uniformly in z. Hence, by [13, Lemma 4.1],

x

S (l4z—p)**(A+p)m !

p=0

Sa,m / (1 +x— p)(l—Q(l +p)m_a’/2_1 dp
0

1/2 1/2
Zam pmta/2-2 [/ (1/1,_1_8)&—2 ds _|_/ (1/z + S)m—a/Q—l dS]
0 0

3/2 3/2
< xm.+a/272 / Sa72 ds _|_/ Smfa/271 ds ,
1/z 1/z

since 0 < 1/x < 1. In the case a € (1,2m), both a —2 > —1 and m —a/2 —1 > —1, so both
integrals in the last line are bounded uniformly in z, and we are done. In the case a =1 or
a = 2m, one of the two exponents is equal to —1, so the corresponding integral is bounded by
a multiple of 1 4 log(z), and again, we are done. a

As before, let K 5. denote the convolution kernel of Mg , given by (7.13). We now establish
the estimate (7.3) in the case w = p.

LEMMA 7.8. Let I CR" be compact. Let a € C with 1 < Re(a) < 2m. Then, for all § € D
and 1 < j < Js,

2 — .
Skup |€a ap_“Kg,j(:u’k” S/I,Re(a,) 277,
1
c(k)|ulel

The estimate also holds for Re(a) = 1 and j < Js if we replace < with <.

Proof. From Lemmas 2.10 and 8.1(i), we easily deduce that

Ca,m (v — ) |V|a/2im

K *“(Val;,uka) - m— m—
P (F(G/Q))Q (k+k 1)(Z+l 1)
M Paf2 + k- p) T(a/2+1—p) T(p +m — a/2)
x> . 'p - 'ppm'a’ (7.14)
= (k—p)! (-p) p!
where Cy ,, = (1;;07/;),
Note that |Cy | Sgre(a) 1. Moreover, by [65, eq. 5.11.9],
a2
| She(a) €M@ emIml@) < (7.15)
(T(a/2))| et ~

In particular, in view of (2.39) and (7.13),

a? P a,
|€ 8{1*“[((;{7]' (:U/7 k)| SRe(a) A(S,']"Y(:uv k)a
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where, for j < Js,

a/2
a, 143
AR = | A S 1 0lu)
( k ) leNg
ey (€[27,27Y)
min{k,l}
I'(a/24+k—-p)T(a/24+1—-p)T(p+m —a/2)
x> , (7.16)
= (k —p)! (1—=p)! !

while, if j = Js, then the sum in [ is to be restricted to ¢, () € [27%,00) instead. In any case,
the condition ¢, (1) > 27 is required. _
Note that the conditions c(k)|u| € I, cy())|p] € [1 —6,1] and ¢ (I) > 27 imply that

Tk |p te14+122,
Hence, if [,1" € Ny satisfy ¢ (1)|p], ey (I')|p] € [1 — 0,1], then
Ar|l =1 = ey () = ey (1] < 6/ |ul;

in other words, for every fixed g, the number of the | € Ny satisfying ¢, (I)|p| € [1 —4,1] and
cy(1) =27 18 S 1+6/|p|l £277/|p (here we use that 6, |u| < 277). In addition,

|l
(k—&-'r];z—l)

o R L4 R g D,

Furthermore, by [65, egs. 5.6.6 and 5.11.12], for all h,p € Ny with p < h,

F(a/Z +h— p) R _
Pa/2+h—p)| o ) \Re(a/2)-1
‘ (h — p>| ~Re(a) ( + p) )
F(p+m7a/2) m—Re(a/2)—
‘p! SRe(a) (14 D) Re(a/2)-1,
Hence,
sup A5 (us k)
c(k)|plel
min{k,l}
Stretw 27 s S (1 gy
’ 0 p=0

1+k11|/1,|’1§1+l

> (1 +k 7p)Re(a/2)71(1 +1— p)Re(a/2)71

h
SI,R,e(a) 92=J |M|Re(a/2)+m—2 :u£ Z(l +h— p)Re((L)—2(1 +p)7rL—Re(a/2)—1,
[S _
1+hzz|ft|’1 =0

since max{l, k} ~; min{l, k}, and the desired estimate follows from Lemma 7.7 (in the case
Re(a) = 1 and j < J; one also uses that |p| ~ 277, which follows from the conditions ¢, (I)|u| €
[1—46,1] and ¢, (1) € [27,2771) in (7.16)). O
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Proof of Theorem 7.2. By Lemma 7.8, the assumptions of Proposition 7.3 are satisfied with
w=p, C(6,j) =277 (note that 2/ <6 1) and a = 1 + € for any € > 0, so we get the estimate

