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A multi-step Lagrangian scheme for spatially inhomogeneous
evolutionary games

STEFANO ALMI, MARCO MORANDOTTI(» AND FRANCESCO SOLOMBRINO

Abstract. A multi-step Lagrangian scheme at discrete times is proposed for the approximation of a nonlinear
continuity equation arising as a mean-field limit of spatially inhomogeneous evolutionary games, describing
the evolution of a system of spatially distributed agents with strategies, or labels, whose payoff depends
also on the current position of the agents. The scheme is Lagrangian, as it traces the evolution of position
and labels along characteristics, and is a multi-step scheme, as it develops on the following two stages:
First, the distribution of strategies or labels is updated according to a best performance criterion, and then,
this is used by the agents to evolve their position. A general convergence result is provided in the space of
probability measures. In the special cases of replicator-type systems and reversible Markov chains, variants
of the scheme, where the explicit step in the evolution of the labels is replaced by an implicit one, are also
considered and convergence results are provided.

1. Introduction

The capability of changing strategy as an adaptive response to the modification of
the surrounding environment in order to maximize a certain payoff is of paramount
importance in decision-making processes. Replicator-type models [21] are a particular
class of dynamical models that feature this adaptivity and are well suited for studying
the evolution of strategies according to their success: Given a pool of strategies, the
occurrence of each of them evolves according to their performance with respect to all
the others; in this way, if a strategy gives a payoff which is higher compared to the
average of all strategies, it is enhanced; otherwise, it is suppressed. This criterion, in the
basic replicator model, is the only one that determines the evolution of the occurrence
of the strategies, which in fact is independent from all other factors, in particular from
the position of the agents that play those strategies. This is a reasonable assumption,
not even a restrictive one, in many cases. For example, in a financial scenario, the
set of (pure) strategies U contains the financial products available to an investor.
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Any combination of them, that is a portfolio, is called a mixed strategy: In a discrete
setting such as this one, it corresponds to the fraction of the capital invested in each
of the different financial products. Adapting the strategy means to allocate resources
differently according to the evolution of the market, and the location the investor is
at when making this decision is likely to not affect the reward of the portfolio. On
the contrary, when the position influences the outcome, the system is more involved,
as more feedback is available, and the adaptive optimization process relies on the
mutual influence of position and strategy performance. We call such a system spatially
inhomogeneous and make them the focus of this paper.

1.1. Overview of the problem and state of the art

The basic, spatially homogeneous, replicator equation of [21] can be enriched to
include spatial dependence of the payoff function: The idea is that the same strategy
adopted in two different places might originate different rewards, precisely depending
on the environment. Therefore, in order to maximize the payoff players can not only
adapt their strategies, but also change their position seeking for the highest possible
payoff. Spatially inhomogeneous evolutionary games, introduced in [5], provide a
general mathematical framework for the evolution of a distribution of players with
their (distributions of) strategies: A space-dependent replicator equation governs the
evolution of the distribution & € P(U) of the strategies u € U while the evolution of
the spatial variable x € R¢ is determined by A.

In the subsequent contribution [31], this approach has been suitably extended as an
abstract toolbox which is capable of rigorously describing the mean-field limit of a
larger class of models which share the following features:

— a multi-agent dynamics in which every agent is characterized by a label u €
U (accounting for different strategies or different populations to which each
individual belongs);

— exchange rates among the labels which are stochastic in nature and, therefore,
are described by the evolution of a probability measure A € P(U).

Several other models, besides the replicator dynamics mentioned above, are included
in this class. The multi-label setting can be effectively used to describe situations in
which the action of every individual is weighted differently according to the species
it belongs to [3,4,16,17,19]. In the theory of mean-field games or in optimal control
theory, labelling is used to distinguish informed agents in the evacuations of unknown
environments, to highlight the influence of key investors in the stock market or of
strong leaders in opinion formation [11,13,18,39]. The addition of source and sink
terms in the spirit of [34] and of label switching [38] can be successfully dealt with
in this class of models. Relevant applications where label switching may occur come,
for instance, from chemical reaction networks, where a particle may change its type
as a result of the interaction with the others [27,32,33]; also in social dynamics, loss
or gain of opinion leadership over time is a natural postulate, as it happens in [18,
Section 3.b].
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The framework proposed in [31] couples a nonlinear transport dynamics for the
positions x € R? of the agents with a Markov-type jump process for the labels A €
P(U) (see Sect. 2). The mean-field limit of the model was proved to be a nonlinear
continuity equation of the form

¥, + div(by, ¥) =0 N

in the space of probability measures over the pairs (x, A) € RY x P(U) driven by
a velocity field by (x, 1) depending on the global state of the system ¥ € P(R¢ x
P(U)). These equations are part of a general class which is of great interest in the
mathematical community [6, Chapter 8] and can be studied both with a Lagrangian or
a Eulerian approach. On the one hand, the nonlinear continuity equation expresses the
Eulerian point of view tracing the evolution of the global state ¥. On the other hand,
a notion of solution can also be provided by the Lagrangian point of view tracing the
characteristics, which are, in our case, solutions to an ODE in a suitably constructed
Banach space.

Given an initial datum Q/\, a solution ¢ — ¥; of the initial value problem for the
nonlinear continuity equation is called a Eulerian solution, whereas a curve t — ¥
obtained via the push-forward of v through the flow map associated with the ODE

(X, 4) = by, (x, 1) (2)

is called a Lagrangian solution. Since Lagrangian solutions are also Eulerian solutions,
the equivalence of the two notions follows if one is able to prove that Eulerian solu-
tions are also Lagrangian. For the model studied in [31], and also for other relevant
ones [14], these two notions of solution are equivalent. This has been achieved by
means of the superposition principle (see [36], and also [6, Theorem 8.2.1], [8, Theo-
rem 7.1], and [5, Theorem 5.2]), which provides the uniqueness of Eulerian solutions
[5, Theorem 5.3]. Furthermore, the Lagrangian formulation has been used to propose
discretization schemes to solve the nonlinear PDE numerically [15,25,26,29,35].

Moreover, the Lagrangian point of view has been used in [5] to provide a heuristic
derivation of the nonlinear continuity equation arising as the mean-field limit of the
spatially inhomogeneous replicator dynamics. Let us briefly discuss this derivation.
Denoting by 7 = T /N the time step, if an agent attime ¢t = ih,fori € {0,..., N—1},
is in the position x with mixed strategy A, first they optimize the strategy distribution
following a homogeneous replicator dynamics of the form

W= Ty, (x, ) . 3)

Here, 7y, (x, A) is the payoff operator determining the enhancement or suppression
of the strategies; it depends on the random state (x, A) and also on the current distri-
bution ¥;. In the setting of [5], the operator 7 is quadratic in A. After updating the
strategy portfolio, the agent updates its position x to

x i=x+hv(x,u), “)
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choosing u with probability A’. The above two equations completely determine the
conditional probability of having an agent in a state (x’, A’) at time ¢ + & given the
distribution ¥;. Equivalently, the new distribution ¥, can be defined via duality by

f ¢ Ay AW (x, 1)
RIxPU)
=/ </ ¢(x+hv(x1u),)»+th/,(X,)»))d)»/(u)>d%(x,?~)
RIxPWH\ JU

where ¢ : R4 x P(U) — Ris of class C!. By a formal first-order Taylor expansion,
we have

/ (1) AW (6, X))
RIxP(U)
=/ [¢(x. 1) + hVe(x, 1) - by, (x, 1)] d¥;(x, 1) + o(h),
RIxPU)

where

/ v(x, u)di(u)
v Ty (x, \)

by, (x, 1) =

In the formal limit for 4 — 0, we obtain the weak formulation of the nonlinear
continuity equation (1). A related heuristic derivation has been outlined also in [2,
Remark 4.1], in the context of a leader—follower dynamics which also fits in the
setting of [31]. In this case, the Rd—component of by also depends on ¥, whereas
the A-component acts linearly on A, modelling a Markov chain on U.

We point out that in this paper we neglect diffusive terms as a general existence the-
ory is still missing. Even in the literature of mean-field games, well-posedness results
have been shown only for the so-called potential games [24]. For these, numerical so-
lutions have been proposed, see, e.g., [1], which are based on the iterative solution of a
backward—forward system. In our setting, a first step towards including diffusion has
been made in [10], where an entropic regularization for the spatially inhomogeneous
replicator dynamics (see also Sect. 4) has been considered.

1.2. Results of this paper

The main objective of this paper is to present a rigorous proof of the formal derivation
described above, by means of a multi-step Lagrangian scheme. The scheme we propose
is suitable for approximating all equations in the class considered in [31] (we refer to
Sect. 2 for the precise details). The method is a Lagrangian one as it is based on the
approximation of the ODE (2), and it is multi-step because the updates of x and A do
not happen simultaneously, but follow the heuristics described above. Indeed, first we
make an incremental step in A and then use the updated A" to make the incremental
step 1n x.
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Since the velocity field b depends explicitly on ¥, at each incremental step the
updates of x, A, and of the distribution ¥ involve three substeps, which are the rigorous
formalization of the heuristics discussed above. To be precise,

— first we update A to A’ in the spirit of (3) (see (8));

— then we transport A’ to the state of the system ¥ (see (11)). This amounts to
assuming that all the agents know the optimal label distribution A" of the other
agents;

— then we update the positions x to x’ in the spirit of (4) where the velocity field
depends on 17 (see (12)). Notice that, in our general framework, the velocity
field depends on ¥ and this makes the previous step necessary;

— finally, we update the global distribution to ¥’ keeping both x” and A into account
(see (15)).

Our first main resultis Theorem 1 in Sect. 3 on the convergence of the scheme presented
above.

In Sects. 4 and 5, we turn our attention to the case of the inhomogeneous replicator
dynamics considered in [5] and to the leader—follower-type dynamics of [31, Sec-
tion 5.1], respectively. More in general, for the second case, we assume that 7y (x, A)
is a Markov chain on a finite space of an arbitrary number n of labels.

In the spatially homogeneous case, that is, when there is no x dependence in the
vector field b, in both situations the evolutions of the A-components are gradient flows
of suitable energies with respect to certain metric structures, and the solution can
be approximated via a minimizing movement scheme [6,22]. The spatially homoge-
neous replicator equation is a gradient flow with respect to the spherical Hellinger
distance (36) of probability measures. (This could be obtained, for instance, for a
proper choice of f in [23, formula (1.8)].) The spatially homogeneous Markov-type
jump processes are the gradient flow of an entropy-like energy penalized by a distance
induced by the transition matrix [28,30].

We investigate the compliance of these structures with our algorithm. More pre-
cisely, we elaborate an implicit—explicit scheme where the explicit step (3) is replaced
by a minimizing movement step suggested by the aforementioned gradient flow struc-
ture (see (39) and (82), respectively). A relevant difficulty in the spatially inhomoge-
neous setting is that the energy and the dissipation distances that we consider may as
well depend on the state ¥, which changes from step to step. This extension is far
from trivial and requires a careful analysis of the related Euler conditions, which is
partially inspired by [20, Section 4.2] for the case of the replicator dynamics. This is
done is Propositions 3 and 5, respectively, where we show that the deviation from the
explicit scheme is uniformly controlled by the vanishing time step.

