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Abstract

In classic Reduced Basis (RB) framework, we propose a new technique for the o ine
greedy error analysis which relies on a residual-based a posteriori error estimator. This
approach is as an alternative to classical a posteriori RB estimators, avoiding a discrete
inf-sup lower bound estimate. We try to use less common ingredients of the RB frame-
work to retrieve a better approximation of the RB error, such as the estimation of the
distance between the continuous solution and the reduced one. In particular we fo-
cus on the application of the reduction model for the ow simulations in underground
fractured media, in which high accurate simulations su er for the complexity of the
domain geometry. Finally, some numerical tests are assessed to con rm the viability
and the e cacy of the technique proposed.

Keywords: Discrete Fracture Network ow simulations, Reduced Basis Method,
Simulations in complex geometries, Mesh adaptivity, A posteriori error estimates,
Adaptivity

1. Introduction

Given a partial di erential equation (PDE) dependent from a set of parameters, the
Reduced Basis Method (RBM) is a well known and valid technique to generate a nu-
merical solution dependent on a set of parameters from a linear combination of a small
group of detailed high delity solutions, each one simulated from a selected parameter
value. The selection of this special sub-set of solutions is usually performed resorting
to an error analysis on a larger training set of solutions, called snapshots . According
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to [1, 2, 3], standard techniques for RB o ine greedy error analysis relies on the qual-
ity of the high delity solutions, thus snapshots should be very accurate; moreover, the
RB a posteriori error estimators strongly depend on the value of the condition number
of the matrix of the high delity problem. Some problems in modern applied engi-
neering, such as the simulation of underground phenomena in fractured media, hardly
satisfy the properties required by classical RB a posteriori estimators. Fracture net-
work geometries are usually generated from random probability distributions yielding
to strong geometrical complexities on the domains. This results in hard di culties in
conforming mesh generation, that is sometime infeasible or yields to a huge number of
unknowns to t the geometrical constraints, also where the solution does not display
signi cant behaviours. A variety of strategies are proposed in literature to overcome
these problems, such as [4, 5, 6] in which little geometry modi cations are performed,
or such as [7, 8, 9, 10] in which the authors try to relax or remove the conformity con-
straints on fracture intersections. In the present work we focus on a PDE-constrained
optimization method applied to Discrete Fracture Networks (DFN), introduced in [11]
and validated in [12], to avoid the geometrical complexities in the generation of the
mesh on the fracture intersections and to remarkably reduce the number of unknowns
of the discrete problem. We show that classic RBM error estimators are not e ective
to the fracture network problem when using non-conforming meshes due to the small
value of the inf-sup constant of the discretized problem [13]. Moreover, we try to pro-
pose an alternative RBM greedy o ine error estimator to build a reliable RB space
thanks to a residual-based a posteriori error estimate available in [14] and [15] associ-
ated to the optimization method. Section 2 introduces the greedy approach proposed.
In Section 3 we report the DFN variational parametrized PDE problem. Finally, Sec-
tion 4 introduces the reduction applied to the DFN discrete problem and the greedy
a posteriori analysis. The error estimations is validated with some numerical tests in
Section 5.

2. RB Error Estimates

The de nition of a RB a posteriori error estimators is fundamental for the reli-
ability of the RB method, see for example [1, 2, 16]. Given a set of parameters

X andY , we consider a parametrized variational numerical problemP : P D ¥ X
on the domainD R¢
a(w;v; )="f(v; ) 8v2Y; @

witha(; ; ): X Y ¥ R bilinear formand f(; ) 2 Y bounded linear functional
on Y foreach 2 PP. We denote by (;; )x the inner product over the space X and
by kki = (; )x the induced norm. Moreover, v hf;viy, denotes the duality pairing
between Y and Y. In what follows we assume the well-posedness of the problem (1)
with unique solutionw( ) 2 X forall 2 P. For the Necas theorem, this is equivalent
[17] to guarantee the existence of a nite continuity upper bound constant g > 0 s.t.

_ a(w;v; . N a(wev:
() = SUPyox SUP 2y iepe  us, the inf-sup condition infioy SUP,ox e > O
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and a nite inf-sup lower bound constant g > 0s.t.

. a(w;v; )
= inf P S
()= o S kky

LB- (2)
Under these assumptions, choosing X X and Y Y as closed subspaces of

nite dimension , we approximate the continuos problem (1) with the following weak
discrete problemP : P D ¥ X

aw;v; )=1"f(v; ) 8v2Y: 3)

Let w () 2 X be the unique solution of problem (3) and wn( ) 2 X, X the
solution of the reduced problem Py : P D ¥ X

an(wn;v; )= fn(v; ) 8v2Yy; 4

being X, X and Y, Y subspaces of dimension N. Classical a posteriori RB
estimators have the goal to approximate for each 2 P the norm of the error e .y :
X Xy X st

enW wy; )i=w () Vwn( ) ()

Assuming the well-posedness of problem (3) for each 2 P there exists a discrete inf-
sup lower bound . g >0s.t.

