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Abstract

Diagrids are tubular structural systems made up of mega-diagonals arranged in a triangular
or tetrahedral pattern, which are placed all over the external surface of the building and usu-
ally span across several floors. In the last two decades, diagrids have experienced a remark-
able development as efficient structural systems in tall building design and construction. This 
was mainly due to their high lateral stiffness, capability to realize complex-shaped structures 
and obtain impressive aesthetic results, flexibility of the external diagonals’ layout, etc. The 
structural analysis of these systems is usually carried out by the Finite Element Method 
(FEM) or by numerical calculations based on simplified assumptions. Recently, we developed 
a matrix-based method (MBM) to perform the structural analysis of diagrid systems under 
static forces. The MBM was then coupled with an analytical formulation developed in the past 
years by some of the authors, the so-called General Algorithm (GA), in order to study the 
structural response of an external diagrid tube coupled with an internal shear wall under lat-
eral and torque static actions. The study allowed to investigate the influence of the diagonal 
inclination on the lateral and torsional flexibility of the diagrid-core system. In the past years, 
the analytical formulation of the GA was also made suitable to analyze the response of three-
dimensional tall building in the dynamic regime. In this contribution, we show new results 
regarding the dynamical behavior of an external diagrid structural system coupled with an 
internal shear wall, as obtained from the GA calculations. Modal analysis was carried out in 
order to obtain the natural frequencies and mode shapes of the tall building, and the influence 
of the diagonal inclination on the results was also investigated. Moreover, by applying differ-
ent harmonic oscillations at different frequencies at the base of the building, the damped dy-
namical response of the different diagrid-core systems was investigated.

Keywords: diagrid, matrix-based method, general algorithm, dynamic analysis, analytical 
method.
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1 INTRODUCTION

In the last decades, the field of tall buildings has undergone a major development due to 
the introduction of new structural systems able to resist lateral loads very efficiently [1]. 
Among these, diagrid systems have been exploited worldwide due to their high lateral stiff-
ness and aesthetic potential. The diagrid is a tubular structure placed over the external surface
of the building, made up of inclined mega-diagonals [2,3] or tetrahedral configuration [4] 
which are designed to withstand both lateral and vertical loads. Therefore, in diagrid struc-
tures the conventional vertical columns are completely removed from the external tube, as the 
gravitational loads can be directly transferred to the ground via the mega-diagonals.

Besides the conventional application of Finite Element (FE) calculations, a variety of ana-
lytical and simplified methodologies have been proposed in the last years for the structural
analysis of diagrid systems under lateral loads. All these methods usually rely on the follow-
ing basic assumptions: (1) the deformation mechanism of the building is governed by the axi-
al elongation and shortening of the mega-diagonals, (2) the stress-strain relationship of the 
diagonals lies within the linear elastic regime, and (3) the floor slabs of the building remain 
plane after deformation. Based on these assumptions, Moon et al. [5] developed a stiffness-
based methodology for the structural analysis and preliminary design of rectangular diagrid 
tubes under horizontal forces. Mele et al. [6] proposed a hand-based method for the calcula-
tion of axial stresses in the diagonals under both lateral and vertical loads. Liu and Ma [7]
suggested a modular method for the structural analysis of arbitrary polygonal diagrid tubes, 
where the shear and bending stiffness of the diagrid modules were analytically calculated.

More recently, we developed a stiffness-based approach based on matrix calculus, which 
was called the matrix-based method (MBM), for the analysis of generic diagrid systems [8].
The MBM is based on the direct calculation of the global stiffness matrix of the diagrid, by 
considering the kinematic and equilibrium equations at the level of the rigid floors. The MBM 
allows to perform very quickly the structural analysis of diagrids under both lateral, vertical 
and torsional actions. Furthermore, the MBM has been recently integrated within a more gen-
eral semi-analytical framework, the so-called General Algorithm (GA). The GA has been de-
veloped by some of the authors in the last decades and allows to investigate the structural 
behavior of three-dimensional buildings made up of several vertical resisting elements, such 
as frames, tubes and shear walls [9-12]. Very recently, we have inserted the MBM within the 
GA environment in order to perform the structural analysis of an external diagrid tube cou-
pled with internal shear walls [13].

