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HIGHER ORDER DISTANCE-LIKE FUNCTIONS AND SOBOLEV SPACES

DEBORA IMPERA, MICHELE RIMOLDI, AND GIONA VERONELLI

ABSTRACT. On non-compact Riemannian manifolds, we construct distance-like functions with deriva-
tives controlled up to some order k assuming bounds on the growth of the derivatives of the curvature
up to order k — 2 and on the decay of the injectivity radius. This construction extends previously
known results in various directions, permitting to obtain consequences which are (in a sense) sharp.
As a first main application, we give refined conditions guaranteeing the density of compactly sup-
ported smooth functions in the Sobolev space W*? on the manifold. Contrary to all previously
known results this can be obtained also on manifolds with possibly unbounded geometry. In the
particular case p = 2, making use of the Weitzenbock formula for a Lichnerowicz Laplacian acting
on k-covariant totally symmetric tensor fields, we can weaken the assumptions needed to obtain
the density property, avoiding any condition on the highest order derivatives of the curvature.
Distance-like functions are also used to obtain new disturbed Sobolev inequalities, disturbed LP-
Calderén-Zygmund inequalities and the full Omori-Yau maximum principle for the Hessian under
weak assumptions.
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1. INTRODUCTION AND MAIN RESULTS

1.1. Higher order distance-like functions. Let (M, g) be a complete non-compact Riemannian
manifold and let r(z) be the distance from x € M to a fixed reference point o € M. The behaviour
of the function r(z) detects how much the manifold differs from the Euclidean space. It turns out
that in general r(x) is 1-Lipschitz on M, but only a.e. differentiable. This happens as soon as
the point o has a cut-locus, and in particular whenever M has non-trivial topology. This lack of
regularity of r represents an obstacle to perform a certain kind of smooth analysis. In order to
overcome this problem, it is often enough to use, in place of r, a suitable smooth approximation of
the distance function. A first evidence in this direction is given by a well-known result by M. P.
Gaffney [9] (often attributed in the literature to R. E. Greene and H. Wu, [I1]), who showed the
existence of a function H(x) on M which is smooth, distance-like (i.e. C~'r(z) < H(z) < Cr(x)
outside a compact set) and whose gradient has norm uniformly bounded by 1. This can be obtained
by smoothing 7 in local coordinate charts by mollification.

In order to adapt to Riemannian manifolds certain techniques of C* (Euclidean) analysis, one
would like to have at disposal on M a smooth distance-like functions of which one controls not only
the gradient, but also higher order (covariant) derivatives up to the order k. It is thus a natural
question to what extent one can generalize Gaffney’s result, providing sufficiently general geometric
assumptions which guarantee the existence of a distance-like function with controlled higher order
derivatives.

A first achievement in this direction is due to J. Cheeger and M. Gromov, [7] (see also [21] for a
detailed proof), who remarked that a uniform double-sided bound on the sectional curvatures of M
permits to get a uniform bound also on the norm of the second order derivatives of Gaffney’s first-
order distance-like function through the local smoothing process, thanks to the Hessian comparison.
More recently, L. F. Tam provided in [28] a new completely different proof of Cheeger-Gromov’s
result: start with the first-order distance-like function by Gaffney-Greene-Wu and let it evolve by
the heat flow of M the regularizing property of the heat flow, together with the sectional curvature
bound, permits to control also the second order derivatives along the evolution, so that the evolution
at a fixed time (say ¢ = 1) gives the aimed second-order distance-like function. Contrary to the
proof by Cheeger-Gromov, Tam’s approach is more flexible, in the sense that it can be adapted to
other sets of assumptions. This was first observed by the second and third authors in [25], where
the existence of a second order-distance like function was obtained when the underlying manifold
has (double-sided) bounded Ricci curvature and positive injectivity radius. For a further recent
result, see also [19], where the assumption of positive injectivity radius is replaced by the request
that the volumes of unitary balls are almost Euclidean. This seems a pretty strong assumption,
which however a priori could not imply inj,(M) > 0 in general.

As we will see later, for most applications the uniform bound on the second-order derivatives is a
property stronger than what is really needed, in that we can actually allow derivatives to explode at
infinity, provided that their growth is appropriately controlled. Starting from this observation, in the
previous paper [20] we found conditions which ensure the existence of a distance-like function with
uniformly bounded gradient and sub-linear growth of the second-order derivatives. Namely, this
holds true provided that: a) the norm of the Riemann tensor grows sub-quadratically or b) the norm
of the Ricci tensor grows sub-quadratically and the injectivity radius can possibly vanish at infinity,
but no faster than 1/r(z). In order to obtain this improvement, we introduced a new strategy: the
distance-like function is no more given by a solution of the linear homogeneous parabolic heat flow,
but instead by the solution of a non-linear non-homogeneous elliptic equation.
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Concerning the existence of higher order distance-like functions (i.e. with controlled derivatives
up to the order k > 2), up to our knowledge, the only known achievement is due to L. F. Tam ( see
[8, Remark 26.50]) who proved the following

Proposition 1.1. Let k> 2. Let (M™,g) be a complete Riemannian manifold such that, for some
D > 0, we have \VJRiem\_ < D? for j =0,...,k —2. Then there exists a distance-like function
H € C*®(M) such that |[VIH| < C, for j =1,...,k, with C a positive constant depending only on
m,k,D.

Let A:[0,400) — [0,+00) be a C*° function. Before stating the first main result of this paper,
let us introduce the following assumptions:

(A1) There exists a constant R; > 0 such that A is strictly positive and non-decreasing on

[R1,+00).
(A2) For every 6 > 0, there exist constants Ry = Ra(J) > 0 and My = M3(9) > 1 such that
1 A(01) 1 N(dt)
Vit > Ry, My(0) ™t < 2 < My(s d M)t < < My(6).
> Iig, 2( ) = )\(t) = 2( )7 an 2( ) = )\I(t) = 2( )
(A3) There exist constants R3 > 0 and M3 > 1 such that

tN(t)

A(t)
Moreover, for every integer j > 1 we introduce the assumptions

(A4(j)) There exist constants Ry(;y > 0 and My;) > 1 such that

A (1) -
() 4(5)-

Vi> Ry, M;'l< < Ms.

vVt > R4(j),

The first main theorem of this paper is the following.

Theorem 1.2. Let (M, g) be a complete Riemannian manifold and o € M a fized reference point,
r(z) = dist(z,0). Let k > 2 be an integer. Let A\ satisfy the assumptions (A1), (A2), (A3) and
(A4(5)), 3 =1,... k. Suppose that one of the following curvature assumptions holds
(a) for some ig >0,
i ; : - io
|VIRic|(z) < A(r(z))*™, 0<j<k—2, inj(z)>———>0 on M.
! Alr(x))
(b) , ,
|VIRic|(z) < A(r(x))*T, 1 <j <k —2, |Sect|(x) < D*X(r(z))>.
Then there exists an exhaustion function H € C*(M) such that for some positive constant C' > 1
independent of x and o, we have on M that
(i) C2r(x) < H(z) < max {r(x),1};
(i) |[VH|(z) <1; ' '
(ili) for2<j <k, |V/H|(z) < Cmax{A(r(z))’~!,1}.
More comments about assumptions (A1) to (A4) will be given in Subsection[3.1] For the moment

let us only point out that admissible choices for A which are relevant in the applications are, for
instance, constant multiples of

Ar(z)) =r(@)’, 120, or  Alr(z)) =r(x) [Jn(r(2))
=1

where In! stands for the i-th iterated logarithm (e.g. In?!(¢) = Inlnt¢, etc.) and 7 is some positive
integer. See Lemma [3.4] for more details.

Theorem [I.2] extends the previously known results in several directions. Namely note that:
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e The Proposition due to Tam is still true if we assume only |V/Ric| < D? and either a
uniform bound on all the sectional curvatures or the positivity of the injectivity radius;

e as in [20], we can assume a controlled growth of the curvatures and/or a controlled decay
of the injectivity radius and get an estimate for the growth of the derivatives, which is
enough for some important applications, as for instance for proving the density of compactly
supported functions in Sobolev spaces;

e we can admit more general (non-necessarily sub-polynomial) growth functions. This gener-
alizes also the second order result obtained in [20], and permits to get consequences which
are (in a sense) sharp. See for instance Remark and Subsection

We present here the strategy of the proof of Theorem |1.2|in the special easy case where A(r(x)) =
r(:p). Reasoning by induction, suppose that we have a distance-like function Hj_1 which satisfies
|VIHy_1| < r(z)’~! outside a compact set for j = 1,...,k — 1. According to (a generalization of)
a theorem due to D. Bianchi and A. G. Setti, [6], we can prove the existence of a smooth function
h such that

(i) Cng2($) < h(z) < Cpri(z);
(ii) |Vh| < Cpr(x);

(iii) Ah = |Vh|> — CoH} |(z),

outside a compact set; see Theorem Suppose that we already have obtained an estimate for

|VIh| for j = 2,...,k — 1 (formally, this is done via a second induction process). Derivating the
equation at (iii), we get
(1) VE2AL = VE2|Vh|? — CyVF2H? | (2).

The curvature and injectivity radius assumptions, together with an appropriate local rescaling of
the metric, guarantee the existence of a harmonic atlas with respect to which the metric is uniformly
controlled in C*~1:2. Accordingly, in any local harmonic coordinate chart €, equation writes
AoV*~2h = F on Q, where Ag is the Euclidean Laplacian and F a certain (vector-valued) function
which depends on ||g|lcr-1.a(q)s |Allck-1(0) and ||[Hg-1l[cr-1(q). Since all these three norms are
controlled, we are in the position to implement standard Euclidean elliptic theory and deduce a
C?“ control on V¥=2h, that is, a C** control on V*h. The desired function H is finally obtained
letting H = h?.

1.2. The density property for Sobolev spaces. As alluded to above, distance-like functions
guarantee that the underlying manifold M is not too different from the Euclidean space (in a
suitable sense). Namely, when M supports a distance-like function with controlled derivatives,
certain properties and tools from classic analysis on R™ can be proved to have a Riemannian
counterpart on M. In this sense, one of the main applications is to density results of smooth
compactly supported functions in Sobolev spaces, as probably first observed in [13], [16].

Given (M™, g) a smooth, complete, possibly non-compact Riemannian manifold without bound-
ary, k an integer, and p > 1, one can define the Sobolev space WP (M) as the space of functions
on M all of whose (weak) derivatives of order 0 to k have finite L norm. By a generalised Meyers-
Serrin-type theorem (see e.g. [12]) this coincides with the completion of the space

CP(M) = {u € C®(M) : / IV ulPdvol < 400, Vj=0,... k}
M

with respect to the norm
k

1
el = > ( / rw‘uwdvol) "
M

J=0

Moreover, we can define I/VéC P(M) C WkP(M) as the closure of the space of smooth compactly
supported functions CZ°(M) with respect to the same norm.
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In case M = R™, it is well known that Wok’p(Rm) = WkP(R™) for all k integer and p € [1, 00), so
that one could expect the same equivalence to hold true also on complete Riemannian manifold M.
However, quite surprisingly, the problem seems to remain open in general so far; see for instance
[18, p. 49].

Problem 1.3. Given an arbitrary complete Riemannian manifold (M,g), is it true that
(2) Wy (M) = WP (M)
for all integer k >0 and p € [1,00)?

Of course, the answer is positive under certain additional assumptions. First, is satisfied for all
k and p when M is compact; see for instance [4, Theorem 2.9]. Concerning complete non-compact
manifolds, it is a standard fact that Wé) P(M) = WP (M) = LP(M), and with some effort one can
also prove that W, ? (M) = WP(M) for all k and p € [1, 00); [3].

Regarding the first non-trivial order, i.e. k& = 2, in our previous work [20] we showed that
W02 P(M) = W2P(M), p € [1,+00), for complete manifolds with either a sub-quadratic growth
of the norm of the Riemann curvature, or a subquadratic growth of both the norm of the Ricci
curvature and the squared inverse of the injectivity radius. Previously known results, obtained in
[18], [14], were assuming uniform constant bounds on either the Ricci tensor and the injectivity
radius or the Riemann tensor. As far as concerns higher order Sobolev spaces the most up to date
result is the following proposition due to E. Hebey, [18].

Proposition 1.4 (Proposition 3.2 in [I8]). Let (M, g) be a smooth, complete Riemannian manifold
with positive injectivity radius, and let k > 3 be an integer. We assume that for j =0,....k — 2,
|V7Ric| is bounded. Then for any p € [1,00), Wéc’p(M) = WHhP(M).

As a first main application of Theorem we will prove the density property on complete Rie-
mannian manifolds with a suitable growth condition on the derivatives of the Ricci tensor and either
the Riemannian curvature tensor or the inverse of the injectivity radius. The admissible growth
rate depends explicitly on the order of the Sobolev space we are dealing with. Note that, contrary
to Proposition [T.4] the following Theorem concerns also manifolds with possibly unbounded
geometry.

Theorem 1.5. Let k > 2. In the assumptions of Theorem if we further assume that \' =% ¢
LY([1,+00)), then we have that WP(M) = Wéc’p(M) for all p € [1,+00).