The two main results of Sects. 4 and 5 are given by Theorems 2 and 3, proving
the convergence of our multi-step Lagrangian scheme to the unique solution to (1.
In particular, Theorem 2 is a global-in-time convergence result for the spatially inho-
mogeneous replicator dynamics, whereas Theorem 3 provides a short-time existence
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result for a well-prepared initial datum for spatially inhomogeneous Markov-type
jump processes.

The paper is structured as follows: In Sect. 2, we introduce the structural assumptions
on the systems that we consider. In Sect. 3, we describe the multi-step Lagrangian
scheme, which we apply to the inhomogeneous replicator dynamics in Sect. 4 and to
the inhomogeneous Markov-type jump processes in Sect. 5.

2. The mathematical setting
2.1. Basic notation.

Given a metric space (X, dx), we denote by M(X) the space of signed Borel
measures u in X with finite total variation |||y, by M4 (X) and P(X) the con-
vex subsets of nonnegative measures and probability measures, respectively. We say
that u© € P.(X) if u € P(X) and the support spt i of  is a compact subset of X.
Moreover, for K C X we will use the notation P(K) to indicate the set of mea-
sures i € P(X) such that spt u € K.

As usual, if (Z, dz) is another metric space, for every u € M (X) and every u-
measurable function f: X — Z, we define the push-forward measure fzu € M (Z)
by (fyn)(B) = w(f~Y(B)) for any Borel set B C Z. The push-forward measures
has the same total mass as u, namely w(X) = (fz)(Z2).

For a Lipschitz function f: X — R we set

w0
PO R )

its Lipschitz constant. We denote by Lip(X) and Lip,(X) the spaces of Lipschitz
and bounded Lipschitz functions on X, respectively. Both are normed spaces with the
norm || flLip := || f llco +Lip(f), where ||-|| o is the supremum norm. Furthermore, we
use the notation Lip; (X) for the set of functions f € Lip,(X) such that Lip(f) < 1.

In a complete and separable metric space (X, dy), we shall use the Kantorovich—
Rubinstein distance W in the class P(X), defined as

Wi, v) == sup{/ <pdu—/ pdv:g eLipl(X)}-
X X
Notice that Wy (u, v) is finite if u and v belong to the space
Pi1(X) = {,u e P(X): / dy(x, x)du(x) < +oo for some x € X}
X

and that (Py(X), Wy) is complete if (X, dx) is complete.
If (E, |- ||g) is a Banach space and u € M (E), we define the first moment m2 (11)
as

mi () :=/EIIXIlEdu~
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Notice that, for a probability measure w, finiteness of the above integral is equivalent
to u € P1(E), whenever E is endowed with the distance induced by the norm ||-|| g.

For a Banach space E, the notation C ; (E) will be used to denote the subspace
of Cp(E) of functions having bounded continuous Fréchet differential at each point.
The notation V¢ (-) will be used to denote the Fréchet differential. In the case of a
function¢: [0, T]x E — R, the symbol 9; will be used to denote partial differentiation
with respect to t. The symbol (-, -) will be used to denote duality products, with no
further specification if the meaning is clear from the context.

2.2. Functional setting

We consider a set of pure strategies U, where U is a compact metric space, and
we denote by ¥ := R? x P(U) the state space of the system. Precisely, for every
y = (x, 1) € Y, the component x € R? describes the location of an agent in space,
whereas the component A € P(U) describes the distribution of labels of the agent.

The correct functional space for the dynamics (see also [5,31]) is the space Y =
RY x F(U), where we have set (see, e.g., [7,9] and [40, Chapter 3])

F(U) = span(P(0)) " C LipW))'. )

The closure in (5) is taken with respect to the bounded Lipschitz norm ||-||gL, defined
as

lleliBL == sup { (1. @) : @ € Lip(U), llgllLip < 1}  forevery u € (Lip(U))".

We notice that, by definition of || - ||gL, we always have

lellsL < lllltv  forevery p e MU).

In particular, ||A||gL < 1 for every A € P(U).
We endow Y with the norm

Iylly = 11, My =[x + [[AllBL -

For every R > 0, we denote by By the closed ball of radius R in R and by B}g the
ball of radius R in Y, namely BY = {y € Y : lylly < R}. We notice that Bfe is a
compact set, as Y is locally compact by our assumptions on U.
Asin [31], we consider, for every ¥ € P;(Y), the velocity field vy : ¥ — R4 such
that
(v1) forevery R > 0, vy € Lip(B%; RY) uniformly with respect to ¥ € P(BL), i.e.,
there exists L, g > 0 such that

[ve (y1) —ve ()| < Ly rllyt — »2lly  forevery y1,y2 € Y5

(v2) forevery R > O there exists L, g > 0 such that for every ¥, ¥, € P(B,’g) and
every y € B%

vy, () — vy, (V)| < Ly gW1 (W1, ¥2) 5
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(v3) there exists M, > 0 such that for every y € Y and every ¥ € P (Y)

e (M| < My(1+ Iylly +mi(®)).

As for 7, for every ¥ € P1(Y) we assume that the operator 7y : ¥ — F(U) is
such that

(7p) forevery (y, ¥) € Y x P1(Y), the constants belong to the kernel of 7y (y), i.e.,
(Ty (y), 1>.7—‘(U),Lip(U) =0;
(77) there exists M7 > 0 such that for every y € Y and every ¥ € P (Y)

176 WL < M7 (1 + llylly + mi(¥));

(72) forevery R > 0, there exists L7 g > 0 such that for every (y1, ¥1), (y2, ¥2) €
BE x P(BY)

170, (1) = To, )y < L7 g (1 — y2llBL + Wi (&1, ¥2));

(73) for every R > O there exists §g > 0 such that for every (y, ¥) € B}; x P1(Y)
we have

Ty (y) +8pA > 0.

Finally, for every y € Y and every ¥ € P1(Y) we set

= (). ©)

which is the velocity field driving the evolution (see (7)).

3. The multi-step Lagrangian scheme

Let ¥ € P.(Y) be a probability measure on ¥ with compact support in Y. Given
T > 0, forevery k € N\ {0} weset ty : —T/k and, fori € {0, ..., k}, tik =0T

We now show how to construct a curve ¥¥: [0, T] — P;(Y), defined piecewise on
each time interval [tl.k, liy 1k1, which approximates a solution ¥ € C([0, 1]; P1(Y))
of the initial value problem for the nonlinear continuity equation

W +div(by, W) =0, Y=U. @)

Let lP(/)‘ := W. In each interval [tl.k , tl.k+1), assume the measure lI/l-k € P1(Y) to be

known. With this knowledge, we update the state of the system with the following
procedure, consisting of two steps.

Step 1. We update the label A G5 (t) € P(U) of aplayer that at time tl.k sitsin X € R?

with label A € P(U) by setting

Koy . k
sy ) = sy T Ty (R 45 @) - ®
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At this stage, we assume that A G5 (tk ) € P(U) and we continue with the construc-

tion of the piecewise affine interpolant between A . G (t ) and A G0 (t; +1) defined as

k k
the function A( il Bl tH_l] — P(U) such that
=t tk = .
( ain O = T A, A)(terl) + o U ©)

In Lemma 1, we show that the assumption A( < A)( +1) € P(U) is actually satisfied

for k large enough (and therefore t; small enough), independently of i =0, ..., k—1.

G1v1ng Lemma 1 for granted for the time being, we define the map Al nE [tk 3 +1] X
d % P(U) — PU) as

1(t £, = A(X A)t+l(t) for every (¢, £, 1) € [l , z+1] x R? x P(U),
(10)
and transport it to the state of the system by defining
Gy = Gds Ay - )W € Pr(Y). (1n

Step 2. In the second step, we update the positions of the players. Precisely, a player
that at time t,.k sits in the position X with label A will now move following the velocity

field given by vy (x(fy PRGN x’(‘x 2.1 £.1)). which is determined by the updated
label k’(‘ P (tl Jrl) just obtained in (8). Hence, we set
X iy i) =X ) () + woge (v 5 @), A s GD) . (12)
Alsoin this case, we can define the afﬁne1nterpolantbetweenx(x P (t )andx<x 5 (tl )
as a function x( i1’ [lk, ’zk+1] — Rd, by
— ¢k r—tk
PO Tlxm)(r{;l) + (1 - Tl)xoz,i)(fik)- (13)

We notice that (13), in contrast to (9), is always well defined, since R is a convex
space and the velocity field is an element of R4,
Eventually, we define the map Xf_H : [ <, l+1] x RY x PU) — RY as

XE @, %, 0) =k (t) forevery (t,%,4) € [t tf 1 x RY x P(U) (14)

&A).i+1
and we set, fort € [tik z+1]
W = (X0 Al a0) ek = etal. s

For later use, we also define

k() .= Wk, foreveryr e (tf,1f 1, (16)
wk@) .= v} foreveryt e [rf,1f, ). (17)
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By an application of Gronwall inequality, in the following lemma we give an esti-

mate of )xli . (t)} and ‘)\]ﬂ () ” in terms of |x| and ||i||BL. As a conse-
(x,1),i+1 (x,1),i+1 BL

quence, we deduce that the above construction is well defined for 7 sufficiently small

and can be iterated overi = 0, ..., k — 1, since the initial condition ¥ has a compact

support in Y. This indeed implies that each lllik belongs to P.(Y) € P1(Y).

Lemmal. Let ¥ ¢ P.(Y). Then, for k large enough the curves W*(-), wk(.),
and Wk(~) are well defined from [0, T with values in Py(Y). Furthermore, there
exists R > 0 independent of k and t such that ¥*(¢), W% (1), k(1) € P(B%).

Proof. Along the proof of the lemma, we denote with AR (#, x0, ko) and x¥ (¢, x0, Ao),
for (xp, Ao) € spt&/\ =: &, the curves obtained by iteratively solving the difference
equations (8) and (12) in each interval [tl.k, tik+1] starting from (xg, A) at time fo = 0
and using, at each node tl.k, i=1,...,k—1, A= )»k(tl.k, X0, Ap) and X = xk(tik, X0, A0)
as new initial conditions.

As we have already noticed above, the curve xk(t, X0, Ao) is well defined as long
as Ak (t, xg, Lo) and the measures 1171.]‘ are. Therefore, in order to prove the lemma it is
enough to show that, for 7z small enough, for every (xp, Lo) € spt ¥ the piecewise
linear interpolant A* (¢, xo, Ao) always belongs to P(U). This can be done recursively
by arguing on each interval [tik, tl.k+1], i=0,....,k—1.

