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The present communication is a follow up and extension of the paper “The Spherical
Inverted Pendulum: Exact Solutions of Gait and Foot Placement Estimation Based on
Symbolic Computation” by the same author. The walk design is approached by a 3-D
inverted pendulum in a polar coordinate system. The advantage of this model is to
easily offer indications of the energy expenditure of an efficient walk. However, the
disadvantages that were never recognized by authors previously using this model is
that the COG trajectory has to pass through the supporting foot location. This causes
an unnecessary and unrealistic waving in the frontal plane during gait. The problem
is discussed here and solved by extending the model of the inverted pendulum by
introducing the pelvis width and the distance between the hips of the two legs, without
adding dynamical complexity.

Abbreviations: DOF: Degrees of Freedom; ZMP: Zero Moment Point; LIPM: Linearized
Inverted Pendulum Model; SIP: Spherical Inverted Pendulum; FPE: Foot Placement

Estimation

Introduction

Inverted pendulum models in 3-D have been used for balance
and walk, since the beginning of the biped robotics era. Mostly, the
two or three degrees of freedom (DOF) adopted for the pendulum
were the two rotations around the horizontal axes and the length of
the pendulum [1,2]. This configuration, by imposing the height of
the COG to remain constant, allowed defining the linearized inverted
pendulum model (LIPM). With this approximation the behaviors of
the COG on the sagittal and frontal planes are independent and the
celebrated zero moment point (ZMP) expression applies, linking
linearly the ZMP position to the COG position and acceleration.
Less frequently for the 3-D inverted pendulum the polar coordinate
system was adopted, i.e. the rotation axes are the vertical and one of
the horizontals. It has been noted that this configuration simplifies
energy information, to be used for foot placement estimation (FPE)
and walk design [3,4]. In a previous paper, this author used the
3-D inverted pendulum with polar coordinates, called spherical

inverted pendulum (SIP), for generating an omnidirectional walk
[5]. Comparing the resulting projection on the ground of COG
trajectory and the supporting foot location using SIP with the
classical biped walk based on controlling the ZMP, it was noted that
in the sagittal plane, the two trajectories were similar, but in the
frontal plane, they showed a marked difference. In fact, with the
SIP model the COG trajectory passes always through the supporting
foot position, creating an unnecessary large sway in the frontal
plane during the gait.

This problem has been solved modifying the model, without
additional dynamics. It has been introduced the pelvis width and
the distance between the hips of the two legs. The approach is in
the realm of passive walkers and of hybrid zero dynamics [6,7]. In
particular, a similar model, with finite-width between the legs, was
discussed previously in [8] and [9-11]. However, here the dynamics
is simpler, and the progression of the walk is not obtained with a
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sloped ground, but with appropriate increments of the rotational
velocities after the foot collision. Moreover, the inelastic collision
is correctly approached as in the previous paper [5]. Finally,
comparing with [9], global stability is controlled, in the style of
FPE, simply by changing the angular speeds, the pelvis width and
the angle a of the swing leg at the beginning of each step. The new
model is presented in section 2, the transition from one-step to the
next is discussed in section 3, some simulation examples are shown
in section 4, and the last section 5 concludes the paper. In appendix,
a generalization is introduced to be discussed in a future paper.

Modified Model of the SIP
B COG Pa
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N 2
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Figure 1: The modified spherical inverted pendulum.

The new model, with respect to the original SIP, adds in the
pantograph the width of the pelvis and the distance between the
hips of the two legs. Its kinematics is represented in (Figurel).
The multibody is composed of three segments: the two legs and
the pelvis. The two legs are massless. Only the pelvis, representing
also the upper body, has a mass and an inertia. The supporting leg
is fixed to the pelvis and offers the two degrees of freedom of the
SIP represented by the joints of angles 8 and 6. The swing leg is
connected to the pelvis though the joint of angle 2- a. The angle 2- a,
of the old model si not anymore needed, as the distance between the

right and left feet is defined by the pelvis width. The characteristic
points are the two feet (F, and F,), the two hips (P, and P,) and the
COG. F, is the supporting foot and F, the swing foot. A parameter,
called here “one”, assuming values +1, accounts for right and left
supporting foot in the hybrid simulation. As in the original SIP the
motion angles are 6, 6,. 2 - a defines the angle of the swing foot and
is constant during a step. The dynamical model is of order 10 with
configuration variables 6 , 6, x, y, z, where x, y, z are the coordinates
of the pivot foot, and corresponding motion variables y, w, u, u,
u,. However, a non-holonomic constraint imposes a fixed position
of the pivot foot: u, = u, = u, = 0 during the swing, and it is released
at the collision of the swing foot with the ground to determine y*,
w*, u.* u,’, u,” For all the details of the dynamics, refer to the father

paper [5].
Switching Supporting Foot and Ground Collision

For future extensions, the switching of feet has been computed,
in the most general way, by equating, through non-linear least
squares, the direction cosines matrix of the swing leg frame at the
touch down in terms of orientation angles in the body coordinate
frame 3-2-1 (ZYX), and assigning the first two coordinates to 6, and
0 of the new supporting leg. See the appendix A. The touch down is
given when the vertical position of foot F, reaches the ground, and
the inelastic collision defines y* and w*, as in the previous paper.