MG FII5 Se 277N F 121 pyrveys

and interpolation with the trivial L? bound for M} ; gives the result. O

7.3. The second-layer trace lemma

In this section, we complete the proof of Theorem 7.1, by treating the missing case j < Js.

As already mentioned, our proof will be based on establishing the estimate (7.3) in the case
where w = 1. We first obtain a preliminary estimate, which should be compared with those
obtained in the proof of [9, Lemma 3].

LEMMA 7.9. Define, for all 3 € R and s € RT,

1
F = d 7.17
6= [ oo e (.17)
where integration is with respect to the surface measure on S"~'. Then
(14 s)77|1 — |51 for B < 1,
Fg(s)~ ¢ (1+(n—1)log, ﬁ)(l—l—s)l*” for g =1, (7.18)
(1+s)n for 8> 1.

Proof. If n =1, then Fs(s) = |1 + s/~ + |1 — s|°~! and the estimate is clear.
Assume now that n > 2. By using polar coordinates, it is easily seen that

s on—2 1 n—2
0 t
F/}(S)Z/ s Pz d(‘)z/ py dt
0o ||1—s|+ min{l,s}d o ||1— s/ + min{1, s}t|

Firstly, suppose s € RT \ (1, 2). In this case, |1 — s| 2 1 2 min{1, s}t, so

1
Fﬂ(s):u—sW*"A "2 dt ~ |1 — 5P (7.19)

Since |1 — s| ~ 1 + s, this proves (7.18) in this case.

Now, we assume 3 < s < 3. In this case, |1 — s| < & and min{1, s} ~ 1, whence

1 tn72
Fals) :/ S
’ o |[1—s|+¢""

[1—s| 1
11— s|5—"/ tn2 dt+/ =2 dt
0 [1—s| (7.20)

I1— s/t for B <1,
~ ¢ log ﬁ for g =1,
1 for g > 1.

1

Since 1 4 s ~ 1, this again matches (7.18). O

In the next result, we assume that m > 1, due to a technical constraint on one of the estimates
for Jacobi polynomials, we will use (Corollary 8.3). However, if m = 1, then G is isomorphic
to the first Heisenberg group Hj, so this case is effectively already covered by [30].
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LEMMA 7.10. Assume that m > 1. Let I C (0,00) be compact. For all a € C with Re(a) €
(0,min{2,n}) \ {3}, all 6 € D and all j < Js,

3J5(2—Re(a))

— 271 §)Re(@)/2 if j <
Op—ar2 K (11, k)| <1 Reta ( . T ’ 7.21
(;})}F}? I| Wp—a/2 5,3(M )| ~1I,Re(a) {(2j)Re(a)/22/35 ifj > SJ(S(2;RE(“)). ( )
c(k)|lple

The estimate (7.21) also holds for Re(a) = % if we replace < with <.

Proof. For w(|z|,u) = w(u) = |u|~%?, where 0<Re(a)<n, recall that @(u)=
Cha ,u|“/2_", where

Cha = 7 ™/20(n/2 — a/4)/T(a/4)
(68, § V.1, Lemma 2]. Hence, by (2.44),

| K y—ar2 (v, 15 p, K|

‘l/ — IU|R,C((1)/2—TL Ik}*l‘

_ [l =|v|
(mm{]:,;lii_m_l)(|1/|+|”|)m [ ] +[v]

= ICn,a|

2
(Ik=llm=1) [ 1 _ o |u|=|v]
Pmin{k,l} <1 2(|U«H“V|) ) ‘,

where
|Cral = 7 =20 (0/4 = n/2) /T (a/4)] Skea) 1

(65, eq. (5.11.12)]. Thus, in view of (7.13), we are required to estimate
‘LL|Re(a)/27n

v —
S = sup / E :
min{k,l}+m—1 m
7k- n . . +
c(Kluler (a1 lul)

(k=tm=1) (1 _ o lul=lv])?
Ptk (1 2(|u|+y|)>’

Il+m—1 m
s O vy @) () pim

Since the above quantity only depends on a through its real part, in what follows we may
assume that a is real, that is, a = Re(a).