One of the main interesting features of diagrid structures is that their structural response is 
significantly affected by the layout of external diagonals. This means that the diagonal layout
can undergo optimization processes, finding the optimal diagonal arrangement to optimize
certain responses of the building. Moon [14] has early shown that there exists an optimal in-
clination of the external diagonals able to minimize the lateral building deflection under hori-
zontal loads. Various diagonal layouts have been proposed in the following years and the 
corresponding building efficiency under lateral loads has been investigated [15-18]. Attention 
has also been paid to torsional actions and the role that these might have in the parametric in-
vestigation of the diagrid structural response [13].

In this contribution, we make use of the MBM coupled with the GA in order to investigate 
how the dynamic response of an external diagrid tube coupled with an internal closed-section 
shear wall changes according to a change in the inclination of the external diagrid diagonals.
The natural frequencies and fundamental mode shapes of the building are extracted by solving
the multi-degree-of-freedom (MDOF) unforced undamped equations of motion. The analysis
of the natural frequencies and mode shapes of the buildings with different inclinations of the 
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diagonals reveals the influence of the diagrid geometry on the overall dynamic response of the 
system. Furthermore, the damped dynamic response of the diagrid-core structure is also stud-
ied under the application of harmonic oscillations of the base of the building. Comparisons 
between the obtained maximum displacements, velocities, accelerations, inter-story drifts and 
base shear values are finally made.

2 METHODOLOGY

As shown in [13], the MBM can be coupled to the GA in order to carry out the structural 
analysis of a diagrid-core system under lateral and torsional static actions. More details about 
the basic assumptions and the applications of the MBM and the GA can be found in [8-13]. In
the GA environment the building is assumed to be subjected to two horizontal forces (along 
the horizontal X and Y axes) and one torque moment (around the vertical Z axis) acting at the 
level of the floor centroids. It follows that the total number of DOFs in the GA is equal to 3N,
N being the total number of floors.

In this paper, the MBM-GA framework has been adapted in order to investigate the dy-
namic response of a diagrid-core system. First of all, the natural frequencies and fundamental 
mode shapes of the building are evaluated according to the MDOF undamped unforced equa-
tions of motion. Then, we apply harmonic oscillations at various frequencies at the base of the 
building and solve the dynamical problem based on the MDOF forced oscillations in presence 
of damping.

The first problem can be formulated in simple mathematical terms via the following matrix 
relationship related to the modal eigenvalue-eigenvector solution:

2
n nK M u 0 (1)

where K and M represent the stiffness and mass matrix of the structure, un is the mass-
weighted eigenvector associated to the n-th mode shape (n = 1, 2, …, 3N) and ωn is the angu-
lar frequency associated to the n-th mode of vibration. The angular frequency ωn is related to 
the vibrational frequency fn and period of vibration Tn by ωn = 2πfn = 2π/Tn. More details 
about the calculation of the stiffness matrix K and mass matrix M can be found in [9,11]. Af-
ter the construction of these matrices, equation (1) immediately yields the natural frequencies 
and mode shapes of the structure.

After evaluating the fundamental vibrational features of the diagrid-core building (frequen-
cies and mode shapes), we also want to investigate the dynamic response of the structure un-
der the application of harmonic oscillations at the base of the structure. This can be done by 
considering the complete dynamic equation, which includes the contribution of inertia, damp-
ing, elastic and external forces:

t t t textMδ Cδ Kδ F (2)

where C is the damping matrix of the structure, Fext(t) is the vector of external dynamic forces 
and δ׳׳(t), δ ׳(t) and δ(t) represent the vectors of floor accelerations, velocities and displace-
ments (the apex ׳ stands for the time-derivative). One can then separate the spatial and tem-
poral contribution within the dynamic displacements δ(t), as δ(t) = Up(t), where U is the 
matrix whose columns contain the time-independent mode shapes un obtained from equation 
(1) and p(t) is the vector containing the time-dependent principal coordinates associated to 
each mode shape. Hence, we obtain:

t t t textMUp CUp KUp F (3)
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Multiplying each term of equation (3) by UT and remembering that, due to the mass-
normalization of U, UTMU = I and UTKU = Ω, I being the identity matrix and Ω the matrix 
containing the eigenvalues ωn

2 on the diagonal and zero outside, it follows that:

t t t tT T
extp U CUp Ωp U F (4)