_ a(w;v; ) .
()= o sup ke LE

(6)

Following [17], classical RB theory introduces a posteriori estimator  : P X ¥
R,de ned8 2P as

R (VWN: ) Y
nWy; ) E O
()
where we indicate withR : P X ¥ R 2Y thediscrete residual 8v2 Y
v hR (w; )viy:=1f(v; ) aw;v; ) (8)

For the sake of notational simplicity, n(wy; ) and e .n(w ;wy; ) will be shortened

to n(; )ande.n(; ). Inorderto evaluate the reliability of (7) we introduce the
Lo o NG ) . . P

e ectivity index n( ) := el Ok, Using the discrete continuity constant (), from

classical theory follows

~
~

1 ~() ( @F 9)

being () the condition number of the matrix associated to the high delity problem
P . The error estimation e n(; ) n(Wy; ) is the base for most of the RB
greedy algorithms for the construction of the RB space X, starting fromasu ciently
large sample set Sy =f ) Mg P,

~
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Algorithm 1 reports the steps required to obtain matrix V we introduced in (5) for
a given a tolerance "y > 0, see [1, 16, 17]. The quantity (7) is computed using

R (VWN1 ) Y
N (W ) o= (10)
()
with the use of a suitable interpolatory approximation . : P ¥ R in place of the

exact value () foreach 2 P, [18]. Other reliable tecniques to approximate the
inf-sup constants may be used, such as the SCM introduced in [19].

Algorithm 1 RB Greedy Space Basis Construction - Classic

1: InitializeV =[], N=0, y="y+1, !=rand(Sy)
2: whileN<M~”™ y>"ydo
3: N=N+1

4. Computew ( Y)solving P

5. n = GramSchmidt(V;w ( L))

6 V=[V;l

7. Compute Sy:m = [wn( ;0w ( M) 2 RN M solving Py
8: Yt =argmax 55, ni(Wn; )

9 N= N (W rsu+1): Wi ( ’s\Hl) X

10: end while

Our target is to provide an estimate of e .y(; ) for problems P in which the dis-
creteinf-sup () isverysmall 8 2 P and the condition number ( ) grows rapidly
when the complexity of the problem increases. Other authors perform a similar task,
such as the hierarchical methods introduced in [2]. However, in DFN ow simula-
tion with no conformity requirements on the mesh at fracture intersections, accurate
high- delity solutions w are not easy to obtain, [13]. We introduce for all 2 P the
quantitiesey : X X ¥ Xande : X X ¥ Xde nedby

en(W;wy; ) =w( ) Vwn( ), e(wiw; )i=w( ) w( ) (11)

suitable to measure the distances between the solution of the continuous problem w( )

from the reduced one wy( ) and from the discrete one w ( ). As we did for (5),
en(w;wy; ) and e (w;w ; ) in (11) will be shorten to ex(; ) and e (; ). In [20]
and [3], the same quantities are already investigated for similar purposes. Assuming

the mesh for the high delity problem xes, for each parameter 2 P we consider

the triangle formed by w( ), w () and wy( ). From Figure 1, we can note that when
en(; ), 20

en(s ) x ke (5 ke ken(s kx (12)

thanks to the cosine rule. Based on this relation, we introduce a new algorithm to build
the RB space which takes in account the distance between the exact solution w( ) and
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Figure 1: Algorithm 2 - Intuitive explanation

the reduced solution wy( ). The residual based a posteriori error estimate [21] ensures
the existence of two positive constants C > 0 and C > 0 independent of the mesh
size s.t.

C Ww; ) kww; kg C (w; ) (13)

where P X ¥ Risadiscrete residual-based a posteriori error estimator, [15, 22].
Letusde ne ,n:P X, ¥ Rforeach 2P as

NWwn; )= (Vwy; ) (14)
The error in (12) can be estimated by
ke (5 Dkx  ken(; kx Wws ) (g ) (15)

thanks to X, X and to the Petrov-Galerkin orthogonality which holds for (3) and
(4), as shown in [17]. (w; )and .n(wy; ) will be shortened to (; ) and

~(; ) in next sections. In estimation (15) we do not include the constants C and
C because we assume them uniformly bounded with respect to the parameter , [22].
Finally, similar to the approach provided in (10), we introduce a suitable interpola-

Algorithm 2 Greedy RB Space Basis Construction - Exact Solution
Input: "y >0,Sy=f%::;; Mg P, ,:P IR

1: InitializeV=[],N=0, y="y+1, !=rand(Sym)
2: whileN <M~ > maxf'y;" gdo

33 N=N+1

4. Computew ( Y)solving P )
5. n = GramSchmidt(V;w ( L))
6: V= [V, N]
7. Compute Sy:m = [wn( ;00 wn( M) 2 RN M solving Py
g yT=argmax 5, (s ) a( 8
o n=  alwn M (Y= P
10: end while
tion . : P ¥ R in place of the estimator value (; ) foreach 2 P. Then,
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Algorithm 2 provides the reduced space basis using (15) to capture the maximum vari-
ability of the error avoiding the dependency from the discrete inf-sup constant ().
Moreover, referring again to Figure 1 and using the triangle inequality

ken(; Dkx ke (5 ke + e (s ) o (" N kw (5 )k (16)

we can choose the tolerance of the RB method "y in the same order of magnitude of
the tolerance to control the high delity error ™ , to obtain an RBM error proportional
to the discrete one.

