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ON A BASIC MEAN VALUE THEOREM WITH EXPLICIT
EXPONENTS

MATTEO FERRARI

ABSTRACT. In this paper we follow a paper from A. Sedunova [5] regarding R. C.
Vaughan’s basic mean value Theorem [6] to improve and complete a more general demon-
stration for a suitable class of arithmetic functions as started by A. C. Cojocaru and M. R.
Murty [2]. As an application we derive a basic mean value Theorem for the von Mangoldt
generalized functions.

1. INTRODUCTION
In 1980 R. C. Vaughan [6] proved the basic mean value Theorem
Theorem 1.1.

> 5 > max

q<Q X mod ¢

< (m—i—xﬁQ—i-:sz %) log®

> A(n)

n<y

where A is the von Mangoldt function and the sum is restricted to primitive char-
acters.

This result was a major tool for R. C. Vaughan to prove with elementary meth-
ods the Bombieri-Vinogradov Theorem. Recently A. Sedunova [5] improved the
exponent of the logarithm using a weighted version of Vaughan’s identity and an
estimate due to M. B. Barban and P. P. Vehov [I] related to Selberg’s sieve. A. C.
Cojocaru and M. R. Murty in [2] proved a more general Theorem than the basic
mean value Theorem. We will follow their proof improving the results adapting
Sedunova’s method. Using the main Theorem [2.1] we will be able to prove a basic
mean value Theorem for the generalized von Mangoldt function Ay = u * log”,
precisely

Theorem 1.2. For each k € N, € > 0 it holds
S % maxyz Ax()x(n)| < (2 -+ 2 HQ + 22 Q?) 1og™!
9<Q

mod ¢q

Notation. Given A C R, with 14 we denote the characteristic function of A,
when we write 1 we suppose A = {1}. Given an arithmetic function f : N —» C
and two real numbers U < V, we write f<y for f -1 y), fov for f- (1 —1py)
and with fy vy for f - Ly y). We use the standard Vinogradov notation < and
when the implicit constant does depend on something we specify it. The quantities
Q, My, M5, N1, Ny are always some functions that depend on x, when we use the
< notation we assume x — +00.

2. MAIN RESULT

Let us indicate the class of arithmetic functions

(2.1) 2 = {D:N%(C: Z|D(n)|2 < zlog™x for someaz()}

n<x
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and for D € Z let
(2.2) ap = inf{a >0: > [D)* < xlogo‘x}.
n<zx

We will need also information about the average of |D(n)|/n* for k € [0,1]. Let us
indicate

. D(n _

(2.3) Bp (k) = mf{ﬂ >0: > |n(—k)| < 2t klogﬁx}.
n<lz

It is straightforward that if D € & then 8p(k) < 400 for all k € [0, 1], we will give
a precise bound in Lemma B3]
From now on we consider two arithmetic functions f, g : N — C with f(1) # 0. We
define ¢, Agq as
(2.5) Apg = pg*g.
In particular p1 is the convolution inverse of f: it exists and is unique since f(1) # 0.
We can understand better these definitions with the help of the associated formal

Dirichlet series: if (n)
gn
G = a
(S) ns ’ Z ns

n>1 n>1
then
G(s) _ Z Apg(n) 1 _ uf(n)-
F(s) = o T F(s) = o

The benchmark case is clearly when

f=1, g=log, pp=p, Apg=A
We are interested in estimates for
Z Agq(m)x(n).

> oo 2

— max

q<Q 9(a) yse

We have two trivial bounds. Using the tr1angle inequality we obtain, for each € > 0,

;}ﬁ > maX‘ZAfg OIED DD

mod ¢ <@ n<lzx

(2.6) < 2Q?log’tsa (e g
Using the Cauchy-Schwarz inequality we obtain, for each ¢ > 0,

iy T el S () (2

y<zx
q<Q n<x n<x

(2.7) < 2Q? log ey

We can improve these inequalities assuming further hypotheses for f, g, s and Agg.

