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PHASE SPACE ANALYSIS OF THE HERMITE SEMIGROUP AND
APPLICATIONS TO NONLINEAR GLOBAL WELL-POSEDNESS

DIVYANG G. BHIMANI, RAMESH MANNA, FABIO NICOLA, SUNDARAM THANGAVELU,
AND S. IVAN TRAPASSO

ABSTRACT. We study the Hermite operator H = —A+|x|? in R? and its fractional
powers H?, 8 > 0 in phase space. Namely, we represent functions f via the so-
called short-time Fourier, alias Fourier-Wigner or Bargmann transform V, f (g being
a fixed window function), and we measure their regularity and decay by means of
mixed Lebesgue norms in phase space of Vg f, that is in terms of membership to
modulation spaces MP4, 0 < p,q < oo. We prove the complete range of fixed-time
estimates for the semigroup e~tH” hen acting on MP4, for every 0 < p,q < oo,
exhibiting the optimal global-in-time decay as well as phase-space smoothing.

As an application, we establish global well-posedness for the nonlinear heat equa-
tion for H? with power-type nonlinearity (focusing or defocusing), with small initial
data in modulation spaces or in Wiener amalgam spaces. We show that such a global
solution exhibits the same optimal decay e~ as the solution of the corresponding
linear equation, where ¢ = d” is the bottom of the spectrum of H”. Global existence
is in sharp contrast to what happens for the nonlinear focusing heat equation with-
out potential, where blow-up in finite time always occurs for (even small) constant
initial data (constant functions belong to M°:1).

1. INTRODUCTION AND DISCUSSION OF THE RESULTS

The heat semigroup e® associated to standard Laplacian has been studied by
many authors in PDEs and physics. In fact, the study of the heat semigroup per-
vades throughout mathematical analysis and physics, being indispensable in many
situations. Moreover, there has been increasing interest in applications of the frac-
tional Laplacian to the mathematical modelling of various physical phenomena, see
e.g. [I8, 28] and the references therein. The Hermite operator (also known as quan-
tum harmonic oscillator) H = —A +|z|? plays a vital role in quantum mechanics and
analysis [I7, [42]. Nevertheless, there are only few mathematical papers which deal
with fractional powers of Hermite operator H? (8 > 0), see e.g. [6] 10} 43].

2010 Mathematics Subject Classification. 35K05, 42B35, 35S05.
Key words and phrases. Hermite operator, heat semigroup, modulation spaces, pseudodifferential
operators, nonlinear heat equation.
1
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The spectral decomposition of H on RY is given by

+o0o
(1) H=Y Q2k+d)P, Pf=> (f®)Pa.
k=0 |a|=k

where (-, -} is the inner product in L?(R?) and ®,,, o € N¢, are the normalised Hermite
functions, forming an orthonormal basis for L?(R?). Observe the regularising effect
of Py, which takes temperate distributions into Schwartz functions: Py : S'(R?) —
S(R?). Since 0 is not in the spectrum of H we can define the fractional powers H”
for any 8 € R by means of the spectral theorem, namely

HPf = "(2k+d)’Pof
k=0
We remark that H? is a densely defined unbounded operator for 5 > 0. We thus
define the heat semigroup associated to H? (8 > 0) by

+o0o
(2) eftHﬁf _ Z eft(2k+d)f3 Pkf-
k=0

In this note we study the behaviour of this semigroup on modulation spaces. In order
to define these spaces, we recall the definition of short-time Fourier transform (STFT
- also known as the Bargmann transform [39]) of f € &'(R%) with respect to a fixed
window function g € S(RY) \ {0}:

V,f () = / I f(y) gly —a)dy, 1.£ € R

Rd
We then measure the phase-space content of f by means of mixed Lebesgue (qua-
si) norms LP9(R? x R?) of V,f, leading to the so-called modulation spaces MP4
[15, 2T, 47]:
[ azra = [[[Vef (2, )l ezl g,

with 0 < p,q < oo; see Section [2| for a more general definition involving weights.
Heuristically, one can think of a function in MP? as having the local regularity of a
function whose Fourier transform is in L? and decaying at infinity as a function in LP.
We have, in particular, M?? = L?. Modulation spaces can be equivalently designed
as a family of Besov-type spaces with the dyadic geometry in frequency replaced by
a decomposition in isometric boxes.