3. DFN Model

In what follows we provide a brief description of the DFN model, which represents

a network of geological fractures on an impervious rock matrix, [15, 23, 24, 25, 22].
The discrete network C

F= F D R (17)
i21

collects all the fractures Fi, i 2 1 = f1;:::; lg, represented as planar polygons in the

three dimensional domain D R®. The set g‘ segments collecting all the intersections

between two fractures is denoted by S := ~ o S™ with S™ := B, \H;; m 2 M =

Is: MA 1 1isdirectly de ned by Is(m) = (i; j) with i < j. As a natural extension
of the notation introduced, S; = Sjg, will denote the subset of traces restricted to F;
and M; their trace’s indices. The network boundary @F is split in the Dirichlet part

b, With j pj > 0 and the Neumann part y = @F n p; b® 2 H%( p) is imposed
on p and an homogeneous Neumann conditions is imposed on ; see [23] for more
details on non homogeneous Neumann boundary conditions. Finally, on the restricted
sets ip = pjr, the intuitive bP := bPj | boundary functions are imposed.

3.1. The Continuos Problem

Out target is the computation of the hydraulic head H ruled by a Darcy’s law on the
full network F. For each i 2 1, let us introduce the functional spaces ViD = HlD(Fi) =
fv 2 HY(Fi) : vj , = bPg, v, := Hi(Fi) = fv 2 HY(Fj) : vj , = Og and the problem
Hi2VPst 8v2V,

z z Z "o
KirHirvdF =  QjvdF + — Vjgnd : (18)
Fi Fi m=1 S" 0]

Ki represents the fracture hydraulic conductivity tensor that here is assumed to be con-
stant on the fracture F;, Q; the source term of the fracture and % the jump of the co-

normal derivative of the hydraulic head along the unit vector [" of Fj oneach S™ 2 S;

with % = KjrH; . Finally, two conditions on each S™ 2 S shall be imposed to
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guarantee the continuity of the hydraulic head on the intersections and the balance of
the normal uxes; thus, forallm 2 M

,_.Hijsm Hjjsn = 0; (19)
OH; OH;

= = 0; 20
er * e (@0)

with i and j induced by the map Is (m).
The introduced model can be converted into an equival%ﬂt optimization problem,

see [11, 15] for further details, introducing the spaces V := <, VP, W, :== H 2(S™)
and W,, := Hz(S™) 8m 2 M and the quantity Ui 2 W,
Uy, = % + Hijsn; (21)
i

with > 0 an arbitrary positive constant introduced for the well posedness of the ow
problem on each F;. Conditions (19) and (20) can be replaced by the minimization of
the functional J: V.- W ¥ R

x .2 m.yam . . 2
JHU)= Hisn Hijsn , + UP+UT  Hijsn + Hijjsn (22)
m=1 m
forall H 2 V and beingU 2 W := szM(Wm W,,). Introducing the following
bilinear formsag, : VPV, ¥ Randas : W, W, ¥R
X
ap,(u;v) = (ru; rv)iee);  as(g;s) = w, NS; iy, - (23)
SM2S;

Darcy’s equation (18) can be shortened applying the constraint functional G; : ViD
W, V; T Rde nedas

Gi(Hi; U v) =0 , ar (KiHi;v) +ag( Hijsn Ul visn)  (Qi;V)izr) =0 (24)

Thus, the set of equations (18)-(19)-(20) are equivalently replaced [11] by the opti-
mization problem nd H 2V s.t.

i : (H: UM ) = i .
LrJr12|vr\1lJ(H,U)s.t.G.(H.,U,,v) 0 8i21l; (25)

with U the control variable of the problem given by the cartesian product of U" for
all S™ 2 S; withi 2 1. Itis possible to reformulate the optimization problem (25),
[15, 22], introducing a Lagrange multiplier P 2 V, the space X :=V W V and the
space Y :=V W V. A Lagrangian functional L. : X Y ¥ R can be de ned for
w:=(H;U;P)2X,r:=(v;t;q)2Y
x
L (w;r):=  ar(KiHi;vi) +as,( Hijsm U™ vijsm) +
i21
ar;(KiPi; gi) as(Hijsm  Hijjsm; dijsm) + (26)

as,(U"+UJ"  Hijsn + Hijsn + Pijsnitisn)  (Qi; Vi)Lz(ry):
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where P; := Pjg, 2V, Vi :=Vjr, 2V, and g := gjr, 2 V;. By referring to [11], problem
L(w;v)=0;, 8v2Y 27)

has an unique solution w := (H;U; P) 2 X equivalent to the one of the optimization
problem (25) and, thanks to the Necas theorem, it is possible to prove the inf-sup
condition (2) with the space norm k ky de ned as follows: givenw := (H;U;P) 2 X

kwk2 := KiJHiszl(Fi) + KiJPiJ|2_|1(|:i) +
< o . , (28)
k Hijsmk +k Pijsmk + Ulm H 122(sm) )

L2(S™) L2(S™)

SM2S;

with j jyu g, representing the semi-norm in the space H(Fy).