Remark 1.6. Choosing the function A in Theorem in essentially the best admissible way, we
get that WHP(M) = Wéf’p(M) for all p € [1,4+00) for instance if
(2+4)/(k=1)

[VIRic|(z) < [ r(z) [[ P (r(2)) L 0<j<k-—2
=1

and either
: . ~1/(k—1)
(a) for some ig > 0, inj(z) > i (r(m) T, Inl? (r(x))) > 0, or

. . 2/(k—1)
(b) for some D > 0, |Riem|(z) < D? (r(x) [T, n! (r(:v))) :

Accordingly, this theorem improves also our previous [20, Theorem 1.4] when k = 2, permitting to

achieve the density result WO2 P(M) = W2P(M) on manifolds whose curvatures can grow more than

quadratically.

To get a flavour of the proof of Theorem consider here the easy case k = 3 and \(r) = ri/2
(so that A'=* ¢ L'([1,4+00))). Following a standard construction, let ¢ € C°(Ry) be a family
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of cut-off functions such that ¢ = 1 on [0, R] and |¢g)| < CR*j]l[RQR}. Let H be the 3rd-
order distance-like function given by Theorem and define yg = ¢r o H. Then {xg}r>1 is
a family of 3rd-order cut-off functions, namely |V/xg| are uniformly bounded as R — oo for
j = 1,2,3. Once one has 3rd-order cut-off functions, it is a standard fact that f € W3P(M) can
be approached by xgrf in W3P(M)-norm. In this process, the main term to control is of the form
|¢p(H(2))V3H(z)| £ R7'N\? = R7'R = 1. Here, this latter control was deduced from uniform
estimates which we have separately on ¢z (H(z)) and on V3H (z) in Bag(0) \ Bgr(0). One can look
instead for a more careful point-wise control. Namely one imposes that |¢5(H (z))| is smaller and
smaller as H(x) — oo in order to compensate the growth of V3H(z). This leads us to a more
careful construction of the real cut-offs ¢r, in such a way that |¢)z(H(x))| ~ /\Q(f}(x)) ~ |V3;I(x)|.

This can be done as soon as A% & L1((1, +00)), and permits us to get the results under the sharper
assumptions which we described in Remark

1.3. Sampson-Lichnerowicz Laplacian and the special case W*2(M). In the particular case
p = 2, the assumptions of Theorem can be weakened. For k = 2, L. Bandara [5] proved that
W22(M) = W02’2(M) under the sole lower bound Ric(xz) > —C for some constant C' > 0. In
[20], we pointed out that in fact Ric(z) > —Cr?(x) suffices. The point is that in these weaker
assumptions one can still prove the existence of a distance-like function H with |AH| < Cr?,
and hence of Laplacian cut-offs with |Ax,| uniformly bounded, [6]. Given f € W?22(M), the
Weitzenbock formula applied to the Hodge Laplacian acting on the (skew-symmetric) one form
d(xnf) permit to control ||fV2x,|/z2 in terms of ||fAxn|L2, and thus to prove that x,f — f in
W22(M). Generalizing this approach to higher order Sobolev spaces is non-trivial. Indeed, one is
led to apply Bochner techniques to the (0,k — 1)-tensor V*~1(x,f), which is very far from being
skew-symmetric when k& > 2. Accordingly, the Bochner formula for the Hodge Laplacian acting
on k-forms can not be exploited. However, it turns out that V2(x,f) = Hess (x,f) is symmetric.
This is no more true for k > 3, but V¥~1(y,,f) remains almost symmetric, in the sense that it has
a symmetric principal term, plus lower order terms which can be controlled. Thus, one can apply
an analogous technique to J. H. Sampson’s Laplacian Agym, [26]. This latter is a Laplace operator
acting on the space of symmetric (0, k)-tensors which

(a) is a Lichnerowicz Laplacian, i.e. it satisfies a Weitzenbock formula
A = Ap + AAic,

where ¢ is a suitable (in this case negative) constant, Ap is the Bochner Laplacian and fRic
is the Weitzenbock curvature operator (see Subsection for more details).

(b) has a Hodge-type decomposition Agyy, = D§Dg — DgDY, where Dg is the symmetrized
covariant derivative, and DY its formal adjoint.

Exploiting this, one can get a control on the L%mnorm |fV¥x,| 2 in terms of ||fAVF=2x, 2.
Choosing the cut-offs x,, to be what we called k-th order (rough) Laplacian cut-offs, this latter
term can be estimated under assumptions which are weaker than the assumptions of Theorem [1.5
(in particular we do not need to control the highest order derivatives of the curvature). More
precisely, in Section [5| we will prove the following.

Theorem 1.7. Let (M,g) be a complete Riemannian manifold and o € M a fized reference point
r(x) = disty(z,0). Let k > 3 be an integer. Let X satisfy assumptions (A1), (A2), (A3), and (A4(j))
forj=1,...,k—1 above, and suppose that \'=* ¢ L1([1,+0c0)). Suppose that

|VIRiem| < A(r(x))?*, 0<j<k-3.

Then we have that Wéc’Q(M) =Wk2(M).
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1.4. Other applications. Beyond the density problem for Sobolev spaces, other results can be
obtained by means of Theorem [I.2] notably when k = 2, i.e. for distance-like functions with
controlled gradient and Hessian. Some of these applications were already observed in [20], including
disturbed Sobolev inequalities, L2-Calderén-Zygmund inequalities and the full Omori- Yau maximum
principle for the Hessian. Since Theoremimproves [20, Theorem 1.5] also when k = 2, by allowing
for a wider class of admissible growth functions A, the range of application of the results alluded to
above is enlarged in this paper. This will be made explicit respectively in Theorem Theorem
and Subsection On the way, we will take also the occasion to point out a couple of new
applications of the 2nd-order distance-like functions which were not contained in [20]. The first one
is a higher order version of the disturbed Sobolev inequality, i.e.

A (r m—r —
[ -y <:A,§:“nmx{1r (@) A Cm ) ety

r=—1

Le(M)’

for all ¢ € C°(M). Quite surprisingly, compared to the case k = 1, this does not require any
additional assumption; see Proposition [6.3] The second new application is the following disturbed
global LP Calderén-Zygmund inequality for p # 2.

Theorem 1.8. Let (M™,g) be a smooth, complete non-compact Riemannian manifold without
boundary. Let o € M, r(x) = disty(x,0) and suppose that for some n > 0, some D > 0 and some
19 > 0,
2 2\n .. 20
[Sect|(x) < D*(1 +r(x)%)", inj,(z) > DU+ r@)) >0 on M.
Then there exist constants A > 0 depending on m, n, D, ig and the constant C' from Theorem [1.3,
such that for all ¢ € C°(M) it holds

[[Hess plgl/7, < A [IIH?|, + |A¢l,] |

where H € C*°(M) is the distance-like function given by Theorem which satisfies in particular
H(z) < max{1;r(z)}.

Compared to the L?-case alluded to above, the main difficulty here is to control the injectivity
radius of the manifold at hand under a conformal deformation of the metric.

1.5. Structure of the paper. The rest of the paper is structured as follows. In Section [2| for
the reader’s convenience, we list some notations which will be used throughout the paper. Section
is devoted to the construction of higher order distance-like functions described in Theorem
These will be then used in Section [ to construct the cut-off functions needed for the proof of the
density property for Sobolev spaces stated in Theorem [1.5| which will be proved in the final part of
the section. In Section [5] we focus on the special case p = 2. We construct the k-th order rough
Laplacian cut-off functions, introduce Sampson’s Lichnerowicz Laplacian acting on the space of
smooth sections of symmetric k-covariant tensors and its Weitzenbock formula, and give a proof of
the density property stated in Theorem The other applications of the higher order distance-like
functions we mentioned above will be presented in Section [6] which contains in particular a proof
of Theorem [I.8] For the sake of completeness, we end the paper with two appendices. In Appendix
[A]l we give a proof of some commutation formulas which we use in Section [5] while in Appendix
we explicitly prove the Weitzenbdck formula for Sampson’s Laplacian.

2. SOME NOTATIONAL CONVENTIONS

The following are some notations and conventions which will be used throughout the paper.
For any 3 > 0, the Euclidean ball of radius 3 centered at the origin will be denoted by Bg.

Given a smooth enough function A : R — R, its j-th derivative will be denoted by A). Moreover,
using standard notation, given a smooth enough function F' : R™ — R we will denote by DF the
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Euclidean gradient of F' and, given a multi-index v = (y1,...,7,) € {1,...,m}?, we will denote
7] =qand 0,F =95, F =0, ---0,,F.

Given (M™, g) an m-dimensional complete Riemannian manifold, we will denote by Vg, Ay =
divgV, and V7, respectively, the corresponding Riemannian gradient, the (negative definite) Laplace-
Beltrami operator and the natural j-th covariant derivative, thus specifying in the subscript the
metric we are considering. Given a smooth enough f : M — R, the Hessian of f, i.e. Vg f, will be
also denoted by Hessyf. An analogous convention will be used for various concepts associated to
the metric such as the geodesic distance dg(-, -), open geodesic balls BY(z) of radius r centered at a
point x € M, the injectivity radius inj,(x) at a point x € M, the global injectivity radius inj, (M),
and the volume measure dvoly. Likewise, we will denote the Riemann curvature tensor of (M, g) by
Riemy, the Ricci tensor by Ricy and the Sectional curvature of a two dimensional subspace m C T, M
by Secty(m). However, we will omit the subscript metric when the meaning is clear, as for instance
for the fiber norms induced by g (as in the expression |V, f|), as well as in all the Section |5{ and in
the Appendix [A] and [B] where we are considering a unique Riemannian metric g on M.

Note also that when writing an inequality of the form [Secty|(z) < a(z) on M we will mean
that all the sectional curvatures at the point z are dominated, in absolute value, by a(z) for every
reM.

In some parts of the paper, especially in Section [5| and in the appendices, some of the formulae
which we will need can be significantly simplified using the following ”+” notation, used e.g. in [29].
We denote by A x B any tensor field which is a real linear combination of tensor fields, each formed
by starting with the tensor field A ® B, using the metric to switch the type of any number of 7™M
components to T'M components, or vice versa, taking any number of contractions, and switching
any number of components in the product.

Finally, all over the paper, C' will denote real constants, whose explicit value can possibly change
from line to line. When it will seem appropriate we will specify some dependences of these constants
at the subscript.

3. HIGHER ORDER DISTANCE-LIKE FUNCTIONS

3.1. On the assumptions. Let A : [0,+00) — [0,+00) be a C*™ function. In Section [l we
introduced the following assumptions:

(A1) There exists a constant R; > 0 such that A is strictly positive and non-decreasing on
[R1,+00).
(A2) For every 6 > 0, there exist constants Ry = Ra(J) > 0 and My = M>(9) > 1 such that
_ A(6t) _ N (0t)
t Mo(6)™ < 2 < Mo(§ d My(0)™ <
Vit > Ry, 2( ) = )\(t) = 2( )7 an 2( ) = )\I(t)
(A3) There exist constants R3 > 0 and M3 > 1 such that
1 tN(1)
vt Mt <
Moreover, for every integer j > 1 we have defined the property
(A4(j)) There exist constants Ry(;y > 0 and My;) > 1 such that
tAD (1) -
() 4(7)-
Let 0(t)=tA(t). We have the validity of the following

< My(6).

< Ms.

Vit > R4(j),

Lemma 3.1. Assumption (A3) implies that for all t > Rs,
(1+ Mg HA(E) < 0'(8) < (14 Mz)A(t).
Let j > 1 be an integer. Since 07 = t\U)(¢) + jAU=D(¢), we have
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Lemma 3.2. Assumptions (A4(j —1)) and (A4(j)) imply that there exist constants Rs(;) > 0 and
M5y > 1 such that

Vt> Ry, 09(t) < My N ().
Now, let j > 0. Define ©(t)=(6'(t))? = (t\'(t) + \(t))%. Note that ©U) is a linear combination

of terms of the form 001002 with j; and jo positive integers satisfying j1 + jo = j 4+ 2. Then we
have also the following

Lemma 3.3. Suppose that assumptions (A4(s)), s = 1,...,7 + 1 are satisfied. Then there exist
constants Rg(;) > 0 and Mgy > 1 such that

Vit > Ry, OW(t) < Moy N T2(0).

Lemma 3.4. (1) The function A(t)=t" with n > 0 satisfies assumptions (A1), (A2), (A3) and

(A4(j)) Jor j = 2.
(ii) Suppose that

;
At) = at H Inbl(¢)
j=1

for t large enough, where o > 0 is a constant, j a positive integer and we recall that Inl!
stands for the j-th iterated logarithm. Then X\ satisfies assumptions (A1), (A2), (A3) and
(A4(j)) for j = 2.

Proof. (i) (A1), (A2), (A3) are trivially satisfied. Concerning (A4(j)) for j > 2, we have

XO)(t) Ctn—j—l-l

M (t) tin

If n < 1, then "7+ < 1 when t > 1, whence the thesis. For n > 1, we have t"T! < ¢ when ¢ > 1,
which permits to conclude.

