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Abstract. Let .2 be a smooth second-order real differential operator in divergence form on a
manifold of dimension n. Under a bracket-generating condition, we show that the ranges of valid-
ity of spectral multiplier estimates of Mikhlin—-H6rmander type and wave propagator estimates of
Miyachi—Peral type for .Z cannot be wider than the corresponding ranges for the Laplace operator
on R”. The result applies to all sub-Laplacians on Carnot groups and more general sub-Riemannian
manifolds, without restrictions on the step. The proof hinges on a Fourier integral representation
for the wave propagator associated with .Z and nondegeneracy properties of the sub-Riemannian
geodesic flow.

Keywords. Spectral multiplier, sub-Laplacian, wave equation, sub-Riemannian manifold, eikonal
equation, Fourier integral operator

1. Introduction

Let M be a smooth manifold, H : T*M — [0, co) a smooth function on the cotangent
bundle that is a positive-semidefinite quadratic form on each fibre, and p a smooth pos-
itive measure on M. The sub-Laplacian & defined by (M, H, ) is the second-order
differential operator given by

Lf =—divy(Bu(df)) YfeCXM),
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where By : T*M — TM is the linear map determined by the quadratic form H, and div,,
is the divergence operator defined by p (see Definition 4.2 below). The sub-Laplacian .Z
is a non-negative symmetric unbounded operator on L?(M) := L?(M, i), and it has
principal symbol H .

The above definition encompasses a number of second-order differential operators
considered in the literature. In particular, if H is a positive-definite quadratic form, then
it is the cometric of a Riemannian tensor on M, and .Z is elliptic; moreover, if u is
the Riemannian volume, then % is the Laplace—Beltrami operator. More generally, if
there is a bracket-generating family of vector fields vy, ..., v, € T (TM) such that H =
3 ; Vj © vj (here v © v denotes the quadratic form § — (§ (v))?), then H is the cometric
of a sub-Riemannian structure and .# is a sub-Laplacian as defined, e.g., in [51].

Assume that a self-adjoint extension of . has been chosen. Then a functional cal-
culus for .Z is defined via the spectral theorem and, for all bounded Borel functions
m : [0, c0) — C, the operator

M%=A)mwwﬂﬂ

is bounded on L?(M). An extensively studied problem in the literature is the determina-
tion of necessary conditions and sufficient conditions on the function m, also known as a
spectral multiplier, for m(.£) to extend to a bounded operator on L? (M) for some p # 2.

In the case where .Z is the Laplace operator on R”, the L? boundedness of m(.%)
can be ensured by suitable size and smoothness conditions on m. More specifically, for
m:[0,00) - C, g €[1,00] and o > 0, let us define the local scale-invariant 1.4 Sobolev
norm of order « of m by

lmllgs = supllom( )l s )
t>0

where L (R) is the LY Sobolev space of order a, and p € C2((0, o)) is a nontrivial
cutoff (different choices of p give rise to equivalent norms). The classical Mikhlin—Hor-
mander multiplier theorem [27,48] implies that

”m(g)”p—w Sp.a ||Wl||L2 (L.1)

«,sloc

for all p € (1,00) and o > n/2 (at the endpoint p = 1, weak type (1,1) and H! — L!
boundedness hold). Clearly one can replace the Lisloc norm with the stronger Lg% .

norm on the right-hand side, and actually interpolation yields

M) p—p Spia ImllLee (1.2)

«a.sloc

forall p € (1,00) and o > n|1/2 —1/p]|.
Related to the above are L? estimates for oscillatory multipliers, and especially the
Miyachi—Peral estimates for the wave propagator [50, 59]:

1+ 12.2)"2 cos(t VL) |psp Spa 1 (1.3)
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uniformly in ¢ > 0, for p € [1,00] and « > (n — 1)|1/p — 1/2] (except for p = 1,00
and o = (n — 1)/2, in which case a Hardy space respectively BMO boundedness result
holds). A spectrally localised version of the above estimate reads as follows:

lx(tNZ/2) cos(tVL)lp—sp Spa (1+ 1)

uniformly in ¢, A > 0, where y € C2°((0, 00)) is a nontrivial cutoff.

It is natural to investigate whether these results for the Euclidean Laplacian extend to
more general manifolds M and operators .Z. As a matter of fact, in the case of elliptic
operators . on compact manifolds M, both Mikhlin—-Hérmander and Miyachi—Peral
estimates are available [62,63], for the same range of indices, where # is the dimension of
the manifold M ; a key ingredient in the proof of these results is the representation of the
wave propagator cos(t NEZ ) as a sum of Fourier integral operators. The case of noncom-
pact manifolds is much more delicate, in that the ranges of validity (if any) of the above
estimates depend on the global geometry of (M, H, ;) and not only on the (local) dimen-
sionn (see, e.g., [14,15,23,32,56] and references therein); in addition, the available results
are not as robust as in the compact case, especially if one is interested in sharp results. In
any case, via transplantation [33] one immediately sees that, for an elliptic operator .Z
on an n-dimensional manifold M the ranges of validity of the above estimates cannot be
larger than those for the Laplace operator on R”. We note that the aforementioned results
for the Euclidean Laplace operator are sharp up to the endpoints; in particular, if we define
the sharp Mikhlin—-Hormander threshold ¢(.%’) for a sub-Laplacian .Z as the infimum of
the « > 0 such that

Vp e (l,00),3C € (0,00), Vm € B : |[m(D)|Lr—rr < C||m||Lé o

where 8 is the set of bounded continuous functions m : [0, c0) — C, then ¢(.¥) = n/2
for the Laplace operator .Z on R” (see, e.g., [67]).

Determining the optimal ranges of validity becomes even more difficult when one
weakens the ellipticity assumption on .Z. For instance, if . is a homogeneous sub-
Laplacian on a Carnot (stratified) group, then a multiplier theorem of Mikhlin—Hormander
type for . is known [13,44], implying that ¢ (%) < Q/2, where Q is the homogeneous
dimension of the group; note that Q is strictly larger than the topological dimension n
when the group has step 2 or higher, i.e., when .Z is not elliptic. Similar results are actu-
ally known in greater generality (e.g., in the presence of suitable volume growth and heat
kernel estimates, see [5, 25, 71]), involving a dimensional parameter Q that is strictly
larger than the topological dimension n in case .Z is not elliptic (cf. [21]). Despite the
naturality of the dimensional parameter Q in this context, these results turn out not to be
sharp in many cases.

This discovery was first made in the case of homogeneous sub-Laplacians on Heisen-
berg groups [24, 54], for which it was proved that ¢(.Z) = n/2. A number of results in
this direction have been obtained since then, and we now know thatn/2 < ¢(%) < Q/2
for homogeneous sub-Laplacians on all 2-step Carnot groups [42], and that actually the
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equality ¢(.Z) = n/2 holds in a number of cases [37,39,41], also for more general man-
ifolds and sub-Laplacians [4,9, 10, 16, 17,19, 40,43]. Moreover, in the case of groups of
Heisenberg type, sharp estimates of Miyachi—Peral type are also available [53,55], prov-
ing the validity of (1.3) for the same range of indices mentioned above for R” (where n
is the topological dimension of the group); note that these results imply, by subordination
(cf. [52]), the sharp multiplier theorem of Mikhlin—-Hormander type in this context. Nev-
ertheless, the determination of the optimal ranges of validity of (1.2) and (1.3) in general
remains a widely open problem. In particular, the proofs of the lower bound ¢ (%) > n/2
given in [42, 54] crucially exploit the structure of 2-step groups (more specifically, the
existence of an explicit formula of Mehler type for the Schrodinger propagator) and do
not seem to be easily extendable to the higher step case.

At this stage it is relevant to remark that, when . is not elliptic, the lower bound
¢(£) > n/2 cannot be just obtained by comparison to the Euclidean situation via trans-
plantation, as in the elliptic case. Indeed, the methods of [33] allow one to compare the
operator .Z on M with the “local model operator” ., at any point 0 € M, defined as the
principal part of the constant-coefficient operator on the tangent space T, M obtained by
“freezing the coefficients” of .Z at o. If H is not positive-definite at the point 0 € M, then
the local model .7, is a “partial Laplacian” corresponding to a proper subspace of T, M,
namely, the space

My =({H =0} NT;M)"

of “horizontal vectors” for H at o, and therefore the lower bounds to ¢(.¢) obtained in
this way would involve dim 7, in place of n.

It is clear from the above discussion that, in order to obtain lower bounds to ¢(.Z) in
terms of the topological dimension 7, additional assumptions on H are necessary, ruling
out the case where .Z actually “lives” on submanifolds of lower dimension that foliate M .
In view of the Frobenius theorem, a natural condition in this context is the “bracket-
generating condition” on H, which can be stated as follows. Let .7 denote the set of
(smooth) horizontal vector fields for H, and define recursively .77 ®) for k € N \ {0} by

D = H, gkt — (k) + [%’%(k)].

Finally, for all x € M, we define %C(k) as the set of values v|, of vector fields v € 57 ®),
Then H is said to be bracket-generating at the point x € M (of step k) if %c(k) =Ty M for
some k > 1. Note that, when H = )_ j Vi ©vj, the usual bracket-generating condition
on the family of vector fields {v,}; implies that H is bracket-generating at each point
of M ; in particular, homogeneous sub-Laplacians on Carnot groups and more general sub-
Laplacians on sub-Riemannian manifolds satisfy the condition. Recall that a celebrated
result of Hormander [28] relates the bracket-generating condition to the hypoellipticity
of .Z, while Chow’s theorem [12] relates it to connectivity via horizontal curves.

Our main result shows that, under the bracket-generating condition, the ranges of
validity of (1.2) and (1.3) for a sub-Laplacian . on an n-dimensional manifold are indeed
not wider than those for the Euclidean Laplacian on R”.
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Theorem 1.1. Let M be a smooth manifold of dimensionn, H : T* M — [0, 00) a smooth
function that is a positive-semidefinite quadratic form on each fibre, and | a smooth
positive measure on M. Let £ be the sub-Laplacian defined by (M, H, i) and fix a self-
adjoint extension of Z. If H is bracket-generating at some point of M, then the following
hold true.

() If p € [1,00] and o = 0 are such that the estimate

Ilm (L) e my—rrn) S Imllpee (1.4)

«,sloc

holds for all Schwartz functions m : R — C, then
a>n|l/2—-1/p|.

In particular,
(L) =n/2.

(ii) If p € [1,00] and a > O are such that, for some nontrivial y € C2°((0, 00)) and some
€, R > 0, the estimate

Ixt~vVZL/A) cos(tvV L) Lrmy—sLrmy S A” (1.5)
holds for all A, t > 0 such thatt < € and A > R, then

a=(m—D[1/2-1/pl.

Part (i) of Theorem 1.1 extends the results of [42], which apply only to 2-step struc-
tures, to the case of arbitrary step, while part (ii) appears to be new even in the 2-step
case. In addition, the method of proof is substantially different and more robust, in that it
does not rely on special properties of 2-step structures, and is based on a Fourier integral
representation of the wave propagator cos(f v/.Z).

In order to describe some ideas from the proof, let us first consider the case of the
Laplace operator .Z on R”. Here via the Fourier transform one can write

cos(tx/.?)u(x) :% Z (271)” //ei(é'(x—y)ﬂtlél)u(y)dy dg,
e==+1

and properties of the wave propagator can be obtained by applying the method of sta-
tionary phase to the integrals on the right-hand side. A crucial property in this analysis is
the fact that the Hessian 8§¢ of the phase function ¢ (¢, x, y, &) = £ - (x — y) + ¢|€] has
rank n — 1, which is strictly related to the optimal range of validity of the Miyachi—Peral
estimates.

In the case .Z is a more general elliptic operator on a manifold, one cannot directly
apply the Fourier transform as before. However, a more sophisticated and by now classical
analysis (see, e.g., [68]) shows that one can write, locally and for small times,

cos(t«/g)u(x) = Qu(x) + Q—u(x)
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up to smoothing terms, where Q; is an oscillatory integral operator of the form

Quu() = [ [ 0> Oq(t.x.y.Eyuiy) dy . (16)
whose phase function ¢ satisfies the eikonal equation

8t¢(tvx»yvg):A(xvaxd)(t’x»yvg)) (]7)

with A = +/ H. Hence properties of wave propagation can still be deduced by the method
of stationary phase applied to (1.6). As observed in [29], one can actually find solutions ¢
to the eikonal equation of the form

G, x,y,8) =o(x,y,8) +1tA(.§), (1.8)

where ¢(x, y,£) = £+ (x — y) + O(|x — y|?|£]), so the Hessian ngﬁ is closely related
to 8§A for ¢ # 0 and x sufficiently close to y, and one can use the “full curvature” of the
nondegenerate quadratic form H to deduce that 8§¢ has rank n — 1 at critical points of ¢
(for ¢t # 0 sufficiently small).

When H is not positive-definite, there are a number of obstructions preventing one
from straightforwardly applying the above argument. One of these is the vanishing (and
consequent lack of smoothness) of A for £ # 0, which is an obstacle to the construction
of a smooth solution ¢ to (1.7) defined for all £ # 0. Nevertheless, by restricting to the
region where A does not vanish, one can obtain a solution ¢ to the eikonal equation that
is only defined for £ in a specific cone I' C R” \ {0}, where H behaves as an elliptic
symbol. This solution ¢ can then be used to obtain a Fourier integral representation of the
form (1.6) for a “microlocalised” version of the wave propagator cos(¢ NEZ ), which turns
out to be enough for our purpose.

A second, perhaps more substantial difficulty is that it is not immediately clear why
ngﬁ should have rank n — 1 at critical points of ¢, when H is not positive-definite: indeed,
in this case H(y, -) vanishes on a nontrivial subspace and therefore 8§A has smaller rank.
Note that, in general, the rank of ngb can actually be lower: for example, if M = R"” =
R x R"2 with the Lebesgue measure and H((x1, x2), (£1,&2)) = |£1]?, then .7 is the
partial Laplacian corresponding to the factor R"! and, via the Fourier transform, one
obtains a representation of the form (1.6) with phase function ¢ (¢, x,y,€) =&-(x — y)
+ t|&1|; so, in this case, the rank of 8§¢ is strictly less than n — 1, but, on the other
hand, here the bracket-generating condition fails. A crucial part of the proof of our result
consists then in showing how the bracket-generating condition prevents such a degeneracy
of the Hessian.

Namely, a careful analysis of the construction of solutions to the eikonal equation
(1.7) allows us to relate the rank of 8?(]5 to the rank of the differential of the geodesic
exponential map Expy, given by the projection to M of the Hamiltonian flow on 7* M
associated with H. More precisely, instead of solutions of the form (1.8), here we con-
struct, following [72], solutions ¢ of the form

¢(ts-x»yv$) = w(l,x»é)—Y'fs
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whose relation to the Hamiltonian flow appears to be more transparent. Indeed, for these
solutions, we prove that, in suitable coordinates, at critical points of ¢ with respect to £,
rank 97 (¢, x, y, £) = rank(DExp¥I|_t§|Vy),

where £ = £/(2H (). £)), DExp}|_,g : Ty M — T M is the differential at —t of the
exponential map at y, and V), is a codimension 1 subspace of 7, M (the kernel of the
differential at —t& of H |7;a); in particular, 93¢ has rank n — 1 whenever DExpy; is
nondegenerate. Note that, differently from the elliptic case, the differential DExp;_I lo at
the origin is degenerate when H(y, -) is. Nevertheless, the bracket-generating condition
ensures the existence of a generic set of points (y, £) such that DExp}’_I | £ is nondegenerate
for sufficiently small r # 0 [1-3]. This geometric information is the essential ingredient
that allows us to apply stationary phase to the integral in (1.6) and obtain the desired
results.

For technical reasons, the proof described above is carried out under additional reg-
ularity assumptions on (M, H, i), which are satisfied, e.g., on Carnot groups. However,
under the bracket-generating condition, it is possible to locally approximate, at suitable
points of the manifold, any sub-Laplacian . with a homogeneous sub-Laplacian on a
Carnot group, so the result in full generality can be recovered by a suitable form of trans-
plantation [38].