The problem can now be decoupled with respect to each individual mode n if one assumes 
that the matrix UTCU is diagonal, with diagonal elements equal to 2ξnωn, where ξn represents 
the damping ratio associated to the n-th mode of vibration. Then, one finally obtains the set of 
3N scalar equations whose unknowns are the temporal principal coordinates pn(t):

2
n n n n n np t 2 p t p t tT

n extu F (5)

Since we apply harmonic oscillations at the base of the building, the vector of external forces 
Fext(t) can be simply written as Fext(t) = Mug׳׳(t) = Mug׳׳sin(ωgt), where ug׳׳ is the vector asso-
ciated to the ground acceleration and ωg the angular frequency of the ground oscillation. The 
solution of the single-degree-of-freedom (SDOF) equation of motion (5), with the application 
of the initial resting conditions, leads to:

n nt
n n d,n n d,n n g np t e A cos t B sin t C cos t (6)

where ωd,n = ωd(1-ξn
2) is the reduced frequency of the n-th mode of vibration due to its damp-

ing, and the coefficients An, Bn, Cn and ϕn take the following form:

n n n

n n n n n n
n

d,n

n 2 22 2
n n n n

n n
n 2

n

A C sin

A C cos
B

C
1 2

2arctan
1

T
n gu Mu (7)

where βn = ωg/ωn is the ratio between the angular frequency of the external excitation and the 
one associated to the n-th mode shape. Once all the 3N principal coordinates are evaluated 
from equations (6-7), the displacements of the structure δ(t) are immediately obtained as δ(t)
= Up(t). Known the time-dependent displacements of the building floors one can easily find 
the velocities δ׳(t) and accelerations δ׳׳(t) by single and double time-differentiation. The inter-
story drifts can also be evaluated directly from the vector δ(t). Finally, the total time-
dependent base shear V(t) is calculated by summing all the horizontal elastic forces at the lev-
el of the floors, which can be computed as Fel(t) = Kδ(t).

The analytical procedure described in the above paragraphs is applied to a tall building 
made up of an external steel diagrid tube coupled with an internal closed-section concrete 
core. Figure 1a shows the dimensions (in meters) of the building plane, while figure 1b re-
ports the six different lateral views by considering six different inclinations of the external 
diagonals [13]. The building has 40 stories and the inter-story height is equal to 4 meters,
leading to a total height of the building of 160 meters. The internal core is a 9 m × 9 m closed-
section shear wall made of concrete (Young’s modulus of 30 GPa) and 0.80 m thick. The ex-
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ternal diagonals are made of steel (Young’s modulus of 210 GPa) and their cross-sectional 
area is equal to 0.1 m2 [13]. The different diagonal inclinations of the models (figure 1b) 
range from 32.6° (model 1) up to 81.1° (model 6). The mass of the structure is calculated as-
suming a dead load for the floors equal to 7 kN/m2. Finally, the damping ratio ξn is considered
equal to 0.05 for all the modes of vibration.

Figure 1: Building geometry: (a) floor plan; (b) lateral views. From Lacidogna et al. [13].

3 RESULTS AND DISCUSSION

Table 1 shows the first ten values of the natural frequencies (in Hz) arising from the 
MDOF unforced oscillation problem reported in equation (1) for the six models. The letters X,
Y and Z in the parentheses describe the predominance direction of the mode shape: X and Y 
refer to lateral oscillations of the building along the X and Y direction, respectively, while T 
means that there is a not negligible contribution due to the torsional rotation of the building.

As can be seen, due to the symmetry of the building (figure 1a), the first two modes in-
volve lateral oscillations along the X and Y axis at the same frequency for all models. The
absolute value of this fundamental frequency is found to be maximum (0.364 Hz) for model 3 
and minimum (0.243 Hz) for model 1. The first frequency of model 4 (0.362 Hz) is close to 
that of model 3, whereas the first frequencies of models 2 (0.321 Hz), 5 (0.339 Hz) and 6
(0.320 Hz) lie in between. Since higher frequencies are associated to stiffer responses, these 
results reflect a feature already found from the static analysis performed in [13], i.e. model 1 
(the one with the shallowest diagonals) has the lowest lateral rigidity, whereas models 3 and 4 
(with diagonal inclinations around 70°) are the stiffest under lateral loads.