By changing to spherical coordinates (letting v = ro and p = so for r,s € (0,00) and g,0 €
Sn—1), rotating, rescaling and then applying Lemma 7.9, we obtain that

= v| |1
el F1v]

X

r

1/ey (1)
S < sup Z / (14 5)ln=mp — g[o/2-1
(

6(5556107(1)6[2'7’2j+1) 1-8) /e~ (1)
[k—1| I+m—1
r—s (k=tln=1) y _ oer—sy2y_ (1)
x r+s |Pmin{k,l} (1 2(7’+S) )| (mini]licr,ll{}ljl?fl) dr.
For brevity, we define
1/eq (1)
H = H(kl,5) = / (14 8)1mn=m)y — glo/2-1
(1=8)/cy (1)
[k=1| I+m—1
r—s (k—tlm=1) 1 _ oeresy2y_ (1 )
X r+s |Pmin{k,l} (1 2(T+5) )I (mingfl;l{},:_g_l) dr. (7'23)
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Fix k € Ny. Firstly, note that, if { = k, then the conditions ¢(k)s € I and ¢, ()r € [1 — 0, 1]
imply that s ~ r (recall that é < 1/2), whence

I+m—1\ (min{k, I} +m—1\ "
14+2~1 =1
b ( ! )( min{k, [} ) ’

and moreover,

1 s—r\2
5(1+(1 — (e
Then, by Theorem 8.2(i),

1/cy (1)

a — 0,777471 s—r
A~ [ — s/ POV (1 - 2(552)2) | dr
(1-8) /ey (1)
1/c~ (1) 7.24
5/ r — s]%/2~ L dr (7.24)
(1=6) /ey (1)

S (8/cy(1)*/? = (277)"/?

whenever ¢, ({) ~ 2/, In estimating the last integral, we used that a > 0 and that the value of

the integral for s ¢ [C 0 1(1)] is smaller than the one for s € [;}l‘s), cwl(l)].

Now, assume that 1 < |k — | < ci(min{k,l} + F), where ¢; > 1 is a constant to be specified
later. Then the conditions c(k)s € I, ¢, (I)r € [1 — 6,1] and ¢, () € [27,27F!) imply that

l+kl4102, ros~279)

and therefore

I+m—1\ /min{k, [} +m—1) "
1+2~1 ~ 1.
et () (M)

Moreover, note that

2
s—r 8rs
1-2 =1 > -1 , 7.25

<T+s) +(r+s)2 te (7.25)

for some € € (0,2) which is independent of r, s since r ~ s. Thus,

/ey (1) [k
H e~ |r — s|®/271

(1-8)/cx (1)
= J + Jto + s,

r—s
r+s

k—l|,m—1 r
|Pﬂin{k‘;1} )(1 —2(7

wa)ldr (7.26)

4| | |7—s 1‘ k—1
k+l+m s I rxs| X 2155 1+m

|. Due to (7.25), we may apply Theorem 8.4 to estimate the Jacobi

Where the above splitting corresponds to whether |;4__5

|, or

| k+l+m ‘ = ‘ T-‘rs 4‘ /H-l-‘rm
polynomlal in (7. 26)

Consider first the part where |[Z=2| >

k—1
+s /4|m|,so that

|r —s| = 2_2j\k —1.
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Then, by the first estimate in (8.8),

|k—1]
a/2-1|" — S (|k=1],m—1) r—s\2
| 3| / r+s |Pmin{k,l} (1 - 2(r+5) )l
Slr— s ((k+ 14+ m)?(52)%) 1
~ 27|y — 5|2/273/2
< 2—j(a—2)|k _ l|a/2—3/27
whence
% < 2—j(a—1)|k _ l|a/2—3/25-
Next, consider the part where || < 1] kJ]:l:le| In this region, we can apply the second
estimate in (8.8), which gives that
1/ (1) ,
Hy < 2~ Ik / |r — s\“/z_l dr < 2_““_”(2_35)“/2.
(1-8)/ey (1)
Finally, consider the part where 1| kfljrlm| <l < 4| =L k+l+m |, so that

lr —s| ~ 2%k —1|.
Here we can again apply the first estimate in (8.8) and obtain that
|k~