We stress once more that the method used here is substantially different from the
ones used in [42, 54], which are based in an essential way on a Mehler-type formula that
is specific to 2-step structures. In contrast, the present method is much more robust and
applies to structures of arbitrary step; in addition, it clearly brings to light the strict relation
between properties of the functional calculus for . and properties of the underlying
geometry (specifically, the geodesic flow).

A natural question is whether the necessary conditions given in Theorem 1.1 are
also essentially sufficient for the validity of the Mikhlin—-Hormander and Miyachi—Peral
estimates. It is striking that relatively limited “positive” results of this kind (featuring the
topological dimension n) are available, and (with the exception of the recent result [19]
for Grushin operators of arbitrary step) only apply to 2-step structures and enjoy a low
degree of robustness.

In this connection, let us remark that, by applying the L? estimates of [63] to our
Fourier integral representation (1.6), one could obtain estimates of Miyachi—Peral type
for the “microlocalised” version of the wave propagator corresponding to the aforemen-
tioned “elliptic cone” I'. Hence, roughly speaking, in order to obtain estimates for the full
wave propagator, what remains to be understood is what happens in the complement of
such an elliptic cone. While this still appears to be a challenging problem in its gener-
ality, the argument presented here may be considered as a first step in the development
of a robust approach for the analysis of spectral multipliers and wave equations for sub-
Laplacians.
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Structure of the paper

In Section 2 we recall basic definitions and results about pseudodifferential and Four-
ier integral operators that will be used throughout, and we describe the construction of a
parametrix for the “half-wave equation” associated to a first-order positive pseudodiffer-
ential operator, assuming that a solution to the corresponding eikonal equation is given.
In Section 3 we present the construction of a solution ¢ to the eikonal equation associated
with a general Hamiltonian on the cotangent space T*M of a smooth manifold M, and
deduce the relation between the Hessian 8?(]& and the differential of the exponential map
associated with the Hamiltonian flow. In Section 4 we recall a number of definitions and
results about sub-Riemannian manifolds and sub-Laplacians, and show how the results in
the previous sections can be applied to construct a Fourier integral representation for a
“microlocalised” version of the wave propagator associated to a sub-Laplacian. Finally,
in Section 5, we exploit such representation to prove Theorem 1.1.

Notation

We write R for the positive half-line (0, c0).

For nonnegative quantities A and B, we write A < B to denote that there exists a
constant C € RT such that A < CB; expressions such as A <y B indicate that the implicit
constant C depends on a parameter k.

For subsets U, V of a topological space, we write U € V' to denote that the closure U
of U is compact and contained in V. We also write int(U) for the interior of U.

2. Fourier integral and pseudodifferential operators

The aim of this section is to fix a few definitions and notation regarding Fourier integral
operators and pseudodifferential operators.

2.1. Distributions and linear operators

We set R” := R” \ {0}. A subset ' C X x RY, where X C R”, is said to be conic
if (x,Av) € T for all (x,v) € I" and A > 0. We shall denote by .¥’(R") the space of
Schwartz functions on R”. The Fourier transform f of f € /(R") is given by f &) =
Jrn €7 f(x) dx.

If X C R” is open, we denote by C*°(X) and C>°(X) the spaces of all (complex-
valued) smooth functions on X and of smooth functions with compact support, with the
usual topologies. Their duals &’ (X) and 2’(X) are the space of distributions with com-
pact support and the space of distributions on X . The support and the singular support of
a distribution A € 2'(X) are denoted by supp(A4) and sing supp(A). The wave front set
of A € 2'(X) is denoted by WF(A).

Let X C R"¥ and Y C R"Y be open sets. By identifying continuous linear operators
P :CP(Y) — 2'(X) with their integral kernels in 2'(X x Y') via the Schwartz kernel
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theorem, we can also speak of the support, the singular support and the wave front set of

such operators P.

If P:CX(Y)— Z'(X) and WF(P) = @, then P has a smooth integral kernel and
extends to an operator P : &'(Y) — C°°(X); such operators P are called smoothing
operators and their class is denoted by Z~°(Y; X).

We say that a subset C C X x Y is proper if both projections from C to X and Y are
proper mappings. An operator P : C2°(Y) — 2'(X) is properly supported if supp(P)
is proper. For instance, if P is compactly supported, i.e., supp(P) € X x Y, then it is
properly supported; moreover, if Y = X and supp(P) = diag(X x X), then P is properly
supported.

We denote by Z(Y; X) the linear space of regular operators, that is, operators P :
C2(Y) — 2'(X) such that, for all (x, y; &, n) € WF(P), both § and 1 are nonzero. We
will be frequently using the following properties of regular operators.

(1) Any operator in Z(Y; X) extends continuously to an operator &'(Y) — 2'(X) that
maps C2°(Y) into C*°(X) [20, Corollary 1.3.8, p. 22].

(2) Any properly supported operator in Z(Y; X) extends continuously to an operator
2'(Y) - 2'(X) that maps C*°(Y) into C*°(X) and preserves the compactness of
supports.

B QeR(Z;Y)or P e Z(Y; X) is properly supported, then P o Q € Z(Z;X) is a
well-defined regular operator [34, Theorem 8.2.14, p. 270].

4) If P e Z(Yj; Xj) for j € {1,2},then P; ® P, € Z(Y1 x Y2; X1 x X3) [34, Theorem
8.2.9, p. 267].

Most of the above notions can be extended to the case where X, Y, ... are smooth

manifolds. For a smooth manifold M, we also use the notation 7*M = T*M \ {0} and
T*M = | yep TEM.

2.2. Symbol classes

Let X C R” be an open set, N > 1 and m € R. The symbol class S™(X; RN) is the space
of smooth functions a : X x RY — C such that, forall K € X, all @ € N” and y € N¥
there is a constant Calf, such that, for all (x,§) € K x RN,

620%a(x, 6) < CE g,

where (£) := /1 + |£]2. We also define S™°(X; RY) := N,,cg S™(X;RY).

Let m € R. The classical symbol class S™(X; RY) is the set of all a € S™(X;RY)
such that there exist, for all j € N, functions a; € C*°(X x RN ) homogeneous of order
m — j in £ such that, for all k € N,

a—(1®(1—-yx)Y aj € S" X:R)
j<k

for some y € C® (R™). In this case, we call the formal series }_ j>04dj the asympiotic
expansion of a and we writea ~ } ;¢ a;.
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The essential support of a € S™(X;RY), denoted by esssupp(a), is the smal-
lest closed conic subset I' C X x RY such that ¢ is in $™° on (X x R¥)\ T, i.e.,
(X xRY) \ T is the union of all the open conic subsets U of X x R¥ such that, for all
aeN"and 8 € N# and all m € R, there is C such that, for all (x,&) eU,

920 a(x.£)] < C (&)™

If a is classical and @ ~ ) _; a;, then ess supp(a) = |J; supp(a;).

2.3. Pseudodifferential and Fourier integral operators

Let X C R” be open. A (real) phase function is a smooth function ¢ : X x RN — R such
that, for all (x,§) € X x RN and A > 0,

(1) ¢(x.48) = Ag(x.§);
(2) dg(x.§) #0.

The stationary set £ C X x RN and the wave front Ay C T*X of a phase function ¢
are the conic sets defined by

Yo ={(x,§) e X x RY : 0ep(x,6) =0}, Ay :={(x,0x0(x,8)): (x,§) € Zyp}.

Let ¢ be a phase function on X x RN and a € $”™(X;RN). The Fourier integral (or
oscillatory integral) with phase ¢ and amplitude a is the distribution

[ e ar.) ag 1)
RN
in 2'(X), whose wave front set is contained in

{(x,0xp(x,8)) : (x,§) €esssupp(a) N g} C Ay (2.2)

(see [20, Theorem 2.2.2, p. 29]).

Let now X C R™ and ¥ C R™ be open sets. Let ¢ : X x ¥ x RV — R be a
phase function, and let a € S™(X x Y;RY). The operator ® : C®(Y) — 2'(X), whose
distributional integral kernel is the Fourier integral (2.1) with phase ¢ and amplitude a, is
called a Fourier integral operator. We shall describe such operators with the formula

Ou(x) = /Y /R O Da(x, y, Epu(y) dé dy. 2.3)

The phase function ¢ is an operator phase function if it satisfies the following condi-
tion: for all (x, y,£) € X x ¥ x RV if 0ep(x,y,8) =0, then 0,¢(x, y,§) # 0 and
dyd(x,y,&) # 0.If ¢ is an operator phase function, then from (2.2) one can deduce that
the Fourier integral operator ® defined in (2.3) is a regular operator, that is, ® € Z(Y'; X).
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If X =Y and ny = ny = n, the simplest example of an operator phase function is the
standard phase (x,y, &) — (x — y) - £. The Fourier integral operators corresponding to
the standard phase are called pseudodifferential operators. More precisely, the pseudodif-
ferential operator ® on X with amplitude a € S™(X x X;R") is the operator given by

Ou(x) = @m)™ [x /RN SO (x, y, Eu(y) dt dy.

We denote by W (X) the collection of all pseudodifferential operators with amplitude
in S™(X x X;R"), which are called pseudodifferential operators of order m on X.
Moreover, for m € R, we denote by W/} (X) the collection of all classical pseudodif-
ferential operators of order m, i.e., the pseudodifferential operators with amplitude in
SIH(X x X;R™). One can check that the set ¥~°°(X) of pseudodifferential operators
on X with amplitude in S7°(X x X x R") coincides with [),,cg ¥ (R) and with the
set Z~°(X; X) of smoothing operators on X .

If the amplitude of a pseudodifferential operator on X does not depend on the vari-
able y, then it is called a (Kohn—Nirenberg) symbol. While different amplitudes may
define the same pseudodifferential operator P, the symbol (if it exists) is uniquely deter-
mined by the operator, and moreover P is classical if and only if its symbol is classical.
Every properly supported pseudodifferential operator has a symbol, and every pseudodif-
ferential operator differs from a properly supported one by a smoothing operator. For
m € R, we define the principal symbol of P € W (X) as the term of degree m in the
asymptotic expansion of the symbol of any pseudodifferential operator that differs from P
by a smoothing operator.

The basic example of pseudodifferential operator of order m is a differential operator
P = Zlal <m Pa(X)(—i0x)* with smooth coefficients pg. This is a classical, properly
supported pseudodifferential operator. Its symbol is ) <ja|<m Pa(x)§% and its principal
symbol is }°y—, Pa(X)E.

Pseudodifferential operators and classical pseudodifferential operators can be defined
on manifolds M, because of the invariance of the main objects under change of coordin-
ates (see [30, Definition 18.1.20, p. 85]). Although the symbol of a pseudodifferential
operator is not well defined on a manifold, the principal symbol of a classical pseudodif-
ferential operator P € W1'(M) is a well-defined smooth function on T*M which is
homogeneous of degree m along the fibres.

A classical pseudodifferential operator P € W' (M) is said to be elliptic of order m
if its principal symbol never vanishes on 7* M. For elliptic pseudodifferential operators,
one can easily construct approximate square roots via an iterative argument (see, e.g., the
first part of the proof of [68, Theorem 3.3.1] or [64]):

Lemma 2.1. If P € W[ (M) is elliptic of order m with nonnegative principal symbol p,

then there is a properly supported Q € lllgl/ 2

symbol ./p such that 0% — P € U=®(M).

(M) elliptic of order m/2 with principal
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2.4. Fourier integral representation of the half-wave propagator

The result below is a variation of results available in the literature (see, in particular,
[29, Section 3], [65, Section 20.2] and [68, Section 4.1]), keeping track of supports and
ensuring that the construction produces classical symbols.

Theorem 2.2. Let a be a properly supported pseudodifferential operator of order 1 on
an open set X C R”™ with classical real symbol. Let A : X x R" — R be the principal
symbol of a. Let ¢ : (—T,T) x X x X x R" — R be a phase function such that

X x X xR” 5 (x, 9,8 ¢0,x,y,§) eR

is an operator phase function, and assume that ¢ satisfies the following eikonal equation:
forall (t,x,y,&) e (—T,T) x X x X xR",

0rp(r.x,y.8) = A(x, 9xp(t, x. y.£)). 24

Then, for any open subsets X', X" of X with X" € X' € X, there is T' € (0, T] such
that the following hold true: if T C R” is a closed cone and P € Z(X; X) is a Fourier
integral operator with distributional integral kernel

P(x.y) = /Rn PO p(x, y, ) dk

and amplitude p € SS(X x X;R") satisfying esssupp(p) C X" x X" x T, then there is
a Fourier integral operator Q € Z(X; (—T',T’) x X) with distributional integral kernel

0:(x,y):=0(t,x,y) = /1‘{" ei¢(t’x’y’§)q(t,x,y,5) d¢ (2.5)

and amplitude g € SS((=T', T') x X x X;R™), such that:
(i) supp(q) C (-T'. T")x X' x X' x T';
(i) Q; € B(X:X) forallt € (=T'",T"), and Qo — P € Z~°(X; X);
(i) ((0; +a)Q € Z~°(X;(-T',T) x X).
Proof. By our assumption on ¢, both d(x £)¢ and 9(, g¢ never vanish on {0} x X x
X x R". Hence, if we take X9 € X such that X’ € X, we can find Ty € (0, T] such that

both 0 £)¢ and 3¢, £ ¢ never vanish on (=Tp, Tp) X Xo X Xp X R”. In other words, up
to shrinking (—7, T') and X, we may assume that

XxXxR"s (x,9.8) > ¢(t,x, 9,6 €R

is an operator phase function for all # € (=7, T'). In particular, the Fourier integral oper-
ators Q and Q; defined by (2.5) for any given amplitude g are regular operators.

Notice that (2.4) forces (x, 3¢ (¢, x, y, £)) to be in the domain X x R” of A4, and in
particular dy¢ # 0 on the domain of ¢. Since d,¢ is 1-homogeneous in £, up to taking
a smaller 7', condition [29, (2.13)] is satisfied by ¢ on (—7,7T) x X x X X R™. So, if
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q € SS5((=T',T") x X x X;R™) for some T’ € (0, T] to be chosen later, and Q is defined
by (2.5), then

(0 + )0 = /]1;{ PO L k) £) dE

where r € S1((—=T', T’) x X x X;R") has the asymptotic expansion described in [29,
Theorem 2.12]. Namely, if @ is the symbol of a and if we write ¢ ~ > ;. ¢—; and
a~y. j=0a1—j for the asymptotic expansions of a and ¢ (here a; = A), then

r(t,x,,£) = e XD 19, 4 a,)[e 2D (t, 2, 9, E)]|rx
~ (A(x,0x0) = 0:$)g + Y _r—j, (2.6)

Jj=0

where, fork <0,thery, €e C®((—-T',T") x X x X x R") are homogeneous in £ of degree
k and are given by

ry = 10:qr + ao(x, 0xP)qx
1
—i ) A 0xp)0Tqe — 1 Y —(FFA)(x, x5 P)gK — Rec

la]=1 |a|=2
here the remainder Ry = Ry (a, ¢, qo,4-1, - --,qk+1) is homogeneous in £ of degree k
and has the form
Re= Y cfad.0)d%qe. 2.7)
lo|<1—k
0>{>k

where the c,f (@ @) are certain polynomials in the derivatives of ¢ and the a; (independ-
ent of the g;). In particular, Ry = 0.

Note that A(x, dx¢) — d;¢ = 0, because of (2.4). Thus, in view of (2.6), in order for
(iii) to be satisfied, it is sufficient to choose ¢ so that ry = 0 for all £ < 0. Similarly, (ii)
corresponds to the condition gg|;=¢ = px forall k < 0, where p ~ > >0 P—j-

Notice that —iry = 0 is a linear differential equation in gz where all derivatives of gy
have real coefficients. More precisely, consider the time-dependent real vector field W on
X with parameters (y,§) € X x R™, given by

Wt x,y.6) =— Y (0FA)(x,0:)0%,
la|=1
and the function F(¢, x, y, &) = —iaop(x, 0x¢) — Z|a|=2 iag‘A(x, 0x9)0%¢. Then we
want gy to solve the equation

(2.8)

drqr + War + Fqr + iRy =0,
dklt=0 = Pk-

This equation is called the transport equation and it is solved with the method of charac-
teristics. Namely, for (¢, y,§) € (—=T,T) x X x R”, let

I C (-T,T) interval with 0,7 € I,}

c.y.5) = {V:’ TN s ey (s) = Wi p(s). 0. B)
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be the set of the integral curves of W(-,-, y, &) defined at times 0 and 7, and let Q C
(—T,T) x X x X x R" be the open set

Q={(t.y(t),y.8): (t,y.5) e (~T.T)x X xR", y € C(t,y,8)}.