For higher mode numbers an important torsional contribution is found to appear associated 
with displacements of the structure along the Y direction. It is interesting to notice how the 
first mode shapes involving significant torsional rotations are found at the fifth mode for 
models 1 and 2 and at the third mode for the other models. Moreover, the fundamental fre-
quency values associated to these first torsional oscillations are found to decrease as the num-
ber of the model increases, i.e. it is maximum for model 1 (2.313 Hz) and it decreases up to 
the minimum value for model 6 (1.186 Hz). Again, since higher frequencies correspond to
stiffer responses, these results show that increasing the diagonal inclination of the diagrid 
leads to higher torsional flexibility, as already shown by the static analysis reported in [13].
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Mode number Model 1 Model 2 Model 3 Model 4 Model 5 Model6

1 0.243 (X) 0.321 (X) 0.364 (X) 0.362 (X) 0.339 (X) 0.320 (Y)
2 0.243 (Y) 0.321 (Y) 0.364 (Y) 0.362 (Y) 0.399 (Y) 0.320 (X)
3 1.499 (X) 1.857 (Y) 1.581 (Y+T) 1.442 (Y+T) 1.243 (Y+T) 1.186 (Y+T)
4 1.499 (Y) 1.857 (X) 1.834 (X) 1.746 (Y) 1.539 (Y) 1.458 (Y)
5 2.313 (Y+T) 2.105 (Y+T) 1.834 (Y) 1.746 (X) 1.539 (X) 1.458 (X)
6 4.115 (X) 4.777 (Y) 4.432 (Y+T) 4.200 (Y+T) 3.688 (Y+T) 3.520 (Y+T)
7 4.115 (Y) 4.777 (X) 4.432 (X) 4.200 (Y+T) 3.769 (Y) 3.607 (Y)
8 6.935 (Y+T) 6.281 (Y+T) 4.701 (Y+T) 4.284 (X) 3.769 (X) 3.607 (X)
9 7.879 (Y) 8.641 (Y) 7.698 (Y+T) 7.005 (Y+T) 6.027 (Y+T) 5.757 (Y+T)
10 7.879 (X) 8.641 (X) 7.834 (Y+T) 7.508 (Y+T) 6.961 (Y+T) 6.820 (Y+T)

Table 1: Natural frequencies (in Hz) of the diagrid-core system depending on the diagrid diagonal inclination.

After evaluating the natural dynamic response of the diagrid-core system, various harmon-
ic oscillations at different frequencies are applied to the base of the building and the dynamic 
structural response examined as obtained from equations (2-7). The time-dependent accelera-
tion applied at the base of the building is of the form ug׳׳sin(ωgt), being ug0.03 =  ׳׳ m/s2 the 
maximum ground acceleration in the X direction and ωg = 2π/Tg the ground angular frequency, 
with Tg varying in the range 0.01 s – 8 s. Figures 2-6 show the results in terms of maximum 
story displacement, maximum story velocity, maximum story acceleration, maximum inter-
story drift and maximum base shear, respectively, as a function of the applied ground oscilla-
tion period Tg and diagrid model.

Figure 2 shows that each diagrid-core system exhibits the largest value of the lateral dis-
placement when the period of the ground oscillation matches the fundamental period of vibra-
tion of the building. With reference to the frequency values reported in table 1, this is found to 
occur when Tg is approximately equal to 4.1 s, 3.1 s, 2.8 s, 2.8 s, 2.9 s, and 3.1 s for models 1, 
2, 3, 4, 5 and 6, respectively. Therefore the high peaks in the graphs of figure 1 refer to reso-
nance phenomena related to the first modes of vibrations of the diagrid-core system. Clearly, 
adopting different diagonal inclinations makes the position of this resonance peak to translate 
horizontally with respect to the variable Tg, as the fundamental frequency of vibration of the 
system changes (table 1). It is also interesting to notice that the amplitude of this resonance 
peak is maximum for model 1 (blue curve), while it reaches a minimum value for models 3
(orange curve) and 4 (purple curve). This result is again in agreement with the above-
mentioned fact that models 3 and 4 are indeed the most rigid ones against lateral forces,
whereas model 1 is the most flexible. Therefore, the maximum dynamic displacements of the
building floors are the highest for model 1, lowest for models 3 and 4, and exhibit intermedi-
ate values for models 2 (red curve), 5 (green curve) and 6 (light blue curve).