(ii) (A1) is trivial. Concerning (A2) note that

(4]
and lln ij]((‘st)) — last — oo for every j. Similarly, \'(t) = a+a Z - H nll(t), so that X (£) ~—ye0

a]_[] L Inll(#), and

/ i bl (st
lim (%) = lim —H] n7(6) =
t—oo (1) t—00 HJ h,l[j]( )

Concerning (A3), we have that

() o (1 + 300 T, bt )) at [Ty bl (1)
D) A(t) RO

=1

Concerning (A4(3)) it is enough to remark that lim; ., AU)(t) = 0 and that M (t) > a7t/ >t when
t is large enough. O
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3.2. A generalization of a result by Bianchi-Setti. Schoen and Yau proved in [27] the existence
of families of Laplacian cut-off functions on manifolds with lower bounded Ricci curvature. In [6l
Theorem 2.1], Bianchi and Setti generalized this result in two directions. On the one hand they
got a better control on the Laplacian of the cut-offs when the negative part of the Ricci curvature
vanishes at infinity. On the other hand they showed that one can get Laplacian cut-offs even when
the negative part of the Ricci curvature explodes at infinity, provided that its growth is suitably
controlled, i.e. Ric, > —Cr(z)?. In the following theorem, we extend this latter result to the
assumption Ric, > —A?(r(z)) for a larger class of growth functions A. This in particular will permit
to sharpen applications to the density problem for Sobolev spaces, see Subsection

Theorem 3.5. Let A : [0,400) — [0,+00) be a C™ function satisfying assumptions (A1), (A2),
(A3). Let (M™,g) be a complete Riemannian manifold and o € M a fized reference point, r(x) =
disty(z,0). Suppose that for some Ry > 0,

Ricy(z) > =A*(r(z)), on M\ Bp,(0).
Let 7 € C*°(M \ o) be an exhaustion function on M such that for some Cz > 1

C:lr(z) < #(z) < Cyr(w)
7(z) =r(z), on By(0)\ Bi(0)
IV, < 1.

Then there exists h € C*°(M) such that
(i) C, r(@)A(r(2)) < h(z) < Cpmax{L;r(x)A(r(z))};
(ii) [Vgh| < CpA(r(z)) on M;
(iif) Agh = |Vgh|?> — Co(0'(7(x)))* on M \ B, (o)
for some constants Cy > 0, Rg > 0 and Cy, > 1. Here 0 is the function defined on [0,+00) by
O(t)=tA(t).

Beyond the more restrictive choice for the growth function A, in the original version of Theorem
3.5 given in [6, Theorem 2.1] the first-order distance-like function 7 was required to satisfy ||77 —
7| oo (ary < € for an e arbitrarily small. This is the case for instance if 7 is a distance-like function
provided by Gaffney’s result [9]. Instead, our Theorem 3.5 works for general first-order distance-like
functions; see Proposition below. This represents a minor technical improvement, which will
reveal however essential in proving Theorem

Indeed, in order to prove the existence of a distance-like function Hj; with a control on the
derivatives up to order £ > 2 we will first construct a distance-like function Hj_1 which is controlled
up to order k — 1 and then apply Theorem with 7 = Hy_1 and set h = §(Hy). The control on
the k-th order derivatives is obtained by differentiating k — 2 times the equation appearing in (iii),
and then using elliptic estimates in suitable harmonic coordinates; see Lemma However, note
that in order to get a second-order distance-like function (i.e. for k¥ = 2) the exact form of equation
(iii) is not needed since it suffices to have an estimate of the form |Agh| < CA%(r(z)).

Proof (of Theorem . The proof mimics the proof of Theorem 2.1 in [6]. The main difference
is to modify the equation of which logh will be a solution, according to our more general set of
assumptions. We will sketch the relevant changes. Also, if A is bounded then the result is contained
in [6, Theorem 2.1]. We can thus assume from now on that A is unbounded and A(t) — oo as
t — 00.

We start by pointing out the following lemma.

Lemma 3.6. Let A : [0,4+00) — [0,+00) be a C™ function satisfying assumptions (A1) and
(A2). Let (M™,g) be a complete Riemannian manifold and o € M a fized reference point, r(x) =
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disty(x,0). Suppose that for some Ry > 0,
Ricy(z) > —A3(r(z)), on M\ Bg,(0).
Then there exists « > 1, Cgy > 0 and Ry > 0 such that for every x € M \ Bg,(0) it holds
voly(By/4(x)) > C’gye_m(x)k(r(w)).

The original idea is due to Schoen and Yau, [27], while in [0, Proposition 2.11] the authors
consider bounds given by (possibly negative) powers of r(x).

Proof (of Lemma(3.6). Set G,=A*(2r(z) + 1). By continuity, since A(t) — oo as t — oo, if r(z) is
large enough, then Ricy > —Gy on By, (;)41(0). By the Bishop-Gromov comparison,

voly (B4 (0) 20l Byt 12 oo s 2 voly (B () o
Vo(1/4)

>voly(B1(z)) Voo (r(@) + 1)

where Vi, (t) represents the volume of a ball of radius ¢ in the m-dimensional simply connected
space-form of constant negative curvature —G,, and Vp(1/4) is the the volume of a ball of radius
1/4in R™. A standard computation using assumption (A2) shows that there exist constants C; > 0,
Ry > 0 and o > 1 independent of x such that

as soon as r(z) > Ry,. Setting Csy = C] 'voly(Bi(x))Vo(1/4) concludes the proof of the lemma. [

Recall that 6(t) = tA(t). Proceeding as in [6l Theorem 2.1] we can produce a function w €

C>(M \ Bi(0)) solution of

Agw = C2(0' (7(x)))*w,
(3) w|8Bl =1,

0< W‘M\Bl(o) < 1,
with C, a large enough constant to be fixed later. Computing as in [6, page 6] we get that for every
0 <7y <+/C2%/2 and every z € M \ Bz(o),

. . A
@ [ @Il ) < [ @) PO vl () < .
By ja() M\ B (0) Cz — 4y

where A = 1) [ 9B1(0) |V w|dvol,,—1 . We need the following Li-Yau gradient estimate.

Lemma 3.7. There exists a constant Cry > 0 and Rry > 0 such that for every R > Rry and for
every © € Bry1(0)\ Bryy (0),
Vgwl?
ﬁ < C%,C2)\Y(R).
Proof. A special case of Theorem 2.8 in [6] ensures the existence of a constant C,- > 0 such that

‘VQWP
2

By Lemma ¢'(R) < (1 + M3)A(R) for R large enough, which proves the lemma. O

< Cpy max{\*(R); CZ(¢/(R))*}.

Reasoning as in [6, page 6], thanks to Lemma for every z € M\ B3(o0) and every y € By j4(x),
we have

(5) w(y) > w(x)efiCLng)\(r(x))'
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Note also that there exist 6 > 0, kK > 0 and Rs > 0 such that for every x € M \ Bg,(0) and every
Y€ Bl/4(‘r)7

() (0 (7)) > 5(0/(7(a)) o7,

This follows from assumption (A2) and the fact that |7(x) — 7(y)| < 1/4 (because |V47| < 1).
Inserting and @ in gives

W(@)5(0(7(2))) 2D 5Oy CAT@) ol (B, 1y () < oy

< —
— 02— 442
From Lemma [3.6] we deduce that

wZ(x) < 05;571 A (6/(7;(.%.)))7267579(f(x))+%CLyCe)\(r(x))Jrar(x))\(r(x))

C2 — 442
whenever r(z) > Ri=max{R,; Rs; Rry;3}. Recalling assumption (Al) and (A2), we get
0(7(2)) = 6(C7'r(x)) = ¢O(r(z)),
with ¢ = C;'M(C>')~! > 0 independent of z. Hence

- 1 1
—kO(7(z)) + §CLyC€)\(r(a:)) + ar(z)\(r(z)) < —[ky¢ — o] r(z)\(r(x)) + iCLyCe)\(T(x)).
At this point we can make a choice of v > i—‘z, so that ky( — a > 2a, and a choice of C, > 2+.

There exists a radius Ry > 0 such that
~ ¢ — al r@Ar(#)) + 5 Coy CAr(w)) < ar(@)A(r(z)

for all z € M \ Br,(0). Because of assumption (A1) and Lemma [3.1] #'(¢) is lower bounded. Hence
we have obtained that

A
2 1 1 ar(z)\(r(x

on M \ Bpr,(0) for some R3 > Ry. Define
hx)=(d(z) — 1) In(w(z)) + ¢(),

where ¢ € C*°(M) is such that ¢(x) = 1 in Ba(o) and ¢(x) = 0 in M \ Bs(o). We have that on
M \ Br, (0)

2 42
h(z) = —In(w(z)) > In (C’Sy(SceAZw) + ar(z)\(r(x)),

from which we deduce the existence of a radius R4 > R3 such that

a
(7) h(z) 2 5r(@)A(r(z))
on M\ Bg,(0). On the other hand , since h(0) = 1, thanks to Lemma [3.7| we can compute
r(z) r(z)
(8) h(z) =h(o) —|—/ |Voh(o(s))|ds <1+ Rpy max |Vgh|+ CryCeA(r(x))ds
0 BRLY Rry
<a'r(@)A(r(@)),

for some constant o’ independent of z. By definition of the smooth function h and up to choose
Cr > max{d/,2/a,CryC,} large enough, as a consequence of , and Lemma we have
thus obtained the validity of the points (i) and (i) in the statement of Theorem 3.5 The point (iii)
follows from and a direct computation. O
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3.3. Proof of Theorem case (a). We are going to prove Theorem in the set of assump-
tions (a), i.e.

Theorem 3.8. Let (M™, g) be a complete Riemannian manifold and o € M a fized reference point,
r(z) = disty(z,0). Let k € NT. If k > 2, suppose in addition that for some ig > 0,

iQ
A(r(z))
where the function \ satisfies assumptions (A1), (A2), (A3), (A4(j)) for j =1,... k. Then there

exists an exhaustion function H = Hy € C(M) such that for some positive constant Cy > 1
independent of x, we have on M that

(i) Ck_Qr(a;) < H(z) < max{r(z),1}; '
(i) for 1 < j <k, |VoH|(x) < C] " max{A(r(z))~", 1}.

[VIRicg|(z) < A(r(z))*™, 0<j<k—2, inj,(z)> >0 on M,

The proof is done by induction on k. For k = 1, the function A is not involved in the statement,
and this is the content of the well-known theorem by Gaffney, [9] 1I]. Assume now that for some
k > 2 and some ig > 0

10
A(r(z))

As induction hypothesis we suppose that the result holds true for k — 1, i.e. there exists a distance-

like function Hy_1 € C°°(M) such that for some positive constant C_; > 1 independent of z, we
have on M that

(i) C2r(x) < Hi—1(2) < max {r(x), 1};
(it) for 1 <j <k —1, |ViH_1|(x) < C]~ ) max{\(r(z))7~1,1}.
By Theorem [3.5 we have the following

>0 on M.

\VgRicg\(ac) < )\(r(a:))2+j, 0<j<k-2, inj,(z)>

Proposition 3.9. In the assumptions of Theorem there exists a function h = hy, € C*°(M)
and a constant Cy, > 1 such that
(i) G, 'r(@)A(r(z)) < h(z) < Cpmax{L;r(x)A(r(z))};
(i) [V,hly < ChA(r(z)) on M;
(ili) Agh = |Vgh\3 — Cy(0'(Hg_1()))? on M \ Bgr,(0) for some constants Cp > 0 and Ry > 0.

Recall that a local coordinate system {xz}zl is said to be harmonic if for any i, Agazi =0. Asa

consequence of [2] we have the validity of the following

Proposition 3.10. Let o € (0,1), @ > 1, 6 > 0. Let (M™,g) be a smooth Riemannian manifold,
and ) an open subset of M. Set

Q) ={zeM st. dy(z,Q) <d}.
Suppose that
]VgRicg](x) <1,0<j<k—-2 and inj,(z) >7 forall ze€Q(J),

then there exists a positive constant Cyr = Chrr(m,Q,k,«,d,i), such that on the geodesic ball
Bey () of center x and radius Cyp, there is a centered harmonic coordinate chart such that the
metric tensor is CF~1 controlled in these coordinates. In particular, if 9ij, %7 =1,...,m, are the
components of g in these coordinates, then

(1) Q7 16:; < gij < Qdij as bilinear forms;
(2) Yi<pych T SuD, 1059: ()| < Q — 1



14 DEBORA IMPERA, MICHELE RIMOLDI, AND GIONA VERONELLI

By assumption, we have that
IViRicy|(z) < A(r(2))®™, 0< j <k —2, inj,(z) > m >0 on M.
Fix z € M \ Bj(0) and set
A= A(z) = A(r(z) +1).
Since A is increasing, for all y € BY(x) we have
. ; . . io
|VIRicy|(y) < )\fﬂ, 0<j<k—-2 and inj(y) > N
We define a new rescaled metric gy = A}g on M, so that for all y € Bﬁi (z) we have
VI, Ricg,|(y) <1, 0<j<k—2, and inj, (y) > Aiinj,(y) >= do.

According to Proposition (applied with § = 1/2) there exists a constant Cyr = Cgr(m, Q, io, k)
such that on B\ (z) there exists a centered harmonic chart ¢y = (Yt ..., y™) BE (x) = UC
R™ such that pgy(z) =0 € R™ and, setting g\ = gy © gol}l, it holds
(1me) Q716 < (9);; < Q045 as bilinear forms;

(2HC) D1<py<h-1 Cm% SUby ‘87 (97)i5 (y)‘ <Q-1,
Since

L . il ki
aqg;j = —0, (gA)lk gf\g)\]’

we have also that

(Iye) Q167 < §Y < QdY;

(2hc) Zlgh\gkfl Supy, ‘879?(9)‘ < C(Q),

for some constant C'(Q), depending only on Q.
For B = Cyr/Q, on Bg we set § = go gol}l, h=ho gp}ll and H = H_4 o<p;ll.
We need the following fundamental lemma.