We now state our main result, concerning the action of e~

8
on such spaces.

Theorem 1.1. Let >0, 0 < p1,p2,q1,q2 < 00 and

1 1 1 1 1 1 d /1 1
= max{———v()}, = = maX{—_—,O}, O'::_<T,+T>.
P2 D1 q @ @ 28 \p  q
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Then
(3) e Fllaraar < CO Fllasrrn
for every t > 0, where
Coe " t>1
4 C(t) = -
(4) Q {Cot” 0<t<1

for some Cy > 0.

The constant Cy can be chosen independent of pq, p2, q1, q2 when these exponents
belong to the range [1, +o00] (Banach space cases), as one sees by complex interpolation
(see e.g. [40]).

To the best of our knowledge the result is new even in the case f =1, p1 = ¢ =
P2 = qa.

Let us give a flavour of the heuristics behind the behaviour of C(t). First, by
testing the above estimate on the ground state of H we see that the decay at infinity
is absolutely sharp for every choice of the exponents and also that the exponent of ¢
for ¢t small can never be positive. Indeed, if f = & then Fyf = f and P, f = 0 for
k # 0, so that e *H” f = ¢=td" f.

As the modulation spaces MP? increase when one of the exponents increases while
the other one is kept fixed, it is sufficient to prove the result with p, replaced by
min{py, po} and similarly for ¢,, namely we can assume p, < p1, ¢2 < ¢1. Now, in
somewhat sloppy terms, the effect of the map e~ *# ’in phase space is to damp the
content of a function in a way that roughly amounts to the multiplication by the
function

Fy(z,£) = et +1e™)

The operator norm of this pointwise multiplication operator, as a map LPv% — [P>%
(mixed-norm Lebesgue spaces in R? x R9), can be computed by Holder’s inequality,
namely ||Fi||zs.a = C(t), as given in the statement (0 < t < 1). Of course the negative
exponent of ¢, for ¢ small, is the price to pay for the phase-space smoothing, when
passing from p; to ps < p; or from ¢ to ¢ < q.

We emphasize that the exponents are just assumed to be positive, without further
conditions, similarly to the refined estimates for the heat semigroup in Besov spaces
[45] (see also J47, Sec. 2.2]) and in real Hardy spaces [9].

We also observe that the same estimates hold when MP?? is replaced by the so-called
Wiener amalgam space WP4 = FMP4 ie. the image of MP9 under the Fourier
transform, endowed with the obvious norm. This follows at once by applying the
above estimates to F~!f and using the fact that F~! commutes with the spectral
projections P, (because F1®, = il*l®,) and therefore with e " by @.
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Similar estimates for the fractional heat semigroup e~ (=2 were obtained in [,
Thm. 3.1]; see also [47] for related results. However, our analysis follows a completely
different pattern and is necessarily less elementary, because the operator e~*# * is not
a Fourier multiplier. Actually, except for the case 8 = 1, there is not even an explicit
integral formula for e~ ? and we rely on the theory of fractional powers and heat
kernels of globally elliptic pseudodifferential operators in R? (see e.g. [32, B37] for a
general account).

From the above fixed-time estimates one could deduce Strichartz (space-time) es-
timates by a standard machinery, via the TT* method or real interpolation (see e.g.
[38] and [9, Thm. 3.1] respectively; see also [33]). However, in the case of the Her-
mite semigroup one should be able to obtain a broader range of space-time estimates
beyond those derived by the fixed-time estimates, see for instance [47, Cor. 2.1] for
the heat semigroup. Hence we prefer to postpone a systematic study of Strichartz
estimates, including some interesting related topics - in fact, it seems that the tech-
niques of this paper could be successfully applied to obtain some new LP estimates as
well. Instead, here we focus on some direct applications of Theorem to the heat
equation for H? with a nonlinearity of power type, providing some results which are
definitely a consequence of the trapping effect of the quadratic potential in H and do
not hold for the corresponding heat equation without potential.