Figures 3 and 4 report the corresponding spectra of maximum story velocities and accel-
erations, respectively. Again, we find the largest resonance peaks in correspondence of the 
fundamental periods of the structure. However, in these cases we also start to see additional
resonance peaks at lower periods (higher frequencies). The velocity response spectrum shows
secondary resonance peaks around 0.5 – 0.7 s (figure 3), which correspond to the activation of 
the second lateral vibrational modes (table 1). These secondary peaks are also found in the
acceleration response spectrum (figure 4).

This spectrum is also found to exhibit tertiary resonance peaks around 0.2 – 0.3 s, which 
correspond to the resonance conditions along the third modes of vibration along the X direc-
tion (table 1). The amplitudes of the resonance peaks in the velocity spectrum (figure 3) ex-
hibit similar trends of those reported in the displacement spectrum (figure 2), but here the 
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difference between the peaks corresponding to the different diagrid models is reduced. In the 
acceleration spectrum (figure 4), the amplitudes of the fundamental resonance peaks get 
somewhat inverted, since model 1 is the one experiencing the lowest acceleration, whereas 
models 3 and 4 are the ones undergoing the highest value. This is mainly due to the fact that,
being models 3 and 4 the stiffest ones, they are not highly deformable but can undergo high 
accelerations due to their stiffer response.

Figure 2: Maximum story displacement of the diagrid-core system.

Figure 3: Maximum story velocity of the diagrid-core system.

Figure 4: Maximum story acceleration of the diagrid-core system.
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Figure 5 shows the maximum inter-story drifts depending on the diagrid-core model and 
the value of the ground oscillation period Tg. As can be seen, this spectrum strictly resembles 
the one of absolute displacements. However, in this case a somewhat clearer occurrence of the 
second resonance peaks at 0.5 – 0.7 s can be observed.

Figure 5: Maximum inter-story drift of the diagrid-core system.

Finally, figure 6 reports the maximum value of the total shear at the base of the building 
obtained for each oscillation period Tg and each diagrid-core model. In this case, three clear 
resonance peaks can again be observed, in analogy with the acceleration spectrum reported in 
figure 3. From the graph of the base shears, it can be seen that model 1 is the one absorbing 
the least amount of elastic force, as it is already known to the most flexible under lateral loads. 
On the other hand, since the other models are stiffer, they exhibit a higher value of the base 
shear. These results reflect the fact that, under dynamic excitations, there is a general trade-off
between the displacement-based and force-based demand. Stiffer structures obviously lead to
lower displacements but they usually are required to withstand higher amounts of force. On 
the other hand, more flexible solutions undergo larger displacements but they are less loaded. 
However, this is also strongly affected by the frequency of the external excitation. Large dy-
namic responses, with high dynamic amplifications, are obviously generated if the excitation 
frequency is close to the fundamental ones of the structure. Conversely, if we are far from the 
resonance condition, the dynamic response of the building might lead to low values of the 
displacements as well as elastic forces.

Figure 6: Maximum base shear of the diagrid-core system.
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4 CONCLUSIONS 

In this contribution we presented the analytical investigation of the dynamic response of a 
diagrid-core system for tall buildings. For this purpose, a matrix-based method (MBM) was 
employed within the framework of a General Algorithm (GA). For a set of diagrid-core sys-
tems with different inclinations of the external diagonals, the analytical formulation allowed 
to quickly evaluate the natural frequencies and mode shapes of the structure, as well as the 
damped response under harmonic oscillations at different frequencies. The semi-analytical 
formulation led to the investigation of the maximum values of the story displacements, veloci-
ties and accelerations under the external excitations, as well as the inter-story drifts and gen-
erated base shears.

It was found that diagrid solutions with very shallow diagonals lead to the highest lateral 
flexibility and lowest torsional deformability. Conversely, the lowest lateral flexibility was
found for diagonal inclinations close to 70°. These diagrid solutions led to the lowest values
of lateral displacements, but they were the ones experiencing the highest amount of elastic 
shear force in resonance conditions. Conversely, the most flexible solutions (with very shal-
low diagonals) were found to undergo the highest dynamic displacements, but experienced the 
least amount of elastic force. From these considerations, it follows that the dynamic response 
of a diagrid-core tall building strongly depends on the geometry of the external diagrid tube.
However, great attention must also be paid to the fundamental frequency of the external exci-
tation. When far from resonance conditions, each structural solution might have its ad-
vantages in terms of minimizing the lateral displacements and generated elastic forces.
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