3.2. The Discrete Problem

Following the approach introduced in [25], the discretization of the problem is
performed independently on each fracture creating an independent mesh T, on F; and a
mesh T,™ on each trace S™ in F;. On each F; we introduce the nite-dimensional space
used to discretize the lifting function on the Dirichlet boundary and the’space V?i =
Vi spanf’}?‘g‘zfl;;;;;Ni;Dg of dimension NiD =N; +N;p is introduced. In the following,
the contractions N; := f1;::;N;g, Nip := N, + 1;::NPg and NP := 1;:::; NPg are
used. Similarly, we de ne on each S™ of F; the nite-dimensional subspace W"ji =
spanf {‘?‘g‘zfl;;;;;Nlmg L%(S™ W, of dimension N. For the sake of notation, in the
following we use the same symbol to denote both the discrete functions and the vectors
of its degree of freedom (DOFs); for example h; will state both for the function h; 2 V'?i

and the real vector h; 2 RN’. Therefore, the discrete hydraulic head h; 2 V'?i and the
discrete control variable ul" 2 W', are naturally de ned. Finally_we de ne the discrete

hydraul&g head of the network as h := (hy;:::;h) 2 V = Ty VE’i of dimension
N = ! NP and the discrete control variable g the network u := (ut;:::;uM) 2
W o= oMW W) of dimension NS = o(N" + NT), having set u™ =

(uT; uT) 2 W1 v'v";j, with i and j taken from the map Is (m). The discrete counterpart
of Darcy’s equation in (25) can be deduced introducing the matrices Ag;; AEi 2 RN NP
and Asi;Agi 2 RN’ N’ de ned by

8 8
ar, ik i) K2 N; %aFi(’i;k; D) k2N; 2N,
Arjk = §1 k=*2Np: APjic = § 1 k=*2N;p
-0 otherwise otherwise

-0
8 . . 8 . .
A j‘ziasi(’i;kjsm;’i;=]3m)k;‘2Ni aD: . _ 28s,(Cidsm; " Risn) k 2N;i 2N,
sk =2 otherwise’” 5% ~ %q otherwise '

(29)
The matrix B 2 RN’ N° s also introduced to collect the integrals of the product of

..........
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each i 2 1 we obtain the discrete version of (24), G i(h;u) : V.~ W T R with
G i(h;u) := Aihi g + APhP  Bju, with matrix A = KiAg, + Ag, 2 RVW N,
matrix AP = K;AR + A2 2 RV N7 vector g; 2 RN the discretization of the forcing
term Q; and vector h? 2 RN’ the evaluation of the Dirichlet boundary conditions bP.

Finally, let us introduce the block-diagonal matrices A := diag(Ai)iz1 2 RNs Ne and
AP = diag(AP)iz1 2 RN e, the column-wise collection matrix B := (By;:::;By) 2

the discrete constraints equation
Ah q+APhP Bu=0; (30)

simply denoted by G (h;u) = 0. In the discrete framework, the functional (22) can
be written using L2(S™) norms in place of W, and W,, norms, obtaining the discrete
functional J :V W I R

J (h;u) ::% h'G"h  h™B"u  u"B'h+u'G'u : (31)

The matrix B" = (BY)T 2 RN+ N° collects the integrals of the mixed products between
basis functions of V and W and the matrix G 2 RN° N° is the mass matrix of the
products between the traces basis functions. Furthermore, the matrix G" 2 RNe Ne s
de nedasthesum G" = ( 2+ 1)GL +( 2 1)GR, with G 2 R Me column-wise
combination 8S™ 2 S; of matrices G 2 RM N

(G )y = Chdsm: *Tdsm) ki< 2 NP; (32)
and G 2 RN Ne column-wise combination 85™ 2 S; of matrices G, 2 RN Ne
Gy = Ciadsm *7sm) k2 NP; * 2 NP; (33)

- . . P
with i and j taken from the map Is(m), “(I) = NpD + * and the symbol ? shall
be left empty or shall substitute with D according to the indices numbering. Thus, the
discrete counterpart of problem (25) becomes ndh 2V

ng J (h;u) st. G (h;u)=0: (34)

Following the same approach applied for the de nition of (26), this optimization dis-
crete problem can be solved introducing the adjoint Lagrange multiplier p 2 V . Ap-
pling the Galerkin approach with the de nition of thespace X :=V W V , we ob-
tain the discrete Lagrangian functional L. : X ¥ R de nedforallw :=(h;u; p)2
X as

L w)=1J(hu) p'G (hu); (35)

which leads to the following optimality system

Mw =f; (36)
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where
Gh B" AT 0
M = BY Gt BT E;: f := 0 :
A B 0 q APnP

with M 2 R@N=+N%) @Ne+N%) gng £ 2 R2NE*N° The matrix M is symmetric and non
singular, [26], and the solution of the equation (36) is the unique minimizer of (34).
Due to the choice of not conformity meshes on the traces, taking a trace mesh coarser
with respect to the fracture mesh, we have a non vanishing discrete inf-sup lower bound

L, With possible very small values, [13]. Thus, classical RBM a posteriori theory
can be unreliable as it is well outlined in next section.