Notice that, since W is 0-homogeneous in &, the set €2 is conic.

For every (¢, x, y, §) € €, the initial-value problem (2.8) induces a Cauchy problem
for a linear ODE along a curve y € C(t, y, ) with y(¢) = x. Since this Cauchy problem
is globally solvable, we find that, if Ry is defined and smooth on the whole €2, then there
is a well-defined g : 2 — C solving (2.8). Smoothness and uniqueness of g on Q are
also guaranteed by the theory of ODEs, and ¢y is k-homogeneous in £ whenever Ry is.

Since Ry = 0 is defined, smooth, and 0-homogeneous on €2, the solution gg to (2.8)
exists on 2. Inductively, by (2.7), it follows that the g : Q2 — C solving (2.8) are defined,
smooth and k-homogeneous on €2 for all k < 0.

Let now £2¢ be the open subset of €2 defined by

(t,y,§) e (-T.T)x X xR", y € C(t,y,g),}
(7(0), y,&) ¢ esssupp(p) '

Arguing as above, the solution to (2.8) is unique on £2¢, but here the initial value for the
Cauchy problem along each integral curve is zero, whence g = 0 on Q.

Let X/, X" be open subsets of X with X" € X’ € X, and let K be a compact neigh-
bourhood of X" in X’. We claim that there is T’ € (0, T'] such that, if T" is a closed cone
in R” and ess supp(p) C X" x X" x T, then, for all k,

Q= {(t,y(z),y,é) :

supp(qkle) C (=T". T) x K x K xT' C , (2.9)

where ' = QN (=T, T’) x X x X x R". Indeed, since €2 is a conic open neighbour-
hood of {0} x X x X x R" in (=7, T) x X x X x R", there is € € (0, T] such that
(—€,€) x X' x X' x R" C Q. A further compactness argument yields a 7’ € (0, €] such
that y(r) € K forall (¢, y,§) € (=T, T") x X" x R" and y € C(r, y, £) with y(0) € X"
By the previous discussion, if ess supp(p) C X" x X" x T, then

{(I,X,y,g) €Q:te (_T/’ T/)7 qk(t,X,y,E) 7é 0}

C{t.y(®), .8 :t e (=TT, y € C(t,y.£), (y(0),y,§) € X" x X" x T}
C(-T' ThYxKxX"xT

and (2.9) follows.

We can now extend by zero the functions gy |o’ to smooth homogeneous functions gy
on the whole (=T',T’) x X x X X R”, and these extensions still satisfy (2.8); this is
because (—7',T') x K x K x T'isclosed in (=7, T’) x X x X x R”, and Q' contains
{0} x X x X x R". Hence any ¢ € SY((—-T',T’) x X x X;R") with the asymptotic
expansion ijo q—j satisfies (ii) and (iii). One of such symbols is given by ¢ (¢, x,y,§) =
ijo xi(€)g—;(t, x,y,§&) for suitable smooth cutoffs y; vanishing at £ = 0, and this g
also satisfies supp(q) C (=T',T’) x K x K x T, as desired. L]
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3. Eikonal equation

Consider the initial value problem for the eikonal equation (2.4), namely

{a,qm,x,yf) = A(x, 359 (t, X, 3, £)), G

¢(05x9yv$) = (x _y) 'E’
on a simply connected coordinate domain M, in a manifold M. Following Treves, see

for instance [72, Example 2.1, p. 320], we seek a solution ¢ in the form ¢ (¢, x, y, &) =
w(t, x,&) — y - £. The eikonal equation (3.1) is then equivalent to

dw(t,x, &) = A(x, 0,w(t, x,§)), 32)
w(0,x.§) = x £ '
If we define the 1-forms oz = £ - dx and
1 = dgow = dwdt + dew = p dr + 4, (3.3)

on an open subset of R x M,, then uf is closed, p,]% = A(;/,]SM) and /’“151/1|t=0 = ag.

Moreover, by Poincaré’s Lemma, since M, is simply connected, w(z, x, £) in return is
determined by /LE and (3.3) (up to an additive constant).

We may therefore study an equation in p in place of (3.2): Given a closed 1-form o
on M,, we will show that there is a unique 1-form pu* = ug dr + u$, on a neighbourhood
of {0} x M, satisfying

du®* =0,
R = A(1g,), (3.4)
Wyrle=0 = a.

Once we have u%, we define ¢ (¢, x, y, @) as w* (¢, x) — w*(0, y) where w® is determined
by u% = d »)w®. Finally, we will characterise the points where do¢ = 0 and the rank
of the Hessian a§¢ at these points in terms of the Hamiltonian flow of A on T* M, where
derivatives in « are in the sense of Gateaux.

Up to this point, the construction is coordinate-free. A choice of coordinates determ-
ines the restriction to the subspace of forms o = £ - dx, with the corresponding phase

¢)(t,x,y,§) =¢(l,x,y,"§-dx).

We will show that neither the characterisation of critical points nor the rank of the Hessian
at those points depend on that restriction.

3.1. Preliminaries on symplectic geometry

Here we recall some fundamental definitions and results from symplectic geometry. We
refer to [35,45] for additional details.
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A symplectic form on a smooth manifold N is a 2-form w € 22(N) such that dw = 0
and w|, is nondegenerate for every p € N. The pair (N, w) is called a symplectic manifold.

Every smooth function F : N — R on a symplectic manifold has an associated Hamil-
tonian vector field X € T'(TN) defined by

dF|p,(v) = 0|p(XF|p,v) YveT,N,VpeN.

We denote by @ : (¢, p) = ®% (p) the flow of Xr on N. As usual, the domain of ®r
is an open neighbourhood of {0} x N in R x N. We recall that

XrF =0, (3.5)
that is, F is constant along the integral curves of X r, and
(P%)*w =, (3.6)
that is, the flow ®  preserves the symplectic form.

Proposition 3.1. Let (N, w) be a symplectic manifold, yo : U — N a smooth map from
a manifold U and F : N — R smooth. Let % C R x U be the preimage of the domain
of ®p viathe map R x U — R x N, (¢, p) — (¢, ¥o(p)); clearly, % is a neighbourhood
of {0} x U. Define vy : % — N by

¥ (t.p) = ©p(Yo(p)).

If F o g is constant, then also F o is constant; and if moreover Yyw = 0, then also
Yv*w = 0.

Proof. Recall that we have a canonical identification Ty )% ~ T;R x T,U. If
(t,p)e%,r e Randv € T,U, then

DY, pplrd: + vl = rXrlyq,p) + DP% o Dyl [v]. (3.7)
Since Xr |y, p) = %|h=0®}}" o % (Yo(p)) = %|h:0d>tF o ®" (Y(p)), we have
XFly.p) = DPElyo(m [ XF Lo ()] (3.8)

Suppose that F o g is constant. Then F o ¥ is constant by (3.5). Suppose in addition
that ¢7;w = 0. Notice that, by the definition of pull-back and (3.7),

V*0l@,p) e + 0,70 + V') = ro(Xr (Y (t, p)),DP% o Dyo|,[v'])
— ' (XF (Y (t. ). D® 0 DYolp[v]) + (DY o Do, [v]. DPY o Do, [v'])
forall (t, p) € %,r.,r’ € Rand v,v" € T,U. By (3.6) and (3.8), we have
o(XF Y (t, p), DO% o DY, [v]) = 0(XF (Yo(p)), DYolp[v]) = dF (Do, [v]) = 0,
where we have used the hypothesis that F o ¥ is constant. Again, by (3.6) we also obtain
@ (D@ © Dyro|p[v]. DPY 0 Do [v']) = @ (DYl [v]. Dol [v']) = 0,

where we have used the hypothesis ¥jw = 0. We conclude that ¢ *w = 0. L]
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Corollary 3.2. Let (N, w) be a symplectic manifold, ¥y : U — N a smooth map from a
manifold U and F : N — R smooth. Assume that F o g is constant and y§w = 0. For
all p e U, if 2dimIm(Dvyo|p) > dim N, then Xr|, € Im(Dyrglp).

Proof. Lety : % — N be constructed as in Proposition 3.1. Then clearly

XFlp € Im(DY(0,p)) 2 Im(DYolp).

On the other hand, ¥*w = 0, so the symplectic bilinear form |y, (,) vanishes on
Im(Dy|(0,p)) x Im(Dy|(o,p)) and therefore 2 dim Im(Dv|(9, »)) < dim N. Dimensional
considerations then imply that Im(Dv/|(,p)) = Im(Dvg|,) and Xr |, € Im(Dyg[p). =

The cotangent space 7*M of a smooth manifold M has a canonical symplectic
structure, described as follows. Let wps : T*M — M be the bundle projection and
t € Y(T* M) the tautological form defined by

tla(v) = a(Dmpr[v])
fora € T*M and v € To(T*M). The symplectic form on T*M is
w = —dt.

The tautological 1-form is characterised by the fact that, if o € (M) is a 1-form (which
in particular is a smooth embedding u : M — T*M), then u*t = u.

Recall that a submanifold S C T*M is called Lagrangian if dim(S) = dim M and
o|rs = 0. We shall need the following lemma (for a proof, see for instance [35, Proposi-
tion 9.20]).

Lemma 3.3. 1 € U(M) is closed if and only if ;u(M) is a Lagrangian submanifold
of T*M, i.e, W*w = 0.

If F: DfF — R is a smooth function on some open set D C T*M, we define the
(Hamiltonian) exponential map by

Expy (£) = i (P (£)) (3.9)

forallx e M, & € TYM,t € R such that (¢, §) is in the domain of ®F.

A system of coordinates (U, x) on an open set U C M induces so-called canonical
coordinates (T*U, (x,n))on T*U = 7r;11 (U) C T*M, whereby « € T*U corresponds to
the pair (x (), Y ; 1j (@) dx;) in the trivialisation of 7*U induced by (U, x). In canonical
coordinates we have

t= andxj and = de]' Adn;j.
J J

Moreover, if Dp C T*M isopen and F : Dr — R is smooth, then

oF oF

Xr = —Ox;
F - 87’}]' X;

- — 0y, . 3.10
; 8Xj i ( )
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Hence, a curve y(¢) = (x(¢),n(¢)) in Dr C T*M is an integral curve of X r if and only
if it satisfies the Hamilton—Jacobi equations

aF
Xj = 7>
an;
ar (3.11)
= 8xj’

for all j.

3.2. Solution to the eikonal equation

For further reference on the content of this section, see [73, p. 167] and [72, Chapter VI].

For a manifold M, we denote the space of closed 1-forms by €4(M) = {a € 1 (M) :
da = 0}, and the bundle projection T*M — M by mpy.

Let M be a manifold and 4 : D4 — R a smooth function defined on an open set
Dy C T*M. Note that Dy inherits the symplectic structure of 7* M. As in the previous
Section 3.1, we denote by X4 and ®4 the Hamiltonian vector field of A and its flow,
respectively.

Ifa € 1 (U) for some U C M open, let p* be the smooth map

U > (t,x) > pf(x) = mpu @ (a|x) € M, (3.12)

where
w* ={(t,x) € Rx U : (—t,al|y) is in the domain of &4} (3.13)

is an open neighbourhood of {0} x U in R x U. Note that pf = Idy.
Set M := R x M. We shall write an element @ € T*M as

o = ardt|; + oy,

with 7, ag € R and apy € T*M. Note that T*M is naturally isomorphic to the product
T*R x T*M. The composition of the projection T*M — T*M with the bundle pro-
jection mpy : T*M — M gives a submersion 7Ty : T*M — M. Then the canonical
symplectic form wj; on T*M is the “sum” of the symplectic forms on the factors; more
precisely,

wi =dt Adt + Dy, (3.14)

where (z, t) are the canonical coordinates on 7*R and @y is the pull-back via 7y of the
canonical symplectic form wys on T*M .
Let DF = T*R x Dy C T*M, and define F : D — R by

F(zdt|; +1n) = A(n) — 7, (3.15)

for every (1, p) € M, tdt|; € T/R and n € Ty M. A moment’s thought shows that the
vector field X r associated with F splits as follows:

Xr =—0; + Xa,
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where X 4 1s the lifting of X4 to DF. Consequently, the flow of X is given by
% (zdt], + 1) = vdt] i~ + B (1) (3.16)

for all 5,7, € R and all 1 in the domain of @i.

The main result of this section is the following proposition, where the map p* and the
set Z* are defined as in (3.12) and (3.13).
Proposition 3.4. Let U C M be open, a € €4(U) and € > 0 such that
1) (—e,e)xU Ccw*;
(i) p%|lv : U — M is an embedding for all s € (—e¢, €).
Then the set

0 = {(s.p%(x)) : Is| <€, x € U}

is open in M and there exists a unique j1 € €L(U) such that

F(u(X) =0 Vi e, G.17)

1(0.x) = A(ely)dtlo + afx  ¥x € U. '
Moreover, for all s € (—€,€) and x € U,

s, p2()) = Alal) dily + ®5° (). (3.18)

Proof. Let us first discuss the existence of a solution to (3.17). Let = (—€,¢) x U.
Under our assumptions, the map % > (s, x) — (s, p5(x)) € Uisa diffeomorphism, so
(3.18) actually defines a 1-form p € @1 0).

Define o : U — T*M as

Yo(x) = A(alx) dtlo + alx € T3, M.
so that F' o {9 = 0 by (3.15). Using (3.14), Lemma 3.3 and the fact t o /¢ = 0, we obtain
Yoo = Ve (di Ade) + Y @) = d(t o Yo) Ad(x 0 o) + a*wpr = 0.
By Proposition 3.1, the map ¢ : % — T*M, ¥ (s,x) = D% (Yo(x)) satisfies F o

=0and w*wﬂ = 0. Moreover, by (3.16),

Y (s, x) = A(e)x)dt|—s + DY (alx) = pu(=s, pZ,(x)).

In other words, ¥ = p o E for some diffeomorphism & : 7 — U. From V*wi; = 0and
F oy = 0 we then deduce u*wy; = 0and Fopu =0,ie, € < (0) by Lemma 3.3,
and u solves (3.17).

As for the uniqueness, assume conversely that u € %Z(U ) solves (3.17). Then F o u
=0and u*» =0,ie., u(0)isa Lagrangian submanifold of 7* M. By Corollary 3.2, X r
is tangent to w(0) at every point. Fix now x € U and let I be the set of those s € (—¢, €)
such that (3.18) holds. Clearly 7 is closed in (—¢, €), and O € I because of (3.17). On the
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other hand, for all s € /, the flow curve of X r starting from (s, pg, (x)) stays in ,u(ﬁ )
for some time and, by (3.16),

D' (150, 5, (X)) = A(e|x) d[s—r + Py (),

which shows that (3.18) also holds for s in a neighbourhood of sg. This proves that /
is open, so by connectedness I = (—¢, €), and (3.18) holds for all s € (—¢, €) and all
xeU. ]

3.3. Existence domains and smooth dependence on the initial datum

Proposition 3.4 yields, under certain assumptions, the existence of a (local) solution
= p* to the eikonal equation for a given initial datum o € €¢(M). We will now show
how those assumptions can be satisfied and, at the same time, we will obtain suitable
smoothness properties of the map o — u®. In what follows, we consider ¢Z(M) as a
Fréchet space with the C*° topology (i.e., the topology of uniform convergence on com-
pact sets of derivatives of all orders).

We define an existence domain (ED) to be a triple (2, U, €) such that

(a) U C M is open and simply connected, and € > 0,
(b) Q C €L(M) is open in the C* topology,
(c) conditions (i) and (ii) of Proposition 3.4 are satisfied for all o« € €.

If (2,U, ¢) is an ED, then for all « € Q2 and ¢ € (—¢, €) the inverse oy of p¢ |y is defined.
In addition, the set U% = {(t, p¥(x)):t € (—€,€), x € U}isopenin R x M and there is
a unique solution u = u* € “(U?) to the eikonal equation (3.17), given by (3.18). We
can split u% = pg dt + ug,, with ug : U* - R and sy U® — T*M smooth. In view
of (3.15), the eikonal equation (3.17) becomes

o :A o
Hr = 4 Hy: (3.19)
1irlox) = alx forallx € U.