Lemma 3.11. Let i and j be integers in {1,...,m}. Let0 < q<k—1 andlety = (71,...,7g-1) €
{1,...,m}9 ! be a multi-index (possibly empty for ¢ = 0,1). There exists a positive constant C' > 0
such that

(9) Vv € Bpg, |8;h|(v) < C,
and, if ¢ > 1,
(10) Vv € By-ag, 05001, h|(v) < C.

Before proving Lemma let us point out the following computational lemma which will be
used repeatedly.

Lemma 3.12. Let F € C®(M). Set F = Fo ' and let v € Bg. Let d < k. Then there exists a
real positive constant C independent of x such that

() If
{1,...,d} and for all multi-indez (e1,...,e,) € {1,...,m}", then ‘Vg*p‘é (v) < C1Cy for
A
alln e {1,...,d}.
(2) If ‘ngF‘A (v) < Co for some constant Cy > 0 (possibly depending on x) and for all
I\

621.,,%13" (v) < Cy for some constant Cy > 0 (possibly depending on x), for all n €

n € {1,...,d}, then ‘8" F‘ (v) < C1Cy for all n € {1,...,d} and for all multi-index

e1--en

(e1,...,en) €{1,...,m}"™
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3 Ad‘velﬁ :)velﬁ\.
) AT |Va, i 9 g

4) [VIE| () = |V4F], (03! 0) -

Proof. As for (1) and (2) we proceed by induction on d. For d = 0, the result is trivial with C; = 1.
Suppose that we have proved the assertions for some d — 1 and let us prove it for d. Clearly the
only nontrivial case is n = d.

(1). By definition

vq F (Vd ) (vq F) ~e1 f1 . ~eqfa
‘ 92 g I S ereq A Ji-fa I Ix

The expression in coordinates of (V‘! F ) can be written as a linear combination of terms, each
ej...eq

ax
of which is given by the product of factors of the form 9, F with factors of the form D9 Ffj), where
the multi-indexes o and 8 have orders, respectively, || < d and |3| < d — 2. Note that 9% (QAF,’%)
contains partial derivatives of gy and g;l of order at most d — 1, which are uniformly bounded as
soon as d < k by the properties of the harmonic chart ¢g.
(2). Reasoning as for the previous implication, we get
ol

e )= (DF), |

< (Vgxﬁ)el..ﬁd <v>+c((vg;lp\ T ’v;AFD
<[VEE| 10ul, - 10es, +C
<C.

(3). Note that

Accordingly,
12 . R
VeEFRl = (Vd F) (VC! F) se1fi . ~eafa
‘ I g 9 €y...eq gx frofa I 9x
= (Vgﬁ’) (Vgﬁ’) AL Aelfl e )\1_2g€dfd
e1...eq Frota
2
—2d ~
e
g
(4). By definition of g. -

Proof (of Lemma . The property @D is a direct consequence of (ii) in Proposition and of
Lemma In particular, Lemma is verified when ¢ = 0. It remains to prove for ¢ > 1.
Let us proceed by induction on g. Suppose that the lemma is proved for all the integers g between
0 and g, with 0 < g < k — 2. Let us prove it for g + 1.

Define ©(t)=(¢'(t))? = (t\'(t) + A(t))?. By Proposition (iii), h satisfies

Agh(x) = [Vgh|*(z) — CoO(H-1(x))
on M \ Bg,(0), which reads in harmonic coordinates as

AR (0)9h(v) = AgY (0)Bih(v)djh(v) — CeO(H (v), Vv € Bg.
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Applying the differential operator 8?;1...7(? to both sides, and multiplying by )\fz, we get on Bg

(1) G502 (08, h) =D (5. ﬂ) (0,..0,0ih) (92005 — CoT208,..., (O(H))
Z( fan Oy ) (agfﬁbq,nﬁi\])
=f.
Here the first summation is taken over all the (possibly empty) subsets {as}? ; C {’ys} _, and

{b}on © (¥ \ fan Y, and we hive set {ea}25 1 = {0} \ ({anbiy U{bHoy). Similarly
the second summation is taken over all the non-empty subsets {b }q C {75}, and we have set

{as}? g = {7}, \ {bs}Z]. Fix w € B,-a3. We need to prove that ‘62 o 1% h ‘ (w) < C for
some constant C' independent of z and w. Define h € C®(Bg) by

zq:Djﬁ .,v)'

j=0

||
3>

Note that h — h is a polynomial of degree ¢, so that

gNoZol L h=glo%01 . h=f.

[Vt ’Y’ )7 g

Rescaling to By—q3(w) the elliptic Schauder estimates given for instance in [I7, Theorem 5.21], we
know that there exists C' > 0, depending on ¢ (hence on k), but not on w, such that

(12) |30, ()| = |03 02, .. H(w)]
<C{H el )Lw<B4_qﬁ<w>>+HfHL°o<B _%(w))+ mcmmrqﬁ(w))}'

Note that By-ag(w) C By1-45(0). We will estimate the three terms at RHS of separately.

1st term. Estimating H@gl,,%ﬁ

‘Lm(BHB(w))'
Let v € By-ag(w). Note that

9. Dih(w Vyoooy U = Dih(w)(v,...,v o
or 32N >§,, L );_' ) _ Dihw)(@yy, ..., 0).
j=0 ) ’

Hence

by the inductive hypothesis of the lemma.

2nd term. Estimating Hf” .
Lo (By—q4(w))
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Concerning the first addend in f, since n < k — 1, by the property (2%4¢) of the harmonic chart
we can compute

(13) | (950, 5) (Ohy oy 0it) (082005

<C |0h,..,

)HLOO(IB%41 25(w)
a1 aiLH

1 Cgn—1"J

LOO(B41_(7B(’LU)) ’ LOO(B41—§5(U)))

<C,

where we have used the inductive hypothesis and the fact that [+1 < g+1and g—n—I1+1 < g+1.

We now consider the second addend of f and estimate HCg)\IZC‘)gI..%(@(ﬁ HL ® )’ If
oo 41_‘76 w
q = 0, then

<C

ooaset,... o) i apton <

Y1 Yg

- HC(,W@(EI)

Lo (B1—q5(w))

as a direct consequence of Lemma . If g > 1, then 821..%(@(1? )) can be developed as a linear
combinations of terms of the form
() :
j & €s—€s—1 &
OVI(H) || O e Ho
s=1

where eg =0, j € {1,...,q}, {es}izl is an increasing subset of {1,...,q} with e; = ¢, and o € Il
is a permutation of {1,...,¢}. By the inductive hypothesis of Theorem

Vg™ Hya | (v) < OA(r(z))= 7L,

Lemma and assumption (A2) then imply that

A~

H|(v) <O\,

€s—€s—1
Yo(eg_1+1) " Vo(es)

and, using also Lemma [3.3]
J

Oy TT gee—es
@ (H) 870’(6571+1).“’YO'(65)H
s=1

o9 (H* H < (C max :
H Y1 7q( ) LOO(]B41_QB(U))) j7{€s}g:170'

L (By1-gg(w))
< CmaXA 2+] H AL 1

< C'max )\fﬂ J
j
< CA
Accordingly

(14) |corsan,..., o], =€

Finally, concerning the third addend in f , since n < ¢ and using again harmonic radius estimates
we get

27 q—n ~
1) (A 5]

ay-an

<C‘

i

41*6,@( LOO(B41*¢?5(W))

<C.
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Combining , and we thus get

(16) f <C.

L0 (B,1-g5(w))

3rd term. FEstimating [f] .
CO’Q(B4*¢7/3(W))
First, note that for any function F' € C*(By-q5(w)) it holds clearly that

(17) [F]CO’Q(B4766(M})) < (2172(]5)1704 HFHC’l(]EAL,qB(w)) :
Reasoning as for , we get that, for any s € {1,...,m},

|corio.08, . 0m| <€

from which, together with ,

A~

o R CT
4—dp

Moreover, as long as either n € {1,...,g} orn=0and [ € {1,...,q— 1} we have that

‘8 [(8“1 an Qf) (81[71"‘1’182'3) (831 nc’ln i )} "LOC(IB4qﬁ(w))

= H (a?“tl and A;]) (8”1 0 h) (831 nc’l jh) HLoo —25(0))
+]| (O8] (2110 000) (28750 )\\m4 100
| (0,87 ) (Ohy g @ih) (0871 05

<C

for any s € {1,...,m}, where each addend has been estimated reasoning as for . Note that we
used here the condition n + 1 < (j 4+ 1 < k — 1 which permits to have the needed control in the
harmonic chart. Combining with , we get

(19) (000,87 ) (Ohy.o 060 (05T 05

Similarly, for any s € {1,...,m} and any n € {1,...,q — 2}, it holds

[(8‘71 an 6’2‘7}}) (8;’11 an ”i‘])}HL (B, g5(w))

) HLOO(BHW»

oo <

=[G N Com N | BN (CR T N o 1
<C,

from which

(20) [(631 “nafj@ (85;’?%7”@? ) }coya(xaa“ﬂ(w)) =¢

, it remains to estimate the LHS of for [ = ¢ and
CO(By—gg5(w))

n = 0, and the LHS of for n = ¢ — 1. Namely, we have to bound

& (831“%81'&)}00@(@4qmw)) (970 950) (8 ﬂcovﬂﬂﬂa ()

B

Hence, in order to control [ f}
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By the properties of the harmonic chart, it is enough to obtain an upper bound for terms of the
form

26,
b1-bg+1 CO’D‘(B47L75(IU))7

for some indexes b1, ...,bg11 € {1,...,m}. Letting p = {-, by the Euclidean Sobolev embeddings
(see e.g [1, p. 109]), we have

m 1/p
g+1 2 +1 q+1
(21) [0, Pleoas, ) <K3{H<9§1 bq+1hH1£p(B4_qﬁ(w))+ZH8 T, bqﬂh”ip(m_qﬁ(w))} :
s=1

with K3 a positive constant depending only on m, «, 8 and k (via §). Concerning the first term at
the RHS of , by the inductive hypothesis we have

(22) 10, Bl s

bi-bg+1 b1-+-bg+1

q+1 p
o)) S Ny e, g 8o < €

where K, is the volume of the m-dimensional unit ball B; C R™. Concerning the second term at
the RHS of (21), we note that |8382;f}b§+1h| < |D28gl_anh|, where, given a C? function F on Bg,
D?F denotes the Euclidean Hessian matrix of F and |D?F|?= > ii=1(0:0; ;F)?. According to the
Euclidean Calderén-Zygmund inequality, [I0, Theorem 9.11], we thus have
q+1 204 7
(23) 1959, +1hHLp(B4,qﬁ(w)) <D0y, Ml Lr (8, g 4 (w))
<O <||A08214..bqh”LP(B41 ag(w + ||ab1 -bg hHLp By 4?5)) ’

where Ag = ). 0;0; is the Euclidean Laplacian and the positive constant C depends on m, a (via
p), 5 and k (via ). We have that

(24) 10y Bllios,s ) < C

41*65)

by the inductive hypothesis. Concerning the other addend in , using the properties of the
harmonic chart, we get

|8005,..., Pl = Z OLOf 4 bl < ClgY 0308, kI = CIfil,
where fb is defined as f in , replacing the indices 71, . ..,z in the definition of f with by, ..., bg.
Accordingly, computing as for , we get
1800, .o, Pl e 1 —g 5 (w)) < CllfollLe(8,1-q, ()
< Cllfoll oo g, )

<C.
Inserting this latter and in , and combining with and , we obtain

q+1
|:8b1 bg+1 :|CO’O‘(B4—(16(U)))

Together with , and , this gives
<C.

[ﬂ CO(By—gg(w)) —

<C.

Hence, all the three addends in the RHS of are upper bounded by a positive constant C, so
that we have shown the validity of with ¢ = g+ 1. This concludes the proof of Lemma O
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We can now come back to the proof of Theorem (3.8 Note that by assumption (A1) 6(¢)=tA(t)
is smooth, increasing on [Ry, +00) and lim; o 8(t) = 400, hence 0~ : [0(Ry), +00) — [Ry, +00)
is well-defined, smooth and increasing. Define H = Hy € C*®°(M \ Bg,, (0)) by H = 0~! o h, where
Ry is chosen large enough so that h > 6(Ry) on M \ Br, (o). First, since §~! and X are increasing,
from C; '0(r) < h < C10(r) we deduce that

H(z) > 07H(C; 1 0(r(x))) = 07H(Cy (@) A(Cy r(2))) = G (),
and similarly H(xz) < Cpr(x). To finish the proof of Theorem 1.2/ we are going to prove by induction
on j that, for 1 < j <k, we have that
’VgH‘ (z) < C7 L max{\(r(x)) 71, 1}.
We first consider the case j = 1. Then |V h|(z) = 0'(H(x))|V4H|(z), so that, using also Lemma

B.1
[Vghl(2)
VoH|(x) = ——F—~
| g |(x) 0'(H(z))
CuA(r(z))
— 0'(H(x))
<C.
VIH| (z) < CI~  max{\(r(z))7~1,1}.
We have that Vzh(x) - VgH(az)G’(H) can be written as a linear combination of terms of the form
00 (H) ®5_, Ve H, with 2 < s < jand )7 e = j. By inductive hypothesis, using also Lemma
we have that

Similarly, suppose that forsome 1 < j < kandalll < j < j—1,

09 (H) Q) Vg H| < 16 (H)| [ ] 1V5 Hl
i=1

i=1

< |69 (H)| 1_[/\(7"(93))6“1

In particular, by Lemmas and
Vih(@)| + 301, [0 (H) @;_, Vi H]
0'(H(x))

IViH(z)| < C
X
o)
< CA(r(x)) ",

We have thus proved that there exists a function H € C*°(M \ Br,, (0)) such that for any x outside
a compact set K of M

(i) G, 'r(w) < H(x) < Cpr(a);
(i) for 1 < j <k, v{;H’ () < CA(r(z))J~ 1.