Specifically, we consider the Cauchy problem for the nonlinear heat equationﬂ as-
sociated to H” :

5) Opu + HPu = Nu|*u
u(0,x) = ug(x)
with (t,2) € (0,4+00) x R% where k € N, k # 0, A € C and 3 > 0.

As an application of Theorem , we establish global well-posedness for . Specif-

ically, we have following result.

Theorem 1.2. Let 1 < p,q < oo, and

kd
q/ZQk—f—l, q/>g

Define the subspace X C L*([0,4+00), MP9) of elements u satisfying

8
| ult, )| arrea < 00.

Lz2(10,00))

Jullx = |

IThe subsequent arguments and results can be trivially modified for other algebraic nonlinearities
such as \u*, A€ C, ke N, k> 2.
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(a) There exists € > 0 such that for any ug € MP9 satisfying ||uo||apra < €, the
problem has a unique global solution

u € L*([0,00), MP?).
(b) We have u € C([0,00), MP?) if p < 0.

(c¢) If € is small enough the above solution enjoys exponential decay in time; specif-
ically, u € X.

(d) The same results hold with MP? replaced by WP for the same range of ex-
ponents.

The following remarks are in order (see Example for details).

Remark 1.3. Let f(x) =|z|™, 0 < a < d, v € R,

(i) The hypothesis ¢ > 2k + 1 in Theorem 1.4 is natural. Indeed, f, € M>1 C
Waoee g = 2’;—21, if0<a< #. But in the limiting case o = ﬁ we have
| fa(2)|?* folx) = |2|7¢, which is not even locally integrable. Notice that when
g > %, under the assumption ¢ > 2k+1 the additional condition ¢ > kd/
18 automatically satisfied.

(ii) To give a flavour of the the type of singularities and oscillations at infinity ad-
mitted for the initial data, we observe that, for example, one can take as initial
datum ug(x) = efo(z)(1 + ccos |€]?), c € C, 0 < a < min{d/(2k + 1), B/k},
with € small enough. Also, if x is any smooth function with compact support
in RY and A is any lattice in R, one can consider ug(z) = €D e falz —
p)x(x — p), with the same restrictions on a and €. Observe that of course
fo & LP for every p (if a # 0), thus Theorem reveals that we can con-
trol initial data beyond LP (there is an enormous literature on nonlinear heat
equations with Cauchy data in LP; see e.g. [30,[44] and the references therein).

(71i) The results in Theorem look interesting because they are in sharp contrast
to what happens for the standard heat equation with the above nonlinearity and
A = 1 (focusing case), where for real constant initial data (hence in M),
even small, one has always blow-up in finite time for every k # 0, as one sees
at once by solving the ordinary differential equation u, = u****, u real (again
the literature in this connection is large; see [44] for a comprehensive survey).

(iv) In Theorem we suppose p,q > 1. In fact, we are interested in well-
posedness in the lowest reqularity/biggest spaces; moreover, the proof relies
on the Minkowski integral inequality. However, the problem of the persistence
of regqularity in quasi-Banach spaces, as well as weighted variants of the above
results, although not of primary interest, could be worth investigating.

The proof of Theorem can be adapted (in fact simplified) to prove local well-
posedness for in the same spaces without any smallness assumption on the initial
data. We leave the details to the interested reader and we limit ourselves to briefly
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state the result as follows (with the necessary clarifications in the case p = oo, as in
Theorem |[1.2]).

Theorem 1.4. Let 1 < p,q < o0, ¢ > 2k+ 1 and ¢ > kd/B. Then is locally
well-posed in MP? and WP,

We observe that this result implies, in particular, local well-posedness in MP!,
1 < p < oo. Actually this special case, when 0 < § < 1, follows directly from [31],
Thm. 1.1] - it was also re-obtained in [I0] (in fact, if 3 < 1, the operator H” is
a pseudodifferentual operator with a real-valued Weyl symbol, bounded from below
and with bounded derivatives of order > 2, therefore satisfying the assumptions in
[31, Thm. 1.1]; see Proposition below). However Theorem applies to every
8 > 0 and for a range of ¢ > 1, allowing more singular initial data (in contrast, M°!
contains only continuous functions).