=7 = P (20507
S lr =2 e =7
~ 9=i(a=2) || _ga/2-4/3,
whence
Ay < 279V — gja/2-4/35,
In conclusion, for 1 < |k — 1| < ¢y(min{k, I} + %),
A <27l g (/2748 4 gkl (9=i gyal/2, (7.27)

Now, we assume that |k —I| > ci(min{k, 1} + ). We consider two cases. Firstly, let [ < k,
so that k > ¢i(l + %) + . Then,

m m
k+§ > (01+1)(l+5),
so by Lemma 7.5, since ¢+ (1) > 0,
1
c(k) > (c1 + 1)e(l) > 5(01 + 1)ey (D).
Hence, from the conditions ¢(k)s € I, ¢, ({)r € [1 —6,1] and § < 1/2, we deduce that

max [ 3max [ 3max I 6 max I

ch) < re® S @rao"S a1k

s <

since § < 1/2. For ¢; sufficiently large, this means that,

("7
L) g 142~
( rglfl}l{}zi 1 Y "

s<|r—s|l~r~ (141" ~27,
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Hence, recalling (7.23),

—1
[PETED (A = (2222 dre

s
r+s

(1-8)/c (1)
We apply Corollary 8.3 (here we need m > 1) and the fact that

r—s)2 4rs

|r—s| ~|r+s|~r, 1—( = :;, (I+Dr~1+ks~1

r+s (r+s)?
to get
1/cy (1) 12
N4 g / K Ta/2—1(1 _ (2)2)—771/2-1-1/4 r—s
(1-8)/cy (1) e r+s
(m—1)/241/4
X (l+1)1/3<l+1) dr
kt1 (7.28)
1/c (1) 1 m/2—-1/4
~ (l + 1)2/3—(1/2/ <l+ ) (T/S)m/2_1/4 dr
(1-8)/e, () \F+1

~ 9-i(1/3+a/2)5
Now, let [ > k, so that [ > ¢ (k + %) + k, and thus,

l+%>(01—|—1)(kz+%).

Then, again using Lemma 7.5,
3ey(1) = e(l) > (er + 1)e(k),

whence, from the conditions ¢(k)s € I and ¢, (I)r € [1 — 0, 1], we deduce that

1 3 3
TS oo < @i oe® S GFDmmIs

Thus, for ¢; sufficiently large,

r<|r—sl~s~|r+sl~(1+k)" 1—}—;:;
and
(H_nll_l) (1 + §)1—m ~ (l + 1)m_1rm_1 ~1
min{k,l}+m—1 s - m—1em—1 — °°
( rflin{}k,l} ) (k + 1) 5
So, by (7.23),
/e, (1 " Lk
o [ (5) s 28] R = a2 ar.
(1-8)/es () \$ rts T

Note also that

2
rTr—S 4rs r :
(T+S> (T+8)2 S’ ’ ( )T ( )S
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As before, we apply Corollary 8.3 to get

1/ey(1) 41\ V4 o\ m/2—1/4-n
H S (k+ 1)*1/33‘1/2*1/ (*) (f) dr
(1—=8)/c, () NI +1 r
1/ (1)
~ (k + 1)—1/3Sa/2—1—n/ " dr (729)
(1-8) /- (1)
~ (k + 1)n+2/37a/227j(n+1)5
< 2*]'(a/2+1/3)57
where we used that n +2/3 —a/2>0and 1 +k 141~ 27,
From (7.24), (7.27), (7.28) and (7.29), we obtain that
(2778)2/? if I =k,
H S Q27§ g — )o/274/8 o lk=l(275)a/2 i 1 < |k — 1| < er(min{k, I} + 2),
2-1(a/241/3) 5 if [k — 1| > ¢y (min{k, [} + 2).