To simplify our estimates, we define the piecewise constant interpolation functions

(1, x0, 20) = X1, x0, 20) . 2K (1, x0, ko) = 25(1F, x0, 20)  fore €[4}, 15, ),

—k
K (t, x0, ko) 1= AK(15 1, X0, o) fort € (i, 1}, 1.
(18)

Fori = 0, we have that the initial condition Ao € P(U); hence, there is nothing to show.
Assuming that Ak(t’?,xo, ro) € P(U) forevery j = 0,...,i and every (xg, Ag) €
spt 117, we show that A (tl.kJrl , X0, A0) € P(U) for k large enough, independently of i
and of the initial condition (xg, Ag). Since, recalling (8) and (9), we define

W, x0, M) 1= 15(2, x0, 20) + (1 — 1) Ty (2 (1, x0, 20), 24 (2, x0, 20))

for t € [tl.k, tl.k+1]; by assumptions (7p) and (73), we are led to showing that the
piecewise constant interpolation functions )_ck (t, x9, Lo) and Ak (t, x0, Lo) are bounded
inR4 and F(U), respectively, uniformly with respect to (xg, Ag) € Sandt € [0, tl.k+1],
and that the bound does not depend on i. Indeed, if this is the case, let R’ > 0 be such
that (x*(, x0, ko), Ak (2, x0, 20)) € B, forevery € [0, £, | 1and every (x0, Ao) € S.
In particular, by construction (17) of ¥¥(r) it holds ¥*(r) € P(BI);,). By (73), there

exists 8 > 0, independent of k, i, and (xg, Ag) € S, such that for ¢ € [tl.k, tl.k+ 1]

1
A 1= =Ty (20, %0, 20), A4(1, %0, 20)) + 251, 30, 30) 2 0.
R
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In particular, assumption (77) implies that Ag € F(U) and satisfies

| vt M F o Lipwy | < IInllco Az lIBL »

so that Lz can be extended in a unique way to a linear and continuous operator
on C(U). The Riesz representation theorem yields that Az € M (U). Moreover,
by (7p) we get

k
()\'R/9 1).7'—(U),Lip(U) = <L (tvx()’ )"0)7 1>.7-'(U),Lip(U) = 17

which implies Agr € P(U). By the convexity of P(U) we deduce that whenever
T < 1/ép

(1, x0, ho) = 251 x0, 2o) + (1 = 1) Ty 4y (" (1, 20, o), 4 (1, x0, 20)) € P(U)

foreveryt € [tik, tl.k+1 ]. Being the upper bound R’ independent of i and of (xg, Ag) € S,
also &g/ is. Hence, the trajectories x*(, x0, o) and AX(-, xg, Ao) are well defined
from [0, 7'] with values in R? and P(U), respectively.

In order to conclude that the interpolation curves xk(z, x0, 20) and AX(z, xo, Ao) are
well defined, we have to estimate |)_ck (t, x0, Lo)| and I|Ak (t, x0, Lo)||BL for (xg, Ag) €
S. Since we are assuming that 2k (tf, x0, »0) € P(U) for j € 0,...,i, we have that
1A (%, x0, 20)|IBL. < 1, and the same holds for || A% (¢, xq, A0)|IBL. As for x* (¢, x0, o),
using (12) and (v3) we get

k

i —k
|'£k(t7 X0, )"0)| S |-x0| + / ‘U@k(r)(ék(f, X0, )\'0)’ A (T’ X0, )"0)| dT (19)
0

t
<tool+ [ M(342 sup (i D)) dr.
0 EMEN

Let us now fix » > 0 such that S C B! and let

fe®) == sup |xF(t, %, ).
&,0)es

By taking the supremum over S in (19), we deduce that
t
sty v+ [ 3m,0 4 Ao dr. 20)
0
Applying the Gronwall inequality to (20), we infer that

fi@®) < (r +3M,T)MT 1)

Setting R' := 1 + (r + 3M,T)e3™»T | we have proved that the piecewise constant
interpolation function ¢ > ()_ck (1, x0, A0), AX (2, x0, X0)) belongs to B};, forevery t €
[tik , tl.k +1) and every (xg, Ag) € S. In particular, we notice that the above computations
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are independent of the choice of i, as long as we know that Ak (t;?, X0, A0) € P(U) for
every j =0, ..., and every (xg, Ag) € S. With this control at hand, we conclude, as
explained above, that (8) and (12) are well posed.

Finally, we estimate x*(z, x0, 20). For (xo, Ao) € spt@ and ¢t € [0, T], by (v3) we
have

t
—k
|xk(ta X0, A‘O)' S |'x0| + \/(\) |v\]7k(f) (ik(l—a X0, )"O)a )" (f, X0, )“0))’ df

<r+2M,(1+ R)HT.

(22)

Setting R := max{R’, r +2M,(1 + R')T + 1}, we obtain that ¥¥(r), Uk (), ¥* (1) €
P(B}g) for every ¢ € [0, T] and every k € N large enough. U

In the next proposition, we show that the curve ¥* () solves the continuity equation
(7) up to an error of order t.

Proposition 1. Let Ve P(Y), let Wk [0, T] — P1(Y) be the curve defined in (15)
starting from W, and let W% be as in (16). Then, the following holds: There exists a
positive constant C such that for every ¢ € Cg (R4 x F(U)), every k € N, every

i€{0,....k—1}, andeveryt € (i}, 15, ),

d
E/ch(x,k)dllfk(t)(x,k) =/YV<ﬂ(x,)\)~bq/k(,)(x,/\)d'l'k(t)(x,)\)+l9k(<p),
(23)

where |9(¢)] < Cligll ) .

Proof. Letus fix ¢ € Cé (RY x F(U)) and ¢t € (tl.k, tik—&-l)‘ By definition of wk(r), we
have that

d d

— /w(x,dek(t)(x,x):—/w(X,’-‘H(t,x,x),Ai-;](r,x,x)) dwf(x, 1)
dt Y dr Jy

:/;fop(XfH(t,x,A),Af.‘+1(t,x,)\)) gk (o, AL @F X 0) def e b

+ /Y Vi (XK, (16,00, A (1%, ) - Ty (6 D ABE (e, 2, (24)

where ¥k (1) and ¥ ¥ (¢) are defined in (16) and (17), respectively. In order to obtain (23)
from (24), we have to estimate the following quantities:

I

Li(x,A) = (v@k(,) (s AF L (tE X ) = v (XEL (1, x, 0, AR (1, x, )

Lx, A = HTgk(t)(x, 2 = Tyrgy (XK, (8, x, 20, 4K, (2, x, ,\))HBL

for (x, 1) € sptlllik C B}g, where R has been determined in Lemma 1.
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Let us start with /7. By triangle inequality, we have

Ii(x, %) < ‘U@k(t)(X, A (%, 0) = vk (XF L (4 x, 1), Ay (@ x, )‘))’

+ ’v@k(,)(xfﬂ(t, X0 A (0 x 0) = vk (XEL (0 x, 0), AF, (2 x, /\))‘
=11 (x, A+ a(x, A).
(25)
Since l1~/k(t) € P(B%), hypothesis (v1) implies that

NG, b)) < Ly r(IXE (e 0) — x|+ 1A% @l xo ) — AR x, ) llse)
! r X ’ik+1
< LU,R</k |vl17k(r)(x,Ai+l(ti+1,x,)»))|dt+/ [Ty (x, 1) | 5y dr),
i t !

where, in the second inequality, we have used the systems (9) and (13). By (v3)
and (73), we can continue with

t
Ii(x,2) < Lv,R<Mv /k
i

(1 + x| + 1A% (tEy x W L + my (PR (1)) de

tikJrl k (26)
+MT/ (14 %] + IAllBe + m (¥5) de
t

<Ly, rR(My+M7)(1 +2R)7% .
As for I 2, thanks to assumption (v2) and to Lemma 1 we get

Ii2(x, &) < Ly g Wi (5 (1), wk(1))

=Lyr sup { / n(x’J’)d@"(t)—wk(r))(xcx)}
Y

neLip;(Y)

=Ly,g sup { / [nCe, A (F Ly X 00)
neLip; (v) LJy
—n(XE (6 x A, AR X 0 A m}
< Log / [lx — X%, (2, 2]
Y

AR (L x A — AR (X A L] A (e, )

t
<Lyr /(/k |v@k(r)(x, Af-‘+1(tl.k+1,x/’ )J))| dr
Y\ Ji
i1
+ / | Tgr ", 2 | dt) dwk (', 1)
t 1

<Ly Rk /-<|Ul;k(r)(x, Ai-(Jrl(tikJrl, X, )J))‘ + ”ka(x/’ 2 ”BL) dlllik(x/, 2.
Y 1
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Making use of (v3) and (73) and recalling Lemma 1, we can continue with

Lip(x, ) < Ly g(My + M) Tk/

(1 11 AL @ X WDl + 1 s,
Y

i (FE0) +mi () v, )
< 3Ly g(My +M7)(1 + R 27)
Combining (25)-(27), we get
Li(x,A) < Ci7, (28)

for some positive constant C| independent of k, 7, ¢, and (x, A) € sptlI/l.k.
Let us now estimate /. By Lemma 1 and by assumption (73), we get

L(x,2) < Ly r(lx — X5 (0, W1+ 10— A% @ x, W s

29
+ Wik @), wk@))). @

Arguing as in (25)—(28), we deduce from (29) and from the hypotheses (vi), (v3),
and (73) that

L(x,2) < Crry (30)

for some positive constant C; independent of &, 7, ¢, and (x, A) € sptlI/l.k.
We are now in a position to conclude the proof of the proposition. We rewrite (24)
as

%/Yw(x,,\)dwk(r)(x,,\)

=/Yngp(Xl]»‘H(t,x,k),A§+](t,x,k))~
gk (XE ( x,0), A (2 x, ) A (e, 1)
+/YW¢(X,’.‘+1(t,x,x),A{?H(t,x,x))
Tk (X (2, x, 0), AN x, 1) dorf (e, 1)
+/YVx<p(Xf‘+1(t,x,A),Ai-‘ﬂ(t,x,)»)) (Vg (v, AL A0, )

— vk (XEL (0 x, 0), AFL (1, x, 0)) doF (x, )

+ /y Vi (XE (tx, 20, AL (2, 0) - (Tyr g (x. 1)
— Tk (X5 (0, x, 0), ARG, x, 1)) dWF (x, 1)

=/w(x,)\).bwk(,)(x,/\)dwk(t)(x,/\)
Y

+/ VX‘P(XfH(’vX”\)’Ai'{+1(t’x’k)) - (vgrg) (v, A§+1(If+1vx”\))
Y
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— Vg (X5 (0, %, 0), AR x, 20)) dwf (e, )

+/YW¢(X{.‘+1(I,x,A), Af (8x,0) - (T (6. 0)

— Tk (XE (8, x, 0), AR, x, 0))) A (x, 2)
=:/pr(x,x)-bwk(t)(x,x)dwk(z)(x,x)+ﬁk(<p).

We conclude by noticing that, thanks to (28) and (30), the term ¥ (¢) above can be
estimated by

@) < ligllc /Ym(x,x) + L(x, 1) AW, 2) = Cligll ey

for a positive constant C independent of k, ¢, and ¢. O

Theorem 1. Let ¥ ¢ Pe(Y) and let wk() be defined as in (15). Then,

lim sup W (@), ¥ (1)) =0,
k=00 te[0,T]

where the curve ¥ € C([0, T]; (P1(Y), Wy)) is the unique solution of (7) with initial
condition ¥ (0) = V.

Proof. The existence and uniqueness of the solution to equation (7) follow from [31,
Theorem 3.5], sothat ¥ € C([0, T']; (P1(Y), Wyp)) is well defined.