Modulation spaces have been widely applied in the study of nonlinear PDEs. The
local and global well-posedness for the heat equation associated to Laplacian in
weighted modulation spaces goes back to the work of Iwabuchi [24]. In [23], au-
thors have proved ill-posedness for the fractional heat equation and in [0, Thm. 1.1]
finite time blow-up has been established in some modulation spaces. On the other
hand, Bhimani et al. proved in [§] global well-posedness for the Hartree-Fock equa-
tions associated to harmonic oscillator in some modulation spaces; see also [29]. There
is a large literature dealing with the analysis of PDEs on modulation spaces; we refer
to the surveys [2l [36] and the monograph [47], and the references therein (see also
[3, 11]); we also mention the article [27] for results on the Hermite operator obtained
using phase-space methods. However, the study of nonlinear global well-posedness
in modulation and Wiener amalgam spaces is very limited when the corresponding
linear propagator is not a Fourier multiplier and, in fact, new interesting phenomena

can occur, as observed in Remark (111).

In short, the paper is organised as follows. We collect some background material
on modulation spaces and a number of preliminary results in Section 2. Section 3
is devoted to the proof of Theorem [I.1], while in Section 4 we provide the proof of
Theorem [I.2

2. PRELIMINARY RESULTS

We write |z|*> = x -z for z € R? where z - y is the inner product on R?. We
denote by S(R?) the Schwartz class of rapidly decaying smooth functions on R? and
by S'(R?) the space of temperate distributions. The bracket (f,g) stands for the
inner product of f,g € L?(R%) as well as for the action of f € §'(R%) on g € S(R?);
in both cases we assume it to be conjugate-linear in the second entry.



PHASE SPACE ANALYSIS OF THE HERMITE SEMIGROUP 7

Given z,¢ € R, the translation operator T}, and the modulation operator M are
defined as

T.f(y) = fly—=), Mcf(y)=€“f(y), feSRY,

and can be extended to temperate distributions by duality. The composition 7 (z) =
MT,, z = (z,£) € R* is referred to as a time-frequency shift.

The short-time Fourier transform (STFT) of f € S&'(RY) with respect to a window
function g € S(RY) \ {0} is defined by

Vol @.9) = (. £)g) = [ e )aly— o)y

Modulation spaces were introduced by Feichtinger [I5] in the ’80s. They con-
sist of functions enjoying suitable summability /decay conditions on the phase-space
side. Consider a weight m(z, ) in phase space, i.e. a continuous and strictly posi-
tive function in R? x R? with at most polynomial growth - in fact, we will often use
the polynomial weight vy(x, &) = (1 + |z| + [£])%, (2,€) € RT x R?, s € R H Let
0<p,qg<ooandge SMRY\ {0}; the modulation space MP4(R?) is the set of all
f € 8'(RY) such that

1/q

a/p
) ||f||M,p,;q::||vgfm||Lp,q:(/Rd(Ad|wf<x,s>m<x,s>|pdx) d€> <o,

with obvious modifications in the case where p = oo or ¢ = co. When s = 0 we simply
write MP4. Here we used the notation LP9(R? x R?) for the mixed-norm Lebesgue
spaces, with (quasi-Jnorm ||F(w,€)l|gns = |1, €)llse s

It turns out that modulation spaces are quasi-Banach spaces (Banach spaces if
p,q > 1) whose definition is independent of the choice of the window function g -
in the sense that different choices of the window provide equivalent norms; see e.g.
[4, 12, 19, 21, B4, B5] for proofs and further details. Here we observe that they
have a number of relations with standard function spaces of harmonic analysis, the
most notable being that M??(R?) = L?(R%), and the so-called Shubin-Sobolev, alias
Hermite-Sobolev, spaces Q*, s € R [37], which can be defined [20, Thm. 2.1] as the
space of f € §'(RY) such that

+oo
(7) 1£1Ge = 1 F 1172 = YN Pefll72(2k + d)° < oo,
k=0

2Actually we need a further technical assumption which will be always verified in the following -
hence the reader could ignore this issue - namely m is required to be vs-moderate for some s > 0;
see [21].
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It is well known that, for every 0 < p,q < o0, if s is large enough,
(8) Q° — MPT— M> — Q~°

(this follows easily from the characterisation Q° = M>?* [12, Lem. 4.4.19], Holder’s
inequality and the inclusion relations [12, Thm. 2.4.17]; see also [25] for an alternative
approach).