Hence,

Z H < (2776)Y/? 4 979(a/2=2/3) 5 4 g=ila=1)g Z (14 N)e/2=4/3

ey (1)€[27,20+1) N<2i
(2778)e/? if 0 <a<2/3,
< j(2776)e/? if a =2/3,

(2776)%/2 4 279(a/272/3)5 if 2/3 < a < min{2,n},

where we used that 277(¢=1§ < (277§)%/2 for a < 2 (this follows from the fact that 27 < §—1).
Finally, since § ~ 2775, note that
9—i(a/2-2/3)5 < (2—3'5)@/2 _— 21 < 23J5(2—a)/4’

completing the proof. O
These results lead to the following ‘trace lemma’.

COROLLARY 7.11. Forall§ €D, all1 <j < Js and all v € {-1,0,1},
1M 115 £ @778 U2 12y

Proof. Asnoted earlier, we must defer to [30, Lemma 7] if m = 1. Otherwise, by Lemma 7.10,
the assumptions of Proposition 7.3 are satisfied with w = 9, a = 2/3 and C(6, j) = (2776)"/3 for
j < Js (note that 2/ < 67!, and that we can trivially set C(d, .Js) = 1), so the desired estimate
is given by Proposition 7.3. U

REMARK 7.12. If we instead consider the result of Lemma 7.10 with a = 1, then the results
of this section combine to prove the ‘stronger’ estimate

13715 = 2778 IF 12 (141

but on a reduced range of j, specifically 1 < 7 < %Jg. Note that the same estimate also holds
at the ‘endpoint’ j = Js by Theorem 7.2. This leaves a ‘middle region’ %J(s < j < Js where
pure first- or second-layer weights do not appear to be sufficient to prove this estimate.
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Proof of Theorem 7.1. By interpolation, it suffices to prove Theorem 7.1 for a = % For
j = Js, this follows from from Theorem 7.2, while Corollary 7.11 gives the required estimate
for j < Js. O

8. Jacobi polynomials

As observed in Section 2.3.4, when calculating integral kernels for fractional integration
operators on the dual of an H-type group, we encounter integrals over the positive half-line of
a pair of Laguerre polynomials against an exponential and a polynomial weight. The following
lemma contains a few identities that allow us to rewrite these integrals in a more manageable
form; in particular, the identity (8.1) shows that some of these integrals can be expressed in
terms of Jacobi polynomials.

LEMMA 8.1. The following hold.
(i) Let k,l € No, m € N, a € C with Re(a) € (0,m). Then
/ LZL_l(t) LG_l(t) 67t tmflfa dt
0

_ (F(a))iz mig,l} F(a + k — P) F(a + — p) F(p +m — CL) .

p=0 (k _p)! (l _p)! p!

(ii) Let a,b,c >0,y > —1 and I,k € Ny with I < k. Then

/O L} (at) L] (bt)e "7 dt

. I _k .
F(k/t]i7c_17+1) e ifa+b=c, (8.1)
=y I(k 1) (c=b)*"(a+b—c)! k-1, c—a)(c—b . .
( :7+ ) )CHS: ) F)l( ) <1 - 2%) otherwise.

Proof. (i) The identity [65, eq. 18.18.18] allows us to turn a Laguerre polynomial of type
m — 1 into a linear combination of Laguerre polynomials of type m — 1 — a; the desired identity
then follows from the orthogonality relations [74, Lemma 1.1.4].

(ii) Assume that ¢ # a and ¢ # b (the cases ¢ = a and ¢ = b can be recovered a posteriori by
continuity). By [22, page 175, entry (35)],

k+14+v+1) (c—a)(c—b)"
k! ck+l+y+1

>~ r
/ L (at)L](bt) e~ " t7 dt = (
0

clc—a—"b)

XoFy | =1, —k; —I —k—%m )

(8.2)
where o F) is the hypergeometric function [65, Chapter 15].

If a + b = ¢, then (8.1) immediately follows, because 2 Fy[—1, —k; =] — k — 7;0] = 1. Suppose
instead that a + b # ¢. By applying the transformation formula [65, eq. 15.8.6], we easily obtain
that

> et (c=b)'T(k+~+1) !
/0 L@t e i = DS 0 b - o)
By | Lkt 114k Cm Wb (8.3)

clc—a—"0b) |’
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and (8.1) follows by applying the formula expressing Jacobi polynomials in terms of the
hypergeometric function [65, eq. 18.5.7]. O