Letg € CL([0, T1xY).Inview of Proposition 1, forevery k € N,i € {0, ..., k—1},
and every ¢ € (tl-k, tik+ 1)» we have

i/qb(t,x,k)dd”‘(t)(x,k): / abt, x, 1) dwk @) (x, )
dt Jy Y

+/ Vo (t,x, 1) - byig(x, 1) d¥*(1)(x, 1)
Y
+9k(¢(tv ) ))s

where [0¢(¢(t, -, )| = Crll@llc) j0.71x7) uniformly in [0, T]. By integrating the
previous equality over time, we deduce that

f¢<t,x,k)dwk<t)(x,x)—f¢(o,x,x>du7(x,x)
Y Y
t
:/ /8t¢(r,x,k)dl1/k(r)(x,k)dr
0 tY 31
+/ /w)(r,x,x)-bwk(,)(x,x)dlpk(r)(x,x)dr
0 JY

t
—i—/o Oc(p(z, -, -))dr.

In order to pass to the limit in (31), we have to determine a candidate limit for k().
In Lemma 1, we have already shown that the supports of ¥¥(r) are contained in a
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compact subset of Y. We now show the equicontinuity of the sequence ¥* with respect
to Wi.Givens, t € [0, T], we show that W (II/k(s), lllk(t)) < L|s—t|forsome L > 0
independent of k. By triangle inequality, it is enough to show it for s, ¢ € [tik, tl.k 1l
Arguing as in the proof of Proposition 1, we obtain

Wi (WK (s), (1)) < 3(M, + M7)(1 + R)|s — 1], (32)

where R has been defined in Lemma 1. Hence, Ascoli—Arzela theorem yields that there
exists ¥ € C([0, T1; (P1(Y), Wy)) such that, up to asubsequence, W; k@), o) —
0 uniformly with respect to ¢ € [0, T]. In particular, ¥ (0) = ¥ and () e P(B%),
since spt¥k(r) € B}; for every k and every ¢.

It remains to show that ¥ is a solution to (7), from which we would deduce that
¥ = ¥ and that the whole sequence ¥* converges to ¥. The first line of (31) passes
to limit as k — o0, since the test function ¢ belongs to C;([O, T] x Y) and the
convergence of WX in Wy is uniform in time and implies the narrow convergence. The
last term on the right-hand side of (31) tends to 0, since it holds

t
/0 1Ok (@ (T, -, )] dT < CTTk“(b”Cg([(),T]X?) .

We conclude by estimating

t
/ /7V¢(t, X, 1) by (x, MA¥F () (x, MdT
0JY

t
—/ /quS(t, X, 2) - big g (x, AAY (1) (x, Mdt
0JY

, (33)
<19l fo f? 1Dt iey (s 1) = by (s Wl dWF (1) (x, 1) de

t

“

0

By [31, Proposition 3.2], Lemma 1, and Assumptions (vy) and (73), the first term on
the right-hand side of (33) can be estimated by

ﬁv¢(r, X0 b, (1, 1) AW (1) — T (D) (x, A)’ dr.
Y

t
I$llc) (Lrw + Lr.7) /0 W@ (@), T () dr - 0

as k — oo uniformly with respectto ¢t € [0, T'].
As for the second term, we first notice that, by [31, Proposition 3.2] and Lemma 1,
the function (x, A) +— b@r)(x, 2) is continuous from Y to Y and is bounded on B}g.

Since w¥ (t) converges narrowly to W (1), for T € [0, ] we have

lim ’ /7V¢(1:, X, ) - b@r)(x, A) d(lI/k(t) —¥(1)(x,1)|=0.
Y

k— 00
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Furthermore, by (v3) and (7;) we have the uniform bound

Mvwr,x, ) - b gy (x, W) AW (1) = T (1)) (x, 1)
< 4I|¢||c; (My + M)A+ R)¥*(x) = (D) |ty
< 3I|¢||c11 (My + M7)(1+ R)

for t € [0, t]. Thus, by dominated convergence also the second term on the right-hand
side of (33) tends to zero as k — oo.
Eventually, we infer that passing to the limit k — oo in (31) we get the equality

/¢(t,x,K)d@(t)(X,)»)—/¢(0,x,k)d‘ﬁ(x,?»)
Y Y
t
Z/ ‘/8[¢(T,x,)\,)da(f)(x,)\.)
0 JY

t
+/ /V¢(t,x,k)-b@(r)(x,k)da(r)(x,k)
0 Jy

for every ¢ € Cé([O, T]1x Y) and every t € [0, T]. This concludes the proof of the
theorem. O

4. An implicit—explicit scheme for the inhomogeneous replicator dynamics

We discuss in this section a different discrete-time approximation of the continuity
equation (7) for the operator 7y : Y — F(U) corresponding to the transition operators
considered in [5] (see also [31, Section 5]) for the replicator equation (first introduced
in [37]; see also [21,41]), namely

Ty (x, M) = (// JCo,u, x' uyd)N W) dw (x/, \)
Y JU

—/ﬁ/ J(x,u,x’,u’)dk’(u’)dlll(x’,)»’)dk(u))k
vJrJu

defined for every ¥ € Pi(Y) and every y = (x,1) € Y. In (34) we consider a
function J : (R? x U)? — R such that

(J1) J is locally Lipschitz continuous with respect to all of its variables;

(J») there exists M; > 0 such that for every (x, u, x’, u’) € (R? x U)?

(34)

|G, u, X u)| < My (14 x| + X))

For simplicity of notation, from now on we will write
(Jx¥)(x,u) = ﬁ/ JOo,u, x' uydd Wy dw (x', V),
Y JU

(JxW, L) (x) = / (J @) (x,u)dr(u),
U
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so that (34) can be written as
Ty (x, 1) = ((J * W) (x, ) — (J xW,A) (x))A. (35)

The following proposition holds.

Proposition 2. [31, Proposition 5.8] Under the assumptions (J1)—(J2), the opera-
tor Ty defined in (34) satisfies the conditions (79)—(73).

We now introduce the spherical Hellinger distance between probability measures
2 : e 2
HS”(A1, A2) := inf 1 lw; )|~ dp;(w)dzt = p € C([0, 1]; P(V)),
o Ju
w e L0, 11 x U dp), f; = (wt - [ w dm)pt,
U
PO = A1, p1 =)»2},

defined for every Ay, A € P(U), where L2([0, 1] x U;dp) denotes the space of
functions which are square-integrable with respect to the measure p. For later use, we
also define the Hellinger distance between nonnegative measures: For every 1, o €
M, (U), we set

(1!
H2 (01, 12) = ”‘f{zfo /|w,<u)|2dpt(u>dr  p e C([0, 1: Mo(U)),
U
w e L*([0,11 x U; dp), pr = wy pr, po = i1, p1 = m}

1 1.9
dup )2 duz )2 .
= _ dl,(, N
v L\dp* du*

where u* € M (U) is such that i1, upy < p*. We notice that HS? can be expressed
in terms of H? through

H2 (L1, A2)?

> > for every Ay, A2 € P(U), (36)

HSz(M, A2) = arccos <1 —

and that the following chain of inequalities holds:

A1 — Az2llBL < lIA1 — A2]lTV

< 2H(\. 72) < 2HS(u1. 32) for every Ay, A2 € P(U). (37)

In the spatially homogeneous case, the replicator equation is a generalized mini-
mizing movement [6] for the functional

Trom() 1= —2 / / T, 1) dh(u) dA ')
8 JuJu



A multi-step Lagrangian scheme for spatially

with respect to the spherical Hellinger distance. In the spatially inhomogeneous setting,
the payoff functional has a bilinear dependence on ¥ and A: For every ¥ € P (Y)
and every (x, L) € Y, we set

Ju(x, 1) = —2((J x¥), A), (38)

1
4
(the factor }1 instead of % is due to the dependence on A which is now linear). We
modify the scheme in Sect. 3 by replacing the finite difference (8) with a minimizing
movement. Namely, in the interval [tik , tik +1) let lI/ik € P(U) be given and define, for
every (¥,A) € Y,

. . 1 A
Mt iyl = argmin {Jwik(x, P+ S0 e P(U)} D)

Notice that the measure A G+l € PU) is well defined, as P(U) is compact and
k k

~ #4041 Aigr
and 11/111 | exactly as in (9), (10), and (11), respectively. The second step (12) in the

the functional in (39) is strictly convex. Therefore, we can define A

space variable remains instead the same, so that xﬁ?,i),i+l’ X,’.‘H, Wik+1 are as in (13),
(14), and (15), respectively. We further refer to (15), (16), and (17) for the definition
of the interpolation curves gk, l;k, and gk.

The next lemma gives an estimate on the size of the support of lI/l.’jrl and @i’jrl,
showing that they belong to P.(Y) € P;(Y) foreveryk € Nandeveryi € {0, ..., k—

1.

Lemma 2. Let ¥ ¢ Po(Y). Then, there exists R > 0 such that, for every k € N and
everyt € [0, T1, k() wk@), ¥*(t) e P(BY).

Proof. Let us define the piecewise constant interpolation functions A¥, Xk, and x* as
in (18), and let x* and A* be the corresponding piecewise affine interpolations. Then,
by (39) we have that &k(t, X0, A0), Xk(t, x0, L0) € P(U) for every t € [0,T] and
every (xg, Ag) € sptl?/\, so that

—k
A% (2, x0, 20)IBL, I (2, X0, A0)lIBL < 1.

Following step by step the proof of (19) and (22), we also deduce that there exists R > 0
such that

for every ¢ € [0, T'], every (xg, Ag) € spt @,

t,x0, AM0)| < R
ok (2, x0, o)l = and every k € N

(40)
We notice that, being the step (39) defined through a minimization in P(U) and not
through a finite difference, the estimate (40) holds for every k, and not only for k large.
Moreover, (40) yields that W (1), &k (r), &% (t) e P(BY). O

In order to write the equivalent of Proposition 1, we have to determine an approxi-
mate Euler—Lagrange equation for the minimization problem (39). This is the content
of the following proposition, written here for generic ¥, x, and X.
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Proposition 3. Let R > 0. Assume that ¥ € P(B%), (x,1) € BY andlet A € P(U)
be the solution to

1
min {Jw(x, p) + gHSz(p,k) i pE P(U)}. 41
k
Then, there exists a constant C = C(R) > 0 such that
HS(k, ) < Cry, (42)

<Cr(l+1). (43)

h—2A -
H - T{]/(X, )\')
Tk BL

Proof. Inequality (42) follows from the minimality of A. Indeed, we have that
1 ~ ~
TSP = [T, ) = Tu (6, 2 (44)
k

By definition (38) of Jy, by (J1), by the assumptions ¥ € P(B%), (x, 1) € BY, and
by (37), we continue in (44) with

1 - M ~ ~
gHS2(k, A) < 71(1 + R)[[A = Alltv = My(1 4+ R)HS(A, 1) . (45)
k

From (45), we deduce (42).

In order to prove (43), we write explicitly the Euler—Lagrange equation of (41).
Here, we follow the lines of [20, Section 4]. For every ¢ € Lip(U) with [l¢|lLip < 1,
we consider the auxiliary system

- (46)

Oehe = (@ — (@, AeDAe
Ao =A.

In view of [12, Section 1.3, Theorem 1.4, Corollary 1.1], the ODE system (46) admits
a unique solution AY € P(U) for ¢ > 0. Moreover, if A<, itis easy to check that
AY « pfor e > 0. In the sequel, we fix u* € P(U) such that A, * << pk.