Replacing H with H/C}, and choosing a suitable smooth continuation of H | wm\k nside the compact
K, we get that, up to possibly increase the value of C, it holds

(i) C~2r(x) < H(z) § max {r(x),1};
(ii) for 1 < j <k, VZ,H‘ (z) < C9 max{A(r(z))~1, 1};
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as desired.

3.4. Proof of Theorem case (b). In this section, we are going to prove Theorem in the
set of assumptions (b), i.e.

Theorem 3.13. Let (M™,g) be a complete Riemannian manifold and o € M a fized reference
point, r(z) = disty(z,0). Let k € NT. If k > 2, suppose in addition that for some D > 0,
\VgRicg\(a:) < Ar(2)*, 0<j <k—2, |Secty|(z) < DA(r(z))* on M,

where the function \ satisfies assumptions (A1), (A2), (A3), (A4(j)) for j =1,...,k. Then there
exists an exhaustion function H = Hy € C°°(M) such that for some positive constant Cp > 1
independent of x, we have on M that

(i) CI_JQT‘(.T) < H(x) S max {T(x),.l};
(ii) for1<j <k, )vgﬂ‘ (@) < O3 max{A(r(z)) 1, 1}.

We proceed as in [20, Subsection 4.2]. Note that the first part of the proof of Theorem does
not require the control on the injectivity radius. In particular, we can suppose by induction that
there exists a distance-like function Hy_1 € C°°(M) such that for some positive constant C_1 > 1
independent of x and o, we have on M that

(i) Cp2r(@) < Hioa(e) < max {r(2), 1}

(i) for 1<j <k —1, ngk_l‘g (z) < GV~ max{A(r(z)) 1, 1.

By Theorem [3.5| we get also in the present assumptions the validity of Proposition In particular
there exists h = hy, € C*°(M) such that

(i) Cy 'r(2)A(r(2)) < h(z) < Chmax{l;r(z)A(r(2))};

(i) [Vyhly < Cu(r(x)) on M;

(ili) Agh = |Vgh|2 — Cy(0'(Hp-1(x)))* on M \ Bg,(0) for some constants Cy > 0 and Ry > 0.
Fix Ry € RT such that A\(2Rp + 1) > ﬁ. This is always possible since A is strictly positive and
non-decreasing. If x € M satisfies r(z) > 1 + Ry, then on Bg,(x)

Secty| < D*A*(Ro + r(z)) = D*K2.
By a localized version of the Cartan-Hadamard theorem (see e.g. [I5, Lemma 2.7]) we have that,
for every 0 < R < min {DLKI, Ro}, there exists a smooth complete Riemannian manifold (M, g),
T € M and a smooth surjective local isometry
F = Fy,r: Bh(z) = Bh(z)

such that

o F(Z)=ux;

* injy(z) > R;
Sectg| < D*K? on B%(z);
F(B!(z)) = Bi(z), for all 0 < r < R.

}*(72/2(3?) ,we have that

In particular, for every y € B

(25) |Sect;|(7) < D*K2, |ViRicg|(5) < K2V, inj,(7) > dy (7.0B%(%)) >

vl

Letting )\2R0 = (m —1)K2, we set
Ir = ARyd-
Then, by ,
R

[Ricg,|(7) < D, |Vj,Ricg, |(§) < 1. injg, (7) > Any -
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We can choose R = 55— < Ry, obtaining that

P m—1m . .
Proposition hence yields that there exists a constant Cygr = Cyr(m, @, io, k) independent of x
such that on Bg%HR (r) C M there exists a centered harmonic chart ¢y = (y!,...,y™): Bg%HR (x) —

U C R™ such that ¢y (z) = 0 and, setting gy = gy © 901}1, it holds
(1uc) Q716 < (92);; < Q0y; as bilinear forms;
(2HC) X1<pyi<h—1 C}‘;‘R SUuby ‘87 (97); (y)‘ <Q@-1,
(he) @707 <4 < QoY;
(2hc) Elgw\gk—l Supy ‘379? (y)‘ < C(Q),
for some constant C(Q), depending only on Q.
For a fixed x, we can define B:Bf’%(f) —Rbyh=hoF and h:Bsg — R by h:ﬁogo;{l.
Since F' is a local isometry, at this stage, we can estimate the covariant derivatives of h exactly as
we did in the proof of Theorem In order to get our conclusion, we deduce from these estimates

a control on the covariant derivatives of h, hence of h, and finally of H = 8! o h outside a compact
set of M.

4. k-TH ORDER CUT-OFFS AND APPLICATION TO THE DENSITY PROBLEM

In the following corollary we notice that higher order exhaustion functions, as the ones which we
obtained in the proof of Theorem permit to construct k-th order cut-off functions. These, in
turn, will allow us to conclude the proof of the density result Theorem

Corollary 4.1. Let (M, g) be a complete Riemannian manifold and o € M a fized reference point,
r(z) = disty(z,0). Let k > 2 be an integer. Let X satisfy assumption (A1), (A2), (A8) and (A4(j)),
j =1,...,k, and suppose that \'=% & L1([1,+00)). Suppose that one of the following curvature
assumptions holds

(a) for someig >0,

IViRicy|(z) < A(r(2))?", 0<j<k—2, injy(2) > x>0 on M.

(b) for some D >0,
\VgRicg\(x) < ANr(z)*™, 1< <k—2, |Secty|(x) < D*A\(r(x))* on M.
Then there exist a family of cut-off functions {xr} >3 C Ce°(M) and a constant Cy > 0 inde-
pendent of R such that
(1) XR': 1 on BC;(R_Q)(O), with Cy the constant appearing in Theorem
(2) |Vixr| <Cy forj=1,...,k.

Proof. Let ag be a positive constant and define the family {¢'g}r~3 of functions on R by

[ max{1 - [t a M F(s)ds; 0}, ift>R
wR@): { fR R ( ) } '
1, if t <R.

We note that g € C°(R) and, by the assumptions on A, for every R there exists a constant
T(R) € R depending on R such that ¢r(t) = 0 if and only if ¢t € [T(R),00). We can choose the
positive constant ag small enough so that T(R) — R > 4. Note also that ar = « can be chosen
independent of R since A is increasing. Clearly the ¥ g are not C?, so we want to regularize it in a
neighborhood of R and T'(R), keeping the derivatives controlled.
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Let ¢ : R — R be a C* increasing function such that ( =0 in (—oo0, —1], ( =1 in [1, +00).
There exists gr € [—1, 1] such that

B2 (¢ 4 R — RE2 gL (1) Rt2
(26) /O C(t+ R —qr) = (t)QR)dt: /0 7[/1\1: <)t) dt = /R v (t)dt.

In fact, we have that

/R+2 <(t+R—1)dt</R“]lm,m)(t)dK/R” Ct+R+1)
0 Jo Jo 7

Ae=1(¢) Ae=1(¢) Ne=1(¢)
so that follows by continuity. Similarly, we have also that there exists Qr € [—1, 1] such that
@) / T2 ((—t + T(R) + Qr) , _ / T2 Loy (1) ) /T<R> L
R+2 ARL(t) R+2 ARL(t) Rz AN

Now for every R > 1, define the real smooth function

=S T4 )= Rt g

and
t

gﬁR(t)il —a/ MR(S)dS.

R—-2
Then ¢r € C®(R), ¢ is decreasing, pp = 1if t < R—2 and ¢ =g =0if t > T(R) + 2 because
of and . Moreover

9R(0)] = elun®)] < 30

Similarly, let Zr(t)=C¢(—t + T(R) + Qr)((t — R+ qr) and A(t)=A'"%(t). Then, for j =2,...,k

, - Ay 1 R .
o 0= a1 <03 (7] )izl
s=1

We have that

(s) s 2
Z < 2° max

independently of R. Moreover AU=17%)(¢) can be written as a linear combination of terms of the
form N =F=u() [T, A (), with 1 <u<j—1—sand 31, e; = j — 1 —s. Since, by assumption
(A4(j)), A(ei)(t) < M4(ei))‘ei (t), we get
AEmu ) TTAC (1) < AR 170 ()

i=1
and

[AUTI(@)] < OAR ()
for every s=1,...,7 — 1, so that

(28) 69 ()] < CAH(2)

for every j =2,...,k.
Now, define the family of cut-off functions {xr}r>3 C C°(M) by xr=¢r o H, where H is the
k-th order distance-like function given by Theorem Note that if r(z) < Cy'(R — 2), then
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Xr(z) = 1. Moreover, we have that for every j = 1,...,k, VZXR(x) can be written as a linear
combination of terms of the form qbg%s)(H) Qi1 Vg H, with 1 < s <jand Y7 e; =j. We have

0% (H) Q Ve H| < |65 (1) [[IVeH|
=1 =1

< o) (H)| T Ar(2))e?
=1

< CA(H ()N (r(x)y
<C,
and thus
IVixrl < C
for every j =1,...,k. O

4.1. Proof of the density result. We can now give the proof of the following result which we
stated in Section [I] as Theorem [L5

Theorem 4.2. In the assumptions of Corollary we have that WHP(M) = Wf’p(M) for all
p € [l,+00).

Proof (of Theorem . We can apply Corollary and get the existence of a sequence of cut-off
functions {x,} with uniformly bounded covariant derivatives up to order k. This suffices to get
the desired density result. Indeed, first recall that C°°(M) N WHP(M) is dense in WHP(M) (see
for instance [I2]). Then, given a smooth function f € C°°(M) N W¥*P(M), define f,, = x,f. One
obtains that

(29) 1o = Flle =11Q = xn) fll o »

(30) va(fn - f)HLp < vaanHLp +[[(1 - Xn)vngLp )
j—1

B) VU= Dl 2|Vl + 10 =) Vi, 5= 20k,
=0

. is
Jj=1,...k

uniformly bounded and supported in supp(l — x,). Moroever, given any compact set K C M, we
have that supp(l — x,) C M \ K for n > 1. since f € W*P(M) this permits to conclude that all
the terms at the RHS of , , tend to 0 as n — oco. More precisely we have that both

the terms of the form

where C} are integer constants depending on j and [. Note that each of (1 — x,), {Vj Xn}

ez naisisl, <ci o

Lp(supp(1—xn))
and the terms of the form

1= x)VEFl o < V9N Lo tsuppi—n)

go to 0 as n — oo since f € WEP(M). O

5. CASE P=2

5.1. k-th order (rough) Laplacian cut-offs. In this subsection we prove versions of Theorem
and Corollary under weaker assumptions. Namely, we assume a control on the derivatives
of the Ricci curvature up to a smaller order. As a price to pay, we do not get a control on the
whole k-th order covariant derivative V¥H of the distance-like function H, but only on its trace,
i.e. the rough Laplacian of the (k — 2)-th covariant derivative of H. This result will be used in
Corollaryto construct a family of k-th order (rough) Laplacian cut-offs. In the rest of this section
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we will combine these (rough) Laplacian cut-offs and the Weitzenbock formula for the Sampson-
Lichnerowicz Laplacian to get the density of smooth compactly supported function in W#?2(M).

Theorem 5.1. Let (M, g) be a complete Riemannian manifold and o € M a fized reference point,
r(x) = disty(x,0). Let k > 3 be an integer. Let A satisfy assumption (A1), (A2), (A3) and (A4(5)),
j=1,....k—1. Suppose that

(32) Sect|(z) < A(r(z))?,  and  |V'Ric|(x) < A(r(z))*H, 0<j<k-3.

Then there exists an exhaustion function H € C*° (M) such that for some positive constant Ca > 1
independent of x, we have on M that

(i) Cx%r(x) < H(z) < max {r(z),1};
(i) |V/H| <Oy 'max {A(r(z)) 11},  1<j<k—1;
(iii) |AVF"2H| < Ca max {\(r(z))**,1}.

When acting on sections of a tensor bundle, A denotes the rough Laplacian, i.e. AT = —-V*VT =
trio V2T, for any tensor field 7. Note that A is equal to minus the Bochner Laplacian Ap we will
use in Subsection 5.2

Proof. Note that in the proof of Theorem the assumption |V¥~2Ric| < A(r(x))* was used only
to control |V*h|. Accordingly, by the proof of Theorem we already know that there exists a
smooth exhaustion function h € C*°(M) such that

C7lr(x)A(r(2)) < h(z) < Cmax{L;r(x)A(r(2))} Ve M
(33) IVIn|(z) < CN(r(z)) Vaze M\ Bs(o), j=1,....k—1.
Moreover, by construction
(34) Ah = [Vh|* = Cy (0 (Hy—z(x)))* = |VA[? — CyO(Hy—a(z)) onM \ B, (o).

for some constants Cy > 0 and Ry > 0. Here Hj_5 is such that for some positive constant C' > 1
(independent of x and o) we have on M that

Cr(z) < Hi—o(z) < max{r(x),1}
|VHy_ol(x) <1
VI Hy,_o|(z) < C’max{/\jfl(x), 1}, j=2,... k-2
Taking V=2 of we obtain that
VF2AR = 2VF73 (V21(Vh, ) — CoVF2(0(Hj—2)).
Hence
|VF2AR| < C [|vk—1h||vm + |VR72R||V2h| 4 ... + |V2R||VF2h|| + Cy|L].