The remaining of this section is devoted to the discussion of estimates for the Jacobi
polynomials that appear in our formulae.
We first note some uniform, weighted bounds that are available in the literature.
THEOREM 8.2. The following estimates hold.
(i) For all x € [-1,1], for all $ > 0 and o > 8 — | 8] and for all n € Ny,
B/2
1+ o n—+a«
(55) e ("1, (5.4

n

In particular, this estimate holds whenever a, 8 € Ny.
(ii) For all x € [—1,1], for all o, 8 > 0 and for all n € Ny,

o/241/4 B/2+1/4
1-z 1+z |PLeB) ()]
2 2 "

Hn+a+nmn+ﬂ+n)”2
'n+1)I'(n+a+8+1)

§@n+a+ﬂ+U1M(
(i) For all z € [-1,1], for alla > 8 > l%\/i and for all n € Ng with n > 6,
1=\ /24 Lo B/2H1/ )
L )

- am(Ha)l/l?( F(n+a+(n+p+1) )”2
~ Cn+a+B8+1D)I'(n+1)I'(n+a+B8+1)

n

Proof. (i) This is Theorem 5.1 of [40].
(ii) This may be found as equation (2) in [33].
(iii) This is Theorem 2 of [41]. O

Here is an immediate consequence of the previous estimates.

COROLLARY 8.3. Let S €N and ¢ > 0. Then, for all x € [-1,1] and all a,n € Ny with
azc(l+mn),

a/241/4 8/2+41/4 B/2+1/4
1— g 1+ N il n+1
() (5) mererseen e (TE) T e

Proof. First, if & > 8 and n > 6, then this is an easy corollary of Theorem 8.2(iii). If a >
and 0 <n <5, then n+1~1 and (8.7) follows from Theorem 8.2(ii). The remaining case
(a < B) involves only finitely many pairs (a,n) (note that § is fixed and a 2. 1+ n), so the
desired estimate is trivial in this case. (]

Next, we prove some more specialized estimates, which give sharper bounds than the above,
but only on a restricted range of indices «, 5, n. The above estimates are essentially weighted
L estimates for Jacobi polynomials, where the weight is independent of the degree n. The
estimates below, instead, involve a ‘transition point’ depending on n, away from which much
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better estimates may be obtained. We proceed similarly to Proposition 3.5 of [13] in order to
prove such estimates.

THEOREM 8.4. Let € Ny, € € (0,2) and ¢ > 0. Then, for all x € [-1+¢€,1] and all a,n €
No with 1 < a < ¢(1 4+ n),

a/2 2 4/3\=1/4
1- — Ty
T Pv(fy’ﬂ) (@)] <po (111:1@ T +a??) 1.n any case,1 | (8.5)
2 2 if1 -2 < 5(1 = 24);
here
1
u=ufa, fm) =t CFIEL (8.9)
a2
zir = 2ir(a, fin) = 1= o (8.10)
Proof. By means of the well-known relation
P (a) = (<1 PP (~) (s.11)
and the change of variables y = —x, we may equivalently restate the above estimate as follows:
(1 + y>a/2P<5,a> W) < (ly = yer| + a*/*)71*in any case, (8.12)
2 " ~Pee ) 9-a if1+y < L1+ yuw); '
here y € [-1,1 — €] and
2
Ytr = ytr(aa /Ba ’/l) : -1 (813)

T 22

We will derive the estimate (8.12) from the asymptotic approximation for Jacobi polynomials
given in [21, Section 3], which, in turn, makes use of the theory of [6]. Namely, under our
assumptions on n,a, 8,y, from [21, eq. (3.49)] (applied with N = 0) and the error bound in
[6, eq. below (3.11)], we deduce that

1—y B/2+1/4 .y a/2 o)
9 9 Py (y)

o\ 1/4
_ C—a2 / J 1/2 E-lyf 1/2y O (g1 14
= Hapnl\ Ty, o(uC %) + By Mo (uC /) O(u™) [, (8.14)
where & = a/u,
(T4 a+D)Tn+p+1)\"2 ~
L, =214 1 ! 1
o =2 (e T PP s o) (815
[21, egs. (3.22) and (3.34)], J, is the Bessel function of the first kind and index a,
e (,1)7” T\ 2mta
_ z 1
Jal2) Z m!I‘(m+a+1)(2> ’ (8.16)

m=0

E_ 1M, is the pointwise ratio of the auxiliary functions E, and M, defined in [6, Section 3],
and the relation between y and ( is implicitly given by
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Tt ()
= dr= 2" gt (g, <y<1), 8.17
i Aihﬂmuﬁ) (v <y <1) (8.17)
a2 (d2 _ 7_)1/2 /ytr (ytr _ t)1/2
= dr= — L dt -1 < Yir ). 1