Theorem 2.1. We suppose that g, f, s and A¢g, as defined before, satisfy the

following hypotheses:

(H1) g: N — R* is an increasing function;

(H2) f, uy, Apg € D;

(H3) there exist Of,7v; € [0,1] such that, for any non-principal primitive Dirichlet
character x mod q

> Fn)x(n) < 2% g% log g + 277

n<zx



(H4) for each 1 < Vi <V, there ezists a bounded function n(b) = n(b; Vi, Vz2) such
that n(b) =1 for b < Vi, n(b) =0 for b > V5 and

\%4

S |(s - myx )| <

pr-n)xf)n ‘ < e

~ log()

Then for each € > 0, Uy < Uy, Vi < Vo it holds
ZL S maXZAfg x(0)| < H(z,Q, U, Up, Vi, V2)
5 o) o vse
g< x mod ¢

and we have

H(.CC, Q, Uy, U, V1, ‘/2) < U1Q2 logﬁAfg(O)Jre U,
4+ g0 (U0V2)1*9fQ2 1OgBMf (9f)+ﬂAfy(9f)+1+e(UOV2Q)
+ xf (UO%)l—’YfQQ logﬁuf ('Yf)+ﬁAfg(’Yf)+€(UO‘/2)

+ z1ogﬁf(0)+ﬁ“f(1)+ﬁ"f9(1)+€(~’CU0V2)
1 . ; 1 +1+e
(et
Uz log? (7?)

+ Q(SC)VQQ% log’ﬁ”f (0)+1+6(V2Q) + g(:L'):C IOgB“f (1)+e Vo

Xhrg
1 1 1\)log—2 Tite
+ <(505Q2+:c) log:rerQ( T + 1)>0g17‘/z.
Ve UZ log2 (7#)

In particular if all the a and B reach the minima in definitions [2Z.2 and [2.3, then
the claim holds with e = 0.

Corollary 2.2. Assuming the same hypotheses as in Theorem [2.]]

;}% Z maXZAfg ’<<ML

y<zx
mod q

where M is the main term and L is the logarithmic term, precisely

M= ma'X{UlQ25 Zﬁf (UO‘/Q)liefQ%a x (UO‘/Q)li’YfQ27 Zz, SC%Q2,

leaszlQa‘/QQz Q}
O Vl

and
I — max { log® 10 O {7, logPns 09025, 01417 15.0),

logs 40, ODF (g 1y ), 10g (O oy (08,1, (0¥ (350 17y,

(xUy)
log? (12)
log “fet2te x
log? () }

apn
log 7

g(z) log™ s O (14Q), g(a) log™s DTy,




3. PREPARATION FOR THE PROOF

First we prove a Lemma that guarantees us that if D € 2 then Sp(k) is bounded
for all k € [0,1].

Lemma 3.1. If D € & then
Bo(k) < 2 +1(k).

Proof. This follows easily using partial summation and the Cauchy-Schwarz in-
equality,

> B S+ k[ (Sipm) s

n<z n<x n<t
} 7).
< (S0 (Seer) + [ (S (Seer)
n<zx 1 n<t n<t
1k oy Pty 1 g Rte, [ &
Lg X og T + log T ) e

for each € > 0. So we have the claim distinguishing £ = 1 from the other cases. [

This is typically far from the best exponent, for example A € 2 with ay = 1,
Lemma B provides us the bound 4 (0) < 1/2 but the prime number Theorem
claims that 84 (0) = 0. Another example rises from Mertens’ formula

Z # =logz + O(1)

n<zx
and so (1) = 1 but with the Lemmal[B. I we can only obtain 84 (1) < 3/2. However
with our kind of generalization it can’t be done better than Lemma[3.1] for example
the function identically 1 is in 2 with ay =0, £1(0) =0 and B;1(1) =
As in the classic proof of the basic mean value Theorem we need a modified multi-
plicative large sieve inequality.
Theorem 3.2. Let f1, fo be two arithmetic function, then

Z q§ Z y<nl%/?1jl(vlz‘z(f1SMl *fQSMZ)(n)X(n)‘
n<y

X mod g

< (Q*+ M) Q4+ M2)E (Y i) )(Z|f2 )%1og(M1M2).

n<M; n<Ms
For the proof see Lemma 2 of [6]. If we have to estimate sums like
q
ZW max‘z Jrvs ang * f2)(n)x(n )‘
9<Q xmodg "

with f1, fo € 2 and M1/N; < x, using directly Theorem B2l is not in general
convenient. Indeed writing

max]Z Frvy any * )X () fmaxlz Frvyan) * fa< g ) )x(0)|
we obtain a bound like

1 lx%
< (Q+ME)<Q+N )Mf ;1g

oy +af
%_}rl_’_ﬁx

1 Nl
1 My 3 My My 3 1 .T% f1 T 1
3.1) = x?QQ(—) +r— + 22 Q( )(MZ—i— . lo 3ty
( ) ( N1 N1 N1 L Nli &



Combining a dicotomic method with Theorem [8.21we can find a better bound when
10gM1 < Ml/Nl.