Moreover, by (3.18), for all (¢, x) € e,

0% (x) = g Dy (45 (2. )).

The existence of ED and the smoothness properties of o > p“ are given by the fol-
lowing result. Recall here the definition of the set ¢ from (3.13).
Proposition 3.5. The following hold true.

(1) The set % = {(a,t,x):a € CLM), (t,x) € U*} isopenin €L(M) x R x M, and
the map
U > (a,t,x) > p¥(x) e M

is of class C*° in the sense of Gdteaux.
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(ii) For all @ € ‘X (M) and X € M such that &|z € Da, there exists an ED (2, U, €)
withd € Qand X € U.

(iii) If (2, U, €) is an ED, then the set
W ={(a,t,p¥(x)) ;a0 €Q, t €(—€,¢€), x €U}
is open in 6L(M) x R x M and the maps
W3 (a.1.x) > o%(x)eM, W > (a.t,x)— u*t.x)eT*M
are of class C® in the sense of Gdteaux.

This result is obtained via an application of the inverse function theorem. Since
(M) is not a Banach space, however, it is convenient to introduce spaces of forms
of finite order of differentiability, which are Banach spaces and to which we can apply the
inverse function theorem directly.

For U C M open and k € N, let C¥Q'(U) be the space of 1-forms of class C¥
on U, i.e., sections of class C k of the bundle T*U. In the case U € M , we also denote
by C*¥Q2(U) the space of « € CKQ!(U) that extend continuously to U together with all
their derivatives up to order k. Note that C¥Q!(U) is a Banach space with the uniform
C* topology (the topology of uniform convergence of all derivatives up to order k). Note
that (3.12) defines p? also for @ € C°Q(U).

Proposition 3.5 is then an immediate consequence of the following result.

Lemma 3.6. Let U € M be open in M and define
U = {(a.1,x) o € CKQYT), (t,x) € W%}

for all k € N. Then:
() % is an open neighbourhood of C¥QY(U) x {0} x U in CkQ'({U) xR x U;
(ii) the map
U 3 (o, t,x) > pf(x) e M
is of class C*.
Moreover, for all (@,t,X) € 2 such that D,o;f |3 is invertible, there exist an open neigh-

bourhood Q of @ in C'Q(U), an open interval 1 C R containing t, and an open
neighbourhood W of X in U such that:

Gii)) I xW C U* foralla € Q;

(Av) p¥|lw : W — M isa C' embedding foralla € Qandt € I;

V) W ={(a,t,p%(x):axeQ,tel, x € W}isopenin C'QY(U) and moreover, if
of denotes the inverse of p¢|w, then the map

W s (at,x)~>of(x)eM

is of class C1, and its restriction to # N (C*¥QY(U) x R x M) is of class C* (with
respect to the uniform C* topology) for all k > 1;
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(i) if W ={(t.x): (a.t,x) € #'} and p* € C'QY (W *) is defined by
pE (s, p§ (x)) = Alalx) di]s + D4° (]x)
forall s € I and x € W, then the map
W s (a,t,x) > po(t,x) e T*M

is of class C1, and its restriction to # N (C*¥QY(U) x R x M) is of class C* (with
respect to the uniform C* topology) for all k > 1.

Proof. Parts (i) and (ii) are immediate consequences of the observation that
P2 (x) = mu @' (Ev(, x),
where Ev(w, x) = «/| is the evaluation map, and the fact that
Ev:CkQYU)xU - T*M
is of class C¥ for all k € N. As a consequence, the map
W U > (.1, x) > (a1, p%(x)) € CKQUTU) xR x M

is also of class C¥, and, if k > 1 it is easily checked that DWy| /. x) is continuously
invertible for all («, ¢, x) € % such that Dp¥ | is invertible. Hence parts (iii), (iv) and (v)
follow by applying the inverse function theorem to W;, and observing that restrictions of
a local inverse for W; provide local inverses for all the Wy for k > 1. Finally, part (vi)
follows by observing that (e, ¢, x) +— u®(¢, x) is the composition of the maps (¢, ¢, x) —
(v, 2, 0% (x)) and

(cr, 5, x) = AEv(e, x)) dt|s + ©3° (Ev(a, x)),
which have the required smoothness properties. ]

We say that A : Dyg — R is 1-homogeneous if AE € Dy and A(AE) = LA(§) for all
& € Dy and A > 0. When A is 1-homogeneous, we can find an ED (€2, U, €) such that the
set 2 C 6Y(M) is conic; such ED will be called conic existence domains (CED).

Proposition 3.7. Assume that A is 1-homogeneous.

(1) Forallt € R, the domain of be‘l is conic and

Y (AE) = ADY(§)
forall A > 0 and § in the domain of ®Y.
(ii) Forall (a,t,x) € % and A > 0, we have (A, t,x) € % and

P (x) = p (x).

(i) If (Q,U,€)isan ED and RTQ = {Aa: € Q, A > 0}, then (RTQ, U, €) is a CED.
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@iv) If (2,U,€) is a CED, then U* = U% and
P, x) = At (2, x)
forallA >0, « € Qand (t,x) € U°.

Proof. Since A is 1-homogeneous, in local canonical coordinates (x, ) we have

0A
an;

04

(x, 1),
an;

A A
e =ren ad e =
J J

ox 0x

and part (i) easily follows from (3.11). The remaining statements are immediate con-
sequences of part (i), the definition of CED and the expression (3.18) for u®. ]

Once we have an ED (2, U, €), we can take the Géteaux derivative of o — u® at any

o€ Q.Ifv e GUM), then duu®[v] € CL(U®) is the 1-form defined by

d ~
dapt "Wt ) = ol (%) € TG o M.
h=0

Notice that
Ot [v] = daug[V]dt + g pyr[v],

where do uf and dq uu, are defined as Gateaux derivatives of ug and u$,.
We now obtain a useful identity for d, u®[v] that follows from the eikonal equation.
Define, forall x € M and o, B € Ty M with o € Dy,

d
D> Alalf] = ) A(a + hp). (3.20)
=0

Essentially, D, A|q is the restriction of dA to the “vertical” directions in the cotangent
bundle 7* M . Using canonical coordinates and (3.10), it is immediately seen that

D, Alo[B] = B[Drpm [Xala]]- (3.21)
Lemma 3.8. Foreverya € Q, v € €4(M) and (t,x) € e,
ot [V] (1, X) = B paiyy V] (t, X) [Dreg [Xal w2, 1,0

Proof. Using the “generalised eikonal equation” (3.19),

d
aauﬁé[u](z,x) = T A(,ugj'h”([’x)) = D2A|M%4(,,x)[3au%,[v](t,x)],
h=0

by the chain rule, and the conclusion follows by (3.21). ]

3.4. Definition of the phase function
Let (2, U, €) be an ED. Forall « € Q, 8 € €4(U%) and X, 7 € U, we denote by f; B

the integral of B along any path in U joining ¥ to X; since U is simply connected, U is
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too and the value of the integral does not depend on the chosen path. Similarly we define
fyx vforallv e ¢4(M)and x,y € U.

We define the openset Dg = {(t,x,y, @) 1 € Q, (t,x) € U?, y € U} and the “phase
function” ¢ : D¢ — R associated with (2, U, €) by

(t.)
d(,x,y,a)= / ue. (3.22)

0,y)

Note that, since d(; )¢ = u®, forall (¢, x, y, o) € Dy we have

HR(t.x) = 0@t x. y. ). py(t.x) = 0x(1. x. y. ). (3.23)

hence, by (3.19), ¢ is a solution to

0Pt x,y,a) = A(0xP(t, x,y, ), (t,x,y,a) € Dy, 3.24)
(I)(O,x,y,a):fyxa, (x,y,0) e U xU x Q. ’
In particular,
Ox@(t,x,y,a) € Dy, (3.25)
0,¢(t,x,y,0) = —a|, € =Dy, (3.26)
0:P(t,x,y,a) = A(a|g;x(x)) (3.27)

forall (¢, x,y,a) € Dy ; the last identity follows from (3.18) (applied with o7 (x) in place
of x) and (3.23).

3.5. Critical points of the phase function

We want to differentiate in « the phase function ¢ associated to an ED (€2, U, €) and
characterise the points (¢, x, y, @) such that do¢ (¢, x, y,a) = 0.
The Gateaux derivative of ¢ is, for (¢, x, y,a) € D¢ and v € GL(M),

(,x)
0.0 (t,x,y,@)[v] = / O it [v]. (3.28)

0,y)
From the fact that u* solves the eikonal equation, we can deduce a simpler expression for
the Gateaux derivative of ¢.
Proposition 3.9 (Treves). Forall (t,x,y, o) € D¢ and v € CL(M),

o7 (x)

0P, x,y,@)[v] = / V. (3.29)

y
Proof. By (3.12) and (3.18),

d d d
) = o (97 (@l) = DnM[acb;’(am}

= =Dy [Xalo 1 @) = —Drm [Xalug, .o en)-
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Hence, foralla € Q,¢ € (—e€,€),x,y € U,and v € GX (M),

d
3 [@d) (. 0F (0. . )]

d
= )70, 0] + BudsB) (0. )| )|

= (apui) V], pf (¥)) = @ pf) VI, pF () [Drns [Xalug, .02 (xn)]]
=0.

by (3.23) and Lemma 3.8 (compare [72, (2.31)]). Consequently,
0$)0. (). 3. ] = @) Ox )] = [ daal] = [ v
y y

by (3.24), and (3.29) follows by replacing x with o7 (x). |

We say that ¥ C 6¥(M) is separating for U if, for all x, y € U with x # y, there
existv € ¥ and f € C*°(U) such that

f(x)# f(y) and df =vly.

The following result, which relates the critical points of the phase ¢ to the geodesic
flow, is an immediate consequence of Proposition 3.9 and Stokes’ theorem.

Corollary 3.10. Let (2, U, €) be an ED and let V' C €€ (M) be separating for U. Then,
forall (t,x,y,a) € Dy,

da@(t.x,y, )|y =0 <= x = p¥(y).

In case A is 1-homogeneous the above expression for d,¢ actually yields a corres-
ponding expression for ¢.

Proposition 3.11. If A is 1-homogeneous and (2, U, €) is a CED, then the associated
phase function ¢ is 1-homogeneous in a, i.e., (t,x,y, Aa) € D¢ and

O(t,x,y,Aa) = A (¢, x,y,a)
forall A > 0and (t,x,y,a) € Dy. In addition, for all (t,x,y,a) € Dy,

of (x)
o, x,y, )= / a.
y
Proof. Homogeneity of ¢ in o immediately follows from Proposition 3.7 and (3.22).
From this we deduce that

d
¢(Z’x’y’a):ak ¢(t,x,y,/loc)=8a¢(t,x,y,ot)[ot],
=1

which, together with Proposition 3.9, gives the desired expression for ¢. ]
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3.6. The Hessian of the phase function

Let (2,U,€) be an ED and ¢ : Dy — R be the associated phase function. The Gateaux-
Hessian in « of ¢ at (¢, x, y, ) € Dy is the symmetric bilinear map

RP(t,x,y,a) : CUM) x €U(M) — R,

(vi,v2) > % da@(t,x, y, a0 + hvo)[v1].
h=0
We now obtain an expression for the Hessian 92¢ in terms of the Hamilton flow
on T*M associated to A (or rather its projection to the manifold M).
Note that Expj;’t, defined in (3.9), is a smooth map defined on a (possibly empty) open
subset of 7. M forall x € M and ¢t € R. Since T} M is a vector space, the tangent space
TeTF M is canonically identified with T, M at each point § € T;) M, so we can think of

DExpfl” |¢ as a linear map T) M — TEXPZ;.I(E)M . Note also that

Expy” (@lx) = pf (x) (3.30)
foralle € (W), x € W, t € R such that (—, &|) is in the domain of .

Proposition 3.12. Forall (t,x,y,a) € D¢ and vy,v, € CLM),

of (x),—

t
ag[¢(tv X, y705)[V1, VZ] = _Vl |0§"(x) [D0?|X[DEXPA |Ol|0;)t(x) [V2|0§"(x)]]]

o
h=0Yy

Proof. Note that, by (3.29),
0;x+h1)2 (x)

2wyl =

d h
V] = U1|0;X(x)|:a'h O';)H_ Uz(x):|-
=0

On the other hand, for all v € G¢(M), since p®" (6" (x)) = x for all small
enough & € R, by (3.30),

d d d
0= — a+hv 0a+hv X)) = — a+hv o%(x el o aa+hv X
G| PO @ = e + gl pre )
& (x),—t d
= DExpy " lalyo o Plor@] + Dofloe | o|  of () |,
! dh|p=o
SO
F (x),—t
E h=00;x+hv(x) = _Da;x|x[DEXpZt x |a|(;?‘(x) [U|0;1(x)]],
and we are done. [

An interesting consequence of the above formula is that 92 (7, x, y, «)[v1, v2] only
depends on the values of v; and v, at the point o7 (x), and therefore Béq)(t, X,y,a) is
effectively a bilinear form on the finite-dimensional space Ta’,‘[o, (x)M .

We say that a linear subspace ¥ of 6¢(M) is spanning for U if {v|x :v e ¥} =T M
for all x € U. The following result is an immediate consequence of Proposition 3.12 and
Corollary 3.10.
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Corollary 3.13. Let V' C €4 (M) be a linear subspace that is spanning for U. Then, for
all (t,x,y,a) € Dy,

af (x),—

rank(d58(t. x, ¥, )| yv) = rank(DExpy ™ ap g ). (3.31)
In particular, if ¥ is separating for U and 04@(t, x, y, )|y = 0, then

rank (32 (¢, x, y, &) |y xv) = rank(DExpfi’_t|a|y). (3.32)

3.7. Construction of an operator phase function

Recall that, for all ED (2, U, €), the set {(«, ¢, p*(x)) :x € Q, t € (—€,€), x € U} is an
open neighbourhood of 2 x {0} x U in ¢2(M) x R x M. A simple compactness argu-
ment yields the following strengthening of the existence result for ED in Proposition 3.5.

Lemma 3.14. Let K and © be compact subsets of M and €¢(M) such that a|; € Dy
forall € ® and x € K. Then there exists an ED (2, U, €) such that ® C Q and K C

int(Nyeq, 1< P7 (U)).
We can now prove our main result.

Proposition 3.15. Assume that A is 1-homogeneous and Dy = T*M. Let 0 € M and
(W, x) be any system of local coordinates for M at o. Then there exists an open neigh-
bourhood V. C W of 0, an € > 0 and a smooth function w : (—€,€) x V x R" — R, where
n = dim M, with the following properties.

(i) w is 1-homogeneous in € and, for all (¢, x,£) € (—€,€) x V x R”,
w(0,x,8) =x-£  dyw(t,x,£) #O.

(i) The function ¢ : (—e,€) x V x V x R" — R,
P(t.x.y.8) = w(t,x.§) —w(0,y,§),

is a phase function that solves the eikonal equation (3.1). Moreover, (x, y, §)
o (t,x,y, &) is an operator phase function for all t € (—¢, €).

(iii) Forall (t,x,y,£) € (—e,€) x V x V x R”,
dsw(t,x, ) =y <= Expy ' (£-dx|,) = x

and in that case
drw(t,x,§) = A - dx|y).

(iv) Forall (t,x,y,E) € (—€,e) xV xV x R™ such that dew(t, x,§) =y,
rank(aéw(t, x,§)) = rank(DExpﬁ’_t |g-dxy)-

Here & -dx € QY (W) is the form Zj &; dx; in the coordinates (W, x) for all § € R".
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Proof. Without loss of generality we may assume that M is an open subset of R”.
Let ¥ C 62(M) be the R-linear span of dxy, ..., dx,, so clearly ¥ is both separat-
ing and spanning for M. Let S be the unit sphere in ¥ (corresponding to the choice
of dxi, ..., dx, as an orthonormal basis). Then S is a compact subset of €¢(M). Since
oo € T*M foralla € S, by Lemma 3.14 and Proposition 3.7 we can find a CED (2, U, ¢)
suchthat S C Q ando € V := int(moceﬁ,|t|<e p¥(U)). We can now define a smooth
function ¢ : R x V x V x R”* — R by

P(t.x.y.8) =¢(t,x.y.§-dx),

where ¢ is the “phase function” associated to (€2, U, €) defined in (3.22), while £ - dx =
> &dx;.