3.3. The Parametrized Problem
The optimization problem (34) and the linear system (36) are now rewritten as a

parametrized problem dependent from a set of parameters = ( 1;:::; p)2P RP
min J (h;u; ) st G (h;u; )=0; @37)

u2w
M(Ow ()=F(): (38)

The set of parameters P is chosen following the model we apply to compute K; on each
fracture F;. A common approach used in the applications, [27], is to de ne a three-
dimensional stochastic eld K 3D T R and the distribution of K;(1) is computed
as the mean value K;(1) := JFLJ F K(x; 1) dx. According to geological measurements,
K(x; 1) may follows the law K(x; 1) = b-®*) where b > 1 is a constantand L : D
T Risastochastic eld with measurable mean value E[L] : D ¥ R and covariance
functionC. : D D ¥ R. Assuming C_ continuos on its domain, the Karhunen-
IE,OLvngecomposition of L can be applied, see [28, 29], as follows L(x; 1) = E[L](xX) +
LT 7 a()YR(Y), where ( p; 7n) is the eigenvalue-eigenvector pair of the compact
operator T> = [ Ci(z; )7 (2)dz and Yy, are mutually uncorrelated random variables

kx zk3

with E[Y,] = 0 and E[Y2] = 1. As in [29], we consider C_(x;z) = exp ==,
beingp_thB l’neaswg of the corrglation length and Y” uniformly distributed;hence Y,
U( 3, 3)= 3(2Y, 1),withY, U(0;1). Finally,wede ne P := ';:1[0; 1]
RP and we truncate the K.-L. seri|g§ to tB(Eum of P terms obtainingLp : D P I R
de nedasLp(x; ):=E[LI)+ [ p7p(¥) P

Therefore, we introduce Kp(x; ) =b®):D P ¥ Rand foreachi2 I the
conductivity parameter map Kip : P ¥ R becomes

V4

Kip( ):=J.Fiij Ke(x ) (39)

Thisde nition allows us to show the -a ne, or -separable form of the parametric lin-
ear system (38): replacing the constant introduced in (21) with a positive parametric

10



235

237

238

239

240

241

2

b

2

243

244

245

246

2

PN

8

2:

bN

9

250

251

2!

a

2

function : P ¥ R* chosen arbitrarily, we have foreach 2 P

Gh Gh X -
M()=M+ (OMS+( 2()+)MF +( 2() DM =+ Kip( M7
P , i21 (40)
f()y=f ()f° Kip( )fF™:
i2l

The following matrices in R@Ne*N%) @Ne+N%) are de ned as

0 0 0 _ 0 0
0 G BTEMT=fF 0 o0

>
M-
R IN—

5
0 B 0 AEi 0 O
0 B" AL o G 00 o G 0 0
M =@ B 0O O EMF:=f 0 0 OFMS:=fR 0O 0 O
As 0 0 0 00 0 00

and the right-hand-side vectors in R@N=*N*) are de ned as f¢ := (0;0;q)", fS =
(0;0; A2hP)T and fFi= (0;0; A2,)". Block-diagonal matrices As := diag(As,)iz1 2
R M and A2 := diag(A2)izi 2 RN e are de ned applying (29); similarly, matri-
ces Ag; 2 RN Neand AR 2 RNe e are created as follow for each i 2 1

AZ =R A2 i E; (41)

in which the symbol ? shall be left empty or shall substitute with D according to the
matrix to de ne. The matrices GY, G, G, B, B" are de ned in (31)-(33). Equation
(40) is usually written in the classical a ne compact form

Sq pL¢
mOMW ()= JO)FY, (42)
g=1 g=1

where Qu =1+4,Q;=1+2and I: M ‘f* P ¥ Rare -dependent functions.

4. The Reduction Strategy

For the reduction of problem (37) we consider an aggregated trial space strategy
to guarantee the stability of the reduced approximation, [17, 30, 31, 1]. As before, we
use the same symbol to denote both the discrete functions and the vectors of its DOFs.
Choosing N 2 R, we de ne foreach " 2 P; n 2 (1;:::;N ) the spaces Vi, =
spanfh( ");p( Mg V andW =spanfu( ")y W of dlmen5|on Np:p = 2N and
Ny = N respectively. SpaceV represents the aggregated space for the state and
adjoint variables, introduced to recover the inf-sup condition of the reduced problem
(4) required for the stability of the RB approximation, [31].
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The reduction of equation (38) can be performed introducing the space X :=

\Y, VNh_p X of dimension N = 2Ny, + N, and the matrix

Ny WK,

V =diag(Vy.p; Wy Vi) 2 REN:+N%) N.

Vi and W, 2 RN Nu the column-wise collection of f ngn2f1 ----- N,y Orthonormal basis

ofW . Calling wy = (hn; uy; Pn) 2 X we obtain the reduced problem
VIM (OVwn( )= VT () 5 M(Owa( ) = fu( ) (43)

in which we apply the Galerkin-RB approximation hypothesis, see [17] for further
details. In conclusion, having de ned a classical RB projection base on space X, the
whole RB methodology is available, such as POD or greedy algorithms for the selection
of the RB-basis V. Moreover, thea ne parametric dependence of the operators, proved
in (42), allows us to use the 0 ine / online decomposition in order to obtain the solution
of the problem.