We recall that reversing the order of integration in @, namely

1/q

) e = ( [ ([ wseopae)” dx) ,

(here we take m = 1 for simplicity) gives rise to a norm that characterizes the so-
called Wiener amalgam spaces WP, In fact, they are strictly related to modulation
spaces via the Fourier transform, since WP = FMP4. We stress that such spaces can
be equivalently characterized by decomposition methods as Wiener amalgams with
local component FLP and global component L9, that is WP? = W (FLP, L9)(R?) -
see [12] 13] for further details. We emphasize that modulation and Wiener amalgam
spaces are clearly invariant under complex conjugation; moreover, if p = ¢ then MPP
coincides with WPP_ hence it is invariant under the action of the Fourier transform
[14].

Example 2.1. (i) Let fo(z) = |27, 0 < a < d (cf. Remark|[1.5). Let us show
that the function f, € MPY(R?) for p > d/a and q > d/(d — ). We just
sketch the proof, leaving the details to the interested reader.

One can estimate separately the STFT of xfo and (1 — x) fa, where x is
smooth with compact support in R, ¥ = 1 in a neighborhood of the origin,
taking a window g with compact support. Then Vy,(xf)(z,&) = 0 if x is large
enough and for x in a compact subset one uses |Vy(xf)(z,€)] S | fal e | X| *¢
11(€) =: F(&). Indeed, since fo = cofao for some co € R, by invoking the
Hardy- Littlewood-Sobolev inequality we have F € LY(R?) for ¢ > ﬁ. On the
other hand, (1 — x)fa can be estimated using the embedding L} — MP9 which
holds for 1 < p < oo and k € N large enough, where L} denotes the space of
LP functions with k distribution derivatives in LP [26].

(ii) Since, as already observed, fo = Cafi—a, we have f, € WaeP(RY) for the same
range of exponents p, q.

(iii) Note that cos|z| € M°>' [, Cor. 15] and by the algebra property (Proposition
we have MP9 . M1 C MP4, 1 < p,q < oo. Thus, if f € MP4 then
f(z)cos|x| € MP4. Similarly, using that cos |z|* € W1 [1, Thm. 14] and
war . Whee ¢ War, 1 < p,qg < oo, we see that if f belongs to WP then
f(z)cos |z|* belongs to WP too.

(iv) Constant functions are in M1 C Whee,
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(v) If x is any smooth function with compact support in R? and A C R? is any
lattice in R, ¢ > d/(d — «), then > pen fal@ — p)x(z — ) belongs to W=,
as one verifies easily.

Modulation spaces can be used both as symbol classes as well as environment where
to study boundedness of pseudodifferential operators [12], i.e. operators formally given
by

" fla) = 2w [ e a(Tr 6 pty) dye

R2d 2 ’

where a(z, ) is a function in phase space - the Weyl symbol of the operator a¥. In
fact the above integral, suitably interpreted in a weak sense, gives rise to a continuous
operator a% : S(RY) — &'(R%) for any distribution symbol a € &'(R?*?). However, in
the following we will only consider smooth symbols satisfying some growth conditions
at infinity. Indeed, the relevant symbol classes in this paper are given by the so-
called Shubin classes [22 32, B7]: for s € R we define I'* as the space of functions
a € C°(R*) such that

10%(2)] < Cyu(1 4 |2])*7 1 z € R™

for every o € N?¢. This space becomes a Fréchet space when endowed with the
obvious seminorms.

We state a generalized version of the Calderéon-Vaillancourt theorem that will be
used below.