Then, by (3.24), ¢ solves the eikonal equation, and 0,¢ and d,¢ vanish nowhere by
(3.25) and (3.26). From Proposition 3.11 we deduce that ¢ is 1-homogeneous in &, and

G, x,9.6) =& (05 (x) — y) = w(t, x, &) — w(0, y,§),

where w(t, x, &) =& - of'dx (x). This shows (i) and (ii). Moreover, Corollary 3.10 and

(3.30) show that

0e(t,x,y,6) =0 <= x = p; ™" (y) < x =Exp} ™" (§-dx|,),
and in that case 0,;¢(t, x, y, §) = A(£ - dx|,) by (3.27). This shows (iii), because
0ep(t,x,y,8) = dgw(t, x,§) — y and 9;¢ = d;w. Moreover, Corollary 3.13 implies
that

Jep(t.x,y,§) =0 = rank(33¢(z, x, y, €)) = rank(DExp} ™ [¢.ax], )

and we are done, because 8§¢(t, x,y,&) = 8?11)([, x,§). [

4. Sub-Laplacians on sub-Riemannian manifolds

In this section we recall the main definitions and results about sub-Riemannian manifolds
and sub-Laplacians that will be of use later, and show how the results from the previous
sections yield a Fourier integral representation for the sub-Riemannian wave propagator.
For a more extensive introduction to sub-Riemannian geometry, we refer to [2,51].

4.1. The sub-Riemannian Hamiltonian

If 2# C T(TM) is a linear subspace of vector fields on a manifold M and if x € M,
then we denote by 7 C TxM the space {v|x : v € }. f U C M, we write H#y =
U, er #%- We define inductively on k € N the spaces % C T(TM) as # D = #
and 2 K+D = 770 4 [, %), Then A is said to be bracket-generating at x € M if
there is an s € N such that %C(s) = Tx M. We say that 5# C T (T M) is bracket-generating
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on M if it is bracket-generating at each x € M. More generally, a subset of I (T M) is said
to be bracket-generating at x (respectively on M) if its linear span is bracket-generating
at x (respectively on M).

Definition 4.1. We call (M, H) a quadratic Hamiltonian pair if M is a smooth manifold
and H : T*M — [0, 00) is a smooth map, called a Hamiltonian, such that the restric-
tion of H to T M is a homogeneous quadratic form for all x € M. If the space .7 of
horizontal vector fields for H, defined by

H ={vel(TM):Ya e T*M : (H(a) =0 = a(v) = 0)},

is bracket-generating, then we call (M, H) a bracket-generating quadratic Hamiltonian
pair or a sub-Riemannian manifold.

Equivalently, a quadratic Hamiltonian pair (M, H) is defined by a smooth positive
semidefinite section by of the vector bundle of symmetric bilinear forms on 7* M, given
by

br(a, ) = 3(H(e + B) — H(@) — H(B))

forall x e M and @, B € T M . The Hamiltonian H also induces a bundle homomorphism
By : T*M — TM defined by the property

«[Bu Pl = bu(a.p)

forallx € M and o, 8 € T M. Notice that By (T*M) = .
The push-forward of by through By is a scalar product on 7, for each x € M,
which is given by

(BHOl,BHﬂ)H = by (a, B), VO[,,B [S T;M. 4.1

The horizontal gradient of a smooth real-valued function f on M is the real vector
field Vg f = By (df) € . Notice that, forallo € T*M,

a[Vy f1= b (a.df) = (Buo, Ve f)H.

We shall mainly work with complex-valued functions on M and, correspondingly, we
often make use of the complexified tangent and cotangent bundles CTM and CT*M.
The map By extends to a complex-linear bundle homomorphism By : CT*M — CTM,
while by and (-, -)g extend to sesquilinear forms on the fibres of CT*M and C.27Z
respectively. The horizontal gradient Vg extends to a complex-linear first-order differ-
ential operator Vg : C*°(M) - I'(CTM).

In a coordinate chart (U, x) of M and in the corresponding local trivialisation
(T*U, (x,€)) of T*M, we have H(Y; a; dx/) =Y, H/*ajoy and Bpy(a) =
O H'*0;)d), where H/* : U — R are smooth functions and H/¥ = HK/,
Moreover, the horizontal gradient of a smooth function f is

Vi f = Z(Z kaa,-f)ak.
k

J



A. Martini, D. Miiller, S. Nicolussi Golo 814

4.2. The sub-Laplacian and its functional calculus

A measure p on a manifold M is a smooth positive measure if for every coordinate chart
(U, x) the restricted measure is absolutely continuous with respect to the Lebesgue meas-
ure and has a strictly positive smooth density. If (M, H) is a quadratic Hamiltonian pair
and p is a smooth positive measure on M, we call (M, H, i) a measured quadratic
Hamiltonian pair.

Definition 4.2. Let u be a smooth positive measure on a manifold M. The u-divergence
of a smooth vector field v € I'(CTM) is the unique smooth function div,, v € C*(M)
such that

/ do[v]du = —/ ¢div,vdu, V¢ e CX(M).
M M
In other words, minus the u-divergence
—div, : T(CTM) — C*(M)
is the formal adjoint of the exterior derivative
d:C®(M) - CQY (M)

with respect to u.
If (U, x) is a coordinate chart and du(x) = p(x) dx on U, then

" . 9
div,v = Z(ij’ + v’j—p).

j=1 p

Definition 4.3. Let (M, H, ;1) be a measured quadratic Hamiltonian pair. The sub-Lapla-
cian of a function f € C°°(M) is the smooth function

L[ =—divy(Vy f) = —div,(Bu (df)).

If (U, x) is a coordinate chart and diu(x) = p(x) dx on U, then

: ; )
Lf=— Z(ka W0 f + (akaf + HN Lp) a,-f). 4.2)
I P
This shows that & : C®°(M) — C°°(M) is a second-order differential operator with

principal symbol H .
Notice that, for all f, g € C*°(M),

f-ﬁff?du=/ bH(df,dg)du=/ (Vi /. Virg)a de.
M M M

This implies that .Z is a nonnegative symmetric operator. Therefore, there exists a non-
negative self-adjoint extension of .Z on L2(u), such as the Friedrichs extension (see for
instance [75, Section XI1.7]).

Once such a self-adjoint extension of .# is chosen, a Borel functional calculus for .#
is defined via the spectral theorem and, for all bounded Borel functions F : R — C, the
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operator F(.Z) is bounded on L?(M). Since .& is self-adjoint,
F(£)* = F(2),
and moreover, since additionally . preserves real-valued functions,
Ff=Ff
forall f € L?(M). In particular, for all p € [1, o0],
IE)p>p = IF(Dllp>p = IF (L) pr—p'- (4.3)

The functional calculus allows us to define the wave propagator ¢ > cos(t v/ .Z) asso-
ciated with .Z. We will need a couple of assumptions on the wave propagator. The first is
finite propagation speed:

forall U C M open and K C U compact there is an € > 0
such that supp(cos(t v Z)u) C U
forallt € (—e,€) and u € C°(M) with supp(u) C K. (FPS)

This assumption is satisfied in fairly general contexts: see for instance [18,46,47,66,70]
and references therein. The second is smoothness preservation:

for all K C M compact there exists € > 0 such that,
for allu € C°(M) with supp(u) C K,
the function (¢, x) > cos(ft+/.Z)u(x) is smooth on (—¢,€) x M. (SP)

Since cos(t+/.Z) is a contraction on L2(M), it is easily seen that this assumption is
satisfied under subellipticity assumptions on .% (e.g., when (M, H) is bracket-generating,
by Hormander’s theorem [28]), or more generally when . commutes with an operator D
such that

C®(M) C{f e LA(M): D*f e L3 (M), Vk € N} C C®(M).

We remark that hypoellipticity of .Z is not a necessary condition for (FPS) and (SP) to
hold: for instance, if M is a Lie group and .# = —v? for some left-invariant vector field
v, then (FPS) and (SP) are satisfied.

Some results will require a further assumption on the functional calculus for .Z:

for all F € . (R), the operator F(.Z) is bounded on L'(M). (SFC)

This assumption is satisfied, e.g., whenever there is a doubling distance on (M, i) such
that . satisfies gaussian-type heat kernel bounds (see [5,25,31,71] and [38, Theorem
6.1 (iii)]). We remark that, under (SFC), if F € . (R), then F (%) is bounded on L? (M)
for all p € [1, co] (by duality and interpolation) and moreover, by the closed graph the-
orem, the correspondence F' +— F (%) is continuous from .#(R) to the space of L?-
bounded operators (with the operator norm topology).
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4.3. Sub-Riemannian structures defined by systems of vector fields

A common way to define a quadratic Hamiltonian pair or a sub-Riemannian manifold is
by choosing a family of vector fields vy, ..., v, € I'(TM) and defining

,
H=Y v 0. (4.4)
Jj=1
We have the following expressions: if «, § € T,) M, then

r r r

b (e B) =Y a@il)B;l). H@ =Y a@jlx)? Bu@) =Y @)yl
j=1 j=1 j=1
r
A = span{v|xYj=1.rn VS =Y (/).
j=1
In particular, .77 is bracket-generating if and only if the family of vector fields vy,..., v,

is bracket-generating. Moreover, if @ is a smooth positive measure on M, for all a =
Yi_i1alvi € A and f € C®(M),

r r
divy(@) =—Y vtal, 2f =) vivf. (4.5)
j=1 j=1

where v# is the formal adjoint of v, that is, the differential operator v : C*°(M) —
C®(M) suchthat [,, fvgdu = [, v* f gduforall f,g € CZ(M).

Remark 4.4. If (M, H) is a quadratic Hamiltonian pair such that x +> dim .74 is con-
stant, then H can be written as in (4.4), at least locally: indeed, .74} is a smooth subbundle
of TM and one can take as v; a local orthonormal frame of J#js. However, not all
quadratic Hamiltonian pairs (M, H) admit the decomposition (4.4) with smooth vectors
fields vj, not even locally (see [58, p. 8]). Indeed, by [26], there is a homogeneous non-
negative real polynomial p(x, y, z) of degree 6 in three variables that is not a finite sum
of squares of polynomials (see also [8, 11,61]). One can thus see, arguing with Taylor
series, that p is not a finite sum of squares of smooth functions in any neighbourhood of
the origin. Now, fix a frame X, Y, Z of TR3 and the dual coframe ay, ay,az of T*R3.
Define
H=X0X+YOY+p-ZOZ.

Note that H(az) = p.1f H were of the form ) _; v; © vj, then p= H(az) =3 _; v; (az)?
would be a sum of squares of smooth functions. Therefore, H cannot be written as in (4.4).
Note that, by choosing X, Y and Z so that [X, Y] = Z, we also obtain a sub-Riemannian
structure that is not written as in (4.4) with smooth vectors fields v;. However, H can
always be written as in (4.4) with Lipschitz vector fields v; (see [22]).

A particular class of quadratic Hamiltonian pairs where the above-described patholo-
gies do not occur is defined below.
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Definition 4.5. A quadratic Hamiltonian pair (M, H) is called equiregular if %Aflk) isa
subbundle of TM for all k.

In other words, we are requiring x +> dim %c(k) to be constant, for all k.

Not all quadratic Hamiltonian pairs are equiregular, as shown by the example in
Remark 4.4. A simpler, classical example arises when . = —(X?2 + Y?2) with X = 0,
and Y = xd, is the Grushin operator on R?; in this case, despite the non-equiregularity,
the Hamiltonian can be globally written in the form (4.4).

In any case, for an arbitrary quadratic Hamiltonian pair, from the lower semicontinuity
of the functions x + dim %C(k) for k € N, we immediately deduce the following result.

Lemma 4.6. Let (M, H) be a quadratic Hamiltonian pair.
(i) Every nonempty open set of M contains a nonempty open set My such that (My, H)
is an equiregular quadratic Hamiltonian pair.

(1) If x € M satisfies maxgen dim ffjc(k) = dim M then every neighbourhood of x con-
tains a nonempty open set My such that (M, H) is an equiregular sub-Riemannian
manifold.

4.4. The sub-Riemannian exponential map

Let (M, H) be a quadratic Hamiltonian pair. As in Section 3.1, we denote by ®g the
flow on T*M of the Hamiltonian vector field Xz € T'(T(T*M)) defined by means of
the standard symplectic form on 7* M, and write Exp;I’t (§) = mpy @Yy (§) forallo € M,
t e Rand & € T} M for which (¢, §) is in the domain of ®p.

Since H is 2-homogeneous, i.e., H(Af) = A2H(§) forall A € R and § € T*M, we
deduce the following properties of the flow:

@ (AE) = ADH (E) and Expy (AE) = Expy’ (£). (4.6)

Because of this scaling property, the exponential map Exp}; := Exp‘;i’1 at time 1 = 1
already contains all the relevant information.

From the fact that H is a quadratic form, we deduce the following information on the
curves defined via the exponential map.

Lemma 4.7. Let § € T)M. Let £(t) = @Yy (§) and x(t) = Exp% (1€) (these are both
defined for t in an open interval containing 0). Then

X(1) = 2Bu(§(1)).

In particular, x(t) is a horizontal curve, i.e., X(t) € Fy for all t, and (x(t),x(t))g =
4H (&) is constant. Moreover, if H(§) = 0, then Exp%; (t§) = o forall t € R.

Proof. In canonical coordinates, by (3.11),

. 0H 9 . i
b = g, (606) = a—gj(;H P(Eaby) = 23 H ()6 = 281 ©).

and the conclusion follows by (4.1). ]
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We will need a regularity property of the exponential map:

there are 0 € M and & € T, M such that
s& is a regular point of Expg, for all s € [-1, 1] \ {0}. (RE)

We say that a quadratic Hamiltonian pair (M, H) is analytic if M is an analytic man-
ifold and H is an analytic function.

Lemma 4.8. Analytic sub-Riemannian manifolds (M, H) satisfy (RE).

Proof. Let (M, H) be an analytic sub-Riemannian manifold. By Lemma 4.6, up to
restricting to an open subset, we may assume that (M, H) is equiregular. Let o € M and
U C T; M be aneighbourhood of 0 on which Expﬁl is defined. From [1, Theorem 1], we
deduce that, after choosing analytic coordinates, U 3 £ > det(DExp%; |¢) € R is anonzero
analytic map. Therefore, there is § € U such that ¢ — det(DExp$;|;¢) is a nonzero ana-
lytic map on an open interval / containing 0. Since zeros of this map do not have cluster
points in 7, there is € > 0 such that det(DExp{, |;¢) # O for all # € (=€, €) \ {0}. L]

Remark 4.9. In fact, property (RE) holds for all sub-Riemannian manifolds of constant
rank, at all points. We sketch how one deduces (RE) from partial statements that appear
in the literature.

In [3, Definition 3.2] the notion of ample geodesic is introduced. We need two facts
about ample geodesics. First, one deduces from [3, Proposition 5.23] that, for every
0 € M, there is § € T, M such that y : [-1,1] — M, y(t) = Exp, (¢£), is an ample
geodesic at 0. Second, if y : [—1, 1] — M is an ample geodesic at y(0), then it is strongly
normal, that is, it is not abnormal on each subinterval of the form [0, ¢] or [, 0] (see
[3, Definition 2.14 and Proposition 3.6 (iii)]).

If y : 5 — Exp$, (s§), then a point y(¢) is said to be conjugate to y(0) along y if
Im(DExpY, |:¢) # Ty M [3, Definition A.1]. By [3, Proposition A.2],if y : [-1,1] - M
is strongly normal, then there is € > O such that for all ¢ € [—¢, €] \ {0}, y(¢) is not
conjugate to y(0) along y. See also [1, §3 (iii)] and [2, Corollary 8.51].

Finally, we conclude that for every o € M there are § € T,°M and € > 0 such that
Im(DExp{, |;¢) = Texpg, eeyM forall 1 € [—€, €]\ {0}, i.e., (RE) holds.