Given AY, the Euler-Lagrange equation of (41) reads

HSZ(\?, 1) =0. 47
i A, ) 47)

e=0

1 d
A9 4 ——
SZ;)Yq,(x 8)+2‘L'kd8

We compute the two derivatives appearing in (47) separately. In view of (46), we have
that

d

de

1
((Jx¥),20) = —Z((J * W), (¢ — (¢, A)A)

1d
’)JP -
Ojlp(x e) 1de

&=l e=0

1 iy~ 1 -
= @)~ (x93 g) = —3{Tux. D). ).
(48)
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where, in the last equality, we have used (35).
To compute the second term on the left-hand side of (47), we first notice that, since
*oa,AY <« p*, we can write

H2()\2, 0)?2
HS?(A¥, 1) =arccos (1 — #) ’

2
GENE s\t
Hz(kf,x>=f ( ) —( de.
v | \dup* du*
Defining 8 (A, A) € [0, 1] such that 1 — 8 (A, 1) = m we have that
-5
2 by d 2
—| HSTQL 1) = (1-8&0% 1)—| H QLD
de e=0 =0

o156 di\Z [dr\27d 43! %d*
=206 [ |(5) - () [l L (5) o
~ 1 1 ~ 1

i di \? [ dr\27/di\ "2 -
= (1= 8, - — (g, 4)) da
i () - () IE) -

) N R AR TN S VAT
:(1—5k()»,)»))<(¢—<¢,)»))ll ’|:(dl/«*> _(dl/«*> ](du*) >

Using the algebraic equality 2(a — b)a = a®? — b + (a — b)?, we continue in (49)
with

d 1 — 8k, A . dxi dx
— Hszuf,x):w«w—w,m)u*,( >>

de |, 2 dp*  dur
(1= 8(h,2) oL TN fda T
+f<(¢_<¢’k>)u ’[(du*> - (du*> } >
1 =68k, 1) /- s
=(+()) A—A,((p—(go,k))>
(1= 8 ) S LT da )T
T <(‘”—<“””)“’[<dm> _(du*) ”
1 =8, 2) -
(1 =8, 2) NV A T A
" 2 <((p_<(p’k>)“ ’[(W*) - <du*> } >

(50)

where, in the last equality, we have used the fact that A€ PW).
In order to conclude with (43), we estimate &x (A, A) and the last term on the right-
hand side of (50). In view of (36), (37), and (42), it is easy to check that

Sk A) < et (51)
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for some positive constant ¢ = ¢(R) > 0. Since |¢||lLip < 1 and (45) holds, we have

that
- 1 1o,
(I =382, 1)) Nk da dr 2
e () - () T)

< H>(k, ) < 4M7(1 4+ R)*7{.

Nl—

(52)

Combining (37), (42), and (47)—(52), we deduce that

A 5
— To(x, 2) +8M5(1 4+ Rt < Cr(1 4+ ),

BL

[

=X
Tk k

T

< 8k(h, A) H

BL

for some positive constant C = C(R). This concludes the proof of the proposition.
O

We are now in a position to state the equivalent of Proposition 1.

Proposition 4. There exists C > 0 such that forevery ¢ € C g (R4 x F(U)), everyk €
N, everyi € {0, ...,k — 1}, and every t € (tl.k, tik+1)’

d
T /Y o(x, M) dF () (x, 2) = /Y Vo (x, &) - byigy(x, 1) A& (1) (x, 1) + (@),
(53)

where |9(¢)] < Cligll ) .

Proof. Along the proof, we denote by C a generic positive constant independent
of i, k, t, and ¢, that may vary from line to line.

We follow step by step the proof of Proposition 1. For every test function ¢ €
Cg (R? x F(U)) and everyt € (tik, tik+1)’ by definition of Wk (1) we have that

d d
—f (x, M) d¥ (1) (x, 1) = —/ o(XE (1, x, ), AF  (,x, ) dWF (x, 2)
dr Jy dr Jy
=/vxgo(x,’;l(t,x,x),A{.‘+1(r,x,x))-vq;k(,)(x,A§+1(zl.’<+l,x,)\)) dwk(x, 2)
Y
+/ Vip(XE  (tx, 0), AR x, 0) - AR @ x, 2) dF g )
Y

- / Ve (X (0, %, A), A (8,3, 0)) - v (x. A (Fy L x, 0) drf (e, )
Y

(A{'(H(’ikﬂ’x’ 2 =)
Tk

+f Vip(XE (tx, 0, AF, (1 x,0)) - dwk(x, 1)
Y

(54)
In order to deduce (53) from (54), we need to estimate

Ii(x, 4) = (v@k(,)(x, AR 20 00) = vy (XE 0 x,00, AN (1, x, W)
k k
_ H (At X 0) = 2)

Tk

L(x,)\):

— Ty (XE L (0, x, 1), AF, (1, x,0))

BL
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for (x, A) € spt lllik - B%, where R has been determined in Lemma 2.
Let us start with /1. By triangle inequality we have

Lx,h) < ‘v@k(t)(x,A{?H(z,.’;l,x,x)) —u;,k(,)(xfﬂ(t,x,)\),Aﬁl(z,x,x))‘
Hoge i (XEr (2,2, A% 1, x, 0)

_U'Pk(l)(xt]'(-q—l(t’ X, A), A{-‘+1(r, X, A))‘
=:11(x, A) + 11 2(x, 2). (5%

Since ':I;k(t) € ’P(Bi), hypothesis (v1) implies that
k k k k
Il,l(x» A) < Lv,R(|X,'+1(t» X, A) — x|+ ||Ai+1(tl'+1v X, A) — Ai+1(t, X, )\)”BL)

t
= Lv’R</k |vgk ) (. Al fyx, 0) | de
L

o || AR (tF
+/ ’ ‘ l+1( dr).
t BL

i+1° X, )") — A
By (v3), Lemma 2, and Proposition 3, we can continue with

Tk

t
a0 < LU,R<MU /k (14 x4+ 1AY Gy 2 DL +mi (P () de
2

2 tik+l x k
+;/t HS(AF, (. x, 2),A)dT ) < Crk. (56)
As for I », thanks to assumption (v2) and to Lemma 2 we get
Lo(x,2) < Ly gWi(@* @), vk (1))

=Ly,g sup { / n(x’,x’)d@’%r)—wk(r»(x’,x’)}
Y

neLip; (Y)

=Ly,r sup {/ [ﬂ(stf_s_l(f,-k_H,x’,)\/))
neLip; (V) LJY

—n(XE @ x W), AR x| A x)}
< LU,R/ (1 = x4 16220
Y
k k ARV k ARV koot 4/
AR 1 ) = A 6 )l ) d9F (3
t
= Lv,Rf (/A |”q7k(r)(x»Af+1(fik+1’x/v)‘/))|df
Y t

. /tfﬂ ARk X ) =
t

Tk

dt> dwk (', 1)
BL
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<Lyr Tk/ <|Uﬁk(f)(x, A{'c_;_l(t,'k_;_l, x, k/))|
Y
H Al (g, X' X)) — 2

Tk

+

k
) Ay (x', 2).
BL
Arguing as in (56), we infer that
Lip(x,A) < Ct  forevery (x, ) € spt lI/ik. (57)
Combining (55)-(57), we get
Ii(x,A) <Crt forevery (x,A) € spt lI/ik . (58)

Let us now estimate /». By triangle inequality, we have

AR (fF  x A — A
h(x,2) < (A ’“rk )_ Tyr(x, AL (F 3, 0)
! BL
k k Kk k (59
+ HTlpk(l) (Xi+1 (t, X, )\‘)7 Ai+1 (t’ X, )\')) - Tl]/ik ('x’ Ai+] (ti+] )y Xs )")) ”BL
=1L (x, M)+ Dho(x,1).
By Proposition 3, we have that
Di(x,A) <Crt forevery (x, 1) € spt lllik. (60)

By (73), (v3), Lemma 2, and Proposition 3, and repeating the arguments of (57), we
get

t
Do(x,2) < LT,R(/k |vq7k(r)(xv A§+1(tik+1’x»k))|dt
th

1
k
lit
+
t BL

t
= LT,R(/k |vge o (5. ALy (g 0, ) [ de
i

A:'(Jrl(tikJrl’x’ A) — A

Tk

de + Wi (wE (), wl-"))

+/ff+1 ARtk x 2) — . (61)
t Tk BL
13
ko k
+ Y/tk (‘Ulff"(r)(xl’ A (@, X 0))
AR @k x ) = W
+ H l+l( i+1 ) )df dll/ik(x/, )\./))
Tk BL
<ALy g My(1 + R)1e + 4HS(AS, (15, | x, ), 0) < Crie.
Combining (59)-(61), we obtain that
L(x,A) <Crt forevery (x,A) € spt lI/l.k . (62)

Equality (53) follows from (58) and (62) as in the proof of Proposition 1. O
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Finally, we prove the convergence of the sequence WX to the solution
¥ € C([0, T]; P1(Y)) of the continuity equation (7).

Theorem 2. Let ¥ ¢ Po(Y). Then, the sequence of curves vk [0, T] = P1(Y)
converges to the unique solution ¥ € C([0, T1; P1(Y)) of (7) in W1, uniformly with
respecttot € [0, T].

Proof. Since the operator 7y defined in (34) satisfies the property (7p)—(73), we only
have to check that the sequence ok is compact in C([0, T']; P1(Y)). The rest of the
proof works as for Theorem 1 using Proposition 4 instead of Proposition 1.

In view of Lemma 2, it is enough to show that ¥* is equi-Lipschitz with respect

to Wi.Letus fixk € N,i € {0,...,k— 1}, and s <1 € [}, 1}, ]. Then,

Wi (@K (1), w*(s)) = sup { / n(x, ) dW@r @) — ok )0 ne Liplm}
Y

< / (IXE 12 = XE (s, 0)
Y

+ || A§+1(t’ X, A) — A{'(+1(s’ X, ) HBL) dlllik(_x’ A)

t
5/}/(/ |v$k(f)(x’A§+l(f’x’)\‘))|dr
N

ko ok
_I_/t A (X, 0) — 4
S

Tk
Therefore, by (v2), Lemma 2, and Proposition 3 we get

dr) dwl(x, 2).
BL

Wi (WK @), wh(s)) < 2M,(1 + R)|t — s

HS((A%, (5, x, 1), A
+2|t—s|/ (¢ z+1(Tl+1 ) )dwi"(x,k)
Y k

=Clr—s|
for some positive constant C independent of k and ¢. O
5. An implicit—explicit scheme for reversible Markov chains
In this section, we show how to adapt the scheme developed in Sect. 4 to a reversible
Markov chain on n states. In particular, we will prove the convergence of such scheme

for short time.
For fixed n € N, we consider the set of strategies

n
Ay = {A:(kl,...,kn)eR”: An > 0, Z,\hzl}.
h=1

In the notation of Sects. 3 and 4, the closure A, can be identified with the set of
probability measures P(U) for U := {e, : h = 1,...,n}, e, being the elements
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of the canonical basis of R". Keeping the notation of the previous sections, we set
Y := R? x A,,. Furthermore, we define

n

A :={Le€Ay: Ay =8} foreverys >0, b = {SER": Z$h=0},
h=1

B]%,s :=B§H(Rd><A2) fors, R > 0.