Theorem 2.2. Leta € I'™%, s € R, and 0 < p,q < oo. Then a™ : MP? — MP1
continuously, with operator norm depending only on a finite number of seminorms of
am "%,
Proof. The desired continuity result follows from [40, Thm. 3.1] specialised to the case
of weights w1 (z,£) = 1, wa(z,€) = (1+]z]|+]€])* (z,€ € RY), wo(z,w) = (1+]z|+|w])*
(z,w € R*), which gives the continuity of a™ : MP4 — MP? if a € M (R*) for
r < min{l,p, q}.
On the other hand, if a symbol a satisfies the estimates
|0%(2)| < Co(1+|2])7° z € R*
(no additional decay is needed for the derivatives), then it belongs to M:>"(R*?) for
any r > 0. In fact, writing e=¥ = (1+ |w|?) ™M (1= A,)Ne ™7V (2,w,y € R*?) in the
formula for the short-time Fourier transform of a, and repeated integration by parts
yield
Vya(z,w)| < On(1+ [w]) 2N (1 +2])~* z,w € R*
for every N € N (g € S(R??)), which easily gives the claim. O

To conclude this section we recall a result about complex powers of pseudodiffer-
ential operators.
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Proposition 2.3. Let 3 > 0. The fractional Hermite operator H® = (—A + |x|?)? is
a pseudodifferential operator with Weyl symbol as € T*?. More precisely we have

(10) ag(z, &) = (| + 17 + r(x,€), ||+ ¢ > 1,
where r € 12872,

Proof. The result follows from the machinery of complex powers applied to the opera-
tor H (cf. 22, Thm. 1.11.1, Thm. 1.11.2]). Indeed H is a positive operator with Weyl
symbol |z|? + |£|?, which is positive globally elliptic - in the sense that |z|* + [£|* >
C(1+|x|+&|)? for x|+ || sufficiently large and some C' > 0. The desired result then
follows e.g. from [32] Thm. 4.3.6] specialized to the symbol class S(M,d, V) = I'"™,
namely with M (z,&) = (14 |x|+ €)™, ®(x,&) = VU(x,&) = 1+ |x| +|¢]; the so-called
Planck function h(z,&) = ®(z, &)W (z, &)~ = (14 |z| + |£]) 2, which gives the gain
in the asymptotic expansions within this symbol class, is responsible for the gain in
decay of the remainder r(z, £) compared with the “principal symbol” (|z|?+[£]?)?. O

3. PROOF OF THE MAIN RESULT

Proof of Theorem[1.1. We prove the desired estimate separately in the regimes t > 1
and 0 <t <1.

Case t > 1. It is sufficient to prove the following estimates:
(11> ||P]€||Mplﬂ(11_>Mp2,q2 S Co(Qk + d)s7 EeN

for some s > 0 and Cy > 0, and

+oo
(12) Zeft(2k+d)ﬁ<2k 4 d)s < Cleftdﬁ’ t>1
k=0

for some C7 > 0. Let us prove . As a consequence of the characterization @ and
the embeddings in , for s large enough we have

| Bellvarrr s agp2ar < Col| Pel[g-smsgs = Co(2k + d)°.
Let us now prove . Since the sequence N 3 k — e*t(%*d)ﬁ(Qk + d)® is decreasing
for, say, k > ko, we estimate separately

ko
Z e—t(2k+d)5 (2]{7 + d)s < Cze_tdﬁ

k=0
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for some Cy > 0, and

—+00 “+00
Z 6—t(2k+d)5<2k + d)s < / 6—t(2$+d)6 (21, + d)s dr
k=ko+1 ko
“+oo
S / eft(2x+d)ﬂ (23:, + d)s dx
0
e—tdﬁ +o00

_ ety Y+ AP\~ 1+1/B+s/B dy,
25 Jy © WD

where we applied the change of variable (22 + d)? = y + d°. The latter integral is
decreasing in t, so that its value for t > 1 is not larger than that corresponding to
t = 1, and the proof is concluded.

Case 0 <t < 1. First of all we observe that, by the already mentioned inclusion
relations of modulation spaces, we can limit ourselves to prove the desired result with
po replaced by min{p;, po} and g, replaced by min{q;, ¢2}. Hence from now on py < p;
and ¢z < qi.