4.5. Carnot groups

A Carnot group is a connected simply connected Lie group G whose Lie algebra g is
stratified, i.e., g = @;:1 V; for some linear subspaces V1, ..., Vg with [V1, V] =V, 4 for
all j =1,...,s (here Vs = 0), and whose first layer V; is endowed with a fixed scalar
product. We shall always assume that Carnot groups are endowed with a (bi-invariant)
Haar measure.

We can describe Carnot groups as quadratic Hamiltonian pairs as follows. Let
(v1,...,v,) be an orthonormal basis of V; (in particular the vg € T (T'G) are left-invariant
vector fields) and set H = Z;=1 v;j © v; (note that H is independent of the choice of the
orthonormal basis).
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Correspondingly, the sub-Laplacian on a Carnot group is .& = — Z]r-zl v]z. As a left-
invariant sub-Laplacian on a Lie group, .Z is essentially self-adjoint (see [57]), hence it
admits a unique self-adjoint extension.

Carnot groups are a special case of equiregular sub-Riemannian manifolds and they
appear as infinitesimal models of all sub-Riemannian manifolds (possibly after applying
some “lifting” procedure; see [7,49, 60] and references therein). We will use this fact to
extend our main result to all quadratic Hamiltonian pairs.

Carnot groups satisfy all our key assumptions.

Lemma 4.10. Carnot groups satisfy (RE), (FPS), (SP) and (SFC).

Proof. Since Carnot groups are analytic, (RE) follows from Lemma 4.8. Since the corres-
ponding sub-Laplacians are essentially self-adjoint, (FPS) is well known (see for instance
[18,47]), and subellipticity of .# also gives (SP). Finally, (SFC) is proved in [31]. ]

4.6. Eikonal equation on sub-Riemannian manifolds

Let (M, H) be a quadratic Hamiltonian pair. Define D4 = {§ € T*M : H(§) # 0} and
let A: Dy — R be defined by A(§) = /H(£). Note that, since H is 2-homogeneous,
Dy is a conic open subset of 7* M and A is a 1-homogeneous smooth function on Dy.

Lemma 4.11. Forall n € Dy,

1
Xaly = T(U)XHM-
In particular, forallx e M, n € DaNTIM andt € R,
() = %W (n).  Expy” (1) = Expy (t—n) 4.7)
24(n)

whenever one of the two sides is well defined.

Proof. The relation between X4 and Xg is immediately given by (3.10) and the fact
that H = A2. Since H and A are constant along the integral curves of Xz and X4 (see
(3.5)), it is immediately seen that {4 is invariant under the flow of H, and moreover an
integral curve of Xz in Dy is obtained by time-rescaling of an integral curve of X 4, and
conversely, which leads to (4.7). [

Recall the definition of the vertical differential D, H from (3.20). Since H is nonneg-
ative and 2-homogeneous, D, H |, = 0 if and only if H(n) = 0. So, for all x € M and
neDaNTIM, kerDyH|, is a 1-codimensional subspace of 77 M.

Corollary 4.12. Forallx € M,t € R\ {0} and n € Ty M in the domain ofExpf;’t,
rank(DExp}” |,) = rank(DExp}; |5, |kerD2H|M)’

where A =t /(2+/ H(n)). In particular, if An is a regular point of Expy;, then DExpj’t [y
has maximal possible rank n — 1.
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Proof. Since n € Dy, the vertical differential D, H |,, does not vanish, so the level set of H
in TF M through 7 is locally a 1-codimensional submanifold S of 7," M whose tangent
space at 7 is ker D> H|,. Note also that, since H is 2-homogeneous, 1 ¢ ker D, H |,,
whence

TYM =kerD,H|, & Ry.

By Proposition 3.7 (i), Exp;;’t is 0-homogeneous, so DExp;i’l |n[n] = 0 and therefore

rank(DExp " |y) = rank(DEp3 )

On the other hand, DExpj’t Iy |kerD2 Hly is the differential at 5 of the restriction of Expz’t
to S. Moreover, for all £ € §, since H(§) = H(n), by Lemma 4.11 we deduce

Expy” (£) = Exp}; (A€)

and, by homogeneity, ker D, H |, is the tangent space of 1S at An. Hence

X,t _ X
DEXPA |7’ |kerD2H|n - ADEXPH|M7|kerD2H\,m

and we are done. [

4.7. Fourier integral representation of the wave propagator

By combining the results obtained so far, in this section we obtain a Fourier integral rep-
resentation of a frequency localised portion of the wave propagator cos(z v/ -%) associated
to a sub-Laplacian .Z.

Theorem 4.13. Let (M, H, i) be a measured quadratic Hamiltonian pair with sub-
Laplacian £. Let a self-adjoint extension of £ be chosen and assume that (FPS) and
(SP) are satisfied. Let o € M and (M,, x) be a coordinate chart at 0. We identify M, with
an open neighbourhood of 0 in R". Let ' C R™ be a closed cone such that

[ c{&eR": H(o,§) # 0}. (4.8)

Then there are an open neighbourhood X C M, of o, a T > 0 and a smooth function
w: (=T,T)x X xR" — R with the following properties.

(i) w is 1-homogeneous in & and, for all (t,x,€) € (=T, T) x X x R,
w(0,x,6) = x-£  dyw(t, x,£) #0.
(i) The function ¢ : (=T, T) x X x X x R" - R,
P(t.x.y.8) = w(t,x.§) —w(,y.§), 4.9)

is a phase function. Moreover, (x,y,€) — ¢(t,x,y, ) is an operator phase function
forallt € (—T,T).
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(iii) Forallt € (-=T,T), x,y € X and & €T,

dew(t,x,£) =y < x =Expy, (—1§/2VH(y.§))).
and in that case
atW(l,X,E) = H(yvg)

(iv) Forallt € (=T, T)\{0}, x,y € X and § € I such that dgw(t,x,§) = y,

2 _ y
rank(dgw(t, x, £)) = rank(DExpy |1 |kerD2H‘(y.AE)),

where A = —t/(2\/H(y, §)).
Moreover, for all open subsets X', X" of X with X" € X' € X, there isa T’ € (0, T]
such that the following holds true: if P € \IJSI(M ) is a compactly supported operator with
supp(P) C X" x X" (cf. Section 2.1), whose restriction to M, X M, has a distributional
integral kernel given by the oscillatory integral

P(x,y) = /ﬂ; ) T p(x, y,£) dE (4.10)

for some amplitude p € SQ(M, x M,; R™) with esssupp(p) C X" x X" x T, then there
isaQ € Z(M;(—T',T") x M) with support supp(Q) C (=T',T’) x M, x M,, whose
restriction to (=T',T") x M, x M, has the distributional integral kernel

0/(x,y) = 0(t,x,y) = [R ) e PCxYE g, x, y, &) dE 4.11)

for some amplitude q € S§((—=T',T') x M x M;R"), such that:
(v) supp(q) C (T, T")x X' x X' xT;
(vi) there exists R € Z#~°(M; (—T',T’) x M) with supp(R) C (-T',T') x X' x X’
such that, forallt € (=T',T"),
cos(tVLY)P = 2(Q: + 0—1) + R;.

In the above statement the expressions in (4.10) and (4.11) are intended as the integral
kernels of the operators P and Q with respect to the Lebesgue measure on the coordinate
chart (M,, x). However, an analogous statement holds for the integral kernels with respect
to the measure p on the manifold M : indeed, changing the reference measure corresponds
to multiplying the amplitudes p and ¢ in (4.10) and (4.11) by a smooth function in the
variable y (the density of one measure with respect to the other), which does not change
the symbol class or the support.

Proof of Theorem 4.13. By (4.8), there are open subsets W, W/, W” C S™~! such that
rns"'cwew ew’el{t: Ho.£) #0}.
Up to shrinking M,, we can assume that, for all x € M,,

W” e {&: H(x,§) #0}. 4.12)
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Therefore, if Y € C%(S™!) is such that ¥ |+ = 1 and supp(y) C W”, then
H(x,£) = y(&/IE) H(x,€) + (1 -y (E/IED) |1

defines a smooth 2-homogeneous function H:T*M, — (0, c0) such that H = H on
M, xRTW'.

Let A= \/ﬁ Note that both A and A are 1-homogeneous and A=Aon M, xRTW’
C T*M,. By Proposition 3.7 (i), since I' N S"~! is a compact subset of W’, there exist
€ > 0 and an open neighbourhood U C M, of o such that, for all # € (—e,€), x € U and
& € T, the point (¢, (x, £)) is in the domain of both ®,4 and ® 7 and

P (x,8) = P'x(x,£) € M, x RTW'. (4.13)

Indeed, as long as the flow associated with A4 stays in M, x R* W', it must coincide with
the flow of zzf, and conversely.

Letnow w: (=7, T) x X xR” > Rand ¢ : (-T.T) x X x X x R” — R (where
X C U is an open neighbourhood of 0 and T' € (0, €]) be the smooth functions given by
Proposition 3.15 applied to Ain place of A. In particular, ¢ satisfies the eikonal equation

al‘¢(t7x’y?$) = g(axgb(l»xvy’g))

forall (r,x,y,£) € (=T, T) x X x X x R" and moreover parts (i) and (ii) are satisfied. In
addition, from Proposition 3.15 (iii, iv), combined with (4.13), Lemma 4.11 and Corollary
4.12, we deduce parts (iii) and (iv).

Note that d,w(0, x, §) = &. Hence we can find Ty € (0, T'] such that

cw(t, x, &) e RTW (4.14)

forallt € (—=Tp,Tp), x € X' and & € T.

By (FPS), up to choosing a smaller T, we may assume that supp(cos(1v/-Z) f) C X’
for all t € (—To, Tp) and f € CX(M) with supp(f) C X”. Similarly, by (SP), up
to choosing a smaller T, we may assume that (¢, x) — cos(tv/-Z)u(x) is smooth on
(—=To, To) x M for all u € C2°(M) with supp(u) C X’.

Recall that, by (4.2), the principal symbol of the sub-Laplacian ¥ is H. Let
Ze llfczl (M,) be a properly supported operator such that the asymptotic expansion of
its symbol is the same as that of .Z” on M, except that the principal symbol H is replaced
by H.

Let b € C®(S"™!) be such that b|ga—1\p» = 1 and supp(b) C S"~' \ W. Let
B e \Ifg1 (M,) be a properly supported operator such that all the terms in the asymptotic
expansion of its symbol vanish, except for the principal symbol (x, &) — b(&/|&|). Then,
by (2.2),

WF(B) C {(x,x;&, —£):x € M,, £ e R" \RTW). (4.15)

Moreover, since all the terms in the asymptotic expansion of the symbols of . and <z
coincide on M, x RTW’, from the composition formula for pseudodifferential operators
(see, e.g., [30, Theorem 18.1.8]) we immediately deduce that

(& — P)(1d— B) € U~®(M,). (4.16)
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Since H is everywhere positive, by Lemma 2.1 there is a properly supported
a € WL (M,) with principal symbol A such that

a?— F e U°(M,). 4.17)

We now apply Theorem 2.2 to the phase function ¢ and the pseudodifferential operators
a and P on M,, thus obtaining a T’ € (0, Tp] and a Fourier integral operator Q of the
form (4.11) with

supp(q) C (=T'. T)x X' x X' xT

(this proves part (v)) and such that Qg — P and (i d; + a) Q are smoothing.
We now prove that (3% + ) Q is smoothing. Indeed, let us write

@ +.2)0 = (@ +.9)0 + (L~ D)BO + (£ — D)(1d— B)O
= (=id; + a)(id; +a)0 + (£ — ZL)BQ + CQ,

where C = (£ — a?) + (£ — £)(1d — B) € U=°(M,) by (4.16) and (4.17). Since a
and £ — £ are pseudodifferential operators and preserve smooth functions, it is enough
to show that (19; + a)Q, BQ and CQ are smoothing. On the other hand, (id; + a)Q is
smoothing by construction. As for the other operators, let us write BQ = (Id ® B)Q and
CO=(0d® C)Q, where [d® B,Id® C : Z((-T',T') x My; (=T',T') x M,), and
where Id denotes the identity operator with respect to the variable ¢. Then, by (4.15) and
[34, Theorem 8.2.9], we deduce that

WF(Id ® B)

c{t.x.t.x;1.6,—1,—£) 1t € (=T".T"), x € My, (1.£) e R'"™" £ ¢ RTW).
Moreover, WF(C) = 0, so, again by [34, Theorem 8.2.9],

WF(Id ® C) C {(t,x.1,y:7,0,—7,0) : 1 € (=T',T'), x,y € My, T € R}.
Finally, by (2.2) and (4.14),
WF(Q) C {(t,x,y;0,w(t, x,§), 0xw(t,x,&),—€) :t € (=T, T"), x,ye X', E €T}
C(=T".Thx X' x X' xRxRTW x (=I).
By [34, Theorem 8.2.14, p. 270], we can combine the above information to conclude that
WF(Id® B)Q) =0 =WF((Id® C)Q),

i.e., BQ and CQ are smoothing. So (37 4+ %) Q is smoothing as well.
Note now that 3 + ¢ is a differential operator on (—7", T') x M and

supp((9? + .£)0) C supp(Q) C (=T, T") x X' x X';

hence Q naturally extends by zero to an operator in Z(M; (—T’', T’) x M) and
(0? + %) Q remains smoothing after the extension.
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Define now Q by O; = (Q; + Q_;)/2forallt € (=T’,T'). Then § := (02 + 20
is also smoothing and supp(S) C supp(Q) C (=T",T') x X’ x X’. In addition Q¢ = Qy
and 8,Q|,:0 =0.

We claim that, for every u € C2°(M) and ¢t € (—T’, T'), the following Duhamel-type
formula holds:

cos(tx/.?)Qou = Q,u — /t MS}M dr. (4.18)

0 vz

To prove the claim, let B(¢) denote the right-hand side of (4.18). By direct computation,
one shows that

B(0) = Qou, 9;B(0) = (3;0l;=0)u =0, and 3*B(t) = —ZB(1).
Since there is only one solution U € C2((—=T’,T'); L>(M)) to

02 + 2HU@) =0,
d;U(0) =0,
U(0) = Qou,

we conclude that B(r) = cos(tv/-Z)Qou, i.e., (4.18) holds.

Define R : CZ®(M) — C((—T',T’); L>(M)) by
" sin((z — T)@)S y
V& !
t t—t
= cos(tx/g)(P — Qou —/ / cos(s@)Stu dsdr
o Jo

Riu = cos(t@)(P — Qo)u —/ dr
0

forallt € (—T’,T’). Since S and P — Q¢ are smoothing and supp(P — Q¢) U supp(S;)
C X’ x X', by the smoothness preservation property of the wave propagator we conclude
that R is smoothing. In addition, by (4.18), forall t € (=T',T"),

cos(tVL)P = O, + Ry,

and supp(cos(tv.£L)P) C X' x X" (here we use finite propagation speed and the fact
that supp(P) C X” x X”), while supp(Q;) C X' x X', so supp(R;) C X' x X’'. This
completes the proof of part (vi). |

5. Proof of the main result

In this section we combine the results of the previous sections and prove Theorem 1.1.
As mentioned in the introduction, in order to apply the Fourier integral operator repres-
entation for the wave propagator, the additional assumptions introduced in Section 4 are
needed. Therefore we will first present the proof under these additional assumptions, and
at the end we will show how to remove them by transplantation.
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5.1. Preliminaries

The following result, similar to [34, Theorem 7.7.7], will be useful to compute the action
of Fourier integral operators with phase function of the form (4.9).