Here L is a linear combination of terms of the form
' J
@(J)(de) H AR 2
s=1

whereeg =0, j € {1,...,k—2}and {es}izl is an increasing subset of {1,...,k — 1} with e; = k—2.
Using the above properties of h and Hj_s and Lemma we hence get that

|VE=2AR| < CNF(r(x)).
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By Lemma in Appendix [A] we thus obtain that

(35) |AV*=2h| =|V* 2 Ah| + |Riem * VF72h + VRic * VF73h 4 ... 4 V*73Ric x Vh|
<|VE=2AhB| + C (]RiemHVk’zh\ + |VRic||VA3h| + ... + ]V’“’3Ric|]Vh\)

N

-3

Il
=)

<0 (A(r@c»’f . A<r<x>>2+u<r<m>>kzj)

<CA(r(z))k.

For the definition of the notation * appearlng in the latter formula see Section [2}
As in the proof of Theorem. 1.2 define H = Hy_1 € C®°(M \ Bg,,(0)) by H=0"'0h. Then H
is distance-like and

IVIH| < 7 max {A(r(z)) 1, 1} 1<j<k-1
Moreover we have that
AVF=2h = A (9’(H)vk—2H) s

where £; is a linear combination of terms of the form A (0(5) (H)YQV“H), with2 < s <k—2and
i, ei =k —2. Letting {E;} being a local orthonormal frame on M, note that

A(0/(H)VF2H) Zv (9” Hvk*2H+9’(H)inv’f*2H>

:9”’( )\ VHIPV*?H + 6" (H)AHV"*H
+ 20" (H)Vyg V¥ 2H + 0/ (H)AV*2H,
and

A [9(5)(H) ®%, VeiH} =3V, (9(5+1)(H)VEZ.H © QVEH + 69 (H)V, (®flveiH)>

i=1

=00 (H)|\VH[* Q) V¥ H + 0D (H)AH (K) V“H
=1 =1

+ 200D (H)Vyy <® VQZH) + 0 <® vezH>

=1

Hence, using Lemma Lemma, and proceeding as for the end of the proof of Theorem
we get that

AVF 2| = [|AVE 20 |0 () [V HPIV2H] + 10" ()| A V2]
+HO"(H)|[Vyr V2 H| + max 0+ (H)||VH | gveiff
b g I an QT
+,_max_ (0TI Vou <§_§>VH\ + re<8><H>\|A<<§> VH)))
<CA(r)k1 .
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Using the function H coming from Theorem [5.1] we want now to produce a sequence of higher
order (rough) Laplacian cut-off functions. This will be done in the following

Corollary 5.2. Let (M, g) be a complete Riemannian manifold and o € M a fized reference point
r(z) = disty(z,0). Let k > 3 be an integer. Let X satisfy assumptions (A1), (A2), (A3), and (A4(7))
forj=1,...,k—1, and suppose that \'=% ¢ L1([1, +00)). Suppose that

(36) |ViRiem|(x) < A(r(x))**, 0<j<k-3.
Then there exists a family of cut-off functions {xr} C C°(M), and a constant C > 0 independent
of R such that,
(1) XR = 1 on BC;(R_Q)(O);
(2) |[Vixp| <CA TR, j=1,...k—1;
(3) |AVF2yp| < C,
Proof. As in Corollary For each radius R > 1, define yg = ¢r o H, with H the distance-like

function given by Theorem and ¢g defined as in the proof of Corollary Properties (1) and
(2) follow from the proof of Corollary About (3), using Lemma we note that

(37)  |AV*2xg| < |[VF2Axg| + |Riem * VE2x g + VRic * VF 3y g + ... VF3Ric * Vxg|.
About the first term on the RHS of , note that
A(¢r o H) = ¢rAH + ¢ VH|,
and hence
VA2 AxR] = [V H($RAH)| + [VF 2 (@RI VH ).
We have that V*~2(¢/, AH) can be written as

k—3

(38) V2 (QRAH) = Ceglortter—stl) | (VI H)® | @ V-2 AH,

t=1
where ¢ varies among all (k — 2)-vectors of nonnegative integers such that Zf:_l?’ tey+cp_o =k —2,

and the C, are positive integer constants.
With the same notations, V¥=2(¢/4|VH|?) can be written as

k—3
Q) (Vi H)>*
t=1
k—3
®(th)®Ct

t=1

(39) vk72(¢/é|VH|2) — ZCC¢(61+...+C]€,3+2) ® vck,2|VH|2

- Z CC¢(01+-~-+Ck-3+2) & Vek—2—1 (VQH(VH, ).
C

Inserting in and using Theorem (also combined with Lemma [A.1)), we get
‘vk72(¢lRAH)’ < C)\lfk |:)\Zf;13(tctfl)+0k72+1:| < C)\l*k)\k*Q — O\ = (.
Analogously, recalling also that
V-2 (V2H(VH, )| < O [V H||[VH| + [V H|[V2H| + ...+ [V?H|[V-2H]]
by , we get that

‘vk—2(¢;/%|vﬂ|2)| < C)\l_k [AZf:_f(tcz—l)—i-ck,Q} < C)\l_k |:>\k—2+1i| < C.



28 DEBORA IMPERA, MICHELE RIMOLDI, AND GIONA VERONELLI
About the second term on the RHS of (37),we have that by and property (2) of the cut-off
functions,
|Riem||V*~2xg| <ONATFHF=2 =
‘leichkaleR‘ SC)\QJrl)\karkafl =C,

for I = 1,...,k — 3. This concludes the proof of property (3) of the cut-off functions and hence
yields the validity of the Lemma. O

5.2. Weitzenbock formulas. Fix a tensor bundle £ — M with m-dimensional fibers, endowed
with an inner product induced by the metric g and a compatible connection V induced by the Levi-
Civita connection on M. A Lichnerowicz Laplacian is a second order differential operator acting on
the space of smooth sections I'(F) of the form

(40) Ar = Ap + i,

for a suitable constant c¢. Here Ap = —tri9(V?) = V*V is the Bochner Laplacian (with V* the
formal L?-adjoint of V) and Ric is a smooth symmetric endomorphism of E known as Weitzenbock
curvature operator. When 7 is a (0, k)—tensor the Weitzenbock curvature operator, takes the form

(41) Ric(T)(X1,..., X ZZ (Ej, X))T) (X1,..., Ejy ..., Xp),

=1 3
where {E;} is a local orthonormal frame and
R(X,Y)=V%y - Vix =VxVy - VyVx - Vixy,

which may be applied to any tensor field. Note that, by the classical Bochner-Weitzenbock formula,
the Hodge Laplacian on exterior differential forms decomposes as in with ¢ = 1.
Since, obviously, R(X,Y") vanishes on functions, for any (0, k)-tensor 7', we have that

Rie(T)(X1,..., X Z YN T(Xy,...,R(E;, X)Xp, ..., Ej,..., Xp)

i=1 | j p#

+ZTX1,... (Ej, Xi)Ej, ..., Xy)

:—Z YN T(Xy, Zg (Bj, X)) Xp, ENEy, ... E;, ..., X)

=11 j p#
—ZT(Xl,...,Ric(E,,,XZ-)El,,...,Xk)]
:_Z ZZZTXl,..., Loy By, Xp)Riem(E;, X;, X, Ey)
= J p#Fi

~> T(Xi1,...,Ey,..., Xp)Ric(X;, Ey)
v

where we are setting
Riem(X, Y, Z,W) = g(R(X,Y)Z, W)
Ric(X,Y) = trRiem(X,-,-,Y).
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This curvature term has a quite complicated expression, but it can be estimated in terms of the
curvature operator R of M (the linear extension to A2T'M of the (2,2)-Riemann curvature tensor);
see e.g. [23, Corollary 9.3.4].

Proposition 5.3. Let T be a (0,s) tensor. If the curvature operator R satisfies R > «, for some
constant a < 0, then (Ric(T),T) > aC|T|?, with C constant depending only on s.

5.3. A Lichnerowicz Laplacian on symmetric (0, k)-tensors. Another remarkable example of
differential operator which can be rewritten as a Lichnerowicz Laplacian was introduced by J. H.
Sampson in [26] on smooth sections of the bundle S©*) (M) of totally symmetric (0, k)-tensors (see
also [22]).

Namely, consider the symmetrization operator sg, i.e. the projection of the full tensor bundle
TO*(M) on SOF)(M). Given h a (0, k — 1)-tensor field, we can define the totally symmetric tensor

. 1
hS<X17._.,kal)zskfl(h)(Xl,...,kal): (k—l)' Z h(XU(l)a"'vXa(k—l))-
'0'6ka1

Let us define the operator Dg : TS*=D(Ar) — TSOF) (M) by
(Dsh®)(Xo, ..., Xi) =ksp(VE®)(Xo, ..., Xg).
Its formal L% adjoint D% : 'SR (M) — T'SOF=1) (M) is then given by

(DERS) (X1, ., Xpoo) = = Y (V%) (Ei, X1, ..., Xp_a).

)

Letting Agym = D§Dg — DgDY, we have by [26] (see also Appendix [Bffor a proof) that
Agymh® = V*VhS — Ric(h”),

that is to say, Agym is of type for ¢ = —1.
In particular, one can compute that

1
(42) SO == (V*VAT, h%) + VK]
== <ASytha hS> - <S)%1c(hs), hS> + ‘VhSP

It is worth mentioning that for (0,2)-tensors, in [23, Chapter 9] it was introduced a different
Lichnerowicz Laplacian acting on smooth sections of S (0,2) (M), with particular focus on applications
of the Bochner technique to this operator. However the operator Agyy, seems to conform better to
our scope.

5.4. Proof of Theorem In our assumptions, we know by Corollary that there exists a
sequence of cut-off functions {x,} C C°(M), and a constant C' > 0 independent of n such that,

(1) xo, =1 on BC;Il(niz)(O%

(2) |Vixn| <CXTFH =1, k-1

(3) [AV*?x,| < C,
Since smooth functions are dense in W*?2(M), to prove the density result it is sufficient to consider
f € C®(M) N WFk2(M); see for instance [I2]. We want to prove that y,f converges to f in
WH2(M). The lower order terms can be treated as in the proof of Theorem by using the
dominated convergence theorem and the properties of the cut-off functions. Here we prove that

/M V(o) — VE f2dvoly — 0,
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as n — oco. Note that

2
_ka

dvoly

kolk
5 (e
=0

k—1
k 4 4
g/ (L= xa)2IVFFP+) () / VA= 2|V £ 2dvol,,
M im0 \"/ JM
Taking into account the properties of the cut-off functions, the only non-trivial term to study is

/ PV 2
M

To prove that this goes to 0 as n — oo we are going to use with A = V*~1x, and hence
h® = s;,_1(V*1x,). First note that, in general,

/ VF(xn f) — VE fPdvol, :/
M M

1 . 2 .
Sdiv (f2v |nS| ) <2 [~ (Asymh®, BS) — (Ric(hS), hS) + [VAS|?]
+ 2| f ||V £, VIR
Hence, by Young’s and Kato’s inequality, we get that, for any 0 < n < 1,

1
v (FPVIR5P) + [ Agymh®, h) < = f2(Ric(h®), b%) + f2[VH5}?
1
+nf2VIR? + #WPWP
1
< — f2(Ric(h®),h%) + (1 +n) 2| VRS + E\Vﬂ?\h‘g!?
Integrating, we get that
(43) / (Agymh®, f2h%)dvol, < — / F2(Ric(h®), h¥)dvol,,
M M
1
+(1+ n)/ F2| VRS 2dvol, + / IV £12|h° 2dvoly,
M nJm

for any n > 0. Recall that h¥ = s;_,(V*~1x,). Note that, by Cauchy-Schwarz inequality,
(44) [s6-1(VF D)2 < [VE .

Hence, by the properties of the cut-off functions x,,, the dominated convergence theorem, and the
fact that f € W*2(M), we have that

/M IV £12|s1-1(V*1x0) [ 2dvol, — 0

as n — oo. Furthermore, the curvature term in (43|) can be controlled, under our assumptions,
using Proposition More precisely we have that

(45) - /M PARic(hS), hS)dvol, < (—a)C /M PIRS Pavol,.
Let us now analyze the LHS of . We let

A= /M<D§Ds<sk_1<v’f—1xn>>, s 1 (V5 ) vdvol,

B =/ (DsD%(sk-1(VF " xn)), FPsr—1 (V1 xn))dvoly,
M



HIGHER ORDER DISTANCE-LIKE FUNCTIONS AND SOBOLEV SPACES 31
so that
(46) /M<Asymhs, £2h5)dvol, = A — B.
First, let us deal with the term B. Using we get
47)  B= /M<D§(Sk—1(vk_1xn)), D (f*sk-1(V*"xn)))dvol
= [ [PID3 k1T )P = 2f o1 (9 ). D1 (9 ) dvoly
<2 /M F2DE(sk—1(V*xn))Pdvol, + /M IV £ 2551 (V" xn) [Pdvol,,

< /M D551 (V0 2dvol, + /M V£ 275 2dvol,.

»y”

In the following we will use the "x” notation we defined in Section[3. Moreover, we will work in
a normal orthonormal frame {E;} at p € M, and in frame computations we will use the convention
of lowering all indices, summing over repeated indices.