Recall from Proposition that H? is a pseudodifferential operator with a real-
valued Weyl symbol ag € T'??. Moreover, the machinery of the heat kernel of pseu-
dodifferential operators applies (see e.g. [32, Thm. 4.5.1], the global ellipticity as-
sumption being satisfied in view of the structure of ag), and the associated heat
semigroup e~*H ? is therefore a pseudodifferential operator with Weyl symbol b;(z, &),
depending on the parameter ¢, such that, for every N > 0, the symbol tVb; belongs
to a bounded subset of 2N when ¢ stays in any compact subset of [0, +00).

Now, fix N € N such that 28N > 2d; we can apply Theorem to the symbols b,
and tVb; and we obtain, with m(z,£) = ves(z,€) = (1 + |z| + |€])?7,

1@+ ¥ m™ )WV s < Clfllarmm
for a constant C' independent of t € (0, 1]. Hence it is sufficient to prove that
1F ez < COINQ+ T m™)F|| o101

with C'(¢) as in the statement and for every measurable function F(z, ). This follows
by Holder’s inequality since, under our assumption, 1/ps = 1/p; + 1/p and 1/qs =
11 +1/g and

11+ ¥ m (2, €)™) Hlzea < I+ (J2| + [€)*) s = C(1)

as one sees by a linear change of variable. This proves the desired estimate in the
regime ¢ € (0, 1]. O
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Remark 3.1. We highlight that the estimate for p1 = po = q1 = g2 can be
improved as follows:

(13) [Pellarprsprer <1, k€N, p>1,

for a suitable choice of the window implicit in the definition of the MPP-norm. In
fact, for k € N we can write

+00 2
Pk _ (27_()71 Z (/ e*i9(25+d)€i9(2k+d) de) PZ
=0 0
2
_ (277')_1/ €—i9H6i9(2k}+d) d07
0
where the interchange of the sum and the integral is justified by Fubini Theorem, after

interpreting the above equalities in weak sense and using that for f,g € S(RY) one
has

+o0 +oo
Y P ) =D KPS Peghl < [1f ezllgloa-
=0 =0

The estimate then follows at once from the fact that
e || ppposngre = 1, 0 € R,

for a suitable choice of the window implicit in the definition of the MPP-norm; see
the proof of [7, Thm. 1.7].

This argument fails for MP9 with p # q, because in that case e
on MP1 (except for special values of 0).

—0H ys not bounded

4. THE NONLINEAR HEAT EQUATION FOR H”
In this section we prove Theorem [I.2] We recall the following results [5, 15, 16, 48].
Proposition 4.1 (Algebra property). Let m € N, m > 1. Assume that > -, + = 2

i=1p; — po’

Zﬁli:m—ljtqlo with 0 < p; < 00,1 < ¢q; < oo forl <i<m. Then, for some

C >0,

m
11
i=1
Lemma 4.2. The multi-linear estimates

1% fllarer < CN e
hold for 1 < p,q,r < oo,k € N, o5 = 1 4 2k,

m
< T lme
=1

MP0>90
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Proof. From Proposition [.1] we have

AP fllazror < ClLF IR

with 2’%1 = pio and the conclusion follows from the embedding M?o" < MP™ (py <

p)- O
Proof of Theorem [1.2. (a) We study (] directly in integral form (Duhamel’s prin-

ciple), namely

(14) u(t) = S(t)uo + )\/0 S(t —7) [Ju(r)|*u(r)] dr = T (u)

where S(t) = e tH”.
Let p, q be as in the statement. By Theorem we have, for ¢ > 0,

(15) 1S(E) fllarra < Ci| flapa
for some C7 > 0 and, for r > ¢,

1S@) fllvea < CENfllazer,

—tdP >
C(t)z {006 t_l

where

C’()lf‘7 O0<t<1

% (% — %) . Since ¢ > 2k + 1 we can choose r € [1, 00]

such that % = % + 2k. Since ¢’ > kd/3, we have o < 1. By Minkowski’s inequality
for integrals and Lemma 4.2 we obtain, for some constants Cy, C5 > 0,

/0 (=) )P dr|

< [ 56 =) )P ur )
< / Ot — ) llu(r)P*u(r) g

for some Cy > 0, with o =

t
<€y [ - )ulr)itar
0

t
< Calll g amay | CONS < CallulE sy iy
Combining this inequality with , we have

(16) 1T )|z o, 400000y < Callluollama + Il 72 G0 1ocy a1
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for some constant Cy > 0. For € > 0, put
B. = {u € L*([0,+00), MP?) : ||ul Lo (0,00),m0) < €},

which is the closed ball of radius €, centred at the origin in L>°([0, +00), MP9). Next,
we show that the mapping J maps B, into itself for suitable choice of €. Now, if we
assume |[ug|[yra < 55 then from (16) we obtain for u € B.

g
HJ(U)HL‘X’([O,—FOO),MM) < 5 + C4€2k+1.