Lemma 3.3. Given fi, fo € 9, M, Ny such that My /N; < « and € > 0,

a4 *max AL
> iy 2 mexlX o < S

mod ¢q

12 1 y o ae ST 44
(3.2) < [ (22Q* + z) log My +£C2Q(M12 +_;) log™ 2 x
N7

Proof. The estimate (BI) is good when M; =< Nj The idea is to split the interval
(N1, M7] in subintervals of the type [T, 27 and then apply Theorem at each of
this subintervals. For T' < x

T ]Z frezamy * f2)(n)x(n)

<Q (q)xmo dq”
q *
= m maX‘Z Jierar * fo %>( n)x (”)’
q<Q q x mod q n<y
1 % 1 % of toy

(3.3) <<(Q+T5)<Q+%)T5%log AR

_ 1.9 1 1 .T% “f1+“f2+1+€
(3.4) =(22Q° +x+22Q(T> +F log™ 2 x

We choose T' = N;2* by varying k € . C N such that
(N1, M) C | [N12F, Ni2F Y
ke

and || is minimum. In general the inclusion will be proper, to avoid problems
and to be able to use the triangle inequality we extend to zero fi in the external
points to (N1, Mi], i.e. we define f1 = fi(n, ar,)- Now using the triangle inequality

| Grvamg = F2) x| = | S+ f2)(m)x()

n<y n<y

IN

‘Z(fl(T,QT] * f2)(”)X(”)‘

T=N;2* n<y
ke

Since T' € [Ny, 2M;], with (IBEI) we can conclude

5 3ty 2 w3 G = x|
q<Q

Xmodq
1
T2 St
1) log~ =z tltey
NE

1
and since || < log M1, we obtain the claim. O

< <(z%Q2 + z)|.7 +:c%Q(M1% +

Remark 3.4. We remark that the previous Lemma is useful also when we have to
estimate

Y g 2, ne] o S n(o),
q<Q

mod ¢q
indeed we can take M; = x/Ng and obtain the bound

1 cftes
+ —1)) log= = ttteg
N

(3.5) < ((acéQ2 +x)logz + :EQ( 1;

1



3.1 Weighted Vaughan’s identity. We want to use a decomposition formula
for Ay using a weight 7 : N — C such that n(b) = 1 for b <V} as A. Sedunova did
in [5]. We know the classic Vaughan’s identity

Apg=Npgcy, = Apgco, * sy, * T H v, 9+ Mgy, * sy, x f
=A1+ A+ A3+ Ay
that follows from (Z4]) and (Z3]), indeed
Npg=Apgery, + Mrg = Npgep, = Npgey, 10559 = Npgey, iy + f
=Aggep, s, %9+ 1pov, *9 = Mgy, *tp vy * F = Dpgey, * gy, * f
= AfggU1 - AfggU1 *Rf<y, X [+ Hi<y, 9 T hfsy, X (9 — AfggU1 * f)
and we use that from (Z4) and (Z1) follows also
(3.6) g=ANAgpg*f.
We claim that, more in general
Lemma 3.5. For every n: N — C such that n(b) =1 for every b < Vy
Apg=Apgopy, = Mpgap, * () x [+ (g -m) x g+ Aggoyy, * (g (L=m)) * f
= A+ AL+ AL+ AL
Proof. We observe, using essentially that n(b) = 1 for every b < V7,
A} = Ay,
AI2 =N+ AfggU1 * (:Uf : 77)>V1 * f,
A{3> =A3— (/Lf '77)>V1 *9,
Ny=As+Apg oy * (g -n)svy * [

It remains to show that the sum of the three remainders is equal to zero, but this
is true since, from (3.6])

Nrgep, * (g -msva * f = (kg m>vi g+ Apgop, * (tp - m)>vy * f
:(/Lf'n)>V1*(Afg§U1*ffg+Afg>U1*f):()- O

4. MAIN PROOF

In the proof we denote with € > 0 any small positive constant that rises from the
definitions of ap and Bp(k) as infima; at the end we will still indicate with € the
maximum of the constant previously considered. First we show, as R. C. Vaughan
did in [6], that we can treat larger @ more easily than smaller Q.