Note that
2

1
* k—1 2 ) k—1

(48) D5 (sk-1 (V" xn))|” = ' Z m Z Vi, Z viﬂ(l)...i,r(k_l)Xn

1250l —1 i1 melly_1
Recall that for any (0, r)-tensor «, with r > 1, the standard commutation formula gives that
(49) (VZ‘V]‘ - V]Vi) Ay Gy = Riem * «
Hence for each of the terms in square parentheses on the RHS of we can trace back to a rough
k—1
ig.if_ 11 X7V
We can compute (at the point p € M about which we have selected the normal orthonormal frame):

k—1 _ ) k-1 k—1
Z thig...ik,lian = Z Vi, [(vig.‘.ik,lil - vig‘..ik,gilik,l) Xn
11 (51

Laplacian of a (k—2)-th covariant derivative of y,,. For instance, consider the term V;, V

k—1 k—1 k-1
+ (viQ-u’ikfﬂlik—l - viQ-n’ikf?)ilik—?ikfl) Xn+ ...+ vili2-~~’ikflxn:|
= Z Vi, <<Vk_4Riem * Vxn + ...+ Riem * Vk_sxn> . Vﬁ;;...iklxn>
N 1. -1
i1
= (V" Riem + Vigy + ...+ Riem « V52, ) +AVEZ
2.0 —1

The other terms can be treated similarly. Hence, by and Young’s inequality, we get that
D5 (-1 (VF )P < Clm, k) (|AVF 2] + [Riem2VF 202 + .+ |V Riem Vx|

where (here and from now on) C(m, k) is a constant, depending only on k and m, which can possibly
change from line to line. Integrating, we get from that

(50) B 5/ 20 (m, k) f* (|Avk_2xn|2+]Riem\2|vk_2xn]2+...+|Vk_3Riem|2]VXn|2> dvol,
M

+ / IV £12|VF x| dvol,.
M
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On the other hand, by Young’s inequality and reasoning as in , we have that
(51) A =/M<Ds(8k—1(vk_lxn)),Ds(f25k—1(Vk_1xn))>dvolg
:/ F2Ds(sk-1(V¥ " xn)) [Pdvoly
M
+ [ WD (V2o (4 @ skq(v’“—lxn))mvolg
M
2(1-8) | PIDs(su1 (75 )Pl / 1 £V Bdvoly,
M
for any d > 0. Substituting in , then this latter, and in , we hence get that
a)C/ FPlsp_1(VE Iy, 2dvol, + (1 +n)/ 2V (511 (V" 1x0)) | 2dvol,,
M M
1
0 [ VS5 (95 ) Pl
nJm
k2
>(1-9) / F?|Ds (551 (V" xm)) Pdvoly — = / IV £V x| dvol,
M M
—/ C(m, k) f> (|Avk‘2Xn|2 + [Riem|?|[VF =2y, + ... + |Vk_3Riem|2\Vxn|2> dvol,
M
—/ IV £I2 Vx| 2 dvol,,.
M

Using our assumptions, the properties of the rough Laplacian cut-off functions x,,, Proposition
the dominated convergence theorem, and the fact that f € W*2(M), this yields that

(52) lim sup /M f? [(1 — 8)[Ds(sk-1(V* " xn)) [P = (14 0)| V1 (V" xn) [*| dvoly < 0.

n—oo

Let us first study the term |Vsj_1 (V¥ 1x,)|?. Since, by definition,

1
k— k—
Skfl(v 1XTL)(Ei17 cee 7E7:k71) = (k - 1)! Z viw(f)...iﬁ(k—l)xn ’

mellp_q

using , we have that
(& = DD V-1 (V¥ x) 2

- Z Z vfkiw(l)l..iw(k_l)Xn

Uyl | €K1

_ k 2 k
_( - 1 "V Xn ‘ Z Z lklwu) Zw(k—1)X”' Z vlklau) 1a(k—1)xn)

RN (S P o€l _1\{n}
=((k = D!+ ((k = D! = 1)(k = D) [VFxn |
+ (V’“xn * (Riem % VF=2x,, + VRiem * VF 3y, + ... V*"3Riem * vXn))

=((k =12 |VFxn)? + (Van * (Riem « VE=2x,, + VRiem * V¥ 73y, + ... V¥ "®Riem * Vxn>) .
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Hence, using Young’s inequality,
(53)
k—1 2 k 2 k 2
Vi1 (V" xa) 2 <IVExal? + Clm, ) o955

% <|Riem|2\vk—2><n|2 + |[VRiem|?|[VE 3y, 2+ ... + Vk_3Riem]2|Vxn|2)}
for any € > 0. On the other hand, concerning the other term in , we have that
1 Ds(s—-1(VE " xa)) 1> =k |5k (Var—1 (V" xn)) [P
Since s.(Vsp_1(VF* " Ixn)) = s1(VFxy), we thus have that
|Ds(s1-1 (V" X)) [P = K2 (V )|

2
k‘2
~ (k)2 > |2 viﬁw(l)wiﬂmxn

U1yeeylly | MEIR

k2 k 2 k k
:(k!)2 KNV xn|” + Z Z (viwu)---iw(k)xn' Z vioﬂ)---ic(k)xn)
11 ,e.0ytg TEI Uer\{ﬂ}
k? ko 12
= [(k! + (B! — 1)k [VEx
+ (kan * (Riem * VF"2y,, + VRiem * V* 3y, + ... V¥ 3 Riem # V)m)ﬂ
k2
=G [ 1V

+ (Van * (Riem * Vk*QXn + VRiem x kag’xn + ... V¥ 3Riem * Vxn))} .
Using again Young’s inequality we get
(54)  IDs(ser (VF X)) 2 B2VEXG [ + Clm, k) [ 2|Vl
1
= (|Riemy2\vk*2><n|2 + |[VRiem[* [V 3y, >+ ... + \v’”’Riem\?vanP)] :
for any € > 0. Using and , we get that
/M 21 =6) (k* = C(m,k)e) — (1 +n) (1 + C(m, k)e)] |VFxn|?dvol,
< [ A= 8)Ds(sk-1(V* " xn)) P = (14 )| V-1 (VF " xn) [P | dvoly
M

1
+/ £ [(1—5)C(m, k)= (|Riem]2|vk_2xn|2—|—...+|Vk_3Riem|2|Vxn|2>] dvol,
M

1
+ / & [(1 + 7)C(m. k)- <|Riem|2|Vk’2xn|2 o v”RiemyﬂvXn\?ﬂ dvol,.
M

By and reasoning as above we know that the RHS converge to 0 as n — oo. Hence, suitably
choosing €, n, § < 1 we finally obtain the desired conclusion:

/M F2IVFx 2dvol, — 0,

as n — o0.
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6. SOME SHARP APPLICATIONS

6.1. Disturbed Sobolev inequalities. First, we point out the following

Theorem 6.1. Let (M™,g) be a smooth, complete non-compact Riemannian manifold without
boundary. Let o € M, r(x) = disty(x,0) and suppose that for some n >0, D > 0 and some ig > 0,
iQ

[Ricy|(z) < DAL+ r(@)?)",  injy(@) 2 S

Let p € [1,m) and q € [p,mp/(m — p)]. Then there exist constants A1 > 0, Ay > 0, depending on
m, p, q and the constant C from Theorem such that for all p € C°(M) it holds

3 1/p 1/p
(55) </ |gp|qdvolg> < A </ |V¢|Pdvolg> + Ay </ H277|<p|1?dvolg> ,
M M M

where H € C*°(M) is the distance-like function given by Theorem .

Remark 6.2. Theorem [6.1{ was proved in [20] with » < 1. However the proof therein works also
when 7 > 1 up to replace |20, Theorem 1.5] with the £ = 2 case of Theorem above, with

A(t) = D2(1 + t2)2. Note that one could also state the theorem for more general growth functions
A(r) as in Theorem

Since, under a C*-control on the curvature, there exists distance-like functions with controlled
higher order derivatives, one naturally expects that some sort of improved higher order Sobolev
inequality should be obtained exploiting the control on the higher derivatives of the curvature.
However, for the moment, this possible phenomenon remains unclear to us. Indeed, generalizing
a fact remarked in [4, Proposition 2.11] for the standard (i.e. non-disturbed) Sobolev inequali-
ties, higher order disturbed Sobolev inequalities hold true under exactly the same assumptions as
Theorem

Proposition 6.3. Let (M™,g) be a smooth, complete non-compact Riemannian manifold without
boundary. Let o € M, r(x) = disty(x,0) and suppose that for some n >0, D > 0 and some ig > 0,
.. io

> .
injy(w) = D(1+ r(z))n
Let p € [1,m) and let k be an integer in [1,2). Then there exists a constant A > 0 depending on
m, p, k and the constant C' from Theorem such that for all ¢ € C°(M) it holds

[Ricy|(z) < D*(1+7(2)*)",

k—1
L (r+1)(2m—rp) |ok—r—1 ’
m < m
(56) el s 0y < Ag_:l | e VT
where H € C*°(M) is the distance-like function given by Theorem .
Proof. For the ease of notation we will write || - ||, for || - [[zp(as). For j = 1,...,k, define ¢; =

pm/(m — jp). We prove that for every s =0,...,k — 1 it holds

’
gs

k—1
r —1
(57) Ila <€ [[EPr=imrs ok =y
1

r=s—

. . -1 . _ . .
with the convention that .~ ¢; !'= 0. Since > =04 L= (2m — rp)(r + 1)/(2mp), the inequality
is equivalent to (57)) when s = 0.

Note that p = g0 < ¢1 < --- < g, and that ¢; = ngj—1/(n — ¢j—1), so that Theorem applies
with p = ¢j—1 and ¢ = ¢;. In particular, holds true when s = k — 1. For general s, we prove
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now the validity of by backward induction. Namely, suppose that for some integer ¢t € [1, k—1],
holds true with s =t, i.e.

qt

k—1
r -1
H@qu <C Z HHWIZJ':t% ’karflsoy
r=t—1

Applying with p = ¢;—1 and ¢ = ¢; at each terms of RHS gives

k-1

lellg, < C [ >

r=t—1

k—1
<o s ra

r=t—1

k—1
r —1
B o),
-1 r=t—1 qt—1

k—1
o 8 (e )
r=t—1

_2n T —1
Ha-1 H2n Zj:t q; ’karflsol

qt—1

%1]

Recalling that |VH| < 1, and that |V|VF""1y|| < |[VF"yp| (see [, p. 36, (1)]), we obtain

k—1
+ 3 vy
r=t—1

k-1 k—1
||80qu S C Z HHZ’]zgztfl q]-_1|v]€—’r—180| + Z H(HQUZ;:tqj_l|vk_T_lSO|)
r=t—1 qt—1 r—t—1 qi—1
k—1 »
+ Y | vy
r=t—1 qr—1
k—1 » E—2 1
<C Z HH%Z;:H% |VE—1y)| + Z HH%Z]“Q a; (E=r=1| ‘
=t—1 e ) ge_1

Since Z;T q] <> qj_l, we finally get

)
qt—1

k—1
H()Oqu < C Z HHz'qZ;:tfl q]'_1|vk—'r—190|
r=t—2

i.e. holds true for s =t — 1 as desired. O

6.2. Calderon-Zygmund inequalities. Calderén-Zygmund inequalities are a powerful tool in
Euclidean analysis which permits to control the LP-norm of the Hessian of a function u in terms
of the LP-norms of the Laplacian of u and of u itself. On a complete non-compact Riemannian
manifolds (M, g), it was proved by B. Giineysu and S. Pigola in [16] that the global Calderén-
Zygmund inequality

(CZ(p)) Vue C2(M), |[[Hessulgll7, < Aullull, + Azl AullZ,

holds for p € [1,400) if either

e p =2 and Ric, > —C for some C' > 0, or
e |Ricy| < C for some C' > 0 and inj, (M) > ip > 0.

In general there is no hope to get (CZ(p)) on an arbitrary complete non-compact manifold, due
to counterexamples, [16, 21]. However one can weaken the assumptions in [16] obtaining a weaker
version of (CZ(p)) in which an unbounded weight function appears in the ||u|zr term of (CZ(p)).
This approach was considered for instance in [20], where the authors proved (a slightly weaker
version of) the following
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Theorem 6.4. Let (M™,g) be a smooth, complete non-compact Riemannian manifold without
boundary. Leto € M, r(x) = disty(x, 0) and suppose that one of the following curvature assumptions

holds
(a) for somen >0, some D > 0 and some iy > 0,

i
0 ~>0 on M.

[Ricgl() < D*(1+ @), inig(@) 2 5o

(b) for some n >0 and some D > 0,
Sect,|(z) < D*(1 + r(x)?)".

Then there exist constants A1 > 0, As > 0, depending on m, n, D and the constant C from Theorem
such that for all ¢ € C°(M) it holds

(58) [[Hess @lgl|72 < Arl|H* |72 + Aol Ap|| 72,
where H € C*°(M) is the distance-like function given by Theorem .
Remark 6.5. The same observation as in Remark [6.2] applies also to Theorem

As commented in [20], obtaining a weighted LP Calderén-Zygmund inequality under the same
assumptions of Theorem is a non-trivial problem. The main issue is to keep a control on the
injectivity radius under the conformal deformation. However, it turns out that this can be done
at least under slightly stronger assumptions, i.e. if we assume both a control on the sectional
curvatures and on the injectivity radius. Accordingly, we can obtain Theorem stated in Section
which we state here again for readers’ convenience.