[21, egs. (3.7) and (3.10)]. We remark that the asymptotic approximation of [21, Section 3] is
obtained by invoking [6, Theorem 3], which is a generalisation of [6, Theorem 1] that allows one
to consider complex values of the argument; since we are only interested in real values of y, the
approximation given by [6, Theorem 1] is enough, which justifies the simpler form of the error
bound that we are using. Furthermore, according to [6, Section 3], the error bound is uniform,
provided that ¢ remains in a bounded interval; now, by definition, &? < 4 and ¥, > —1, hence,
by (8.17), if ¢ > 4, then

C (o A\1/2 C (0 ~2Y1/2 y _ 1/2
JAE ey g LA
. 2r = or o (L= D12(1+ 1)

[e3

1 G _AN1/2

1 (r—4)
< ——  g—a= | U=
/1(1_752)1/2 T A 20y 7

for some (; € (4,00) independent of all parameters, so that ¢ € [0, ¢1].
From our assumptions on «, 8,n,y and (8.15), it is easily derived that

Kopn pel, 1—y=l

hence (8.14) immediately gives that

a/2
14y o
|<2 > PP (y)

Note that, by [64, Section 12.1.3], the pointwise estimate

1/4

¢-a [|Ja(u41/2)| +E;1Ma(ucl/2)]. (8.19)

Y = Yr

<

SBicie

ol < EZ' Mo < My, (8.20)
holds, and furthermore, by [6, Appendix B, Lemma 2], the quantity
U1/2|C _ d2|1/4Ma(uC1/2)

is uniformly bounded. Thus, from (8.19), we immediately deduce that
a/2
1+y o
| (2 > PP (y)

Hence, in order to conclude the proof of the first estimate of (8.8), it is enough to prove the

uniform bound
a/2
1+y a
(552" o

Now, define I to be the interval of the y € [—1, 1] satisfying

Spree WPly —yu) % (8.21)

Speea 13 (8.22)

2 3
g(l +yr) S 14y < 5(1 + Ytr)- (8.23)
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We firstly observe that, for all y ¢ I,
(@?ly = yer )" = @1+ 1) = (L4 o))
S (W21 4y )"V = (0?/2) Vi~ a2 < amB (8.24)

This shows that, if y ¢ I, then (8.21) implies (8.22); so we only need to prove (8.22) for y € I.
We now claim that, for y € IN[—1,1— ¢,

(-a

Y= Yr

ST (8.25)

If we assume this claim, then from (8.19) and (8.20), we deduce that, for y € IN[—1,1 —¢€],

a/2
14y o
(2) “remn

On the other hand, for each a € N, M, is a bounded continuous function on R* [64, eqgs.
(1.23) and (1.24), p. 437], whence the bound (8.22) trivially holds for each fixed a € N, and it
is enough to prove (8.22) for a > «y for some large oy € N.

Note that E'M,(x) = V2J,(z) for all = € [0,X,], where X, is defined in [64, Sec-
tion 12.1.3] and satisfies

Zpee |[Ja(uC )| + B M, (uC?) S My (u¢t/?). (8.26)

X, = a+2ca? +0(a™/3)

for some ¢ € (0,1) as @ — oo [64, Chapter 12, Ex. 1.1, p. 438] is a fixed constant which may
be inferred from [64]. Thus, there exists ay € N such that, for all « > ay,

Xo = a(l+ca™?/3).

In particular, if o > o and u¢'/? < a1 + ca~?/3), then from (8.26) we deduce that

a/2
l+y o -
‘ < ) Péﬂ’ )(y) Shicee |Ja(UC1/2)\ Sa 1/37 (8.27)

2

where we used the uniform bound for Bessel functions,
[a(@)] S a2, (8.28)

for all o,z > 0, discussed in [43]; this proves (8.22) in this case. If instead u¢'/? > (1 +
ca—?/3), then

¢ > a*(1+2ca™?3),
and therefore, by (8.25),
u2(y - ytr) = uz(c - dz) > 260‘4/37

which again implies (u?y — yi|)~"/* < a3, so in this case, (8.22) follows from (8.21). This
concludes the proof of the first estimate in (8.12), conditional to the validity of the claim (8.25).