4.1 The case Q2 > x. We only use the modified multiplicative large sieve (The-
orem B.2) with M; =1, f1(1) =1, My = [z], fa(n) = Apg(n). We obtain

Zﬁ > x| 2 Asaln ()] < 2@+ @) (X IAssm)]?) loge.
q9<Q

mod ¢ n< n<z

Using |(H2)| and the definition of &
ap
Z% Z max ZAfg ’<< (zQ + 27 Q?) log 7

q<Q

y<zx
mod ¢

<<1'2Q210g o) +1+€

since Q% > x.



From now on we can assume Q? < z. We set four parameters
Up =Up(z,Q) <Uy =Us(z,Q), V1 = Vi(z,Q) < Vo = Va(z, Q). Recalling Lemma
35 for any Dirichlet character x mod q we can write

4
> Agg(mx(n) =Y Ai(mx(n) =) Si(y. x)-
n<ly i=1 n<ly i=1
We prove the Theorem 2.1 by estimating each of the sums

qu > max|Siyx)l, 1<i<4

q<Q X mod ¢

4.2 The estimate for S;(x,Q). Using hypothesis |(H2)| and definition (23] we
obtain

151 (y, X)| = ‘ Yo Agln ‘ > Agg(n)] < Uy log™ s O+ 1y,
n<min{Ui,y} n<U;
and so
7,Q) =) % > max[Si(y, x)| < U1Q*log™ s O U
< x mod g =7

4.3 The estimate for Sa(x, Q). We recall the definition
So(y,xX) == (Apgop, * (g - 1) * £) (n)x(n),
n<y

we split this sum into two parts

S2(y, x) = S5y, x) + 55 (¥, x)
where

Sy, x) == D> Mgy, * (g - m) * f)(n)x(n),

n<y
and

Sg(y, X) = - Z (Afg(Uo,Ul] * (:uf : 77) * f) (n)X(n)

n<y

For S4(y, x), using [(H4)| and writing n = abc

155y, X)| = ‘ > Aggla Zuf f(C)x(C)‘

a<Up Sib
<D Agg@] Y Ing (v |]Z e
a<Uy b<Vs CS y

so that we can use hypothesis|[(H3)|to estimate the innermost sum for non-principal
primitive characters y mod q. We get

0o Aol 5~ I
195(y, )| < y*7q7 logq » Z b"f

a<Uy

_;’_y’YfZ |Af |Z|b7f .

a<Up




Then, by using hypothesis [(H2)| and using four times definition (23]), we obtain

-0 1 € A a
155y, X)| < 527 Vo % g3 logPs O (1) 3 %
a<Uy

K Y 1008k (Vr)teE M
+y fV log"™#s Vo Z I
a<Up
< y¥r (UO%)lfefq% 1ogﬁuf(0f)+ﬁAfg(0f)+1+5(U0V2q)
+y (UOVQ)l—'Vf logﬂuf ('Yf)‘f‘ﬂ/\fy('yf)-l,-e(UO‘/Q).

Instead, for x = xo we have, using two times definition 2.3}

1S5(y: x0)l < D IAgg(a)l D s (®)] D 1f(e)

a<Ug b<Va c<H

=ab

. A (b
< ylogh O+, 3 | fi a)l T | fb( )l
a<Uo b<Vi

. A
< ylog?1 O +9 <17y §° | fi(a)|
aSUo

<y logﬂf(o)-i'ﬁuf (D)+B8ap, (1)+e (y UoVa).

This implies that
Sh(e,Q) = Z o Z max]|S5(y, x)|
<@ X mod q
<z f(UoVQ)liesz 10gﬂ“f (ef)+ﬁAfg(9f)+1+6(UO‘/2Q)
+ 277 (Up Vo) =77 Q? 1Og5uf (V) +Ba,, (Vf)'i‘ﬁ(UO‘/Q)

g logﬂf(o)‘*‘ﬁuf (D +Pagy, (1)+e (2UpV2).

For S5 (y, x) we recall the definition
DT

We want to use Lemma B3] We choose f1 = Ayg, fo = (up-n)*xf, N1 =Up e
M; = U;. From hypothesis we have (uf-n)* f € P with o,y = 0.
Moreover we have stronger bounds than for other functions in %, indeed we can
include the denominator 1/log(V2/V1) in ([B.2) since this does not depend on the
upper limit of each partial sums. Finally we obtain

> (Msaqup * g - m) = ) (m)x(m)|-

1 1 1 1 Flte
Sy (x,Q) < <(505Q2+:c) log Uy +x5Q(Uf l)>0g‘7
Uz log? (12)