A Markov chain is characterized by a matrix Q € M", whose element Q¢ > 0,

h # ¢, indicates the rate of moving from the state £ to the state /. In our setting,

we consider a more general map Q: RY x Py(Y) — M?" satisfying the following

properties:

(Qp) for every (x,¥) € R x Py(Y) and every h, ¢ = 1,...,n, Qne(x,¥) >0
for h # £, and Qpp(x, ¥) = — Zg#h Qun(x, W),

(Qy) for every (x,¥) € R? x Pi(Y), Q(x, ¥) is reversible, that is, there exists a
unique 0 = o (x, ¥) € A, such that

One(x, W)Yoy = Qup(x,¥)oy, foreveryh,£=1,...,n;

(Q2) Qis locally Lipschitz, that is, for every R > 0 there exists Lg g > 0 such that
for every x1, x» € Bg and every ¥, ¥, € P(B%)

|Q(x1, ¥1) — Q(x2, ¥2)| < Lo g(lx1 — x2l + Wi (¥, ¥)) ;
(Q3) there exists Mg > 0 such that for every x € R4 and every ¥ € Pi1(Y)
1Q(x, )| < Mo (1 + |x| +m1(¥)) .

Remark 1. We remark that (Qy) is always satisfied, for instance, when Q(x, ¥) is a
tridiagonal matrix for every x € RYand ¥ € P1(Y), see, e.g., [30, Section 5.1].

Remark 2. We notice that if for every y = (x, 1) € Y and every ¥ € P(Y) we set
Ty (y) := Q(x, ¥)A, thenthe operator 7 : Y x Py (Y) — A, satisfies properties (7p)—
(73) of Sect. 2.

Following [28,30], for every y = (x,1) € R? x A, and every ¥ € Pi(Y) we
consider the entropy E and the Onsager matrix K

Py— . )\‘h

E(x,\ W) = ;Ah In <Uh(x’ :1/))’ (63)

n £—1 A A

K(x, A, W)= ;,; Ohe(x, W)og(x, W) ¢<(7h(x, 7 W)(eh —eg) ® (e — eq),

(64)

where @ : [0, +00) x [0, +00) — [0, +00) is defined as

—b
S b)=—2"""_ fora£b, Pla,a)=a,

Ina—1nb
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so that @ is analytic. Clearly, E(x, -, ¥) and K (x, -, ¥) can be extended to A, by
continuity. Moreover, we notice that for every (x, 1) € R? x A, and every ¥ € Pi(Y),
the matrix K (x, A, ¥) is symmetric and positive definite when acting on IR{j. We denote
by G(x, A, ¥) its inverse on Rg. The matrix G is a Riemannian tensor on Rg. For
every x € R and ¥ € P, (Y), we define the Riemannian metric d¢, y): A, X A, —
[0, +00) as

1 1
dx,w) (A1, A2) :=inf {/0 (Gx, p(s), W)p'(s), p'(5))* ds :
p € CH(0, 11; Ay), p(0) = A1, p(1) = Kz}, (65)

for every A1, A2 € A,. The metric d(, ) can be extended to ‘A, X A, in a continuous
way.
In the next two lemmas, we collect some properties of E, K, G, and d(, ).

Lemma 3. Let 8, R > 0. Then, the following facts hold:
(i) there exists a positive constant n = n(R) such that o,(x, W) > n for every
x € Bg, every ¥ € P(B}g), andeveryh =1,...,n;
(ii) there exist two positive constants c1 = c1(R) and co = c(R) such that for every
x € Bg, every A € Ay, every ¥ € 'P(B}g), and every i € Rg,
cilpl < (G, 2, W), 1), (66)
(K (x, b W), ) < el (67)
(iii) there exist two positive constants ¢z = ¢3(8, R) and c4 = c4(8, R) such that for
every (x,\) € B}/M’ every ¥ € P(B%), and every 1 € R,
(G, A, W), 1) < cslul?, (68)
cali® < (K (e, A W), ) (69)
(iv) G(x,-, W) is Lipschitz continuous in Afl, uniformly with respect to x € Bp
and¥ € P(B};), that is, there exists Lg s, g > O such that for every Ay, Ay € A‘fl
(v) E(x,-,¥) is Lipschitz continuous in Ai, uniformly with respect to x € Bp
and¥ € P(B%), namely there exists Lg 5. > O suchthatforevery iy, Ay € Af,

[E(x, A1, ¥) — E(x, 1, ¥)| < Lgs rIAM — A2l; (71)

(vi) for every a € (0, 1) the energy E(x, -, W) is a-Hdlder continuous in A, uni-
formly with respect to x € Br and ¥ € ’P(B}g), that is, for every a € (0, 1)
there exists Cg o r > 0 such that for every A1, Ay € Zn

|E(x, 21, ¥) — E(x, 22, ¥)| < Cg.a.r|M1 — 22]%. (72)
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Remark 3. The constants c1(R) and c4(8, R) can be assumed to be decreasing with
respect to R, while c2(R), c3(8, R), Lg.s,r. LE 5.8, and Cg o g can be assumed to be
increasing with respect to R.

Proof. (ProofofLemma3)Inview of (Q1) and (Q,), we have that the function (x, ¥) —
o (x, ) is continuous from RY x P;(Y) — A,. Hence, there exists 7 = n(R) > 0
such that forevery x € Bg,every ¥ € P (B}g), andeveryh € {1, ...,n},op(x,¥) >
n > 0, so that (i) holds.

From (7), (64), the regularity of @, and (Q3), we further deduce that (67) holds for
a suitable constant ¢ = ¢2(R).

For every (x,A) € R? x A, and every ¥ € Pi(Y), we have that K (x, A, ¥)
is symmetric, positive semi-definite on R", and positive definite on Rfj. Since K
is continuous with respect to (x, A, ¥), we deduce that there exists a positive con-
stant ¢4 = c4(8, R) < ¢ such that inequality (69) holds for every (x, A) € B};’ s and
every¥ € P(B}g). Since G is the inverse of K on R7, (67) and (69) imply (66) and (68)
with ¢1(R) := c2(R)~! and ¢3(8, R) := c4(8, R)~!. This concludes the proof of (ii)
and (iii).

The Lipschitz continuity (iv) of G(x,-, ¥) in Afl follows from the regularity
of K (x, -, ¥), from (i)—(iii), and from the identity, on Rfj,

G(-xv )\-la lI/)—G(x, )\'21 W):G(-x9 )Vlv W)(K(.X, )"21 lI/)_K(-x9 )\lv W))G(xs )\27 l1’)

As for (v), we notice that for x € By, ¥ € P(B%), and A € Af,, the ratio
An/on(x, &) is bounded from below and from above by é and by 1/n, respectively.
Since the function a +— alna is locally Lipschitz continuous in (0, 4-00), we have
that there exists L = L(8, R) > 0 such that (71) holds.

Finally, we note that the function @ +— alna belongs to wlr ([0, A]) for every
p € [1,+00) and every A < +o0. In view of (i), for every x € Bg, every ¥ <
P(BII;), and every A € A, the ratio A, /on(x, ¥) is bounded above by 1 /1. Hence, by
Sobolev embedding in dimension one we infer that for every o € (0, 1) there exists
C = C(a, R) > 0 such that (72) holds. O

Before stating the main properties of the distance d(, v, we define, for every x €
R, every ¥ € P1(Y), and every X, A1, A2 € A,, the norm

1
A1 = X2llgn,w) i= (GO, A, W) (A — A2), A1 — A2) 2,

which is well defined in view of (66) and (68).

Lemmad. Let 6, R > 0 and let ¢1,c3 > 0 be the constants determined in (66)
and (68). Then, the following facts hold:

(i) there exists a positive constant my; = m1(R) such that for every x € Bg and
every ¥ € P(B%)

mili; — Aa| < de,w)(A1, A2)  forevery Ay, Ay € Ay (73)
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(ii) there exist two positive constants mo = my(8, R) and mz = m3(8, R) such that
forevery x € Bg, every ¥ € P(Bl);), and every A1, Ay € Afl

dix,w) (A1, A2) < molhy — A2l (74)
3
di,w) (A1, A2) = 1A = A2llG e, w) +m3lhi — A2]2; (75)
(iii) there exists a positive constant m4 = m4(8, R) such that for every x € Bg, every

v e P(BI);), and every A1, hy € AJ satisfying

Cc3 . . .
/a A1 — A2l < min {dist(r;, dA2), dist(r2, d42)} (76)
we have

3
A1 — 22llGoen w) < dew) (A, A2) + mglhp — Az|2. (77

Remark 4. The constant m(R) can be assumed to be decreasing with respect to R,
while m2 (8, R), m3(8, R), and m4(8, R), can be assumed to be increasing with respect
to R.

Proof. (Proof of Lemma 4) Point (i) is a consequence of (66). We now prove (ii).
Givenx € BR, ¥ € P(B};), and Ay, Ap € Ai, we have that the curve

p(s) = (1 —s)A1 + sA2 s €[0,1]

is a competitor for the infimum in the definition of d¢, ) (A1, A2) in (65). Moreover,
by convexity, p(s) € Afl for every s € [0, 1]. Therefore, applying (iii) of Lemma 3
we get

1
1
Ao Our 22) 5/ (Gx, p(), W) — M) A2 — A1) E ds < /@3IA1 — hal,
0

which is (74) with my = /c3.
Combining, instead, (iii) and (iv) of Lemma 3, we can further estimate
1 1
Qo (1.3 = [ (GO p(6), 9002 = A1)k = k) ds
0
1
S (G(-xv )"la l1/)()‘2 - )"1)7 )"2 - )‘*1>2

1
+/0 ((GCx (), W) = Gx, A, ) (ha — A1), 2 — )| ds

1 1
< x4 — 22lleea.w +f (LG.s.rIM — p($)])? |41 — A2l ds
0
3
< A1 = A2lleaaw) + VLG8, R A — A2]2, (78)

from which we conclude (75) with m3z = \/Lg 5.R-



S. ALMI ET AL. J. Evol. Equ.

Finally, let x, ¥, A1, and A, be as in point (iv). For every ¢ > 0 let p, €
Cl([O, 1]; Ap) with p:(0) = A1 and p. (1) = A, be such that

1 1
/0 (G(x. pe(s), W)L (5). L)) ds < dieary (R, 22) + €. (79)

In view of (74) and of (66), we deduce from (79) that

1
\/a/ lpe ()| ds < ma|hy — Aol +& = /e3lAr — Aol + & (80)
0

Hence, (76) and (80) imply that

1
/O lp.(s)|ds < min {dist(A, dA)), dist(r2, dA)} + %

C1

Therefore, for ¢ small enough we may assume that p.(s) € Ai for every s € [0, 1].
For such ¢, we estimate

1
A1 = 220lG e, w) < /0 (G, A1, ¥)pL(s), ,og(s))% ds
1
= /0 (GCx. pe(s). )0 (s). pL(s))? ds
1
+/0 (G, 21, @) — GCx, pes), ¥))oL(5), pL(s))| ds

1 1
< d(x,m(m,xzwfo ((GCx. 21, W) — GCx. pe(s), ¥))pL(5). pL))|* ds + .