Theorem 6.6. Let (M™, g) be a smooth, complete non-compact Riemannian manifold without
boundary. Let o € M, r(x) = disty(x,0) and suppose that for some n > 0, some D > 0 and some
19 > 0,

Sect,|(z) < D*(1 + r(x)?)", inj,(v) > D 10 >0 on M.

1+ r(x))n
Then there exist constants A > 0 depending on m, n, D, iy and the constant C from Theorem
such that for all ¢ € C°(M) it holds

I[Hess olgl/7o < A [IIH*¢|l7, + [1A¢ll7,] |
where H € C*°(M) is the distance-like function given by Theorem .

Proof. We can write the geometric assumption in the following form: for some 7 > 0, some D’ > 0
and some i, > 0,

io
r(z)n

|Secty|(z) < D?r(x)?, inj,(z) > >0 on M)\ Bi(o).

As in the proof of [20, Theorem 1.7], define the new complete conformal metric § = H?®g, which
satisfies in particular

(59) |Secty| < K*

on M for some constant K > 0. Here H is the second order distance-like function whose existence
is guaranteed in our assumptions by Theorem For later purposes, observe that reasoning as in
the proof of [20, Lemmas 7.3 and 7.4] one can prove the existence of a constant ¢ such that for all
J large enough and all p > 0,
g g g
Bispr(ay)-0(®3) © By(3) © By, (5)

We claim that
(60) Jip >0, Vo €M, inj(z)>ip>0.
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Suppose it is not the case. Then there exists a sequence of points {2;}22, C M \ B{(0) such that
inj;(z;) < % and distg(z;,0) = 00 as j — oo.

We call F; : ]B%%(O) C Ty;M — M the exponential map exp,, of the metric g restricted to
IEB&(O) C T;;M. Since Secty < K2, by Rauch comparison theorem in BZLK (xj) there are no
points conjugated to x; for the metric g. In particular F} is a smooth local diffeomorphism onto
B‘ZLK (z;) and a smooth surjective local isometry once T3, M is endowed with the pulled-back metric
exp;, g. Hence, inj;(z;) < % implies that for 7 > %, there exists a point y; € ng,l(xj) such that
y; = F(Yj1) = F(Yj2) for two different points Yj; and Yj2 in B;-1(0) C T3, M. Also, there are two
different constant speed minimizing geodesics 7;1(t) and 7;1(t) wrt § which connect z; to y; and
lifts to [';1(t) = tYj1 and ['j2(t) = tY;2 respectively.

Let 5 > 252[{, so that

™

(61) Bj1(w5) € Bty (@) C B ja () © B (#7)-
Since F' is a local isometry, F' *1(yj) is a discrete set, so that 7;1 and ;2 belong necessarily to
two different relative homotopy classes [¥;1](z;.y,} and [7j2](s;y,) of paths in Bg%.,l (x7) with fixed
boundary points z; and y;. Because of we have also that 7,1 and ;2 are curves contained in
ng_lr_n (Tj)(mj) which belong to two different relative homotopy classes [7;1](z; 4,1 and [¥j2l(z;.4,}
of paths in ngflrn(xj)(xj) with fixed boundary points x; and y;. However,

I

.. 0 1
mJg(xj) > W > e (),

n

as soon as j > ¢/ig. Hence, for j large enough, ng,lr,n (x_)(:zjj) is contractible, which contradicts
J

the existence of two different homotopy classes of curves. The claim is thus proved.
Recalling also (59), we have thus the validity on (M, g) of an L? Calderén-Zygmund inequality,
[16, Theorem CJ, i.e.,

(62) Vu € C(M), ||| ess; ulgll%, < Arflull%, + As| Agul%.

Here and on || - [|77 is the L” norm of a function computed with respect to the conformally deformed

metric g on M. Given ¢ € C(M), define u € C°(M) by H"S ™2y = . Setting e? = H" and
computing as in [20, Section 7],we get that

*?|Hess; u|§ = |Hess ulg + 2\Vu|§]V¢\f] + (m — 2)g(Vu, Vo)? — 29(Vu, Vo)A u — 4Hess u(Vu, V)
> [Hessul? + 2/ Vul Vo2 — (m - 2)|Vul2lVof2 — [Vul Vo2 - |Ayul

- %]Hessu\f] — S\Vulg\V(M?]
> %]Hessu\f] (4 5)[Vul Vo[ — |Agul®
Accordingly
|Hess u|§ < C [H""|Hessy u|§ + 772|Vu\3|V10g H|§ +|Agul?],
and
(63)  H™=2P)|Hess ulf dvoly, <C []Hess§ ulf dvolg

+H M2 u|P |V log H| dvoly + H™ 2P| A gulP dvol,| .
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From (62)) we get

/ [Hessg ul} dvoly < Al/ |ulP dvols + Ag/ |AgulP dvolg
M M M
<o | [ dvolg + [ A (n = 2)g(VunVlog B dvol
M M
<C [ / H™ulP dvol, + / H™=20M A julP dvol,,
M M

+ /M Hm=200 7P|V log HI? dvolg} .
Inserting in gives

(64) / H(m=2P) | Hegs ulph dvoly <C [/ H™|ulP dvol, +/ H(mf2p)’7|Agu‘P dvol,
M M M

+ /M Hm=2000 [P |V log H|P dvolg} .

Recall that u = H_n(%_mgo. Then
H" 7|V u| < C[|Vyp| + H Y|V, HI,

"D\ Agul < [Agp| + CIH VooV H| + H 20| A, H]|,
and
H"» =2 Hess u| > |Hess | — C[H '|V0||V,H| + H %p[Hess H|).
Combining these latter with we obtain

/ [Hess |f) dvoly, <C / H2’"7|g0]pdvolg+/ |Agp|P dvol,
M L/ v M

+ / H™P|Vp[P|VHIE dvol, + / H‘ZWIP\HessH\Zdvolg]
M M

<C / H?P| P dvol, + / |Agp|P dvol, + / |Vgp]§dvolg].
LJ M M M

where we used the fact that H is a strictly positive exhaustion function, |V H| is uniformly bounded
and |Hess H| < CH". Applying [16, Proposition 3.10 a)] with € small enough, we finally get

/M |Hess o[ dvol, < C [/M H?|o]? dvol, + /M 1A gepl? dvolg]
as desired. ]

6.3. Omori-Yau maximum principle. We end this section with a remark on the Omori-Yau
maximum principle. Recall that a Riemannian manifold (M, g) is said to satisfy the full Omori-Yau
maximum principle for the Hessian if for any function v € C?(M) with u* = sup,; u < +o0, there
exists a sequence {x,}, C M with the properties

(i) u(zy) > u* — %, (ii) [Vu(zy,)| < %, (iii) Hess(u)(zy,) < %g,

for each n € N. In [24] it was proved that the full Omori-Yau maximum principle for the Hessian
holds e.g. if the radial sectional curvature of M (i.e. the sectional curvature of 2-planes containing
Vr), satisfies
J
Sectraq = ~C2(1+1%) || (m[ﬂ (7«))

J=1

2
)
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where Inl! stands for the j-th iterated logarithm. In [20] we proved that the same is true if

20

i < D*(1 TR0\ () [ — M.
[Ricg| (r) < D*(1 +r(z)%), inj,(z)> BT (@) >0 on
Using Theorem and reasoning as in [20], we get that assuming
3 . 2 i
[Ricy| (2) < 22 ] (WP()",  injy(a) > —"0——
j=1 ( ) r [Py b (r)

outside a compact set of M is enough.

APPENDIX A. SOME COMMUTATION FORMULAS

(1%

Using again the “x” notation defined in Section [2] we have the validity of the following
Lemma A.1. Let u € C*(M). Then
AVI~?y — V972 Ay = Riem * V4 %u + VRic * VI 7%y + ... VI ?Ric * Vu

Proof. (Sketch). We work in a normal frame { E; } orthonormal at p € M, and in frame computations
we will use the convention of lowering all indices, summing over repeated indices. Recall that we
are adopting the following sign conventions for curvatures:

R(X,Y)=VxVy - VyVx - Vixy};
Riem(X,Y, Z, W) = g(R(X,Y)Z,W)
Ric(X,Y) = trRiem(X, -, -, Y).

Moreover, for the ease of notation we will write in coordinates R;jx; for Riem;;. Letting u €
C*(M), recall the following commutation rules

(65) (ViVj - VjVZ-) u = 0,
(66) (VkV] — VJVk) V{LL = —VtuRtijk.
More generally one can compute that, for any [ > 2,
(5)
(Vilvil_l — VZ-HVQ) Vi,_g e V,-lu = — Vil_Z e VizvtuRtilil_lil - Vz-l_Q e Vi3vtvi1uRti2il_1il
— .. Vtvilfg,ViluRtiHilflil.
If one is interested in the commutation rule for the (s—1)-th and the s-th derivative of u of a total of
q derivatives, it suffices to take V¢7° of formula . When studying a term like AVI~2y — V42 Au,
one hence realizes that the higher order derivatives of curvature terms arise from commutators

of the 2-nd and the 3-rd (of the total ¢) derivatives. There are two such terms in the telescopic
development of AV?2y — V972 Au, namely

vgq_..éia VisVp [(VpVi Viy = Vi, Vp Vi) 1
:quq_..i.—)ig VisVp [_vtuRthhp]
=— VZ;__Z-G [Vis VpViuReiiop + VpViuVis Riiriop + Vis ViuVis Vi Riiviop + ViuVis VpReiviop)
and
VI8 Vi Vi, [(VoVi V= Vi, VpV,) u] = V2 Vi, Vi, [~ ViuRep, )
Using Bianchi’s identities each of these terms can be written in the form

Riem * VI 2y + VRic x VI 3u + ... + VI 3Ric * Vu.
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APPENDIX B. WEITZENBOCK FORMULA FOR Agyn,
Given h a totally symmetric (0,5 — 1) tensor, {E;} a local orthonormal frame on M, recall that
1
(Dsh)(X1, Xa, ..., Xg) =ksp(Vh)(X1, Xo..., Xy) = =] D> (VA (Xoqy, - Xor),
’ UEHk

(D5h)(X1,..., Xp—o) == Y _(Veh)(Ei, X1, ..., Xp).

)

For the sake of completeness we provide here a proof of the following

Lemma B.1 ([26]). Letting Asym = D§Ds — DsDY, we have that

(67) Asymh = Agh — REV (R) 4+ &Y ()
= Aph — Ric(h),

where

k—1
RED () (X1, Xpm1) =D D h(Xa,. ., By, Xgo1)Rie(X, Bj);
i=1 j

S V() (X1, Xm1) =D WXy, By By Xpl):
p<i j,l
. (Riem(El, Xp, X, EJ) + Riem(El, Xi, Xp, EJ)) s

the definition of Ric has been recalled in , and Ag = —tr12(V?) = V*V, with V* the formal
L?-adjoint of V.

Proof. Assume that we perform computation at a point p € M in a normal frame, so that all
covariant derivatives of vector fields vanish at p. We have that

(D5Dsh)(X1,..., Xk—1) = — Y _(Vg,Dsh)(Ei, X1,..., X3_1)

7

= (k—ll)‘ EZ:VE@. (k=g h(X1,..., Xe_1) + (k= D)IVx, h(Es, Xo, ..., Xp1) + ...
+(k—1)IVx, h(E;, X1,...,Xp_2))
== (Ve Vegh(X1,. .., Xe 1)+ Ve Vx, MEi, Xs, ..., Xi—1)
+...+ Vg, Vx, h(Ei, X1,...,Xk2)) .
While,

(DSDth)(Xl, ce 7Xk—1) = (k - 1)Sk_1(VDzvh)(X1, ce 7XI€—1)
1
oy

= — Z (leinh(Ein% A an—l) + ...+ Vkalinh(Ei,Xl,. . .,Xk_g)) .

7

k—2)Vx, D§h(Xo, ..., Xp—1) + ...+ (k—2)!Vx, Dh(X1,..., Xk2))
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Hence
Asymh = (D§Dg — DsD%)h
=Aph+ > (Vx,Ve,Ei, Xa,. .., Xe—1) = VE,Vx,h(Ei, Xa, ..., Xp_1)

+Vx, Ve h(Ei, X1, X3, ..., Xg-1) = VEVx,h(Ei, X1, X3, .0, Xg1) + .-
+Vx,  VEME;, X1,..., Xp—2) — VE,Vx, h(E;, X1,. .., Xk_2))
Since h is symmetric, a standard computation gives that

(R(X,Y)h) (X1,..., Xp—1) =— Z (h(Ep, Xa, ..., Xk—1)Riem(X,Y, X1, Ey)
l
+...+ h(Xl, e El)Riem(X, Y, Xk:—l,El)) .

Hence,

> (VX Ve h(Ei, X, ..., Xpo1) = VE VX, h(Ei, Xa, ..., Xp_1))
=> (R(X1, E)h)(Ei, Xa, ..., Xi—1)

=—> (W(E}, Xa,...,Xs_1)Riem(X1, E;, By, B)) + h(E;, E, X3, ..., Xg_1)Riem(X1, By, Xo, Ey)
il
+...+h(E;, Xo, ..., Xp_o, Ep)Riem (X1, E;, X;._1, Ey)) ,

and analogously for the other terms. We thus get the validity of the first equality in . The
second equality is a direct computation, using the expression for fRic. ]
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