4.4 The estimate for S3(x, Q). We recall the definition

:ccz);)ﬁ mas| 37 (g - 1) % 9) (m)x ()|

x mod ¢ n<y

We define a step function 4 : R — R by 4(¢) = g(1 )ift<1and€§() g(n) —
gin—1)if n—1 <t <nforn>2. Then we observe that g(n) = [’ ¢(t)dt and
that ¢ is positive, since the function ¢ is positive and 1ncreasmg‘ from |(H1) m We

8



write, by partial summation,

1S5y 01 = [ 303 s l@m(a)g(v)x(ab)|
ab<y
= agfz,uf(a) (a)x S% /g dt}
(Z%uﬂwmwxwyégKM%xw> |
/«‘4 > lug(a)y ’ x(b)’dt
asVs t<b<¥

We can use the Pdlya-Vinogradov inequality to estimate the inner sum for non-
principal characters

1S5(y, X)| < g(y)a® logq D |ps(a)n(a)l.

IISVZ

Moreover, using hypotheses and according with definition ([23]), we can

write

|S5(y, X)| < g(y)Vag? log™s 1< (V).
For x = X0, again using hypotheses|(H2)|and |(H4)| according with definition (2.3)

we can write

1S5(y, x0)l < g(w)y Y |Mf << g(y)yloghs M+,
a<lVs

We further obtain

= ; ¢>L) > max| s (y, x)| < 9(@)V2Q? logs D (14,Q)

x mod ¢q

+ g(@)x logns W Fe s,

4.5 The estimate for S4(x,Q). We recall the definition

S35

q<Q Xmodq - n<y

We notice that (1 —7) = (1 —n)sy, from and clearly

Apgop, * (g - U =m)svi x ) = Apgogy, *x (g - (U =m) % )y, -
Moreover from (24) we have that

((r - Q=) * f) oy, = (M= (g -m)* f) oy = = (g -m) > f) oy, -

So we now can use Remark B4l with f1 = Agg, fo = —(uy-n)xf, N1 = Uy, Na = V1.
In a similar way as we did for S%(z, @), we obtain

* (g (1= m) * ) (n)x ()|

1 1 1 1
Sa(z,Q) < (($5Q2+x)log$+xQ( B +—l))0gliv
Ve Uy log? (v2)



4.6 Completion of the proof. Putting these estimates together it holds that
Si(z, Q) < U1Q? log™ra O Fe
Sh(z, Q) < 2% (UgVa) =0 Q3 logPes O T8ar, O F14e 0y, Q)
+ a7 (UgVa)' ™77 Q2 log s 01885, G e (1 1)
+x 1Ogﬂf(0)+5uf (D+B8ag, (1)+€((EU0‘/2),
XA
Sy (x, Q) < <(x5Q2 + x) log Uy + :c%Q(Ulé + x_%)) log—iiﬂ‘“ <
Ug log? (7)
Ss(2, Q) < g(2)V2Q? log™s O (14,Q) + g(w)wlogs (D H 14,
a—Azm-i-l-i-E x

Si(r, Q) < ((méQQ + ) logz + xQ( 1; + Ll)) log -
W o) el ()
This gives the claim. We must be careful with g(x): in Corollary we have
chosen to incorporate it in L since in the benchmark case we have g(z) = logx but
in general we have to know its growth and understand if it is better to integrate it
in L or in M.

5. THE CHOICE OF Uy, Uy, V1, Vs

Since we have the trivial bounds (Z8) and (Z71) we would like to find four parameters
such that M = o(xQ?). We also note that there is symmetry in M with U; and V7,
so we can always assume U; = V4 and so the scale is Uy < Uy =V < Va. Assuming
that we can choose Uy < Uy = Vi < Vi < x, with Vo/U; > ¢ for some ¢ > 0 then
L < log!™ z, where

= max{Ba,, (0), By (05) + By, (07) + 1, Buy (37) + B, (),

aAfg

Br(0) + Buy (1) + Ba,, (1), T+3 By, (0) + 1, ﬁw(n}.