4.1. DFN Error Estimates

We introduce the matrix X 2 R@V=+N%) @N=*+N%) 1o compute, givenw = (h; u; p) 2
X the norm

2 T > 2 i.i2
kw kX =w Xw = Jhinl(Fi) +]piJH1(|:i)+
i2
> i21 i (44)
khlJSkaZ(Sm) + kaJSkaZ(sm) ugn H 1=2(sm)

sm2s;
; i S \Wm P i m 2 - P Pogm 2
in which kky 12smy : W% ¥ R is approximated by u" |, wogmy = 2rml ] U oy,

with  the element of the mesh T,™ chosen S™in Fi. Recalling Kip in de ni-
tion (39) and choosing %( ) = Kip( ) =1 1 iy Kip in (28), it is possible to show
that kw ky ( Ykw ky , beingw = (h; () 'u;p). The residual R introduced
in (8) becomes for the DFN optimization problem R (w; )=M ()w () f()
and the the inf-sup constant () de ned in (6) is computedlin the discrete opti-

1 1

mization problem (37) as the smallest singular value min(X 2M ( )X?). Finally,
we introduce the a posteriori error estimator  (; ) involved in (13) for problem
(37) as in [15]. Let T and e the elements and the edges of mesh T, on fracture F;,
G= T % gi + Kip h iZ(T) the residual estimator of the Darcy’s equation and
= 7 Ki;pjpiszl(T) the estimator of the discontinuity of h between the fractures.

. P i o  ° : i
Moreover, we introduce 3. := = oy, the estimator for the approxi-

' i,P i Lz(e)

mation of the ux through the edges of the mesh, where u; == u"  hijsn is non-zero
onlyone\S™ , ;, 8™2§S; SlmllarFY being T," the mesh of elements  on

each trace S™ 2 S;, we denote by Z.., = }J<JP un i - L2  the estimator for

oN TN
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(b) Example of Kp, [ 1; 2] =[2=3;16=25]

(a) Solution with K; = 10 2

Figure 2: FracTest - Overview

(b) Convergences Rates e N

(a) Problem size Test "
" \ NS N 10'  1:913310 ' 1:267510 *
1 . N 101 1:387110 ' 1:284710 !
' ' N 5 10 2 5:889310 2 1:174810 !

Table 1: Frac6 - Data

. . N P . . .
the non-conformity of the discretization, by ,%;m = % kpijsmkfz( ) the estimator

for the hydraulic head induced by the unbalancing of uxes on the mesh and by J2 :=
i jar r y: P r B2
mintkeie U U (iisehijsn) L+ e Milsm hiise g the
estimator of the functional minimization error. Collecting all the de nitions the esti-
mator turnsouttobe 8 2 P

2 > 2 2 2 > 2 2 2 é
(W; );: H;i+ P;i+ U;i+ NC;m+ P;m+‘]m : (45)
i2l Sm2S;

For the proof of (13) and further details of the de nition of the quantities in (45) see
[15, 22].
5. Numerical Results

For two di erent DFNs with growing complexity we perform the comparison of
our estimator (Algorithm 2) with the classical greedy interpolation strategy proposed
in [18] (Algorithm 1). Then, the RB certi cation is measured through the statistical
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Figure 3: Frac6 - Interpolation with P = 2, 1. =3," =10 1. Black dots represent the sparse interpolation
grid

analysis of the error e .y on a random set of parameters Srest P The numerical tests
are performed with relatively small DFNs because we focus on the validation of the
proposed algorithm rather than on an e cient and robust implementation. The simula-
tions for the resolution of the high- delity model are performed with the C++ software
introduced in [12] applied to the optimization method of Section 3 and restricted to the
serial case [32]. The post-processing analysis for the RBM theory provided in Section 4
is implemented in the MATLAB software.