Simulation Examples

In this section, a few simulation examples are shown (Figures
2-4) assigning the same initial conditions and different pelvis
widths and strategies adopted for regenerating the y rotational
speed after collision at the start of a new step. In particular, y, along
with the pelvis width, controls the distance between feet and the
sway of the COG in the frontal direction, a and w, mostly, control
step length and cadence, respectively. Figure 2 shows the limitations
of the original SIP, irrespective of the speed regeneration strategy
adopted. The tracking of an omnidirectional trajectory of (Figure
5) is obtained controlling y at the beginning of each step to follow
the desired path. With strategy a), at each step after the switching
y maintains the same natural value given after the collision (y =
v'). With strategy b), irrespective of the value obtained after the

collision, y is set to the constant initial value (y =vy,).
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Figure 2: Behavior of COG with pelvis width equal 0 m.
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Figure 3: Behavior of angular velocities with pelvis width equal 0 m.

a2 T T T T 1.2
i i i i
| & L B o : A A ||II| |'I'. |III' A A
018 . i I il il i I i
aaf [ I (A [ {4 I {4
a1t ] T RATA' A ') Vig oAl
p & \ P L B R VAR A VA W T A i AN S USRS
e \ {1\ [—ee= ﬁ 04 | _—
E R ! | \ pe oot 1 —
= a i f \ 1 i j] 0.2 e |
- { ! f \ ) | |
aost N/ \ - f / T ° | [ ]
L LAF LY \
e 47 | | 4
£.1
04
015 5 : L 3 i J
y
oz . T | |
D5 0 05 15 2 25 3 35 4 ) 1 2 3 4 5 8 7
u[m] b fsmc]
(a) COG (b) velocities

Figure 4: Behaviors with pelvis width equal 0.17 m, and regeneration strategy b).
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Figure 5: Omnidirectional gait.

Conclusion and Future Work

The classical pendulum in polar coordinates limits the COG
trajectory to pass through the pivot foot position. This is unrealistic.
The problem is solved by introducing the width of the pelvis, and
the distance between the hips of the two legs. However, in the most
general case the DOF of the pendulum have to be increased to take
into account the rotation along the x-axis of the pelvis, non-existing
in the original SIP model. A special case, when the swing foot is
not rotated along its z-axis, which doesn’t introduce rotation of
the pelvis along its x axis and maintains the dynamical complexity
identical to the classical model, is considered in this paper. The
general framework si introduced in the appendix, and it will be
considered in a future paper.

Appendix A - Switching Pivot Feet - a General
Framework

The simplicity of the approach presented in this paper relies on
the fact that the frame of leg, has not rotation along his z axis; for
this and the assumption of flat ground the pelvis has no rotation
along the x axis and its revolution along the y axis can be resettled
at each step. Situation changes if, as example, the angle a_is added
to the swing leg, as in the original SIP model, or the ground is
not flat. To maintain the consistency of the COG position and the
pelvis orientation at the switching, the dynamics of the pendulum
increases to 3 DOF with motion angles 6, 6 and ©_, and two joints
are added to the kinematics, with fixed angles at each step, a, and
a,, (Appendix A1). Then at the switching, a, = a, a, = o, and the
initial values of 6, 6 and 6_ are obtained equating the direction
cosine matrix of leg, to a frame with direction angles defined in
the body coordinate frame 3-2-1 (ZYX). Indicating with N_Leg, the
direction cosines matrix from the inertial N to the Leg2 frames, it
can be written as:

thata
thataz 1

angles [rad]

I 1l Ll d s i 0114111
= N1 |

} [ M1 |
o (L1 1% SR

| f |
rrrrrrrrrrrrfrrbrrrEnd
2 4 8 B 10 12 14
1[sec]

(b} The behaviour of the angles

N_Leg,(1, 1) =cos( 0 )-cos(0 )

N_Leg,(1,2) =sin( 6 )-cos(0)

N_Leg,(1,3) =-sin(0)

N_Leg,(2,1) =sin( 0 )-sin( 0 )-cos(0 ) -sin(0 )-cos(0 )
N_Leg,(2,2) =cos(0 )-cos(0 )+sin(0 )-sin(0)-sin(0 )
N_Leg,(2,3) =sin( 6 )-cos(0)

N_Leg,(3,1) =sin( 0 )-sin( 0 ) +sin( 0 )-cos(0 )-cos(0 )
N_Leg,(3,2) =sin( 0)-sin(0 )-cos( 0 )-sin(0 )-cos(0 )
N_Leg,(3,3) =cos(0 )-cos(0)

Substitute figure Appendix Al with the following

P, COG P;
20z | -_O__ - 20
2cv, O Pelvis v
Legn Legz
0z O
9 - =4
9. |

| =
Fy

Appendix Al: The spherical inverted pendulum with
pelvis width - a general framework.
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