Lemma 5.1. Ler Q@ C R™ be open, w:Q x R" —> Rand qg: Q2 xR" xR" - C be
smooth functions such that
supp(q) € C x R" x R”

for some closed subset C of 2, and moreover, for all B € N" and all N € N,

108g(x.y.6)| < (1+yDN (5.1)

forallx € Qand y,§ € R". Forallu € (R") and A > 1, ifuy, is defined by u; (n) :=
AMu(An), then, for all k € N,

/l;" /I;n ei(w(x,f)—y'é)q(x,y,g)uk(y)dy dg_-

An—lel .
= S [ DG (x, 0. A8) 080 (E) dE + A" ETVRM (), (5.2)
el <k | “lo! Jgen ’
o<

where, forall A > 1 and k € N,

supp(RZ”z) CcC and sup |RZ”§(x)| Squk 1. (5.3)
xXeR
Proof. Let g denote the partial Fourier transform of ¢ in the variable y, i.e.,

Q9 = [ gy oa.
Since the Fourier transform preserves the Schwartz class, from (5.1) we deduce that, for
all f e N"and N € N,

108G, n.6)| <pgv (1 + )™V (5.4)

for all x € Q and 7, § € R”. Moreover, since the Fourier transform maps pointwise
products into convolutions,

[ emed [ ety om0 dyas

n Rﬂ
= [ emed [ g n 6002 andg
— (271)_"/\2"/

R

~ G |

R”

eiw(x,m/ G(x, A€ — ), AE)i(n) dy dE
n R”

. 0*n
ezw(x,/lé)( Z # /Rn Gx, AME—n). AE)(n— &) d’?) dg

lee|<k

F [ [ G - 28 R0E) s,

R
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where
*u(§)(n—£)*
al '

R(n.&) =10 — )

lee|<k

(5.5)
Since
e [ e - a0 - o

= (2r) "l el / q(x. 0. A8)(in)*dy = i1 7"71219% g (x, 0, 18),
Rn

the above computations yield (5.2) if we define
R (x) 1= @m)~am i fR ) /R EAIG(x A(E — ). ARG, §) dn d.

Next, we need to show (5.3). Clearly supp(R;’?) C C. To estimate R, notice that,
since u € . (R"), from (5.5) it follows immediately that, for all N € N and n, £ € R”,

(L+ Dk if €] < Inl/2.
[R(n,8)| Su,N{ U N &1 =< ll/ (5.6)
(I +Inl) if [§] > [n]/2.
Moreover, by Taylor’s theorem,
k+1 ! -
RO = Y T(E—n)ﬂ/ (1= kP + 16 — n)) drs
1Bl=k+1 7 0
therefore, since u € . (R"), forall §,n € R” and N € N,
[R(1.6)] Zuv 1§ =" (1 + dis(0, [1. 1)V, (5.7)

where dist(0, [n, £]) is the distance to the origin of the line segment with endpoints 1 and &.
From the definition of R}’ we see immediately that

RS ) )
e s [ [ e ae - m e Re. ol 58)

Notice next that, if we define
X ={(n.§ € R"xR" :min{|n]. |§[} = 2 and |n - §| = 1},
then, for (1, §) ¢ X, we may compare
1+ dist(0, [1, €]) ~ 1 + min {[n], [§]}. (5.9)

We therefore split the integral in (5.8) by decomposing the domain into X and its com-
plement.

As for X, note first that |n — &| > 1 and |n| > 2 on X. Moreover, in view of (5.6), we
further decompose X = X1 U X,, where X1 ={(n,§) € X : || <|n|/2},and X, = X\ X;.
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Then, by (5.6), on X; we have |R(1, £)| <u.n |n/*, and on X, we have

|R(7, )] Suw 7Y,

where we may assume N to be sufficiently large. Therefore, in combination with (5.4),
we see that

/[X 10e, AE — ). AB)| |R(. £) d d

— &)y Nnl* — ey Nip—N
S/LI(MU )| dnds+/X2(A|n NN 1N dnde

< // Al [nl* dndé + // Aln— )N nl™ dnde
[n1=2,1€l<Inl/2 In|>2,n—&|=1

~ AN,

As for the complement of X, using (5.9), (5.7), and (5.4) with N sufficiently large,
we find that

/f 1Ce AGE — 1) AE)] [R(n. £)] d d
R27\ X

5]/2 (1+Aln—ED"Nn—&[FF1 (1 + min {|n], |&[) ™" dnde

R2n

~ / (1 + A|b|)_N|b|k+l(l 4 |a|)—N dadb ~ A—(n-i—k-‘rl)7
R2n

and we are done. [

Combining the previous result with the Fourier integral representation for the wave
propagator of Theorem 4.13, we are now in a position to understand in a very precise way
how the wave propagator acts on suitably defined bump functions g, at scale 1/A, whose
Fourier supports are essentially living in a frequency domain on which |§] ~ A, A > 1,
and which are supported microlocally in narrow “elliptic” conic neighbourhoods of points
at which the exponential mapping is nondegenerate.

These expressions will become particularly convenient for the subsequent applications
of the method of stationary phase.

Proposition 5.2. Let (M, H, 1) be a measured quadratic Hamiltonian pair and £ be the
corresponding sub-Laplacian. Assume that a self-adjoint extension of £ has been chosen
so that (RE), (FPS) and (SP) are satisfied. Then there exist £ € R", T eR*, qa nonempty
open X C M, a smooth function w : (=T, T) x X x R” > R 1-homogeneous in the last
variable, and functions qj o € C®°(=T,T) x X x R™) for all j € Nand o € N", such
that the following hold true.

() Forallt € (=T, T), x € X, £ € R*&,,

q0,0(ts-x9EO) 7é 0.
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(ii) Forallty € (0,T) and to € (0, 00), there exist xo € X and & € RTE, such that

d:w(to, X0, &0) = 10, Ixw(fo, X0, &) # O,
dzw(to, x0,860) =0, rank agw(to,xo, &)=n—1.

(iii) If to, 19, X0, o are as above, then there exist open neighbourhoods Uy C R” of &,
Jo C (0, T) of ty and By C X of xg such that, for all functions g € CZ°(R"™) with
supp(g) C Uy, there exist g5 € CS°(M) for all A > 1 such that

182 llzr ey Sgup AP

forall A > 1 and p € [1, o], and moreover, for all N € N,
cos(tvV.Z)g(x)

= X e [y 6) ) de + OGN

le|<N, j<N
as A — oo, uniformly int € Jy and x € By.

Proof. By the assumption (RE), we can find 0 € M and &, € T, M \ {0} such that r&, is
a regular point for Exp%; for all » € [—1, 1] \ {0}. Notice that H(£x) # 0 by Lemma 4.7.

Let (M,, x) be a coordinate chart centred at 0. Let us identify M, with an open neigh-
bourhood of the origin in R”. Let T' C {§ € R” : H(0, &) # 0} be any closed cone in R”
whose interior contains &. Let w : (=7, T) x X x R” — R be the function given by
Theorem 4.13, where T > 0 and X C M, is an open neighbourhood of the origin.

Let X", X", X’ be open neighbourhoods of 0in X such that X' € X" € X' € X. Let
Psp € CE°(M,) be such that py,|x = 1 and supp(psp) C X”. Let pg € C®(S" 1) be such
that pr(§«/]8«]) = 1 and supp(pg) C T' N S"~1. Then we can find p € SS(M, x M,;R™)
such that supp(p) C X” x X” x T, and all terms in the asymptotic expansion of p vanish
except for the 0-homogeneous term

po:(x,y.8) psp(x) psp(y) pi(§/1ED).

Let P € WY(M) be the pseudodifferential operator supported in X” x X and defined
by (4.10). Theorem 4.13 then gives us an operator Q € Z(M; (—T’', T') x M) suppor-
ted in (=T’,T") x X' x X' for some T’ € (0, T] and given by (4.11), with amplitude
q € SY((—=T',T') x M, x My;R™) supported in (=7, T’) x X’ x X’ x T, such that, for
ally € (T, T,
cos(tvVL)P = (Q; + 0-1)/2 + R, (5.10)
for some smoothing operator R : Z~°(M; (=T’', T') x M) supported in (—T', T’) x
X' x X'
Letg ~ Z_izo q; be the asymptotic expansion of g. Note that, by construction, the 0-
homogeneous term gq equals the corresponding term pg in the expansion of p for ¢ = 0,
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and in particular ¢¢(0, x, y, &) = 1 for all x, y € X"”. By continuity and homogeneity,
up to taking a smaller T’, we may assume that

QO(l»xvy”’E*)?éO (511)

forallx,y € X”,r >0andt € (-T',T").
Up to taking a smaller 7’, we may also assume that 77 < 2,/ H (0, &4), and the curve

(=T".T') > 1 — Expy (—1&«/ (2 H(0.£.))) € M

takes values in X’ and is injective; note that, by Lemma 4.7, this curve has nonvanishing
tangent vector. Hence, for all tg € (0, T’), the point —t9&./(2+/ H(0, £4)) is a regular
point of Exp%, and, if we set xo = Exp% (0, —to&«/(2/H(0,&4))), then X" 5 xo #
Exp% (0, 208+ /(24/ H(0,£x))). So, from Theorem 4.13(ii, iii, iv) we deduce that, for all
§o € R*Ex,

dew (10, Xo,€0) = 0, rank(dzw(t0, xo,€0)) = n — 1, (5.12)
3;11)(2‘0,)(0,&0) > 0, 8xw(l‘0,X0,Eo) 75 0, (513)
dgw(—to, X0, &o) # 0. (5.14)

By homogeneity of w, for all 7y € (0, 00), we can then choose £y € R1&, such that

d:w(to, Xo, &) = To.

Let now fg, yo, X0, §o be as above. If v € C°(M,) is such that ¥ |y = 1, we can
define a linear map IT : C*®(R") — C°(M) by I1f = ¢ f. Let g € C°(R") with
supp(g) C R”. For all A > 0, let §, € . (R") denote the inverse Fourier transform of
g(-/A), and define g, = PTIg,. Note that

B0 = 0o [ [ /€D (B0 dy b + PRI ),

where P € W™>°(M) is supported in X” x X", and, by Lemma 5.1, forall N € N,

Lo L e a6/ dy 8 = 370, Gx) + 06
as A — oo, where v, € S (R") is given by U, (§) = (27)" p(§/1£]) g (§). Since
A" vg (A) Lo @) Sg.p A7
for all p € [1, o0], we conclude that, for A sufficiently large,
IZllLr ) Segp A7 (5.15)
By (5.10), for all t € (—=T', T’), we can write

cos(tvV.L)gx = (Q?,A + Qo_t,g)/z + E?,OA, (5.16)
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where
Q?,A = Q,I1¢,, 9??,1 = R, I1g,.
Note now that
e (x) = /R R(t,x,y)g(y) dy

for a smooth function R € C®((=T',T") x M x R") supported in (=T",T") x X' x X’.
By taking Fourier transforms in y, we can rewrite this as

/\n
~ @ny

QZOA (x)

/R R(x, 28 (6) dE,

where R denotes the partial Fourier transform of R in the last variable. Since X’ € R”,
the function R(¢, x, &) has fast decay in & uniformly in x € R” and ¢ € [-T"”, T"] for any
T" < T’', while |§] ~ 1 on supp(g). So, forall T” € (0,7’) and N € N,

sup  [1e§S ooy Srov 14+ 1)V, (5.17)
te[-T",T"]

As for the other terms in (5.16), by (4.11) we can write
cral) = /R /B; DO (1 x v, ©)E1 () dy dE.

For every £ € N, we have ¢ = Zf:o q; + g%, where g; is homogeneous in £ of

degree —j and ¢* is an amplitude of order —¢ — 1. Correspondingly
L
chat) =2 /R /R e WX (1 x. y. )8 (v) dy d
j=0

+/R /R S WEXOYOL( x y £)g:(y) dy dé.

We apply Lemma 5.1 to each term of the above sum and obtain

a0 =€y, () + €7 ,(0) + ¢} (%), (5.18)
where

1 _ /\n—lal—j i)\w(t,x,&)aa (t 0 P d
calx) = Z Tl Jan € 54 (t,x,0,8)0%g(§) d§,

lo|<k

j=<t
i) =3 W[ st x 0,000 ot
_I,A | | kl_l"‘la' ]R" yq vy Uy g )

al<

e}, (0) =2 ED N Ry k().
j<t+1
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for some functions Ry jx With Supyern se—77,77 |RAjk (¢, X)| Su,r7 1 for all T" €
(0, T7). In particular, forall 7" € (0, T') and A > 1,

sup e} ooy Seurv An=er ), (5.19)
te[-T",T"]

Moreover, since B“q is an amplitude of order —¢ — 1 and |£| ~ 1 on supp(3®g), we easily
find that, forallA > 1 and T” € (0,T"),

sup  NleZ; ooy Sgrv ATETD. (5.20)
tE[—T”,T”]

By (5.14), there exist open neighbourhoods Jo € (0, T’) of o, Uy € R” of & and
Bo @ X" of xg such that

[0sw(—t, x,E)| > [dgw(—to, x0,0)|/2 >0

for all t € Jo, x € By and & € Uy. Hence, if we choose g so that supp(g) C Uy, then
integration by parts in £ (see, e.g., [34, Theorem 7.7.1]) immediately gives that, for all
A>0and N € N,

sup el i Zenv (1 +A)7 N, (5.21)

x€Bg,tedy

By combining the above estimates, we obtain

cos(t «/_)gl (x)

AT o= i —min —
= ¥ S [, €O 1. 0.60 () dg + 0

la| <k
Jj<t

as A — oo, uniformly in x € By and ¢ € Jo. The conclusion follows by setting g; « (¢, x, §)
= (2i7|°‘|a!)718gqj (t,x,0,&), taking k = £ = N, and relabelling 7" as T and X" as X.
|

Finally, we state a simple application of the method of stationary phase that will be of
use in what follows.

Lemma 5.3. Let I C R and X C R” be open, and let w : I x X x R" — R be smooth
and 1-homogeneous in the last variable. Assume that there exist ty € 1 \ {0}, xo € X and
&0 € R” such that

atw(t()axo»go) = lo, afw(t()’x()?%—o) = 07 rankaéw(IO’xo»EO) =n-—1. (522)

Then there exist o € 7, open neighbourhoods B € X of xo, U € R" of g and J € I \ {0}
of to, and smooth functions t : B — J, §€ : B — Uand d : B — R™ such that

t“(x0) = to. £°(x0) = &o
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and, for all smooth functions b : R x R" x R* — C with supp(b) C J x B x U,

/ / AW OED=/2p( x £) dE di
R JR~

— ) —(mtD/2 d(x) ei(n0/4—/1(tc(x))2/2)b(tc(x)’x,EC(X)) + O(/l_("ﬂ)/z_l)
as A — oo, uniformly in x € B.

Proof. We want to apply the method of stationary phase to the above integral, with phase
f(x,t,8) = w(t, x,£) —t2/2, where x plays the role of a parameter. Observe that

dyw —t 2 8%11)—1 8t85wT
8 — s 8 = l
wof ( dew ) o < ;0w agw

s0, by (5.22), d¢.¢) f (x0,t0,&0) = 0. In addition, from the 1-homogeneity of w we deduce
that § - dew(t, x,§) = w(t, x,£), so

£-0,0:w(t, x,§) =0,w(t,x,§) (5.23)

and
£e keragw(t,x,é). (5.24)

Therefore, if we write the matrix of 8§w(t, x, £) with respect to the decomposition
R™ = R(£/|€|) @ £, then, by (5.24),

2 = 0 0
8510(17%5)—(0 Fw(t, X, 6)lgryer )’

which, together with (5.23), implies that

Pult,x.6)—1 dw(t,x.6)/IE] .
B o f(x.1.8) = | dow(e, x, £)/[E] 0 0
) 0 Rt %, §)lgue s

In particular, from (5.22) we deduce that
det a;U)(t(), X0, SO)|§(+><S(+ 7é 07
det 37, ¢, f (xo. f0, §0) = —(t0/|€0])* det Bz w (10, xo, §o)lgtxel 70

(recall that 7y # 0). Consequently, by the implicit function theorem, there are open neigh-
bourhoods B € X of xo, J € I \ {0} of typ and U € T" of &, and smooth functions

t“:B—J, B —>Usuchthatdetaftg)f(x,t,é) £ 0for (x,t,§) € BxJ x U and

{(x.1,6) e BxJ xU : 0¢g) f(x,1,8) =0} = {(x,1°(x),£°(x)) : x € B}.
If o € 7Z is the signature of B%t’s)f(xo, to. &) and we define d : B — R™ by
d(x) = 2m) "t V/2|det 7 ) f(x, 1% (x), ()2,

then, up to shrinking the neighbourhoods B, J, U, the conclusion follows by [34, The-
orem 7.7.6]. [
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5.2. Mikhlin—-Hormander estimates

Let € be the set of real-valued functions y € C2°(R) with supp(y) C (0, 00).
Let y € €. For A € R, define

mf(s)=|x|1/2[ X(|r|)e"<“—“2/2>dz=2|A|1/2/X(z)e—””/%os(sr)dz. (5.25)
R R

Note that mi € Z(R) is even. Moreover, by the method of stationary phase, mf{ (s)
is essentially of the form F(|s/A|)e’s’/@" with ¥ € €, ie., m¥(s) is essentially a
“Schrédinger multiplier” at time ~ 1/A, spectrally localised where |s| ~ |A].