In view of Lemma [3.I] we have the rough bound for [
e} oy, + o oy, + o
lgmax{ ’;fg, T 4o 1(0y) 4+ 1, ST

2
ay+ o, + o, g, T3 oy,

g +2, g ’_+1}
2 2 2
oszroz#é +any, 4o, Py +20zAfg +2']1(9f)+1}-

+2-1(vy),

< max{

6. THE CLASSIC CASE
In R. C. Vaughan’s basic mean value Theorem we treat

=1 g=log, pp=mp, Asps=A

We have
S 1=z+0(), ST |Am)|* = zlogz + O(x),
n<lz n<zx
Y Am) =z +0(— 21—1 +0(1)
=T logz )’ n o8r ’
n<lz n<zx
A
Z % =logz + O(1).
n<lz

10



In our notation we obtain

B.(0) = B1(0) = 0, ap =1,
Ba(0) =0, Bu(l) =1,
Ba(l) =1
all these values clearly are minima. From Pélya-Vinogradov inequality we have
0 =7 =0.

To satisfy we recall an estimate due to M. B. Barban and P. P. Vehov [1]
related to Selberg’s sieve (see S. Graham for a stronger result [3]). For each 1 <
Vi1 < V5 it holds

(6.1) S Jm ] <
6.1 ‘,u-n *1 n‘ < Vo
— log(v?)
where
1 b< T,
(6.2) nb) = B v <h<
' log (v2) -7
0 b > Va.
As a Corollary of Theorem 2.T] we have the main result of [5].
Corollary 6.1. For each Uy = Up(z,Q) < Uy = Ui(2,Q), V1 = Vi(z,Q) < Vo =
Va(x, Q) it holds
q Z ’
Z — max < ML,
qSQ¢( )xmodq a

where M and L are

M:max{U1Q2 (UOVQ)Q2 z, 22Q2, xQ 7U1 Q, Q}
UO V2

and

lo 3 xzU lo %z
L= max{ log(Uo5@), log*(aUga), 2 1002417, g—v}
log? 7) log(77)

With this result A. Sedunova, in [5], obtained

Theorem 6.2. For each € > 0,

T 5 gl i
7<Q

x mod ¢

This follows taking for Q € [zg/”e, z1/?)
Up=27Q7", Ti=Vi=a"Q', Ve=a7"9Q7"

while for Q € [1,2%/7%¢]
Uy=a7"¢ U =V,=x7, Ve=x7T2,

We remark that the exponent 13/14 is optimal here, i.e. searching for the minimal
A > 0 such that for each € > 0 it holds

Z ¢ maX‘ZA ‘ < (x+:cA+€Q+:czQ2) log”® x

vl

then one can show that only using Corollary [6.1]it cannot be taken A < 13/14.

11



7. APPLICATION TO THE GENERALIZED VON MANGOLDT FUNCTION
The generalized von Mangoldt function is defined as
Ap = p*log”
for k£ € N. One can show the recursive relation
Agt1 = Ay -log +A *x Ay,
and so, in particular, Agx(n) > 0. In [] it is shown that
(7.1) > Ax(n) ~ kzlogh " .
n<w
From the Mobius inversion formula it holds
logh = A+ 1
and so Ay (n) < (logn)¥. We can easily derive from this and (7)) that
Z ’Ak(n)’2 <Lk :I:log%*l x,
n<w
moreover, by partial summation and (Z.I) we have

A T L k—1 t
Z —k(n) =Fklog" 'z + 0(1ogk_1 z) + / %dt ~ log* z.
n

n<lz 1

Finally, Ay € 2 with fa, (1) = k, B, (0) = k — 1 and ap, < 2k — 1. We can use
the main Theorem 2.1 with f = 1, ¢ = log" and then proceeding with the same
choice of U and V as in [5] to obtain

Theorem 7.1. For each k € N, € > 0 it holds
> 5 §:*nm4§:Ak ()] < (@ + 2H7Q + Q%) 10g"*”
a<Q ¢( mod ¢

This is clearly a generalization of Theorem

8. REMARK ON HYPOTHESIS (H4)

We remark that in the classic case it holds something stronger than (61 as S.
Graham has shown in [3]. We too can assume a stronger hypothesis than |(H4)|
(H4’) For each 1 < Vi < V4 it holds

1%
> (Trxf)(n) (T2 £)(n) = Vieg Vi + O(V)
n=1
where

b>V.

This implies |( Indeed we consider the same 7 as in ([G.2), and observe that
ne-py =Ty — Fl)/log(Vg/Vl SO we can write

n@:{?@mu%)bgw

\%4

l%()i‘wnﬁ($=zerW+i®ﬂﬂm

n=1 n=1

174
— 23 (0 x )2 5 f)(n).
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Now we apply three times (H4’) to obtain
2\ — 2
1og2(—2) Z’((W : n)*f)(n)‘ —ViegVi + ViogVe — 2V log Vi + O(V)
‘/1 n=1

and so [(H4)|
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