5.1. Test 1 - DFN simple problem

The rst test is performed on a simple problem called Frac6, with | = 6and M = 6.
Figure 2a shows the geometry of the network and an example of the solution of the dis-
crete problem (37) computed with K; = 10 2 for all i 2 1 on an adaptive mesh. Two
Dirichlet boundary conditions are imposed, namely a value of 10 in the bottom left
fracture and a value of zero on the top right fracture; zero Neumann boundary condi-
tions are required on the other borders and no forcing term is applied on each fracture.
Figure 2b shows an example of the conductivity eld Kp with the DFN immersed;
both the example and the following numerical tests are performed using P of dimen-
sion P = 2 and taking the parameters of Conductivity eld described in Section 4
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equalto =0:25 E[L] = 2andb = 10, that can be realistic values as already stated
in [29]. The two meshes used to solve the high delity problem are choosen by the
adaptive method described in [22] and are kept xed independent of the dimension N
of the space X,;. The adapted meshes are obtained solving the optimization problem
with parameter K; = bFt = 10 2 8i 2 1, performing few adaptive iterations starting
from a mesh with 100 DOFs and imposing two di erent values of the tolerance " (16)
equal to 10 * and 10 2. Table 1a shows the resulting size of the discrete problem in
both the tests. Figures 3 and 4 show the interpolation of all the quantities used in the
RBM o ine computations in both the tests; the surfaces are generated starting from
a Smolyak’s sparse grid [33] of level I- = 3, to mitigate the curse of dimensionality
problem with higher P. A radial basis functions (RBF) interpolations of degree 5 of the
relative a posteriori error  (; )=kw ( )kyx and of the norm kw ( )ky are represented
in Figures 3a-4a and in Figures 3b-4b. Finally, the discrete inf-sup constant (; )and
the discrete continuity constant  (; ) are approximated with a least squares approxi-
mation of degree 5 and reported in Figures 3c-3d and Figures 4c-4d. The computation
ofthe (; )and (; ) values in the interpolation points are performed as described
in Section 4.1. Comparing Figure 3c and Figure 4c we can notice that the shape of the
surfaces seems not to be in uenced by the mesh size. Moreover, recalling (9), we can
see that the e ectivity index (; ) onthe domain P in both cases is bounded by an
average condition number (; ) in the order of 10°; this means that, even in this small
and simple DFN, the classic RBM estimation (; ) can be quite inaccurate. Figure 6
shows the convergences of both the greedy Algorithms 1 and 2 in which we impose
"y = 10 & and M = 100. Althought not required, in Algorithm 2, we compute also
the classical RBM estimator n(; ) for comparison reasons. Figure 5a shows the set
Swm used as input of both the algorithms and generated by a classic uniform tensorial
P-grid generated from a 1D-Chebyshev grid of size 10. Focusing on the convergence
obtained, by comparing Figure 6a and Figure 6b we can say again that the mesh size
does not have relevant impacts on the convergence rate of the RB error e .n(; ) in both
the greedy algorithms. Moreover, the curves max ,s,, n=Kwnky in Figure 6 obtained

by the two algorithms are almost overlapped, but the error estimator .y 9T
seems not strongly in uenced by the high condition number (; ). Therefore, the
two algorithms are performing the choice of the reduced basis in a similar way, but
Algorithm 2 relies on a more sharp stopping criterion. As suggested in Section 2 from
the triangle inequality (16), we set "'y . " in order to stop the greedy Algorithm 2
as soon as possible without any loss of accurancy. In particular, the rst test with
"y . " =10 ! comes to a good approximation with N between 10 and 20 and the
second case with "y . " = 10 2 seems have an optimal stop at N between 20 and
40. In Figure 7 we report the dimension N for di erent "'y reached by Algorithm 1 and
Algorithm 2 for the two considered values of " ; the plots con rm the e ectivenes of
Algorithm 2.

To validate the results of the greedy algorithms, we use the RBM space X, obtained
to compare the online solution with the corresponding high delity solution on a trial
setStest  [0; 1]% (see Figure 5b) of size [Stesj = 100 randomly generated with uniform
distribution. Figure 8 shows for each " the real relative RB error e . % = kwy kx

computed for each Test 2 Stest ON two N; we measure all the quantities used inside the
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greedy algorithms in order to compare the ability of the estimators to tackle the real
error e .y. Relative estimator = w % of error e is also reported as a reference

value for comparisons. As we expect, from the plots we can see that the relative classic
RBM estimation y(; ) is far from the relative error even in this small case; on the
other hand the new estimator proposed seems to be very close to the value expected.
We shall remark that the estimator is not completely above or under the RBM error as
we neglect the constants C and C in (15). From the very small distance between the
curves we see in the plots, we can say that this assumption seems appropriate.

Figure 9 reports the average relative RBM error e .y , =kwykyx measured on the

RBM online tests at di erent RB space size N, with its standard deviations; classic
RBM estimator is also reported. Notice how the curve of the a posteriori error .
related to the RB solution norm kwyky becomes constant increasing N, thanks to the
convergence of the RB solution to the discrete one w . We can say that the results
obtained on the trial set are compliant to the one depicted in Figure 7 in all the tests
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performed. Moreover, the plots corroborate that no relevant di  erences can be observed
comparing the corse mesh with respect to the ner one . To conclude the analysis, we
report in Figure 10 and in Table 1b the convergence rates computed on the RBM error

YN obtained on the trial set Stest; We remark that the symbol  identi es the

estimator of Algorithm 1, whereas .\ identi es the estimator of Algorithm 2. We can
see that an exponential convergence e N typical of the Kolmogorov N-width decay of
the elliptic equations is obtained also with the Algorithm 2. Finally, from Table 1b we
can assert the rate of convergence in the classical algorithm and in the new algorithm
are comparable.

5.2. Test 2 - Real DFN

The second test is performed on an higher complexity stochastically generated
DFN, called Frac20, with | = 20 and M = 28. The network is created with random
probability distribution functions concerning size, position and orientation of fractures
taken from the real data available in [34]. Even with a small number of fractures, in
Figures 11a-11c we can appreciate the complexity of the geometry from three di erent
point of view and an example of the solution of the discrete problem (37) computed
through the model proposed with K; = 10 2 for all i 2 1. Focusing on Figure 11b, we
impose a Dirichlet boundary condition of value 1 on the left side of the network and of
value zero on the right part; always zero Neumann conditions are imposed on the other
borders and no forcing term is present. As for the Frac6 test, Figure 11d shows a sam-
ple of the conductivity eld Kp with the DFN immersed; we keep the same parameter
for the stochastic generation, therefore weuse P =2, =0:25,E[L] = 2andb = 10.
We use a xed adaptive mesh generated in the previous examples with " = 10 2 and
Table 2a shows the resulting size of the discrete problem. From Figures 11 we can ap-
preciate how the adaptive non-conforming method increases the number of mesh cells
around the traces.
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grid