Since pg(s) € Afl for every s € [0, 1], by (iv) of Lemma 3 and by (80), we have that

A1 — A2llGx,n1,9)

1
1
< dq,w)(A1, A2) + \/LG,ﬁ,Rf A1 — pe(s)|2|pL(s)|ds + &
0

! : 81
<d@,w)(d1, A2) +\/LG,6,R</ I,O,;(S)Ids> +eé S
0

3
c3\* 3 LG,s,r
< duw)(A1,42) + VLG R (E) A1 — 222 +8<1 +. 35 )
4

Thus, we conclude (77) by passing to the limit in (81) as ¢ — 0. In particular, myq =
3
VLcsr(2)* O

We now rewrite the multi-step scheme presented in Sect. 4 in the language of Markov
chains and show its short-time convergence to a solution of the continuity equation (7),
where for ¥ € P;(Y) the field by : Y — Y is now defined as

vy (x, A)
Q(x, V)X

by (x, L) := (
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for a velocity field vy : ¥ — R? satisfying properties (v1)—(v3) of Sect. 2.

Let us fix a time step 7 > 0, k € N, such that ty — 0 as k — o0, and let tik =T
fori € N. Fori = 0 we set lllé‘ = € P1(Y). For i > 0, assume we are given
lI/l.k € P1(Y). Then, similarly to (39), the label of an agent sitting in position £ € RY
with label A € A, is updated by solving the minimizing movement

min {E()%,A, wk) + o ( e A:ae An}. (82)

Since A, is compact, (82) admits at least one solution A I Therefore, we can

(&, 0,01

define A](‘ i’ Al 1 and ¥k 1 exactly as in (9), (10), and (11), respectively. The
step (12) in the space variable remains the same, and x* R Xlk 1 lI/l]jrl are as

in (13), (14), and (15). Furthermore, we refer to (15), (16), gﬁ(ﬂﬂ) for the definition
of the interpolation curves llfk, lI/k, and g".

Repeating step by step the proofs of Lemmas 1 and 2, we obtain the following
uniform estimate on Wk(t), ok (1), and gk (1).

Lemma5. Let ¥ ¢ Po(Y). Then there exists an increasing continuous function
R: [0, +00) — [0, +00) such that for every T € [0, 400), every k € N, and ev-
eryt €[0,T], ¥k@t), k@), Uk (1) e PBY 1))

Proof. The statement follows by the arguments of Lemmas 1 and 2 . In particular, we
gave there an explicit formula for R(T') as a function of T € [0, +00), which turns
out to be continuous and increasing. O

Also in the current setting, we need to write an approximate Euler—Lagrange equa-
tion associated with (82). This is done in Proposition 5, for proving which we need
the following lemma.

Lemma 6. Let f: RN — RU{+00} be a convex function, let A € MV be a symmetric
and positive definite matrix, and let ||-| 4 : RN — [0, +00) be the norm associated
with A, namely ||§||%4 = (A&,E), forall ¢ € RN. Fora fixedt € RN and ¢ > 0,
assume that &y solves

min { £ (€) + cll& = <13} (83)
Then &y also solves
min { £ (&) + ¢l — ¢ 15 — cllE = &oll3}- (84)
Proof. Tt is enough to observe that the problem (84) can be equivalently rewritten as
min { f(§) + 2¢(€, A(Go — O) }:

hence, it is a convex minimization problem. Since &y solves (83), we have —2cA (&) —
¢) € 3f (&), which is exactly the Euler condition for the above problem.
O

IThe arguments in [30, Section 2.3] can also be used to show that (82) admits indeed a unique solution
for 7 sufficiently small. However, uniqueness is not needed in our framework.
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Proposition 5. Let §, R > 0 and let m1(R), Cg.o.r, and Lg s g be the constants
determined in Lemmas 3 and 4. Assume that ¥ € P(B%) and (x, A) € B% 5 and let A
be a solution to

. 1 _
min {E(x, P, ¥)+ Ed%x,ll’)(p’ M) :pe An} . (85)

Then, the following facts hold:
(i) foreverya € (0, 1)

- 2Car /" 10
A —Al < <T) /%7 (86)
1
(ii) if A € AS, then
- 2L
il < B g 87)
nmy

(iii) if X, 1€ Af, and (u is the unique solution to

. 1 5 _
min {E(xa p’lI/)—i_E”p_)L“G(x,i,lP) . IOEAI‘I}ﬂ (88)
then, for every a € (0, 1) we have
2C V2=
= Al < (#) /e (89)
my
If, in addition, i € A2, then
2LEs.R
=2l < —=— 1. (90)

ny

Finally, if X, = Afl satisfy (76), there exists a positive constant C = C(§, R)
such that

X=X
Tk

— Q(x, w)i| < cTl. 1)

Proof. By the minimality of , by (vi) of Lemma 3, and by (i) of Lemma 4 we have
that for every @ € (0, 1)

o |E(x, A, &) — E(x, 2, ¥)| < CEa.rlh — A%, (92)
Tk
wherem; = m(R) and Cg 4, g aredefinedin Lemmas 3 and 4, respectively. From (92),

we deduce (86). In a similar way, we deduce (89), recalling that m; = ,/c1, where ¢
has been determined in (66).
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If we further assume that A € Afl, by minimality of A, by (v) of Lemma 3, and
by (i) of Lemma 4, we have that

1 ~ - -
|)" )\‘l <_d(_x l]l)()\")“)i|E(-xa)"7q/)_E(-xa)"7lI/)|SLE,(S,RP\'_)“"

Hence, we deduce (87). Moreover, if u € Afl, in the very same way we get (90).

In order to prove (91), we first estimate the Euclidean norm |« — A|. Denote by XA,
the characteristic function of the convex set A, in the sense of convex analysis. Since
E(x,-, W) is convex in A,, we can apply Lemma 6 with f(-) = E(x, -, ¥) + xz, (),
&=, c= ﬁ, t=xand A=G(x, A ¥) obtaining

1 1 ¥
EQJMW)+——WL_M%QXWf+E;ML_M%@i%

< E(x, X, tp)+—||x ,\||§;(Xw)

Reordering the terms in the prev10us 1nequa11ty and adding and subtracting on the
right-hand side the terms 2r (X q,)(k ) and 27.'k (X l1,)(,u, ), we obtain

Sl = MG gy = B R0 4 5 ) (G

1
—E(x, 1, ¥) ~ Ed%x,q,)(u, »)
(93)
I

1 P s
el = Mg+ 5 W= M

G i) T g,
1 2
+ Hd(xyq/)(liy A) — 2 (x g/)()\ A).

By the minimality of %, inequality (93) simplifies to

— =22

2 2
I = <A =2 i)

2 2 5
Gx.J,¥) G(x,J,0) + 00wy (e 2) = di gy (o 1)

(94)

Since x € Bg, ¥ € P(B YA A E A ,and A, A satisfy (76), we deduce from (94),
from (ii) of Lemma 3, and from (ii)—(iii) of Lemma 4 that

2 712 7 5 3\?
=3 = (doa (o 2+ mali — 217

3\2
+ (e = Mg s +m3|u—?»|2> ©5)

2
—lu— )‘”G(xth,) (x 11/)()L A) .
Developing the squares and using (iii) of Lemma 3 and (i) of Lemma 4, we continue
in (95) with
~ ~ ~ 5 5
= AP < mzlk = AP +m3le = AP +2mymalk — 1|7 +2./czms|u — A2
(96)
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Combining (96) with (87) and (90), we deduce
u—% = Crt )

for some positive constant C=C@,R) independent of k.
We are now in a position to conclude (91). The minimality of w, indeed, implies
that for every £ € R{j

1
(DrE(x, pu, ¥), &) +

—(G(x, : W) (= 1), &) =0.
T

By a simple algebraic manipulation, we rewrite the previous equality as

1 -
(DrE(x, . W), §) + E<G("’ W) — 1), &)
1 - -
= ?k(G(x’ LG — ), &) (98)

+ %((G(x, po ) — G, A, W) (A — 1), &).
Taking & = K " (x, ., ¥)w for o € R" in (98), we get that
K(x, i, W) Dy E(x, o, ) + rik(i —) = T—le(x, W, W) G(x, h, W) — )
+ t—le(x, o) (G, W) — G(x, &, W) (0 — 1).

Since K (x, i, ¥)DyE(x, u, ¥) = —Q(x, ¥)u (see [30, Theorem 3.1]), we actually
have

—O(x, zp)i+i(i —A) = iK(x, [, ) Gx, h, W) (A — 1)
Tk Tk

4 %K(x, 1) (G, W) — G, 1 W) G— ) O
k

+ O, V) — ).

Combining (ii)—(iv) of Lemma 3 with the inequalities (87), (90), (97), and (99), and
with the assumptions x € B, ¥ € P(B%), and A, u € A‘fl, we get (91), and therefore,
the proof is concluded. O

Lemma?7. Letr > 0,n > 6 > 0, and Ue ’P(an). Then, there exists Ty > 0 such
that for every k € N large enough and every t < Ty the following hold:
(i) WK, ¥H D), #K (1) € PB,, ). where R:[0,+00) — [0, +00) is the
function determined in Lemma 5;
(ii) ift € [tl.k, tl.k+1)f0r some i € N, for every (x, ) € sptgk(t)

38, R(Tyr)) | & . . PR k 8
—————— | A (t, x, ) —A| <min (dist(X, 0A;), dist(A;  (#, x, 1), 0A;) ¢ .
ey Al @ =l <min {dist(h,040). discA, 0,500,047
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Proof. Since Ve P(BX n)» we deduce from Lemma 5 that for every 7' > 0, every
k € N, and every i such that ity < T we have llfl.k, lffik € P(Bﬁ(n). Hence, in order
to conclude the lemma we have to study the behaviour of the labels A € A, along the
multi-step scheme.

Along the proof of the lemma we denote by Ak(t, X0, Ao) and xk(t, X0, Ao), for
(x0, Ap) € spt ¥, the curves obtained by iteratively solving (82) and the difference
equation (12) in each interval [tl.k, tl.k +1] starting from (xg, Ao) at time fyp = 0 and using,
at each node tl.k, A= )Lk(tik, X0, Ao) and £ = x* (tl.k, X0, Ap) as new initial conditions.
As in (18), we define the piecewise constant interpolations (8, x0, M), )_ck (t, x0, Xo)
and X* (1, x0, 20), XX (1, X0, 0)-

The assumption U e P(BZ n) means that for every (xg, Ag) € sth/\ we have
*o € A Since the measures ¥¥(r) and ok (t) are supported on pairs of the form
(xk(t, X0, A0), )J‘(t, X0, Ag)) and (gk (t, x0, Ao), Xk (t, x0, 1o)), respectively, we are led
to estimate the number of steps needed by (82) to exit Afl, knowing that the initial
label A9 € A;.

Letus fix @ € (0, 1). For k € N such that 7y < 1, we claim that the properties (i)
and (ii) hold with R = R(tl.k ) for every ¢ € [0, tl.k ] until the following conditions are
fulfilled:

Z\2LG— 1.k 2C6 —1,k)
]XZ: miG—1.k) " \mi—1.k)
SZL(j_l’k)r 2C3GH —1,k) <C3(i—l,k)

: k : .
= mi( =1k m3@i —1,k) \c1( —1,k)

1/2—@)
) VT <1 -8, (100)

1/2
) w<n—358,  (101)

where we have set L(j,k) := LEgsR(ju). C(J,k) = CegRr(jn), mi(j, k) =
mi(R(jt)), c1(j, k) := c1(R(jt)), and c3(j, k) := ¢3(8, R(j ).