We now prove the second estimate in (8.12). Due to the uniform bound given by the first
estimate in (8.12), it is clearly enough to prove the second estimate in (8.12) for oo > ayg. Note
now that

1+ vy, = a%/2.
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Hence, by (8.18), if y < y, then

/542 (&2 _ 7.)1/2 dr — /1+yf,r (1 + Yer — t)1/2 ﬁ
¢ 27 iy 2-t12 ¢

/5‘2 (62— 1) dr _ /” @ -1
= —_— > ~— 2 dr.
oty =TIV T 7 Jougy 27

Since the integrand is non-negative, this is only possible if
(<2(1+y).

Under the assumption 1+ y < %(1 +yi) = %2&2, this implies that

uct’? < % (8.29)
and therefore, the bound (8.27) applies. From [65, eq. 10.14.4] we deduce that, for all o > —%
and all x € R,
|z/2|*
Jo <=——.
9a@)] € Fan

Thus, by (8.27), (8.29) and Stirling’s formula,

a/2 1/2 a
1 2 a
|<+y> PP ()| o Walue2) < P g a2 (6) g < oo,

al ~

2

which proves the second estimate in (8.12).
Finally, we prove the claim (8.25). Firstly, assume that

3
Ly S1+y < 51 +y) (8.30)

so (8.17) is applicable. Now, recalling that 1+ y;, = G?/2 and that e <1 —y <1 —y; <2,
from (8.30) we deduce that

B Gl 70 ks (O ! (y — yur)*/?
. it = t—ye)Pdt = T S (y —yer) '/, (831
/y“‘ (1=t)172(1 + 1) 1+ yir /y”( Yir) a2 <Y —yir) (8.31)

where we used the fact that, by (8.30),

y—yr =04y —(1+yu) <1 +yn)/2=0a"/4 (8.32)
We now claim that, under the assumption (8.30),
¢~ &. (8.33)

This is certainly true if ¢ < 2a%, since we already know that ¢ > &2. Suppose instead that
> 2a2; then

¢ _ £2)1/2 1 ¢
/ (7’ a) dT}i (7'—642)1/20!7':

2 2T

L=
3 o .
Combining this with (8.17), (8.31) and (8.32) proves that

gsje Y = Yir g 5[2/47

whence (8.33) follows.
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Now, from (8.33) we deduce that

C(r— a2)1/2 ¢ _ £2)3/2
/ 7(7— 2a ) dr ~ S (r— d2)1/2 dr ~ 7(4 &)
2 T

e —
& a” Ja2

which, combined with (8.17) and (8.31), gives that

(C—a)™2  (y—yu)*?
a2 ¢ @

i

that is, (8.25).
Assume now that

2
“(I4uyy) <14+y< A +yw),

3
which makes (8.18) applicable. Note that, under our assumptions on n, a, 3,
1=y 2u—a 2u+a> 2n+ 0 +1 2n+ B+ 1
2 2u 2u ~ 2n+a+B+17 2+entct+pB+1

which implies that 1 — y; ~3 .1 —y ~g . 1, and moreover,

1 ~
yr =y =1 +y) = (1+y) < (1 +y) = 6°/6.

From (8.18) we then deduce that

2

=3

~ ~2 a2 /2 =2 _\1/2 ~2 _ _\1/2
a10g+<a></ umg/ @ -7,
2\/5 2¢ min{¢,&2/2} 27 ¢ 27

a,

_ /yt (yer — 1)'/2 dt ~ (yer —y)*/? <
, (A=t21+6 P a2~

which again implies that

C gﬁ,c O~£2

~2 . .
X M b
(note that we already know that ¢ < & in this case). Consequently

/a2 (d2 B 7)1/2 . (d2 _ C)3/2
¢

2T © o2 ’
and again (8.18) and (8.35) give that

(@° —¢)*? (yer — 9)*/?

~
po —=B,c = )
o A o

that is, (8.25).
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