Since k > 0, we can choose € such that 2 < ﬁ and as a consequence we have
€

T ()| oo ((0,4-00),mpa) < ;t5 =6

that is, J(u) € B.. Noticing the identity

=[] = (u = v)[ul* + o(ju* — [o]*")

and exploiting similar arguments as before, we obtain

‘u|2ku

1
1T (1) = T (V)| oo (0,4-00),Mpa) < 3 | — V]| oo (j0,4-00),MP-9)

possibly by taking ¢ smaller. Therefore, using Banach’s contraction principle, we
conclude that J has a unique fixed point in B, which is the solution of .

(b) Let us now show that when p < 0o (¢ < oo because of the assumption ¢ >
2k+1) the unique solution in L*([0, +00), M?) in fact is continuous in ¢, i.e. belongs
to C([0, +00), MP9). 1t is sufficient to repeat the above contraction argument with the
space C([0,4+00), MP) in place of L*([0,+00), MP1), provided that the semigroup
S(t) is strongly continuous on MP4. To this end, observe that by it is sufficient
to prove that the map ¢ — S(t)f is continuous with values in M?? for every f in
some dense subset of MP9.

Then, let us take f € S(RY). We know that the semigroup S(t) is strongly contin-
uous on L2 Hence for every k € N, the map ¢t — S(t)H*f = H*S(t) f is continuous
with values in L?. But the seminorms py(f) == ||[H* f| 12, k € N, define an equivalent
family of seminorms for S(R?), see [32]. Hence the map ¢ — S(t) f is continuous with
values in S(R?) and a fortiori when regarded as a map valued in MP9.

(¢) We shall now prove the desired decay of the solution. By Theorem [1.1| we have,
for t > 0,

I1S(#) Fllarma < Coe™ || fllarra

for some Cy > 0. Thus, we have

(17) 1S fllx < Co [l fllawa-
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We already know from part (a) that

B
etd

/0 S(t — ) [Ju(r)[Pu(r)) dr

t
< cletdﬁ/o C(t — 7)|Ju(r) |2 Ldr

MPsa

for some C > 0. To control the above integral we divide it into two parts. For ¢t > 0
welet By ={r€[0,t]:t—7 <1} and Ey = {7 € [0,t] : t — 7 > 1}. Note that

e u(r)|[2ErE = €72 (7 u(7) || agma ) 2L,

Hence, for some C5 > 0,

etdﬂ/ C’(t—7‘)||u(7‘)||?\§;f3dr < 026“”3/ (t—T)_"e_TdBe_Qdeﬂ||u\|§f+1d7'
E1 El

IN

1
Cg||u|]§£“+1edﬂ/ s %ds

0
and, since k£ > 0,

/ Clt —7)ulr)|Fiidr < Cye” / e lu(r) |3t dr
E2 E2
+oo ’

< Oy ||u||§§+1/ e~ 2" dr.

0

Combining these inequalities with yields

17 (w)llx < Cs(lluollara + ull )

for some constant C3 > 0. Now, repeating similar arguments as before gives the
desired result.

(d) The proof of the global well-posedness in W9%P(R%) goes as that above for the
modulation spaces MP4. We can replace indeed MP?? with WP everywhere, using
the algebra properties of WP analogous to Lemma [£.2] that are

LI Fllwre < ClFIG

for 1 < p,q,r < o0,k € N, QﬁTH = % + 2k, which are in turn a consequence of the
convolution properties for modulation spaces [41] (the Fourier transform turns con-
volution into pointwise multiplication and modulation spaces into Wiener amalgam
spaces).

O
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