Given the claim for granted, for every k € N let us denote with iy € N the first index
for which at least one of the two inequalities (100) or (101) is violated. For simplicity,
let us assume that it is always (100) to be violated in ;. Hence,

ir—1

2L -1,k 20— 1,0\ ¢
3 2L0 ’)rkzn—a—( (it ,>) .

= miG -1k mi(ix = 1,k)

Since L s, g is increasing with respect to R, m1(R) is decreasing with respect to R,
and R(t) determined in Lemma 5 is increasing with respect to ¢, we also have that

2 LGy —1,k) 206 - 1.0\ ¢
lp — 1, . g — 1,
e o =Dy —s— | NS
i — 1 gy kT DR (m%(ik—l,lo)

from which we deduce that ixt; is bounded away from 0. Therefore, there exists
Ty > Osuchthat Ty < (ix — 1)t for every k large enough. A similar estimate can be
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obtained if (101) is violated, and we conclude that there exists 7y > 0 such that (i)
and (i7) hold.

Let us prove the claim. For fixed i € N, assume that (100)—(101) hold and that
Ak(t;?, X0, Ag) € Afl for 0 < j < i. Then, by (ii) of Proposition 5 we have that for
every 1 < j <i

2L(j —1,k)
A @R, x0, o) — AK@EE L x0, 00 < o — g 102
|A" (25, X0, 20) (t5_1 X0 O)|_m%(j—1,k) (102)
By (i) of Proposition 5, we have, since 73 < 1,
2C3GH —1,k)

1/
) V. (103)

AR @k xo, ho) — ARG x0, ko) < | Fom———2
[A" (177, x0, Mo) (1, X0, 20)| < 2 —1,K)

Hence, by (100), (102), (103), and by triangle inequality, we deduce that

i
K, x0, 20) = hol < D 1A, x0, 20) — (5, x0, o)

Jj=1

i—1
2L(j— 1,k 2C30I -1,k
D Tk b
l.ml(j—l,k) mi(i —1,k)

1/2—a)
) VT <n =38,
j:
which implies that Ak (tik, X0, Ag) € A‘fl as Ag € A,. Since (100) is independent of
the particular choice of the initial condition (xg, Ag) € spt¥ C BY . we infer that

~ r’n,
k@), wk@), k@) e ’P(B;(I!{) 5) for every r € [0, tl.k].

Let us now denote by ui‘ € A, the solution to the minimum problem

mgl {E (.xk(tl‘k_la X0, }"0)5 P, 'Ilik—l)
peEA,
Gk (rh | x0,20). 2% (18 x0,20), WK )

! kg k 2
—|lp =A%, x0, A .
+ 7 llo (t;_15 %0, 20)

Then, by (iii) of Proposition 5 we get that
1/2—a)
2CGH —1,k)
k k. k
P A L x0, A0 < | 5 Tk .
|4 (t;_1> X0, 20)| (m%(i—l,k)) VT
Therefore, by triangle inequality and by (100) we obtain

i—1
it = 2ol < Y 1R, x0, 20) = 2K(h_ 1, x0, 2o)l + [k — 25y, x0, 2o

=
i—1 . . 1/2—w)
2LG —1.k) 206 —1.k)
< g+ | VT <n—38,
;m%(j—l,k) T\ - 1.h k=T
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which yields uf € A3.
Since )J‘(tj.‘, X0, Ao) € Aﬁ for 0 < j < i, by (ii) of Proposition 5, by (101), and
by (102), we have that

i—1
D IR, x0, 20) — 255y, x0, o)
j=1

i~ 1,5\
(M) 1K @f, x0, o) = A5Gt x0, 20)]

c1(i —1,k)
2L —1,k) 2CG —1,k) (c3G —1,k)\"?
_Z " T+ —5— . T <1 =38,
my(j —1,k) mi(i —1,k) \ec1( —1,k)
which in turn implies
c3i —1,k)\"?
(—1> K@t x0, ho) — A5, x0, 20))
c1i = 1,k) (104)

< min {dist(xk(t X0, 20), DA%)., dist (WK (tk | x0. 1), 8A‘S)}

Since all the above estimates are independent of the particular choice of (xp, Ag) €
spt ¥ and since, for ¢t € [t ) the measure 'J/k(t) has support

zl’l

sptwh(0) € { (o v0. 200, 240y 0. 00) £ (o 2o) € sptd} S B

we deduce that (ii) holds. O

We are now in a position to prove the short-time convergence of the multi-step
Lagrangian scheme for reversible Markov chains. We start by showing the equivalent
of Propositions 1 and 4 .

Proposition 6. Letr > 0,n > § > 0, 7= P(Bfm), andlet Ty > 0beasin Lemma 7.
Then, there exists C > 0 such that for every ¢ € Cb (R4 x A,), every k € N large
enough, every i € N such that (i + 1)ty < Ty, and everyt € (tl , hLl)

d
T fY @(x, ) AP (1) (x, 1) = /Y Vo, 1) - by (x, 1) dF (1) (x, 1) + D (@),
(105)

1/4
where |9()| < Cligllcy 7’

Proof. Along the proof, we denote by C a generic positive constant independent
of i, k, t, and ¢, that may vary from line to line.

We follow step by step the proof of Propositions 1 and 4. Let i and k be as in
the statement of the proposition, and let us set R := R(Ty). For every test function
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(RS Cb (Rd X Ap) and every t € (tl , z+1) by definition of lI/k(t) we have that

d d
—fso(x,mwk(r)(x,x): —f<p(X,’~‘+1(r,x,x>,Af;l(t,x,x))dw/‘(x,x)
dr Jy dr Jy

=/vxgo(xff+1(t,x,x),A{.‘H(t,x,x)).vq;k(,)(x,AjFH(z{‘H,x,A)) dwk(x, 1)
Y

). (Al @y 2 0) = )
T

+ [ ok xn, Al e dwk (e, n)
Y

(106)

In order to deduce (105) from (106), we estimate

Ii(x, ) = (v;,k(t)(x, A LGE 20 00) = vk (XE (0 x,00, AS (1 x, W)

‘ ( i+1 (tlJrl Xy )“) B )‘)
Tk

I(x, 1) = — QX5 (1, x, ), WD) AY, (1, x, A)'

for (x, 1) € sptllfk c B;/e 5 the last inclusion being a consequence of Lemma 7.
Arguing as in the proof of (55)—(57) and using (87), we get that

41 ~
It < Lug /k (Mv(l  Jel 1Ak 0+ m (@) )
!

ko
+ ‘Ai-l-l(ti—&-l’x’)‘) _)‘Ddt

Tk
+ Ly r tkf <|v@k(r)(x/’ Ai'{+l(tik+l’x/, )J))| (107)
/ / /
i1 (X A — & k
+ ‘ el o dwl (', 1)

4LE8R

<4L, g M,(1+ R)7; + T =Crt.

1

Let us now estimate /. By triangle inequality, we have

L = = Qx, W) AL iy 1 1)

( z+1(z+1’x’)‘) _)‘)
Tk

H|QXEL 1, ), WHO) ALty x, 2) = Qx, W) A (1,2, 1)
=:hi1+Dh>. (108)

By (iii) of Proposition 5 and by Lemma 7, we have that

hy<cg/*. (109)
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By (9Q>), (v3), Lemmas 5 and 7 , and (ii) of Proposition 5, we get

1
Ly = LQ,R</k |vgs e (50 AL (v, D) de
li

1k k k _
+/,+| A @, x ) — 4 dr) (110)
t Tk
2L
<2Lor M+ R 7+ 5 1 =Cr.
ny
Combining (109) and (110), we obtain that
L <Cr. (111)

Finally, equality (105) follows from (107) and (111) as in the proof of Propositions 1
and 4. O

We finally conclude with the main result of this section.

Theorem 3. Letr > 0,7 > 8 > 0, and ¥ € P(B}:n). Then, there exists Ty > 0
such that the sequence of curves W*: [0, Tr] — P1(Y) converges to the unique
solution ¥ € C([0, Tr]; P1(Y)) of (7) in W1, uniformly with respecttot € [0, T¢]
Proof. Let Ty > 0 be as in Lemma 7, so that the curves lI/k, ok , and g" are well de-
fined in the interval [0, 7] and (105) holds. Since the operator Ty (x, 1) := Q(x, ¥)A
satisfies the property (7p)—(73), we only have to check that the sequence vk is com-
pact in C([0, Tr]; P1(Y)). The rest of the proof works as for Theorem 1, with the
obvious modifications due to the fact that the rest 6 in Proposition 6 is now controlled
by tkl/4 and not by 7.

In view of Lemma 7, it is enough to show that ¥* is equi-Lipschitz with respect
to Wy. Letus fix k € N,i € Nsuch thatity < Ty,ands <t € [tik, tik+1]’ and let
R := R(Ty). Then,

Wi (k1) wh(s)) =  sup { /Y n(x,Md(wk(r)—wk(s»(x,m}

neLip, (Y)
s/ (1XEy 2 = XK (5,
Y
k k k
b x 0 = Al Gox ] ) def e 2

t
SL(/ ‘U@k(f)(x,A§+l(t’x’)\))|dt
s

kok
_l_/t Ai 1 G, X, 0) — A
s

Tk
Therefore, by (v;), Lemma 7, and Proposition 5 we get

‘ dt) dwk(x, 1)

2L
Wi (1), WE(5)) < 2My (1 + R)lt — s| + 2
m

1

|t - slv
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where the constants L g 5 g and m1 = m1(R) have been determined in Lemmas 3 and
4, respectively, and are independent of k, i, and 7. 0

6. Concluding remarks

In this paper, we have proposed a multi-step Lagrangian scheme for spatially inho-
mogeneous evolutionary games. The scheme is fully explicit, traces the evolutions of
positions and labels along the characteristics, and consists of two approximation steps:
in the first step the agents update their beliefs on the strategy; in the second step, they
update their position accordingly. Theorem 1 in Sect. 3 provides a general convergence
result for the proposed scheme. Theorem 2 in Sect. 4 and Theorem 3 in Sect. 5 deal
with the special cases of inhomogeneous replicator dynamics and reversible Markov
chains, respectively. Differently from Theorem 1, they contain a variant in that the
explicit step for the update of the strategies is replaced by an implicit one, based on a
minimizing movement justified by the gradient flow structure of the problems at hand.

We notice that we presented the approximation steps in the natural order: Agents
tend to update their information on the environment before changing their position.
Undertaking the reverse order in the updates would bring to the same convergence
result. The partial update in (11) would have to be modified accordingly, namely by
placing the id map in the second component and using the updated lifted map X lk 41 in
the first component (where now x evolves with the “old” label/strategy distribution).

Using an adaptive time step, chosen on the basis of the rate of change of positions
and labels/strategies, deserves further analysis. We foresee that the same convergence
result given by Theorem 1 holds, provided that the choice of the time step is such that

lim max koK =0,
k—00 i€(0,..., k—l}(“rl )

where we notice that tl.k o tl.k = T} 1S constant in our work.
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