Figure 12 shows the interpolation of all the quantities used in the RBM o ine com-
putations; again, a Smolyak’s sparse grid quadrature rule of level I- = 3 is used. RBF
interpolation of degree 5 generates Figure 12a and Figure 12b; least squares approxi-
mation of degree 5 is used for Figure 12c and Figure 12d. Comparing Figures 12a-12d
to Figures 3a-3d or to Figures 4a-4d it is possible to observe that each DFN has its
own dependency from the parameter set P. Moreover, recalling (9), we can see that
the average (; ) is above 103, therefore we expect the the classical RBM estimator

n to be not reliable. Plots in Figure 13 shows the convergence of Algorithm 1 and
Algorithm 2 obtained with "y = 10 & and M = 100. The classical RBM estimator

n(; ) is reported for both the algorithms. As expected the classic RB estimator does
not provide reliable information for stopping the iterations, on the other hand the new
estimator seems to be e ective. Moreover, Figure 13b clearly shows the e ectivenes
of Algorithm 2 to produce the RB space with a small value of N. In addition, in Fig-
ure 13a we observe a similar rate of convergence for the quantity y(; ). Taking
"y . " =10 3 to stop the greedy Algorithm 2 we can say that an acceptable con-
vergence of the algorithm is performed with N between 60 and 80. To con rm these
statements, we test the RBM space X, obtained as done for the Fracé test, evaluating
the online solution on a trial set Stest  [0; 1]? 0f size jStestj = 100 randomly generated.
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(b) Convergences Rates e N

(a) Problem size

Test "
N S

T Ne N 103 14508107 1:1664 10 *
103 25880 2;922 v 10° 14612102 1:126710 !

Table 2: Frac20 - Data

Figure 14 displays all the quantities measured for each et 2 Stest ON two N, including
the real distance between the RBM solution and the discrete one e .\ % = kwnky . The

relative classic RBM (; ) is far from the error, on the other hand the alternative es-
timator proposed is very close to the real error values. Again, the assumption to neglect
the constants C and C is still reliable, as the estimator . 4 = . isofthe same
size as the relative error e .y , =kwyky . To conclude the analysis, in Figure 15 we

can see how the convergence rate of the average RB error e .y(; ) measured matches
with the values obtained in Figure 13b; again, the curve related to the DFN a posteri-
ori estimator .n(; ) becomes constant when N grows, thanks to the convergence of
the RB solution wy to the high delity one w . Figure 15b and Table 2b con rm the
exponential convergences e N of the greedy method also with the stochastic DFN.
We conclude the numerical tests reporting in Figure 16 two examples of the solution
obtained with the RBM algorithm.

6. Conclusion

A simple and robust RBM greedy approach is proposed for the creation of a re-
duced basis space to approximate both the hydraulic head and the ux distribution on

22



T T T
100 ) ¥ LEN- I w0 b
'\\ w i\,‘l A M T W \,i\ " o " )
3 I A ! ' i 3| Lo , ,(’\, LY I
10 10 '\"\,\\ i ’l\“\rh\\/\/‘ n VG & \’\“\u- \’l"“.”\ "
B N w \/\., n‘r | v Wt
100+ 1 10°F i
10 3| 4 103} 8
10 & 1 1068F i
10 °r | | | \ | | i 10 °T | | | \ \ | i
0 20 40 60 80 100 0 20 40 60 80 100
Test Test
(@) N =36 (byN =76

Figure 14: Frac20 - RBM Online, jStesj = 100, " = 10 3. Legend: - ®- yn=kwyky , —@—

eN i Tkwnky , —— N = o = W
1097 ‘I\ -
\\‘ 103 ——— —
108 i 1
‘\\‘{*’\/l
10% - Tom 8
Ttw R (s :
103} ,,HlifT T 71 | :101, i
[
106 i \
103,+ N =103 N
0 I I I I I L e " =10°
I il il M| L L Lol
0 20 40 60 80 100 100 10t 102
N N
(@) —@— e , =kwnkx , - ®-  n=kwnkx , —— (b) Convergences Curves e N

N=kwikx

Figure 15: Frac20 - Test of RBM Online, jStestj = 100, " =10 3
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Figure 16: Frac20 - Solutions obtained with RBM
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stochastic Discrete Fracture Networks. A smart stopping criterion for the greedy ap-
proach is also suggested to control the RBM space dimension taking the tolerance of
the greedy algorithm in the same order of magnitude of the tolerance used for the a
posteriori error estimate of the high delity solution. The algorithm relies on the a pos-
teriori error estimation performed on the PDE-constrained optimization problem and it
can be extended to a more fast and scalable solution by exploiting the parallel nature
of non conforming mesh on each fracture of the network. Numerical tests verify the
lower reliability of the classical RB a posteriori analysis and establish the validity of
the alternative estimator showing the equivalence of the convergence rates compared
to the classical RB methods.
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