A simple stationary phase argument (exploiting, e.g., [69, Section VIII.1.2]) yields,
forallk e Nand A € R,

sup [s¥ 98 m% (s)] Sy (14 [ADK,
seR

whence, by interpolation, we also deduce that, for all @ € [0, 00) and A € ]R

Im¥llpoe Sy (14 A% (5.26)

«a,sloc

In view of this estimate, it is clear that the next result proves Theorem 1.1 under certain
regularity assumptions, introduced in Section 4.

Theorem 5.4. Let (M, H, ) be a measured quadratic Hamiltonian pair of dimension n,
and £ the corresponding sub-Laplacian. Assume that a self-adjoint extension of £ has
been chosen so that (RE), (FPS) and (SP) are satisfied. Then there exist y € € and Ay > 0
such that, for all p € [1,00] and A € R with |A| > Ao,

Im¥ (VL) psp Zp A"/ 2712,

Proof. By (4.3), since mi = mfl, it is enough to prove the theorem for p € [1,2] and
A > 0, which we from now on assume.

Leté e R”, w: (=T, T) x X xR" - R, gjq € C®((—=T,T) x X’ x R") be given
by Proposition 5.2. Let us take any ¢y € (0, T') and let xo € X and &, € RT£, be given by
Proposition 5.2 so that

d:w(to, X0, 50) = to, dxw(to, xo.%0) # 0,
dgw(to, x0.&0) =0, rankagw(to,xo,go) =n-—1.

Let then By C X, Uy C R” and Jo C (0, T) be given by Proposition 5.2. For all
g € C(R™) with supp(g) C Up, and all N € N, we then have

cos(t \/.,?)gq (x)

= ) Al / M Ex g (1, x,£)%g(§)dE + OANTY)  (5.27)
le|<N,j<N R
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as A — oo, uniformly int € Jo and x € By, where {g)}1>1 C C°(M) satisfies

1Z2lLr ) Sgp A7 (5.28)
Assume that y € € and supp(y) C Jo. By (5.25) and (5.27),

mi(V gy =2 Y A, )+ 0T (5.29)
le|<N, j<N

as A — oo, uniformly in x € By, where

; _42
M) 0, () = /R fR RO (1) g a (1, x,£)0% g () dE dt.

Let J € Jo, B € By, U € Uy be the open neighbourhoods of #y, xg, & given by
Lemma 5.3 applied to the function w. If y and g are chosen so that supp(y) C J and
supp(g) C U, then Lemma 5.3 implies that, for all A > 1,

sup [m; g ; (X)| Syg A"TD/2, (5.30)

X€B

and moreover

ACED2 1, o 0] = d @) x(° ()] g0t (x), x. () [g(E° (x)] + OA™H)

as A — oo, uniformly in x € B, wheret: B — J, £ :B—-U,d : B — R are smooth
functions with 1€ (x¢) = f9, £(x0) = &o. If we choose y and g so that x(¢yp) # O and
g(&o) # 0, then, by Proposition 5.2 (i),

| X(t°(x0))| 190,0(t (x0), X0, £ (x0))| g (§ (x0))| # O.

Hence, if we choose a sufficiently small neighbourhood B’ C B of xg, then there exists
Ao > 1 such that, for all A > Ao,

inf |m; o0(X)] Zyg ATV, (5.31)
xX€B’ o

By combining the above estimates (5.29)—(5.31) and choosing N large enough, we find
that, up to taking a larger Aq, forall A > Ay and p € [1, o0],

Imy(VOZlran) Zps inf Imi (VLT Zg A2
Combining this with (5.28), we conclude that
lm% (V) Loy () Zpgp A H2THPD = n/p=1/2)

as desired. u
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5.3. Miyachi—Peral estimates

Let .7, be the set of all even, real-valued Schwartz functions on R that are not identically
zero. For y € ./, and A,t > 0, define

mi ((8) == x(s/A)cos(ts) = L/ 1(t) cos((t + t/A)s)dr, (5.32)
? 21 R

where the second equality follows from the Fourier inversion and prosthaphaeresis for-
mulas. The following result proves Theorem 1.1 (ii) under the assumptions introduced in
Section 4.

Theorem 5.5. Let (M, H, ) be a measured quadratic Hamiltonian pair of dimension n
and L the corresponding sub-Laplacian. Assume that a self-adjoint extension of £ has
been chosen so that (RE), (FPS), (SP) and (SFC) are satisfied. Then there exists t. > 0
such that, for all to € (0,t«] and all y € 7, there exists Lo > 0 such that, for all p € [1, 00]
and A > Ay,

lm% .. (VDlpsp Zyto,p AP, (5.33)

Proof. By (4.3), since m f{ , is real-valued, it is enough to prove the theorem for p € [1,2].
Fix n € (0, 1/2) and a smooth even function p : R — R such that supp(p) C (-1, 1)
and p(0) = 1. For y € %, and ¢t > 0, define

m;k t(s) / p(tA™ M x(t) cos((t + t/A)s) dz, (5.34)
mll . ®(s) 1= m”(s) m)L t(s) e A(l — p(zA M) x(r) cos((t + T/A)s)dz.

Since 1 — p(zA™") = 0 for T € [-A", A"], and since ¥ € . (R) is rapidly decreasing, by
means of integrations by parts one can easily show that, for all &, 8, N € N,

sup |52 9%m¥° (5)] Sapve (1 4+ 27N
seR

consequently, since m? ot > is even, m% At (/) extends [74] to a Schwartz function 77} A t
on R satisfying

sup|sﬂa“mm )| Sapne A+
seR

Therefore, by (SFC), for all p € [1,00] and N € N,

Im% (VD) psp Swe 1+ 17V, (5.35)

so it will be enough to prove the desired lower bound for mi(’?(«/,,i”) instead of
mf{’t(\/.i”).

Leté e R\, w: (-T.T) x X xR" > R, gjq € C®°((—T.T) x X' x R") be given
by Proposition 5.2. Set t,. = T/2.
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Let #p € (0,2,] and y € .%. Then there exists 79 > 0 such that

x(t0) # 0. (5.36)

Let xo € X and & € RT&, be given by Proposition 5.2 so that

d:w(fo, X0, §0) = T0, 0xw(to, Xo.&0) # O, (5.37)
dgw(to, x0,80) =0, rank aéw(to, xo,&0) =n—1. (5.38)

Let then By C X, Uy C R" and Jo C (0, T) be given by Proposition 5.2. For all
g € C°(R™) with supp(g) C Up, and all N € N, we then have

cos(? x/.,?)g,x(x)

= Y e /R XD, (1 x, )P (E)dE + OANT)  (5.30)
l¢|<N,j<N

as A — oo, uniformly int € Jo and x € By, where {g)}1>1 C C°(M) satisfies

182 llLr ) Sg.p AP (5.40)

Let A¢g > O be sufficiently large so that [ty — 2/\8_1, to + 2)&8_1] C Jo. In view of
(5.34) and (5.39), since |z|/A < A7"! where p(tA™7) # 0, for all A > Ao we can write
~ 1 —la|—j _N—
M VDT == 3 AT m )+ 00"V (54D
la|<N,j<N

as A — oo, uniformly in x € By, where

11y g () = /R (A7) Froar s (t/1, ) dr (5.42)

and

Froa(t.x) = [ IO 0 (10 4t x )3 g(€) dE.
Rn

Let us write £ = r (& + £), where { € £ and r € R; then
Fraj(t.x) = Iéolf / e Mot Mpy i (rot.x,§) dE " dr,
R J&

where

wo(r,t,x,8) =rw(ty+t,x,& + ),
ba,j(r.t,x,8) = qja(to +t.x, 70 + £))0%g(r (€0 + 0)).

Note that r and ¢ can be made arbitrarily close to 1 and O respectively in the domain of
integration, by taking the support of g sufficiently close to &,. Moreover,

dgwo(r.1.x,0) =rdgw(to +1.x.80)|gr.  0Fwo(r.1.x.0) =rdgw(to +1.x.80)|gt ves -
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Thanks to the assumptions (5.38) we can apply the method of stationary phase [34,
Theorem 7.7.6] to the integral in ¢. Indeed, since &; € ker ng(to, X0, £p) by homogeneity
(see (5.24)), from (5.38) it follows that dgw(to, xo, o) = 0 and ng(to, X0, gO)IS()lxgg-
is nondegenerate. So the implicit function theorem yields open neighbourhoods B € By
of xg and I € Jy —ty of 0, and a smooth function £¢: I x B — éd— such that £€(0,x¢) =0
and dgw(to + 1, x, 80 + (2, X))|%.(J)_ = 0, and moreover (up to shrinking / and B and
choosing supp(g) sufficiently close to &),

A(n—l)/ZFA,a,j (t,x) = d(t,x)/ eilrw“f’x)bg,j (r,t,x)|r|(”_‘)/2 dr + 0(/\—1) (5.43)
R
as A — oo, uniformly in x € B and ¢ € I, where

we(t,x) = wto +1,x,80 + {°(t,x)), b ;(r,t,x) = bg,j(r,t,x,{(t, X)),
d(t,x) = 2m) P~ D/2ei 7014 5| |det(8§w(to +1t,x,8 + é'c(t,X))|gd-xgé-)|_l/2

and o is the signature of Béw(to, x,& + € (x))|§3_x50¢. Note that
Bth(O, xo) = d,w(toy, X0, o), 8ch(0, Xxg) = dxw(ty, X0, o) 5.44)

(since dgw(to, x, & + £ (to, x))|§0L = 0 by construction).

By plugging the above estimate into (5.42) and using the fact that ¥ € . (R), n < 1
and |t|/A < A"7! in the domain of integration, it is immediately deduced that, for x € B
and A sufficiently large,

|15 g, ()] S 27OV, (5.45)

We want now to obtain the reverse inequality in the case « = 0 and j = 0. Note that
a Taylor expansion of w* around ¢ = 0 yields

we(t, x) = w(0,x) + 13w (0, x) + *W(t, x)
for some smooth function W : I x B — R, and similarly
e =1+4aE(a,x)
for some smooth function E : R? — R, so
iAW E/AR) _ ir G Q) +edwe 00) (1 4 (12 /)W (22 /4, /A, X)), (5.46)

where W (a, 1, x) = E(a, W(t, x)). Since |t|/A < A""! and 72/A < A2"~! whenever
p(tA™T) #£0,and n < 1/2, from (5.42), (5.43) and (5.46) we deduce that, as A — oo,

A=D2p, oo(x)

= d(0, x) /R MO AT r x)g(r(Eo + £€(0,x)))dr + OATTY),  (5.47)
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where
A, 7, x) = G(v, rd,we (0, x))qo.0(t0, x, 7 (§o + £°(0, x)))|r|#~D/2

and
G(v,t) = / p(T)3(x)e' ™ dr.
R

In order to obtain the desired lower bound for m; , 5(x), we need to ensure that there
is no cancellation in the integral in (5.47). Note that G : R? — C is continuous and
G(0,t) = 2mx(t), because p(0) = 1. Consequently, by Proposition 5.2 (i), (5.36), (5.37)
and (5.44),

A(0, 1, x9) = 27 x(3; w(to, X0, §0))q0,0(f0, X0, o) # 0.

Hence, if we choose g supported sufficiently close to & and let B’ C B be a sufficiently
small neighbourhood of xg, then, for all x € B’ and A sufficiently large,

0<r<2 |AA",r,x)—A0,1,x0)| <1071°14(0,1,x0)], d(0,x) > d(0,x0)/2

in the domain of integration. In addition, if we assume that g > 0 and g (&) > 0, then, up
to shrinking B’,

int [ g+ x>0

In conclusion, in order to avoid cancellation in the integral in (5.47), it is enough to
ensure that |w¢ (0, x) — w(0, xo)| < 107194~ On the other hand, by homogeneity of
w and (5.38), w¢(0, xo) = &o - dgw(fo, X0, §o) = 0, and moreover, by (5.37) and (5.44),
dxw (0, x9) # 0. This shows that w¢ (0, -) vanishes on a smooth hypersurface S € B’
passing through xg, and consequently, for all sufficiently small € > 0, |w°(0, x)| < € for
all x in an e-neighbourhood S of S. Hence, if we take € = ¢A~! with ¢ > 0 sufficiently
small, we can ensure that there is no cancellation in the integral in (5.47) when x € S,;-1,
and therefore

Im; 0,00 2 A~(=02

for x € S.;—1 and A sufficiently large. If we combine this with (5.41) and (5.45) (and
choose ¢, k, N sufficiently large), we obtain

m¥ (VZ)ga(x)| 2 A2

for x € S,;—1 and A sufficiently large. On the other hand, |S,;—1| ~ A~!, whence, for all
pell2]
0 S ~1/p—(n—
Im5 (VG Zp AWM P7OTD2,

and combining this with (5.40) we obtain

||mi("t)0(,/$)”p_)p >, An— 1/ p—(=1)/2-n(1=1/p) _ 5 (x—=1)(A/p=1/2)

and we are done. [
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5.4. Transplantation
Finally we prove our main result in full generality.

Proof of Theorem 1.1. Let (M, H, 1) and .Z be as in Theorem 1.1. By the bracket-
generating condition assumed on H and Lemma 4.6, there is a nonempty open set
M, C M where (M,, H) is an equiregular sub-Riemannian manifold. Up to shrink-
ing M,, there are vy, ...,v, € ['(TM,) such that H = Zj vj © v; on M,, as in (4.4),
and (vj, vk)H = (Sjk.

Fix 0 € M,. It is well known (see, e.g., [6,7,36,49] and references therein) that there
is a coordinate system (U, ¢») centred at 0 and a system of dilations §¢ : R” — R”, e > 0,
of the form

Se(xX1,...,xn) = (€¥1x1,€M2x0,...,€"xy,),

with 1 < w; < w, <--- < w, integers, such that, if V := ¢(U) C R”, then the vector
fields
1)](.6)|x = EDS;I[DQ’)[UJ' |¢*1(8€x)]]
(0)

defined on §7'V C R” converge as € — 0 to some bracket-generating vector fields v ;
on R”. The convergence is uniform on compact sets in the C k norm, for all k. Moreover,
there is a Lie group structure on R” which makes it into a Carnot group G, so that the
vector fields v§°), Cel, vfo) are left-invariant and form an orthogonal basis of the first layer.

From the above convergence result, it readily follows that the sub-Laplacian .%, =
- Z]r.=1 (vj(-o))2 on the Carnot group G is a local model of . at o, in the sense of [38,
Definition 5.1]. Moreover, by Lemma 4.10, the Carnot group G and the sub-Laplacian .,
satisfy the assumptions (RE), (FPS), (SP) and (SFC).

Suppose now that (1.4) holds for some p € [1, 00] and o > 0. Then, by [38, Theorem
5.2], for all Schwartz functions m : R — C,

Im(Zo)llp—p < liminf |m(r>L)|p—p < liminf [m(r?)|Lee = mlLee, -
r—0+ r—0+ : :
In other words, the estimate (1.4) also holds for the sub-Laplacian .%,. In view of (5.26)
and Theorem 5.4, we conclude that @ > n|1/2 — 1/ p|, and part (i) is proved.

As for part (ii), suppose that p € [1,00], & > 0, y € C°((0, 00)), and €, R > 0 are
such that the estimate (1.5) holds. In view of (4.3), we may assume that y is real-valued.
If we set yo = x(|-|), then y. € .%, and, in view of (5.32), the estimate (1.5) can be
restated as

Im}e,(VZ)llpsp S )

forall A,z > O witht < € and At > R. Hence, by [38, Theorem 5.2], for all A,¢ > 0 with
At > R,

I35 (VZo)llp—p = liminf |, (D)l
T . Xe o
= minflm jmy.on Y < )p—p S A0

By Theorem 5.5 we deduce thatee > (n — 1)|1/p — 1/2]. |
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